ELLIPTIC PARAMETRICES IN THE 0-CALCULUS OF MAZZEO AND
MELROSE

PETER HINTZ

ABSTRACT. We present a detailed construction of parametrices for fully elliptic uniformly
degenerate differential or pseudodifferential operators on manifolds X with boundary.
Following the original work by Mazzeo—Melrose on the 0-calculus, the parametrices are
shown to have (polyhomogeneous) conormal Schwartz kernels on the 0-double space, which
is a resolution of X2. The extended 0-double space introduced by Lauter plays a useful
role in the construction.

1. INTRODUCTION

In this note, we present complete details for the construction of elliptic parametrices in the
0-calculus. The reader is assumed to have some basic familiarity with blow-up constructions
and polyhomogeneous conormal distributions; we refer the reader to [Mel92, Gri01, Mel96],
[Maz91, §2A], and further references throughout the paper for the relevant background.

Let n > 1, and let X be a smooth n-dimensional manifold with boundary 90X # (.
Following Mazzeo—Melrose [MM87], the Lie algebra of uniformly degenerate vector fields
(or O-vector fields) is defined as

Vo(X) = {V e V(X): V =0 at 90X},

where V(X) = C*(X;TX) is the space of smooth vector fields. In local coordinates > 0
and y € R" ! near a point in 0X, 0-vector fields are linear combinations of x0, and 20y,
(j =1,...,n — 1) with smooth coefficients. For m € N, the space Diff§’(X) of uniformly
degenerate differential operators consists of all m-th order operators which are locally finite
sums of up to m-fold compositions of 0-vector fields; in local coordinates, P € Diffg'(X)
thus takes the form
P= S piale,y)(@D,) (zD,)°
Jtlal<m
with smooth pj,.

The spectral family Agrn — A\, A € C, of the Laplace operator on the Poincaré disc
model of hyperbolic n-space H" is an example of an elliptic element of Diff3(X) where X
is the closed unit ball (the conformal compactification of the Poincaré disc). Indeed, in
suitable local coordinates x > 0, y € R"~! corresponding to the upper half plane model of
hyperbolic space, one has Agn — A = (xD,)? +i(n — 1)z D, + Z;”:_ll (zD,;)? — \. Writing
A = ((n —1— (), Mazzeo-Melrose [MM87] study the meromorphic continuation of the
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resolvent (A, —((n—1—¢))~! in ¢ from Re ¢ > 1 for asymptotically hyperbolic metrics g on
compact manifolds X with boundary; these are suitable variable coefficient generalizations
of the exact hyperbolic metric. The core of [MMS87] is the development of a calculus of
0O-pseudodifferential operators in which rather precise approximate parametrices (or exact
inverses if they exist) of the spectral family can be constructed.

The spectral family of asymptotically hyperbolic Laplacians features prominently in re-
cent works on the asymptotic behavior of solutions of the wave equation on spacetimes
equipped with suitable asymptotically Minkowskian metrics, such as the Lorentzian scat-
tering metrics of [BVW15, BVW18]. Roughly speaking, when foliating the cone ¢ > r in an
asymptotically Minkowski spacetime by the hyperboloidal level sets of s = (t* — r2)1/ 2 the
wave operator is, approximately, conformally related to the wave operator on the hyper-
bolic space obtained by restricting a rescaling of the spacetime metric to s = sg and letting
so /* 00. On exact (n+ 1)-dimensional Minkowski space, the wave operator is indeed equal
to s 2(—(sDs)% 4 i(n — 1)sDs + Agn). Upon passing to the Mellin transform in s, the
properties of the spectral family (in particular the location of its resonances) determine the
asymptotic behavior of waves in the forward light cone. In the works [BVW15, BVW18],
a direct analysis of the asymptotically hyperbolic resolvent can be avoided since the space-
times of interest have a global approximate dilation-invariance in (¢,r), including near the
light cone t = r. On the other hand, on asymptotically flat spacetimes that arise in the con-
text of Einstein’s vacuum equations in general relativity, dilation-invariance fails near the
light cone, and a direct analysis of a hyperbolic resolvent becomes necessary when studying
wave asymptotics in ¢ > r. In [HV20], following [Vasl3, Vasl4], this was accomplished,
in the context of a carefully designed (near the light cone) wave equation on symmetric
2-tensors, via an extension across the conformal boundary; see [Zwol6], [DZ19, §5], and
[Zwol7, §3] for detailed accounts of this procedure, and for some historical context of scat-
tering theory on (asymptotically) hyperbolic manifolds. The present note arose out of the
desire to relax the requirements on the wave equation near the light cone, in which case an
extension across the boundary can no longer be performed; this is used in ongoing work on
the analysis of the Einstein equation on asymptotically flat spacetimes, including Kerr and
Schwarzschild spacetimes.

In this paper, we revisit the construction of parametrices for arbitrary fully elliptic 0-
(pseudo-)differential operators; these notions will be defined below. Elements of the con-
struction of parametrices for edge differential operators—which generalize 0-differential
operators—were given by Mazzeo [Maz91]. As we will discuss below, Albin [Alb08] de-
scribed the 0-pseudodifferential case in some detail, and Lauter [Lau03] constructed rough
parametrices in this generality as well. The detailed construction of a parametrix with
a polyhomogeneous conormal Schwartz kernel in the present note requires a number of
technical ingredients which appear here for the first time.

We now return to the general setup. The space Vy(X) is equal to the space C*°(X; T X)
of smooth sections of the 0-tangent bundle °TX — X in local coordinates = > 0, y € R"~!
as above, a local frame for °T'X is given by the vector fields x0,, 0y (j=1,...,n—1).

Denote by °Q*X — X the corresponding bundle of a-densities, with local frame given by

‘di dy o = ‘didyl---dy”*1|a
xz zn—1l Tl zn—1 :
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With diaggxy = {(p,p): p € 0X} C X denoting the boundary diagonal, the 0-double
space is defined as the real blow-up

X§ = [X? diagyy].

The boundary hypersurfaces of X2 are denoted Ib (the lift of X x X), rb (the lift of
X x0X) and ff (the front face). The lift of the diagonal diagy C X to Xg is the 0-diagonal

diag, := diagy \ diagyy C Xg;

it is a p-submanifold, i.e. given in suitable local coordinates on X2 by the vanishing of
a subset of the coordinates. (See [Maz91, §2A] and [Mel96, §1.7] for further details on
p-submanifolds.) See Figure 1.1.

diagy

FIGURE 1.1. The 0-double space Xg in a local coordinate chart z,y,x’, vy
with ¢ fixed and suppressed, see also the notation in §2.2. The boundary
diagonal which was blown up here is (z,y,2’,9") = (0,4/,0,7).

Schwartz kernels of 0-vector fields, or more generally of elements of Diff§*(X), lift to
distributional right densities on X2 which are conormal to diag, smoothly (up to a weight
factor) down to ffo; in fact, they are sums of differentiated é-distributions supported at
diag,. Conversely, any such distribution is the Schwartz kernel of a 0-differential operator,
as follows from the fact that the lift of Vo(X) to the left factor of X2 and then to X7 is
transversal to diag, see [MMS87, (4.15)]. This fact also implies that one can identify

N*diag, = °T*X. (1.1)
Definition 1.1 (0-pseudodifferential operators). Define the kernel density bundle
KDy := 73 ("2 X) ® 75(°Q2 X), (1.2)

where 77, and 7r: X§ — X are the lifts of the left and right projections (p,q) + p and
(p,q) — q. Then the space of 0-pseudodifferential operators (acting on O—%-densities, ie.

uniformly degenerate %-densities, on X) is defined on the level of Schwartz kernels as
UIM(X: 002 X) = {k € I™(X2, diagy; KDg): k = 0 at Ib Uth}.

Here, ‘= 0’ means vanishing in Taylor series, and I"™ is the space of conormal distributions
of order m.
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In view of (1.1), the principal symbol map for 0-ps.d.o.s fits into the short exact sequence!

0 — =0 X) > W (X: 008 X) 22 (5757 (0T X) > 0.

An operator P € V' (X; 003 X ) is elliptic (in the symbolic sense) if its principal symbol
O™ (P) is elliptic. In order for P to be Fredholm on weighted function spaces, a further
assumption on its behavior at X is needed; we proceed to introduce the relevant objects

in the case that P € Diffj*(X; OQ%X) is a differential operator. In local coordinates, and

fixing a trivialization of 002 X (e.g. using the section |%’x3gl \%), we can write P as
P= Z a;jg(x,y)(xDy) (xD,)P. (1.3)

JHIBIEm
(Its principal symbol is 3. 5, a;g(z,y)&nP, where (&,1) € OT(*I y)X.) Freezing the
coefficients of P at (0,y0) € 0X (which gives the normal operator) and then exploiting the

translation-invariance in y of the resulting operator by passing to the Fourier transform in
y gives the transformed normal operator

N(P,yo,7) = > a;s(0,50)(ZDz) (&7)". (1.4)
J+BI<m

We use Z here instead of = as we consider N (P, yg,7) as acting on a model space [0, 00);.
The scaling invariance (z,7) — (AZ,7n/A) for A > 0 of the operator (1.4) can be further
exploited by passing to the reduced normal operator

N(Pyo, ) = > ajp(0,50)tD) (t7)?,  t=2ilil, 7=
J+IBI<m

‘51

o (1.5)

On the compactified positive half line [0, 00]; (i.e. using T' = ¢! as a defining function of
00), this is a weighted b-scattering differential operator,

N(P,yo, ) € Diffy "™ ([0, ). (1.6)

b,sc

<

Here Diffglég’r)([(), o0]) is the space of smooth coefficient m-th order differential operators

A on (0,00) so that on [0,00), the operator t'A is a b-differential operator [Mel93], i.e.
tA = > itoa;(t)(t0r)’ with a; € C*([0,00)), while on (0, ool = [0, c0)r, the operator 7" A
is a scattering differential operator [Mel94], i.e. T"A = 377" b (T)(T 20r)7. The operator
N(P,yo,7) in (1.6) depends smoothly on (yg,7) € R"! x "2 (which can be identified
with S*0X, if desired, upon fixing a collar neighborhood of X and choosing a Riemannian
metric on X). Moreover, the operator (1.6) is elliptic, including in the sense of decay at
T = 0.2 Any tempered element in its nullspace is thus automatically smooth in (0, 00) and
Schwartz as t — oo.

IThe principal symbol is valued in the bundle Qgpe(N* diagy) ® (KDo)|diag,, where Qgper(IN* diag,)
is the bundle of translation-invariant densities along each fiber of N* diag,. In view of (1.1), we have a
natural isomorphism Qgper (V™ diagy) = Qﬁber(OT*X). Since T X = N diag,, we can moreover identify
1 1
(KDo)|diag, = OQ%(X) ® Q2. (°TX). Altogether then, the principal symbol is valued in Q2 (°T*X) ®
0032 (X), which has a canonical nonvanishing section given by the symplectic form.
2InT < 1, one has
T"N(Pyo,n) = > a;5(0,y0)7" D mod TDiffL™*([0,1)7) (D =—T°Dr),
J+|Bl=m
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Near ¢t = 0 on the other hand, the behavior of tempered elements of the kernel of the
Fuchsian operator N (P,yp,7) is controlled by its indicial operator (or b-normal operator)

I(P,yo) Z a;o(0,y0) (t D)’

j<m

and, via the Mellin transform in ¢, by the indicial family

I(P,yg,0) ZaQOOyoa, oeC.

i<m

(Note that the leading order coefficient a,,0(0,yo) is nonzero.) As reflected in the notation,
I(P,yo) and I(P,yg,0) do not depend on 7. At each yy € 90X, we define the boundary
spectrum by

Specy, (P, o) := {(2,k) € C x Ng: I(P,y0,0)"" has a pole at 0 = —iz of order > k +1}.
(1.7)
Elements in the nullspace of N (P,y0,m) have asymptotic expansions at ¢ = 0 involving
terms® ¢*(logt)* for (z,k) € Spec,(P,yo) (as well as further terms with z increased by
integers, and possibly larger k arising from integer coincidences, i.e. from the existence of
(21,0) and (22,0) € Specy, (P, yo) with zo — z1 € Z\ {0}).

In §2, we will discuss the definitions of the (reduced) normal operator and indicial opera-
tor/family and boundary spectrum for pseudodifferential operators P € Ug'(X; 003 X ). In
particular, in this generality N (P, yo,7) € \I/gfégo’m) ([0, oo]; bOs [0, ¢]) is an elliptic weighted
b-scattering-pseudodifferential operator.

Definition 1.2 (Invertibility of the reduced normal operator). Let o € R, and let P €
@BR(X;OQ%X) be an operator with elliptic principal symbol. We say that N(P, Yo, 1) is
invertible at the weight o if the following three conditions hold:

(1) o # Rez for all (z, k) € Specy,(P, o).

(2) If u € t*L2([0, 00]; |4|) solves N(P,yo,7)u = 0, then u = 0.

