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Abstract

For an integer n > 2, Ramsey Choice RC,, is the weak choice principle “every infinite set x has an
infinite subset y such that [y]™ (the set of all n-element subsets of y) has a choice function”, and C,; is
the weak choice principle “every infinite family of n-element sets has an infinite subfamily with a choice
function”.

In 1995, Montenegro showed that for n = 2, 3,4, RC,, — C. However, the question of whether or not
RC,, — C,, for n > 5 is still open. In general, for distinct m,n > 2, not even the status of “RC,, — C..”
or “RC,, — RC,,,” is known.

In this paper, we provide partial answers to the above open problems and among other results, we
establish the following:

1. For every integer n > 2, if RC; is true for all integers ¢ with 2 < ¢ < n, then C; is true for all
integers ¢ with 2 < i <n.

2. If m,n > 2 are any integers such that for some prime p we have p { m and p | n, then in ZF:
RC,, - RC,, and RC,, » C,,.

3. For n =2,3, RCs 4+ C;; implies C;, and RCs implies neither C; nor C5 in ZF.

4. For every integer k > 2, RCy, implies “every infinite linearly orderable family of k-element sets has
a partial Kinna—Wagner selection function” and the latter implication is not reversible in ZF (for
any k € w\ {0,1}). In particular, RCg strictly implies “every infinite linearly orderable family of
3-element sets has a partial choice function”.

5. The Chain-AntiChain Principle (“every infinite partially ordered set has either an infinite chain
or an infinite anti-chain”) implies neither RC,, nor C; in ZF, for every integer n > 2.

Keywords Axiom of Choice, weak forms of the Axiom of Choice, Ramsey Choice, Partial Choice for
infinite families of n-element sets, Ramsey’s Theorem, Chain-AntiChain Principle, Fraenkel-Mostowski
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1 Notation and terminology

Notation 1

1.
2.

3.
4.
5.

As usual, w denotes the set of natural numbers.

Let n € w and let X be a set. Then [X]™ denotes the set of n-element subsets of X. Furthermore,
[X]<“ denotes the set of finite subsets of X. Clearly [X]<* = [J{[X]" : n € w}.

ZF is Zermelo-Fraenkel set theory without the Axiom of Choice (AC).
ZFC is ZF + AC.

ZFA is ZF with the Axiom of Extensionality modified in order to allow the existence of atoms.

Next, we list the statements and notations of the weak choice principles that will be used in this paper.

Definition 1

1.

Ramsey’s Theorem (RT): For every infinite set X and for every partition of the set [X]? of two-
element subsets of X into two sets A and B, there is an infinite subset Y of X such that either
[YI?CAor[Y]2CB.

Let n € w\ {0,1}.

Ramsey Choice RC,,: For every infinite set X there is an infinite subset Y C X such that [Y]™ has a
choice function.

C,: Every family of n-element sets has a choice function.

C,,: Every infinite family A of n-element sets has a partial choice function (i.e., A has an infinite
subfamily B with a choice function).

LOC,,: Every infinite linearly orderable family of n-element sets has a partial choice function.

LOKW,,: Every infinite linearly orderable family A of n-element sets has a partial Kinna—-Wagner
selection function, i.e., there exists an infinite subfamily B of A and a function f such that dom(f) = B
and for all B € B, ) # f(B) C B (f is called a Kinna—Wagner selection function for B).

WOC,: Every infinite well-orderable family of n-element sets has a partial choice function.
ACsin: Every family of non-empty finite sets has a choice function.
PACs,: Every infinite family of non-empty finite sets has a partial choice function.

AC(LO, LO): Every linearly orderable family of non-empty linearly orderable sets has a choice func-
tion.

UT(WO, fin, WO): The union of a well-orderable family of finite sets is well-orderable.

DF = F: Every Dedekind-finite set is finite (where a set X is called Dedekind-finite if there is no
one-to-one mapping f from w into X; otherwise, X is called Dedekind-infinite).

Aziom of Multiple Choice (MC): For every family A of non-empty sets there is a function f on A
such that for every z € A, f(x) is a nonempty finite subset of x (f is called a multiple choice function

for A).

Boolean Prime Ideal Theorem (BPI): Every Boolean algebra has a prime ideal.



10. Ordering Principle (OP): Every set can be linearly ordered.

11. Chain-AntiChain Principle (CAC): Every infinite partially ordered set has either an infinite chain or
an infinite anti-chain (where for a partially ordered set (P, <), a set C C P is called a chain in P if
(C, <[ C) is a linearly ordered set, and a set A C P is called an anti-chain in P if any two distinct
elements a,b € A are incomparable, i.e., a £ b and b £ a).

12. NA: There are no amorphous sets (where an infinite set X is called amorphous if X cannot be written
as a disjoint union of two infinite sets).

2 Introduction, known and preliminary results

Ramsey Choice RC,, was introduced by Montenegro in [7], where it was asked for which 7 is the implication
“RC, — C.,” true. In [7], it was observed that RC,, implies C, for n = 2,3 and it was shown that RCy
implies C, , which is a beautiful and highly non-trivial result. The status of “RC,, — C,” for n > 5 is
(to the best of our knowledge) still an open and (in our opinion) a quite difficult problem. The particular
question of whether RCs implies C; is also addressed in Halbeisen [2] (see [2, Related Result 34, p. 167]).

The research in this paper is motivated by the above open questions of Montenegro’s as well as the
particular question of Halbeisen’s. The answers to these specific questions still elude us. However, we are
able to give a partial answer with regard to the question on the relationship between RCs and C;. In
particular, we shall prove that for n = 2,3, RC5 + C,; implies C5, and that RCs; implies neither C; nor
C5 in ZF set theory. Furthermore, we shall provide a plethora of new results which completely settle open
problems on the status of “RC,, implies C..” for certain distinct natural numbers n, m.

We believe that the results of the current paper shed new light on this area and that they also indicate
possible paths towards further study on the aforementioned open problems.

Before setting out with our main results, we shall provide some known and preliminary results in the
current area of research.

Theorem 1 The following hold:

1. BPI implies OP implies C,,, which in turn implies RC,, + C., for alln € w\ {0,1}. None of the
latter implications is reversible in ZF.

2. DF = F implies RC,, + C,, for alln € w\ {0,1}. The statement “vn € w\ {0,1}, RC,, + C. 7 does
not imply DF = F in ZF. Further, for every m € w\ {0, 1}, the statement “vn € w\ {0,1}, RC,, +
C,, 7 does not imply C, in ZF.

3. ([1], [6], [9) DF =F implies RT, which in turn implies CAC. None of the latter implications are
reversible in ZF.

4. ([1], [6]) RT implies PACgn, which in turn implies C;, for all n € w\ {0,1}. None of the latter
implications is reversible in ZF.

5. ([1]) RT is true in the Basic Fraenkel Model (Model N'1 in [4]) and it is false in the Basic Cohen
Model (Model M1 in [4]).

([11]) For every n € w\ {0,1}, RC,, and C;, are strictly weaker than C,, in ZF.
([7) For n =2,3,4, RC,, implies C, .

([12)) If for some integer n > 1, [X]™ has a choice function, then X is finite or not amorphous.

AN S )

For all m,n € w\ {0}, C,,,, implies both C,, and C,,.

mn



10. For all m,n € w\ {0}, LOC,,,, implies both LOC,, and LOC,, .

n

Proof  We just show 1, 2, 9, 10.

1. The first implication is well-known (see [4]). The second and third implications are straightforward.
For “RC,, + C;, 4 C,, in ZF”, see the proof of part 2 below. For the rest of the assertions, see [4].

2. The implication is straightforward. For the second assertion, it is known that BPI is true in the
basic Cohen model (Model M1 in [4]), whereas DF = F is false in M1 (see [4]). It follows, by part 1
of the current theorem, that RC,, + C, is true in M1, for all n € w\ {0,1}. For the third assertion,
fix m € w\ {0,1} and consider, for example, the ZF model M46(m, M) in [4]. Then DF = F is true in
M46(m, M), hence so is “Vn € w\ {0,1}, RC,, + C.,”, whereas C,, is false in M46(m, M) (see [4]).

9. Fix n,m € w\ {0,1} and assume that C,, is true. Let A = {A; : i € I} be a family of m-element
sets (respectively, of n-element sets). Then B = {A4; x n : i € I} (respectively, C = {A; x m : i € I}) is
a family of (mn)-element sets and any partial choice function for B (respectively, for C) clearly yields a
partial choice function for A.

10. This can be proved similarly to 9. (I

Remark 1 For use in the proofs of our forthcoming independence results, both in this section as well as in
Section 5, we note here that for all n € w\ {0,1}, RC,, and C;, are injectively boundable (for the definition
of the latter term, see [4, Note 103] or [8]). Indeed, RC, is injectively boundable since

RC, <= (Vz)(Jz|- < w — if = is infinite, then

there is an infinite subset y of = such that [y]" has a choice function),

where |z|_ denotes the injective cardinality of = (for the definition of injective cardinality, see [4, Note 103]
or [8]), and C;; is injectively boundable since

C,, < (Vz)(Jz|]- < w — every infinite family of n-element sets whose union is x

has a partial choice function).

