BLACK HOLE GLUING IN DE SITTER SPACE

PETER HINTZ

ABSTRACT. We construct dynamical many-black-hole spacetimes with well-controlled as-
ymptotic behavior as solutions of the Einstein vacuum equation with positive cosmological
constant. We accomplish this by gluing Schwarzschild—de Sitter or Kerr—de Sitter black
hole metrics into neighborhoods of points on the future conformal boundary of de Sit-
ter space, under certain balance conditions on the black hole parameters. We give a
self-contained treatment of solving the Einstein equation directly for the metric, given
the scattering data we encounter at the future conformal boundary. The main step in
the construction is the solution of a linear divergence equation for trace-free symmetric 2-
tensors; this is closely related to Friedrich’s analysis of scattering problems for the Einstein
equation on asymptotically simple spacetimes.

1. INTRODUCTION

A vacuum spacetime with cosmological constant A € R is a 4-manifold M equipped with
a Lorentzian metric g of signature (——+++) satisfying the Einstein vacuum equation

Ric(g) — Ag = 0. (1.1)

The Majumdar—Papapetrou [Maj47, Pap45] spacetime is an explicit solution for the coupled
Einstein-Maxwell system' in A = 0 describing several extremally charged black holes; a sim-
ilar construction for A > 0 was given by Kastor and Traschen [KT93]. We will demonstrate
how to construct vacuum spacetimes which, for late times, describe dynamical many-black-
hole spacetimes with precisely controlled asymptotic structure using a gluing method. Our
construction applies in the case A > 0, which is consistent with the ACDM model currently
favored in cosmology [RT98, P99].

The simplest solution of (1.1) is de Sitter space
M°® = (—7m/2,m/2)s X S, gas = (3/A) <3os_2(s)(—d52 + gs3),

where ggs is the standard metric on the 3-sphere; this describes an exponentially expanding
(as s — m/2) universe. The metric gqs is asymptotically simple [Pen65]: the conformal
multiple cos?(s)gqs extends smoothly to a Lorentzian metric on the partial compactification

M = (—7m/2,7/2]s x S2.

(M°, gqs) is geodesically complete, so future timelike observers in M° can only tend to OM
but never reach it; one calls OM future timelike infinity, or the future conformal boundary
of de Sitter space, often also denoted I*. Since images of null-geodesics are conformally
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1This means that the right hand side of (1.1) is no longer 0, but related to the energy-momentum tensor
of an electromagnetic field satisfying Maxwell’s equation.
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invariant, the backward light cone from a point p € M is a null hypersurface inside M°
and known as the cosmological horizon associated with p. See Figure 1.1.

FIGURE 1.1. The (partial) conformal compactification M of de Sitter space,
a point p on its future conformal boundary I, and a piece of the backwards
light cone from p.

The simplest black hole solution of (1.1) is the Schwarzschild-de Sitter (SdS) solution,
recalled below. It depends on a mass parameter m € R and can be thought of as describing a
black hole tending to some fixed but arbitrary point p in I7; it is defined in a neighborhood
of p. Our main result gives a sufficient condition under which one can glue several SdS
black holes into de Sitter space:

Theorem 1.1. Let N € N. Fori = 1,...,N, fiz points p; € OM = S? Cc R* and

(subextremal) masses 0 < m; < (?)A)_l/2 such that the balance condition
N
Zmipi =0€ R4. (1.2)
i=1

holds. Then there exists a metric g solving the Einstein vacuum equation (1.1) in a neigh-
borhood of OM with the following properties:

(1) in a neighborhood of p;, g is isometric to a Schwarzschild—de Sitter black hole metric
with mass m;, containing future affine complete event and cosmological horizons;

(2) outside a small neighborhood of {p1,...,pn}, cos®(s)g is smooth down to s = /2,
and asymptotic to the rescaled de Sitter metric cos®(s)gas at the rate cos3(s).

See Figure 1.2. When N > 2, and all masses are sufficiently small in absolute value, we
show that the cosmological horizons of different black holes intersect in the maximal globally
hyperbolic development of g; see the end of §3.3. Note that upon replacing s by —s, we glue
SdS black holes, with past affine complete horizons, into a neighborhood of past conformal
infinity of de Sitter space; this provides interesting settings in which to (numerically) study
the interaction of black holes in de Sitter space under forward evolution.

Recall here that for subextremal mass parameters m € (0, (3A)~%/2), the SdS metric is

R; x (T—7T+)r X 827 Im = _,U«m(r)dtQ + ,U«m(r)il dr® + 729827

2 . oy
where pm(r) =1 — 27'“ — ATT, and 0 < r_ < r4 are the unique positive real roots of py.

After a suitable coordinate change, one can extend ¢, beyond the event horizon r = r_
and beyond the cosmological horizon r = r to a metric g, on a larger manifold

M =Ry, x (0,00), x S%
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FiGurge 1.2. Illustration of Theorem 1.1. We glue SdS black holes into
neighborhoods of the points p;; only two black holes are shown here. The
dashed lines labelled HT are the cosmological horizons of the individ-
ual black holes, while the dashed lines labelled ™ (not drawn Penrose-
diagrammatically) indicate their event horizons. (The two H* lines tending
to p1 are really a single (0,00);, x S?, forming one connected horizon, but
for visualization purposes we needed to reduce dimension of the sphere by
2.) The gray region indicates the region where the metric is not isometric
to some SdS metric.

One can identify the piece ¢, > 0 of M, with a subset of de Sitter space M° in such a
way that the SdS cosmological horizon and the backward light cone from a point p € OM
coincide in a neighborhood of p; denote the resulting metric by g, m. This metric is in fact
conformally smooth down to M away from the singular point p, with r — oo corresponding
to s — m/2. See Figure 1.3. Conclusion (1) in Theorem 1.1 is then the statement that

9 = Gp;,m; Near p;.
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FI1GURE 1.3. The Schwarzschild—de Sitter metric glued into de Sitter space.
We only show the cosmological horizon and the cosmological region r > r
where r is timelike. On the right is the same picture, but we show an
additional spatial dimension, thus showcasing the connectedness of H*.

The precise result, Theorem 3.2, is more general: the masses m; are allowed to be any real
number, and we then glue the far end r» > 1 of Mg into de Sitter space. (For subextremal
masses as in Theorem 1.1, one can then ‘fill in’ the rest of the SdS black hole.) We also
prove the necessity of the balance condition under certain asymptotic assumptions on g;
see Theorem 3.4.

We prove a similar result for gluing Kerr—de Sitter (KdS) black holes into de Sitter space.
The KdS family of metrics [Car68] depends on two parameters, m (mass) and a (specific
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angular momentum). For the purpose of gluing KdS metrics into de Sitter space, we also
keep track of the point on It to which the black hole tends, and the orientation of its
axis of rotation. We can then glue any finite number of KdS black holes into de Sitter
space under two balance conditions: the first condition is similar to (1.2) but now involving
the effective mass mer = m/(1 + Aa2/3)?%, and the second condition requires the effective
angular momenta mega (taking into account the black hole locations and axes of rotation)
to sum up to 0, see Definition 4.3.

1.1. Gluing in general relativity. Most gluing constructions in general relativity operate
on the level of (noncharacteristic) initial data sets. Recall that an initial data set for the
Einstein vacuum equation (1.1) is a 3-manifold ¥ together with a Riemannian metric v and
a symmetric 2-tensor k£ on X satisfying the constraint equations

Ry + (tryk)* — [k[2 =27, 0yk+dtry k=0; (1.3)

here R, is the scalar curvature, and J, is the negative divergence (the adjoint of the sym-
metric gradient). Given (X,7, k), there exists a unique maximal globally hyperbolic devel-
opment (M, g), with g solving (1.1), and an embedding ¥ < M such that the images of
and k are the metric and second fundamental form of ¥ [CB52, CBG69].

Brill-Lindquist [BL63] explicitly constructed initial data containing any number N of
(charged) Einstein-Rosen bridges at arbitrarily chosen points in R® and with arbitrary
mass parameters; the resulting set of initial data has one distinguished asymptotically
flat (AF) region and N AF regions on the other side of the wormholes. Misner [Mis63]
(and Lindquist [Lin63] in the Einstein-Maxwell case) showed how, with a careful choice of
parameters, one can identify all but two AF regions, and for just two points even create a
spacetime with one AF end and a wormhole connecting two ‘points’. These constructions
are global and rigid, the main tool being superpositions of shifted and scaled versions of
1/|z|; this is also the case for Majumdar—Papapetrou and Kastor-Traschen spacetimes.

