Solution of Riddle 12237

The Logic Coffee Circle*

Abstract

We solve the following riddle:

12237. Proposed by Donald E. Knuth, Stanford University, Stanford, CA. Let xo = 1 and
X1l = X+ Lxa’ ] forn > 0. What are the first 40 decimal digits of x,, whenn = 101009

1 Solution

We begin by calculating the first few elements of the sequence:

],‘0:1, il :2,...,.2310:11, 11 :13, $12:15,...,$23:37, .1324:39,

Tos = 42, xog =45, ...
We have that for all m € Ny
[z =m <= m3 <z<(m+1)%. (1)
For positive integers m define
$m = |{n € Nso | 2, = zp_1 + m}|.

Note that for n = Zinzl Sm we have ©, = x,—1 + 1 and x41 =z, + (I + 1).
Define g : N — R by

(m+ 1)? —m%

g(m) =
Note that by we have that

3

g(m) =1 < s, < g(m) + 1.

Now we want to find a suitable approximation of g(m). For this, we first consider
the following power series:

k=1
With this series and y := % we obtain
m+1)% —m¥% 1
g(m) : = Y =L (a+9¥ -1)
m e
10 %+35 %+1401 35 1 14 1
=—m3i+—mMm3i+ ——+-——F————F .
3 9 81 m3 243 ;3 T29m3
=:g1(m) =:R(m)

By definition of R(m), in particular since R(m) is an alternating series, for each

m € N we have 0 < R(m) < 2% 1. Moreover, we have
m 3

o e’}
35 1 35 35 17 1

0 R il _ 35 sy 35 1T 1
<mz::1 (m)<243m:1m§ o5 G <55 3 <3
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Therefore, we have that
g1(m) =1 < sy < g1(m) + 2

Now, we want to compute [y € N with
> 10100.

Tigro0 = Tygroo_1 + lp

In other words, we have to find the smallest lo € N such that > 7 _, s

For this, we first notice that
! 10~ 4 35 <~ 1 140 <~ 1
2 =gy 2y 2
o (54H( D 46317 4 osH )
1

Zm 1 mr-

m=1
-8l

where H'" is the I-th harmonic number of order r, defined by H, ),

Now, with the inequality
)+2) =2lp+ Z gi(m
m=1

1010 < Z Sm < Z g1 (m

and the help of Mathematica we find after a short search
lp > 6176697077 775135894 745 105 594 539 832 252 961 972

and with the inequality
lo
> s > Z (91(m =—lo+zg1 ) > 101
m=1 m=1

we find the same value for 5. Hence
lp =6176697077 775135894 745 105 594 539 832 252 961 972

Since g(m) — 1 < 8, < g(m) + 1, we have
lo lo lo 10 l (lo+1)
Tigr00 < msm < mg(m)—!—Zm = (lp+1)3 -1+ 5 =: A,
m=1 m=1 m=1
and analogously
lo—1 lo—1 o Il — 1
~>mo= 1 —1- 0(02 ) _. B,

lo—1
m=1

Tygloo > stm > ng

m=1

With Mathematica we see that the first 40 digits of A and B are the same, so

the first 40 digits of x1gi00 are
43236 87954 44259 51263 21573 91617 78825 77073
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