Furthermore, we point out that -RC,, and —C, are boundable statements, thus they are injectively
boundable (see [8] for the fact that “boundable” implies “injectively boundable”).

The above observations together with Pincus’ Transfer Theorem [8, Thm. 3A3] (which states that if ®
is a conjunction of injectively boundable statements which hold in a Fraenkel-Mostowski model V), then
there is a model V' O V}y of ZF with the same ordinals and cofinalities as V) in which ® holds), show that all
the independence results on RC,, and C; which are obtained in this paper via Fraenkel-Mostowski models
of ZFA + —AC are transferable into ZF set theory.

Next, we provide some preliminary results on the connection between RC,,, C-'; CAC and NA.

Theorem 2 The following hold:
1. For alln € w\ {0,1}, RC,, implies NA, and NA does not imply RC,, in ZF.
2. RT does not imply RC,, in ZF, for alln € w\ {0,1}.

3. For alln € w\ {0,1}, C,, does not imply RC,, in ZF.

Proof 1. Fixn € w\ {0,1} and let X be an infinite set. By RC,, there is an infinite subset ¥ C X such
that [Y]™ has a choice function. Then, by Theorem 1(8), we have that Y is not amorphous, hence neither
is X.



For the second assertion, fix n € w\ {0,1}. We consider the following permutation model which is a
generalization of the Second Fraenkel Model (Model N2 in [4]): Start with a ground model M of ZFA +
AC with a set A of atoms which is a countable disjoint union [ J{A; : i € w} of n-element sets. Let G be the
group of all permutations of A which fix each A;. Let " be the filter of subgroups of G which is generated
by the subgroups fixg(E) = {¢ € G : Ve € E(p(e) =€)}, E € [A]=¥. Let N be the Fraenkel-Mostowski
model determined by M, GG, and T'.

As in the Second Fraenkel Model, one may show that MC is true in A/ (see also [5, proof of Theorem
9.2(i), p. 135]), hence NA is true in N. However, RC,, is false for the infinite set A of the atoms as can be
easily checked via standard Fraenkel-Mostowski techniques.

Now NA is an injectively boundable statement (see [4, Note 103] or [8]) and =RC,, is boundable, hence
injectively boundable, and A is a permutation model which satisfies the conjunction NA + —=RC,, of two
injectively boundable statements, thus by [8, Theorem 3A3] it follows that there is a ZF model M such
that M = NA + =RC,,.

2. From Theorem 1(5) we have that RT is true in the Basic Fraenkel Model (Model N1 in [4]). On
the other hand, the infinite set A of the atoms of A'1 is amorphous (see [4], [5]), hence, by part 1 of the
current theorem, we have that RC,, is false in A1 for all n € w \ {0,1}. The independence result can be
transferred to ZF via Pincus’ transfer theorems, since RT is injectively boundable (see [1], [4, Note 103])
and —-RC,, is boundable, thus injectively boundable.

3. This follows from the proof of part 2 of the current theorem, Theorem 1(4), and Pincus’ Transfer
Theorems. O

Theorem 3 The following hold:

1. For alln € w\ {0,1}, CAC and RC,, are independent of each other in ZF, and also C,, (and hence
C,,) does not imply CAC in ZF.

2. CAC does not imply C5 in ZF.
3. RCq does not imply C5 in ZF. Therefore neither does RCy imply RC3 in ZF.
4. RCy implies RCy.

Proof 1. In the proof of [9, Theorem 2.1], a Fraenkel-Mostowski model N is constructed, in which it
is shown that CAC is true. Furthermore, in [9], it is shown that, in N, there exist amorphous sets, and
thus—by Theorem 2(1)—it follows that RC, is false in AV for all n € w \ {0,1}.

To see that for all n € w\ {0,1}, RC,, does not imply CAC, fix n € w \ {0,1}. We consider first the
permutation model N6 in [4]: We start with a ground model M of ZFA + AC with a countably infinite
set of atoms A = {a, : n € w} such that A is a disjoint union 4 = [J{P, : n € w}, where Py = {ap},
P, ={ay,a2}, P» = {as,aq4,as5}, ..., and in general for n > 0, |P,| = p,, where p,, is the nth prime. G is
the group generated by {m, : n € w}, where if P, = {am+1, @m42, ..., Am+p, }, then

Tn @ Qg1 > Qg2 > oo 7 Qgp, = Gme1 and mp(z) = 2, for all z € A\ P,.

(G is the weak direct product of Xy cyclic groups of order p,.) The ideal Z of supports is the set of all
finite subsets of A. N6 is the permutation model determined by M, G and Z.

It is known that for all n € w\ {0,1}, C, is true in N6 (see [4], [5, Theorem 7.11]). (Note also that the
countably infinite family {P, : n € w} has no partial choice function in N'6.) Thus, RC,, and C;, are true
in N6 for all n € w\ {0,1}. We show that CAC is false in N'6. To this end, define a binary relation < on
A by requiring for all z,y € A,

x<yifand only if z =y, or x € P,, y € P, and n < m.



It is easy to verify that < is a partial order on A, which is in N6, since it has empty support (i.e., every
permutation of A in G fixes <). Clearly, the poset (A, <) has no infinite anti-chains; the subsets of the P,’s
are the only anti-chains of (A4, <). Furthermore, since the countable family {P, : n € w} has no partial
choice function, it follows that (A, <) has no infinite chains, either. Thus, CAC is false in N6.

Since CAC, RC,,, C., as well as their negations, are all injectively boundable (see Remark 1 and [9]), it
follows by Pincus’ Theorem 3A3 in [8] that all of the above ZFA independence results can be transferred
to ZF.

2. In the Fraenkel-Mostowski model A of the proof of [9, Theorem 2.1], CAC is true, whereas there is
a (amorphous) family of pairs of atoms without a (partial) choice function. Thus, C5 is false in N'. The
result is transferable into ZF.

3. For the result, we will use the permutation model N'2*(3) in [4]: The set A of atoms is a countable
disjoint union | J{7; : i € w}, where T; = {a;,b;,¢;} for all i € w. For each i € w, let n; be the three-cycle
(ai, b, ¢;). Let G be the group of permutations m of A such that for each i € w, 7 | T; is either the identity,
or 1);, Or 77?. Let I" be the finite support filter.

It is known that Cy is true in N'2*(3) (see [4], [5, Example 7.13]), hence RCy is also true in N'2*(3).
However, the family {7} : ¢ € w} has no partial choice function in N'2*(3), hence C3 is false in N'2%(3).
Hence, by Theorem 1(7), it follows that RCs is also false in N'2*(3). The independence result can be
transferred to ZF.

4. This can be proved as Tarski’s result that Cy implies C4 (see [5, Example 7.12, p. 107]). O

Remark 2 We would like to point out here that in Example 7.13 of [5] (that we referred to in the proof
of Theorem 3(3)), Jech actually proves that Cq is true in a permutation model ¥, whose setting is the
same as the one for N'2*(3), except for the smaller (than G) group ¢, which is generated by the following
permutations m; of A:

wi:air—>bl~r—>cir—>ai,

mi(x) = x for all x € A\ T;.

9 is the weak direct product of Ry cyclic groups of order 3, and clearly 4 C G, where G is the (unrestricted
wreath product) group (of Xg cyclic groups of order 3) used for the construction of N'2*(3). However, the
two models, N2*(3) and ¥, are equal, as we establish below. Similarly, for the proof of Theorem 3(1),
one could argue in the permutation model M whose setting is the same as the one for N6, except for the
larger group G’, which comprises all permutations m of A such that for each n € w, 7 is a cycle on P,;
again, it is true that N6 = M. We now argue that ¥ = N'2*(3). (The proof that N6 = M is identical.)
We prove by €-induction that for every x € M (the ground model), ®(z) is true, where

O(x): v €V = xeN2'(3).

Clearly ®(z) is true, if z = ), or if z € A. Assume that y € M and that for all x € y, ®(z) is true. We
will show that ®(y) is true. Assume that y € ¥". Then the following hold:

(1) y has a finite support E C A relative to the group ¢ (i.e., for every ¢ € fixg(E), ¥(y) = y);
(2) for every z € y, x € ¥ (¥ is a transitive class);
(3) for every z € y, x € N2*(3) (by (2) and the induction hypothesis).

We assert that F is a support of y relative to the group G. It suffices to show that for all ¢ € fixg(FE) and
for all x € y, ¢(x) € y (since then ¢(y) = y follows from “¢(y) C y and ¢~ (y) C y”).

