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Abstract

In this note we explore the validity of Wente-type estimates for Neumann bound-
ary problems involving Jacobians. We show in particular that such estimates do
not in general hold under the same hypotheses on the data for Dirichlet boundary
problems.
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1 Introduction

Integrability by compensation has played a central role in the last decades in the geometric
analysis of conformally invariant problems. At the center of this theory there is Wente’s discovery
[10] that the distribution:

QO(.%') = 1Og ’1" * [8$1b8$2a - 8&:2 b8$1a]
with Va, Vb € L?(R?) is in (L N W12)(R?) and the following estimate holds true:

[l oo m2) < ClIVallL2@2) VO] L2 (m2)-

It was observed by Brezis and Coron in [1] that a similar estimate holds also if we consider the
following Dirichlet problem:

Theorem 1.1. ([10]) Let Q = {(x1,72) € R? : 22 + 22 < 1} and let a,b € H*(Q). Then the
solution u € Wol’l(Q) to the problem:

—Au = 0y,b0y,a — 03,005, a in €,

(1)
u=0 on 09,
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is a continuous function in ) and its gradient belongs to L%(Y). Moreover there exists a constant
co = co(Q2) such that

[ull o) + [IVullz2(q) < collVallp2) [Vl L2 @) (2)

Extensive investigation on the problem (1) and various generalizations has been conducted,
remarkably in [2].

The goal of the present work is to explore to which extent an inequality like (2) holds or not
if we replace the Dirichlet boundary condition with a Neumann boundary condition.

Our first main result gives a negative answer for general a and b. We consider for simplicity
the unit disk D? := {(z1,22) € R?: 22 + 22 < 1} and we denote by v = v(z1,22) = (21, 72) the
unit outward normal vector to dD? at (x1,x9) € dD?. Then:

Theorem 1.2. There are a,b € (L™ N H')(D?) with [, Vb - Vady = 0 such that every
solution ¢ of:

—Ap=V+b-Va in D?, 3

{ =0 on 0D? (3)

is neither in H'(D?) nor in L>=(D?) and in particular (2) cannot hold.

We would like to mention that we came at the counter-example to Wente-type estimates for
the solutions to (3) in the following way. First of all by the conformal invariance of the problem
(3) we can transform it into an analogous problem in R% := {(y1,y2) € R?: y» > 0}:

_ —vlp. ; 2
Aw =V b'Va ;HRJr ()
dyw =0 in OR%.
If we extend w, a, b by even reflection with respect to ORa_ = {y2 = 0} and if we denote by w, a,b
the respective extensions, we realize that
—A® = V+bVa — 2(V+IhVa)ly, o in D'(R?). (5)

For every ¢ € C§°(R?) we have

]9 ety = [ [Trace(@)d, Trace Bl 0)dys
R2 R

T

where 7 = 7(y1,0) = (1,0) for every (y1,0) € 9R2 and 8, Trace(b)(y1,0) denotes the tangential
derivative to OR% at (yi,0). It is straightforward that for arbitrary a,b € H'(R?) N L>(R?)
the boundary term [Trace(a)d, Trace(b)] is not in H—'/2(R) and therefore one can guess that an
estimate like (2) cannot in general hold.

A Wente-type estimate holds for (3) if Trace(a) = 0 or Trace(b) = 0. We call this the case
vanishing Jacobian at the boundary. If for instance Trace(a) = 0, we can extend w, b by even
reflection and a by odd reflection with respect to 8R3. In this case we obtain

— A =V+bhVa  in D'(R?), (6)

namely the right hand side is a Jacobian in R?. Precisely, the following result holds.



Theorem 1.3. Let Q be a smooth bounded domain of R?. Let a € Wol’z(Q) and b € W12(Q)
and let u be a solution of (3). Then V?u € L*(Q2) and one has:

IV2ul| 12 () < ca [IVallz2) 1Vbll2(0)- (7)

From estimate (7), by means of improved Sobolev embeddings (see e.g. [5]) we deduce that
the estimate (1) holds. Theorem 1.3 has been used by Riviere in [8] and the proof will be given
in [3]. We also refer to Theorem A.4 in [9].

