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Abstract

In 1888, Heinrich Schroeter provided a ruler construction for points on cubic
curves based on line involutions. Using Chasles’” Theorem and the terminology
of elliptic curves, we give a simple proof of Schroeter’s construction. In addition,
we show how to construct tangents and additional points on the curve using
another ruler construction which is also based on line involutions. As applications
of Schroeter’s construction we provide a new parametrisation of elliptic curves
with torsion group Z/27 x 7./87 and give some configurations with all their
points on a cubic curve.

1 Introduction

Heinrich Schroeter gave in [12] a surprisingly simple ruler construction to generate
points on a cubic curve. Since he did not provide a formal proof for the construction,
we would like to present this here. Schroeter’s construction can be interpreted as an
iterated construction of line involutions. Thus, we first define the notion of a line
involution with cross-ratios, and then we show how one can construct line involutions
with ruler only.

For the sake of simplicity, we introduce the following terminology: For two distinct
points P and @ in the plane, PQ denotes the line through P and Q, PQ denotes the
distance between P and (), and for two distinct lines [y and [, [; A Iy denotes the
intersection point of /1 and l;. We tacitly assume that the plane is the real projective
plane, and therefore, [y Al is defined for any distinct lines [; and 5. For the cross-ratio
of four lines a, b, x,y of a pencil we use the notation cr(a, b, z,y).

Line involution. Given a pencil. A line involution A is a mapping which maps each
line [ of the pencil to a so-called conjugate line [ of the pencil, such that the following
conditions are satisfied:



e A is an involution, i.e., AcA is the identity, in particular we have A(l) = I.

e Given three different pairs of conjugate lines a, a, b, b, ¢, ¢ and let Iy, s, 15,1, be
four lines among a, a, b, b, ¢, ¢ from three different pairs of conjugate lines, then

cr (l17l27l3al4) = Cr (l_17l_27l_37l_4) .

Notice that any line involution is defined by two different pairs of conjugate lines.
We shall use the following construction for line involutions (for the correctness of the
construction see Chasles [1, Note X, § 34, (28), p. 317]): Given two pairs a,a and b, b of
conjugate lines which meet in P. Suppose, we want to find the conjugate line d of a line
d from the same pencil. Choose a point D # P on d and two lines through D which
meet @ and b in the points A and B, and @ and b in the points A and B, respectively
(see Fig.1). Let D = AB A AB. Then the conjugate line d of d with respect to the
line involution defined by a, @, b, b is the line PD.

~ Vice-versa, let A, A and B, B be two pairs of different points and D = AB N AB,
D = AB AN AB. Then, for an arbitrary point P ¢ {A, A, B, B, D, D}, the lines a =
PA,a=PA, b= PB,b=PB, and d = PD,d = PD are conjugate lines.

Figure 1: Construction of conjugate lines

Notice that this construction can be carried out using only a ruler.

2 Schroeter’s Construction for Cubic Curves

Using the Braikenridge-Maclaurin Theorem, i.e., the converse of Pascal’s theorem (see,
for example, [2, p. 76]), it is possible to construct an arbitrary number of points on
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a conic if five of its points are given, using only a ruler. An attempt to find a corre-
sponding ruler construction for cubic curves was made in [9]: Let A, B,C, D, E be five
points on a cubic curve. Assume that the points A#B, C#D and (A#B)#(C#D)
are also known (see Figure 2). Then, by Chasles’ Theorem (see below), all cubic cuves
through the eight points A, B,C, D, E, A#B,C#D, (A#B)#(C#D) pass through a
ninth point X, namely the sixth intersection of the cubic curve with the conic through
A, B,C,D, E. It is then shown that X is also the intersection of the conic with the line
through F and (A#B)#(C#D), and can therefore be constructed with ruler alone.
However the constructions in [9] do not iterate and the authors were not aware of
Schroeter’s work, which allows to construct an arbitrary number of points on a cubic
curve.

(A#B)#(C#D)

Figure 2: Ruler construction of the point X.

Schroeter’s ruler construction, described in [12], is based on line involutions:

Schroeter’s Construction. Let A, A, B, B, C,C be six pairwise distinct
points in a plane such that no four points are collinear and the three pairs
of points A, A, B, B, C,C are not the pairs of opposite vertices of the same
complete quadrilateral. Now, for any two pairs of points P, P and Q,(Q, we
define a new pair S, S of points by stipulating

S = PQAPQ and S = PQAPQ.