Let ¢ € fixg(F) and let 2 € y. By (3), z has a finite support E’ C A relative to G. The permutation ¢
may not be in ¢, but we construct a permutation ¢’ € fixy (E) which agrees with ¢ on E’ as follows: For



each a € ', the set {¢™(a) : n € Z} is (clearly) finite. Therefore, since E' is finite, so is D = |J,c g {¢" (@) :
n € Z}. (Essentially, D is a finite union of 7;’s.) Furthermore, D contains E’ and is closed under ¢. We

define a mapping ¢' : A — A by
¢(a), if a € D;
¢,(a):{ (a)

a, otherwise.
Then the following hold:
4) ¢' €9;
(5) ¢’ fixes E pointwise (since ¢ fixes E pointwise); and
(6) ¢ agrees with ¢ on E'.
By (4) and (5), ¢’ € fixy(E) so ¢'(y) = y. It follows that ¢'(x) € y. Now, (6) gives us ¢'(x) = ¢(x), and

hence ¢(z) € y.

Conversely, assume that y € AN'2*(3) and that y has a support E’ relative to G. Then E’ is a support of
y relative to ¢ since 4 C G. By the induction hypothesis, every element of y is in ¥, so we may conclude
that y € 7.

For the reader’s complete information, we would also like to mention here that Howard [3] has shown
that a formally stronger principle than Cy, namely the Principle of Consistent Choices for Pairs (see Form
141 in [4]), is true in N'2*(3). For a quite recent study on the set-theoretic strength of the above principle
(as well as of related ones) and its connection to general topology, the reader is referred to Tachtsis [10].

3 Summary of the main results

Below, we list our main results along with their exact placement in this paper.

1. For every integer n > 2, if RC; is true for all integers ¢ with 2 <7 < n, then C; is true for all integers ¢
with 2 < i < n. (Theorem 4.)

2. Let pg < ... < py be prime numbers and let £ be a positive integer. Then there exists a model
Vpo.....p» 0f ZFA such that

Vyo,ps [ RCr 4 € > LOC,
and
Vpo,...ps = "RCr <= k is a multiple of p; for some i < v.
Furthermore, for all integers £ > 2 which can be written as a sum of multiples of py, ..., py,

Vpo,...,pv ): _‘Ck
The result is transferable into ZF. (Theorem 6.)
3. (i) If m,n > 2 are any integers such that for some prime p we have p f m and p | n, then in ZF:
RC,, - RC,, and RC,, » C_ .

(ii) There is a model M of ZF such that for every positive integer n, M | RCy,11 A Gy, 4 A
—RCy, A -LOC;,,. Hence, for every odd integer n > 3 and for every even integer m > 2, M |=
RC, A C,, A —=RC,, A=LOC,,.

(iii) For k = 2,4, the principles RC; and RCs are independent of each other in ZF.

(Corollary 1.)



4. For n = 2,3, RCs + C;; implies C, and RCs implies neither C; nor C5 in ZF. (Theorem 7.)
5. CAC does not imply C;, in ZF, for every n € w \ {0,1}. (Theorem 8.)

6. For every n € w\ {0,1}, C; implies LOC,, which in turn implies WOC,. Furthermore, for every

no
n € w\ {0, 1}, none of the previous implications is reversible in ZF. (Theorem 9.)

7. (i) For every n € w\ {0,1}, RCy),, implies LOKW,_ and the latter implication is not reversible in ZF.
In particular, RCq strictly implies LOC; in ZF.

ii) LOC, is equivalent to LOC, + LOKW, . Furthermore, LOC, does not imply LOKW} in ZF,
4 2 4 2 4
hence neither does it imply LOC; in ZF.

(iii) RC¢ + LOC; implies LOCg . Hence, RCs + LOGC;,, implies LOCy for all n € w\ {0}.
iv) RC¢ + LOC; implies LOC} . Hence, RCs + LOC;,, implies LOC} for all n € w \ {0}.
v) RCg does not imply LOC; in ZF, hence it does not imply C;,, in ZF, for all n € w \ {0}.
vi) RCg implies WOC; .

Theorem 10.)

~~ —~ —~

4 Classes of Fraenkel-Mostowski models for the main results

In this section, we construct certain classes of Fraenkel-Mostowski permutation models of ZFA + —-AC,
suitable for our independence results. The most important class which provides us with a plethora of results
on the relationship between RC; and C;” for certain natural numbers & and I, will be the one consisting of
the models V, ,,,, where n,m € w. We begin this section with the construction of this class of models and
then prove some facts about them that will be the main apparatus for our independence results. We shall
then provide some classes of variant models and start the investigation on RCy, and C;~ for various natural
numbers k.

The reader should recall here Remark 1 that in order to establish our forthcoming independence results
in ZF, it suffices to establish them via a suitable permutation model of ZFA + —AC.

The construction of permutation models is traditionally based on certain groups of permutations of
atoms and normal filters of subgroups, which is the approach taken here. Another approach, which is
less common, is based on automorphism groups of certain Ng-categorical structures (see, for example,
Halbeisen [2, p.211ff]). Even though the latter approach makes the construction of the models slightly
shorter, we prefer the more constructive flavor of the former approach.

Fix n,m € w\ {0,1}. We start with a model M of ZFA + AC with a set of atoms

A= AU B0 € Q)
where Q is the set of rational numbers, such that for all ¢ and r in Q:
1. Ay ={aq1,aq,-..,agn} and By = {bg1,bg2, ..., bgm}, so that |A,| = n and |B,| = m,
2. A;N B, =0, and if ¢ # r, then (A, U B,) N (A, UB,) = 0.

The sets A, and B, (where ¢, € Q) are called blocks. By 1. and 2., we have that the blocks are
pairwise disjoint finite sets.

We let G be the group of all permutations 7 of A such that n permutes the blocks A, and B, indepen-
dently; preserves the linear ordering on the ¢’s and r’s; and is a cyclic permutation when restricted to any



A, or B,. We make this more explicit as follows: If ¢ is an order automorphism of (Q, <) (where < is the
usual dense linear order on Q), then we let ¢, and oy, be the permutations of A defined by:

Vge QVje{l,...,n} (pyplag) = ay);), and ¢y fixes U{B’“ :r € Q} pointwise,

and
Vr € QVk € {1,...,m} (op(brk) = by(ryx), and oy, fixes U{Aq : ¢ € Q} pointwise.

Note that if ¢, and 1y are two order automorphisms of (Q, <), then ¢y, Gy, = Gy, aNd Oy Ty = Typyapy -
Then we require
n € G, if and only if, n = ¢yoyp, (1)

where ¢ and 1’ are order automorphisms of (Q, <), ¢, and oy are respectively the (above) corresponding

permutations of A, and p is a permutation of A with the following property:
VgeQIje{l,2,...,n} Ik e{L,2,....m} (p| Ag=7] and p | By = o}),

where for ¢ € Q, 74 is the n-cycle ag1 — ag2 — - -+ = agn — aq1, and oy is the m-cycle by — bga = -+ - —

bgm > bg1. (It is clear that p fixes each of {A, : ¢ € Q} and {B, : ¢ € Q} pointwise.)

Note: When no confusion is likely to arise, we will also denote by ‘r,” and ‘o,’ the permutations of A

which, respectively, extend the above cycles 7, and o4, and fix A\ A, and A\ B, pointwise. Also, for a set
X, we will denote by 1x the identity mapping on X.

Let F be the filter of subgroups of G which is generated by the subgroups fixg(E), where E = [J{A, :
q € S}UUB, : r € T} for finite 5,7 C Q. (Note that E can be written as (J{Fy : ¢ € K}, where
K € [Q]<% and F, € {A,, By, AjUBy} for every g € K.) Let V,, 1, be the Fraenkel-Mostowski model which
is determined by M, G and F. If x € V,, ,,, then there is a set £ = |J{A;:q € S}UU{B, : r € T'} (where
S, T € [Q]<¥) such that for all ¢ in fixq(FE), ¢(z) = x, that is, ¢ € Symg(z) = {n € G : n(x) = z}. Such a
(finite) set E C A is called a support of x.

Below, we list some key facts about the model V), ,.
Fact 1 Fach of A={A;:q€ Q} and B={B,: q € Q} is a linearly orderable set in Vy, .

Proof  Note that A, B € V, ,, since both of these sets have empty support (i.e. every permutation of A
in G fixes them (setwise)). Furthermore, since every permutation of A in G permutes the blocks (i.e. the
elements of A and B) preserving the ordering on Q, it follows that the induced (by Q) linear orders on A
and B (i.e. Ay <4 Ay © q < ¢ and similarly for B) are in the model (for they have empty support). O

Note: We point out that C = {4, U B, : ¢ € Q} € V., (which is naturally expected since the blocks
A, and B, are permuted independently). If not, then let E = |J{A4; : ¢ € S}UU{B, : r € T} (where
S, T € [Q]<¥) be a support of C. Let ¢,¢' € Q be such that max(SUT) < ¢ < ¢/, and also let ¢ be an
order automorphism of (Q, <) such that ¢(r) = r for all r € SUT, and ¥(q) = ¢’. Then ¢, € fixg(E), so
¢y(C) = C. However, Ay U By € C, whereas ¢y,(A, U Bg) = Ay U By & C = ¢y(C), a contradiction.