(3) If v € t=*L2([0, oc]; |4L]) solves N(P,yo,7)*v = 0, then v = 0. Here, the adjoint is
defined with respect to the volume density |%|, or more generally with respect to
any polynomially weighted (at infinity) b-volume density a(t)(1 + t)_w|%| where
0<aeC>®(0,00]), weR.

If N(P, Yo, 7) is invertible at the weight « for all yg, 7, then we say that P is fully elliptic
at the weight «.

Remark 1.3 (Invertibility as an operator between Sobolev spaces). The invertibility at the
weight o can be phrased slightly more naturally as the invertibility of N(P,yo,7) acting
between suitable weighted b-scattering-Sobolev spaces,

t _
NPy, i) 5 (10,00]) = (1) (64 1) e ([0, 00ks | ) = #1507~ (0, 0],
(1.8)
which due to the (symbolic) ellipticity of P shows that N(P,yo,7) is indeed fully elliptic as a weighted

scattering differential operator.
3The introduction of the factor i in (1.7) eliminates a factor of ¢ here.
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for any s,r € R. Here, for s € Ny, the space H§7SC([0,oo];|%]) consists of all u €
L?((0, 00); |%|) so that Au € L?((0,00); |%|) for all A € Diff} ..([0,00]). (It suffices to
require this for A = (t%at)%) For general s € R, Hy ([0, oc]; |9£]) can be defined using
interpolation and duality. By ellipticity, the invertibility of (1.8) is independent of the
choice of s, r; see (the proof of) Proposition 3.1.

In order to state the main result, we need to introduce the large 0-calculus. Recall
first that an index set is a subset £ C C x Ny with the property that (z,k) € £ implies
(z+1,k) € £ and (when k& > 1) (2,k — 1) € &, and so that moreover for any C' the set
{(2,k) € £: Rez < C} is finite.? Recall moreover that spaces of polyhomogeneous conormal
distributions are local, and it suffices to define the space Aéi{g’""g’“) ([0,00)% x RP=F) for index
sets &1,...,& € C x Ny. This space can be defined by induction over k [Mel96, §4.13], and

consists of distributions which at #1 = 0 are asymptotic sums of terms 7 (log x1)*a, x (2, ),
(2,k) € &1, o' = (22, ..., xy), where the a, j themselves lie in Afi%g’“"gk)([o, oo)kt x RZ"“);
similarly at all other boundary hypersurfaces x; = 0. In the interior of a manifold with
corners, (polyhomogeneous) conormal distributions are required to be smooth.

Definition 1.4 (Full O-calculus). For a collection & = (&, &g, Ep) of index sets &, Ex,
&b C C x Ny, we define the space of residual operators

U, " (X) = A5, (X3 KDo),

with the index set £y associated with the boundary hypersurface H C X02. More generally
for m € RU {—o0}, put

W (X) 1= ARy, I™(X3, diago; KD),
i.e. where the conormal distribution to diag, has coefficients which are polyhomogeneous
down to ff with index set &t. For & = (&y,&1), we moreover define the space of fully
restdual operators

U8 (X) == A5 (X% KDy),
with the index set &y, resp. & associated with the boundary hypersurface X x X, resp.
X x0X of X x X.

Recall also that the sum and extended union of two index sets £, F are defined as
E+F :={(z1+ 22, k1 + ka): (21,k1) € E, (22,k2) € F},
EUF =EUFU{(z,k1+ka+1): (z,k1) €E, (2,k2) € F}.
We moreover set €+ 7 =E+{(5',0): j/ € No, 5/ > j}. With this setup, our main result is:
Theorem 1.5 (Fully elliptic 0-ps.d.o.s). Let P € V7' (X; OQ%X) be fully elliptic at the

weight o, and assume that Spec, (P,yo) is independent of yo € 0X; put Spec,(P) :=
Specy, (P, yo). Denote by £+ C C x Ny the smallest index sets® with

E+ D A{(z,k): (2,k) € Spec,(P), Rez > a},

1.9
E_DA{(—=zk): (2,k) € Spec,,(P), Rez < a}. (1.9)
40ther conventions, with factors of £ in the first component, are also frequently used in the literature.
Our present convention is chosen to match (1.7).
5The existence of these index sets is proved in Corollary 2.16.
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(Thus Re&y > o, i.e. Rez > « for all (2, k:) €&y, andRef_ > a) Seté’i(O) =&+ and
Ei( /) —EiU(Si(]—l)—i—l) forj = 1 2,3,..., and let & = UiZo Ei( ). Define similarly

€ = ELU(E +1)0---, and put € == E.0(Ex +1), £F == NoU(Ex + &, + (n — 1)).
Then there exist parametrices

Coo(Er.E= i (n
Q c \Ijam(X,OQ%X) + \IIO Oov(nggff EL+(n 1))(X,OQ%X),

(5 £ £+ & 1 (n-1)) 1

Q€ U™ (X "0 X) + ¥, (X;°02 X),

so that
PQ=1-R, Rec \I,—oo7(®,8b,+(n—1))(X;OQ%X)’
Q/P =7 — R/’ R/ e \Ilfoo,(cgz,@)(X’OQ%X)

The index sets of @, resp. Q' at ff and rb, resp. 1b are likely much bigger than needed in
order for the error terms R, R’ to be fully residual with trivial index set at one of the two
boundaries of X?; we do not aim to optimize them here. (See also Remark 3.2.)

When X is compact, this implies the Fredholm property of P on suitable function spaces.
Relative to the intrinsic L2-space of O—%—densities L?(X; 003 X ), we define these weighted
0-Sobolev spaces as follows. Let p € C*°(X) denote a boundary defining function. For a € R
and s > 0, we then set

P H (X007 X) = {u = pug: ug € LX(X;°02X), Aug € LA(X;°02 X)),

where A € ¥§(X ;OQ%X ) has an elliptic principal symbol; and for s < 0, we define the
space p*H§(X; OQ%X) to consist of all sums ug + Au; where ug, u; € p®L?(X; OQ%X), with
Ae \Ill)sl(X ; 003 X ) any (fixed) operator with an elliptic principal symbol.

Corollary 1.6 (Fredholm property). Suppose X is compact, and let p € C*°(X) denote a

boundary defining function. Let P € W?(X;OQ%X) be fully elliptic at the weight o, and
assume that Specy, (P, yo) is independent of yo € 0X. Then

P p® " HY(X;002X) — p° "2 HE ™(X;°02 X)

is a Fredholm operator. Its generalized inverse has the same structure as the parametrices
Q, Q" in Theorem 1.5 except for differences in the index sets at 1b and rb.

See Corollary 3.3 for the full statement.

When P is an element of the spectral family of the Laplacian on an asymptotically
hyperbolic manifold, with spectral parameter lying in the resolvent set, Theorem 1.5 gives
the same information on the resolvent kernel as [MM87] (except with less precise index sets).
Note however that the meromorphic continuation of the resolvent in the spectral parameter
(away from an exceptional set [Gui05]) proved in [MMS87] goes far beyond Theorem 1.5, since
the parametrix construction for individual O-operators provided by Theorem 1.5 cannot
distinguish between the cases that the spectral parameter lies in the resolvent set or in
the continuation region. We also mention Eptaminitakis’ recent work [Ept22] on the X-ray
transform on asymptotically hyperbolic manifolds, in which an important technical task
is the inversion of a certain ps.d.o. which lies in the large O-calculus; this setting is thus
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not covered by our Theorem. We remark that in both [Ept22] and [MMS87], the normal
operator is an explicit operator on hyperbolic space whose inverse is likewise explicit, and
for which it is thus easy to check that it is itself in the range of the normal operator map
acting on the large 0-calculus.

Albin’s lecture notes [Alb08] give a rather detailed account of the proof of Theorem 1.5;
we largely follow the arguments of [Alb08, §5.5] and supplement them with the necessary
auxiliary technical results.

(1) The first step of the parametrix construction is purely symbolic: it only uses the
invertibility of the principal symbol of P and takes place in the small 0-calculus,
i.e. the algebra of operators defined in Definition 1.1.

(2) The next step is the inversion of the reduced normal operator, which is mainly
done in the framework of Melrose’s (large) b-calculus [Mel93]; the analysis at the
scattering end is purely symbolic and thus much easier. A major subtlety however
is that we need to show that the inverse of the reduced normal operator is itself
in the range of the reduced normal operator map; this is nontrivial (even when P
is a differential operator) due to the absence of a simple description of the range
of the reduced normal operator map in general. (Put more simply, we need to
show that the normal operator has an inverse which is the normal operator of an
element of the large O-calculus.) Indeed, unlike in [MMS87, Ept22], absent an explicit
formula for the inverse of the normal operator (i.e. prior to passing to the reduced
normal operator) one needs to find successively improved approximate inverses, and
ultimately the true inverse, of the reduced normal operator family while remaining
in the range of the reduced normal operator map throughout the construction. See
Proposition 3.1; this is the technical heart of the paper.

(3) Given the normal operator inverse, the construction of a full right O-parametrix
follows a standard procedure (solving away the remaining error to infinite order at
Ib using indicial operator arguments, and then using an asymptotic Neumann series
to solve away the remaining error at ff to infinite order).

When the boundary spectrum Specy, (P, yp) does depend on yg, Schwartz kernels of sim-
ilarly precise parametrices are no longer polyhomogeneous, but one can still prove their
conormality (with rather sharp bounds) on X2 under a mild gap condition on the bound-
ary spectra; see Theorem 3.4. In this generality, Lauter [Lau03] constructs a parametrix on
the extended 0-double space which is sufficiently precise to deduce Fredholm properties of
P. (In the notation of Theorem 1.5, Lauter’s error terms Ry, and Rp are residual operators
which vanish to some small positive order at the hypersurfaces ff’ U ff}, of the extended
0-double space, cf. Figure 2.1.)

Remark 1.7 (Bundles). We shall only consider operators acting between %—densities. The
analysis of operators acting between sections on bundles requires purely notational changes.

Remark 1.8 (Generalizations). A detailed parametrix construction for fully elliptic pseu-
dodifferential operators in Mazzeo’s edge calculus [Maz91] can be given in much the same
way as in the present note. In particular, the reduced normal operator is still a b-scattering
operator, just not on [0, co] but rather on the product of [0, c0] with the typical fiber of the
boundary fibration.
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2. THE (EXTENDED) 0-CALCULUS

The (large) O-calculus was already introduced in Definitions 1.1 and 1.4. Following
[Lau03], defining the extended 0-calculus requires a further resolution of the 0-double space:

Definition 2.1 (Extended 0-double space). The extended 0-double space® Xg, is defined
as the iterated blow-up

X§ = [X% (0X)? diagy x|
Its boundary hypersurfaces are denoted 1b’ (lift of X x X)), ff” (lift of diagyy ), rb’ (lift of
X x 90X), and ffy, (lift of (0X)?2).

See Figure 2.1.

1’

F1GURE 2.1. The extended 0-double space Xg,.

Since diagyy C (0X)?, the order of the two blow-ups is immaterial in the sense that the
identity map on (X°)? extends to a diffeomorphism

(X2 (0X)%; diagyx] — [X?; diagsy; (9X)2).

Thus, Xg, is the blow-up of Xg along the lift of (9X)?; moreover, ff’ is the blow-up of ff at
the corner ff N (Ib Urb).

Since X2 and X§, are naturally diffeomorphic near diag,, we can equivalently define
TI(X: 002 X) = {r € I"™(X2,diagy; KDo): k = 0 at Ib' Uff, Uth'}. (2.1)

Here, we abuse notation and write KDg also for its lift to Xg,. Spaces of residual operators
lift according to

\I/(;oo,(glbﬁgfrb)(X; OQ%X) - \Il(;/ooy(glbvgfhglb‘f‘grbvgrb)(X; OQ%X), (2.2)

6This is denoted Xg,e in [Lau03]; we use a slightly different notation here to avoid confusion with the
notation for the edge double space in [Maz91].
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where the right hand side consist of polyhomogeneous Schwartz kernels with the stated
index sets at b, ff’, ff},, and rb’ (in this order). Conversely, we note the inclusion

@&%7(51b75ﬂ7@,5rb)(x; OQ%X) ¢ \115007(51b,53,5rb)(X; OQ%X)
The usefulness of the extended 0-double space in the present paper stems from the fact
that it allows us to record trivial behavior at ff;, during various steps of the parametrix
construction, even if the index sets at Ib’ and rb’ are nontrivial; this is not possible in the
0-double space, cf. (2.2).

We shall also consider less precise classes of residual operators whose Schwartz kernels
are merely conormal at some of the boundary hypersurfaces. For a general manifold with
corners M and embedded boundary hypersurfaces Hi, ..., Hy with boundary defining
functions pp,, ..., pay, we denote by

A(al""’aN)(M) (O[17 N0 %\Y S R)

the space of elements of (H;V: 1 P?;)L%C(M ) which remain in this space under application

of any number of b-vector fields (smooth vector fields on M tangent to all H;). More
generally, let H = {H;: i € I} C {Hy,..., Hy} denote a subset of boundary hypersurfaces,
where I C {1,...,N}. Consider weights 8 = (8;: i € I) where j; € R; then

AL (M)

consists of those elements of ([ [,.; pf}i)Lﬁj’c(M ) which remain in this space upon application

of any number of smooth vector fields on M which are tangent to all elements of . In

particular, elements of A%(M ) are smooth down to all boundary hypersurfaces of M which
are not in H.

