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Abstract. The aim of this note is to define and compare cardinalities in
Zermelo’s system of 1908 (without using the Axiom of Choice). The main tool to
compare cardinalities in Set Theory (with or without the Axiom of Choice) is the
Cantor-Bernstein Theorem. We shall present two different proofs of the Cantor-
Bernstein Theorem and shall give some historical background. In particular,
we shall see that this theorem was proved independently by Cantor, Dedekind,
Bernstein, Korselt, Zermelo, and Peano, but not by Schröder — even though it
is sometimes cited as Schröder-Bernstein Theorem.

1. Axiomatisations of Set Theory

In order to define the notion of cardinality in a formal way, we first need
some axioms. So, let us start by presenting a few axiomatic systems of
Set Theory.

In 1908, Zermelo published in [33] his first axiomatic system of Set Theory,
which we shall denote by ZC, consisting of the following seven axioms:

(a) Axiom der Bestimmtheit
which corresponds to the Axiom of Extensionality,
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(b) Axiom der Elementarmengen
which includes the Axiom of Empty Set as well as the Axiom of Pairing,

(c) Axiom der Aussonderung
which corresponds to the Axiom Schema of Separation,

(d) Axiom der Potenzmenge
which corresponds to the Axiom of Power Set,

(e) Axiom der Vereinigung
which corresponds to the Axiom of Union,

(f) Axiom der Auswahl
which corresponds to the Axiom of Choice,

(g) Axiom des Unendlichen
which corresponds to the Axiom of Infinity.

Zermelo’s system ZC without the Axiom of Choice (AC), which is ax-
iom (f) in the list, will be denoted by Z (i.e., Z = ZC − AC).

Some years later, in 1930, Zermelo presented in [34] his second axiomatic
system, which he called ZF-system, in which he incorporated ideas of
Fraenkel [11], Skolem [25], and von Neumann [27, 28, 29]. In fact, he
added the Axiom Schema of Replacement and the Axiom of Foundation
to his former system, cancelled the Axiom of Infinity (since he thought
that it does not belong to the general theory of sets), and did not mention
explicitly the Axiom of Choice (because of its different character and since
he considered it as a general logical principle, rather than an axiom of Set
Theory).

Zermelo’s second axiomatic system ZF together with the Axiom of Choice
is denoted by ZFC (i.e., ZFC = ZF + AC). The system ZFC is commonly
considered as the standard axiomatic system of Set Theory as well as for
Mathematics in general. (For Zermelo’s published work in Set Theory,
described and analysed in its historical context, we refer the reader to
Kanamori [17] and Ebbinghaus [10].)

2. The Notion of Cardinality

The notion of cardinality is surely one of the most fundamental concepts
in Set Theory. Cantor — who first discovered that there are infinite sets
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of different cardinalities — describes cardinalities as follows (cf. [5, §1] or
[7, p. 282 f.]):

The general concept which with the aid of our active intelligence re-

sults from a set M , when we abstract from the nature of its various

elements and from the order of their being given, we call the “power”

or “cardinality” of M .

This double abstraction suggests his notation “M ” for the cardinality of M .

Below we shall define cardinalities in a more formal way by following
Zermelo [33, §2]: We say that two sets A and B are equivalent, denoted
A∼B, if there exists a bijection between A and B. Notice that “being
equivalent” is indeed an equivalence relation (on the class of all sets).

Let us now define the cardinality of a set A, denoted by |A|. Firstly notice
that every set A corresponds to a unique collection {B : B ∼A}, denoted
by ¯̄A. Since every set B ∈ ¯̄A is equivalent to A, we could define |A| = ¯̄A.
However, ¯̄A is in general not a set. In fact, ¯̄A is a set only in the case when
A = ∅, otherwise, ¯̄A is a proper class. Thus, if we would like to define |A|
as a proper set, we would have to choose a unique member (or at least a
well-defined subset) from each collection ¯̄A; but this is not always possible
and depends on the axiomatic system of Set Theory we work with:

◮ If we work in Z, then we cannot do better than just define

|A| = ¯̄A

and accept that cardinalities are in general proper classes. This notion
of cardinality was used for example by Frege (cf. [12, 13]) and Russell
(cf. [21, p. 378] or [22, Section IX, p. 256]).

◮ If we work in ZF, then, using the cumulative hierarchy of sets Vα (for
ordinals α), we can define |A| as a set by stipulating

|A| =
{

B ∈ Vβ0
: B ∼A

}

,

where β0 is the least ordinal number for which there is a B ∈ Vβ0
such

that B ∼A.

◮ If we work in ZC or ZFC, then we can do even better by defining |A|
as follows:

|A| is the least ordinal number κ such that κ∼A.

Since ordinal numbers are well-ordered by ∈, in this case, |A| is a
well-defined ordinal number.
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Notice that no matter in which axiomatic system we are working, for any
sets A and B we have |A| = |B| iff A∼B, i.e., two sets have the same
cardinality if and only if they are equivalent.