Fact 2 (i) Neither A= {A,;:q € Q} nor B={B,: q € Q} has a partial Kinna-Wagner selection function
in Vpm. In particular, if an integer k > 2 is a multiple of n or m, then LOC,  is false in V, ;. Hence, if
k> 2 is a sum of multiples of n and m, then Cy, is false in Vy .

(it) If D is an infinite subset of A in Vym, then there exists an infinite subset I C Q such that, in
Vo, U{Ag:qe I} CD or|J{By:qe I} CD.



Proof (i) By way of contradiction, assume that there exists an infinite subfamily W (respectively, V) of
A (respectively, of B) with a Kinna-Wagner function in V,, ,, f say. Let E = [J{A4, : ¢ € S} UU{B; :
r € T} (where S,T € [Q]<%) be a support of W (respectively, of V) and f. Since S UT is finite and W
(respectively, V) is infinite, there exists ¢* € Q such that A, € W (respectively, By € V) and ¢* ¢ SUT.
Then 74« € fixg(E) (respectively, o4+ € fixg(E)), and hence 74+(f) = f (respectively, og-(f) = f).
However, 74+(Ag+) = Ay (respectively, og«(Bg+) = Bg+), whereas 74+ (f(Ag+)) # f(Ag) (respectively,
og+(f(Bg)) # f(Bg+)), which means that f is not supported by E. This is a contradiction.

The second assertion follows immediately from the first one and Theorem 1(10).

For the third assertion, fix an integer k£ > 2 such that & = lin + lom. Then

R = {(Alel)U(Br Xlz)lq,TGQ}

is an element of V, ,,, (since it has empty support), consists of k-element sets, and from the first assertion
of the current fact, we may conclude that R has no choice function in V, ,.

(ii) This follows immediately from part (i). O

Note: The family 4 = {A; U B, : ¢,r € Q}, which is in V, ,, (having () as its support) and consists
of (n + m)-element sets, does have a partial choice function in V. (If W = {4, U By : ¢ € Q}, then
W €V, since it has By as its support, and W C U. Clearly, f = {(A; U Bo,bo1) : ¢ € Q} is a choice
function for W which is in V, y,, since it is supported by By.)

Fact 3 If x € V. and E1, By are two supports of x, then E1 N Ey is a support of x. Hence, every
x € Ny has a minimum support E, and for all n,n’ € G, if n(Ey) # ' (Ey), then n(z) # n'(z).

Proof ~ We may write Eq and Es as | J{Fy : ¢ € S1} and [J{Gy : ¢ € Sa}, respectively, where Sy, Sa € [Q]<¥
and Fy,G, € {Aq, By, Aq U By} for every ¢ € S1 USy. We will show that fixg(E1 N E) C Symg(x), where
EiNEy={F;NGy:qe€ S1NS2}. To this end, let n € fixg(E1 N Ey). By the definition of G, we have
n = ¢yoyp (see equation (1)). Note that both ) and ¢ must fix S; NSy pointwise and p must fix Eq N Ey
pointwise. Let p; and po be the elements of G' defined by

plc) ifce By \ By c ifce B\ Ey
ple)= ¢4 TeE BB ) = 1
c otherwise p(c) otherwise

Then p = p1p2, p1 € fixg(E2) and py € fixg(E1). Therefore, p(xz) = p1p2(z) = x. Now, using the same
arguments as in the ordered Mostowski model (see for example [5, Proof of Lemma 4.5(a), p. 50]), ¢ and
Y’ can be respectively written as 19y - - - ¢y, and (95 - -}, where for 1 <i < m and 1 < j < k, each
of ; and w;. is an order automorphism of (Q, <), which either fixes S; pointwise, or fixes So pointwise.
It follows that Qb%"’w; € fixqg(F1) U fixg(F2) for all 4 and j with 1 < ¢ < m and 1 < j < k. Thus
O (T) = Ppyapoerth, (T) = Py Py = -+ Dy, (€) = x, and similarly oy (x) = x. From these two equations and
the fact that p(x) = «, it follows that n(z) = ¢yoyp(x) = 2, and so n € Symg(z).

The second assertion of Fact 3 follows immediately from the first one. O

Fact 4 Let x € V,, be a non-well-orderable set. Then x has an infinite subset y € Vy, mm which has a
linearly orderable partition into r-element sets, where v is a divisor of n or a divisor of m.

Proof  Assume the hypotheses on z. Let E be a support of . Then we may write £ as |J{H,: ¢ € K}
where K = {q1,q2,...,q} € [Q<Y\ {0}, ¢1 < @2 < ... < q, and H, € {4,, By, Ay U By} for every
g € K. Without loss of generality we may assume that for every ¢ € K, we have H, = A, U B,. Since x
is not well-orderable, there exists z € x which is not supported by E. Let E, = |J{F, : ¢ € K'}, where
K' € [Q]<¥, be a support of z. It follows that E, \ E # () and without loss of generality, we may assume
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that £ C E,. Let such K’ be of minimal size, and pick ro € K’ \ K. By replacing if necessary F by
{4, UB, : r € K"\ {ro}} (which contains the original E, and is hence a support of ), we may assume
that K’ \ K = {ro}. We also assume that if F,, = A,, U B, then EU A,, and EU B,, are not supports of
z. Now there are ¢ + 1 intervals determined by q1,q2, ..., g in which ry may lie, all of which are treated
similarly. Assume for instance that ¢, < rg.

There are three possibilities for the set Fy,: (a) Fpy = Ayy; (b) Fry = Bry; (¢) Fry = Ary U By

Case a. F,, = A,,. We define

f={(¢(2),¢(Ary)) : & € fixg(Ez \ Ary)}-

Then f € Vym, since E, \ A, is a support of f. Furthermore, f is a function with dom(f) C x and
ran(f) = {Aq : ¢ > q/}. We have dom(f) C z since E C E, \ Ay, z €  and E is a support of z, and
ran(f) = {¢(Ar,) : ¢ € fixg(E: \ Ary)} = {Aq : ¢ > qu}, since gp < r¢ and every element of fixg(E, \ Ar,)
fixes A4, and permutes the blocks A, preserving the ordering on ¢’s. We argue by contradiction that f is a
function, so there exist ¢, n € fixg(E, \ A, ) such that ¢(z) = n(z), but ¢(A4,,) # n(A,). Then n~1¢(z) = 2
and n~1¢(A,,) = A, for some g € Q\ K'. Since E, supports z, n~1¢(E.) supports n ¢ (z) = z. Thus, by
Fact 3, n~1¢(E,)NE, = E,\ A, also supports z, contradicting the minimality of K’. Thus ¢(A,,) = n(4,),
so f is a function.

Let y = dom(f) and Y = {f 1 ({A}) : ¢ > @} (= {1 ({d(4r,)}) : ¢ € fixg(E.\ Ary)}). Clearly Vis a
partition of the infinite set y, which is linearly orderable in V), ,,, since it is indexed by the linearly orderable
set {Aq 1 ¢ > qu} (see Fact 1). Furthermore, for any ¢ € fixg(E. \ Ar,), [~ ({¢(Ary)}) C {o7F () : k < n},
and hence |f~ ({¢(A4,)})| < n. Indeed, if 7(2) € f~1({¢(Ar)}), then ¢~ 17w(A,,) = Ay, so there exists
k < n such that ¢~ '7 and Tfo agree on A,,. Thus (¢*1ﬂ)*17ﬁ) € fixg(E,), so ¢ 1m(z) = Tfo(z), and hence
m(z) = qST,’FO (2). Therefore,

Y= {U¢ RS ﬁXG(EZ \ ATO)}?

where for ¢ € fixg(E. \ Ar,),

Uy = {nz:n e fixg(E, \ A?‘o)a ¢_177(Aro) = Aro} C {Gbeo (2) 1 k <n}.

Now fix an arbitrary ¢ in fixg(E, \ A,,) and let L = {¢~ ' : 1 € fixg(E, \ Ary), ¢ n(Ay) = Arg}. We
assert that L is a subgroup of G. To see this, note firstly that 14 € L, so L # (). Now let ¢~ 1, ¢~ 1n € L.
Then m¢~'np € fixg(E: \ Ay,) and [0~ (m¢~'n2)](Ar) = ¢~ ' (97 m2(Ar)) = ¢ 'm(Ar) = Ap, s0
¢ ImeIny € L. Also, if ¢~ € L, then ¢(¢p~1n)~! € fixg(E, \ Ay,) and (¢~n)~! fixes A,, (setwise),
so ¢ L(d(¢p~1n)71) € L, and thus L is closed under inverses. Now L induces an action on A,, which
is a subgroup, H say, of the cyclic group S = {Tfo : k < n} (which is isomorphic to Z,). Clearly
H = {m € S:m(z) =z} (see also the above argument that Uy C {¢77 (z) : k < n}), and it is also easy to
see that |Ug| = (S : H) (the index of H in S), so |Uy| divides n. Since ¢ was arbitrary, we conclude that
all elements of ) have the same cardinality, which is a divisor of n.