For weights oy, ag, ap, € RU {0}, we now let

plemen) (X005 X) = W (X002 X) 4 Wy o) (005 X)),

)

where

W 2O (X005 X) = AR (X5 KD),
\1,5007(0111;,&&,%@ (X; OQ%X) = Alb,am,am) (XS, KDy).

Carefully note that elements of these two spaces do not have polyhomogeneous expansions
at the boundary hypersurfaces: they are merely conormal. The 0-calculus with bounds is
then the space of all operators in

\I,gﬂ,(alb,afr,arb)(X; OQ%X) — \Ilgl(Xv OQ%X) + \P(;(X%(alb»arb)(X; OQ%X)
+ \Ijaoo»(alb’aﬁvarb)(X; OQ%X)

for m, amp, ag, arp, € R. Very residual operators have Schwartz kernels in

\I/_oov(a07al) (X, OQ%X) = A(a07a1) ()(27 KDO)
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2.1. Composition. For calculations with polyhomogeneous conormal distributions, it is
convenient to work with b-densities. We have a natural isomorphism of weighted density
bundles QX = p~(=DbPOQX where p € C®(X) is a boundary defining function. If we
denote by py a smooth defining function of a hypersurface H, then since PQ.X? lifts to X2
as pgfl PO X2, we have

n—1 n—1 n—1 n—1 n—1 n—1 n—1

. N T —nol _noly
KDo = py 2 py 2 pg > PQEXZZ 007 o7 o 2 pgt PQEXZ. (2.3)

In the 0-calculus, we need the full range of composition results. The following is a special
case of [Maz91, Theorem (3.15)]:

Proposition 2.2 (Composition of 0-ps.d.o.s). Let & = (&, &, Ep) and F = (Fip, Fi, Frb)
be two collections of index sets, and put G = (G, G, Gi1,) where

G =EnU(Er+ Fin),  Gib = (& + Fir) UFw,
Gg = (&x + Fa) U (&b + Fub)-
Suppose that Re(Eyp + Fip) > n — 1. Then for m,m’ € RU{—oco}, we have
(X005 X) 0 U1 (X002 X) € U9 X003 X).

Remark 2.3 (Properly supported Schwartz kernels). If X is noncompact, we shall consider
compositions of two 0-ps.d.o.s only under the assumption (which we will not spell out
henceforth) that the Schwartz kernel of at least one of them is properly supported in X&.
Note that any P € Ug'(X; 003 X ) is equal to the sum of a properly supported operator and
an element of Aghg(X 2.KDy). Thus, for the purposes of parametrix constructions, we can
restrict to the subclass of operators with properly supported Schwartz kernels.

Proof of Proposition 2.2. We sketch the proof using the machinery of triple spaces, b-
fibrations, and Melrose’s pullback and push-forward theorems [Mel92]. We shall only con-
sider the case m = m’ = —oo. The 0O-triple space is

X3 .= (X3, B; Br, Bs, Bc|, (2.4)

where B" = {(p,p,p): p € 0X} is the triple diagonal of the boundary, and Bp, Bg, B¢
are the lifts to [X3; B’] of the preimages of diagyy under the projection maps X3 — X2
given by mp: (pa Q7T) = (pa Q)v TS (p7Q>r) = ((br)a and ¢ (pa Q7T) = (pa T)v respectively.
We denote the lift of B’ by fff, and the lifts of Bp, Bg, Bc by ffp,ffg, ffc; the lifts of
XXX x0X,0X x X xX,and X x 90X x X are denoted bfp, bfg, and bfo, respectively.
The projection maps 7, Ts, 7c lift to b-fibrations X§ — X2, see [AIb0S, §4.6].

Consider now residual 0-ps.d.o.s A, B with Schwartz kernels

i 1 ! 1
Ka € A5 (X3 KDg) = A5, (X3;:PQ2X3),  Kp e AL, (X3:P02X3), (2.5)

where, in view of (2.3), & = (&,,&, L) == € — (%5, 252, 51), similarly for 7. The
Schwartz kernel of A o B (if the composition is defined) is the push-forward

Kaop = v (mo)s(mhKa - m6Kp - mev),

"Mazzeo uses a kernel density bundle which differs from ours by a certain power of the defining functions
of 1b and rb; this leads to shifts in the index sets relative to the result stated here.
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where 0 < v € C*°(Xg; bQ%Xg) is arbitrary. Upon ordering the hypersurfaces of X§ by fff,
fip, fig, T, bfp, bfg, bfc, we have

KA -15Kp - mhv

L (2.6)

éi,’grf’ 25t Ept T+ 25t EL A F e+ 2t & A FL A fr/b’g{b’gerrflb)(Xg;bQXS’).
The shifts by %71 arise due to the relationship between b—%—density bundles upon blowing
up a submanifold which has codimension n — 1 in the smallest boundary face containing it.
(This is analogous to the discussion leading up to (2.3).)

The map ¢ maps fiffUffo to ff, bf U to Ib, and bf p Uffg to rb; push-forward of (2.6)
along ¢ is well-defined provided Re(&], + F{,) > 0. Under this condition,
(&, U (A, + 250 (E+ P+ 250) U (Ely + Fly+757)F ), U (Elp + P+ 25)

(X3: Q2 X3).

Reverting back to the density KDg, we obtain K op as a section of KDg, with all index
sets increased relative to those of K4.p by 25=. This gives the claimed result. ([l

Lemma 2.4 (Action on polyhomogeneous distributions). Let £ = (&, Ex, &) be a collec-

tion of index sets and A € ‘Ilgn’S(X; OQ%X). Let F € C x Ny denote an index set. Suppose
Re(&p+F) >n—1, and let G = (F + Ex) U&,. Then

A AL (X:002 X) — A9, (X %02 X). (2.7)

Proof. For simplicity of notation, we only consider the case m = —oco. Let 7y, TR Xg — X
denote the stretched left and right projections. Fix a b-density 0 < v € COO(X;bQ%X).
Wiite K4 € A5, (X2:PQ2X3), & = € — (51, %51, 250, for the Schwartz kernel of A as
1 1
n (2.5). For f € Aphg( 002 X) = .Aphg( ;PQ2X), F' = F — 251 we compute

Af =v Nrp)s (Ka - mhf - Tiv).
Note then that the index set at rb of

(Efy Ept+TF +251 &L +F7)

Ka-mgpf mpv € AL (X2;P0x?)
has real part larger than 0, and hence pushforward along (7). produces an element of

& Ek !
.Apfgu( T )( X;PQX). Division by v and regarding the result as a section of 003 X

gives (2.7). O

Remark 2.5 (Action on polyhomogeneous distributions does not determine Eg). The index
set G can be significantly smaller than stated in Lemma 2.4. For example, the opera-
tor (zDy, )V € W) (X)—whose Schwartz kernel does not vanish at ff—maps Aphg(X) —

ASIEN(X). Using the notation (2.10), this is related to the fact that the first N moments
of K?D in the Y-variables vanish, or equivalently that its Fourier transform in Y vanishes to
order N at n = 0. More generally then, one can construct an operator P € ¥, (X; 003 X )

with nontrivial normal operator but which maps Aphg(X ) — Aghg(X ) =: C®(X) for all F.

In the extended 0-calculus, we only need the following result:
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Proposition 2.6 (Composition of extended 0-ps.d.o.s). Let & = (&, Eqr, Exy,» Eny) denote
a collection of index sets, and let m € R. Then

(X002 X) 0 W3¢ (X; 902 X) € 024 (X;007).

Proof. Lifting the Schwartz kernel of an element of W¥{'(X; OQ%X) to X2 (see (2.1)), the
proof follows via pullback and pushforward results completely analogously to the proof of
Proposition 2.2. In fact, general compositions in the extended 0-calculus can be analyzed
by means of an appropriate extended O-triple space, defined as

X5 = [X%(0X)*; X x 90X x 0X,0X x X x 0X,0X x 0X x X; B'; B, Bg, B¢

where B’, Br, Bg, B¢ are as after (2.4); the three projections X3 — X2 lift to b-fibrations
XS’, — Xg,. We leave the details to the reader. [l

In the calculus with bounds, we shall use the following composition result; the (omitted)
proof follows again from pullback and pushforward results [Mel92].

Proposition 2.7 (Composition in the 0-calculus with bounds). Given o = (o, ag, up)
and 3 = (B, B, Brn) € R, fir v = (1, v, 1) € R? so that

b < min(any, ag + Bin);, b < min(ags, + B, Bin), v < min(ag + By, am + Bi),
with strict inequality in each individual case when both arguments of min are equal.
(2.8)
Suppose that ay, + B, > n — 1. Then for m,m’ € RU {—o0}, we have
W (X002 X) o U0 (X; 002 X) € Wit (X; 002 X).

When ag =0, Bg = 0, let yp, 7p be as in (2.8), and let v¢ = aqp + Byp, unless ayp + Brp, =
k € No in which case fit y¢ < k. Then

\Ijgnv(alb@érb)(X; OQ%X) o \Ifgl (Blbvﬁrb)(X; OQ%X)
C \P6n+ml:(71b’“/rb)(X; OQ%X) + ‘IJ(;OOa('Ylb:'Yﬁ”fYrb)(X; OQ%X)

2.2. Schwartz kernel of the (reduced) normal operator. Let x > 0, y € R"~! denote
local coordinates near a point in 0X. The lifts of these functions along the left projection of
X2 and Xg, to X are denoted by the same letters x, y, and the lifts along the right projection
by primed letters z’,y’. (Discussions of the invariant content of various constructions below
can be found in [MMS87, Lau03].)

At first, let us work locally near ff'\ rb, where we can use the coordinates

o
S = %, T = Y x,y s H:'/7 y/. (29)

Consider two operators P,Q € V;>(X; 005 X ) whose Schwartz kernels are supported away
from IbUrb; note that the space of such operators is dense in the space \Pgl’(alb’arb) (X; 003 X )

in the topology of \IlgnJre’(alb_E’arb_E) (X;OQ%X) for any m € R, amp, oy, € R, and € > 0.
Write the Schwartz kernel of P in local coordinates as
dz dy d2’ dy |3 de dy do’ dy |3

=K%s, Y, 2’ y) | —

T :Cnfl x! x/nfl

. (2.10)

/ /
Kp(z,y,2',y') g1 g g1
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and likewise for Q. The Schwartz kernel K%OQ(S,T,x’,yﬂdx dy do' dy' 13 of Po( in the

ZCInlﬂ?a}/nl

coordinates (2.9) (thus x = sz’ and y = ' + 2/T) is then given by

dl'// dy”
K%OQ(S?Taxlvy / KP SZL‘ y +JJT IE )y )KQ( 7y IZ}‘ y) x//n 1

533 y_y "4 2'T 2"\ KO "y _y, I, dz” dy”
//’ x// Y Q ?7 z! Y ! pn—1

T T/ ds’ dY’
// S s’ y—l—a:'T)KQ( Y2 y) — >

s g/n— o/n—1

where we introduced s’ = ’;—, and Y/ = y . Upon restriction to the 0-front face 2’ = 0,

we thus find that

s T-7 T’ ds’ dY’
Kpog(s,T,0,) //KP 0, y)KQ(S 1,0,y) — o g1

Thus, operator composition in the 0-calculus restricts at ff to the composition of convolution
operators on the semidirect product R;}_l x (R4 )s, with smooth parametric dependence on
the boundary point y’. That is, the normal operator map

N(Pv y/) = K?:"ﬁy/?

where ff,/ is the fiber over 3’ of the blow-down map ff — diagyy = 0X, is a homomorphism

from Wy (X; 003 X ) into the space of convolution operators on R"~! x R . By the afore-
mentioned density, the homomorphism property N(Po@,y') = N(P,y')oN(Q,y’) continues
to hold for elements P, @ of the (extended) large calculus whenever the composition P o Q)
is defined.

Let us extend the restriction K %(s, T,0,") to the Schwartz kernel of the unique operator
which has normal operator K%(s,Y,0,y’) and is invariant under the action of the group
R”~1 % R,. To make this explicit, we use tildes to denote coordinates on the model space

Xy 1= [0,00)z x Ry~ L. Thus, we identify N(P,y’) with the operator in ¥ (Xy/;OQ%Xy/)

whose Schwartz kernel is

o, T g1 da:dyda: a7y’ |3
N(P,y/)(.f Y, T /7y/):K103<?7 jj‘/ ’0’y> T pn— 1 x x/n 1 ’

For fixed (#,’), this is a convolution in the g-variables. Trivializing the %—density bundle
in the tangential variables 7,7’ via |dgdy’| and conjugating by the Fourier transform, we

obtain an operator family with Schwartz kernel

dz dz’

7 jln

(2,3) v @K (5, #,0,0') [ S

)

where K9 denotes the Fourier transform in the second argument (Y); this is an operator
acting on the bundle of weighted b-i-densities with local frame |%|%
n—1

T 2 is an isomorphism between this bundle and the unweighted b—%—density bundle, and
upon conjugation by this weight we obtain the transformed normal operator (changing v’

. Multiplication by
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to yo for notational consistency with the introduction)

n— n— d d 1
N(P,yo, i) (&, &) =27 &5 - F" 'K} (T,,i’ﬁ,o y) ==
4z 4 e (2.11)
)~ xr dx
= K7 (”’ 7,0 y) 7

as an operator acting on sections of the b—%—density bundle over [0, oo].