The starting point for localized gluing is Corvino’s work [Cor00] on the gluing of the large
end of Schwarzschild data (A = 0) to a given time-symmetric AF initial data set on R?; in
this case, the constraint equations become k = 0 and R, = 0, and key to the localized gluing
is the underdetermined nature of the scalar curvature operator v — R, (more precisely,
the overdetermined nature of the adjoint of its linearization). The assumption of time-
symmetry was removed by Corvino—Schoen [CS06] by allowing the AF end to be equal to
Kerr initial data.

Chrusciel-Delay [CD02] extended the methods of Corvino—Schoen and also refined worm-
hole constructions by Isenberg-Mazzeo—Pollack [IMP02, IMP03]. In [CDO02, §4], they con-
structed time-symmetric data containing any number of Schwarzschild black holes (mean-
ing: neighborhoods of the neck region of the Riemannian Schwarzschild metric), placed
at a collection of points in R? which is symmetric around 0 € R3. (This assumption is
loosely related to the balance condition (1.2).) The same authors also construct many-Kerr
initial data [CDO03, §8.9], again under a parity condition. In both papers, the smallness
required for solving the nonlinear constraint equations comes from taking the black hole
masses to be small compared to the distance of the points. Chrusciel-Mazzeo [CMO03]| show
that the maximally globally hyperbolic development of suitable many-Schwarzschild initial
data has past-complete .# T, and the black hole region has several connected components.
Their arguments use Friedrich’s stability result [Fri86b] and direct geometric arguments, a



BLACK HOLE GLUING IN DE SITTER SPACE 5

description of the global structure of the resulting spacetime being far beyond the reach of
hyperbolic PDE theory at this point.

Chrusciel-Isenberg—Pollack [CIP05, CIP04] give sharp results on gluing in compact sub-
sets of initial data sets, and also discuss the case A > 0 as well as matter models coupled
to the Einstein equation; see also [IMP05]. Carlotto—Schoen [CS16] gave another striking
extension of this method, producing asymptotically flat initial data which are nontrivial (y
Euclidean, k = 0) only in arbitrary (noncompact!) cones in R3.

We also mention Cortier’s work [Corl3] on gluing exact Kerr—de Sitter ends to solutions
with asymptotically KdS ends, generalizing from the Kottler—Schwarzschild—de Sitter case
studied in [CPO08]. The latter results are very different from Theorem 1.1 as they concern
the periodic ends of the level set ¢ = 0 in the maximal analytic extension of SdS and KdS
spacetimes (called Delaunay ends in the SdS case). One can construct many-black-hole
initial data sets, with a finite number of black holes, from [CP08, Corl3] by identifying
two isometric (in particular, sufficiently far apart) copies of the fundamental domain of
the maximally extended SdS or KdS data set glued in near spatial infinity. In the case of
exact SAS or KdS data sets, the resulting spacetime is a quotient of the maximal analytic
extension by a suitable discrete translational symmetry; in particular, the future conformal
boundary has several connected components, each of which is an interval times S2.

1.2. Scattering problems on asymptotically simple spacetimes; gluing in de Sit-
ter space. As discovered by Friedrich [Fri86al, the ‘constraint equations’ at the conformal
boundary of an asymptotically simple spacetime? with A > 0 simplify dramatically com-
pared to (1.3). Indeed, fixing a Riemannian 3-manifold (S, ), the degrees of freedom are
two scalar functions as well as a symmetric 2-tensor k on S satisfying the linear equations

trp k=0, d0,k=0. (1.4)

Given these data, one can construct an asymptotically simple solution (M, g) of (1.1) so
that S = OM and h is the restriction to 9M of a suitable conformal multiple of g; the tensor
k is equal to certain components of the rescaled Weyl tensor of g at OM. (We remark here
that Dafermos—Holzegel-Rodnianski [DHR13] gave a scattering construction of black holes
settling down exponentially fast to a subextremal Kerr metric by solving a characteristic
Cauchy problem ‘backwards’ with cosmological constant A = 0; see also [Ren90, Luk12].)

The linear nature of the constraints (1.4) suggest a simple way of gluing pieces of asymp-
totically simple spacetimes into de Sitter space. Indeed, on Riemannian manifolds (S, h)
of dimension 3 and higher, the divergence operator on trace-free symmetric 2-tensors is
underdetermined, and one can solve the divergence equation

k! = 1, trp k' = 0, (1.5)

in such a way that the support of &’ is contained in a small neighborhood of supp f.
This requires that there is no obstruction, i.e. f must be orthogonal to the cokernel—the
space of conformal Killing vector fields. Solvability then follows from a general result by
Delay [Dell2]. Thus, naively gluing many SdS black holes into neighborhoods of points
p1,...,pN € IT = S3 via a partition of unity, the constraints (1.4) will typically be violated
for the induced data k, and with h = gg3; one can, however, correct k by a 2-tensor k’

2A manifold M with boundary, and a metric g on M° satisfying (1.1) such that, for a boundary defining
function 7, the ‘unphysical metric’ 72¢ is a smooth Lorentzian metric on M, with OM spacelike when A > 0.
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supported away from the points p; assuming the obstruction vanishes for f = —d,k, which
precisely leads to the balance condition (1.2); see §3.1.

We use the gluing problem as an opportunity to give a self-contained treatment of the
scattering problem—the construction of a spacetime solution of (1.1) from asymptotic data
at IT—in this specific context. Rather than using Friedrich’s conformal Einstein field equa-
tions, see [Fri86a, §2], in which one solves for quantities derived from the metric tensor,
we directly construct the metric as a Lorentzian 0-metric (uniformly degenerate metric),
following the terminology of Mazzeo—Melrose [MMS87]; see §3.2-3.3. As demonstrated by
Vasy [Vas10, Theorem 5.5], solutions of linear wave equations on a spacetime with asymp-
totically de Sitter type O-metrics can be constructed from scattering data in Taylor series
at It using regular-singular point ODE methods; the remaining error, which vanishes to
all orders at I, is solved away by solving a wave equation with such essentially trivial forc-
ing. (Similar constructions are fairly standard in the Riemannian context on conformally
compact or asymptotically hyperbolic metrics, see e.g. Fefferman—Graham [FG85, FG12]
and Graham-Zworski [GZ03].)

In our gluing problem, this approach does not work directly. Indeed, calling the naively
glued metric from the previous paragraph gg, the leading order term of the resulting error
Ric(go) — Ago is of size O(1*) as a 2-tensor expressed in terms of dr/7 and sections of
T*S3/7 (and supported away from the points p;) where 7 = coss is a boundary defining
function of M; the degenerate nature of (the linearization of) the Einstein vacuum equation
prevents us from solving this error away using a metric correction of the same size. Instead,
we need to use a metric correction of size O(73) which does not produce any 73 error terms
(i.e. lies in the kernel of the indicial operator of the linearization of (1.1)); in order for it
to solve away the 74 error, one needs to solve an equation of the form (1.5).

To continue the construction, we use the now fairly precise glued metric, called ¢°, as
a background metric in a generalized harmonic gauge, similarly to [GL91], and solve the
gauge-fixed Einstein equation (see Definition 3.12), first in Taylor series in §3.2 (similarly
now to the scalar wave equation case discussed in [Vasl10]), and then nonlinearly by solving
a quasilinear wave equation with rapidly decaying (at 0M) forcing in §3.3. We show that
the resulting metric solves the Einstein vacuum equation by using the usual argument based
on the second Bianchi identity and the propagation of the gauge condition. In this final
step, the sufficiently rapid vanishing of the gauge condition, a 1-form on spacetime, at M
replaces the vanishing of the Cauchy data of this 1-form in the standard short-time theory.