Case b. F,, = By,. This can be treated in much the same way as Case a (except that n is replaced by m
and 7., by oy,).

Case c. F,, = A,y UB,,. Let f be given as in Case a, f = {(¢(2), ¢p(Ar,)) : ¢ € fixg(E. \ Ayy)}. Thisis a
function as before, this time using the assumption that E, U B, is not a support of z. The remainder of
the argument is as in Case a. ]

Variants of the models V, ,,

The models V,, ,, can be generalized and modified as follows:
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(V1) Instead of working with just two types of blocks A, and B, (where ¢,r € Q) of size n and m
respectively, we can work with arbitrarily many types of blocks. Indeed, for a positive integer k
and positive integers mo,...,mr—1 we may define the model V,,, . m, , whose set of atoms A is
partitioned into blocks Ay, ..., Ag —1), where ¢ € Q and for each | < k, |4, = my.

The group G of permutations of A and the filter F of subgroups of G are defined analogously.

In fact, we may also have infinitely many blocks by setting k = w; the corresponding model is denoted
by V...

We note that the corresponding Facts 1-4 also hold for the models V,,,....m and V,,. .

k—1

(V2) A variant model of V, ,,, can be produced if we require that the blocks A, and B, are not permuted
independently and that every order automorphism of (Q, <) moves for each ¢ € Q the blocks A,
and By simultaneously to the respective blocks A, and B, for some r € Q. That is, we start again
with a model M of ZFA + AC with a set of atoms A = (J{4, U B, : ¢ € Q} where for every
q€Q, Ay = {agqi,aq,...,agn} and By = {bg1,bg2,...,bgm} (so that |A,| = n and |By| = m) and
{4, : ¢ € Q}U{B, : g € Q} is disjoint. The group G of permutations of A consists of all permutations
n of A such that n = ¢yp, where ¢ is an order automorphism of (Q, <), ¢y(ag) = ay(g); and
Gy (b)) = by (¢ € Q, 1 < j <n, 1 <k <m), and p is a cyclic permutation when restricted
to any A, or B,. The filter F of subgroups of G is generated by the subgroups fixg(FE), where
E =U{A,U B, :q € S} for finite S C Q.

We denote by N, ,, the permutation model which is determined by M, G and F.
Facts 1, 2, 3 hold for N, ,,,, and a similar Fact 4 also holds true, namely if = € N}, ., is a non-well-

orderable set, then z has an infinite subset y € N, ,, which has a linearly orderable partition into
sets of the same cardinality < n - m (the proof is much that same as the proof of Fact 4).

Furthermore, note that in contrast with V,, ,,, the family C = {A, U B, : ¢ € Q} is an element of the
model V,, ,,, and it is linearly orderable in N, ;,,. In addition, LOC,,, (and hence C, ) is false in

n+m
Ny for C.
As with V, ,,, the models N, ,, can be generalized and modified to models Ny, . m,_, and N, .

We also note here that if n - m = 0, then V; = N; where i = max{n, m}.

5 Main results

We start this section by proving that given any integer n > 2, if RC; is true for all integers ¢ with 2 < i < n,
then so is C;” for all 4 with 2 <1 < n.

Theorem 4 For every integer n > 2, if RC; is true for all integers i with 2 < i < n, then C; s true for
all integers i with 2 <1 < n.

Proof Let 2 <i<nandlet A= {A;:j € J} be an infinite family of i-element sets. Let k£ be chosen
minimal between 1 and i such that for some infinite Y C A=JA, {j € J: |[Y N A;| = k} is infinite (this
holds for 7, so such k certainly exists). If k£ = 1, we already have a partial choice function for A. Otherwise,
we apply RCx to J{Y N A; : |Y N A;| = k} to find an infinite Z C Y so that [Z]* has a choice function f.
There is [ such that 1 <! <k and J; = {j € J: |ZN A;| = [} is infinite. By minimality of k, k = [. Thus
[ restricts to a choice function for {Z N A; : j € J1} and this provides a partial choice function for A. O

Our next result provides an infinite set of pairs (m,n) of distinct positive integers m and n such that
RC,, and C,,, do not imply RC,, and LOC,; in ZF.
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Theorem 5 Let p be a prime number. Then for every m € w\ {0, 1} which is not a multiple of p, and for
every r € w\ {0},
Vp = RCy, A Gy A =RCye A 2LOC,

The result is transferable into ZF.

Proof  From Fact 2(i) (of Section 4) we know that LOC, is false in V), for every integer k which is a
multiple of p. Furthermore, using Fact 2(ii) and a similar argument to the one given for Fact 2(i), we may
easily conclude that for all 7 in w \ {0}, RC,, is false in V), for the set of atoms A = [J{4, : ¢ € Q}. Fix
r € w\ {0} and assume, towards a contradiction, that A has an infinite subset y € V,, such that [y]’" has a
choice function, say f with support E = (J{A4, : ¢ € S}, where S € [Q]<¥. By Fact 2(ii), y = {4, : ¢ € I}
for some infinite subset I of Q such that {4, : ¢ € I} € V,. Then there is an r-element subset W of I
such that the (pr)-element set F' = (J{A, : ¢ € W} is disjoint from E. Assuming that f(F) € A,, for some
w € W, we have 7, € fixg(E), but 7,(f) # f, which is a contradiction.
We proceed now with the proofs of the rest of the assertions of the theorem.

Claim 1 RC,, is true in V), for every integer m which is not a multiple of p.

Proof  Let x be an infinite set in V,,. If x is well-orderable, then RC,, is vacously true for . So we assume
that = is non-well-orderable. Let E = (J{A4,:q € K}, z, E, = J{A;: ¢ € K'}, and 1y € K’ \ K, be as in
the argument for Case a of the proof of Fact 4 of Section 4. Thus K/ = K U {r¢}, and as there we assume
that ¢y < 7o, and we get the function f, and its domain y = {¢(z) : fixg(E. \ 4,,)}. By that proof, we
know that ), which may be written as {Uy : ¢ € fixg(E, \ Ay,)} where Uy C {$(2), ¢7p(2), - - ., omE N (2)},
is a partition of y into r-element sets for some r dividing p, which is equipped with a linear order induced
from that on {4, : ¢ > ¢¢} (also see Fact 1); we denote this linear order on ) by <. We will show that
[y]™ has a choice function in V,. If r = 1, then y is linearly orderable, so this is immediate. Otherwise, as
p is prime, 7 = p. Thus Uy = {¢(2), o7, (2), .. ., o1 (2)} for all ¢ € fixg(E, \ Ay).

Since E, \ Ay, is a support of (), <) and of y, it is also a support of [y]”. Thus [y|™ can be written as a
disjoint union of the fixg(E, \ Ay,)-orbits of its elements, i.e., [y]™ = U{OrbEz\ArO (w) :w € [y]™}, where
Orbp\a,, (w) = {d(w) : ¢ € fixa(E:\ 4y)}. (Note that {Orbg,\a, (w) : w € [y]™} is well-orderable in V),
since E. \ Ay, is a support of Orbp,\ 4, (w) for all w € [y]™.)

In the ground model M which satisfies AC, we let F' be a choice function for the family

O ={Orbp,\4, (w) : w € [y]™}.

Let Y € O and also let Vp(yy = min{R € Y : 1 < |[RN F(Y)| < p}. Note that Vp(y) is definable since
F(Y) € [y]™ (so F(Y) is finite), (), <) is linearly ordered, and m is not a multiple of p. Invoking AC again
in M, for each Y € O pick apy) € Vpy) N F(Y). Let

H = {(¢(F(Y))7¢(GF(Y))) 1Y € 0,¢ € fixg(E, \ Aro)}'

It is clear that H is a binary relation with domain (J O = [y|™. Furthermore, H is a function. To see this,
let Y € O and also let ¢, € fixg(E, \ A,) such that ¢(F(Y)) = »(F(Y)) (so ¢ 1(F(Y)) = F(Y)).
Since for every 7 € fixq(E. \ 4,,), U, = {n7(2) : j < p}, and p is prime, and VearyNF(Y)| < p, it is easy
to see that ¢~ 14 | VF(y) is necessarily the identity mapping, and thus ¢~ 14 fixes Vry) N F(Y) pointwise.
Since ap(y) € Vpay N F(Y), ¢~ "(apry) = appyy, and thus ¢(apy) = P(apy)-

Finally, H is a choice function of [y]™, which is in V), since it is supported by E, \ A,,. Thus RC,, is
true in V. O

Claim 2 C,, is true in V), for every integer m which is not a multiple of p.
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Proof  Assume the result for smaller m. Let Z = {Z; : ¢ € I'} be a disjoint infinite family of m-element
sets in V), and Z = (J Z. By RG,, in V), there is an infinite y C Z such that [y]™ has a choice function
f. Then for some ¢t with 1 <t <m, S, ={i € I : |Z;Ny| =t} is infinite. If ¢ = m, f provides a choice
function for {Z; : i € S;}. Otherwise, 1 <t < m and so either ¢t or m — ¢ is not a multiple of p. If ¢ is not
a multiple of p, then as we assumed the result for values less than m, {Z; Ny : i € S;}, and hence also Z,
has a partial choice function. Otherwise, we apply the same argument to {Z; \ y : i € S;}. ([l

The above arguments complete the proof of the theorem. O
With essentially the same arguments as in the proof of Theorem 5 above (and using Facts 2(i) and 4

of Section 4), one can prove a much more general and stronger result than Theorem 5. Indeed, we have
the following theorem.