Then all the points constructed in this way lie on a cubic curve.

Points S, S which are constructed by Schroeter’s construction will be called Schroeter
points or pairs of Schroeter points.

Notice first that with Schroeter’s construction, we always construct pairs of conjugate
lines: For any point R ¢ {P, P,Q,Q, S, S} the lines RP, RP, RQ, RQ, RS, RS are pairs
of conjugate lines with respect to the same line involution. Further notice that if the
three pairs of points are opposite vertices of the same complete quadrilateral, then the
construction gives us no additional points.



At first glance, it is somewhat surprising that all the points we construct lie on the
same cubic curve, which is defined by three pairs of points (recall that a cubic curve
is defined by 9 points). The reason is that we have three pairs of points and not just
6 points. In fact, if we start with the same 6 points but pairing them differently, we
obtain a different cubic curve. It is also not clear whether the construction generates
infinitely many points of the curve. Schroeter claims in [12] that this is the case, but,
as we will see in the next section, it may happen that the construction gives only a
finite number of points.

3 A Proof of Schroeter’s Construction

It is very likely that Schroeter discovered his construction based on his earlier work on
cubics (see [13,14]). However, he did not give a rigorous proof of his construction, and
the fact that he claimed wrongly that the construction generates always infinitely many
points of the curve might indicate that he overlooked something. Below we give a simple
proof of Schroeter’s construction using Chasles” Theorem (see Chasles [1, Chapitre IV,
§8, p. 150]) and the terminology of elliptic curves.

Theorem 1 (Chasles’ Theorerfl)_. If a hexagop_ABC/_lBC_' is inscribed in a cubic
curve I' and the points AB N AB and BC N BC are on I', then also CANCA is
onI' (see Fig. 3).

Figure 3: Chasles’ Theorem in a Neuberg Cubic I'.

With Chasles” Theorem we can prove the following

Proposition 2. Let A, A, B, B, C,C be siz pairwise distinct points in a plane such
that no four points are collinear and none of the pairs of points A, A, B, B, C,C is a
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pair of opposite vertices of the same complete quadrilateral. Furthermore, let
D := ABAAB, E = BCABC, F = CANCA,
D := ABAAB, FE = BCABC, F = CANCA,

and assume that the 9 points A, A, B, B, C,C, D,E,F are pairwise distinct and that
I' s a cubic curve passing through these 9 points. Then T' passes also through D, E, F'.

Proof. Since the 6 points f}, A, B,B, C,C as well as D and E are on I', by Chasles’
Theorem we get that also F' is on I'. Similarly, since €, C, A A, B,B, F,D are on I,
also F is on I'. Finally, since B, B, C,C, A, A, E, F areon I, also D ison I'. q.e.d.

As an immediate consequence of Proposition 2 we get

Corollary 3. The unique cubic curve I' passing through the 9 points A, A, B,B, C,C,
D, E, F contains also the 3 points D, E, F'.

In order to show that all the points constructed by Schroeter’s construction lie on
the same cubic curve, we interpret the construction in the setting of elliptic curves. For
this, let I" be a cubic curve and let & be a point of inflection of I'—recall that every
cubic curve in the real projective plane has at least one point of inflection. For two
points P and @ on I" let P # () be the third intersection point (counting multiplicities)
of P(Q) with I', where for P = @), PQ is the tangent on I' with contact point P.
Furthermore, for each point P on I', let —P := & # P. As usual, we define the binary
operation + on the points of I" by stipulating

P+Q:=—(P#Q).

Notice that —P + P = € and, since € is a point of inflection, we have —0 = 0. 1t is
well known that the operation + is associative and the structure (I'; &, +) is an abelian
group with neutral element &, which is called an elliptic curve.

Now, let I' be the cubic curve passing through A, A, B, B,C,C, D, E, F and let 0 be a
point of inflection of I'. Then, by construction of I' we have, for example, A#B = A#B,
or equivalently, —(A+ B) = — (A + B).

Lemma 4. (a) Let P.Q,P,Q be pairwise distinct points on a cubic curve I'. If
S =PQANPQ €T and S := PQANPQ €T, then P# P = P# P €T,
Q#AQ=Q#QecTl,and S#S=S#SeT.

(b) Vice versa, if P':= P#P = P#P €T for two points P, P € T', then we have for

all Q € I' the following: If S := P#Q and Q=S#P, then S=PQANPQeT
and Q" :=Q#Q=Q#Q€eT.



