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Abstract. For a set M, fin(M) denotes the set of all finite subsets of M, M?>
denotes the Cartesian product M x M, [M]? denotes the set of all 2-element subsets
of M, and seq'' (M) denotes the set of all finite sequences without repetition which
can be formed with elements of M. Furthermore, for a set S, let |S| denote the
cardinality of S. Under the assumption that the four cardinalities |[M]?|, |[M?,
| fin(M)], | seq**(M)| are pairwise distinct and pairwise comparable in ZF, there
are six possible linear orderings between these four cardinalities. We show that at
least five of the six possible linear orderings are consistent with ZF.
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1 Introduction

Let M be a set. Then fin(M) denotes the set of all finite subsets of M, M? denotes the
Cartesian product M x M, [M]? denotes the set of all 2-element subsets of M, seq' (M)
denotes the set of all finite sequences without repetitions which can be formed with
elements of M, and seq(M) denotes the set of all finite sequences which can be formed
with elements of M (where repetitions are allowed).

Furthermore, for a set A, let |A| denote the cardinality of A. We write |A| = |B], if
there exists a bijection between A and B, and we write |A| < |B|, if there exists a
bijection between A and a subset B’ C B (i.e., |A| < |B| if and only if there exists an
injection from A into B). Finally, we write |A| < |B| if |A| < |B] and |A| # |B|. By the
CANTOR-BERNSTEIN THEOREM, which is provable in ZF only (i.e., without using the
Axiom of Choice), we get that |A| < |B| and |A| > |B| implies |A| = |B|.

Let m := |M]|, and let [m]? := |[M]?|, m? := |M?|, fin(m) := |fin(M)]|, seq''(m) :=
| seq'(M)], and seq(m) := | seq(M)|. Concerning these cardinalities, in ZF we obviously
have seq'!'(m) < seq(m), [m]? < fin(m) and m? < seq’’(m), where the latter relations
are visualized by the following diagram (in the diagram, n; is below ny if ny < ny):

fin(m) seq'!(m)

]2 m2
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Moreover, for finite cardinals m with m > 5 we have
m)? < m? < fin(m) < seq''(m),

and in the presence of the Axiom of Choice (i.e., in ZFC), for every infinite cardinal m we have

2 =m? = fin(m) = seq"' (m) .

[m]
It is natural to ask whether some of these equalities can be proved also in ZF, i.e., without the
aid of AC. Surprisingly, this is not the case. In [1], a permutation model was constructed in
which for an infinite cardinal m we have seq(m) < fin(m) (see [1, Thm. 2] or [4, Prp. 7.17]). As a
consequence we obtain that the existence of an infinite cardinal m such that seq""(m) < fin(m)
is consistent with ZF. This consistency result was modified to the existence of an infinite
cardinal m for which m? < [m]? (see [4, Prp.7.18]), and later, it was strengthened to the
existence of an infinite cardinal m for which seq(m) < [m]? (see [3] or [5, Prp. 8.28]). The
consistency of fin(m) < seq''(m) for infinite cardinals m can be obtained with the Ordered
Mostowski Model (see, for example, [5, Related Result 48, p.217]), in which there is an infinite
cardinal m with

m)? < m? < fin(m) < seq''(m).

Consistency results as well as ZF-results concerning the relations between these cardinals with
other cardinals can be found, for example, in [7, 8] or [2].

Concerning the four cardinalities [m]?, m?, fin(m), and seq'!(m), a question which arises nat-
urally is whether for some infinite cardinal m, fin(m) < m? is consistent with ZF (see [5,
Related Result 20, p. 133]). Moreover, assuming that m is infinite and the four cardinalities
[m]2, m2, fin(m), seq'!(m) are pairwise distinct and pairwise comparable in ZF, one may ask
which linear orderings on these four cardinalities are consistent with ZF.

Since for all cardinals m, we cannot have [m]? > fin(m) or m? > seq'"!(m), there are only the
following six linear orderings on these four cardinalities which might be consistent with ZF
(where for two cardinals ny and ng, n; — ny means n; < ng).

fin ](m) seql[1 (m) ﬁn([m) ——seq™ (m) ﬁn(m)<_/seq11 (m)
[m]? \ m? [m]? m? [m]? m2
Diagram N Diagram C Diagram Z
ﬁn([m)/seQITl(m) fin(m) <—Se<le(m> fin(m) —— seq’ (m)
[m]? m? [m]? m? [m]2 \ m?
Diagram V1 Diagram J Diagram X

Below we show that each of the five diagrams N, Z, W, J, X is consistent with ZF.



2 Permutation Models

In order to show, for example, that for some infinite cardinals m and n, m < n is consistent
with ZF, by the JECH-SOCHOR EMBEDDING THEOREM (see, for example, [6, Thm.6.1] or [5,
Thm. 17.2]), it is enough to construct a permutation model in which this statement holds.
The underlying idea of permutation models, which will be models of set theory with atoms
(ZFA), is the fact that a model V |= ZFA does not distinguish between the atoms, where atoms
are objects which do not have any elements but which are distinct from the empty set. The
theory ZFA is essentially the same as that of ZF (except for the definition of ordinals, where
we have to require that an ordinal does not have atoms among its elements). Let A be a set.
Then by transfinite recursion on the ordinals o € Q we can define the a-power Z%(A) of A
and Z°(A) = Uyecq Z°(A). Like for the cumulative hierarchy of sets in ZF, one can show
that if M is a model of ZFA and A is the set of atoms of M, then M = F*°(A). The class
My := 2°°(0) is a model of ZF and is called the kernel. Notice that all ordinals belong to
the kernel. By construction we obtain that every permutation of the set of atoms induces an
automorphism of M, where the sets in the kernel are fixed.

Permutation models were first introduced by Adolf Fraenkel and, in a precise version (with
supports), by Andrzej Mostowski. The version with filters, which we will follow below, is due
to Ernst Specker (a detailed introduction to permutation models can be found, for example,
in [5, Ch. 8] or [6]).