Theorem 6 Let po < ... < p, be prime numbers and let k be a positive integer. Then
Voo...ps = RG> G > LOC

and
Vro,...ps = "RCx <=k is a multiple of p; for some i < v.

Furthermore, for all integers k > 2 which can be written as a sum of multiples of po, ..., Pu,

VPOrn:Pv ): _|Ck"

The result is transferable into ZF.

Part (iii) of the subsequent corollary to Theorems 3 and 6 completely settles the open problem on the
relationship between RCy and RCs, where k € {2,4}.

Corollary 1 The following hold:
(i) If m,n > 2 are any positive integers such that for some prime p we have p{m and p | n, then in

ZF: RC,, » RC,, and RC,,, » C, .

(ii) There is a model M of ZF such that for every positive integer n, M = RCapy1 A G5, 1 A =RCap A
-LOGC,,,. Hence, for every odd integer n > 3 and for every even integer m > 2, M = RC, A C; A =RC,;, A
-LOC,,,.

(11i) For k = 2,4, the principles RCy, and RCs are independent of each other in ZF.

Proof (i) Use model V, and the result of Theorem 5.

(ii) Use model Vo and the result of Theorem 5 (or Theorem 6). The result is transferable into ZF via
Pincus’ transfer theorems.

(iii) This follows easily from Theorem 3 (parts 3. and 4.) and part (ii) of the current corollary. O

Theorem 7 Forn = 2,3, RC5 + C implies C;, and RC5 implies neither C; nor C5 in ZF.

Proof  Assume that RCs + C; is true. Let & = {U; : i € I} be a disjoint infinite family of 5-elements
sets. By way of contradiction, assume that U has no partial choice function. Let y be an infinite subset
of | JU such that [y]® has a choice function. Since U has no partial choice function, we have that the set
{i e I:|ynU;| >4 or |ynU;| = 1} is finite. It follows that at least one of the sets Y1 = {i € I : |yNU;| = 2}
and Y = {i € I : [yNU;| = 3} is infinite. If Y] is infinite, then, by C;, the family Yy = {yNU; :i € Y1},
and hence U, has a partial choice function, which is a contradiction. If Y is infinite, then by C; again, we
have Vo = {U; \ (yNU;) : i € Yo} has a partial choice function, which again contradicts the assumption
that ¢/ has no partial choice function.

The proof that RCs + C5 implies C; is similar.

The third assertion (that RCs implies neither C; nor C5 in ZF) follows easily from Theorem 5. (]
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Remark 3 By Facts 1 and 2 (of section 4), we have that the family of 5-element sets of atoms, C =
{A4U By : ¢ € Q}, is linearly orderable in the permutation model N3o (which was constructed in (V2) of
Section 4), and has no partial choice function in N3 .

On the other hand, it is straightforward to verify that the infinite subset y = (J{B; : ¢ € Q} C A
(which is an element of N 5 since it has empty support) is such that [y]® has a choice function in N3. (It
is also true that the subset u = (J{A, : ¢ € Q} C A is such that [u]® has a choice function in N3 2; follow
the argument for Claim 1 of the proof of Theorem 5.)

It is therefore tempting to think that M52 may serve as the appropriate setting in order to answer (in
the negative) the question of whether RCs implies C; . However, this is not the case. In particular, Ramsey
Choice RC;5 is false in N3 o (while, by Theorem 6, it 4s true in V3 2). To see this, let

x = {{agm,bgn} : ¢ € Q,m e {1,2,3},n € {1,2}}.

Then x € N3 since ) is a support of z. We assert that z has no infinite subset y in N3 such that [y]°
has a choice function. Assume the contrary; then we may let y € N3 9 be an infinite subset of  such that
[y]° has a choice function f € N32. Let E = |J{A,U B, : ¢ € S}, where S € [Q]<“, be a support of y and
f. Tt is easy to see that there exist distinct rational numbers ¢ and r such that {g,7} NS = () (and hence
EN(A;UBy;UA,UB,)=0) and

w = {{aq1> bql}a {aq27 bq1}7 {aan bql}a {arla le}a {a/Tb bTZ}} S [y]5

Clearly, 74, 0y € fixg(FE), hence 74(f) = o.(f) = f, and also 74(w) = or(w) = w. If f(w) = {agk, by} for
some k € {1,2,3}, then 7,(f(w)) # f(w) so (w, 74(f(w))) & f, and if f(w) = {a,1,b,} for some [ € {1,2},
then o, (f(w)) # f(w) so (w,o.(f(w))) & f. Since each of the above two possibilities for f(w) leads to a
contradiction to the fact that E is a support of f, we conclude that z has no infinite subset y in N3 2 such
that [y]° has a choice function. Therefore RCs is false in N3 .

Next, we prove that CAC (Chain-AntiChain Principle) does not imply C, in ZF for any natural number
n > 2. The permutation model that will be constructed in the proof of the subsequent result will also be
useful in the proof of the forthcoming Theorem 9.

Theorem 8 For every natural number n > 2, there is a model M of ZF such that M |= CACA —-C. .

Proof  Fix anatural number n > 2. Since CACA—C,; is a conjunction of injectively boundable statements,
it follows—by Pincus’ Theorem 3A3 in [8]—that we only need to construct a Fraenkel-Mostowski model of
ZFA with the required properties. Our model will be a generalization of the permutation model constructed
in the proof of Theorem 2.1 of Tachtsis [9] (where Theorem 2.1 of [9] states that CAC does not imply
Ramsey’s Theorem in ZFA). Since all the required arguments for the proof of the current theorem are
almost identical to the ones given for the proof of Theorem 2.1 of [9], we refer the interested reader to [9]
for the details.

The description of the model: We start with a model M of ZFA 4+ AC with a set of atoms A = [J{4; :
i € w} which is a denumerable disjoint union of n-element sets A; = {a;1, a2, ..., ain} (Where i € w).

The group G of permutations of A is defined as follows: Firstly, for all ¢ € w, let 7; be the n-cycle
a;1 & Qi — -0 — aijp — a;1. Also, for every permutation v of w which moves only finitely many
natural numbers, let ¢, be the permutation of A which is defined by ¢y (aij) = ay;); for all i € w and
je{1,2,...,n}.

Now, we require n € G, if and only if, = ¢, p, where 1) is a permutation of w which moves only finitely
many natural numbers and p is a permutation of A for which there is a finite subset ' C w such that for
every k € F we have that p [ Ay = 7 for some j < n, and p fixes A, pointwise for every m € w\ F.

From the definition of the group G, it follows that if n € G, then 1 moves only finitely many atoms,
and for all ¢ € w there is k € w such that n(4;) = Ag.

)j
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Let T be the filter of subgroups of G which is generated by the subgroups fixg(FE), where E € [A]<Y.
Let NV be the Fraenkel-Mostowski model which is determined by M, G, and T'.
The following hold in A (see [9, proof of Theorem 2.1]):

1. The set A = {4; : i € w} is amorphous and has no infinite subfamily B with a Kinna—Wagner
selection function. Furthermore, A is also amorphous. It follows that C, (as well as RC,,—see also
Theorem 2(1)) is false in N for A.

2. Every element z € N is either well-orderable or has an infinite subset y with a partition into sets
each of size at most n, indexed by a cofinite subset of A, thus indexed by an amorphous set (note
that the proof of Fact 4 of Section 4 goes through here with minor adjustments). In the second case,
it follows that y is an amorphous subset of x.

3. Every linearly orderable set in N is well-orderable. This follows immediately from item 2.
4. The union of a well-orderable family of well-orderable sets in NV is well-orderable.

5. AC(LO,LO) is true in AV. This follows from items 3 and 4.

6. CAC is true in NV.

The above completes the (outline of the) proof of the theorem. O
Next, we completely clarify the relationship between C, LOC, and WOC,, in ZF.

Theorem 9 For every n € w\ {0,1}, C., implies LOC,,, which in turn implies WOC_ . Furthermore, for

n’
every n € w\ {0, 1}, none of the previous implications are reversible in ZF.

Proof  The implications in the statement of the theorem are straightforward.