Figure 4: Illustration Lemma 4.

Proof. (a) By assumption we have P# Q = P# Q =S and P#Q = P#Q = S.
With a point & € I' of inflection, we get

P+Q=0#P#Q) =0#(P#Q)=P+Q (1)

and

P+Q=0#P#Q)=0#(P#Q)=P+Q. (2)
Adding (1) and (2)and subtracting Q+@Q yields P+P = P+P and hence P#P = P#P.
Exchanging left and right hand in (1) and adding (2) gives, upon subtracting P + P,
Q+Q=0Q+Q and hence Q# Q = Q# Q. S# 5 = 54 S follows by exchanging the
pair ), Q) by the pair S, 5.

(b) For the second part, we proceed as follows: By assumption, we have P#P = P#P
and therefore P+P = O#(P#P) = O#(P#P) = P+P. We add S and subtract P+ P
toget S+P—P=S+P—Por (O#(SH#P)#(O#P)=(O#(S#P))#(O+#P).
It follows that (S # P)# P = (S# P)# P, ie., Q# P = Q # P = S. Finally,
Q#Q=Q#Q = Q follows from the first part. q.e.d.

For the sake of simplicity we write 2x P for P+ P. Let A, A be a pair of points with
A# A= A4 Aon a cubic curve I', and with respect to a given point of inflection &,
let Ty := A— A. Then A+ T4 = A, which implies that

2% A=2%(A+Th)=2xA+2xTy.

Now, by assumption we have 2 x A = 2 x A and therefore we get that 2% T4 = ¢. In
other words, T4 is a point of order 2.

Now we are ready to prove the following
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Theorem 5. All the points we obtain by Schroeter’s construction belong to the same
cubic curve.

Proof. Let A, A, B, B,C,C be six pairwise distinct points in a plane such that no
four points are collinear and none of the pairs of conjugate points A, A, B, B, C,C
is a pair of opposite vertices of the same complete quadrilateral. Furthermore, let
D,D,E,E,F, F be as in Proposition 2, and let I' be the cubic curve which passes
through all of these 12 points. Finally, let & a fixed point of inflection of I', and let
Ty =A—A Tg = B — B, and T := C — C be three points of order 2. First we
show that T4y = Tp. Since A#B A4 B we have —(A+ B) = —(A+Ta+ B+ Tp),
which implies that Ty = Tz. With a similar argument we obtain Tg = Tr. Thus, we
have TA = TB = TC =T.

We will say that a set M of points is a good set, if

(a) all points of M belong to I,
(b) the points A, A, B, B,C,C,D, D, E,E, F, F belong to M,

N
I

(c) if the pair of points S, S belongs to M, then S = P# Q = P # Q and
P# Q= P #(Q for two pairs P, P and Q,Q in M,

(d) for all pairs P, P of M, we have P # P = P # P, and

(e) for all pairs P, P of M, we have P — P =T.

Observe first, that {A, A, B,B,C,C,D,D,E,E, F,F} is a good set. Indeed, (a) and
(b) are trivially satisfied. The property (c) is clear for D, D, E, E, F,F. For A and
Awehave A= B# D =B#D, A= B+# D = B+ D, and similarly for the pairs
B, B and C,C. The property (d) follows directly from Lemma 4(a). Finally, we have
property (e) already for A, A, B, B and C,C. For D the argument is similar: Let
Tp := D — D. Tp is a point of order 2 and from B = A# D = A # D it follows
A+D=A+D=A+T+D+Tp and hence Tp = T. The analogous argument shows
that E—FE=F—F=T.

Now suppose that M is a good set, and take two pairs P, P and Q,Q in M. Let
S = PQAPQ and S = PQ A PQ. Then we claim that M U {S, S} is also a good
set. We first show that P # Q = P # Q or equivalently that P + Q = P + (). This
is equivalent to T = P — P = Q — Q = T which is true by property (e) for M and
the fact that T is a point of order 2. Then P # Q = P # Q follows from Lemma 4(b).
We conclude that the set M U {S, S} has the properties (a) and (c). Property (b)
is trivial. For property (d) we need to see that S # S = S # S, which follows from
Lemma 4(a). For property (e) we define Tg = S — S. Ts is a point of order 2. From
Q=P#S=P#Sitfollows P+S=P+S=P+T+S+Ts and hence Tg = T.
This shows that M U {S, S} has all properties of a good set.