If |A| = |B′| for some B′ ⊆ B, then we say that the cardinality of A is
less than or equal to the cardinality of B, denoted |A| 6 |B|. Notice that
|A| 6 |B| iff there is an injection (i.e., a one-to-one function) from A into
B. Furthermore, if |A| 6= |B| but |A| 6 |B|, then the cardinality of A is
said to be strictly smaller than the cardinality of B, denoted |A| < |B|.
Notice that the relation “6” is reflexive and transitive. Moreover, the
notation suggests that |A| 6 |B| and |B| 6 |A| implies |A| = |B|, which is
indeed the case and will be shown below.

An alternative way to compare cardinalities we get by replacing the injec-
tion from A into B (in the definition of |A| 6 |B|) with a surjection from
B onto A: Let us write |A| 6∗ |B| to denote that there is a surjection from
B onto A. Again, the notation suggests that |A| 6∗ |B| and |B| 6∗ |A|
implies |A| = |B|, but this is not the case, except we have some form of
the Axiom of Choice, i.e., this implication is neither provable in Z nor in
ZF (see for example Halbeisen and Shelah [14, Theorems 1 & 3]). On the
other hand, it is not hard to verify that the implications

|A| 6 |B| → |A| 6∗ |B| →
∣

∣P(A)
∣

∣ 6
∣

∣P(B)
∣

∣

where P(A) denotes the power set of A, are provable without the aid of
the Axiom of Choice, i.e., these implications are provable in ZF as well as
in Z.

Let us conclude this section by Cantor’s Theorem which implies that there
are arbitrarily large cardinalities — surely one of the most important re-
sults in Set Theory. In fact, Cantor’s Theorem states that the cardinality
of any set A is always strictly smaller than the cardinality of its power
set. When Cantor first proved that there is no bijection between the set of
natural numbers N and the set of real numbers R, where R is in fact equiv-
alent to P(N), he was using an argument with nested intervals (cf. [2, §2]
or [7, p. 117]), but later, he improved that technique and showed the fol-
lowing more general result (cf. [4] or [7, III. 8]).

Theorem 1 (Cantor's Theorem). For all sets A, |A| < |P(A)|.

Proof. — It is enough to show that there is an injection from A into
P(A), but there is no surjection from A onto P(A).
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Firstly, the function

f : A −→ P(A) : x 7−→ {x}

is obviously injective, and therefore we get |A| 6 |P(A)|.

Secondly, let g : A → P(A) be an arbitrary function. Consider the set

A′ =
{

x ∈ A : x /∈ g(x)
}

.

As a subset of A, the set A′ is an element of P(A). If there would be
an x0 ∈ A such that g(x0) = A′, then x0 ∈ A′ ↔ x0 /∈ g(x0), but since
g(x0) = A′, x0 /∈ g(x0) ↔ x0 /∈ A′. Thus, x0 ∈ A′ ↔ x0 /∈ A′, which is
obviously a contradiction and shows that g is not surjective. �

3. The Cantor-Bernstein Theorem

It is now time to discuss the main tool to compare cardinals — the so-called
Cantor-Bernstein Theorem.

Theorem 2 (Cantor-Bernstein Theorem). Let A and B be any sets.

If |A| 6 |B| and |B| 6 |A|, then |A| = |B|.

Below we shall give two different proofs of the Cantor-Bernstein Theorem,
where both proofs can be carried out in Z (i.e., the proofs do not use
the Axiom of Choice, the Axiom of Foundation, or the Axiom Schema of
Replacement), but first let us say a few words about the history of this
important result.

The Cantor-Bernstein Theorem, unfortunately also known as Schröder-
Bernstein Theorem, was first stated and proved by Cantor (cf. [3, VIII.4]
or [7, p. 413], and [5, §2, Satz B] or [7, p. 285]). In order to prove this
theorem, Cantor used the Trichotomy of Cardinals, which states that for
any sets A and B we have either |A| < |B|, or |A| = |B|, or |A| > |B|.
In 1895, Cantor [5, §2] asserted the Trichotomy of Cardinals without proof,
and in a letter of 28 July 1899 (cf. [7, pp. 443–447]) he wrote to Dedekind
that the Trichotomy of Cardinals follows from the Well-Ordering Princi-
ple. In fact, in 1915 Hartogs [15] showed that Trichotomy of Cardinals
is even equivalent to the Well-Ordering Principle, and consequently to
the Axiom of Choice (cf. Moore [19, p. 10], Cantor [7, p. 351, Anm. 2],
and Zermelo [31, 32]). As a matter of fact we would like to mention
that — according to Sierpinski [24, p. 99 f.] — Leśniewski showed that
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Trichotomy of Cardinals is equivalent to the statement that for any two
disjoint sets A and B, where at least one of these sets is infinite, we always
have |A ∪ B| = |A| or |A ∪ B| = |B|.

