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ABSTRACT

Let R = (R,+, -) be a ring. Then Z C R is called spanning if the R-module
generated by Z is equal to the ring R. A spanning set Z C R is called smallest
if there is no spanning set of smaller cardinality than Z. It will be shown that
the cardinality of a smallest spanning set of a ring R is not always decidable. In
particular, a ring R = (R, +, -) will be constructed such that the cardinality of a
smallest spanning set Z C R depends on the underlying set theoretic model.

0. DEFINITIONS AND TERMINOLOGY

Set theoretic notations. For a set x let || denotes the cardinality of the set x, which
is the least ordinal number « such that there exists a bijection between z and a. The
least infinite ordinal number is denoted by w = {0,1,2,...}. Let ¢ := |P(w)]|, where P(w)
denotes the power-set of w. Further, let Ry := |w| and for n € w let N, be the least cardinal
number which is strictly greater than XN,,. In particular, ¥; is the least uncountable cardinal
number. Recall that the statement X; = ¢ is equivalent to the Continuum Hypothesis which
is not decidable in ZFC, i.e., in Zermelo-Fraenkel Set Theory with the Axiom of Choice.

Spanning sets. Let R = (R, +, -) be a ring. We say that a set Z C R is a spanning set
of R, if for all » € R there is an n € w and z2g,...,2,_1 € Z such that r = ?:_01 ri z; (for
some 7; € R). As usual, for n = 0 let Z?:_Ol r; z; = 0, where 0 € R denotes the neutral

element with respect to addition.

In other words, a set Z C R is a spanning set of R if the left R-module generated by Z
is equal to the ring R.

A spanning set Z C R of R is called smallest if there is no spanning set of R of smaller
cardinality than Z.
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The results. It will be shown that the cardinality of a smallest spanning set of a ring R is
not always decidable. In other words, there is a ring R = (R, +, - ) such that the cardinality
of a smallest spanning set Z C R of R depends on the underlying set theoretic model. In
particular, we will construct a ring R = (R, +, -) and show that for a smallest spanning
set Z C R there are models of ZFC in which we can have the following: ¥y = |Z] = «,
Ny =[Z|<e, Ny <|Z|=¢,and ¥y < |Z] <.

1. THE RING Ry

Let [w]“ be the set of all infinite subsets of w. In the sequel, let U C [w]“ be an arbitrary
but fixed non-principal ultrafilter over w, i.e., for any z,y € U, x Ny € U; if x € U and
x C y, then y € U; for all z € [w]*, either z € U or w\ & € U. Let “w be the set of all
functions from w to w. On “w define the following equivalence relation:

f %g < Tz eUVnex(f(n)=gn).
For f € “wlet [f]:={f €“w: [’ 4 f}; and for f,g € “w let

f<ug <= 3JweUV¥neaz(f(n) <gn),
and let

fug = [fl=lgor f<ug,

Notice that the relation ‘<z’ is a total order on the equivalence classes of “w. Indeed, for any
f,9 € “w consider the partition of w into the three pairwise disjoint sets {n : f(n) < g(n)},
{n: f(n)=g(n)} and {n: f(n) > g(n)}. Since U is an ultrafilter, exactly one of these sets

belongs to U, and therefore f <y g or [f] = [g] or g <y f. So, for f,g € “w let us define
the operation ‘x’ as follows:

f*g:{f if f <u g,

g otherwise.

Now, we define the ring Ryy = (R, +, - ) as follows: Let S = (S, +, - ) be any unital ring. The
set R consists of all elements of the form Z?:_ol a; (s, where n € w and for all 0 < i <n—1:
a; € S and f; € “w. Further, for ax(g, o’ vy, bayg € R, where [f] # [g], let
ax + a Tp) = (a + a') zif)
azyy) - a @ = (a-a)ayy,
az(y + bz = az( + by,
az) - by = (a- b)afug) -

Before we can start investigating the cardinality of smallest spanning sets of Ry, we have
to give some facts about bounding and dominating numbers.

2. BOUNDING AND DOMINATING NUMBERS

Let F C [w]¥ be an arbitrary filter over w which contains all co-finite sets. With respect
to F define the cardinal numbers br and 0r as follows:
br =min{|F|: F C“wand Vg € “w3f € F(f £r 9)},
dr=min{|F|: F C*“wand Vg € “w3f € F(g<r f)}.
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Notice that if F is not an ultrafilter, then the relation ‘<’ is just a partial order on “w. If
F is the filter of all co-finite sets, then we write b and 0 instead of b and 0 respectively. It
is easy to see that for any filter F which contains all co-finite sets we have b < br < 0r < 0.
In particular, if b =0, then b = br. Further, it is also easy to see that Xy < b <9 <¢. On
the other hand, by the following fact this is all one can prove in ZFC (see for example [1,
Theorem 5.1]).