It follows that all points we obtain by Schroeter’s construction belong to the same
curve I. q.e.d.

The above proof shows that the Schroeter points have the following additional prop-
erties

e If P, P is a pair of Schroeter points on I', then the tangents in P and P meet
on I

e With respect to a chosen point & of inflection, we have that P— P = T is a point
of order 2 on I' which is the same for all Schroeter pairs P, P.

The following result shows that we can construct the tangent to I' in each Schroeter
point by a line involution (hence with ruler alone).

Proposition 6. Let I' be the cubic from Proposition 2. Agsume that S, S, PP, Q,Q
are three of the pairs A, A, B,B, C,C, D,D, E,E, F,F or of the pairs which are
constructed by Schroeter’s construction, such that SP, SQ, SP, SQ are four distinct

lines. Let s = SS: and s its conjugate line with respect to the involution given by the
lines SP, SQ, SP, SQ. Then s is tangent to I in S (see Fig. 5).

Figure 5: Thin black lines: P =T+ P,Q =T+ Q,S = T + S. The red lines
s = 985 and the thick tangent 5 in S are conjugate lines with respect to the line
involution given by the green lines SP, SP, SQ, SQ.

Before we can prove Proposition 6, we have to recall a few facts about cubic curves.
It is well-known that every cubic curve can be transformed into Weierstrass Normal



Form
Lop: y: =23 + az? + bx

with a,b,c¢ € R. In the real projective plane, & = (0,1,0) is a point inflection of I,
and Ty, = (0,0,1) is a point of order 2 of I, ;, where & is the neutral element of the
elliptic curve I'y;. If A is a point on I'yp, then we call the point A =T + A the
conjugate of A. Since T' 4+ T = O, we have

A=T+A=T+T+A=0C+A=A.

Recall that A# B := —(A+ B). In particular, if C'= A # A, then the line through C
and A is tangent to I',;, with contact point A.

The following result gives a connection between conjugate points and tangents.

Fact 7. If A, A, B are three points on Ty which lie on a straight line, then A# A = B.

Proof. 1f A, A, B are three points on ', on a straight line, then A + A = —B. Thus,
A+T+A=T+ A+ A= —B, which implies

A+ A=T+(T+A+A) =T+ (-B)=(-T)+(-B)=—(T+B)=-B,

and therefore, the line AB is tangent to I',; with contact point A, i.e., A# A= B.
q.e.d.

In homogeneous coordinates, the curve y? = 23 4 az? + bx becomes
I:Y?Z=X"4+aX*Z+bXZ".

Assume now that A = (7’0, ri, 1) is a point on the cubic I', where 9,7, € R\{0}. Then
the point (1,1, 1) is on the curve

riY?Z =i X + arg X2 Z + bro X 27

Now, by exchanging X and Z (i.e., (X,Y,Z) — (Z,Y,X)), de-homogenising with
respect to the third coordinate (i.e., (Z,Y, X) — ()—Z(, %, 1)), and multiplying with %,

1
we obtain that the point A = (1,1) is on the curve

Tops: Yo =a+ Bz +vyz°,

where
r3 r2 To
Ty _ 0 _
a__27 5_0/'_27 ’}/—b o
1 1 1

Notice that since A = (1,1) ison I'y g, we have a + f +~v = 1.

The next result gives a connection between line involutions and conjugate points.



Lemma 8. Let A = (xg,yo) be an arbitrary but fized point on L' 5. For every point
P on I'y g~ which is different from A and A, let g := AP and g := AP. Then the
mapping L4 : g — g 1s a line involution.

Proof. Tt is enough to show that there exists a point (, (called the center of the invo-
lution) on the line h : z = 0, such that the product of the distances between (, and
the intersections of g and g with h is constant.

y/\ T

sp

v

P

e sl et & 1 T T it

Figure 6: Line involution.

Since T =T + T = 0, with respect to T we have g : y = yo and g : * = x(, which
implies that (o = (0,v0). Now, let P = (z1,4;) be a point on I'y, g, which is different
from A, A, T, 0, and let g := AP and g := AP. Since P = (%, —yl), the slopes \p
and A\p of g and g, respectively, are

)\p:yl_yo and )\pzw.
1 — Xy —— — X

Thus, the distances sp and sp between (, and the intersections of g and g with A,
respectively, are

oo Tl —w0) g ol ye)

T — Xo o — YT1xg
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Now,
op.sp— L — w0l ty)ye 25—y
P (x1 — x0) (v — yo11) (x1 — x0) (v — yowy)

and using the fact that for i € {0,1}, y? = = + 3 + yx;, we obtain

SpSp=17"10,

which is independent of the particular point P = (z1,y1). q.e.d.

