A Worked out Galois Group for the
Classroom

Lorenz Halbeisen and Norbert Hungerbiihler

Abstract. Let f = X% —3X? — 1 € Q[X] and let L; be the splitting of f over Q. We show
by hand that the Galois group Gal(Ly/Q) of the Galois extension Ly /Q is isomorphic to the
alternating group A4. Moreover, we show that the six roots of f correspond to the six edges of
a tetrahedron and that the four roots of the polynomial X* 4+ 18 X2 — 72X + 81 correspond
to the four faces of a tetrahedron, which allows us to determine all eight proper intermediate
fields of the extension Ly /Q.

1. INTRODUCTION. Teaching Galois Theory, one often has the problem that the
Galois group of a field extension of @ is either quite simple or too difficult to be
computed by hand. An example of a Galois group which is isomorphic to the dihedral
group of order 8 can be found in Stewart [3, Ch. 13]. Introducing this example, Stewart
writes that this Galois group has an “archetypal quality, since a simpler example would
be too small to illustrate the theory adequately, and anything more complicated would
be unwieldy” [3, p. 155]. Moreover, it is usually rather tedious to compute the Galois
group along with the intermediate fields and their relations.

The aim of this note is to provide a worked out field extension over @ whose Ga-
lois group is isomorphic to the alternating group Ay (i.e., to the symmetry group of
the tetrahedron), and to compute by hand all intermediate fields and their relations.
If we do not require that the ground field is @, a canonical way to obtain a field ex-
tension L/ K with Gal(L/K) = A, for some fields L 2 K D @, is to start with a
polynomial f € Q[X] of degree 4 such that the Galois group of the field extension
L/Q—where L is the splitting field of f over Q —is isomorphic to the symmetry
group Sy. Then, since A4 < Sy, by the Galois correspondence we find a quadratic ex-
tension K of @ such that Gal(L/K) = A, (see also Osofsky [2, p.222]). However,
since the ground field K of the field extension L/ K is already a field extension of Q,
it is quite exhausting to compute Gal(L/K') and the intermediate fields of L/K by
hand.

Before we present our example in the next section, we set up the terminology (ac-
cording to [1, 3]), where we assume that the reader is familiar with the basic facts of
Galois Theory with respect to field extensions over Q.

If f € Q[X] is a polynomial, then the smallest subfield of C containing all of the
roots of f is called the splitting field of f over Q. The splitting field of f over Q is
unique up to isomorphism. If L/Q is a field extension and @ C M C L is a field,
then M is called an intermediate field of L/Q. If M C L are fields, then the group
of all automorphisms of L which fix M point-wise is the Galois group of the field
extension L /M, denoted Gal(L/M). Let f € Q[X] be a polynomial, Ly its splitting
field over Q, and M an intermediate subfield, so Q C M C L. Let g € M[X] and
let K, C Ly be its splitting field over M. Then K, /M is a Galois extension. We will
only consider Galois extensions of this type.
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Now we can state the main theorem of Galois Theory.

THE GALOIS CORRESPONDENCE. Let L/Q be an arbitrary Galois extension. Then
the following holds:

* To each subgroup H < Gal(L/Q) there exists an intermediate field L, such that
L" ={a€L:Vo € H(c(a) =a)}.
* For each intermediate field @ C M C L we have Gal(L/M) < Gal(L/Q) and

LGal(L/M) — M.

* Let M, and M, be intermediate fields of some field extension L/Q, and let H; :=
Gal(L/M,). If, for some o € Gal(L/Q), we have Gal(L/M,) = c Hyo ™!, then
the fields M; and M, are conjugate.

e If Q C M C L is such that Gal(L/M) is a normal subgroup of Gal(L/Q) (i.e.,
the conjugate class of M contains only M), then the field extension M /@ is Galois
and

Gal(M/Q) = Gal(L/Q)/ Gal(L/M).

2. A FIELD EXTENSION L/Q WITH GAL(L/Q) = A,4. We start with the
polynomial f = X% — 3X? — 1 and consider its splitting field L; over Q. The goal is
to show that Gal(L;/Q) = A,, where A, is the alternating group of degree 4, which
is isomorphic to the symmetry group of the tetrahedron.

In order to compute the roots of f, we replace X2 by £ and first compute the roots
of the irreducible polynomial g = £ — 3¢ — 1. To see that g is irreducible, consider
the polynomial

g:=(6-2°-3(6-2) - 1=¢—66+9¢ 3.
By the Eisenstein-Schonemann Criterion (with p = 3), we see that g is irreducible
over @, and so is g.
Observe that every complex number £ # 0 can be written as £ = o + 3 with o® +
B2 = 1. Indeed, for B = £ — a we have 33 = €3 — 362 + 3€a® — o® and hence
1=0a®+ % =¢&(€* - 3¢a +3a?).