In order to construct a permutation model, we usually start with a set of atoms A and then

define a group G of permutations or automorphisms of A.

The permutation models we construct below are of the following simple type: For each finite
set F € fin(A), let

Fixq(E) :={r€G:Va€ E(ra=a)},
and let .# be the filter of subgroups of G generated by the subgroups {Fixg(F) : E € fin(A4)}.
In other words, .# is the set of all subgroups H < @, such that there exists a finite set
E € fin(A), such that Fixg(E) < H.

For a set x, let
symg(z) :={r e G :mx = z}

where

0 if =0,
T =< Ta if x = a for some a € A,
{ﬂy 1y € :c} otherwise.
Then, a set x is symmetric if and only if there exists a set of atoms F, € fin(A), such that
Fixg(E;) < symg(x).

We say that E, is a support of x. Finally, let ¥V be the class of all hereditarily symmetric
objects; then V is a transitive model of ZFA. We call V a permutation model. So, a set x
belongs to the permutation model V (with respect to G and %), if and only if z C V and =
has a finite support E, € fin(A4). Because every a € A is symmetric, we get that each atom
a € A belongs to V.



2.1 A Model for Diagram N

We first show that in every model for Diagram N, we have that the cardinality m is transfinite.

LEMMA 1. If fin(m) < m? for some m > 5, then ¥y < m.

Proof. Let A be a set of cardinality m > 5 and assume that h : fin(A) — A2 is an injection.

First we choose a 5-sequence S; := (ay, ..., as) of pairwise distinct elements of A. The ordering
of S5 induces an ordering on P := fin({a1,...,as}), and since |h[Ps]| = 2% and 2° > 52, there
exists a first set u € Ps such that for (z,y) = h(u), the set Dg := {z,y} \ {a1,...,a5} is
non-empty. If € Dg, let ag := x, otherwise, let ag := y. Now, let Sg := (ay,...,as) and

Ps := fin({a1,...,a6}). As above, we find a u € Py such that for (z,y) = h(u), the set
D7 = {z,y} \ {a1,...,a6} is non-empty. If © € Dz, let a7 := =z, otherwise, let a; := y.
Proceeding this way, we finally have an injection from w into A, which shows that ¥y < m. -

PROPOSITION 2. If Ry < m for some cardinal m = |A|, then there exists a finite-to-one
function g : seq(A) — fin(A).

Proof. By the assumption, there exists an injection h : w — A, and for each i € w, let
x; = h(i), let B={x;:i € w}, and let C := {x9; : i € w}. Notice that

L(a):{a ifae A\ B,

xoip1 if a = x;,

is a bijection between A and A \ C. Thus, it is enough to construct a finite-to-one function
g :seq(A\ C) — fin(A). Let s = (ag,...,an—1) € seq(A\ C) and let ran(s) := {ag,...,an-1}.
The sequence s gives us in a natural way an enumeration of ran(s), and with respect to this
enumeration we can encode the sequence s by a natural number is; € w. Now, let g(s) :=
ran(s) U {xg;, }. Then, since there are just finitely many enumerations of ran(s), ¢ is a finite-
to-one function. o

The following result is just a consequence of PROPOSITION 2 and LEMMA 1.

COROLLARY 3. If fin(m) < m? for some m = |A| > 5, then there exists a finite-to-one function
g :seq(A) — fin(A).

We now introduce the technique we intend to use in order to build a permutation model from
which it will follow that for some infinite cardinal m, the relation fin(m) < m? is consistent
with ZF. Notice that this relation is the main feature of Diagram N and that this relation
implies that Xg < m. In the next section, we shall use a similar permutation model in order to
show the consistency of Diagram Z with ZF.

Let K be the class of all the pairs (4, h) such that A is a (possibly empty) set and h is an
injection h: fin(A) \ {0} — A2%. We will also refer to the elements of K as models. We define
a partial ordering < on K by stipulating

(A,h) < (B, f) < ACB A hCf A ran(flanmnana)) € B>\ A%



When the functions involved are clear from the context, with a slight abuse of notation we
will just write A < B instead of (A,h) < (B, f) and A € K instead of (A,h) € K.

Before proceeding, we give two preliminary definitions. Given a model (M, f) and a countable
subset A C M, we define the closure cl(A, M) as the smallest superset of A that is closed
under f and pre-images with respect to the same function. Constructively, we can characterize
cl(A, M) as a countable union as follows: Define cly = clp(A, M) := A and, for all i € w,

clit1 = cl; U U ran(f(p)) U U ()
p € fin(cl,) g€(cl;)?Nran(f)
p#0

in order to finally define cl(A4, M) := (J,c, cli. Furthermore, we set a standardized way to
extend a partial model (A, f), where f’ is only a partial function, to an element of K: Consider
(A, f'), where A is a set and f’ is an injection with dom(f’) C fin(A4) \ {0} and ran(f’) C A2.
Let (Mo, fy) = (A, f') and, for j € w, define inductively (M;1, f},;) as follows: M4 is the
fully disjoint union
Mj (| |_| {ap, bp}.
P € fin(M;)\dom(f})
P40

For what concerns the injection f]’ 11, we naturally require the inclusion fj’ C f]’ 11, as well as
the equality dom(f},,) = fin(M;)\ {0}, where for P € fin(M;)\dom(f}) with P # 0, we define
7+1(P) := (ap,bp). We are now in the position of defining the plain extension of (A, f') as

o= UM, S

JEW JEW
Given the previous definitions, we remark that given a model M € K and a countable subset

A C M, we have that cl(A, M) < M, which proves the following:

FAcCT 4. For every countable subset A of a model M € K, there is a countable model N such
that AC N <M.

ProposSITION 5 (CH). There is a model M, of cardinality ¢ in K such that:

o M, is Ny-universal, i.e., if N € K is countable then N is isomorphic to some N, < M,.

o M, is Ny-homogeneous, i.e., if N1, No < M, are countable and w: Ny — No is an
isomorphism then there exists an automorphism m, of M, such that ™ C 7.

o If N < M, and A C M, are countable, then there is an automorphism w of M, that
fixes N pointwise, such that w(A)\ N is disjoint from A.

Proof. We construct the model M, by induction on w;, where we assume that w; = c¢. Let
My = (. When M, is already defined for some a € wy, we can define

Cy = {N <M, :N €K and N is countable}.



The construction of M1, starting from M,, consists of a disjoint union of two differently
built sets of models. First, for each element N € C,, let Sy be a system of representatives for
the strong isomorphism classes of all the models M € K such that N < M with M countable.
Here, by strong we mean that, for two models My and My with N < My, My, it is not enough
to be isomorphic in order to belong to the same class, but we require that there exists an
isomorphism between M; and My that fixes N pointwise, which we can express by saying that
My is isomorphic to Ma over N. We first extend M, by the set

M, = || || M\N,

NeC, MeSN

where “| |” indicates that we have a disjoint union, and now we define M,41 as the plain
extension of M, LI M/ . Finally, for non-empty limit ordinals § define Ms = Uyes Mo, and let

M, = U M,,.

acwl

It remains to show that the model M, has the required properties: First we notice that M,
has cardinality |M,| = ¢, as required, and since, by construction, M; is Nj-universal, M, is
also Ny-universal. In order to show that M, is N;-homogeneous, we make use of a back-and-
forth argument. Let N1, Ny < M, be countable models and 7: N1 — Ny an isomorphism. Let
{zo : @ € w1} be an enumeration of the elements of M, and let Iy := Nj. If 5, is the first
element (with respect to this enumeration) in M, \ Iy, then, by FACT 4, there exists a countable
model I] < M, such that Iy < I{ and x5, € I]. Similarly, there is a countable model J| with
Ny < J{ < M, such that there exists an isomorphism 7} : I1 — Jj with 7 C 7}. Now, let z,
be the first element in M, \ Ji: for the same reason as above we can find countable models
Ji, I such that I} < I} < M, and J| < J; < M,, together with z,, € J; and the fact that
there exists an isomorphism m1: [; — Ji with 7] C 7. Proceed inductively with x5,,, being
the first element in M, \ I, and find countable models I, < I}, < M,, Jo < J/,; < M,
and an isomorphism 7, : I}, — J}, | with x5, € I/,,; and 7o C 7, ;. As in the second
part of the base step, let = ., be the first element in M, \ J/,,; and find countable models
Iy < Toqr < My, J) ) < Jay1 < My, with an isomorphism ma41: Iay1 — Jay1 such that
Tryorr € Jat1 and 7, C Taq1. We naturally take the union at limit stages and finally obtain
Tx = Unew, Ta, Which is the required automorphism of M,.

To show the last property of the theorem, let N < M, and A C M, be both countable. Since
the cofinality of w; is greater than w, we can find by construction both a countable model
M satisfying the properties A € M, N < M < M, and a further countable model M’ with
N < M' < M, such that M" N (A\ N) = 0, and such that there exists an isomorphism
i: M — M’ with ¢ fixing N pointwise. Now, by M, being N;-homogeneous we obtain an
automorphism ¢, extending ¢, as required. .

As anticipated, the construction of the previous theorem does not exploit any particular prop-
erty of the functions h: fin(A)\ {0} — A2 In fact, the construction is an analogue of a Fraissé
limit as it relies on similar properties, like, for example, a modified version of the Disjoint
Amalgamation Property (DAP) of K, where we require that embeddings between structures
f: (A h) — (B,g) are allowed only when, according to our previous definition, A < B. In-
deed, exactly the same construction can be carried out in the alternative framework of models

6



(A, f,g,h), where A is a set and we have three injections f: A% — [A]?, g: [A]? — seq"!(A)
and h: seq"'(A) — fin(A4), which will be used below to show the consistency of Diagram Z
with ZF.

Given PROPOSITION 5, we consider the permutation model Vi that arises naturally by consid-
ering the elements of the Nj-universal and Ni-homogeneous model M, as the set of atoms and
its automorphisms Aut(M,) as the group G of permutations. In particular, each permutation
in G preserves the injection h: fin(M,) \ {0} — M2 that the model (M, h) comes with.

We are now ready to prove the following result.
THEOREM 6. Let M, be the set of atoms of VN and let m = |M,|. Then

Yy E [m]? < fin(m) < m? < seq'™(m).

Proof. The existence of an injection 4: fin(M,) — M2 in Vy follows from the existence of the
injection h: fin(M.) \ {#} — M2 given by the specific permutation model, together with the
fact that h cannot be surjective, which will be shown later. So, we only need to prove that in
VN, there is no reverse injection from M2 into fin(M,), and that there are no injections from
fin(M,) into [M,]? or from seq'!(M,) into M2.

In order to show that there is neither an injection from M? into fin(M,), nor an injection from
seq'"'(M,) into M2, assume towards a contradiction that Vy contains an injection f;: M2 —
fin(M,) or an injection fo: seq''(M,) — M2. Let S be a finite support of both functions f; and
fa (if they exist). In other words, S € fin(M,) and for each automorphism 7 € Fixg(S) we have
7(f1) = f1 and 7(f2) = fo, respectively. Let N1 be a countable model in K with S C Ny < M,.
Let (N2, g) be a countable model in K such that (N, h|n,) < (Ng, g), constructed as follows:
The domain of Ns is the disjoint union

Ny = Ny U{z,y,z} U{a;:i € w}.

Furthermore, we define the injection g: fin(Ny) \ {#} — NZ such that g D h|y, and for
E € fin(N2) \ fin(Ny) we define g(E) = (e1,e2) such that g is injective and satisfies the
following conditions (recall that since Nz is countable, also fin(N2) is countable):

o If EN{x,y,z} =0 then (e1,e2) = (an, am,) for some n,m € w.

o If |[EN{x,y,z}| = 1, then (e1,e2) = (u,ay) for some k € w, where u is the unique
element in £ N {x,y, z}.

o If |[EN{z,y,2}| = 2, then (e1, e2) = (v, aj) for some k € w, where v is the unique element
in {z,y, 2} \ (EN{z,y,z}).

o If |[EN{x,y,2}| =3 then (e1,e2) = (an, an,) for some n,m € w.

Notice that there are automorphisms of (Ng,g) that just permute z,y,z and fix all other
elements of Ny pointwise. By construction of M., we find a model N}, € K such that Ny < N} <
M, and N/ is isomorphic to Ny over Nj. For this reason we can refer to Na as a legit submodel of
M, that extends N7 in the way we described. Let us now consider fi({x,y)), where we assumed
in Yy the existence of an injection f1: M2 — fin(M,) with finite support S. If fi({z,y)) C Ny
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or fi({z,y)) € No, then we can apply the third property of PROPOSITION 5 with respect to
fi({z,y)) and Ny and N respectively, which gives us a contradiction. If {z,y} C fi({x,y)) or
{z,y} N f1({z,y)) = 0, we could swap x and y while fixing every other element of Ny pointwise
and get fi({xz,y)) = fi({y,z)), which would imply that f; is not injective. So, assume that
Hz,y} N fi({z,y))| = 1 and without loss of generality assume that {z,y} N fi((z,y)) = {z}.
Now, if z € fi((z,v)), i.e., {z, 2} C fi({x,y)), we similarly obtain a contradiction by swapping
z and x, while if z ¢ f1((z,y)) we get a contradiction by swapping z and y. This shows that
f1 cannot belong to Vy.

For what concerns fs, let us consider the set .7 consisting of sequences without repetition of
{z,y, 2z} of length 2 or 3. Notice that || = 12. Now, for each element s € ., if fa(s) = (a, b),
then a and b are such that a # b and (a,b) € {z,y, z}> — notice that otherwise, for example, if
{a,b} N{z,y} = 0, then we can swap x and y and hence move s without moving (a, b), which
is not consistent with S being a support of fo. We get the conclusion by noticing that, because
of this restriction, there are only six possible images of elements of ., which implies that fo
cannot be an injection.

It remains to show that in Yy there are no injections from fin(M,) into [M,]?. For this, assume
towards a contradiction that there exists such a function f3 in YV and assume that S is a
finite support of fs. Then, let N; be a countable model in K with § C N; < M,. We will
construct a countable model (N2,g) € K satisfying (N1, h|n,) < (Na,g) < M, with a finite
subset u € fin(Ny \ N7) such that, for all (x,y) € N2\ N2, one of the following holds:

e there is no finite set F € fin(N2) \ {0} with h(E) = (z,y);

e there exists an automorphism 7 of Ny over Ny with 7(u) # u and w{z,y} = {z, y}.

Let u = {ag, b, co} be disjoint from N and define G§ = Ny U {ag, by, co}. Now, for each finite
set B € fin(G}) \ {0} which is not in the domain of hyg = h|y,, that is, for each finite set
E € fin(G}) with E N {ag,bo,co} # 0, let {zg,yr} be a pair of new elements and define

Gy = Gé W] |_| {zE,yE} and h(l) = ho U U {<E, (xE,yE>>}
Ecfin(G})\dom(ho), E#£0 Ecfin(G})\dom(ho), E#£D

Let now G(Q) be an extension of G} by adding a copy of G} \ N1, where the “copy function” is
denoted by 79. Notice that at this stage, G§\ N1 = {aq, bo, co }. More formally, G2 = Gg§U{7(a) :
a € G} \ N1}, together with an extension of h} defined as

h% = h{ U U {(70(B), (ys, =)},

Ecfin(G})\dom(ho), E#£0
where, given E € fin(G}) \ dom(ho) with E # 0, 79(E) is defined as
70(E) = (ENNy)U{m(a):a€ E\ N}

Notice that if a € G§\ N1, then m(a) € G2\ G§. The construction carried out so far is
actually the first of countably many analogous extension steps we will consequently apply in
order to consider the union of all the progressive extensions. That is, assume that for some



1 € w we have already defined G? and h?. Define G} 1= G? and, for each non-empty finite set
E € fin(G},,) which is not in the domain of h, consider a pair of new elements {zg,yr} and
define
= G}H L |_| {zE,yr} and
EEﬁn(G1+1)\dom(h2) E#)

hiyy = hi U U B}

Eefin(G}, ;)\dom(h?), E#)

Let now G12+1 be an extension of G} ; by adding a copy of G}H \ Ni, where the “copy
function” is now 7;11. More formally, GZ ; := G}, U{7iy1(a): a € G}, \ N1}, together with
an extension of h} 1 defined as

hiy = hiyy U U  {mn® weee)t v U {Fn(B),ma(hi(E)},

EEﬁn(G%+1)\dom(h?), E#0Q Ecdom(h?)\fin(N1)
where, again, given E € fin(G}, ;) \ fin(Ny), 7i41(E) is defined as
Ti+1(E) = (E N Nl) (] {Ti+1(a) ra €K \ Nl},

for which we newly remark that if a € G} \ Ny, then 7;41(a) € G?; \ Gj,,. Notice that
every automorphism of (G}, h?) can be extended to an automorphism of (G} 4, hi ;) — this
is because G}, \ G}, consists of pairs {z,y}, each of which corresponds to a unique non-
empty finite subset of G} 1 and moves according to this finite subset. Finally, we conclude
that every automorphlsm of (Gf,1,hi,1) can be extended to an automorphism of (G%,,, h?, ),
which follows from the following two facts: G7,; \ G},; consists of a copy through 7,11 of
G’} 41\ V1, and therefore supports the same automorphisms. Furthermore, every automorphism
of (G}, hiy1) is an extension of some automorphism of (G}, h?), which follows from the
fact that for all E € fin(G} ;)\ 0, we have E € dom(h},) if and only if EN (G}, \Gl,) = 0.

Now, let
Ny ::UG} and g::Uh}.
€W €W

We claim that (Na, g) satisfies the required properties. Indeed, if (x,y) € N2\ N? and there
is some finite set E € fin(Ny) \ {0} with g(E) = h(E) = (x,y), then by construction of g¢
we necessarily have (z,y) € (N2 \ N1)? and the following fact: either there exists some index
n € w such that (z,y) € (G} \ GL)?, or there are indices n,k € w with k& > n such that
for some ordered pair (z/,y') € (G} \ GL)? we have (z,y) = (rx(2'),7%(¥/)). Each of the
two conditions implies that there exists an automorphism 7 of Na over N; acting as follows:
m(z,y) = (y,z) and mu = w{ag, bo,co} = {Tn(ao), 7 (bo), T (co)}, which in particular means
m{x,y} = {z,y} and mu # u, as desired. We can finally consider the image f3(u) = {z,y}:
If {x,y} € Ny or {z,y} C Ny, then we can apply the third property of PROPOSITION 5 with
respect to {z,y} and N; and Ny respectively, which gives us a contradiction. Thus {z,y} C N,
and {z,y} ¢ Ni, and if there exists some finite set E € fin(Ns) \ @ with g(E) = h(E) = (z,y),
then by the reasoning above we find that some automorphism of No over N; does not preserve
f3, a contradiction. In every other case, we consider cl(Ny U {z,y}, M,) and notice that, since
for no E € fin(N3) \ § we have h(E) = (z,y) or h(E) = (y,z), then we claim that u cannot be



a subset of cl(N; U {x,y}, M,), which allows us to fix cI(N; U {z, y}, M,) pointwise, while not
preserving u, a contradiction as well. In order to prove the claim, let Uy := w and for i € w, let

Uit1:=U; U{ri(a) : a € U;}

and define U := |J
stipulating

icw Ui- Furthermore, we define a rank-function rk : Ny — w U {—o0} by

¢

-0 ifa e Ny,

0 ifaeU,

tk(a) ' =<¢n+1 ifa€{zp,yr}, where E € fin(Ns) \ fin(Ny)
and max{rk(b) : b € E} =n,

n if a = 73 (b) for some k € w with rk(b) = n.

\
Since for no E € fin(Ny) \ § we have h(E) = (z,y) or h(E) = (y,z), for any a € cl(N; U
{z,y}, M)\ N1 we have rk(a) > min { rk(z),rk(y)}. Thus, the only way that u C cl(N; U
{z,y}, M) would be that {z,y} NU # (. However, even in the case when {z,y} C U (e.g.,
{z,y} C{ao,bo,co}), by the definition of 7;, at least one of the elements of {ag, by, cp} does not
belong to cl(Ny U{z,y}, M,). In particular, u € cl(Ny U {z,y}, M,), which proves the claim.

So, the model Vy witnesses the following

CONSISTENCY RESULT 1. The existence of an infinite cardinal m satisfying

fin ([m)\seq](m)
[m] 2 m2

15 consistent with ZF.

2.2 A Model for Diagram Z

We are now going to set an analogue framework to the one for Diagram N, just with the
definitions adapted, in order to show the consistency of Diagram Z. In fact, as mentioned
above, we can state the same proposition, guaranteeing the existence of a suitable Nj-universal
and N;-homogeneous model.

Let K be the class of all the quadruples (A, f, g, h) such that A is a (possibly empty) set and
f, g, h are the following three injections:

f: A% = AP g: [A]? = seq'71(A) h:seq' 71 (A) — fin(A),

where the function h satisfies h(f)) = (). As before, we define a partial ordering < on K by
stipulating (A, f1,91,h1) < (B, f2, g2, ho) if and only if

e ACB,
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o f1 C fo, ran (fa|p2\a2) C [B]?\ [A]%,
* g1 C ga, ran (g2[(p2\[412) € seq™(B) \ seq' (A),
° hl - hQ, ran (h2|seq1'1(B)\seq1'1(A)) - ﬁn(B) \ﬁn(A)

PROPOSITION 7 (CH). There is a model M, of cardinality ¢ in K such that:

o M, is Ny-universal, i.e., if N € K is countable then N is isomorphic to some Ny, < M,.

o M, is Ny-homogeneous, i.e., if Ni,No < M, are countable and w: N1 — Ny is an
isomorphism then there exists an automorphism m, of M, such that m C 7,.

o If N < M, and A C M, are countable, then there is an automorphism © of M, over
N such that w(A) \ N is disjoint from A.

Proof. The proof is essentially the same as the one of PROPOSITION 5. o

We define Vz as the permutation model obtained by setting the elements of the N;-universal
and Nj-homogeneous model M, as the set of atoms and its automorphisms Aut(M,) as the
group G of permutations. In particular, each permutation in G preserves the injections f, g, h
that the model (M., f, g, h) comes with.

THEOREM 8. Let M, be the set of atoms of Vz and let m = |M,|. Then
Vz Em? < [m]? <seq'(m) < fin(m).

Proof. The existence of the required injections is clear by the definition of the model. Thus,
it remains to prove that there are no reverse injections. Here, as in THEOREM 6, we will make
heavily use of the concepts of closure and of plain extension: given a model (M, f,g,h) and a
countable subset A C M, we define the closure cl(A, M) as the smallest superset of A that is
closed under f, g, h and pre-images with respect to the same functions. Constructively, we can
characterize cl(A, M) as a countable union as follows: Define cly = cly(A, M) := A and, for all
i € w,

ciji=ci U J fp) u | ran(gle)) U [ hls)

pe(cl;)? q€(cl;)? seseql-1(cl;)
u Yy v U 9 v | ranhi (),
g€[cl;])?Nran(f) seseql—1(cl;)Nran(g) réefin(cl;)Nran(h)

in order to finally define cl(A, M) := (J;c, cl;. Furthermore, we set a standardized way to
extend a partial model (A, f',¢', 1), where f’,¢',h’ are only partial functions, to an element
of K: Consider (A, f',g',h'), where A is a set and f’,¢’, h’ are injections with A'(()) = () and

dom(f') C A2, dom(g’) C [A]?, dom(h') C seq'~1(A)
ran(f’) C [A]?, ran(¢’) Cseq!™1(A4), ran(h’) C fin(4).
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Let (Mo, [, 90, ho) = (A, f',¢',h') and, for j € w, define inductively (Mjﬂ,f]’-“,g;“,h;“)
as follows: M1 is the fully disjoint union

M; U | | {ap,bp} U || {aqg.bg.cqt U | | {ar.br cr}.