For the second assertion of the theorem, fix n € w \ {0,1}. Firstly, we note that each of C,, LOC
and WOC, is an injectively boundable statement, so in view of Pincus’ Theorem 3A3 in [8], it suffices to
establish our independence results using Fraenkel-Mostowski permutation models.

—"

We shall prove something stronger than “LOC,, does not imply C.”, namely that there is a model of
ZFA in which AC(LO, LO) is true, whereas C; is false. For our purpose, we will use the permutation model
N of the proof of Theorem 8. From its proof we know that AC(LO, LO) is true in N, whereas C;, is false
in . Thus, LOC, is also true in N.

-

Now, we shall also prove something stronger than “WOC,; does not imply LOC.”, namely that there
is a model V of ZFA in which UT(WO, fin, WO) is true, whereas LOC,, is false in V. We will use the model
Vy, of Section 4 (so that the set of atoms is A = |J{A, : ¢ € Q}, where A; = {aq1,aq2,...,aq,} for every
g € Q, and A, N A, = 0 for distinct rationals ¢ and 7).

By Facts 1 and 2(i), we have that B = {4, : ¢ € Q} is a linearly orderable family of n-element sets,
which admits no partial choice function in V,,. Thus, LOC, is false in V,.

Now we prove that UT(WO, fin, WO) is true in V,,. To this end, let i = {U, : @ < K}, where & is an
infinite well-ordered cardinal number, be a disjoint family of finite sets in V,,. Let E = [J{4, : ¢ € S}
(where S € [Q]<%) be a support of U, for each a < k. We will show that E is a support of every element
in [JU. Assuming the contrary, there exist a < x and u € U, such that u is not supported by E. Let
E, = U{4q : ¢ € 5}, where S’ € [Q]<“, be the minimum support of u, whose existence is guaranteed
by Fact 3 of section 4. Since w is not supported by E, there exists an element » € S’ \ S (and hence
A, C E, and A, N E = (). Furthermore, it is not hard to verify that there is an infinite subset P C Q
such that for all p in P, there exists an order automorphism ), of (Q, <) which fixes S pointwise, and
Yp(r) = p. It follows that for all p,p’ in P, if p # p’ then 1,(S") # ¢(S’). Thus, for all p,p’ in P,
if p # p’ then ¢y (E,) # qﬁwp,(Eu), and consequently, by the second part of the statement of Fact 3 of
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Section 4, ¢y, (u) # qﬁ%, (u). Since for all p in P, v, fixes S pointwise, we have ¢y, € fixq(FE), and hence
¢y, (Ua) = Usq. It follows that the infinite set {¢y, (u) : p € P} is a subset of Uy, contradicting U,’s being
finite. Thus U is well-orderable. O

In Theorem 10 below, we elucidate the relationship of RCg with certain instances of LOC,,. The results
of Theorem 10 provide partial answers to the open problem of whether RCq implies C;” for i = 2,3,4,6.
In part (i) of Theorem 10, we shall provide a general result, namely that for every k € w \ {0,1}, RCy
implies LOKW, and that the latter implication is not reversible in ZF (for any k € w \ {0,1}). The latter
result gives us, in particular, that RCq strictly implies LOCS in ZF. Our proof of (i) (of Theorem 10), uses
ideas from Montenegro’s ingenious proof that RCy4 implies C; (see [7]). Since the subsequent theorem is
centered around RCg, we also have incorporated in the theorem’s list of results, a fact which immediately
follows from Theorem 5, namely that RCs does not imply C in ZF, for all n € w\ {0}. The latter result
completely settles the corresponding open problems.

We would also like to point out here that Theorems 5, 6 and 10, indicate the limitations of the permu-
tation models V, ,,, and N, ,,, of Section 4 with regard to the aforementioned open problems on RCg.

Theorem 10 The following hold:
(i) For every k € w\ {0,1}, RCyy implies LOKW, and the latter implication is not reversible in ZF. In
particular, RCq strictly implies LOC3 in ZF.

(11) LOC] is equivalent to LOC, + LOKW, . Furthermore, LOC; does not imply LOKW, in ZF, hence
neither does it imply LOC, in ZF.

(iii) RC¢ + LOC; implies LOC; . Hence, RCs + LOC;,, implies LOCg for alln € w\ {0}.
(iv) RCs + LOC; implies LOC, . Hence, RCs + LOGC;,, implies LOC, for all n € w\ {0}.
(v) RCs does not imply LOC; in ZF, hence it does not imply C;,, in ZF, for all n € w '\ {0}.
(vi) RCq implies WOC; .

Proof (i) Fix k € w\ {0,1} and assume that RCy is true. Let A = {A; : i € I} be a disjoint infinite
family of k-element sets indexed by the set I, which is equipped with some prescribed linear order. Towards
a proof by contradiction assume that A has no infinite subfamily with a Kinna-Wagner selection function.
By RCy, let Y be an infinite subset of A = J.A such that [Y]?* has a choice function, say f. Since A
has no partial Kinna—Wagner function, we may assume, without loss of generality, that there is an infinite
subset J of I such that Y = [J{A4; : j € J}. We define a binary relation R on J by requiring for all
3,3 € J,
jRj', if and only if, f(A; UA;) € Aj.

(Note that if (j,5') € R, then (j,j) € R.)
For every j € J, we let

Ki={reJ:jRr}={reJ: f(AjUA,) e A}

Since A has no partial choice function, it follows that for all j in J, the set Kj is finite; otherwise, if for
some j € J, Kj is infinite, then we let B = {A, : r € K;} and we define a choice function g on B by
requiring for all r € Kj, g(A,) = f(A; U A,). Since B is an infinite subset of A with a choice function, we
have arrived at a contradiction. Therefore, for all j in J, K; is finite.

For each n € w, let C,, = {j € J : |K;| = n}. It is clear that the family C = {C), : n € w} is a partition
of the linearly ordered set J.

We assert that for all n € w, C), is finite and, in particular, |Cy,| < 2n 4+ 1. To this end, it suffices
to show that for all n € w, if U is any finite subset of C),, then |U| < 2n + 1 (and hence C,, cannot be
infinite, otherwise it would have finite subsets of arbitrarily large finite cardinality). Fix n € w and a finite
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subset U C C,,. For every two-element subset {j,j'} of U, either (j,5’) € R or (j/,j) € R, but not both.
Therefore, |R | U| = (‘g'), where R [ U is the restriction of R on U. Since for each j € C),, we have that
|Kj| = n, it readily follows that (lg‘) < n|U|, which yields that |U| < 2n + 1 as required.

Since J is linearly ordered and for all n in w, C),, € [J]<¥, it follows that J = J{C), : n € w} is
denumerable (i.e., countably infinite), thus, so is the (disjoint) family D = {A4; : j € J}. Let (Dp)new be
an enumeration of the elements of D. Then f [ £, where & = {Dg,, U Dop+1 : 1 € w}, is a choice function
for the disjoint family £ which consists of (2k)-element subsets of Y. Since for every n € w, f(D2,UDay1)
is an element of exactly one of the sets Ds, and Ds,11 and D is a denumerable subfamily of A, it readily
follows that A has a partial choice function. This contradicts our assumption on A having no partial
Kinna—Wagner selection function.

For the second assertion of (i), we may use the Fraenkel-Mostowski model A/ which was constructed
in the proof of Theorem 8 (with n any natural number greater than or equal to 2). From the proof of
Theorem 8, we have that AC(LO,LO) is true in N from which LOKW, follows, whereas RC}, is false for
any integer k > 2, since there are amorphous sets in N.

The third assertion is, in view of the above, straightforward.

(ii) The implication “LOC; — LOKW/}” is evident and the implication “LOC; — LOC;” follows from
Theorem 1(10).

Conversely, assume that LOC; + LOKW] is true and let A = {4; : i € I} be a linearly orderable,
disjoint, infinite family of 4-element sets. Let, by LOKW, , B = {4, : j € J} be an infinite subfamily of
A with a Kinna-Wagner function, say f. Then there exists an infinite subset J' C J such that either for
all jin J', |f(A;)] =3, or for all j in J', [f(A;)| =2, or for all j in J’, |f(A;)] = 1. In the first case, we
let g = {(A4;,U(A4; \ f(A4;))) : j € J'}; then g is a partial choice function for A. In the second case, we
apply LOC; to the family {f(A;) : j € J'}, thus obtaining a partial choice function for A. The third case
is evident.

For the second assertion of (ii), we only need to establish the independence result using a suitable
Fraenkel-Mostowski permutation model, since via Pincus’ Transfer Theorems, the result can be transferred
into ZF (see also Remark 1 of Section 2). To this end, first let x be any infinite well-ordered cardinal
number. We start with a model M of ZFA + AC with a k-sized set A of atoms which is a disjoint union
A =U{As : a < Kk}, where for a < k, Ay = {aqa,1,00,2,00,3,0q,4} s0 that |A,| =4, for all a < k.

For each a < k, let G, be the alternating group on A, and let G be the weak direct product of the
G.’s. Hence, a permutation n of A is an element of G if and only if for every a < K, n | Ao € Ga, and
n | Aq = 14, for all but finitely many ordinals o < x (and thus every element n € G moves only finitely
many atoms).