FacT. Each of the following statements is consistent with ZFC:

(1) leb:b:c
(2) Ny=b=0<c¢
BNy <b=02=c¢
4Ry <b=0<c

3. THE CARDINALITY OF SMALLEST SPANNING SETS OF Ry,

Combining the previous observations we get the following.

THEOREM. Let Z C R be a smallest spanning set of the ring Ry = (R, +, -). Then there
are models of set theory in which we can have the following:

(1) Ny =12 =¢
(2) Ny =172 <¢
B) Ny <|Z]=¢
4) ¥ <|Z]<c
Proof. Let Z C R be a smallest spanning set of Ry;. Then without loss of generality we

may assume that Z = {1z(;,) : ¢+ < K}, where & is a cardinal and 1 is the unit of S. Let us
first show that |Z| = dy:

Take any g € “w and consider x[,. Since Z is a spanning set of Ry, there must be an
element r € R and some lxz[;) € Z such that 1z, = rz[y, which implies that g <y f.
Hence, for every g € “w there must be an element 1z(s € Z with g <y f, and therefore,
1Z| > ou.

Now, let ' C “w be such that |F| =9y and Vg € “w3f € F(g <y f), and let Z = {1 :

f € F}. Take any non-zero r € R. Then r = Z?:_ol a; T[4, where n is a positive integer.
By the definition of F', there is a function f € F such that g; <y f (for all 0 <i <n —1).
Thus, r = r - 1z[y), which proves that Z is a spanning set of Ry,.

So, if Z C R is a smallest spanning set of Ry, then |Z| = 9. Now, if b = 0, then,
since b < 0y < 0, this implies o = 0y, and as a consequence we get that if Z C R is a
smallest spanning set of Ry, then |Z| = 0. Hence, by the fact mentioned before, each of
the following statements is consistent with ZFC: X} = |Z] =¢, X} = |Z] < ¢, N} < |Z] =,
and N; < |Z]| < c. —

4. GENERATING SETS OF RINGS

There are at least two kinds of sets generating a ring R = (R,+, -) we can think of,
namely subsets of R generating R as a ring and subsets of R generating R as a left R-
module, which we called spanning sets. Let us call the former sets just generating sets.
Further, instead of smallest generating or spanning sets, we can look for minimal generating
or spanning sets (minimal in the sense that the generating / spanning set does not properly
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contain any other generating / spanning set). So far, we just considered smallest spanning
sets of a ring. Thus, let us say a few words about the other cases.

It is quite obvious that each ring contains a smallest generating set as well as a smallest
spanning set. On the other hand, for example Ry with S = Z does not have a minimal
spanning set, but it has a minimal generating set, namely {1w[f] : f € “’w}. It is also
easy to see that generating sets are also spanning sets, and therefore, the cardinality of
a smallest generating set is always greater than or equal to the cardinality of a smallest
spanning set. Further, by using the techniques of [2], one can show that any two infinite
minimal generating sets must have the same cardinality, namely the cardinality of the ring
itself. Moreover, any two infinite minimal spanning sets have the same cardinality:

PRrOPOSITION. Let X, Y C R be two infinite minimal spanning sets of some ring R =
(R7+> ')7 then |X| = |Y|

Proof. For any set S C R, let (S) be the linear span of S and let [S]<“ be the set of all
finite subsets of S. Since Y C R is a spanning set, for every x € X there exists a finite set
I, CY such that z € (I;). So, let us define ¢ : X — [Y]<¥ such that z € (p(z)). Now,
since X is a minimal spanning set of R, the function ¢ is finite-to-one, which implies that
| X| < No - |[[Y]=¥|. Further, since Y is infinite, we have Rg - |[Y]<%| = R¢ - [Y] = |Y|, and
therefore we get | X| < |Y|. Thus, by interchanging X and Y, we finally have | X| = |Y|. -

REFERENCES

[1] EriK K. VAN DOUWEN: The integers and topology, in Handbook of set-theoretic topology (K. Kunen
and J. E. Vaughan, eds.), North-Holland, Amsterdam, 1990, pp. 111-167.

[2] LORENZ HALBEISEN AND NORBERT HUNGERBUHLER: The cardinality of Hamel bases of Banach spaces,
East-West Journal of Mathematics, vol. 2 (2000), 153-159.