Our gluing method is very flexible. For instance, one can glue any number of KdS black
holes into the upper half space model [0,1)7 x R2, gas = 7 2(—d7? + d3?), of de Sitter
space without any balance conditions if one allows for the solution to be sufficiently large at
spatial infinity; in this case, we can of course only guarantee the existence of the nonlinear
solution of (1.1) in a neighborhood of 7 = 0 which may shrink as |Z| — co. More generally,
one can glue any metrics suitably asymptotic to de Sitter space into de Sitter space. See §3.5
for more on this. In particular, one may be able to glue several dynamical KdS black holes
together once their behavior is understood globally; see the work [HV18] by the author
with Vasy for the stability of the KdS exterior, and Schlue’s ongoing project [Sch16, Sch19]
(building on his prior [Sch15]) on the stability of the cosmological region.
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We remark that, as another application of our approach, the polyhomogeneous formal
solutions of (1.1) constructed by Fefferman-Graham can be corrected to true (asymptoti-
cally de Sitter like) solutions near the future conformal boundary; see Remark 3.17. This
was previously shown by Rodnianski-Shlapentokh-Rothman [RSR18].

Remark 1.2. We expect our methods to generalize in a straightforward manner to all higher
dimensions, including to odd-dimensional spacetimes to which neither Friedrich’s analysis
nor the extensions by Anderson and Chrusciel apply [And05, AC05]. For general results on
the future stability of cosmological spacetimes, see Ringstrom [Rin08].

Remark 1.3. It would be interesting to perform similar gluing constructions for Einstein—
matter systems such as the Einstein—-Maxwell equations, thus generalizing the family of
Kastor—Traschen spacetimes. See also [Fri9l].

1.3. Outline of the paper. In §2, we recall relevant aspects of 0-analysis, i.e. the analysis
of O-metrics and associated uniformly degenerate differential operators. In §3, we present
the details of the gluing construction for multi-SdS spacetimes; in §4, we extend this to the
KdS case. Throughout the paper, the cosmological constant will be a fixed number

A>0.
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2. ANALYSIS OF UNIFORMLY DEGENERATE METRICS

We recall natural vector bundles associated with uniformly degenerate geometries in §2.1
and describe de Sitter space from this point of view; associated differential operators are
discussed in §2.2. In §2.3, we discuss the case of the Einstein vacuum equations in detail.

2.1. Rescaled tangent and cotangent bundles; de Sitter space. Let M be a smooth
(n + 1)-dimensional manifold with boundary dM # (); the space of smooth vector fields
on M is denoted V(M) = C*>°(M;TM). Following Mazzeo—Melrose [MMS87], we define the
space
Vo(M) :={V eVM):V(p)=0Vpe oM}

of O-vector fields (or uniformly degenerate vector fields); this is a Lie subalgebra of V(M).
If 7 € C°°(M) denotes a boundary defining function, i.e. 9M = 771(0) and d7 # 0 on
OM, then Vo(M) = 7V(M). In local coordinates [0,00); x R?, the space Vo(M) is the
C®°(M)-span of the n + 1 vector fields

TOr, TOmi, i =1,...,n.

Together, these provide a smooth frame of a vector bundle °T'M, called 0-tangent bundle,
which is nondegenerate down to 7 = 0. Thus, for z € M, there is a natural map °T, M —
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T,M which is an isomorphism for 2 € M°. A section V € C®(M;°TM) restricts to a
smooth vector field on M° which extends smoothly to a vector field on M. This identifies
Vo(M) = C=(M;°TM).
The dual bundle of °TM is called the 0-cotangent bundle °T*M. In local coordinates

near AM, a local frame is given by

dr dz

—, ,t=1,...,n.

T T
These are smooth and nonvanishing down to 7 = 0.

Definition 2.1. A Lorentzian 0-metric (or uniformly degenerate Lorentzian metric) g on
M of class C* is a smooth section g € C*°(M; S? °T* M) which has signature (n, 1) at every
point of M.

In local coordinates, a smooth Lorentzian O-metric can be written as

n n
g=1"72 (good72 +2 Zgol'dT R, da’ + Z gijdz’ @4 dx3> ,

i=1 ij=1
with the g, smooth functions of (7,z), and (g.v)u,v—o0,.. » having signature (n,1). Note
that 72g € C®°(M;S*T*M) is a smooth Lorentzian metric on M in the usual sense. In
particular, the class of metrics g for which OM is spacelike for the metric 72g is well-
defined, and independent of the choice of boundary defining function 7; we shall only be
concerned with such metrics in the present paper. The Riemannian metric induced on M
by 72¢ does depend on 7, but its conformal class is well-defined.

The prime example for us is the de Sitter spacetime in 341 dimensions, with cosmological
constant A > 0. It can be defined as the cylinder®

3 —ds? + gs3

M = [-7/2,m/2)s x §%,  gas = N ) (2.1a)

cos? s
whose interior is conformally diffeomorphic to a slab inside the Einstein universe (Rg X
S3, —ds? + gg3); here ggs is the standard metric on S®. The metric gqg is a solution of the
Einstein vacuum equation (1.1). To see that gqs has the required form near s = 7/2, let us
take 7 = cos s near s = 7/2; then

gdas = (3/A)7_2(—(1 —72)7ldr? + gss) on [0,00) X Si. (2.1b)
Note that 72gqslonr = (3/A)gss is a Riemannian metric, thus M = S? LIS? is spacelike
with respect to gqs.
Other forms of the de Sitter metric are useful for calculations. Regarding S? as the unit
sphere S? € R* = R x R3, we define the map

0,1) x R® 2 (7,2) = (7,9) € [0,00) x S?,
o (DY )y el
27 T 2
from part of the upper half space into de Sitter space (2.1b); here |-| is the Euclidean norm.
The de Sitter metric then takes the form

_ 3 —d7? +di?
gdS*A - ~2

(2.2a)

on M, :=[0,00); x R3. (2.2b)

7:2

3Just this one time, we also include the past conformal boundary.
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See [HZ18, §6.1] for these and related calculations (in particular, relating both (2.1b) and
(2.2b) to the one-sheeted hyperboloid in (1 + (n + 1))-dimensional Minkowski space which
is isometric to global de Sitter space); they imply that the map (2.2a) composed with
(1,9) — (s,v), s = arccos7 in the coordinates (2.1a), extends analytically to a map
[0,00)7 x ]R3 — M whose image is the complement of the backward causal cone from the
point (—1 0) € S? at s = m/2; see [HZ18, Figure 7).

Finally, introducing polar coordinates # = Ro, R = |# > 0, @ € S?, and putting

(t,rw) = (—=3+/A/3log(R ), VA/37IR, @) (2.3a)

in the cosmological region R > 7,* we have
A 2
gas = _<TT - 1) dr? + ( 1) A2 + 2gg. (2.3b)

This is a smooth 0-metric on a compactification of (1/3/A,0), x Ry x S?
7 = r~ !, and defining

; indeed, letting

w?

= [07 M)Ts X Rt X Si’ (2~3C)

we have
gas = T3 2 <—(A/3 — Tsz)_lde + (A/3—72)dt* + 982> € C®(My; S*°T* M), (2.3d)

The metric induced on 7, = 0 (factoring out the overall scalar factor A/3) is

2 A s A
hs := (A/3)71%gas|lom = ?dt + ggg2. (2.4)
We remark that 7, 7, and 75 are equivalent defining functions on the overlaps of the
various coordinate charts.

2.2. Differential operators, function spaces. Geometric operators associated with a
O-metric g on an (n + 1)-dimensional manifold M are examples of 0-differential operators.
Concretely, using abstract index notation, we shall in particular deal with the wave operator

on bundles,

Dgu = _U;mna (Dgg)uu = _g;w;n 5
the divergence and (trace-free) symmetric gradient
Sgw = —wi.",  (0g9)p = —Gur;", (5* = %(Wu;v + Wyin), 5;,0“ = 5;“’ + %Hgégb%

.
as well as the ‘trace reversal® operator’ on 2-tensors,

Gy = — Sg(trg g).
We define the space Diff{" (M) of m-th order 0-differential operators to consist of all locally
finite linear combinations of up to m-fold products of 0-vector fields. Then [J, € Diff3(M)
for the scalar wave operator, [, € Diffg(M; S207* M) for the tensor wave operator acting

4This region, 7 > \/3/A, is the interior of the complement of the static region r < \/3/A (i.e. R < 7).
In the cosmological region, r is a time function whereas ¢ has spacelike differential; by contrast, the static
region is foliated by the spacelike level sets of ¢ (which the Killing vector field 9; is orthogonal to).