Since line involutions are invariant under projective transformations, as a conse-
quence of Lemma 8 we obtain the following

Fact 9. Let I be the cubic from Proposition 2 with two pairs of Schroeter points P, P =
T+P,Q,Q=T+Q, and let R be a point on T' such that RP, RP, RQ, RQ are four
different lines. Let S be a further point on T' and S =T + S. Then the lines s = RS
and 5 = RS are conjugate lines with respect to the line involution given by the lines

RP,RP,RQ, RQ (see Fig. 7).

Figure 7: Thin black lines: P=T+ P, Q =T+ Q, S =T + S. The red lines
s = RS and 5 = RS are conjugate lines with respect to the line involution given
by the green lines RP, RP, RQ, RQ.

Now we are ready to prove Proposition 6.

Proof of Proposition 6. First notice that S and S are distinct, since otherwise, S =
T+ S =S, which implies that T =5 -5 = 0.
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Assume that the line s intersects I' in a point U which is different from S and S.
Then U := T + U belongs to 5. If the line 5 intersects I in a point V which is different
from U, then, with respect to the involution given by the lines US, UP, US, UP, the
point V belongs to s. Hence, V = S, which shows that 5 is tangent to I' in S.

Now, assume that the line s intersects I' just in S and S. Then, the line s is tangent
to I' either in S or in S. We just consider the former case, the latter case is handled
similarly. Let P, (for n € IN) be a sequence of points on I' which are different from
S and which converges to S, i.e., lim, ., P, = S. Since for each n € IN we have
P, =T + P, (where P, := T + P), by continuity of addition we have lim,,_, P, = S.
For each n € N let t, := P,S. Then, for each n € N, ¢, = P,S. Since s is tangent
to [ in S, by continuity, on the one hand we have lim, _,., ¢, = s, and on the other

hand we have lim,, ,, t,, = s, which implies that 5 = s and shows that s is tangent to
['in S. q.e.d.

As a corollary of Proposition 6 and Lemma 4(a) we obtain the following:

Corollary 10. Let I' be the cubic from Proposition 2. Then we have:

(a) In each Schroeter point it is possible to construct the tangent by a line involution,
i.e., with a ruler construction.

(b) In addition to the Schroeter points on T' one can construct for each Schroeter pair
P, P the point P# P = P4 P € I' by ruler alone: These are the intersection
points of the tangents in P and in P.

Fig.8 shows a sample of Schroeter points and of intersection points of the corre-
sponding tangents.

A priori it might be possible that Schroeter’s construction does not yield all cubic
curves. However, the next theorem says that in fact all cubic curves carry Schroeter’s
construction.

Theorem 11. Let T be a non-singular cubic curve. Let A,B,C be three different
arbitrary points on I'. Then, there are points A, B,C on T such that D = AB A AB,
E = BCABC, F = CANACA are points on T' and so do all the points given by
Schroeter’s construction.

Proof. Choose A such that A# A = A# A and B := A# (A# B). In particular,
we have A# B = A# B, and, by Lemma 4, A# B = A# B and B# B = B # B.
Let C := B # (B# C). In particular, we have B # C = B # C, and, by Lemma 4,
B#C = B#C and C# C = C # C. It follows from Chasles’” Theorem 1 that
A4 C = A# C. From the above, we obtain by applying Proposition 2 with C' and C
exchanged, that A # C = A # C. Hence all points constructed from these points by
Schroeter’s construction lie on I'. q.e.d.
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Figure 8: Schroeter pairs P (red), P (blue), and intersection points P# P = P# P
of the corresponding tangents (green).

Remarks. Let I'y be the cubic curve passing through A, A, B, B, C,C, D, E, F, let
O be a point of inflection of T'y, and let Eq = (I'g, @, +) be the corresponding elliptic
curve.

(1)

If C, is a cyclic group of order n, then there is a point on I'y of order n (with
respect to Fp). This implies that if we choose the six starting points in a finite
subgroup of Ej, then Schroeter’s construction “closes” after finitely many steps
and we end up with just finitely many points. However, if our 6 starting points
are all rational and we obtain more than 16 points with Schroeter’s construction,
then, by Mazur’s Theorem, we obtain infinitely many rational points on the cubic
curve I'.