PEMJZ\dom(fJ{) Q€E[M;]*\dom(g}) Reseq!-1(M;)\dom(R})

For what concerns the injections f]’ 1 gé- i1 h;- 11, we naturally require the inclusions fj’ - fj’ 1
95 C g1, and B C by, as well as the equalities dom(f}, ;) = M7, dom(g},,) = [M;]?, and
dom(h} ) = seq'~1(M;), respectively, where for P € M]-Q\dom(fj{), Qe [Mj]z\dom(g;-), and

R € seq' (M) \ dom(h};), we define

fi(P)==Aap,br},  g51(Q) == (aq.bq,cq),  NMj1(R) = {ar,br,cr}.

We are now in the position of defining the plain extension of (A4, f’,¢', ') as

(Mafvgﬁh) = UMj7 Ufjla Ug;7 Uh; )

JEW JEW JEW JEW

and we can finally prove, in three analogous steps, that neither of the three injections of the
model (M, f,g,h) admits a reverse injection.

Assume there is an injection i: [M,]? — M2 with finite support S. Let N1 € K be a countable
model such that N1 < M, and S C Nj. Let {z,y} € [M.]? with Ny N {z,y} = 0, let My =
Ny U{z,y}, and let Ny be the plain extension of My. Without loss of generality we can assume
that No < M,. Consider (a,b) = i({z,y}). Then {a,b} € Ny and {a,b} C N, since otherwise
we could apply the third property of PROPOSITION 7 with respect to {a,b} and N; and No,
respectively. Moreover, {a,b} N{x,y} = 0, since otherwise, (e.g., a = x), we could swap = and
y while fixing S pointwise, but this would not preserve the injection ¢, which was assumed to
have support S, a contradiction. Furthermore, we have

{z,y} C cl(N1U{a,b}, M,) (%)

since otherwise we could apply the third property of PROPOSITION 7 with respect to {z,y}
and cl(Ny U {a, b}, M,) < M,. Now, this last inclusion implies that a # b and that {a,b} =
f((@',y")) for some (2/,y') € N2\ NZ. To see this, notice first that since Ny U {a,b} C No,
we build the closure CI(N1 U{a, b},M*) within the plain extension Ns, and recall that for
{u,v} € [No]?\ [Mo]? we have g({u,v}) = (x1, x9, v3) where (1,12, 23) € seq*(Na\ Mp), and
that for (z1,...,z,) € seq'™(Nz) \seq' (Mp) we have h({x1,...,7,)) € [Na\ Mo)?. If there are
no «’,y such that f({z/,y’)) = {a, b}, then, since {a,b} C Ny and {a,b} € N1, {a,b} cannot
be a superset of any ran(g({u,v})) for some u, v, or of any h((z1,...,xy)) for some z1,...,zy,
so we have that {z,y} ¢ cl(N1 U {a,b}, M,), which is a contradiction to (x). Now, since
f({&,y")) = {a, b}, by the construction of the plain extension Ny we find an automorphism 7
of Ny that fixes Ny U {z,y} pointwise and for which we have m(a) = b and w(b) = a. Hence,
i(m{z,y}) = (a,b) # (b,a) = wi({x,y}), which is a contradiction.

Assume there is an injection i: seq!~}(M,) — [M,]? with finite support S. Let Ny € K be
a countable model such that Ny < M, and S C Nj. Let (z,y,2) € seq"'(M,) with Ny N
{z,y,2} = 0, let My = N1 U{z,y,z}, and let Ny be the plain extension of M. Finally, let
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{a,b} = i({(z,y,2)). Then, a contradiction follows by noticing— with similar arguments as
above —that necessarily {z,y,z} € CI(N1 U {a,b},M*). So, similarly as above, there is an
automorphism 7 of M, which fixes cl(N; U {a, b}, M,) pointwise, but m({z,y, z}) # {z,y, z}.

Finally, assume there is an injection i: fin(M,) — seq'~!'(M,) with finite support S. Let
N; € K be a countable model such that Ny < M, and S C Nj. Let {z,y,2} € [M,]? be
such that Ny N{z,y,2} =0, let My = Ny U {x,y,z}, and let Ny be the plain extension of
M. Consider (a; : j € n) = i({x,y, z}) for some n € w. It is easy to see that we must have
{a; : j € n}N(N2\Mp) # 0, and as before it must also hold {x,y, z} C cl(N1U{a; : j € n}, M,).
In what follows, for a natural number n, we will refer to a cyclic permutation of order n by
using the term “n-cycle”. Our next step is to prove that a 3-cycle 7 applied to {z,y, z} cannot
leave each element of {a; : j € n} N (N2 \ Mp) unchanged, for at least one automorphism
o of Ny extending 7 does not fix any element of Ny \ M)y, as the following argument shows:
Assume there is such an automorphism o fixing a first appearing element ¢ € M,,\ M,,_1 in the
construction of the plain extension of Mj. Notice that o moves every unordered pair, ordered
pair and injective sequence with non-empty intersection with {x,y, z}. Now, by looking at the
possible ways that ¢ could have appeared in Ns, one sees that if ¢ is fixed, then some pair
p € [M,,_1]? such that ¢ € ran(g(p)) also satisfies o(p) = p. Now, since ¢ was the first appearing
element being fixed, we can say that for p = {a,b} € [M}]?, for which p = {a,b} ¢ [My_1]?
holds, it is true that a,b are the first appearing elements being swapped by o. Similarly as
before, this implies that there are two pairs p’, p” € [Mj_1]? such that o(p) = p’ and o(p’) = p,
which in turn requires either the existence of two ordered pairs in M ,3_1 swapped by o, either
contradicting the fact that a and b were the first appearing swapped elements, or implying the
existence of a four-element set {s,r,t,p} C Na\ My on which o acts as a four-cycle, but we
can extend 7 to at least one o such that 03 = Idy,, which does not allow four-cycles, and this
concludes the proof. B