50ne has try oGy = — tr, only for n+ 1 = 4.
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on symmetric 2-tensors, d; € Diff(l](M; OT*M, S2°T*M), and so forth. For instance, for the
metric (2.2b) in 3 4+ 1 dimensions, we have

BATIO, = (707)° — 370 + P20z, Agi=—) 03
=1

for the other operators, we will give explicit expressions in §2.3.

Associated with any O-differential operator A € Diff§* (M) is its indicial family (see also
[Maz91, §2]) I(A,\) € C*°(OM), X € C, which is defined by

A(TMu) = TA(A, Nu+ O, w e c™®(M),
for any defining function 7; this is independent of the choice of defining function. Concretely,

A= D" aia(r2)(70:) (10:)" = I(A,N) =Y aio(0,2)\". (2.5)

i+|a|<m i<m

Thus, I(A, ) is a polynomial of degree m in A, depending smoothly on z € M. We call
the roots of the polynomial A — I(A, \)(z) the indicial roots of A; if they are independent
of x, we say that A has constant indicial roots.

If A € Difff(M;E, F) acts between sections of vector bundles E,F — M, we define
I(A,\) € C®°(OM;Hom(E, F)|gpr) similarly; the indicial roots of A are then those A (de-
pending on z € 9M) for which I(A, \) fails to be invertible.

Lower order terms of A as in (2.5) can be defined upon fixing a collar neighborhood
[0,€); x OM of OM: writing

AEZTk Z aEZ)(x)(TaT)"ag.
k=0 itlelsm

modulo terms of the form 7% 1a(7, 2)(70,)10%, a € C*,% we define

I(A[,0) == Y aia(x)N'0Y € Diff*(9M). (2.6)

i+|a|<m
la|=Fk

Thus, I(A[1],\) = I(A,\). If A acts between sections of vector bundles E, F — M,

the same works, with agz) € C*®(OM;Hom(E, F)|grr), upon choosing an identification
of E,F in the collar neighborhood with pullbacks of E|sns, F|laas along the projection
[0,€) x OM — OM.

We record some standard calculations involving the indicial family. If A € Diff*(M; E, F')
and A € C are such that ker I(A,\) is a C*™ vector subbundle of E|sy — OM, then
A(TMu) = O(*Y) for all u € C®(M) with ulgps € C®(OM;ker I(A, \)). For such u, we
moreover have

A log T)u) = T2 (A, Nu + O™ log 7); (2.7)
this can be seen by differentiating the relationship A(7*v) = 72 I(A, A\)v + 715 (with
0 € C*°(M) depending smoothly on A) in A and plugging in v = u. We also record that in
a collar neighborhood of M, we have, for such u, A(t*u) = 7M1 I(A[7], \)u + O(72+2).

6The reader familiar with b-analysis [Mel93] will recognize this as the Taylor expansion of A into dilation-
invariant (with respect to 7) b-differential operators on [0, €); x M.
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The L2-based function spaces corresponding to O-analysis are weighted 0-Sobolev spaces
7Jn]:[(])floc(]\f - {Tmu: u € H(])C,IOC(M)}'

For k = 0, we define H, (M) = L2 (M) to be the space of locally” square integrable
functions on M relative for a smooth 0- density, i.e. a smooth positive section of the 0-density
bundle |A™19T*M]|; in local coordinates, such a density takes the form a(r,x) i,ﬁff\ with
0 < a € C*, a typical example being the volume density |dg| of a Lorentzian O-metric g.

For k € N, we define H&IOC(M) to consist of all u € L?(M) so that Pu € L?*(M) for all

P € Diff§(M). If M is compact, the space 7™ HEF(M) = 7™ HE, (M) carries the structure
of a Hilbert space. More generally, if M is noncompact and 2 C M is open with compact
closure, then

Tmf_Ié“(Q) ={ulg:u e TmH(’f(M)} (2.8)
is a Hilbert space.

For compact M, we can characterize the space HJ*(M) using a covering of M by ‘uni-
formly degenerating cubes’ as follows: if a distribution u is supported in a coordinate patch
[0,2), x R?, and in fact in 7 < 1, |z| < 1, then®

|UHHm Z Z ”ukaHHm( —1/2,1/2)7+1)>

k=0 oaczm
la| <2k

upa(T, X) = u(7*1+7),27 (a+ X)), (T,X)eRxR" |T|,|X| <]
Note that uj , sees u on a cube of size 27F centered at a point at a distance 27% from the
boundary, and dp,0x are of the same size as 70, 70,. We leave the notational changes
required to drop the support condition to the reader; see also [Maz91, Proof of Corol-
lary (3.23)]. An important consequence of this characterization is that algebra properties
of Sobolev spaces on R" immediately carry over to 0-Sobolev spaces; in particular:

Lemma 2.2. On an (n + 1)-dimensional compact manifold M with boundary, and for
k> (n+1)/2, the space HE(M) is an algebra. More generally, we have

uj € THE(M), j=1,2 = wuy € T HF(M).

Solutions of uniformly degenerate equations often have better regularity and are conor-
mal, for instance as shown for solutions of the wave equation on de Sitter type spaces in
[Vas10]. For a € R, we define the space of conormal functions relative to 7¢L>° (M) by

AY(M) = {u € C®°(M°): P(r—"u) € L®(M) ¥ P € Diffy(M)},

where 7 € C*°(M) is a boundary defining function, and Diff,(M) is the space of all b-
differential operators on M: locally, these are finite products of the vector fields 70, and

0,5 with C*°(M) coefficients. The space

A°DIft* (M) (2.9)
of O-differential operators with conormal coefficients consists of all locally finite linear com-

binations of differential operators of the form aP, a € A%(M), P € Diff*(M).

“On M , thus this does encode uniformity down to compact subsets of OM.
8We write A ~ B to mean the existence of a constant C > 1, independent of u, so that C~'B < A < CB.
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2.3. Einstein vacuum equation and its linearization. We make some general obser-
vations about the following nonlinear operator for 0-metrics:

Definition 2.3. For a Lorentzian metric g on a manifold M, define
Py(g) := 2(Ric(g) — Ag). (2.10)

For definiteness, we now work in 3 4+ 1 dimensions on the spacetime manifold
M=10,1) x X, dim X = 3,

where X is a 3-dimensional manifold without boundary such as R? or S?; the boundary
OM = 771(0) will play the role of the future conformal boundary. This product structure
allows us to identify differential operators (in particular: vector fields) on X with ‘spatial’
differential operators on M. In particular, we can pull back 7X (along the projection
M — X) to a bundle over M, still denoted 7'X, which allows us to split °T'M as
OTM =Rey ® 7TX, ey =10,
that is, we identify a O-vector field ueg + 7V, u € C*°(M), V € C*(M;TX) C V(M), with
the pair (u, V). This induces splittings
M =R @ TX, = L
T (2.11)
SPOT*M =R(e)* & (2¢° @5 77T X) @ 7725 T* X;;

that is, we identify a section u(e?)? +2e’ @7 lw+772k of S29T* M with the triple (u, w, k),
where u € C°(M), w € C®(M;T*X), k € C*°(M;S*T*X). Given a Riemannian metric
h on X, we can split S?T*X into pure trace (Rh) and trace-free parts (kertry), thereby
refining (2.11) to

S20T* M =R(%)? @ (260 ®s T_lT*X) DR 2h 17 % kertry, . (2.12)

We shall denote the components of ¢ € S?°T* M in the four summands in (2.12) by gyy € R
(normal-normal), gy € T*X (normal-tangential), grr; € R (tangential-tangential, pure
trace), grro € ker try, (tangential-tangential, trace-free).

We shall first study geometric operators associated with a product metric

—dr? z,dx
9= (/=T ),

-
We denote the exterior derivative on X, pulled back to a spatial operator on M, by dx.