Definition 2.8 (Normal operator). In local coordinates z,y on X, lifted to the left, resp.
right factor of X? as x, vy, resp. 2, i/, write the Schwartz kernel of an element P of the (large)
(extended) O-calculus as (2.10) in the coordinates (2.9). Then the operator N(P,yo,7)
defined by (2.11) (acting on b-3-densities on [0,00]) is the transformed normal operator.
The reduced normal operator is the operator family, acting on b—%—densities on [0, c0]y,
parameterized by yo € R and 7 € S"2, with Schwartz kernel

dtdt' |3

N(Pwo.)(t.t) = KB ( —

t/Aa 0 y0>

t’

Thus, N(P,yo,7) arises from N(P,yo,n) by changing variables t = Z|7j|, ¢ = #'|7j| and
setting 7 = 77/|n|. In the case that P is the differential operator given by (1.3) in the
trivialization ]d%xf}—zllﬁ of 902 X, then N(P,yo,n) and N(P,yo,7) are (the Schwartz ker-
nels of) the operators (1.4) and (1.5). By construction, the maps P — N(P,yo,n) and
P— N (P, y0,7) are homomorphisms in the generalized sense that they respect operator
compositions in the large (extended) 0-calculus whenever the composition is defined. As a
simple but important example we note that the reduced normal operator of the identity I,
N(I,yo,7)(t, 1) = 6(t,)|dt dt')3, 2, is the identity operator on b-3-densities.

Remark 2.9 (Short exact sequence). Directly from the definition, if all normal operators
N(P,yo) of an operator P € \Il(’)”(X;OQ%X) vanish, then P € pH\IIBn(X;OQ%X) (i.e. the
Schwartz kernel vanishes to leading order at ff). The analogous statements for the trans-
formed or reduced normal operator are discussed in Remark 2.18.

For the study of the boundary behavior of the reduced normal operator, it is compu-
tationally more convenient to pass to a different coordinate system which does not give
preference to Ib or rb. Thus, consider as local coordinates near ff'\ (IbNrb) = ff\ ff}, inside
the (extended) 0-double space of X

x—2a

p=z+a, ¢y eR"  1.= el-1,1], V=2 ceR™L (212

x+a T + x!
Thus, p is a local defining function of ff, while 7 4+ 1 and 7 — 1 are local defining functions
of Ib and rb. Also, (Y)~! extends by continuity to a local defining function of ff}, inside
XZ. We similarly define g, §', 7, Y on (X,/)3. Let us write (the Schwartz kernel of) P in
these coordinates as

dz dy do’ dy |3

xxnlxx/nl

P=pp,y, 1Y)

(Thus, if P lies in the small 0-calculus, then p vanishes rapidly as 7 — +1 or |Y| — oo, and
p has a conormal singularity at the 0-diagonal (7,Y) = (0,0).) The transformed normal

(2.13)
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operator is then
7' \—(n-1) -1
NP, 7~ ~a~/ ::< ) A( ) 7~ NIN)
(P, y0,7)(Z, 1) P plo, =4 (T +2")7

P(yo,7,m) :=/ 1€*iy"’p(0,yom Y)dY.
Rn—

1
2

Tz T

(2.14)

Thus, for an operator in the full extended calculus, the conormal (or polyhomogeneous)
behavior at ffy, (i.e. |Y| — oo) of its normal operator can be read off from the regularity (or
polyhomogeneous expansion) of p(yo, 7,m) at n = 0: fast decay as |Y| — oo corresponds to
high regularity at n = 0. See Lemma 2.17 and Remark 2.18 for further discussion.

In the notation of (2.14), the reduced normal operator is (via t = Z|7|, t' = &'|7|, n = %

for 77 # 0, as before) given by

dt dt’
t t

N

. R t o\ —(n-1) t—t R
NPyt )= () (w0 +100) (2.15)

Conversely, we can recover p(yo, 7,n) for n # 0 from N (P, y0,m) by computing the solution
(t,t',7) of the system i;i: =7, (t +t)) = n, which is given by 1 = ﬁ, (t.t) = inl(1+
7,1 — 7); this gives the formula

(v, 7,m) = (1 = T)n_l <‘dt ar

_1
2

§ (P ) ) Glalt + ). B =7), o
(2.16)

2 t ot

2.3. b-scattering pseudodifferential operators. Following [Lau03, §3], we now de-
scribe the class of operators in which the reduced normal operator of a 0-ps.d.o. lies.

Definition 2.10 (b-scattering double space). Let [0,00] denote the compactification of
[0,00); with (14+¢)~! as the defining function of infinity. We define the b-scattering double
space of [0, c0] as

[0, 00]} & == [ [0, 00)2; 9 diag],

where [0,00)2 is the closure of the first quadrant in the radial compactification R2 (thus

it is closed quarter disc), and diag C [0,00)? is the closure of the diagonal {t = t'}, with
boundary consisting of two points: ddiag = {(0,0), (c0,00)}. We denote by diagy, . C
[0, 00]2bSC the lifted diagonal, and by lby, rby, and ffy, o, ffs., and ffy, o the lifts of {0} x

[0, 00], [0,00] x {0}, and of {(0,0)}, {(c0,0)}, and of the boundary at infinity of [0, 00)?2,
respectively.

See Figure 2.2.

In terms of the coordinates 7 = % and p = t +t' (analogous to 7, p in (2.12)), the

b-scattering double space is diffeomorphic to [[—1,1]z x [0, 00]5; {(0,00)}].

Definition 2.11 (b-scattering ps.d.o.s). Let KDy, := Wsz%[O, 0] ® W}k%bQ%[O,oo] (which
dt dt’

Lt %) Let pg., € C*([0,00]% ) denote a defining function

thus has the global section |
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t/ ﬁb,m

FIGURE 2.2. The b-scattering double space.

of ffse. For m,r € R, we define® °
w070, 00):P02) = {k € AF" T ([0, 00]3 .. diagy, oo; KDb) : £ = 0 at by Urby Uff,o0

where A;f:cfll ™ is the space of conormal distributions which are smooth down to ff}, and
conormal down to fl..'% For a collection of index sets & = (Eiby,» Eﬁb’o,é}bb), we define

1 .
([0, 00]);°02) = {k € A5 I™([0,00]} o diagy, s KDp): K = 0 at iy oo Uffec },

i.e. the index sets at ffs. and ffy, o are trivial.'! For & = (&, &), we finally set

—00.&! 1 £0,61.0) (T <2
W20 ([0, o00]; P02 ) := ALY ([0, 00)% KDy, (2.17)
with index set &y, &1, 0 assigned to {0} x [0, 0], [0, 00] x {0}, and the boundary at infinity,

respectively. We similarly define conormal versions ¥~°(20:21) ([0, oo]; bQ%) for ag, 01 € R.

The shift of the weight —r at ffc by —1 is due to the relationship between scattering

and b—%—density bundles near ff.
vt

dtdt/|z = t2t'2
t v

)

with t2¢/7 a smooth positive multiple of pgslc pf_f; __ hear ffsc. The chosen normalization thus

ensures that the identity operator on b-1-densities on [0, 00| lies in \Ilg’ég’o)([O, ool; bQ%).
Under composition, b-scattering-ps.d.o.s behave like b-ps.d.o.s near lby, U ff}, g Urby, and

like scattering ps.d.o.s near ffs.. We refer the reader to [Lau03, §3], [Mel93, §5], [Mel94] for

more in-depth treatments. Here, we only record:

8In view of the rapid vanishing at ff1, o, one can equivalently replace pg_. in this definition by the total
defining function (1 + ¢+ ')t of ffee U ffp oo.

9We write PQ2 = "Q2 [0, 00] here for better readability.

10T hat is, omitting the density bundle, they are inverse Fourier transforms from the o-variable to t — ¢’
of symbols a = a(t,o) on [0,00]; x R, satisfying estimates |8 0%a| < (o)™ 7F for t < 2 and |(t0;)?0%a| <
™" Ho)y™F for t > 1.
(E1by, €1y, Exby,0,0)

phg ([07 oo]%,sc;KDb)-

Hyor m = —00, this space equals A
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Proposition 2.12 (Composition of b-scattering-ps.d.o.s). Let £ = (&, &y 4, Erny,) and
F = (Fibys Fiy o, Frby,) be two index sets. Define G = (G, Gy, o> Grby,) bY

G, = &by, U (Exty, o + Fiby ) Gy, = (Exby, + Fity o) U F by s
gffb’o = ((gffbp + Fffbﬁ) u (glbb + ]:rbb)'
The composition of b-scattering ps.d.o.s (acting on b—%—densities on [0,00]) then satisfies:

\I]m:(ovr) o \Ijmlv(ovr/)C\Ilm+ml7(07r+r/)

b,sc b,sc b,sc )
m,(0,r) —00,E —00,E
\Ilb,sc © \Ilb,sc C\Ilb,sc ’
—00,E —00,F —00,G
\Ijb,sc © \Ijb,sc C\Ijb,sc .

2.4. Range of the reduced normal operator. The range of the homomorphism from
0-ps.d.o.s to reduced normal operators is difficult to describe in a useful manner; this means
that special care is required in ensuring that parametrix constructions on the level of the
reduced normal operator remain in the range of the reduced normal operator. In this
section, we collect several results which will facilitate this task in §3.

Proposition 2.13 (Reduced normal operator for the small 0-calculus). Fiz an operator
P e WI(X;903X). Then N(P,yo,i) € wmOm

. ([O,oo];bQ%), with smooth parametric
dependence on yo € R and ©) € S""2. Moreover, if Oam(P)]oT;OX 1s elliptic, then

~

N(P,yo,1n) is elliptic, in the sense that its principal symbol
b,scgm,(O,m) (N(P, Yo, ﬁ)) e (Sm,(O,m)/Sm—l,(O,m—l)>(b,scT* [07 OOD (2.18)

is invertible.'? Finally, the indicial operator' I(P,yq) of N(P, Yo,M) att = 0 is independent
of fj € S"2.

Here, P*°T*[0, o] has local frame % int<2anddt= —% in T =t~ < 1. Moreover,
§m:(0m) (bse0, o0]) is the space of symbols of order m which are smooth down to t = 0
and conormal with weight (t=1)~" at t~! = 0. We also used the following terminology:

Definition 2.14 (Indicial operator). The indicial operator (or b-normal operator) I(P,yo)
of N(P,yo,7) is the dilation-invariant extension of the restriction N(P,yo,7)ls,, to a b-
ps.d.o. acting on %—b—densities on [0, 00]; thus, its Schwartz kernel is

—(n-1) t—t dt dt’
I(va())(tvt,) = (t—i—t’) p(?/o»m’O) T

in the notation of (2.13), (2.14) and (2.10), (2.11).

/

3 o/t dt dt’
= KD(5.0.0.0) |55

1

2
— 2.19
t’ tt ( )

Proof of Proposition 2.13. Write P as in (2.13); we restrict p to the 0-front face p = 0 and
fix y' = yo. Thus, plg,, = p(0,y0,7,Y) is an oscillatory integral

p(0, 50,7, Y) = (21) " / / GHTERY M) o ) de

121 particular, in T =t~! < 1, the operator N(P, Yo, 7) is fully elliptic as a scattering ps.d.o.
13This is obtained by setting the third argument, (t +#')#, of  in (2.15) to 0; see also Definition 2.14.
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for some symbol a € Sm(R& 77)); moreover, p is smooth away from (7,Y) = (0,0) and
vanishes to infinite order as 7 — %1 or |Y| — co. We then have

Plyo.7.m) = (2m) ! / ¢Ea(€, ) de. (2.20)

This is a smooth function of  with values in distributions on (—1,1), which are conormal
(of order m) to 0 and vanish to infinite order at 7 = £1. The formula (2.15) thus shows
that N (P, yo,7) lies in W*([0,00);). Note also that if (£,7) = a(€,7) is an elliptic symbol,
then also & +— a(&,7) is elliptic for any fixed n € R*~1.

Near ffg, C [0,00]? ., we pass to the coordinates

b,sc?

. t—t
T=(t+t)}, H_t,/T—t—t

ie.t=21(T"1+s)and ¥’ = (It —s). Thus, T is a local defining function of ff3,, and
diagy, i = {s = 0}. We then compute the Schwartz kernel of TN (P, yo,7) to be

1
2

/
(T, ) > (31 = Ts)) """ DT p(yo, T, T 19) | = di d©

But changing variables via T¢ = o in (2.20), we obtain
T (o, sT,T~10) = (2m) ! / T (¢, T 1) dg
= @2n)7 | B Ta(T Yo, T719) do.
n

The map as.(; T, o) := T™a(T~ o, T~17) obeys the conormal (at T' = 0) symbolic (in o)
bounds |(T07) 0k as.| < (o)™ *-10l as do its derivatives in 7. We have thus proved that
N(P, Yo, 1) € W?é(o’m) ([0, o0l bQ%), with smooth dependence on yg, 7. (The rapid vanishing

C
at ff, .o = s71({o0}) is a consequence of the fact that the inverse Fourier transform of a

symbol vanishes rapidly at infinity.)