An alternative proof of the Cantor-Bernstein Theorem, avoiding any form
of the Axiom of Choice, was found by Bernstein, who was initially a stu-
dent of Cantor’s. Bernstein presented his proof around Easter 1897 in
one of Cantor’s seminars in Halle, and the result was published in 1898
in Borel [1, p. 103–106]. About the same time, Schröder gave a similar
proof in [23] (submitted May 1896), but unfortunately, Schröder’s proof
was flawed by an irreparable error. While other mathematicians regarded
his proof as correct, Korselt wrote to Schröder about the error in 1902. In
his reply, Schröder admitted his mistake which he had already found some
time ago but did not have the opportunity to make public. A few weeks
later, Korselt submitted the paper [18] — which appeared almost a decade
later — with a proof of the Cantor-Bernstein Theorem which is quite dif-
ferent to the one given by Bernstein. A proof of the Cantor-Bernstein
Theorem, similar to Korselt’s proof, was found in 1906 independently by
Peano [20] (cf. [33, footnote p. 272 f.]) and Zermelo [33, §2] — who called
it Äquivalenzsatz.

However, they could not know that they had just rediscovered the proof
that had already been obtained twice by Dedekind in 1887 and 1897, since
Dedekind’s proof — in a slightly different terminology given below — was
not published until 1932 (see [9, LXII & Erl. p. 448] and [7, p. 449]).

Below we shall present two proofs of Cantor-Bernstein Theorem, first we
give Dedekind’s proof and then we sketch out Bernstein’s proof.

3.1. Dedekind's Proof

The crucial point in Dedekind’s proof is the following Lemma — whose
proof uses what Dedeking called Kettentheorie (i.e., concept of chains)
which he developed in [8].

Lemma 3. Let A0, A1, A be sets such that A0 ⊆ A1 ⊆ A. If |A| = |A0|,
then |A| = |A1|.

Proof. — If A1 = A or A1 = A0, then the statement is trivial. So,
let us assume that A0  A1  A and let C = A \ A1, i.e., A \ C = A1.
Further, let f : A → A0 be a bijection and define g : P(A) → P(A0) by
stipulating g(D) := f [D], where f [D] :=

{

f(x) : x ∈ D
}

.
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In Z we can construct a function z0 : ω → P(A) such that z0(0) = C and
for all n ∈ ω we have z0(n + 1) = f

[

z0(n)
]

. Now, let

C̄ =
⋃

{

z0(n) : n ∈ ω
}

and define the function f̃ : A → A by stipulating

f̃(x) =

{

f(x) x ∈ C̄,

x otherwise.

By definition of f̃ and since f is a bijection which maps C into A0, f̃ [C̄] =
C̄ \ C. Moreover, the function f̃ is injective. To see this, let x, y ∈ A be
distinct and consider the following three cases:

(a) If x, y ∈ C̄, then f̃(x) = f(x) and f̃(y) = f(y), and since f is injective
we get f̃(x) 6= f̃(y).

(b) If x, y ∈ A \ C̄ are distinct, then f̃(x) = x and f̃(y) = y, and hence,
f̃(x) 6= f̃(y).

(c) If x ∈ C̄ and y ∈ A \ C̄, then f̃(x) = f(x) ∈ C̄ and f̃(y) = y /∈ C̄, and
therefore, f̃(x) 6= f̃(y).

We already know that f̃ [C̄] = C̄ \C and by definition we have f̃ [A \ C̄] =
A \ C̄. Hence,

f̃ [A] = (A \ C̄) ∪̇ (C̄ \ C) = A \ C = A1

which shows that |A| = |A1|. �

Proof of Cantor-Bernstein Theorem. — Let f : A →֒ B be an injection
from A into B, and g : B →֒ A be an injection from B into A. Further,
let A0 := (g ◦ f)[A] and A1 := g[B]. Then |A0| = |A| and A0 ⊆ A1 ⊆ A,
hence, by Lemma 3, |A| = |A1|, and since |A1| = |B| we have |A| = |B|.

�

3.2. Bernstein's Proof

Below we sketch out Bernstein’s proof of the Cantor-Bernstein Theorem
as it was published by Borel in [1, p. 104 ff.] (see also Hausdorff [16,
Kap. III, Satz I]): Let A and B be two arbitrary sets and let f : A →֒ B
and g : B →֒ A two injections. Further, let A0 := A, B0 := g[B], and
for n ∈ ω let An+1 := (g ◦ f)[An] and Bn+1 := (g ◦ f)[Bn]; finally let
D :=

⋂

n∈ω An.
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We get the following picture:
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It is not hard to verify that the sets An and Bn have the following prop-
erties:

(a) A0 = D ∪ (A0 \ B0) ∪ (B0 \ A1) ∪ (A1 \ B1) ∪ (B1 \ A2) ∪ . . .

(b) B0 = D ∪ (B0 \ A1) ∪ (A1 \ B1) ∪ (B1 \ A2) ∪ (A2 \ B2) ∪ . . .

(c) For all n ∈ ω, |An \ Bn| = |An+1 \ Bn+1|.

Since the sets (An \Bn), (Bn \An+1), and D, are pairwise disjoint, by (c),
and by regrouping the representation of B0 in (b), we get

|B0| = |D ∪ (A0 \ B0) ∪ (B0 \ A1) ∪ (A1 \ B1) ∪ . . . | = |A0| ,

i.e., |A| = |B|, which completes the proof. �
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