(2.13)

Lemma 2.4. In the splittings (2.11), we have’

€ 0
« _ |1 1 1. [(eo—3 Ton —trp,
%= |2mdx 3l te) [, 34 59_( 0 eo—4 nsh)’
h
and, as operators on symmetric 2-tensors,
50 it —6 470, —2try,
Go=|0 1 0 |, 3A'0,=e}—3e0+7°Ap+ | —2rdxy -6 275,
th 0 Gy —2h  —476; =2

9Here, h in the (3,1) component of §; simply multiplies the scalar X it acts on by h, producing the
tangential-tangential 2-tensor Ah; similarly for other occurrences of h.
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Finally, if Rex, and Ricy, denote the Riemann curvature tensor and Ricci tensor of g,
then the operator Zg(u)w, = RY xuPuup + %(Ric,ﬁuw + Ric,"uyy) is equal to

30 try 0 0 0
3A %, =0 4 0 +72[0 1Ric(h) ©
h 0 4— htr, 0 0 Ky,
Proof. In local coordinates z', 2%, 2% on X, and setting e; = 70,:, ¢ = 77 ldz?, we

compute Ve,et = 0 for all p, Ve’ = hire®, and Veiek = 6560 — TI‘(h)fjej, where
5;? is the Kronecker delta. Moreover, we have R)‘,W” = 0 except for 3A"TRY.;° = hy,
3A_1R0¢0j = 55, 3A_1Rl0i0 = 5&, 3A_1Rl()0j = hlj, 3A_1leij = 555% — hikhjl + TZR(h)lkij,

where hi! = h71(dz?,dz*) denotes the coefficients of the dual metric of h; this gives
Ricgg = —A, Ricjp = 0, and Ric;; = Ahy; + (A/3)72Ric(h);;. The expressions in the
lemma follow from this by direct computation. O

The calculations in the proof imply that Ric(g) — Ag € 72C>°(M; S?9T*M), i.e. any g of
the form (2.13) satisfies the Einstein equation modulo O(72) errors.

In [DeT82, GLI1], the linearization of Py is computed as
Logg = DyPo(§) = Oy — 2658,Gy + 2%, — 2A. (2.14)
Using Lemma 2.4, we compute the leading and subleading order behavior of Lg 4:
Corollary 2.5. For g as in (2.10), and in the bundle splitting (2.12), we have
3A=6 0 —A(BA—6) 0

1 _ 0 0 0 0
SAT Lo = 6 X 0 —a(6— ) 0 ’
0 0 0 A(A=3)
0 2(1—M\)d, 0 0
2d 0 —2Xdx —\f
-1 o X X h
SAT (Lol M) = | 7 Z0=5)0, 0 0
0 (4- 20)d5 0 0 0
Proof. In the calculation of d;d,Gy, one needs to use egT = T(eg+ 1) as well as oph = —dx
and 6;; = 6y 5 — $hdy, to obtain the stated expression for I(Loy[7], A). O

Typically, metrics do have 7-dependence. The following two lemmas describe the (lin-
earized) Einstein operator for lower order perturbations of (2.13).

Lemma 2.6. Ifa >0, j € AY(M;S?°T*M), then Lo g5 — Loy € AYDiff3(M; S?°T* M),
see (2.9). If g € T"C™ for some m € N, then Lo 415 — Lo g € TmDiﬁ%.

Proof. Using that the space A“ is a C*°(M)-module which is closed under multiplication,
we have (g + g§)~! — ¢! € AY(M;S?°TM). Hence Gy — G, € A%(M;End(S? °T*M)).
Similarly, indicating the metric in the notation for the Levi-Civita connection by a super-
script,

VIS 9 ¢ ADiffl(M;°T*M;°T* M @ °T* M).
This implies that 6, ;—d7 € AaDiff[l)(M; OT*M; S?9T* M), similarly for the other operators
appearing in (2.14). For the proof of the second part of the lemma, replace A% by 7C*>°. O
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In particular, for m > 2, the indicial families I(Lg +5[77],A), j = 0,1, are independent
of g; likewise (suitably interpreted) for g € A%, a > 1.
Lemma 2.7. With Py defined in (2.10), suppose g € C°(M;S?°T*M). If a > 0, § €
A%(M; S29T* M), then Py(g+§)—Po(g)—Logg € A**(M; S?°T*M). Similarly, if g € 7™C,
m €N, then Py(g+ ) — Po(g9) — Logg € T™C™.

Proof. This follows similarly to the proof of Lemma 2.6. Since Py(g) and Lo 4§ capture all
terms of Py(g+ g) which are at most linear in g, the difference Py(9+ ) — Po(g9) — Lo,gg only
contains terms which are at least quadratic in g, hence its coeflicients, as a O-differential
operator, have the stated decay. O

3. MULTI-SCHWARZSCHILD—DE SITTER SPACETIMES

In this section, we show how to glue several Schwarzschild—de Sitter metrics into global
de Sitter space; we shall work near the future conformal boundary, hence on

M =1[0,1), xS* 7 =coss. (3.1)
The de Sitter metric is of the form discussed in Lemmas 2.6-2.7. Indeed, we have

gas € BA1r2(—dr? + h) +72C®,  h=3A"'gg, (3.2)

We recall the Schwarzschild—de Sitter (SAS) metric with mass m € R:
Ar? 2my 1 Ar? 2m

We consider the metric (3.3) for » > r;, where r; is the largest positive real root of
Ar?/3 — 1+ 2m/r if one exists; otherwise, fix an arbitrary r, > 0. As in (2.3d), we put
7, = r~ !, and thus gn is a smooth 0-metric on

My :=[0,771):, x Ry x S2. (3.4)

Comparison with the de Sitter metric, expressed in the same coordinates and on the man-
ifold M (see (2.3c)) by (2.3b) and (2.3d) (thus gqs = gm|m=0), shows that

gm — gas € TEC (M N M55 S OT* M) (3.5)

in their common domain of definition. Note that at 74 = 0, we have, in the upper half space
coordinates (2.3a), 7 = 0 and R = e_t\/%. In particular, t — oo corresponds to R — 0;
let po = (1,0,0,0) € S* € R* denote the point R = 0 inside 7 = 0. Moreover, t — —o0
corresponds to R — 00, which on global de Sitter space corresponds to the antipodal point
—po € S? inside OM by inspection of (2.2a).

In summary, by relating the coordinates in (3.4) to the semi-global de Sitter mani-
fold (3.1), gm can be regarded as gluing an SdS black hole into de Sitter space at the point
po at the future conformal boundary 7 = 0. Given a point p € S3, choose a rotation
R € SO(4) with Rp = po; this induces a map (7,v) — (7, R(¢))) on M. Pulling back gn
along this map, we obtain the metric

gp,mv p € Sg? me Rv (36)
with gpm defined in a neighborhood of U, = S\ {p, —p}. See Figure 1.3.
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Definition 3.1. Let N € N. We say that {(p;,m;): i =1,...,N} C S® x R is balanced if
the p; are pairwise distinct and if, regarding S as the unit sphere inside R?, the following

relation holds:
N

Zmipi =0¢€ R*.
=1

We can now state our main theorem:

Theorem 3.2. Let N € N, and suppose {(p1,m1),...,(py,my)} C S* x R is balanced.
Suppose V,,, C Uy, is a ball around p; with the point p; removed, and suppose Wﬂm =
fori # j. Then there exist a neighborhood U of OM\{p1,...,pn} and a Lorentzian 0-metric
g €C®(U;S? OT(’}M) with the following properties:

(1) g satisfies the Einstein vacuum equation Ric(g) — Ag = 0;
(2) near Vj,, we have g = gp, m,;
(3) g is O(r3)-close to the de Sitter metric: g — gas € T3C>(U; S?°THM).

See Figure 3.1. In the case of small subextremal masses, we can say more about the
domain of existence of g; we discuss this at the end of §3.3.

Ficure 3.1. Illustration of Theorem 3.2, focusing on a neighborhood of
p1,p2; the shaded regions indicate where we glue in the SAS metrics g, m;,
i = 1,2. The blue segments indicate the sets V},. The red dashed line
indicates a piece of the past boundary of the domain U on which we construct
the metric g. The difference to Figure 1.2 is that here we do not require the
masses to be subextremal, hence we content ourselves with gluing the far
end of the cosmological region of several SdS black holes into de Sitter space.

Remark 3.3. We only explicitly describe here how to glue a piece of the cosmological region
of an SdS black hole into de Sitter space. As is well-known (see e.g. [HV18, §3.1]), the
metric gy in (3.3) merely has a coordinate singularity at the cosmological horizon r = r
if the mass is subextremal, meaning 0 < 9Am? < 1. After a suitable (singular) coordinate
change, gn is analytic. There is another coordinate singularity at the event horizon, located
at the second largest root of Ar?/3 — 1 + 2m/r, beyond which the metric can again be
extended analytically. Thus, one can paste these extended subextremal SdS metrics into
neighborhoods of p; and thus, via Theorem 3.2, glue subextremal SdS metrics, extended as
far as one wishes, into de Sitter space. This is depicted in Figure 1.2.