Moreover, if a(a,n) is elliptic, i.e. is bounded from below by ¢(1+|a|+|n|)™ for |o|+|n| >
C for some constants ¢, C' > 0, then also

jasc(; T, 0)| = cT™ (1 + T Ho| +T7H)™ 2 ¢(1 + |o)™

provided |o|+1 > CT, and thus for all o € R when T < C~!. Together with the ellipticity
of N(P,yo,n) near t = 0, this proves the ellipticity of (2.18). O

Recall that parametrix constructions in the b-calculus require the inversion of the b-
normal operator, which in the present context concretely concerns the indicial operator
I(P,yp) from Definition 2.14. The indicial family for a fixed boundary point yo is the
Mellin transform of I(P,yo)l,, (which can be identified with a b-3-density on ff, o, see
[Mel93, §4.15]) in the projective coordinate s = ¢/t' € [0, c0] along ff}, 9, and hence (upon

dropping the %—density factor \da!é) explicitly given by

o0 d
(P, yo,0) = / SR(5,0,0,0) <
0
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Lemma 2.15 (Properties of the indicial family). Let P € Wg'(X; OQ%X). Then the indicial
family I(P, yo,0) is holomorphic in o € C. Furthermore, if P is elliptic, then for any Ch > 0
there exist c,Co > 0 so that

|I(P,yo,0)| > clo|™, |Imo| < Cq, |Reo| > Cs. (2.21)
IfR € ‘I’EOO(X;OQ%X), then for all C1, N there exists C(N) so that
[I(R,yo,0)| < C(N)(o)™N, |Imo| < Cy. (2.22)

Proof. The function s +— @(S,0,0,yo) vanishes to infinite order at s = 0 and s = oo,
which implies the holomorphicity of I(P,yo,0). When P is elliptic, we write

K%(S,Y,O,yo) =(2m)™" // ei(alog8+’7'y)a(yg,a, n)do dn

where a is an elliptic symbol of order m. Thus, K%(s,0,0,y0) = (27)~! [ s"7a(yo, 0,0) do
has Mellin transform I(P,yo,0) = a(yo,o,0) which thus satisfies (2.21) for real o. For
Imo = a with arbitrary @ € R, the estimate (2.21) follows from the fact that also
SO‘K?D(S, Y, 0,0) is the inverse Fourier transform of an elliptic symbol.

The bound (2.22) follows from the rapid decay of I/(E(s, 0,0,y0) and its derivatives along
any power of s0s as s — 0, co. O

The boundary spectrum
Specy, (P, y0) C C x Ng
is defined by (1.7).

Corollary 2.16 (Index set from boundary spectrum). Suppose P € Vi*(X; OQ%X) is ellip-
tic, and let « € R. Let & C CxNy the smallest set containing {(z, k) € Specy,(P,yo): Rez >
a} which has the properties that (z,k) € & implies (z + 1,k) € € and (when k > 1)
(z,k—1) € E. Then & is an index set (as defined before Definition 1.4). The same is true
if instead & is required to contain {(—z,k): (z,k) € Spec, (P, yo), Rez < a}.

Proof. Lemma 2.15 implies that for any C, the set {(z,k) € Specy,(P,yo): « < Rez < C}
is finite, as is the set {(z,k) € Specy,(P,y0): —C < Rez < a}. This implies the claim. O

For special classes of residual operators, it is possible to give a full characterization of
the range of the reduced normal operator map:

Lemma 2.17 (Reduced normal operator for residual extended 0-ps.d.o.s). Let &y, &y C
C x Ny denote two index sets, and put & = (Ey,No,0,Eyy) (i-e. the index set at Iy, is

trivial). Then for P € \P&oo’g(X;OQ%X), we have

NPy, ) € € (857 Wi 1o (0, o) P2d),

b,sc
and in, fact the function p(yo,7,n) defined in terms of N(P,yo,7) forn # 0 by (2.16) extends

across 1 =0 to an element

Byo, ) € 7 (R A S0 ([1,1],)). (2.23)
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Conversely, any family of operators N € C* (S” 2, \Il](og;'g' NoErpr = (n= 1)))([O oo}'bQ%)) with

1

the property that (=1,1) x (R""'\ {0}) > (r.n) = (55" (1EFI 2N Glal(L +
7),4n[(1 — 7)) extends to an element of the space in (2.23) is the reduced normal operator

of an element of \II&OO’S(X; OQ%X).

Proof. The first part follows directly from the definition (2.15) of N(P,y,7); the smooth-
ness of p(yo,7,m) at n = 0 is a consequence of the rapid vanishing of the kernel of P at
ff,. (See also the discussion following (2.14).) The second part is a consequence of the

formula (2.16). The shift of the index set at rby, comes from the factor ( ti/t,)*("*l); note

here that /t, is a defining function of rby,. O

Remark 2.18 (Decay at ff}, and regularity in ). When the Schwartz kernel of an element
P e \Il(;,oo’(glb' o &, ’grb/)(X ;OQ%X ) has nontrivial index set &g, at ff,, then p(yo, 7, n) is
typically singular (albeit conormal) at 7 = 0. Since the Schwartz kernel of N(P,yo,7) is
defined only with reference to n # 0, possible (differentiated) d-distributional contributions
to p(yo, T,m) at n = 0 are lost when passing to the transformed or reduced normal operator.
This problem does not occur however when Re &y, > 0, and this will always be the case
in this paper; thus, under this condition, if all reduced normal operators of P are zero,

—00,(&,N Ei Erpt 1
then P vanishes to leading order at ff’; i.e. P € \I/O,OO( 1/ sNo+1,Em €, )(X;()QéX). For
Pc \I/[;OO’(glb’NO’Erb)(X; OQ%X), the corresponding condition is Re(&p + &) > 0 by (2.2).

Corollary 2.19 (0-operator from indicial operator). Let &,& C C x Ny be two index sets.
Suppose a € Apiog’gl)([—l 1]). Then there exists P € \I'(;,Oo’(go’NO’w’glJr(n*l))(X;OQ%X) with

I(P,yo)(t,t') = (i-i-i:)mt C}f/ |2. If a in addition depends smoothly on a parameter y € R"~1,

so a = a(y), then one can find a single such P with I(P,y) = a(y) for all y.

Proof. Let x € C°(R"!) be identically 1 near 0. Set
1—7\n-1
atrm) = (=) aln)x(),

which lies in the space (2.23) for &y = &), &4y = &1 + (n — 1). Thus, by (the proof of)
Lemma 2.17, if we set

p(yo. 7,Y) = (27T)_("_1)/]R (7 ) dn,

then p(yo, T, )\d;rgy da! zfiny . ]% is the restriction of the Schwartz kernel of an element

P e \PE,OO’(EO’NO’Q £t (n— 1))( ;OQ%X) to ff,,. By construction, the reduced normal operator
satisfies N (P, yo,0)(t,t") = (157)~("Vg(r,0) = a(r) where 7 = %

Since the given construction depends smoothly on the point gy, the final statement of
the Corollary follows. O

The next result shows the surjectivity of the reduced normal operator map onto fully
residual operators:

Proposition 2.20 (0-ps.d.o. from fully residual reduced normal operators). Consider an
operator family N (7)) € C®(SP=2; w—o.&1) (o, oo];bQ%)) with Re(& + &1) > —(n —1).
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Let yo € R™™1 denote a point on 0X. Then there exists P € \Ilaoo’(go’NO’glJr(n_l))(X; OQ%X)
with N(P,yo,7) = N(7) for ally € S*2. If N in addition depends smoothly on a parameter
y € R" 50 N = N(y,7), then one can find P with N(P,y,7n) = N(y,n) for all y,1.

The analogous conclusions hold when N (7)) takes values in W—°%(0.21) ([0, oo];bQ%) for

ap+a; > —(n—1), with P € \I/aoo’(ao’alJr("_l))(X; OQ%X) then.

Proof. Write the Schwartz kernel of N(7)) as

1
2

. dt dt’
n(n;t,t) T

Let a; < Reé&; for i = 0,1 be such that ag + a1 > —(n — 1). Recalling the definition of
Y=o (&0.81) ([0, oo];bQ%) C woo(aoe1) ([0, oo];bQ%) from (2.17), we then have estimates

|05 (t0,) (' )| S ot (14t +1)N (2.24)

for all a,j,k, N. The polyhomogeneity of n is equivalent to the statement that for all

C,N eR,
ag( 11 (t@t—z))(t’ﬁt/)kn

(z,k)€&
Re z<C

St (1t 4+, (2.25)

together with analogous estimates capturing the expansion at ¢’ = 0; see [Mel96, Proposi-
tion 4.14.2].

By analogy with (2.16), define now for 7 € (—1,1) and n € R*~1\ {0}

(=T Lnl(1 —
i) = (5)" n(p Bl 7). 31 = 7). (2.26)
The estimates (2.24) imply
(1 =723, 00 a(r,m)| S (1+7)°0 (1 =)™ = p|2otes (14 )~ (2.27)

for all j and o, € Ng_l with |3 < |a|. Thus, the function ¢ can be extended uniquely
across 77 = 0 as an element of L ((—1,1); x R}~!) (which is conormal at n = 0), with
rapid decay as |n| — oo for any fixed 7 € (—1,1). As such, we can take its inverse Fourier
transform in 7,

p(1,Y) = (2%)("1)/ eY q(r,n) dn. (2.28)

Rn—1

The bound (2.27) implies |p(7,Y)| < (14 7)%(1 — 7)*1+7~1 "and similarly for derivatives
along any power of (1—72)9;, and along YA02 for | 3| < |a|. We can prove a better bound for
|Y'| > 1 by exploiting the conormal regularity of ¢ at n: we split the domain of integration
and prepare for an integration by parts argument (for improved decay in Y') by writing

el |

— M ;y.
Iq(T,n)dnJr‘/ ((IY\ Y - D) eY”)Q(T,n)dn‘
Inl<|Y|~1 [n|>Y|~1

for some M chosen below. Write w := (1 + 7)® (1 — 7)®*"~1 then the first integral is
bounded by

[v|=!
w/ pootern=2 4, < w|Y|7(”71)*°‘0’a1,
0
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In the second integral, we can integrate by parts M times; each boundary term at |n| =
|Y|~! can be estimated by w|Y|~*! [ [n|eoter=k dp ~ w|Y|~*~1=(=1) for some

=Y~
k=0,...,M — 1, and the final bulk integral is bounded from above by
oo
wly | e M ()N g S |y |V [ oMz gy
[n|>Y]~* [v|—1

g w’Y’—ao—al—n-i-l

as well, provided we choose M > ag + a1 +n — 1. Altogether, we have thus proved

1+7)a°(1_7)a1+n_1, (2.29)

prIS (G5)

likewise for derivatives along (1 — 72)d, and YA02, |B| < |a.

This gives the desired conormality of p at 1b and rb away from 1b Nrb. To prove that
indeed p € Aleoortn=1)(ff) ff ¢ X2, it remains to analyze the behavior of p near the corner
IbNrb C Xg, where we pass to the coordinates

1 1- ~ Y
+ 7 T v

Plb = -1 Prb = T~ )
Y| ' Y| Y|

these are related to the coordinates 7, py := |Y|™!, ¥ near ff/ N ff, C X2 by py = teten
and 7 = %. While (2.29) thus already gives the desired L®-bound for p, it is more
transparent to write

pO(plbapﬂM?) - p(plb — prb7 2y )

Pb + Prb PIb + Prb
for the function p in the new coordinates; using (2.26) and (2.28) and the change of variables
0= (pb + prb)C, one finds

oo V) = (20) 0 [ BTl pcl) A (230
Rn-1 Iq
with the pointwise bound

ag aj+n—1

Ipol S 1y Py (2.31)

from (2.29). Directly differentiating the integral expression (2.30) shows that the derivative
of po along any power of pi,0p,,, prb0p,,, and dy obeys the same pointwise bound in view
of (2.24). This proves p € Al@0c1tn=1)(ff),

For the polyhomogeneous version, note that for any C, the derivative

0.0 (Pis i, Y) = ( 1T (e, - Z))po(Plb,Prb,Y)

(z,k)€&

Re z<C
obeys the bound (2.31) with ag replaced by C, and so do all derivatives of pyc along
any power of pi,dpy,, Prb0p,,, Oy indeed, this follows from (2.25). This, together with an

(go’gﬁ"*l)(ff) and thus finishes the proof. U

analogous argument at rb, proves p € .Aphg
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3. ELLIPTIC PARAMETRIX CONSTRUCTION

In this section, we shall prove Theorem 1.5 as well as a weaker result (Theorem 3.4)

when the boundary spectrum is not constant. Thus, P € W' (X; 003 X ) is fully elliptic at
the weight o € R in the sense of Definition 1.2.