If the elliptic curve Ey has three points of order 2, then one of them, say 7', has
the property that for any point P on I'y we have P = P + T. In particular, we
have T = T 4+ T = 0. Furthermore, for the other two points of order 2, say S;
and Sy, we have S; = So+ T and S, = S5, + T, ie., S; = Ss.

If we choose another point of inflection &’ on the cubic curve I'y, we obtain
a different elliptic curve E{. In particular, we obtain different inverses of the

constructed points, even though the constructed points are exactly the same (see
Fig.9).
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F—A

Figure 9: A, A is a Schroeter pair, in particular A # A = A # A. With respect to
O, we get the points —A, —A, and the point 7= A— A = A — A of order 2. With
respect to ¢’, we get the points —A’, —A’, and the point 7/ = A — A’ = A — A’ of
order 2. The three points &, 0", 0" of inflection are collinear. The lines TT" and
00" meet in 0.

Example. Let A, A, B, B,C,C be six different starting points for Schroeter’s con-
struction such that no three points are co-linear. By a projective transformation, we
can move A — (0,0,1), A~ (0,1,0), B ~ (1,0,0), B ~ (1,1,1), C + (C,,C,, 1),
C +— (C,,Cy,1). Then, the corresponding cubic curve I' we obtain by Schroeter’s
construction is given by the following equation:

: oy’ —2*y+2°C,C,+ v (C.C, — Cp — Cy)

+ 2y (Cp + Cp — C,C, — C,Cy) — 2 C,Cy +y (C,Cy + CoCy — C,C,) =0
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4 Elliptic Curves with Torsion Group Z /27 x 7./87

As a first application of Schroeter’s construction we provide a new parametrisation
of elliptic curves with torsion group 7/27 x 7,/87. This parametrisation was the
nucleus of the characterisation of elliptic curves with torsion group Z/27 x 7Z/8Z and
positive rank given in [5]. For other new parametrisations—which are different to the
parametrisations given by Kubert [7] and Rabarison [11] - of elliptic curves with torsion
group Z/10Z, 7./127., and 7Z./147. obtained by Schroeter’s construction see [6].

Let Ty 0 y? = 2° + ax® + bz be a regular curve with torsion group Z/27Z x 7./87Z.
over Q. In homogeneous coordinates, the curve I', ;, becomes

I': Y2Z=X34aX?Z+0X2Z%.

Assume now that A = (:T%> :Tll’ 1) is a rational point on the cubic I', where ng, mq, ny, m;

are integers and ng # 0 # ny. Then the point (1,1, 1) is on the curve
nf 2 ng 3 ng y-2 n 2
NY2Z="0X" 4" X7 4 b X 22,
1 0 0
Now, by exchanging X and Z (i.e., (X,Y,Z) — (Z,Y, X)), de-homogenising with

respect to the third coordinate (i.e., (Z,Y, X) ()—Z(7 %, 1)), and multiplying with T:—E,
1

we obtain that the point A = (1,1) is on the curve

| PN y2x =a+ fxr+ 7x2 ,

where 3 2 2 2 2
RSP p=a: 2.2’ y=0- 2

Notice that since A = (1,1) is on 'y 5,, we have a + 3 + v = 1, and recall that if
A = B+ B for some rational point B on I', then ng and mg are perfect squares.

In homogeneous coordinates, the neutral element of I', 5, is ¢ = (0,1,0) and the
image under ® of the point (0,0,1) on 'y, is T = (1,0,0). With respect to the curve
o5+, we can compute the conjugate of a point by the following

Fact 12. Let P = (x1,y1) be a point on Iy p.. Then
_ a
P ().
YT
Proof. Let P = (x1,y1) be a point on I', g,. Then
a
yi = — + B+,
g

which implies that x, is a root of

(x —z1)(x - ya1 — ) |

Py + 28—y +a=

15



The other root is %, and hence, ( ~ ,yl) is a point on I', 5.,. Now, since P=T+P
and T = (1,0,0), we have P = (z3, —¥1), and therefore, P = (W1 —yl) q.e.d.

Let A be a rational point on [,y of order 4, and let B be such that B+ B = A.
Furthermore, let C = A + B, let T = (0,0), and let S be another rational point of
order 2. Finally, for a point P on Iy, define P, := S + P. Now, there is a rational
projective transformation ® which maps the point A to the point A = (1,1) and the
curve 'y to the curve I', g . Notice that since B+ B = A o is a square, say o = (§)2
for some ’; € Q.