This is a quadratic equation for o € C with a solution if £ # 0. In particular, a root £
of g can be written in the form ¢ = o + 3 with o® 4+ 32 = 1. Then

g=(a+pB)P-3a+B)—1=a*>+3a’8+3a8+ > —-3a—-35—-1=0.
So, since a® + 3% = 1, we have
3af(a+ ) —3(a+B)=0

and since a + 3 # 0, we obtain

1 1
af =1, 6=, and ag—i——gzl.
ol o
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If we set z := o3, then z + i = 1 and hence 22 — z + 1 = 0. We choose the solution
z = % —|—7j§ =e™/3,

Now « is a third root of z; and we choose o = €™/, Since 8= L — &, we obtain

& =& =a+a=2cos(m/9).
Then
3 _ V3 _ 3 2 - ~2 . =3 _ - 3 =3 _
E=(a+a)y=a"+3c"a+3aa’+a’ =3a+a)+a"+a =3& +1
=« = =£1 =1

which shows that &; is indeed a root of g = &3 — 3£ — 1. The two remaining third
roots of z; are
e27i/3 | gmi/9 . oTmi/9 o7
eAdmi/3 . gmi/9 .  o13mi/9  _ 13
Hence, the roots of g are given by
&L = a+ta = 2cos(7/9),
& a"+a’” = 2cos(71/9),
& = a®+a® = 2cos(137/9).
Thus, g = & — 3§ — 1 = (£ — &) (€ — &) (€ — &), which shows that & &, &3 = 1,

§16&+86E&+ 866 =3, and&§; + & + &3 =0.
Notice that

_52 —_ 671'2(6771'1/9 + 67771'1/9) —_ 61671'1/9 + eZTrz/Q _ 6727”/9 + e27r7,/9 —_ a2 + 6[2

and similarly we have —&; = a* + a*. Thus, we have
28 =2—(a+a)=2-Qaa+a’+a’)=2-(2-&)=¢&.
=1 =—§2

Similarly we get 2 — &5 = &3 and 2 — &3 = &;. This shows that Q(&;) = Q(&;) =
Q(&s3). In particular, Q(&;) is the splitting field of g over Q. So, for L, := Q(&;), the
field extension L, /Q is Galois.

For convenience in later arguments, we rewrite the three roots of g as follows:

& =a+a = 2cos(m/9)
& = 2cos(7m/9) = —2cos(7m/9 + w) = —2cos(27/9)
& =2cos(13m/9) = —2cos(137/9 + 7) = —2cos(47/9) .

Then by construction we obtain the six pairwise distinct roots of f as /& for
1 < k < 3. In particular, we define

<1 = 2COS(7T/9) C4 = *Cl
Cg = ’i\/2COS(27T/9) €5 = —€2
Gs i\/2 cos(4m/9) G = —(3.
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This shows that

=X Q)X+ Q)X = Q)X + Q)X =) (X + ).

Notice that since &; & &3 = 1, we have (7 (2 (2 = 1, which implies that the product
(£¢1)(£C)(£¢3) = 1. Moreover, by definition of (1, (s, (3 we have (; (2 (3 =

Now, let us show that f is irreducible over Q. For this, assume on the contrary
that f = p - g for some non-constant polynomials p, ¢ € Q[X]. If deg(p) = 1, e.g.,
p = (X — (1), then (; € Q, which is obviously a contradiction. Assume now that
deg(p) =2,eg.p= (X —Q)(X + ) =X —&orp= (X - Q)X - () =
X% — (¢ + ()X + ¢ Co. Then, in the forgner case this would imply &; € @, and in

the latter case this would imply (7 (> = G © Q. Thus, in both cases we arrive at a

contradiction. If deg(p) = 3 and p is of the form
p=X )X +C)(X =G) =X -GX +..,

then (, € Q, which is again a contradiction. Finally, if deg(p) = 3 and p is of the
form

p=(X )X = Q)X =) =1+bX +cX* + X,
then ¢ is of the form
= (X +)(X +G)X +G)=-1+bX —cX? + X°.