In some applications such as for instance in the analysis of the Poisson problem for elastic
plates ([3]) the following Neumann boundary problem appears in a natural way:

—Aw =V+b-Va in D? (8)
Oyw=—0;b-a on dD?

where for every (r1,x2) € 0D?, 7(x1,22) = (—2,21) is the unit tangent vector to dD? at the
point (z1,72) € OD?. We observe that H'(D?)-solutions of the problem (8) are critical points
of the following Lagrangian:

1
L(u;a,b) = 3 //D2 |V + (V1b)al?dy1dys 9)

We will refer to the problem (8) as the case of compatible Neumann boundary conditions.
Also in the case of (8) the assumption a,b € (L N H')(D?) is not enough to guarantee the
boundedness of the solution in D?.

Theorem 1.4. There are a,b € L>°(D?) N H'(D?) such that every solution ¢ of:

—Ap =V1bh-Va in D?
Opp=—0:b-a on 0D?

is not in L>°(D?) and in particular the estimate (2) cannot hold.

The boundedness of the solution is however obtained if we assume a bit more on the data
a,b. More precisely we get the following result.

Theorem 1.5 (L%*'-case). Let Va,Vb € L&Y (D?)! with a = fp2aly)dy = 0 and let w €
WL1(D?) be the solution with zero mean value to (8) . Then Vw € LV (D?) with:

Vwllpenpey < ClVallpen [[Vollpen. (11)

In particular:
[wl| oo (p2) < ClIVallen Vb Le- (12)

'We denote by L2 (R™) the Lorentz space of indices 2 and 1 as the space of measurable functions
satisfying:

—+o0
/ {z € R" : |f(z)] > A}V2dA < 400 .
0

See [4] for properties on Lorentz spaces.



We observe that the assumption Vb € L1 (D?) is in particular satisfied if b € W21(D?),
see e.g [5]. We remark that the assumptions Va € LZY(D?) and a = fp2 aly)dy = 0 imply
a € LOO(DQ) with HaHLoo < CHVGHL(Q,l).

The paper is organized as follows. In Section 2 we prove Theorem 1.5 and in Section 3 we
prove Theorems 1.2 and 1.4.

2 Proof of Theorem 1.5.

Step 1. We start by observing that we can formulate problem (8) as follows:

div[Vw + (V1b)a] = 0 in D2,

(13)
o,w=—0;b-a in OD2.
Therefore there exists C € WH2?(D?) such that:
ViC = Vw + (V1b)a.
Therefore C' solves:
—AC = —div(Vb-a) in D?
(14)

0.C =0 in 0D2.

Since C'is determined up to a constant, we can reduce to study the following Dirichlet problem:

~AC = —div(Vb-a) in D?
(15)
C =0 indD2

Step 2. In this step and in the following we use basic facts about the theory of Calderén-
Zygmund operators and interpolation theory, for which we refer to [5, 7]. We first assume
b € WHP(D?) for a fixed but arbitrary 1 < p < oo. Let us set f = —Vb-a € LP(D?), we have:

[fllzrp2y < KpllVbllo(p2yllall oo (p2)-

We denote by f = fxpz its extension by 0 to R2. We write C' = Cy + Cs where:

Ci(z) = <—%10g| e divf) (z), x€R?

and Cy = C — (4 which is the solution to:

—~ACy =0 in D?,
Cy =—C; in OD?.
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‘We have:

1 ~ —x
VCi(z1,22) = == [|yy—7x|3

dy.
2 R2 :| y

The function

Yy—x
’C(ﬂcay):m

is a C-Z operator. Since f € LP (R) for every p > 1 we have
3 1 3 y—T 2
T = ——= | dy € LP(R

) =5 [ T |2 av e g2

and . .
1T M < Bpll fllzo-
(see e.g. [5, 7]).
As far as Cy is concerned, since C; € W'=1/PP(9D?), then Cy € WP(D?) and:

IVCallr(p2y < KpllCullwi-1/pe < Kpll fllLr(p2)-

In particular we get:

IVCllrrp2y < Kpll fllLr(p2)
and therefore:
[Vwll e (p2y < Kpll fllr(p2y < Kpll Vbl o (p2ylal| Lo (p2)-

We remind that if p belongs to a compact interval I C (0,00), the constant K, is uniformly
bounded.
Now we define
®,(D?) :={X € I’(D*,R*) : cwl(X)=0}.