We show the necessity of the balance assumption under certain decay assumptions on g:

Theorem 3.4. Let (p1,m1),...,(pn,my) € S® x R, with the p; pairwise distinct. Suppose
g satisfies the conclusions (1)—(2) of Theorem 3.2. If, for some e > 0, we have g — gqs €
3(log 7)C™® + 73C>® + A3T(M; S2°T* M), then {(p1,m1),..., (pn,my)} is balanced.
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In particular, this applies for metrics g satisfying part (3) of Theorem 3.2. The uniqueness
theorem is not sharp; the inclusion of a 73 log 7 term merely serves as a demonstration that
the inclusion of a logarithmic term does not help in constructing a (formal) solution of
Py(g) = 0 when the balance condition is violated. The determination of sharp conditions
under which the balance condition of Definition 3.1 is necessary for the existence of a metric
g satisfying (1)—(2) is left as an open problem. We remark that the analysis of the Einstein
vacuum equation for metrics g with g — gqs € 72C* or A% (or even less decay) is necessarily
nonlinear on the level of O(74) contributions to Ric(g) — Ag.

Let x; € C®°(OM) denote cutoffs, identically 1 near V,,, and with mutually disjoint
supports; put xo := 1 — Zfi 1 Xi- The starting point of the proof of Theorem 3.2 is the

naively glued metric
N

9o = Xo9gds + Z Xi9pi,m; - (3.7)
i=1
Away from the points p;, we have gy — gas € 7°C>°. We shall show in §3.1 that the failure
Po(g0) = 2(Ric(go) — Ago) of go to solve the Einstein vacuum equation lies in 74C° and is
supported away from the p;, but it is always nonzero except in the trivial case that m; =0
for all . The goal is to find a correction § € 73C*, with support disjoint from @, such
that Po(go + g) = 0. To accomplish this, we proceed in several steps:

(1) We improve the error to Py(go + o) € 7°C* by solving an underdetermined di-
vergence equation for gg; the balance condition ensures the solvability, while the
underdetermined nature of the equation enables us to choose gy to vanish identi-
cally near the p;. See §3.1.

(2) We find ¢ in the wave map gauge with background metric ¢° := gy + go by solving
a suitable gauge-fixed Einstein equation P(g) = 0. This is done in two steps.

(a) One can construct g; = ¢° + g1, §1 € 7°C, with P(g;) € C®(M) by inverting
the indicial family of Dy, P and using a Borel summation argument. See §3.2.

(b) In order to solve away the final error, we solve the quasilinear wave equation
P(g1 + §2) = 0 backwards from M, with solution §; € C>°(M). See §3.3.

(3) Also in §3.3, we show that g solves the Einstein vacuum equation by means of the
usual argument involving the second Bianchi identity and a unique continuation
argument at OM.

With P, as in Definition 2.3, we shall write from now on
Lo := Lgas,0 = Dgys P (3.8)

3.1. Obstructed problem for the leading order correction. We will prove:

Proposition 3.5. Under the assumptions of Theorem 3.2, and with go defined by (3.7),
there exists go € T3C°(M; S?OT* M), vanishing near | J; V,,, so that Po(go + §o) € T°C*°.

We begin by computing the error produced by naively gluing a single SdS black hole into
a neighborhood of py € OM:

Lemma 3.6. In the coordinates (3.3), let x € C*°(R;) be identically 1 for large t, and put
90 = X(t)gm + (1 — x(t))gas. With Py = 2(Ric — A) as in (2.10), we then have
7 o, 12mdx

.4 5
Py(g0) = 74 Errg g mod 7,C*°, Errgg =2 e
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Proof. Since gy and gqs solve the Einstein equation, Py(go) is supported on {x # 0,1}. By
Lemma 2.7 and in view of (3.5), we have

Po(go) = Po(gas + x(9m — gas)) = Lo(x(gm — gas)) mod 78C>; (3.9)
but for x = 1, the left hand side vanishes, hence
Lo(gm — gas) € T2C™. (3.10)

Now, note that v := gm — gas = 7273 + Tiys + O(72), with 43 and 74 independent of
Ts when expressed in terms of the bundle splitting (2.12), with d7rs/7s = —dr/r, 75, and
hs = (A2/9)dt? 4+ (A/3)gse (see (2.4)) taking the roles of €°, 7, and h; explicitly,
18m dr? 5 18m _ 6m 4m _, 2m
=gy 2w = (S50, 55, AR - TRae ).
In view of (3.10), or by direct calculation using Corollary 2.5, we have I(Lg, 3)y3 = 0 and
I(Lo[7s],3)v3 + I(Lo,4)v4 = 0; thus, (3.9) implies that, modulo 75C*,

Po(go) = 7 (I(Lo[7s], 3) (x3) + I (Lo, 4)(x74))
= 7';1 [I(LO [’7’5], 3)7 X] 73
= T:} (A/3) (07 [736}15 ) X] (73)TTO, 05 O) (311)
12
= 4(o0, T‘“dx,uo)
since [0p,, X] = —tyhsy, ¢ denoting contraction, and Visx = X'Vt = 9A72x/ (1) 0. O

S
we want to glue a single SdS black hole into M. Since I(Lg,4)ny7 = 0 by Corollary 2.5,
we cannot solve away Errso with a O(7) metric correction. Since Errso = O(73) is due
to the O(72) difference of the metrics g, and gqs, we shall instead attempt to solve away
Errg o with a O(13) correction with support not containing po. To this end, note first that

by Corollary 2.5,
ker I(Lg,3) = ker tr,, & ]R(S(eo)2 + hs) ® (260 ®s TS_IT*X). (3.12)

Thus, Errgg = O(7}) is a tangential-normal tensor. In order to proceed, let us pretend

Written as a block matrix with respect to this splitting and (2.12), we furthermore have

0 0 —46,
-1 _ _35}15 0 0 . oo . 0 . a2 0
ALl 3 = | Y o iy | CT(Miker (Lo, ) - CF(M; 8207 M),
3 s
0 0 -2,

(3.13)
Thus, we need to find k& € C*>(9M;Xkertr,) which vanishes near pp and which solves
—(A/3)38p k = (Errso)ny = 12mA~ dx. A necessary condition for solvability is that the
right hand side be L2?(9M:;|dhs|)-orthogonal to the space ker 6p.0 € C(OM;T*OM) of
conformal Killing 1-forms. Identifying 1-forms with vector fields via the metric hg, this
condition reads

/ V(Errg o) N7 |[dhs] = 0 for all conformal Killing vector fields V' on (OM, hy). (3.14)
oM



18 PETER HINTZ

The space of conformal Killing vector fields only depends on the conformal class of the
metric.'” Note then that h, is conformal to ggs; indeed, hy = 727 2ggs. The conformal
Killing vector fields of the standard n-sphere, n > 3, are well-known (see e.g. [Sch08, §1.4]

and use the stereographic projection):

Proposition 3.7. The space conf, = kerd;,_, o C V(S") is a direct sum

conf,, = iso, ® scal,,

where is0, = ker d;,,, = 50,41 is the space of Killing vector fields (rotations) on S™, and
scal, ={S;: ¢ € R"}, S;:S"3p—q—(q,p)p € T,S", (3.15)

where (-,-) is the standard inner product on R"*1.

Passing from 75 to the global boundary defining function 7, the error Errg in Py(go) =

74Errg mod 7°C* has normal-tangential component
_3 312m

(Erro)nr = 7" Po(90) (107, 7)|7ss = 7273 (Errs o) vy = 7775 de (3.16)

Remark 3.8. Since |dggs| = 7373|dhg|, the solvability condition (3.14) is equivalent to

/ V(EI"I"U)NT|ng3| =0 VVe COl’lf3.
oM
This has the same form as (3.14); thus, the condition (3.14) is conformally invariant.