Since f =p-q= X% —3X?%— 1, we must have 2b — ¢* = 0 and b* — 2¢c = —3.
In particular, b = é and therefore % — 2¢+ 3 = 0, but since % —2c+3 > 1 for
all ¢ € R, we conclude that p ¢ Q[X]. Thus, there are no non-constant polynomials
P, q € Q[X] such that f = p - g, which shows that f is irreducible over Q. In particu-
lar, since f € Q[X] is a monic, irreducible polynomial of degree 6 with the six roots
Ciy.-.yCowehave ¢, & Q(&) forl <m <6and1 <k < 3.

Let Gy := Gal(L;/Q) and G, := Gal(L,/Q), where Ly and L, are the split-
ting fields of f and g, respectively. Then, since deg(g) = 3 and L, = Q(&;), we
have |G| = 3 and therefore G, = C}3, where C,, denotes the cyclic group of or-
der n. Furthermore, since the field extension L, /Q is Galois, Gal(Ls/L,) < Gy and
G/ Gal(L;/L,) = Cs. Since (,, ¢ Q(&x), Gal(Ly/L,) is not the trivial group.

Now, we consider Gal(L;/L,). Let 0 € Gal(L;/L,). Then o(&;,) = & for 1 <
k < 3. Thus, () = £(,, for all 1 < m < 6. To see this, consider, for example,
& =0(&)=0(C-G) =0(C1)-0(¢). Therefore, Gal(Ly/Ly) < Cy x Cy x Cs.

If we adjoin to the field L, a root (,, (for 1 < m < 6), then we obtain the in-
termediate field L, C L,(¢,,) C Ly, where Gal(L,((,)/L,) = Cs. Since (2, = &,
forsome 1 < k < 3and Q(&) = Q(&2) = Q(&3), we have L, (() = Q((n). Since
each of the fields Q(() (for 1 < k < 3) is the splitting field of a quadratic polyno-
mial of the form Z? — (} for 1 < k < 3, each of the field extensions Q({y)/L, (for
1 < k < 3)is Galois with Gal(Q({)/Ly) = Co.

Now, there are three possible intermediate fields of the form Q((,,, ), namely Q((7),
Q(¢2), and Q((3). To see that these three intermediate fields are pairwise distinct,
notice first that, since (; = \/2cos(¢) € R, we have Q(¢;) C R, and therefore
(2,3 ¢ Q(C1). Furthermore, if (; € Q((z), then, since R({2) = 0, we can write

G=a+bl+cl=a+b&+c& witha,b,c€ Q.
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Thus, ¢; € Q(&;), which is not the case. Similarly, (; ¢ Q(&3). Furthermore, if {; €

Q((3), then with (5 (3 = é we would have ¢; € Q((3), which is not the case.

To summarize, for 1 < k < 3 we have L,((x) € Ly, Gal(L,((x)/Ly) = Cs, and
from Gal(L;/L,) < Cy x Cy x C we obtain that Cy x Cy < Gal(Ly/L,). In par-
ticular we have that Gal(L;/Q) is not cyclic.

Finally, we show that L; = Q((;, ¢;) for any distinct ¢ and j with 1 < 7,5 < 3. To
see this, recall that (£¢;)(£¢2)(+¢3) = £1, which implies that we can compute, for
example, (, from (; and (3. Now, since Q((?) = Q(&;), which implies &; € Q((),
and since Q(&;) = Q(&;) for all 1 <4, j < 3, we conclude that &; € Q((;) for all
1 <i,j < 3. Furthermore, since (; is aroot of Z* — &; € Q((;)[Z] and (; ¢ Q((),
we have Gal(L;/Q(¢;)) = Cs. In particular, Gal(L;/L,) = Cy x Cs.

Now, we are ready to show that Gal(L;/Q) = Ay4. Since Ly = Q((1,- .., (),
every element m € Gal(Ls/Q) corresponds to a permutation of (i, ..., (s, where
the elements &, &y, &3 (i€., the elements (7, (3, (3) are permuted cyclically. By the
observations above, every m € Gal(L;/Q) can be written as m = o]0 p" for [ €
{1,2,3},m € {0,1},and n € {0, 1,2}, where, in cycle notation,

p= (C1 Co C3)(C4 G C6) ’

and for 1 < 5 <6,

Ul((j)_{ G ifje{ll+3},

—(; otherwise.