3.1. Constant boundary spectrum. In this section, we assume that the boundary spec-
trum Specy, (P, y) of P is independent of the boundary point y; we denote it by Specy (P) C
C x No.
At first, we focus on the construction of a right parametrix. The usual symbolic para-
1
metrix construction produces Qo € ¥y (X;%Q2 X) with the property that

PQo=I-Ry, Roe¥;~(X;"Q2X).

Passing to reduced normal operators in local coordinates = > 0, y € R*!, 4 € S"2 on the
0-cosphere bundle, this implies

N(P,y. ))N(Qo.y. 1) = I — N(Ro,y, 7).
We wish to find a residual operator @1 in the large 0O-calculus so that (recalling Proposi-
tion 2.13)

. o . . R oo 1
N(P.y, AN (Q1,y.7) = N(Ro,y,7) € ¥, 200 (0, oc]; P023). (3.1)

sC
For the analysis of the reduced normal operator, we need to work with weighted b-
scattering Sobolev spaces. Thus, let

2 ([0, 00]:*03) o= (o

t+1
and define HS’(Q’T)([O, oo];bQ%) for s > 0 to consist of those elements of the space (3.2)

sC
which remain in this space upon application of any elliptic s-th order b-scattering ps.d.o.

in \I/;(S%O)([o, oo];bQ%); for s < 0, define ng(“’”([o, o0l; bQ%) as the space of distributions

sC
of the form u; + Aug where uy,us € Hg’é?’T)([O,oo];bQ%) and A € \IJLSL’EO’O)([O, oo];bQ%) is
elliptic.

b,sc

) (1467 L2([0, 00]; 220, o0)), (3.2)

We shall use the notation &4, g;(j), g;, £, Ei, €f:ft for the index sets in Theorem 1.5.
The following is the technical heart of the paper:

Proposition 3.1 (Inverse of the normal operator). Let P € W' (X; OQ%X) be fully elliptic
at the weight o, and assume Specy, (P, y) is independent of y € 0X. Then the map

N(P,y,2): Hy'@7 ([0, 00);202) — Hy 7™ ([0, 00]; P03) (3.3)

b,sc

is invertible for all s,7 € R, and there exists
P~ € Wy (X; 005 X) 4wy & Nofo ) (005 x)
so that N(P_,y,ﬁ) = N(P,y,ﬁ)_l (the inverse of (3.3)) for all y,7.

Proof. We shall construct the difference P~ — Qg by solving (3.1); the choice of the weight
a will inform the asymptotics at 1b and rb. Recall that by Proposition 2.13, N(P,y,7) €

\Il{)négo’m)([o, oo];bQ%) is an elliptic operator with 7-independent indicial operator I(P,y).
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e (1) Inverting the b-normal operator. Passing to indicial operators in (3.1), we first solve

Passing to indicial families and using the full ellipticity at the weight «, we may thus define
q11 using the inverse Mellin transform'? by

a(y.s) = (2m)! / S7I(P.y, o)~ I(Ro,y,0) do.

Imo=—a

The integral converges since the bound (2.22) applies to I(Rop,y,o), and I(P,y,0)~! is

meromorphic and satisfies the bound (2.21). We may shift the integration contour to
Imo = —f < —a where 3 avoids the discrete set {—Imo: o is a pole of I(P,y,o)~'}; by
the residue theorem, this shows that ¢11(y, s) has a polyhomogeneous expansion at s = 0
with a conormal remainder of weight 5. Similarly, one can shift the contour to Imo =
v > —a and obtain a polyhomogeneous expansion at s = co with a conormal remainder

of weight ~. Letting 3,7 — oo, this proves that ¢11 € COO(RZA,A(&’&)([O,oo]s)) where

phg
&y, E_ C C x Ny are defined around (1.9) (see also Corollary 2.16). See also [Mel93, §5.7].
Using 7 = % and Corollary 2.19, we conclude that there exists
Qu € ‘P&OO’(5+’NO’®’€7+(n_1))(X;OQ%X); I(Qu) = qu1- (3.5)

Proposition 2.6 implies that
Rup =1 = P(Qo+Qn) = Ro — PQu € ¥~ o0s 070,003 x),
Then Proposition 2.12 and equation (3.4) give
o R o N o . —00,(E4,No+1,6— 1
N(Rur,y,7) = N(Ro,y,7) — N(P,y, )N (Q11,y.7) € ¥y o0 EHE) ([0, 00);P027).

sC
It is important to keep track of the stronger information provided by Lemma 2.17, namely
that 711 (y, 7,7n) (defined via a partial Fourier transform of the de-densitized Schwartz kernel
of Ry restricted to ff, or directly in terms of N(Ri1,y,7) by the formula (2.16)) is an
element of . (Rgfl;Aéig’E*Jr(n_l))([—l, 1]7)) and moreover, by construction, vanishes at
n=0.

e (2) Solving away the error at lby,. Define the index sets

£:(0):=E+T &,  Ex(G+1):=ETU(Ex()+1), Ex=J&(G).  (36)
§=0

We claim that there exists
Q1p € Wy, E N0 (3 003 x) — g oo E Nl (. 03 ) (3.7)
so that the reduced normal operator of the remaining error
Rig:=1—-P(Qo+ Qu +Qi2) = Ri1 — PQ2 € \I’(;,OO’(&’NO’@’S‘JF(”_U)(X; OQ%X) (3.8)

has trivial index set at lby, that is,

) ~ % ~ % A ; ~ - k) Q’N +1»g— 1
N(Riz,y.0) = N(Ri,y, ) = NPy )N (Qizy,i) € W, 200 F([0,00):7022). (3.9)
14We recall here that the Mellin transform of u(s) is defined as (o) := o s~ *u(s) 92, and the inverse

Mellin transform of v(c) is defined as s — [, ____ s"v(o)do. Depending on the choice of a, the inverse

Mellin transform of v = @ need not be equal to u (though this is e.g. true for u € L*([0, 00], |2*|) and o = 0).
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In order to accomplish this, we first make a general observation. If Fy,, , Fr,, , C C x Ny

]: »F ) o
are any index sets and B € \Iib . oo Fio, it o )([O, ool; bQ%), then N(P,y,n) o B is to leading
order at 1by, given by the action of I(P,y), lifted to the left factor, on the polyhomogeneous
expansion of B at lby,. More precisely, consider local coordinates

t

=5 € [0, 1), t' €0, 00] (3.10)
near lby, C [0, 00]% .. Then |4 ‘i?l ]’ |ds ‘1’3 |2. We define I, (P,y) to have Schwartz kernel
given by the same formula as I(P,y) in (2.19) but in the s-coordinates, so

—=/S dsds’ |3
Ilbb(P7 y) = K%<?70707y) ??

This acts fiberwise (on each fiber of [0,1) x [0,00] — [0,00]) on extendible distributions
with compact support on [0, 1) X [0, 00]y. With x € C°([0,1)s x [0, 00]y) C C*([0, oo]asc)
denoting a cutoff which is identically 1 near {0} x [0, oc], we then have

00, (Fiby, +1,F1, ,0)

X(N(P,y,7) 0 B — L, (P,y) o (xB)) € ¥, . ([0, 00]; PQ7). (3.11)

Indeed, recalling Definition 2.8, the Schwartz kernel of XN(P, y,7) o B at (s,t’) is equal to
¢ N At dedt’ |z
0 " !
(5 /K 710 Ko (- 0) 7 |5
ds’ |dt dt' |3
x(s,t) /KO —stn,Oy)KB( )7——2

where (s',t') = (%,t’ ) = Kp(s',t') is polyhomogeneous with index set Fi, , resp. F, , at

s’ =0, resp. t' = 0. Passing to I, (P,y) amounts to setting the second argument of KIOD

to 0; this produces an error term of the same form but with an additional factor s’ = s%’
The additional factor of s is responsible for the shift of the index set at lby, by 1 in (3.11);

note that the infinite order vanishing of K 0( Z,1,0,y) at 5 = 0 allows one to absorb the
factor %

Returning to the task at hand, the first step is to find an operator family By(y,7n) €
\I/g’:z’(&(o)’NOH’@)([O,oo];bQ%), with Schwartz kernel Bo(y,ﬁ)(s,t’)\%dt—’f/\% vanishing for
s > £ (using the coordinates (3.10)), so that

e ~ (; ) 75— 1
N(Rit,,7) = NPy, i) o Bo(y,) € 0, 2O (o oo baly  (3.12)
has index set at 1by, improved by 1. In view of (3.11), this holds provided
o . . £, (0)+1,Ng+1,0 1
(N (Riv, g i) (s, ) = Ty (Poy) 0 Bo(y, i) (s, ¢)) € Wy, S EOFLI0H10) (g o1 b3,

(Here the arguments of N are t = st’ and ¢/ .) We can explicitly construct such an operator
By using the (inverse) Mellin transform: with xo € C2°(]0, %)) identically 1 on [0, %], we

define
) ds (3.13)

S

dsdt' |-
s t

n(Rar, . ) (0, 1) = /0 " i (s )( (Rur, i) (st )] 2
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and then set

Bo(yi)(st) = @) [ S (Pyo) (R i) #) do [ S

Imo=—a

Note then that n(Ri1,y,7)(0,t") is meromorphic in o with divisor —i€;, and thus the
integrand defining By(y,7) is meromorphic and its divisor in Imo > —a« is contained in

—i(ELU &) = —ié:(()). For later use, we note that if we define

ap:= min Rez 3.14
0 (z,k)e€E+ ( )

and let € € (0,1) be such that Rez ¢ (o — €, ) for all z € C for which —iz is a pole of
I(P,y,0)~!, then we may equivalently integrate over Imo = — (o — ).

Having thus arranged (3.12), we next show that the family By(y,7) is the reduced nor-
mal operator of an element of the large extended O-calculus. With the partially Fourier
transformed Schwartz kernels p and 717 of the normal operators of P, Ry; at hand, we need
to study (cf. (2.16) relative to By, and note that & = T when 7 = Ly

1 t+t!
5 1 —7\n=1/|dtdt |-3 n 1+7
q§2)(y,m7) 5:( B ) <‘tt’ 230(% W) (ﬁjéln!(l—ﬂ)

-5 e [ G ()

X I(va,o-)_ln(Rllyy’ i) (U’ %|77|(1 - 7—)) do

l
_ (1 — T)n—1XO<1 +7’>(2ﬂ_)71

2 1—7
1 o
<[ (D) Py
Imo=—a -7
o -1 1—7 \ d¢
% /=10 "N(1 ln—l/\( s 49 )7d ]
|0+ (S o 02 ) o

In the passage to the last line, we used (3.13) as well as (2.15) for Ry;. Changing variables

via kK = jjr% (i.e. s = 1£), this equals
~0) 1—7\n=1 /147 _
QEz)(y,Tm)z( 5 ) X0(1_7_>(27T) !
1+ 7\t 1 [yl RN 2drk
IP: ) < ) s TVy 1- ——d )
X/Ima:—a<1_T) (Pyy,0) /0 11— = Tll(yff( 7)77)1_&2 o

(3.15)
where 711(y, K, () = XO(%)(%)_("_U@(% K, ﬁ) is supported in £ < 0 and thus lies in

7 (Re; AS+D (21, 1),.))

Y phg

with smooth dependence on y € R*~1. The inner (k-)integral in (3.15) is a Mellin transform,
and thus it gives a Schwartz function in (1—7)n (with smooth dependence on y) with values
in the space of meromorphic functions of ¢ € C whose divisor is contained in —i€ and which
vanish rapidly at real infinity. Multiplication by I(P,y,o)~! (whose divisor is contained in
—1&4 U i€ ) increases the divisor at most to —i(£4 U &4) Ui€_, and therefore the outer
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(o-)integral is Schwartz in (1 —7)n, smooth in y, and valued in AS];;(O)’&)([—L 1]7). Taking
into account the cutoff xo(31Z) in (3.15), we thus conclude that

—

@y, 7m) € 7 (REHAE OV (1,11,

inherits the smooth dependence on 7 across n = 0 from 711(y,7,n), and like the latter

vanishes at n = 0. By (the proof of) the second part of Lemma 2.17, this implies the
existence of an element of

—00,(£4(0),No,0,0 1
Qgg) S \IIO/ (£+(0),Nog )(X;0Q2X)a (Q12 YN ) Bo(y 77)
Thus, setting
R&?) = Ry — PQgg) c \IJ(;OOv(5+(0)7N0,@,€,)(X;OQ%X),

we have N(Rg?, y,1n) € \I/;:fj’(& (O)H’NOH’&)([O, o0l; bQ%), and indeed the sharper regular-
ity across 7 = 0 captured by Lemma 2.17.
(0)

We then solve away the improved leading order term of Ry, at lby, using the same argu-
ment, but now taking the Mellin transform along a contour Im o = —a/ lower in the complex

plane. Concretely, with ag defined by (3.14), we have ap + 1 = min(z’k)ea(o)+1 Re z; we

then pick € € (0,1) such that no (z,k) € £ (0) + 1 has real part in (ag+ 1 — €, ag+ 1), and
take o' = ap + 1 — §. Setting

E'(1) = (EL(0)+ 1) T{(z,k) €E: Rez > ap+ 1} C E4(1),

this produces an operator Bi(y,7n) € \Ilgz?(g,(l)’NOH’@)([O ool; bQ%) in the range of the

reduced normal operator map, and indeed with q§2) defined analogously to (2.16) (relative

to Bjp) satisfying

—_ —

1 n— &' 1
qgQ) (y77_¢ ) € y(R b A;hg ([_L 1]7'))7 q§2)(y¢7—70) = Oa
with the property that
- . o & , £ 1
N(RY, y,0) == N(RY y, ) — N(P,y, ) Ba(y, 7) € W, 20 EOHHHE) (o o] PO3).