Now, at 7 = 0, both 7,/7 and y are functions of ¢ only, thus of R = |Z| by (2.3a), and
thus of the geodesic distance dgs(pg, —) from the point py € S? by (2.2a); thus, we have
373dy = dy for some ¥ = Y(dss(po, —)). With (Erro)nyr = B2dy, we can now compute

lpom € (conf3)*,  conf3 5V — / V(Errg)nr|dgss|. (3.17)
S3

Namely, for V € iso,, = ker 5; 5

the other hand, if ¢ = pg € S® € R, the vector field Sy is the radial vector field pointing
towards pg, and

C kerdy,, integration by parts gives £y, m(V) = 0. On

Lpo m(Spy) = Co - 12m/A,
where Cj € R is a universal constant. We claim that Cjy # 0. Indeed, passing back to (3.14)
note that S is a radial vector field, i.e. a C>*(Rz)-multiple of 95 and thus a C*°(R;)-multiple
of 0y, and hence must be a constant nonzero multiple of d;, which is the unique conformal
Killing vector field of hg of this form. (In fact, 9; is Killing for hs.) But

2

Jo(Fwa)lan) = 50 - 1)- 2 vol(s?) = 1T

is nonzero, proving that Cy # 0.

Finally, if ¢ L po, then the integrand Sy (Errg)n7 in (3.17) is odd with respect to the
reflection across the axis Rpp, hence £ m(Sy) = 0 in this case. Therefore,

12m
lpo.m(Sq) = Co—,—(po,q), g €R™ (3.18)

IOIndeed, if (X, h) is a Riemannian manifold and V is a conformal Killing vector fields, so Lvh = fh for
some f € C*°(X), then Ly (e*?h) = e*?(f + 2V )h for any ¢ € C*®(X).
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In particular, there is a nontrivial obstruction to gluing a single nontrivial (m # 0) SdS
black hole into M. We summarize our findings in the following lemma:

Lemma 3.9. Given p; € S®,m; € R, and cutoff functions y;, identically 1 near p; and
vanishing near —p;, for i = 1,..., N, set Erryp := ZfiﬂE”pi,mi)NT € C®(S3,T*S?),
where

(Ertp,m )Nt i= T *Po(Xigpsm; + (1 — Xi)gas) (707, TW)| =0, W € TS
Then we have
/ V(Erryr)|dgss| =0 VYV € confs
§3

if and only if {(p1,m1),...,(pn,mn)} is balanced as in Definition 3.1.

Proof. If every x; is a radial cutoff, relative to the point p;, the claim follows from (3.18)
and the fact that Eﬁ\;(mipi,q) = 0 for all ¢ € R* if and only if Zf\;l m;p; = 0, which is
precisely the balance condition.

It remains to prove the lemma for general cutoffs. Observe that the difference of error
terms produced by two different cutoffs x;;, 7 = 1,2, to a neighborhood of the same
point p; lies in the range of §;, acting on smooth 1-forms supported away from p;. Indeed,
similarly to (3.11), the difference is equal to (0, —(A/3)368; ((xi,1 — Xi,2) (¥3)770),0,0) (in the
splitting (2.12)) where (y3)770 is the trace-free part of the tangential-tangential component
(with respect to (3.1)) of gp, m; — gds; note that x;1 — X;2 vanishes near p;. O

On any Riemannian manifold (X, /) with dim X > 2, the divergence d;, acting on trace-
free symmetric 2-tensors has surjective principal symbol and thus closed range; in the
present context then, standard elliptic theory implies that under the balance condition,
the error of Lemma 3.9 can be written as Erryy = o,k for some k € C(S3; S2T*S?),
trg, k = 0. Crucially, we can do much better, since the overdetermined nature of this
equation allows us to find k with strong support restrictions due to the following result due
to Delay:

Theorem 3.10. (Delay [Dell2, Theorem 1.3, Proposition 9.7, Corollary 8.4].) Let (X, h)
be a smooth Riemannian manifold, and let Q@ C X be open. Suppose f € C®(X;T*X)
satisfies supp f € Q and [, V(f)|dh| = 0 for all V € V(Q) satisfying (5,";70‘/" =0.'" Then
there exists k € C®°(X; S?T*X) with trp, k = 0 and supp k C Q such that pk = f.

Proof of Proposition 3.5. Define the glued metric gop as in (3.7). As in (the proof of)
Lemma 3.6, we define Err to be the 7% coefficient of

N
Py(g0) = D Lo(gas + Xi(9pi;m; — gas)) mod 7°C>(M; S OT* M).
i=1
We can thus compute Err using Lemma 3.6; its normal-tangential component is equal to
Erryr as defined in Lemma 3.9.
Since the cutoffs x; are identically 1 in a neighborhood of V,,, there exists an open
set Q C S? with QN V,;, = 0 for all i, and so that supp Erryr € ; moreover, we may
choose 2 to be connected. Suppose V € V() is a conformal Killing vector field. We

HNote that if Q has several connected components, the space of such V is larger than the space of
conformal Killing vector fields on X.
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contend that V = V]|q for a conformal Killing vector field V € V(S?). Indeed, on any
connected n-dimensional Riemannian manifold, the dimension of the space of conformal
Killing vector fields is at most (n+ 1)(n +2)/2, and on S™ it is equal to this. We conclude
that the restriction map kery,ss) 05 o — kery(q) d;, o, which is injective (as a consequence of
the explicit description in Proposition 3.7), must be an isomorphism.

By Lemma 3.9, the balance condition implies that the conditions of Theorem 3.10 are
satisfied; thus, there exists k € C*(S3; S2T*S?), trg, k=0, suppk C €2, with

— (A/3)30pk = —Errny. (3.19)
In the splitting (2.12), put
do = (0,0,0,k) € C°°(M; S*°T*M).
In view of (3.12), we have §o € ker I(Lg, 3). Therefore, Lemma 2.7 and Corollary 2.5 imply
that, modulo 7°C>(M; S? °T* M),
Py(go + o) = 7*((0, Errnr, 0,0) + I(Lo[r],3)do) =0,

finishing the proof. ]
Remark 3.11. A direct calculation shows that the error Erryr is, up to a constant rescaling,
equal to the divergence (with respect to the induced metric h on 9M) of the leading
order term of the normal-tangential-normal-tangential part of the Weyl tensor of gg. Thus,
[Fri86a, Lemma (3.1)], in particular [Fri86a, Equation (3.12)], requires the solution of the
same divergence equation (3.19). Solving Friedrich’s conformal Einstein field equations

then produces a solution of the Einstein vacuum equation and proves Theorem 3.2. As
motivated in the introduction, we give a different, self-contained proof below.

3.2. Gauge fixing; construction of the formal solution. Following DeTurck [DeT82],
we make the following definition:

Definition 3.12. Let ¢ and ¢ denote two Lorentzian metrics on the same manifold.
(1) We define the gauge I-form by
T(g:9%) = 9(9")"16,Gyg".
(2) The gauge-fized Einstein operator is
P(g; 9°) :=2(Ric(g) — A = 5:T(g;:9°)).

Its linearization in the first argument is denoted

. ) d )
Ly g0(9) = D1lgP(g;9°) := P+ s 9%)|s=o-

We first discuss general properties of these operators. Following [GL91, §3], we have,
using the Levi-Civita connection of g,

) d ) ) ) )
D1y Y(3; ") = X9+ 55 ") |s=0 = —6,Gyg + € () — 2(9),
CZV = %((90)_1>m(92>\;u + gB)\;u - ggu;)\>7 D" = gch;jw

C()n = gnC03",  D(3)x = D gun.
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In the special case g = g°, we have € = 0 and 2 = 0, and therefore by (2.14)
Ly g =0y+42%, — 2A.

If moreover g = (3/A)772(—d7? + h(x,dr)) is a product metric as in (2.13), then in the
splitting (2.12)

-6 0 0 0
_ 0 —4 0 0
BATI(Lyg,\) = A =3\ + 0 o0 —6 ol (3.20a)
0 0 0 0
For later use, we note that the indicial roots are, in increasing order,
13-v33)e(-2,-1), -1, 4, 1(3+V33)c(4,5). (3.20b)

For more general metrics, arguments similar to those in Lemmas 2.6-2.7 give:

Lemma 3.13. Let goo € C®(M;S?°T*M), and suppose that ¢° € C>®°(M;S?°T*M) is
such that ¢° — gog € T7"C™ for some m € N. Suppose moreover that § € 7" C for some
m' € N, m' > m, and put g = ¢° + §.'> Then Ly g0 — Lgyy g0 € T"Diff§(M;S29T*M).