Let T be the filter of subgroups of G which is generated by the subgroups fixg(F) of G, where E € [A]<%.
Let M be the permutation model which is determined by M, G and T.

We first show that LOKW, is false in M for the well-ordered family A = {4, : a < s} of M (the
enumeration o — A,, o < K, has empty support). Assume the contrary and let B be an infinite subfamily
of A having a Kinna-Wagner selection function f € M with support some finite set £ C A. Then there
exists an ordinal ag < k such that A,, € B and A,, N E = (). There are three possibilities for f(Aq,):

(a) |f(Aq,)| = 1. Let ¢ be the unique element of f(Aa,) and let Ay, \ f(Aay) = {z,y,2}. Let n be
the permutation of A in G which is defined by n [ Ay, = (t,z)(y,2) and n | A\ Ay, = LA\ A, - Clearly,
n € fixg(E), hence n(f) = f. However, n(Aq,) = Aay, but n(f(Aq,)) # f(Aa,), which contradicts the fact
that f is supported by E.

Similarly to (a), the remaining two possibilities, namely (b) |f(Aq,)| = 2 and (c) |f(Aa,)| = 3 lead to
a contradiction, so we leave the verification of the details as an easy exercise for the interested reader.

Next, we assert that every linearly orderable set in M is well-orderable (in M). Indeed, let (x, <) be
a linearly ordered set in M with support E € [A]<¥. By way of contradiction, assume that x is not well-
orderable in M, and hence there exists an element z € z which is not supported by E. This means that
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there is an element ¢ € fixg(FE) such that ¢(z) # z. Since < is a linear order on z (and ¢(z) € ¢(x) = z),
we must have that either ¢(z) < z or z < ¢(z). Without loss of generality, we assume that ¢(z) < z
(the case where z < ¢(z) can be treated as in the argument below). Since every element of G moves only
finitely many atoms, it follows that every permutation of A in G has finite order, thus there is m € w such
that ¢™ = 14. Then we have z = ¢™(z) < ¢" 1(2) < ... < ¢?(2) < ¢(2) < z, hence z < z, which is
impossible. Therefore, E supports every element of x, and hence x can be well-ordered in M.

Our final step in the proof is to show that LOC; is true in M. To this end, let i = {U; : i € I} be a
disjoint infinite family of pairs in M, which is indexed by the linearly orderable set I. In view of the result
of the previous paragraph, we have that I is well-orderable, so we may assume that I = A for some infinite
well-ordered cardinal number \. Let E € [A]<% be a support of U;, for all i < A. Without loss of generality,
we assume that £ = Ay, U A, U---UA,,,, where for i = 1,2,...,m, oy < k and a1 < ag < ... < Q.
We will show that | JU is well-orderable by proving that E supports every element of (JU. Assume the
contrary; then there exist i € A\, u € U;, and 7 € fixg(FE) such that n(u) # u. Let E, be a support of
v and, without loss of generality, assume that E, = EU A, where u € £\ {oj : 1 < j < m}, and that
nIA\NAy=144,-

Let G = [[a<. Gas ie., G is the weak direct product of the groups G,, where for a < k, G, = G, if
a=pand Gy ={1la,}if a € K\ {u}. Clearly, G is a subgroup of G which is isomorphic to the alternating
group G, on A,. Let H ={p € G : p(u) =u}. Then H is a subgroup of G, which is proper, for n € G\ H.
Since |U;| = 2 and n € G \ H, we conclude that the index (G : H) of # in G is 2. As |G| = |G| = 12, we
have |H| = 6. This contradicts the well-known group-theoretic fact that the alternating group on 4 letters
has no subgroups of order 6. Therefore, E supports every element of | JU, and so | JU is well-orderable.
Thus U has a choice function in M, and consequently LOC; is true in M.

(iii) Assume RCs + LOC;. Let A = {4; : i € I} be a linearly orderable, disjoint, infinite family of
6-element sets. By RCg, let y be an infinite subset of A = |J.A such that [y]® has a choice function. If the
set Zy ={ie€l:|ynA; >5or|ynA;| =1} is infinite, then we easily conclude that A has a partial choice
function. If Zy = {i € I : |y N A;| = 4} is infinite, then by LOCS, the family B = {A; \ (yN4;) : i € Zy}
has a partial choice function, hence A has a partial choice function too. If Z3 = {i € I : [ynN A;| = 3} is
infinite, then the conclusion follows from part (i) of the current theorem, and if Zy = {i € I : [yN A4;| = 2}
is infinite, then the conclusion follows from LOC; again.

(iv) Assume RCg + LOC,. Let A = {A; : i € I} be a linearly orderable, disjoint, infinite family of
4-element sets. Then B = {[A;]? : i € I} is a linearly orderable disjoint family of 6-element sets. By our
assumption and part (iii) of the current theorem, we have that LOCy is true, and thus there exists an
infinite subfamily C = {[A;]?: j € J} of B, where J C I is infinite, with a choice function, say f. Since for
every j € J, f([4;]%) is a 2-element subset of A;, we apply LOC; to the linearly orderable infinite family
D = {f([A;]?) : j € J} in order to obtain a partial choice function g for D. Using g, we immediately obtain
a partial choice function for A.

(v) This follows from Theorem 5; in particular, the permutation model Vs satisfies RCs + —C;', and
the result is transferable into ZF.

(vi) Assume RCq. Let A = {4, : a < k}, where k is an infinite well-ordered cardinal number, be
a family of 2-element sets. By RCg, let ¥ be an infinite subset of A = |J.A such that [y]® has a choice
function, say f. Without loss of generality, assume that the set {a : a < k and |y N Ay| = 1} is finite.
Therefore, since y is infinite and x is an infinite well-ordered cardinal, it follows that there exists a strictly
increasing sequence (ay,)new of ordinals in k such that A,, C y, for all n < w. Then f | B, where
B = {Aa;, UAas,s UAay,,, 1 < w}, is a choice function for the disjoint family B which consists of
6-element sets. Clearly, this yields that A has a partial choice function. [l
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1.

2.

Open questions
Does RCs imply either of LOC; and C; 7

Does RCy imply RC2? (Recall that RCy implies RCy (see Theorem 3(4)). Also, note that RC4 implies
C5, since (from [7]) RC4 implies C;, which in turn implies C5 .)

Is there a model of ZF which satisfies RCg + —C;", where i € {2,3,4,6}? Same question for RCs and
LOC;, where i € {2,4,6}.

Acknowledgment We would like to thank the anonymous referee for various comments and suggestions
which substantially improved both the mathematical quality and the exposition of this paper.

References
[1] A. Blass, Ramsey’s theorem in the hierarchy of choice principles, J. Symbolic Logic 42 (1977), pp.
387-390.
[2] L. J. Halbeisen, Combinatorial Set Theory: With a Gentle Introduction to Forcing, (revised and
extended second edition), Springer Monographs in Mathematics, Springer, London, 2017.
[3] P. E. Howard, Binary consistent choice on pairs and a generalization of Kénig’s infinity lemma, Fund.
Math. 121 (1984), pp. 17-23.
[4] P. Howard and J. E. Rubin, Consequences of the Aziom of Choice, Mathematical Surveys and Mono-
graphs, 59, American Mathematical Society, Providence, RI, 1998.
[5] T. J. Jech, The Aziom of Choice, Studies in Logic and the Foundations of Mathematics, 75, North-
Holland, Amsterdam, 1973.
[6] E. M. Kleinberg, The independence of Ramsey’s theorem, J. Symbolic Logic 34 (1969), pp. 205-206.
[7] C. H. Montenegro, Weak versions of the axiom of choice for families of finite sets, in Models, alge-
bras, and proofs, Selected papers of the X Latin American symposium on mathematical logic held in
Bogotd, Colombia, June 24-29, 1995 (X. Caicedo and C. Montenegro, eds.), [Lecture Notes in Pure
and Applied Mathematics 203], Marcel Dekker, New York - Basel, 1999, pp. 57-60.
[8] D. Pincus, Zermelo-Fraenkel consistency results by Fraenkel-Mostowski methods, J. Symbolic Logic
37 (1972), pp. 721-743.
[9] E. Tachtsis, On Ramsey’s Theorem and the existence of infinite chains or infinite anti-chains in infinite
posets, J. Symbolic Logic 81, Issue 01 (2016), pp. 384-394.
. Tachtsis, On wvariants of the principle of consistent choices, the minimal cover property and the
10] E. Tachtsis, O ' h mcipl ' hoi h inimal d th
2-compactness of generalized Cantor cubes, Topology Appl. 219 (2017), pp. 122-140.
[11] J. Truss, Finite axioms of choice, Ann. Math. Logic 6 (1973), pp. 147-176.
[12] J. Truss, Classes of Dedekind finite cardinals, Fund. Math. 84 (1974), pp. 187-208.

20