Note that (1) +1 C {(z,k) € E4(1)+1: Rez > ag+ 2} encodes one more order of decay

than the index set £, (0) + 1 of the previous error term R( )

Proceeding iteratively, we obtain a sequence of partially Fourier transformed, de-densi-
tized Schwartz kernels

n— (&
Dy, ) € 7R AL DD ([1,1],)), 9 (y,7,0) = 0,

E'(j) == (€'(j = 1) + 1) U{(2,k) € £: Rez > ag + j} C £+(j),
corresponding to reduced normal operators Bj(y,n) € \I/b o 00,("(7) No-+1, Q)([O,oo];bﬂé) via
the relationship (2.16), so that

N . N . - " & £ 1
N(RY y.0) = N(RGY g, 0) — N(Poy,d)Bj(y,7) € Uy, o0& DHHHED (g 0] 02),
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We then asymptotically sum the qg), j=0,1,2,..., at 7 = —1; noting that . (R"~!) =
Aghg(Rnfl), this is a standard asymptotic sum for polyhomogeneous conormal distributions
n [—1,0), x R*»=1. Thus, there exists q12 = q12(y, 7, 1),
6 b
q12 ~ qu e Rn i Aph-g ([_]—7 1]7’))7 Q12(9777 0) = 07
7>0

with smooth y-dependence, corresponding to a reduced normal operator

B(y, i) = N(Qua,y, 7) € Uy 2 EN0H10 ([ 501, b0)3)

of an operator Q12 as in (3.7), so that (3.8)—(3.9) hold. While (3.8) states that the restriction

of the Schwartz kernel of Ry to ff’ has index set é: at 1o’ N ff’, Lemma 2.17 and the
membership (3.9) show that this can be improved to the index set (). Thus, we have

N(P(Qo + Qi1 + Qi2),y,7) = I — N(Ra,y,7),
Ry G\I]—oo ,(0,No,0,E—+(n— 1))( OQzX) U, 00,(0,No,E—+(n— 1))(X;OQ%X),
N(Rs,y,7) = N(Riz,y,79) € U, 200 (0, o] P02),

e (3) Solving away the error at ffy, o. We now solve away the error R3 using an asymptotic
Neumann series argument. To this end, note that by Proposition 2.12, we have

N . . ~ _ 1
N(R},y,7) = N(Rs,y,7)’ ewbsc<@N°+” D+ ([0, 00]; P22) (3.16)

forany j € N, where W £ = £U---UE (j extended unions). The stated membership of Rg
shows that Lemma 2.17 is applicable, and in view of the stated membership of N (R}, y,7),
we may replace R} by an operator

RY) € wy oo 0NoE—+n=) (005 x)

with N(Rj,y, n) = N(Ré ), y,7); the point is that the index set of Rg 7 at th is fixed.

We wish to take an asymptotic sum of N (Ré ),y 1) at ffy, o while remaining in the range

of the reduced normal operator map; this is most easﬂy done by working with the partially
Fourier transformed restricted Schwartz kernels R3 g

—

)y, 7.m) € 7 (Rp~ AGE I (g 1)),

—

Note that by (2.16) and (3.16), we have |r§j)(y,7', | < 1+ 7N = 7)fot=Dn for

In| < 1, and with £y < Re&_ and N € R; but since réj) is smooth in 7, this implies that
réj ) in fact vanishes together with all its derivatives of order < j — 1 at n = 0. We record
this as

—

()GIJy(Rn 1. Ap?lg +(n— 1))([7171]”),

where Z7.7(R" 1) is the space of Schwartz functions vanishing at 0 together with all their
derivatives of order < j — 1.
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—_

We can thus asymptotically sum the 7‘( 7 at n = 0, obtaining

Fa(y, o) € (REL AQEFD) (L ) ),

phg
N—-1___
Fs— S i) e IV (R ASE SO (L)), NeN.
j=1

Upon taking the inverse Fourier transform of 73 in 7, we obtain, upon extension off ff’, an
operator

Ry € Wy~ PHos-+m) (003 ), (3.17)
—1
N(Rs.y,7) EZJVI%JL ) € w2 ONENE) (0 5] PRy, N eN.
7j=1

Therefore, I + Ry is an approximate inverse of I — R3 on the reduced normal operator level,
in the sense that

(I -R3)(I+R3)=I—-FR

where

R c \I,aoo,(w,No,S_Jr(nfl))( ;OQ%X),
V 00,(0,0,E-) 1 = L (3.18)
N(R,’y’ ) € \I]b sc ([0,00];bQE) = \I’_m’(w’gf)([o,oo];bﬂi).

e (4) Full right parametriz. The memberships (3.5) and (3.7) give Qo + Q11 + Q12 €

Uo"(X; OQ%X) + \IIO_OO’(&’NO’&H"_I))(X; OQ%X). Enlarging the index set of this operator
as well as of (3.17) at rb to £_ 4+ (n — 1) for symmetry reasons (already having in mind the
construction of a left parametrix below), Proposition 2.2 shows that

(Qo + Q1 + Qua)(I + Ry) € U™ (X;°03 X) + 0, (X005 X),
with & = (Ew, Ef, E,) where we can take
b =60, E=NoU(E;+E +(n—1), &= (ETE)+(n-1).
Setting £ = (&, No, g';b), extension off ff gives an operator
Q4 € U™ (X005 X) + U (X003 X) (3.19)

with the property that

N(PQi,y,m) =1~ N(R,y,7)
with R’ as in (3.18).

o (5) Left parametriz; true inverse. Analogous arguments (or application of the right

parametrix construction to P* followed by taking adjoints) produce a left parametrix Q’l
in the same space as @} in (3.19) with

N(Qllp’yaﬁ) =1- N(R/aya ﬁ)a
R e wy™E N (x,003X),  N(R.y,9) € 000, 00;P023).
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Since N(R',y,7) maps Hi;gn’(a’r_m)([o, ool; bQ%) (for any s,r) into Aghg([o, ool; bQ%), it

is a compact operator on Hf;;n’(a’r_m)([O, oo];bQ%X); similarly, N(R',y,7) is a compact

operator on nggj’r)([o,oo];bﬁé) (as it maps this space into Hlff;’éa+e’oo)([0,oo];bﬂé) for

€ > 0 chosen so small that oo + € < Re EJ:) Therefore,

~

N(P,y, i)z Hy'@7 ([0, 00);202) — Hy 7™ ([0, 00); P03) (3.20)

b,sc

is Fredholm, with approximate right, resp. left inverse N(Q’l,y,ﬁ), resp. N(Q’l,y,ﬁ) The
full ellipticity assumption on P now implies that N (P,y,n) has trivial kernel and cokernel
(for the particular value of «, but for any s,r), and thus is invertible. The Schwartz kernel
of the inverse of (3.20) can then be related to the left and right parametrices constructed
above via

NPy, i)~ = N(Q,y,0) + N(Q4,y, M) N(R ,y,7) + N(R ,y, ) N(P,y,7) 'N(R, y, 7).
(3.21)
We first claim that

N(R g ))N(P,y, ) N(R,y, ) € U=>EE) ([0, 00]; PQ3), (3.22)

with smooth dependence on y and 7). Indeed, the Schwartz kernel of (3.22) can be computed
by applying N(P, y,7)~" and then the (smoothing) operator N (R, y,7) to the restrictions
of the Schwartz kernel of N(R',y,17) to level sets of ¢ (see step (6) below for a more delicate
version of this argument); the statement (3.22) follows from this description. Smoothness in
y and 7 follows by direct differentiation and repeated application of (the inverse of) (3.20).

By Proposition 2.20 then, the operator (3.22) lies in the range of the reduced normal
operator; it is equal to N(R",y,7) for some R" € \Ilaoo’(‘g*’NO’g_Jr(n*l))(X; OQ%X). Taking
P~ to be an extension off ff of Q] + QR + R” (cf. (3.21)), we have thus shown that

NPy, i)t = NP7, y,0), P~ e W5™(X; 02 X) + 0, (X902 X),
where £ = (glb, No, grb) with &y, := g’r’bU (g: + (n — 1)) in view of Proposition 2.2.
e (6) Sharpening of the index sets. We first claim that the index set of P~ |g¢ at 1b is

contained in a ; to prove this, we need to show that N (P, y,n) has index set a at 1by,
for all y,7. For this purpose, fix ¢, € (0,00) and a cutoff function x € C2°([0,00)) with
x(t) = 1 for t < 3t{ and x(t) = 0 for ¢ > 3¢. In the coordinates t > 0, ¢ € (0,00) on
[0, OO]Qb,sc near lby, \ (ff, o U ff}, o), the cut-off restriction

ot

_1
- 7 2N(P_7y7ﬁ)(t’t6)’

4 (1) = X(O)pg (1) € A, (10,60)6:°22), (1)

lies in the approximate nullspace of N (P,y,n); to wit,
o . - - - . _ 1
NPy, D)ay, = XN (P,y, D)py, + [N(P,y, 1), x]py, € Aby ([0, 00);"022[0, 00)).

Here we used that N (P,y,M)p, is supported at ¢ = t; and thus outside of supp x; and for
0

the second term we also used that the Schwartz kernel of [N (P, y, 1), x] vanishes to infinite
order at all boundary hypersurfaces of [0, 00|y sc and is supported in ¢, < ¢;. But as in
step (2) of the proof, we can then use the (inverse) Mellin transform and the indicial family
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to show that g, € Aiﬁg

may thus replace the index set &y, of P~ at Ib by a

(10, 00); bQ)3 [0,00)). This proves the claim. By extension off ff, we

The index set of P~ |g at rb can be similarly improved by using the fact that

N(P,y,7)"N(P~,y,7)* =0,
where we define adjoints with respect to the LQ([O,oo];bQ%) inner product. Note that

(z,k) € Specy, (N (P, y,n)*) if and only if (—z, k) € Specy,(N(P,y,7)); indeed, the inverse of
I(N(P,y,7)"y,0) = I(N(P,y,),y,0)

has a pole at —iz of order > k 4 1 iff iZ is a pole of I(N(P,y,7),y,0)"" of order > k + 1.
We thus conclude that P* is fully elliptic at the weight —«, and moreover that

{(z,k) € Specy,(N(P,y,7)*): Rez > —a}

={(—2,k): (z,k) € Spec,(N(P,y,7)), Rez < a} ={(z,k): (2,k) € E_}.