Moreover, if g € T™2C>, then P(g+ g:9") — P(g;9°) — Ly 009 € 72™2C°.

Applying this with ggp a product metric as in (2.13), we conclude that (L, 40, \) is equal
to the right hand side of (3.20a).

Returning to the black hole gluing problem and the notation of Proposition 3.5, we now
define the ‘background metric’ ¢° to be
g° = go + go € C°(M; S?°T* M). (3.21)
Since Y (g% ¢°) = 0 and Ric(gg) — Ago € 79C*°, we have
P(g%;¢%) € m5C>°(M; 8?°T* M),
moreover, by construction, P(g%; g%) vanishes near J, Vj,.

Proposition 3.14. Under the assumptions of Proposition 3.5, and with ¢° as in (3.21),
there exists a metric perturbation gy € T°C*°(M;S? °T* M), vanishing near | J, V,,, so that
P(g° + 13 9°) € 7°°C° = ,,en T"C (i.e. vanishing to infinite order at T =0).

Proof. Suppose we have already found §; as in the statement and with P(¢° + §1;¢°) €
7MC> for some m > 5; note that for m = 5, this holds for g; = 0. Moreover, under these
assumptions, P(g° + §; ¢°) vanishes near U; Vp;- Then, for g = 7™go € 7C>, we have,
using Lemma 3.13 and noting that ¢° — gqg € 73C,
P(g° + 91+ 9:9°) = P(9° +3159°) + Loy 5,409 mod 7°7C

= P(go + g1; 90) + Lggs,94s9 mod Tseee

= P(go + 913 g()) + TmI(Lgds,gdsvm)go mod 7" C>,
But for m > 5, I(Lg, g4s-™) is invertible pointwise on OM in view of (3.20b), hence we
can find go € C*®(0M;S? T}, , M), vanishing near |J; V,, such that this vanishes (modulo
7+ Replacing §1 by g1 + ¢ improves the order of vanishing of P(¢°+g1;¢°) at 7 =0
by one order. A Borel summation argument produces a formal solution §; € 7°C*. O

meee.

121, particular, g — goo € T
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3.3. Solving the nonlinear equation; conclusion of the construction. Using indicial
operator arguments, one cannot go beyond Proposition 3.14; the remaining (‘trivial’) error
can however easily be solved away:

Proposition 3.15. With g := ¢° + g1 defined using Proposition 3.14, there exists g2 €
T2C®(M; S29T* M), vanishing near \J; V,,, so that g := g1 + g2 satisfies

P(g;9°) = 0 near 7 = 0. (3.22)

Proof. The key point is that forced linear wave equations on de Sitter space, or with any
product metric of the form (2.13) or indeed any metric smoothly asymptotic to it, can
be solved backwards on function spaces encoding sufficient polynomial decay in 7 (i.e.
sufficient exponential decay in —log7), with the solution unique in such spaces; see the
proof of [Zwol6, Lemma 1] (where N is the order of decay in |z1|, x1 := —72) for the
relevant energy estimate, and the beginning of [Vas10, §3] (where our 7, x are denoted z, y).

Since the error we need to solve away vanishes to all orders at 7 = 0, there is no need
to choose vector field multipliers and positive definite vector bundle inner products on
S20T*M carefully in such energy estimates; rather, fixing any smooth positive definite
inner product on S? T* M, one obtains an energy estimate using the vector field multiplier
772N 79, when N is sufficiently large. Indeed, the only contribution to the bulk term in the
estimate which comes with a factor N in front arises from differentiating 7=2V and is thus
of the form —2N7 2N E(70,,70,), where E is the energy-momentum tensor of the wave
u one wishes to estimate; all other bulk terms can be estimated by 772 times a bounded
(independently of N) multiple of |u|?>+ |70, u|>+|70,u|?. But since 70, is timelike, choosing
N large enough produces a coercive bulk term, and one obtains, for example, an estimate
[ull 7~ 1) < Cll8g, ull 7~ go(q) for sufficiently large N, where O = 771(]0, 3)). One can also
commute any fixed number of O-derivatives through the equation and thus (upon increasing
N and C) obtain the estimate HUHTNH(’;“(Q) < C||Dg1uHTNH§(Q)-

For the quasilinear wave equation at hand, we work with 0-Sobolev spaces with more
than %(dim M) + 2 = 4 derivatives; thus, fix kp = 5 > 4. Then by a simple adaptation
of the standard iteration scheme for solving quasilinear wave equations (see e.g. [Tayll,
§16]), we obtain, for sufficiently large Ny, a solution go € TNOF_IgO(QO) (unique in this
space) of equation (3.22), where Qo = 771([0,¢)) for sufficiently small ¢y > 0. Moreover,
g vanishes near each V), since P(g1;¢°) does; recall that g; and ¢" are both equal to the
Schwarzschild-de Sitter metric g, m; near Vj,.

For any k > ko, one can similarly find a solution of (3.22) in the space 7%V HE (Q) where Q
is a neighborhood of 7 = 0; since solutions of quasilinear wave equations can be continued
(backwards, i.e. in the direction of increasing 7) in the same regularity class as long as
a fized low regularity norm remains finite, we can in fact take 2 = €. We conclude
that g2 € My TN HE(Qy) = 7°°C>(Qp), the final equality following from the fact that
TRHF3(Qo) C CF(Qo) by Sobolev embedding and using that 8, = 7' - 70, and 9, =
= 1.70,. O

By construction, the metric g meets the requirements (2)—(3) of Theorem 3.2. We prove
that it also satisfies requirement (1); recall that g — g € 7°C> by Propositions 3.5 and
3.15, and g — ¢° vanishes near |JV,,.
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Lemma 3.16. Suppose g,g° are two Lorentzian metrics defined near OM \ {p1,...,pN},
smooth down to T = 0 as sections of S?T*M, and equal, modulo TC®(M;S?°T*M), to a
metric of product type (2.13) near OM \ {p1,...,pn}. Suppose that near |J; Vy,, we have
g = ¢° and Ric(g) — Ag = 0. Suppose moreover that Ric(g°) — Ag® and g — ¢° lie in
5C%°(M; S?0T*M). If P(g;g°) = 0, then Ric(g) — Ag = 0 and Y(g;¢°) = 0 near OM.

Proof. The conclusion holds trivially near V,,,. Now, by the second Bianchi identity, the
equation §,G,P(g; ¢°) = 0 implies the wave equation

264Gg05 Y (g:9°) =0 (3.23)

for the gauge 1-form Y(g; g°). By assumption, we have Y(g; ¢°) € 75C>°(M;°T*M). The
idea is to view equation (3.23) as a scattering problem (‘initial value problem for data at
infinity’) for Y(g; ¢%). We need to show that the a priori decay of Y(g;¢°) is a suitable
replacement for vanishing Cauchy data in the usual proof of short time existence for the
Einstein equation, in that it suffices to conclude Y(g; g°) = 0.

We first contend that in fact Y(g;¢°) € 7°°C™ vanishes to infinite order at OM; this
uses an indicial operator argument. Thus, if ggg is a product metric on a 4-manifold M as
in (2.13), then we have, in the bundle splitting (2.12),

N —3)\—6 0 ) .

900~ goo”

—1 * _
3AT1 (26490 Gyoo0 /\)_< i IR

its indicial roots are given by (3.20b). If g—goo € 7C>, then 204Gy8% —2845)Ggoo 05, € TDIfF]
by arguments similar to Lemmas 2.6 and 2.7.

Now, if we already know Y(g;¢°) € 7™C> for some m > 5 (the case m = 5 being
our starting point), then, writing Y(g;¢°) = 7™Yo + T for Yy € C®(OM; T, M) (7-
independent) and T € 7™+1C> equation (3.23) implies

1(26,Gy 8%, m) T = 0.

But the indicial operator appearing here is pointwise invertible, hence T¢ = 0 and therefore
Y(g;¢°) = T € 7*+1C>. Since m was arbitrary, this proves our contention.

Finally, the rapid decay of Y(g; ¢°) at 7 = 0 (and its vanishing near the p; where the met-
ric ¢ is singular) implies by a unique continuation argument for the wave equation (3.23),
based on an energy estimate with multiplier 7=2¥70, for sufficiently large N, that Y (g; ