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12257. Proposed by Erich Friedman, Stetson University, DeLand, FL, and James Tilley,
Bedford Corners, NY. An arrangement of equilateral triangles in the plane is called satu-
rated if the intersection of any two is either empty or is a common vertex and every vertex
is shared by exactly two triangles. What is the smallest positive integer n such that there
exists a saturated arrangement of n equilateral triangles with integer length sides?

SOLUTIONS

A Low Degree Factor Must Split

12138 [2019, 756]. Proposed by Navid Safaei, Sharif University of Technology, Tehran,
Iran. Let P be a nonconstant polynomial with complex coefficients, and let Q(x, y) =
P(x) − P(y). Let k be the number of linear factors of Q(x, y), and let R(x, y) be a non-
constant factor of Q(x, y) whose degree is less than k. Prove that R(x, y) is a product of
linear polynomials with complex coefficients.

Solution by Boris M. Bekker, Saint Petersburg State University, Saint Petersburg, Russia,
and Yury J. Ionin, Central Michigan University, Mount Pleasant, MI. Without loss of gen-
erality, we assume that P is a monic polynomial. It suffices to show that the degree of any
nonlinear irreducible factor of Q(x, y) is at least k.

Let n = deg P , and let G be the set of linear maps x �→ εx + α such that P(εx + α) =
P(x) in C[x]. Comparing the leading coefficients of P(x) and P(εx + α) shows that for
any such map, εn = 1. Clearly G is a group with respect to composition. If σ and τ are
elements of G with σ(x) = εx + α and τ(x) = εx + β, then στ−1 is an element of G,
and στ−1(x) = x + α − β. If α 
= β, then the polynomial P has infinitely many roots,
which is impossible. Hence α = β, and so for each nth root of unity ε, there exists at most
one α ∈ C such that σε defined by σε(x) = εx + α is an element of G. This implies that
σε �→ ε is an isomorphism from G to a subgroup of the group of nth roots of unity. Hence
G is a cyclic group, and we let ση be a generator of G.

Note that if ax + by + c is a linear factor of Q(x, y), then b 
= 0. Indeed, if b = 0
and Q(x, y) = (ax + c)H(x, y), then Q(−c/a, y) = 0, which yields P(y) = P(−c/a),
a contradiction. Therefore it suffices to consider linear factors of Q(x, y) of the form
y − εx − α. If such a linear polynomial divides Q(x, y), then P(x) = P(εx + α), so
σε ∈ G. Conversely, if P(x) = P(εx + α) in C[x], then εx + α is a root of Q(x, y)

regarded as a polynomial in y over the ring C[x], and therefore y − εx − α divides
Q(x, y). Hence, |G| = k, and we write

Q(x, y) = (y − x)(y − ση(x)) · · · (y − σ k−1
η (x))H1(x, y) · · · Hl(x, y),

where H1, . . . , Hl are nonlinear irreducible polynomials. For 1 ≤ i ≤ k − 1, let σηi (x) =
ηix + αi .

One can expand any multivariate polynomial as a sum of homogeneous polynomials
(forms) of distinct degrees. Since P is monic, the leading form of Q(x, y) is xn − yn. Let
h1, . . . , hl be the leading forms of the polynomials H1, . . . , Hl , respectively, so

xn − yn = (y − x)(y − ηx) · · · (y − ηk−1x)h1(x, y) · · · hl(x, y).
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