2 Note that since D? is simply connected, Poincaré’s lemma ensures that every X € &,(D?)
is of the form X = Vf for some f € WP(D?). By step 1, if we fix a € L°°(D?), the linear
operator T': &,(D?) — LP(D?), which maps X = Vb to Vw, where w is the zero-mean solution
to (8), is continuous for each p > 1.

Step 3. If a € L>®(D?) and Vb € L>V(D?) then f € LV (D?) with
||f||L(2,1)(D2) = KHVbHL(&l)(D?)||QHL<><>(D2)-
By interpolation and the previous step, we get that Vw € L(zvl)(DQ) with:

IVl penw2 £ Kllfllpenpy < Kllallze ) [Vl Lo p2)
< KHVGHL@J)(D2)HVbHL(QJ)(D?) (17)

for some K > 0.
We can conclude. O

2For X € LP(D?,R?), cwrl(X)=—X- 4+ X

T Oxa Ox1*



3 Proof of Theorems 1.2 and 1.4

In this Section we provides counter-examples to Wente-type estimates for solutions to (8) and
(3) even in the case a,b € (H* N L>)(D?).

3.1 A representation formula with estimates

Because of the conformal invariance of the problem (8) we can reduce to consider the analogous
problem in R?k :

_ — ulp. : 2
{ Aw=V~+b-Va inR7 (18)

O,w=—0;b-a 1In 81&1.

In this case v = (0,—1) and 7 = (1,0). Therefore 0,w = -0y, w and Orw = Oy, w.
The Green function associated to the Neumann problem in the half-plane G : Ri X Ri - R
is the solution, for every x € R%r of the problem:

{ ~AyG(z,) =6, inRZ,
dy,G(z,-) =0 in ORZ,
given by:

G(ary) =~ {loa(le — ) + logly — &)}

where x = (z1,22), y = (y1,92), T = (z1, —x2).
We are going to consider the solution w to (18) obtained through the representation formula:

waw) = [ [ gwnswa+ [ G@powdst

OR%.
1 -
— 5 | [ Qosllz ~ ul) + loxlly — 30)} V- Vady (19)
R
1 [roe 2, 2\1/2
) log((y1 — x1)" 4 25) /"0y, b - ady

and deduce a representation formula for its trace at the boundary OR? .
Step 1: We assume for the moment that a,b are in C3°(R?). We integrate by parts (19)



and get:

w(x) = _%//Ri div ({log(|x—y|)+]Og(|y_j|)}va‘a) dy
) /Raw“"g(’x—y\)+log<\y—az\>}><vib.a>dy

= ol = o0l
= i/ ) {log(|z — y|) +log(ly — &[)} By, b - ado(y) (20)

+ oo / V({log(le — yl) + log(ly — )} Vb - a)dy
- / log((y1 — 21)? + 23)"/2,,b - aldy,
= 7 [ [, (tostiz — )+ toglly -3V 0 .
If x = (21,0) € OR2, then:
w0 = [ /R ({log((@r — 91)? +43)2}) - [V40- aldy. (21)

By translation invariance we evaluate (21) at (0,0) and use polar coordinates. For every r > 0

we set
a(r,m) +a(r,0)  a(x1,0) +a(—x1,0)

2 - 2

Ay —

‘We have

w©.0) = = [ [ V0oglul)- (V40 aliy

- (%b(l(a—ar)) e A N
™ Jo 0 r ™ Jo o T

We analyse the last two terms of (22).

Estimate of 1 [* fo dob (L(a —a,)) dodr.
Note first of all that in Cartesian coordinates it reads as:

%/Ooo/oﬂﬁgb<%(a—ér)> dodr = //R2 log((y1 — =1)* +y)1/2)

(yl, 0) +2a( Y1, 0) )]dy

Vth- (o —



Moreover we have the estimate:

1 —+00 ™ 1 ~ 1 —+o00 ™ 1 9 1/2 —+o00 ™ 1 9
— Opb | —(a—a,) ) drdd < — — |Opal“rdr df — |Opb|“rdr do
™ Jo 0 r ™ \Jo o T 0 o T

< Ol Vallyaque) |V 2gez ),

1/2

. 1 1=
Estimate of £ [ [7 0pb (3a,) ddr.
The expression in Cartesian coordinates of the integral is:

%/OOO /Owagb <%a> dodr %/OOO b(r, ) — b(r,0)) Ga) dr

= Jiéwj;<®0ﬂnﬁ)—b@hoﬁa@hoyzd—ybm>dm-

m 1

We deduce that the desired representation formula in (0,0) is

// Y (log(ly))) [vlb ( a(y1, )+2a(_y1’0)>]dy

(a(y1,0) + a(=y1,0))
;/_OO ” ((b( y1,0) — b(y1,0) 5 )dyl (23)

By translation invariance, we then deduce the following representation formula for a generic
point (z1,0) € IR?:

Rl //R2 log((y1 — 21)” + 3 )1/2)})'[Vlb-(a—a(xl""ylao);‘a(xl—yl,O))]dy
- %/Zi [(b(m —y1,0) — bz + y1,0))a(m +91,0) 42— a(z1 — y1,0) " o

Step 2. If a,b € (H' N LOO)(R%_) then we get the previous formula by approximation
arguments.

3.2 A Counter-Example to L*°-Estimates

In this Section we will provide a counter-example to Wente type estimates for the problem (8).
Precisely we will show that even in the case a,b € (H' N L*)(R?%) the solution given by (19)
needs not to be bounded.

Let 1: R? — [0, 4+00) be a radial smooth function such that:

_J 1 (z,y9) € B(0,1/4),
M%w_{o(aieB%um%



Let x: R — R be a Lipschitz continuous function such that:
(z) = 1 ifzx>1,
A= 0 itz < -1

2larctan(z) + §] if —1 <z <1,
x(z) = 1 ifx>1,
0 if x < —1,

Take for instance

We observe that x (%) converges as € — 0 to the Heaviside function:

1 ifx>0,
H(””)_{o if 2 < 0.

Proposition 3.1. Let 5 € R and consider the function:
f(z) = (= logla])Py(a). (26)
Then
i) if 820, f(z) € (H'>NL*)(R);
ii) if 1/2 < B, f(z)H(z) € (HY? N L>)(R).
Proof of Proposition 3.1. We prove only #i). The proof of i) is similar and even simpler.

It is clear that f(x)H(x) € L*(R).
f(x)H(x) can be seen as the trace of the following function:

Y

Fay) = (~1/2log(e +12)Po(Va? T 92)x (f)

Claim: f(x,y) € H'(R%), (this implies that f(z)H(x) € H'/?(R)).
Proof of the Claim. We estimate the L? norm of its partial derivatives.

Derivatives of [ :

Oyflz,y) = x (g) (——) —1/2log(z? + ) PY(v/22 + y2))
= (D)o (a/2s + ) o)
Yy
0uf(ey) = X (5) L (-1/2log(a + o) (VA 12)

() o ((C1/zione? +2) PV ).

9



L?-estimate of , f(z,y) :

/ /R 10y F (2, 9) (2, ) Pdady

Ve [ ? [ 2 2\\—(28),/,2
é/—l/z o <§> (?) (=1/2log(a” +y))"*V*(Va? + 7)) dady

/

~~

)
] 9, ((-1/2108(a” + ) Pu(V/a? + 7)) [ dady.
(x2+y2)1/2<1/2

()

—~

Les us prove that (1) and (2) are convergent integrals.
o We estimate

(2)
2 =
@ //(12+y2)1/2<1/2
2
T+ p(/a7 + )B(—1/2l0g(a? + )2 dndy

x2 + 92
cf/ (—1/2log(a? + y2)) 2
(12+y2)1/2<1/2

_ 4y?
+ (—1/2 10g(.%'2 + y2)) 2(ﬁ+1)md$dy < +o00.

Y (Va2 + y%m(—l/ﬂog(ﬂ?2 +y7) 77

IN

e We estimate (1), by recalling that x’ <£> £ 0 iff % < 1 and that
Yy Yy

0y<—§<—1/2log<x2 7))

— %(—1/2 10g(:62 + Zﬁ))fﬁ) - 5%((—1/2 10g(x2 + y2))7ﬁ)

1 _ 1 _
= —(=1/2log(z® + %)) %) — B~ —1/2log(z? + y?))~(0+A)),
yg( /2log(x” +y~))™") ym2+y2( /2log(z” +y7)) )
We observe that
1 g _ 1 _
§7x2+y2(—1/210g(902+y2)) (HB))=0(?(—1/210g(962+y2)) #)) as (z,y) — (0,0).

Therefore if (z,y) € B(0,1/2) we have

%(—1/21%(# +y?) ) < cay<—§<—1/2log<x2 +2)7).