On the other hand, the index set of N(P~,y,7)* at lby is {(z, k): (z,k) € & }. Following
the previous arguments thus shows that we can shrink the index set of N(P~,y,7n)* at lby
to the set of (z,k) so that (z,k) € £_; that is, we can replace &y, by £ . The proof is

complete. O

End of proof of Theorem 1.5. We may now apply Proposition 3.1 to the task (3.1): we set
Q1 = P~ Ry € 0y Nof+0=1) (. 003 X). We then have

P(Qo+Q1) =1 — R, Ry = Ry — PQ, € \Ijaoo,(5+,No+1,5,+(n—1))(X;ogéX)’
since all normal operators of R; vanish (see also Remark 2.18).

e Solving away the error at 1b. This is analogous to the corresponding step in the inver-
sion of the normal operator and involves, via the Mellin transform, the inversion of the

indicial family I(P,y,o). Thus, there exists Q2 € \IIO_OO’(&’NOH’@) (X; OQ%X) so that

P(QO + Ql + QQ) —I_ RQ, R2 — Rl o PQl c \II(;OO’(Q’NO+1’57+(TL—1))(X;OQ%X).
Here, naive accounting of index sets would suggest merely
Qs € Uy E 0N (. 00] )

where we recall (3.6). The fact that we can take &, as the index set of Q2 at Ib can be
seen by adapting the argument in step (6) of the proof of Proposition 3.1 to the 0O-setting;
the only difference is that now we need to localize also in the boundary variables. Thus,
denote the Schwartz kernel of Qg + Q1 + Q2 by

drz dy dz’ dy
b —

2
Y

q(z,y, 2", y)

x xn—1 o/ x/n—l

fix z{ = (zf,y)) with 2, > 0 and y), € R""!, and consider the restriction
dz dy

r oan1

1 —
2 £+ (0 1
qz(’) = Q(_a —,«TE),y(l)) € Apﬁg( )(X7OQQX)

Let
K =10,20). x {y e R" " |y — yo| < z(}
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and fix a sequence of cutoff functions xo, x1, ... € C°(K) so that
xilwy) =1, w<gap, ly—yhl <6 suppx; C {xj-1 =1}

We have X04z, € Aiﬁg(o)(K;OQ%K). We claim that, for j € Ny,

1

Xi+1P(Xi) = Xj11Pazy + X541 [P x5)azy € Aby (K002 K). (3.23)
Indeed, for the first term, we note that Pq,; is given by the restriction of the Schwartz
kernel of I — Ry to (2/,y’) = 2, (ignoring half-density factors) and thus vanishes to infinite
order at 0X and has singular support equal to (z,y) = z(, thus outside of supp x;j4+1. For

the second term, note simply that x;+1[P, x;] € \1181_17(@’0)’0)) (X; OQ%X) and use Lemma, 2.4.
Starting with j = 0 in (3.23) and passing to indicial operators shows that X04; must lie in

AL+

phg UP to an error term in A%+ where o was defined in (3.14). Using this information

£ (1)

in equation (3.23) with j = 1 gives X1qz = mod A%7*2; and upon using induction,

phg
iﬁg(K;OQ%K) where Xoo € CS°(K) has supp xeo C {Xx; = 1}
for all j. Since we can take Y to be equal to 1 in a neighborhood of (0, y), and since z,

we conclude that xoog.; € A

and y;, were arbitrary, we conclude that we can reduce the index set of Q2 at Ib to a, as
claimed.

e Solving away the error at ff. This is again an asymptotic Neumann series argument.
00,(0.No+1.E” +(n—1)

Let W, (X;OQ%X) S Ry ~ P R}, where we recall £ = E_UE_ +
1)U---. Then Proposition 2.2 and the fact that Qo + Q1 + Q2 € \I'am(X;OQ%X) +
\I/aoov(g%Nngf"‘("_l))(X. OQ%X) give

i =
Q= (Qo+ Q1+ Qo) (I + Ra) € Uy™(X; 03 X) + 0, =5 ) (x. 005 x).  (3.24)

and we have

—

007(®7®’gb—+(n71)) ()(7 OQ%X> C \II—OO,(Q),SE-i-(n—l))(X; OQ%X)

PQ=1-R, ReV,
The construction of a left parametrix is analogous, or one can take @)’ to be the adjoint
of a full right parametrix for P*. The proof of Theorem 1.5 is complete. ([

Remark 3.2 (Index set at the right boundary). The index set of the right parametrix @ at
rb can in general not be reduced without modifying (). Indeed, note that one can add to )
any element of ¥, o0,(0.7) (X; 003 X ) for any index set F, and one will still have PQ = I — R
with R fully residual. That is, sharpening @) at rb to a smaller index set requires either
more careful bookkeeping or a suitable modification of (). (An analogous comment applies
to the index set of the left parametrix Q" at 1b.)

When X is compact, we now use these parametrices to prove the Fredholm property
1
of fully elliptic 0-operators acting between the weighted 0-Sobolev spaces p®H§(X;%Q2 X)
defined before the statement of Corollary 1.6; here p € C*(X) is a boundary defining
function of X. We remark that
LA(X;90:X) = p"T L3(X; Q2 X)

(with equivalent norms), similarly for weighted 0-Sobolev spaces valued in b—%—densities.
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Corollary 3.3 (Generalized inverse). Suppose X is compact. Let P € Ui (X 002 X ) be
fully elliptic at the weight oc. Then

P p® " HY(X:°Q2X) = p* "z HI™(X; Q2 X) (3.25)
(i.e. P: pO‘HS(X;bQ%X) — paHg_m(X;bQ%X)) is a Fredholm operator. Denote by
G: p® "7 Hy ™(X;0Q2X) — p° "7 Hj(X;°02X)

its generalized inverse; that is, G’(ranP)J_ =0, and for f € ran P we set Gf = u where u
is the unique solution of Pu = f with u L ker P; here, orthogonal complements are defined

with respect to the pa_nT_lLQ(X;OQ%X) inner product. Then, with index sets defined as in
Theorem 1.5, we have

G e U™ (X;'05X) + q,aoo,(ac<ef+za>,sff,<iU(e?—za>+(n—1>)(X.OQ%X)
where with &g := NOU(S_ﬁ|r +& +(n—1)) we put'®
Er =210 ((Er+ 28— ) U2AE + )] + (n - 1)) T(EL + 5+ (n-1)).

Furthermore, the orthogonal projections I = I — GP to the nullspace of P in (3.25) and
Il = I — PG to the orthogonal complement of the range of P satisfy

II € \I;—oo,(a7a—2a+(n—1)) (X, OQ%X)’

. 1 (3.26)
r c \II_OO’(‘S*+2O"5*+("—1))(X; OQ§X),

If P is invertible, then G = P~! ¢ \Ilam(X;OQ%X) + \Ifaoo’(g+’gﬂ’g_+(n71))(X; OQ%X),

Proof. Let Q,Q’, R, R' be as in Theorem 1.5. Thus PQ = I — R, with R a compact opera-
nngg_m(X;OQ%X) (since it maps po‘_%Hg_m(X; OQ%X) — Aghg(X;OQ%X),
n—1 1

and the inclusion of this space back into p® 2 H§ ™(X;%Q2X) is compact); likewise
Q'P = I — R, with R’ compact on pafnTing(X;OQ%X) (as it maps this space into
AO“”'E(X;OQ%X) for some small € > 0, the inclusion of which into po‘_nT_ng(X;OQ%X)

is compact). Therefore, P is Fredholm.
Now, every u € ker P in the domain of (3.25) satisfies u = —R'u € AO‘(X;OQ%X);

but then Pu = 0 in fact implies u € Aiﬁg(X 002 X ) in view of the same arguments as

tor on p®~

RS

around (3.23). Thus, if uj,...,uy € Agﬂg(X;OQ%X) is an orthonormal basis of ker P,

then the orthogonal projection II = Z;V:1<_7 uj) u; to ker P has Schwartz

n—1 1
P T L2(X002X)
kernel

N

X x X3 (5,4) 5 Y wy(e)l 2 Vs,
j=1
where p is the lift of the boundary defining function of X to the second factor. This implies
the membership of II in (3.26).

15We make no attempt to optimize the index set &g here. We merely point out that g is equal to the
union of No with an index set all of whose elements (z, k) have Rez > n — 1.
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To control II', we consider its adjoint (II')* = I — G*P*, which is the orthogonal
projection to ker P* in p‘a+nT_lL2(X ;OQ%X ). A calculation based on the relationship
00X = p~(=DPOX shows that the boundary spectrum of P* € Ui (X; OQ%X) is given by

Specy,(P*) = {(2,k): (—z+ (n— 1), k) € Spec,(P)}. (3.27)
Now, if v € p~*F"3 L2(X; Q2 X) N ker P*, then
v= QP+ R*v = R'v e A=°*(=1(X;%035 X).
But by (3.27), the smallest index set containing all elements (z, k) € Specy,(P*) with Re 2 >
—a+(n—1)isequal to £_+(n—1) where £ = {(Z,k): (z,k) € £_}, and therefore P*v =0
E_+(n—1)

implies v € Aphg (X; OQ%X). Therefore,

(H/>* c \11_007(87_4-(71—1),87_-1-2(1) (X OQ%X)7

which implies (3.26).
The generalized inverse G is related to the left and right parametrices via
G=(QP+R)G=Q'(I-1')+ RG(PQ + R)
=Q(UI-M+RUI-MQ+RGR=Q +RQ+RGR-QT - RTIQ;

note then that

00,(E% &L +EL +(n—1),EL +(n—1)) 1

RQev, (X;902X)

and also R'GR € \If_oo’(gi’gi+(”_1))(X;OQ%X) lies in this space. If P is invertible and
therefore II = 0, II" = 0, then from PG = I and P*G* = I we conclude that the index set
of G at 1b, resp. rb can be reduced to £, resp. £- + (n — 1).

If P is not invertible, we compute using Proposition 2.2 that
Q/H/, R/HQ c \117001(glbygﬁ,grb)(X; OQ%X)

for some (explicit) index sets &y, &1, with Re &, > a and Re &y, > —a+ (n — 1), and with
(the somewhat wasteful index set) g given in the statement of the Corollary. The index set
of G at 1b can then be improved using PG = I —II' by a simple adaptation of the arguments
around (3.23): the restriction G, of the Schwartz kernel of G to the preimage of zp € X°

under the projection X x X° — X° after division by the lift of a positive %—density on X°

satisfies P(x0Gy;) € AiggQa(X; OQ%X) where xo € C°(X) cuts off to a neighborhood of

zg; therefore oG € AiﬁgU(S’JrQa)(X 005 X ) by indicial operator arguments. Thus, the
index set of G at lb can be reduced to é:U(g: + 2«). The argument at rb is analogous

upon passing to the adjoint equation P*G* = I — (II')*. O

3.2. Parametrices in the calculus with bounds. In the case that the fully elliptic
0-ps.d.o. P does not have constant boundary spectrum, the Schwartz kernel of detailed
parametrices cannot be polyhomogeneous anymore (see however [KM13]). In this case, one
can still construct a parametrix in the calculus with bounds.



36 PETER HINTZ

Theorem 3.4 (Precise parametrix in the O-calculus with bounds). Let ag < aq. Let
P e v (X; OQ%X) be fully elliptic at all weights a € [y — €, a1 + €] for some small € > 0.
Then there exists operators
Q,Q € U™ (X;002 X) 4 Wy > er ot (=) (3. 005 x) 4 goo a0t (-1 (x, 003 X)
(3.28)
so that PQ =1 — R and Q'P = I — R with
R e Uoo(omaotn-))(x,003 ) R e g0 (X003 X).

Remark 3.5 (Existence of a gap when X is compact). When X is compact and P is fully
elliptic at the weight o € R, then the hypotheses of Theorem 3.4 are satisfied when oy < «
and oy > « are sufficiently close to « and € > 0 is sufficiently small.

Proof of Theorem 3.4. Since the arguments are very similar to and indeed more transpar-
ent (requiring less bookkeeping) than those in §3.1, we shall be brief. We take Qy €
v,m™X; OQ%X) to be a symbolic parametrix, so PQo = I — Ry with Ry € ¥;°(X; OQ%X).
We can apply Proposition 3.1 to write the inverse N(P, y,n) "1 (of ](7(137 y,7) regarded as a
map between the spaces in (3.3)) for each y separately as the reduced normal operator at
y of an element of the large 0-calculus. Note that the index set of N (P,y,n)~" at lby, has
real part larger than o + ¢, and the index set at rby, has real part larger than —(ag — €).
Assembling these inverses, we can thus construct an operator

P e \I/amv(allv_a6+(n_1))(X; OQ%X)

with N(P~,y,7) = N(P,y,7)~" for all y,/. Here, we denote by af) € [ — €, ap) and
o) € (a1,a1 + €] two weights which may increase (in the case of af)) or decrease (in the
case of o)) from line to line throughout the rest of the proof.

Proposition 2.7 gives Q1 := P~ Ry € \Il(;oo’(all’_%Jr(n_l))(X; OQ%X), and we have
Ri = Ry — PQ; € pg¥y 07071 (003 i),
At 1b, we can solve this error away using indicial operator arguments, thus producing an
operator Qs € pff\IJaoo’(al’oo) (X; OQ%X) so that
Ry = Ry — PQy € pg¥y om0t =) x . 005 x),
This is solved away using an asymptotic Neumann series, i.e. taking an operator Ry €
Py T (005 X) with Ry ~ 322, RS.'® Defining Q = (Qo + Q1 + Q2)(I +
Rs), we then have
PQ=T-R, Rc \I,aoo,(oo,oo,—ag—&-(n—l))(X; OQ%X) - q/—m,(w,—a6+(n—l))(X; OQ%X),
as desired. In the membership (3.28), we use that
\Ijo—oo,(al,a1—ao+(n—1),—ao+(n—1)) (X; OQ%X) _ \II—OO,(OéL—Oéo-f-(n—l)) (X; OQ%X)

We can construct a left parametrix @ as usual as the adjoint of a right parametrix (Q’)*
for P*. The proof is complete. U

16The composition properties of elements of p';r\llgoo’(ﬁ‘b’ﬁrb)(X;oQ%X) can be deduced for general j
from those for j = 0 by writing pg = 'p;).
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Corollary 3.6 (Generalized inverse in the 0-calculus with bounds). Suppose X is compact,
and let P be an operator satisfying the assumptions of Theorem 3.4 (see also Remark 3.5).
Then for any « € [, a1], the operator P is a Fredholm operator as in (3.25). Put

B := min(ag, —ap + (n — 1) + 2a) > «a, Bib =P —2a+ (n—1) > —a+ (n—1).

Then the generalized inverse G of P satisfies

G e U™ (X; OQ%X) + \Paooa(ﬂlbaﬁrb)(X; OQ%X) + \I,—oo,(ﬁlbﬁrb)(X; OQ%X)

Proof. We leave the proof to the reader, as it is a straightforward modification of that of

Corollary 3.3. (]
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