Since p corresponds to a cyclic permutation of &1, &5, £3, we have p € Gal(L,/Q),
and since for 1 < ¢ < 3 we have 0,(§;) = &, o, € Gal(Ly/L,). So, since
Gal(Ly/L,) = Cy x Cy, we get that for any pairwise distinct 4, j,k € {1,2,3},
if 0,((;) = —¢; and 0y(¢;) = —¢;, then 0(Cx) = (g (ie., | = k), which corresponds
to the fact that (;, = ﬁ

65

Let us now consider a tetrahedron 7" with the six edges (1), 2), 3), (@), (5), (o),
where the pairs of edges (1), (@), (), (5)), and ((3),(6)) are opposite edges of T If
we identify the six edges (1), ...,(6) with the six roots (y,...,(s of f, then every
element 7 € Gal(Ls/Q) corresponds to an element of the symmetry group of the
tetrahedron T, i.e., to an element of the alternating group A, (this fact is visualized by
Figure 3 at the end of the next section).

3. SUBGROUPS AND INTERMEDIATE FIELDS. Figure 1 illustrates all sub-
groups of A,. For some of these subgroups of A4, we already found the corresponding
intermediate fields. In particular, we found that the field that corresponds to C'y X
Cyis L, = Q(&;), and since Cy x C5 is a normal subgroup of A4, we obtain that
Gal(L,/Q) = A,/(Cy x Cy) = Cs. Furthermore, the three fields which correspond
to the subgroups Cy are Q(¢1), Q(¢2), and Q((3). Notice that these three fields are
pairwise conjugate. To see this, let 0 € Gal(L;/Q(¢;)) and let, for example, ™ €
Gal(L¢/Q) be such that m(¢;) = — o, m((2) = —C3, 7(¢3) = 1. Then

megem (o) = oo (—C1) = w(—C1) = o,

which shows that the automorphism oo om~! fixes (s, i.e., Tooom ! is an element of

Gal(Ls/Q(C2))-
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{t}

03 Cg CS CS

Ay

Figure 1. Subgroup Diagram of Gal(Ly/Q) =2 A4. For two groups H and G, an arrow H — G or H —»
G indicates that H is a subgroup or a normal subgroup of G; and ¢ denotes the identity automorphism of L.

In order to find the four intermediate fields M; (for 1 < ¢ < 4) with Gal(L;/M;) =
C3, we proceed as follows. First, we identify (, ..., (s with the numbers 1,...,6
and the elements of the group A4 with a subgroup of Sg (i.e., the symmetry group of
{1,...,6}). Furthermore, let, again in cycle notation,

Hy:=((123)(456)), Hy:=((156)(423)),
Hy:=((345)(612)), Hy:=((264)(531)),

be the four subgroups of A4 which are isomorphic to C3. Then, the four intermediate
fields M; are the four fixed-fields

M, = L;{" ={a€L;:VoeH, o(a) =a}.

Let ¥4, U9, U3, ¥4, be defined as follows:

Io= G(GtG) T LG T GGG
Oy = &(G+G) + &G+0G) + &GG+EG)
95 = &(G+G) + &LG+a) + &G+G)
Oy = &G(G+G) + &G+E0G) + &G+G).

It is not hard to verify that for each 1 < i < 4, M; = Q(1;). For example, consider
the element o := (132)(465) = ((123)(45 6))2 € H,. Then

(W) =&(G+G) + &i(G+ ) + &+ G) =10

which shows that ¢ € Gal(L;/M, ). Furthermore, we can verify that for

o9 :=(25)(36), o3 :=(14)(25), o, :=(14)(36),
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we have
ooHyo; ! o3Hyog! ouHyog !
Lf2 109 :MQ, Lf3 103 :Mg, Lf4 104 :]\4-47
which shows that the four intermediate fields M7, . . ., M, are pairwise conjugate. For
example, let 7 := (1 32)(4 6 5) € Hy. Then 7 := 090700, = (16 5)(24 3) and
we have

() = &(C 4+ G) + &G +(3) + &(G6+ &) =19

which shows that m € Gal(L;/M,). Moreover, we get that

m(01) =& (G + C) + & (G + ) + &G + 1) = Dy,
m(0s) = &3(Ca + C2) + &1(Cs + G6) + &2(Cs + 1) = U,
m(¥s) = &3(C1 + C5) + &1(Ca + o) + &2(Cs + () = U1,

which shows that 7 is a cyclic permutation of 91, ¥4, and 9.
Figure 2 illustrates all intermediate fields of the field extension Ly /Q.

Q(C15 G2) = Q(&, G) = Q(¢, G1)

QG) Q) \

Q&) = Q&) =

Q

Figure 2. Diagram of intermediate fields. For two fields K and M, an arrow X' — M or K —» M indicates
that K is a subfield of M, and K — M indicates that the field extension is Galois.