So, the model Vz witnesses the following
CONSISTENCY RESULT 2. The existence of an infinite cardinal m satisfying

fin(m) <——seq'!(m)

~

2 2

[m]* <—m

is consistent with ZF.

2.3 A Model for Diagram W

We show that Diagram W holds in the model constructed in [3] (see also [5, p.209{f]), where
m is the cardinality of the set of atoms of that model.

The atoms of the permutation model Vi for Diagram W are constructed as follows:

(o) Let Agp be an arbitrary infinite set.
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(8) Gp is the group of all permutations of Ag.
(7) Ang1:=AnU{(n+1,p,e):pe Uity Ab ne €{0,1}}.

(6) Gpy1 is the subgroup of the permutation group of A,y; containing all permutations o
for which there are 7, € G,, and ¢4, € {0,1} such that

7'(0(1’) ifz e An7
o(x) =
(n+1,ﬂ-g(p)’60'7p +2 5) itz = (n+1,p,€),

where for p = (po,...,pi—1) € Up<r<nia AFw,(p) = (me(po), ..., To(pi—1)) and 4o
denotes addition modulo 2.

Let A :=J{A, : n € w} be the set of atoms and let Aut(A) be the group of all permutations
of A. Then
G:={H € Aut(A) : Vn € w(H|a, € Gpn)}

is a group of permutations of A. The sets in V| are subsets of V1 with finite support.
PROPOSITION 9. Let A be the set of atoms of Vi and let m := |A|. Then

Vi = m? < seq"(m) < [m]? < fin(m).

Proof. In [3] it is shown that Vi = seq(m) < [m]2, which implies that Vy = seq’(m) < [m]2.
Thus, since m? < seq"!(m) and [m]? < fin(m), it remains to show that in Yy we have m? #
seq'!(m) and [m]? # fin(m).

m? # seq'*(m): We show that there is no injection g; : seq'*(A4) — A2. Assume towards a
contradiction that there is such an injection with finite support Ej.

By extending F; if necessary, we may assume that if (n + 1, (ag,...,a;_1),€) € F1, then also
agp, . ..,a;—1 belong to Fy as well as the atom (n+ 1, (ag,...,a;-1),1 — ). We say that a finite
subset of A satisfying this condition is closed.

For a large enough number k € w choose a k-element set X C Ay \ Ej such that |seq"™" (X) | >
| (E1U X)?|. Notice that |seq"" (X) | > k! and that | (E; U X)?| = (|[E1| + k)*. Thus, we find
a sequence s € seq™*(X) such that g1(s) ¢ (F; U X)? So, there exists a 7 € Fixg(E; U X)
such that mg1(s) # g1(s) but ws = s, which contradicts the fact that F; is a support of g;.

[m]?2 # fin(m): We show that there is no injection go : fin(A) — [A]?. Assume towards a
contradiction that there is such an injection with closed finite support Es. For a large enough
number k € w we choose again a k-element set X C Ay \ E3 such that |fin (X)| > | [E2 U X2 ‘
and such that we can find a subset S C X with P := g2(S) \ (E2 U X) # 0 and |S| > 2. If
|P| = 1it is clear that we can find a permutation 7 € G which fixes E pointwise and for which
7(S) = S and 7(g2(S)) # g2(S). Likewise, we find a contradiction also if | P| = 2 and P is not
in the form {(l,p,0), (I,p, 1)} for some [ € w\ {0} and p € U;:O A] |, so let us assume that P
is indeed in that form. Consider the extension P’ of P to the smallest closed superset P C P’.
If we can find z € S\ P’ then G contains a permutation 7 with 7(x) ¢ S and #n(P) = P,
which is a contradiction, so S\ P’ must be empty. We notice that if a € A is an atom, Y is
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the smallest closed set of atoms containing a and b € AgNY, then for all permutations 7 € G
we have that 7(b) # b implies 7(a) ¢ Y. We can now conclude since every element of S is in
the closure of P and we can find a permutation = € G which fixes pointwise Es with 7(S) = S
but for which S is not fixed pointwise. .

So, the permutation model YV witnesses the following

CONSISTENCY RESULT 3. The existence of an infinite cardinal m satisfying

ﬁnTmi/ql]l(m)
[m] 2 m?

is consistent with ZF.

2.4 A Model for Diagram J

We show that Diagram J holds in a permutation model V5 which is similar to the Second
Fraenkel Model, where m is the cardinality of the set of atoms of V5.

The permutation model V5 is constructed as follows (see also [5, p. 197]): The set of atoms of
the model V5 consists of countably many mutually disjoint, cyclically ordered 3-element sets.
More formally,

A= U P,, where P, = {an,bn,c,} (for n € w),

new

and the cyclic ordering on P, is illustrated by the following figure:

On each triple P,, we define the cyclic distance between two elements by stipulating
cyc (am bn) = CcycC (bna Cn) = CyC (Cna an) =1

and
cyc (an, ¢n) = cyc (bp,an) = cyc (cn,by) = 2.

Let G be the group of those permutations of A which preserve the triples P, (i.e., 7P, = P,
for m € G and n € w) and their cyclic ordering. The sets in V5 are subsets of V5 with finite
support.
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PROPOSITION 10. Let A be the set of atoms of V3 and let m := |A|. Then

Vs | [m]? < m? <seq'(m) < fin(m).