Let T := ®&(T), B := ®(B), C := &(C), and S := ®(S). Then, for A, —A, A, ... we
obtain the following correspondence between these points on I'y, g, and the elements
of the group Z /27 x 7./87.:

7.)27. x 7./87  (0,0)  (0,1) (0,2)  (0,3) (0,4) (0,5 (0,6)  (0,7)

r % B A C T B A C

a,B,y

Lopny S B, A Cy S B A Cy

Z)2Z x Z/SZ  (1,0) (1,1) (L,2) (L3) (L4 (1,5 (L,6) (1,7

Let us now compute 7.

Lemma 13. v = «a.

Proof. First, notice that A = —A, and since A = (1,1) we have A = (%, —1). Thus,
% = 1 which implies o = 7. q.e.d.

By considering the points S and S, we obtain the following result.
Lemma 14. If a = (%)2 for g € Q, then there are r,s € N with (r,s) =1 such that
p==4rs and q=+(r*+s%).

Proof. Let « = v = u? and u = ]50- Since the y-coordinate of the points S and S
equals 0, for S = (z,0) we have u® + (1 — 2u?)z + u?z* = 0. Hence,

2u2 — 1+ 1 — 4u?

2u?

xr =
and since z € Q, we have 1 — 4u? = 0. Thus,

42 2_42
R A el Y

q? q?
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which implies ¢> — 4p? = ¢*> — (2p)? = . Since (p, q) = 1, there are some 7, s € IN with
(r,s) = 1 such that p = +rs and ¢ = £(r* + s?). q.e.d.

Using the fact that B # B = — A, we can show the following result.

Lemma 15. For p = +rs and q = +(r* + s*) we find m,n € N such that r = 2mn
and s = m? — n?.

Proof. First notice that B # B = —A and that —A = A = (1,1). Let B = (z2,12).
Then, since a =y, B = (é, —1s). Since B# B = —A, the points B, B, A are collinear,

which implies that
) + ]_

$2—1.

Y2 =
Now, since B is on the curve, we have

y§x2:a+(1—2a)x2+omg,

s2

2 .
and for o« = m we obtain

L ErP st s (r—s)Vr? + 82

To —
rs

So, since x5 € Q, we have r? + s? = [J, which implies that there are m,n € IN with

(m,n) = 1 such that r = 2mn and s = m? — n?. q.e.d.

Now, we are ready to give a parametrisation of elliptic curves with torsion group
7./27. x 7./87.

Theorem 16. Let > # 1 be a positive rational in lowest terms and let
a; = (2mn)* + (m? —n?)*, by = 2mn)*- (m? —n?)*.
Then the curve
Loy iy =2 +ay2® + by

is an elliptic curve with torsion group Z/27 x Z./8Z. Conversely, if Ty is a regular
elliptic curve with torsion group Z./27 x Z./8Z, then there exists a positive rational ™
such that T'qy is isomorphic to Iy, p, .

Proof. By construction, for any relatively prime positive integers m and n, the corre-
sponding elliptic curve I'y, 5, has torsion group Z/27 x Z./87Z.

On the other hand, if 'y 5 is an elliptic curve with torsion group 7/27 x 7./8Z., then
we find a rational point A on I'y; of order 4, and by construction we find relatively
prime positive integers m and n such that I',; is isomorphic to the curve I'y, 4, .

q.e.d.
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As a last remark we would like to mention that for any positive integers m and n we
have (m? —n?)? 4+ (2mn)* =0, i.e., for k = m? —n? and | = 2mn, (k,[) is a so-called
pythagorean pair. Now, in [5] it is shown that the corresponding elliptic curve 'y, s,
has positive rank over Q if and only if there exists a pythagorean pair (r, s) such that
(k* -7, [*-s) is a pythagorean pair.

5 Configurations on Elliptic Curves

In the complex projective plane, a generic elliptic curve has nine inflection points,
located in groups of three on a total of 12 lines. The nine inflection points and 12 lines
form the so-called Hesse configuration (94, 123): See Figure 10.

Figure 10: The Hesse configuration (94,123): A model of a finite affine plane.

