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PROBLEMS

12237 . Proposed by Donald E. Knuth, Stanford University, Stanford, CA. Let x0 = 1 and
xn+1 = xn + ⌊x 3/10

n ⌋ for n ≥ 0. What are the first 40 decimal digits of xn when n = 10100?

12238 . Proposed by Tran Quang Hung, Hanoi, Vietnam. Let ABCD be a convex quadrilat-
eral with AD = BC. Let P be the intersection of the diagonals AC and BD, and let K and
L be the circumcenters of triangles PAD and PBC, respectively. Show that the midpoints
of segments AB, CD, and KL are collinear.

12239 . Proposed by David Altizio, University of Illinois, Urbana, IL. Determine all positive
integers r such that there exist at least two pairs of positive integers (m, n) satisfying the
equation 2m = n! + r .

12240 . Proposed by Yue Liu, Fuzhou University, Fuzhou, China, and Fuzhen Zhang, Nova
Southeastern University, Fort Lauderdale, FL. We denote by A∗ the conjugate transpose of
the matrix A.
(a) Let x ∈ Cm be a unit column vector. Find the eigenvalues of the (m + 1)-by-(m + 1)

matrices [
x∗x x∗

x 0

]
and

[
xx∗ x

x∗ 0

]
.

(b) More generally, let X be an m-by-n complex matrix, and let ρ be any real number. Find
the eigenvalues of the (m + n)-by-(m + n) matrices

[
X∗X X∗

X ρIm

]
and

[
XX∗ X

X∗ ρIn

]
.

12241. Proposed by Ovidiu Furdui and Alina Sı̂ntămărian, Technical University of Cluj-
Napoca, Cluj-Napoca, Romania. Prove

∞∑

n=1

(−1)n n

(
1

4n
−ln 2 +

2n∑

k=n+1

1
k

)

= ln 2 −1
8

.

doi.org/10.1080/00029890.2021.1861418

276 c⃝ THE MATHEMATICAL ASSOCIATION OF AMERICA [Monthly 128

http://dx.doi.org/10.1080/00029890.2021.1861418