Proof. We first show that [m]? < m?, and seq*(m) < fin(m), and then we show that [m]? # m?,
m? # seq'(m), and seq'(m) # fin(m).

[m]? < m?: We define an injective function f; : [A4]> — A2. Let {x,y} € [A)? and m,n € w
be such that « € P, and y € P,. Without loss of generality we may assume that m < n. If
m < n, then f1({z,y}) := (x,y), and if m = n, then f1({z,y}) := (z, z) where z := P, \{z,y}.
It is easy to see that fi is an injective function, and since f; has empty support, fi1 belongs
to V»>.

seq'!(m) < fin(m): We define an injective function f3 : seq’'(A) — fin(A). First, let f3(()) :=
(). Now, let s = (xg,...,2_1) € seq"*(A) be a non-empty sequence without repetition of
length k. Let j : K — w be such that for each i € k, x; € Pj;). Let Ep := (), and by induction,
for ¢ € k define
E; U {.’BZ} if P](’L) NE; = @,
Eitq:=
E; otherwise,

and
2 if Pj;) N E; = {u} and cyc (u, ;) = 2,
&g =
1 otherwise.
Furthermore, let ¢(0) := j(0), and by induction, for i € k—1 define o(i+1) := o(:)+j(i+1)+1.
Finally, let {p; : ¢ € w} be an enumeration of the prime numbers and let

._ £
qs ‘= Hpa(i) .
i€k
Now, we define f3(s) := EpUP,,. It is easy to see that f3 is an injective function from seq''(A)
into fin(A), and since f3 has empty support, f3 belongs to V5.

[m]? # m?: It is enough to show that there is no injection from A? into [A]%. Assume towards
a contradiction that there exists an injection gy : A% — [A]? with finite support Ej.

Let F; C E for some non-empty set E € fin(A) such that P, C F whenever EN P, # (). Then
E is also a support of g;. Now |[E]?| < |E?|, which implies that there exists a pair (z,y) € E?
such that g1 ({z,y)) ¢ [E]?. So, there exists a 7 € Fixg(E) such that 7g1((z,y)) # g1({z, y)),
but 7(x,y) = (z,y), which contradicts the fact that F is a support of g;.

m? # seq'(m): It is enough to show that there is no injection from seq''(4) into A2. Assume
towards a contradiction that there exists an injection g : seq'™*(A4) — A? with finite support
E,. Let E5 C E for some non-empty set E € fin(A) such that P, C E whenever E N P, # ().
Then FE is also a support of ga. Now |E?| < |seq"!(E)|, and by similar arguments as above,
we obtain a contradiction.

seq'™(m) # fin(m): It is enough to show that there is no injection from fin(A) into seq™'(A).
Assume towards a contradiction that there is an injection gs : fin(A) — seq''(A) with finite
support E3, where we can assume that for all n € w, P, C F3 whenever E3N P, # (.
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Since Ej3 is finite, there exists an n € w such that g3(P,) ¢ seq''(E3). Let a € A be the first
element of the sequence g3(P,) which does not belong to E3. Then we find a 7 € Fixg(FE3)
such that ma # a (which implies wg3(P,,) # g3(FP,)) but 7P, = P,, which contradicts the fact
that Fj3 is a support of gs. =

So, the model V5 witnesses the following
CONSISTENCY RESULT 4. The existence of an infinite cardinal m satisfying

fin(m) <—seq""(m)

is consistent with ZF.

2.5 A Model for Diagram X

As mention above, Diagram X holds in the Ordered Mostowski Model, where m is the cardinality
of the set of atoms (see, for example, [5, Related Result 48, p. 217]). This leads to the following

CONSISTENCY RESULT 5. The existence of an infinite cardinal m satisfying

fin(m) —seq'*(m)

15 consistent with ZF.

3 On Diagram C

Similar as in the proof of LEMMA 1, in every model for Diagram C, we have that the cardinality
m is transfinite.

LeEMMA 11. If m? < [m]? and fin(m) < seq"'(m) for some m > 1, then Ry < m.

Proof. Assume that m? < [m]? and fin(m) < seq"!(m) for some cardinal m > 1 and let A
be a necessarily infinite set with |A| = m. Let f : A2 — [A]? and g : fin(4) — seq''(A) be
injections. The goal is to construct with the functions f and g an injection h : w — A. We
first construct a countably infinite set of pairwise disjoint non-empty finite subsets of A. For
this, we first choose an element ag € A, let Ey := {ag}, and let & := {Ep}.
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Assume that for some n € w we have already constructed an (n + 1)-element set &, = {EZ :
1 < n} of pairwise disjoint non-empty finite subsets of A. Let

Eni= {x :Ja € B;3b € B; y(f({a,b) = {x,y})} \JE,

ij<n i<n

and let &,41 := &, U{F,+1}. Notice that for k := |UZ§n E;|, we have

(e =2 ) - [[ys]

i<n i<n
which implies that E, 1 # 0. Proceeding this way, {En tn € w} is a countably infinite set of
pairwise disjoint non-empty finite subsets of A.

9

Now, we apply the function g. For every n € w, let S, := g(E,,). Furthermore, let . := S,
and in general, for n € w let 41 1= " Sp+1. In this way, we obtain an infinite sequence
Yo of elements of A. Since g is injective and the non-empty finite sets F,, are pairwise disjoint,
the sequence .75, must contain infinitely many pairwise distinct elements of A. Now, let h be
the enumeration of these pairwise distinct elements in the order they appear in #,,. Then
h:w — A is an injection. -

As a consequence of PROPOSITION 2 and LEMMA 11 we get

COROLLARY 12. If m? < [m]? and fin(m) < seq’*(m) for some m = |A| > 1, then there exists
a finite-to-one function g : seq(A) — fin(A).
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