Recall that a (py, ¢r) configuration consists of p points and ¢ lines in the real (or
complex) projective plane arranged in such a way that each of the p points is incident
to A lines, while each of the (-lines is incident to 7 points. As usual, we write (ny)
for a configuration of the type (ng,ny) (see [4] as a main reference for configurations).
Schroeter gave in [12] a proof that (n3) configurations can be realized in the real
projective plane for n > 9. His construction relies on properties of point sets on
cubic curves. Moreover, since all steps in his construction can be carried out with
ruler alone, the corresponding configurations can also be geometrically realized in the
rational plane.

As an application of Schroeter’s construction we provide now a few configurations
whose points belong to an elliptic curve.

To warm up, assume that A, A, B, B, C,C are six pairwise distinct points in the
real projective plane such that the three pairs of points A, A, B, B, C,C are the pairs
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of opposite vertices of the same complete quadrilateral. In other words, assume that
A, B,C; B,A,C; A, B,C; and B, A,C are collinear. Then the six points A, A, B, B,
C, C together with the four lines AC, AC, AC, AC is a (63,43) configuration. This
configuration we find on every elliptic curve I's which contains the torsion subgroup
7./67.. The following table and Figure 11 shows how we can assign the six points A, A,
B, B, C,C to the elements of the group Z/6Z:

7./67 0 1 2
T C=0 A B C

w

I
~
RN
S| o

oy
Sy

Figure 11: A (62,43) configuration on an elliptic curve Tg.

To construct a (124,163) configuration whose points are on an elliptic curve, we
start with an elliptic curve 'y, which contains the torsion subgroup 7/27 x 7Z./67Z.,
assign the six points A, A, B, B, C,C in a suitable way to the elements of the group
7,/27. x 7.]6Z (see the table below and Figure 12), and construct with Schroeter’s
construction with these six points the points D, D, E, E, and F, F:

Z)2Zx Z/6Z  (0,0)  (0,1) (0,2) (0,3) (0,4) (0,5)
Tovs D=6 A B D=T A B
Tovs F C E F C E

722 x 767 (1,0) (1,1) (1,2) (1,3) (1,4) (1,5)

Notice that A, A, B, B, D, D, as well as C,C, E,E, D, D, are the pairs of opposite
vertices of a complete quadrilateral. These two complete quadrilaterals consist of
10 points and 8 lines. Together with the 2 points F' and F, and the 4 lines AF,
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]

Figure 12: A (124, 163) configuration on an elliptic curve I'yxg.

AE, AE, AE, we obtain a (124,163) configuration where all 12 points belong to an
elliptic curve T'oyg. (124, 163) configurations have been discussed quite intensively in
the literature (see, e.g., [3,8,10] and the references therein), the more astonishing it is
how easily Schroeter’s construction yields this configuration on an elliptic curve.

As a further example of Schroeter’s construction, we construct a (24¢,483) config-
uration whose points are on an elliptic curve. In order to simplify the notation, we
introduce the following terminology: For 4 pairwise distinct points P, P, Q,Q, let
(P,Q:S) be an abbreviation for the construction of the two points S, S, where

S := PQ A PQ and S :=PQ A PQ.

Let I'y6 be an elliptic curve which contains the torsion subgroup Z /267, and let us
assign the points 0, T, A, A, B, B, C, C to the elements 0, 13, 2,15, 6,19, 8, 21, respec-
tively. Now, we carry out the following constructions in the given order:

1. (A,B:D) 2. (A,C:E) 3. (B,E:F) 4. (C,F:Q)
5. (A,G:H) 6. (F,H:J) 7. (D,J:K) 8. (H,K:L)
9. (C,L:M) 10. (B,K:M) 11. (E,J:M) 12. (D,G:L)
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All together, we have constructed 24 points (including the six points A, A, B, B, C, C):

7/26Z 2 4 6 8 10 12 14 16 18 20 22 24
I A F B C H J G E D L K M
Iy A F B C H J G FEF D L K M

Z/267Z 15 17 19 21 23 25 1 3 5 7 9 11

In addition, we have constructed 48 lines and each of the 24 points is incident to 6 lines,
while each of the 48-lines is incident to 3 points. Therefore, we have a (24¢,48;3)
configuration all whose points are on the elliptic curve I'yq. Notice that if we just
consider the 12 points A, B,C, ..., M and the 12 lines ABD, ACE, BEF, ... , DGL,
then we obtain a (123) configuration (i.e., a (123, 123) configuration), all whose points
are on the elliptic curve I'gg.
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