10



Hence:

(1) = /1/2 /1/2(X, <§>2 <§—j> (—1/210g(2? + 12))~ P2 (V2 + 52))
/_11//22 /:/Q(X' (%)2 <§—j) ((=1/2108(a? + 42))#) dody

—é(—1/2 log (2% + y?)) ") dydx

QA

IN
\
& =
= )
g\
= —

~~
no
mQD

—

IN

{ (—1/2log(z* 4 22))~ 5] —2(—1/2log(z? + l))*Bdac < +o00.
—1/2 2] 4

Observe that since 8 > 1/2, the last integral is convergent.
L*-estimate of 9, f(z,y).

[ [, 1Farasay

/1/2 /|1/2 (‘) <i2> (—1/2log(a? + ) P* (Va2 + y2)) dady

1/2 Yy

~~

®3)

+ / / 0, ((-1/210(a? + 42)) P0(v/a 1 42)) | dady .
($2+y2)1/2<1/2

(4)
The estimate of (3) is similar to (1) and the estimate of (4) is similar to the estimate of (2).
We can conclude the proof of Proposition 3.1. O

Estimate of w(0,0).
Let us come back to the situation of subsection 3.1 and consider:

a(x) = ¢(z) and b(x) = (~log|a|) v (z) H (x).

where 1/2 < 8 < 1 and 9 is defined in (25).
Since b= 0 in y; < 0 and a is symmetric we have, from (23)

// v (log([y])) [VLb ( a(y1, )+2a(_y1’0)>]dy

+OO 1
-1 /0 L by, 0)alw1,0)) din (27)

™ W
We already know that the first integral is finite. As for the second one, since we have chosen
B < 1 we see that:

1 [t~ 1 1 [T 1
—/0 — (b(y1,0)a(y1,0)) dyr = —/0 E(—log ly1|) 2% (1) dy

™ 1 s

11



is divergent. Hence w(0,0) is not finite.
One can also show that w is continuous in R? \ {(0,0)}. Therefore [w|| oo (m2) = +00.

3.3 A Counter-Example to H'-estimates

Consider now the solution of the problem with vanishing Neumann boundary conditions:

—Avy =V+b-Va in Ri
2 (28)
O,v1 =0 on JR%
given by the representation formula: vy (z) = [, G pG(x,y) )VLb(y) - Va(y) dy. By the same compu-

tations in subsection 3.2 we find that:

wen) = L[ [ v<1og<<y1—x1>2+m§>l/2>>-{v%-(a—

* . /OO x [(b(xl —91,0) — b(x1 +y1,0))a(951 +¥1,0) + a(x; — 9170)] -

2

-0 Y1 2
+oo
= 2 [ orn — )@t aldn
We take:
a(z) = ¢(z) and b(z) = (~log|z|) " ¥(x), (30)

with 0 < 8 < 1/2 and 1 defined as in (25). In this case the solution v; is not in H'/2(R). Indeed
if 0 < f < 1/2, we have that:

@Basb = (@) [(~6) (—log |al) ™+ Zp(a) + /() (— log ) ? ¢ HA(R)

One can check this fact by putting it in duality with f(z) = [(log|z|)~]? € H/?(R).
Now we observe that in the representation of v(x1,0) the sum of the first two terms gives a

function in HY2(R) (it is the trace of a solution of the problem Neumann problem (18) which
is in H'(R2)), the third term:

1 [t
= ol — w100+ aldy

—00
cannot be in H'/2(R) since [0,,b - a] ¢ H~'/2(R). Therefore v;(x1,0) ¢ HY/?(R) and therefore
vi ¢ HY(R2).
Let ®: D? — Ri be a Mobius transformation such that ®(9D?) = R and let 91 = v; o @,
b=bo®d, a=aod.
Claim: There cannot be an uniform L°° bound for the solution v1.
Proof of the claim. Suppose by contradiction that |[91|zec(p2y < +00. We multiply both

sides of the equation —A%; = V41b- Va by ©;. An integration by parts gives

/ Vg |*dy = / o1(V4h- Va)dy
D2 D2

< o1l o)l VD - Vil pipry < +oo

12

a(x1 +y1,0) + a(z — yl,o)ﬂ dy

(29)



and this is in contradiction with the fact that ; ¢ H'(D?). 0
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