Finally, we consider the polynomial & := (X — ¥1)(X — ¥2)(X — 93)(X — 4).
To keep the notation short, we introduce the following function: For integers a, b we
define a (Mod b) by stipulating b (Mod b) := b and a (Mod b) := a (mod b) for
a # b. Then, since for 1 < j <6, (; = —(j43(mod 6) a0d 7 = &; (moa 3)» and bear-
ing in mind the identities

CI'C2'C3:17 51'52‘63:17
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and for 1 <1 < 3,

&+ & Moa sy = 4+ 6, €2 =2 — &1 (Mod 3) £ =36+1,

£ (621 (Moa 3) T Era (Mod 3)) = 17 — €141 (Mod 3),
we obtain
h=X*"+18X% - 72X + 81.

Since ¥, . .., ¥4 belong to Ly,, where Ly, is the splitting field of & € Q[X] over Q,
Ly, is a subfield of L, and since L;,/Q is a Galois extension, Gal(L;/Ly) < A, and
therefore Gal(L;,/Q) = A,/ Gal(Ls/Ly), which implies that Gal(L;,/Q) is iso-
morphic to either {¢}, C3, or A;. We have seen above that there is a 7 € Gal(L;,/Q)
which is a cyclic permutation of ¥, ¥3, ¥4, and similarly, we find a 7’ € Gal(L;,/Q)
which is a cyclic permutation of 5, V3, ¥,. Hence, Gal(L;/Q) must be isomorphic
to A,. In particular, the fields Ly and L, are isomorphic.

Let us consider again the tetrahedron 7' with the six edges (i, ..., (s, where the
pairs of edges (;, (; 13 (for 1 < 7 < 3) are opposite edges of T'. We already know that
the group Gal(Ls/Q) is isomorphic to the symmetry group of the tetrahedron acting
on its six edges. We show now that Gal(L;/Q) is isomorphic to the symmetry group
of the tetrahedron acting on its four faces. For this, we identify the four faces of the
tetrahedron with the four roots ¥4, . .., 9, of h as illustrated in Figure 3.

¥, (rear face)

G2

(3 4

Gs

Figure 3.
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In order to see that the elements of the symmetry group of the tetrahedron corre-
spond simultaneously to the elements of Gal(L;/Q) and Gal(L;/Q), respectively,
we consider two elements of the symmetry group of the tetrahedron.

First, let p; be the rotation by the angle 7 about the axis joining the midpoints of the
edges (; and (4. Then p; acts on the edges and the faces of the tetrahedron as follows:

G — G G — G4 C3 <> Co CRERE:
and
§1(C2 +Ce) +&2(C3 + Ca) +&3(C1 +G5) > &G+ C3) +&2(Ce + Ca) + &3(C1 +(2)
191 192

§1(Gs +Co) +&2(C3 +C1) +E3(Ca+G2) > &1(G2 +(3) +E&2(Ce + (1) + E3(Ca + Gs) -
193 194

Notice that the intermediate field which corresponds to p; is Q((7).

Second, let p, be the rotation by the angle 27/3 about the axis joining the center
of the face 19, with the opposite vertex. Then p, acts on the edges and the faces of the
tetrahedron as follows:

G — G G2 — (3 (3= G Ca— G5 G5 — Ge G6 — G
and
E1(Ca+Co) +&2(Cs 4+ Ca) +&3(C1 4+ G5) — &2(Cs + Ca) +&3(C1 + C5) + &1(C2 + o)
191 791

&1(Cs + G3) +E&2(Co +Ca) +&3(C1 +C2) — &2(Ce + (1) +&3(Ca+ C5) +&1(C2 +G3)
192 7‘94

§1(C2+G3) +&2(Ce + (1) +&3(Ca+G5) — €G3+ (1) +E&3(Ca+ C2) + 61(C5 + o)
194 193

&1(Gs +Co) +&2(C3 +C1) +E3(Ca+ G2) — &2(Ge + Ca) +E&3(C + C2) +&1(Cs +G3) -
’193 192

Notice that the intermediate field which corresponds to po is Q(1;).

Conclusion. What we have achieved is a visualization of a Galois group in terms of
the edges and faces of a tetrahedron. In particular, we found two polynomials f and h
of degree six and four, respectively, such that the roots of f correspond to the six edges
and the roots of h correspond to the to the four faces (or vertices) of the tetrahedron.
Moreover, since we were able to carry out all the calculations by hand, we obtained
a complete understanding of the field extension L f/ Q, and in addition, we have an
illustrative example of a Galois extension that shows the power and beauty of Galois
Theory.
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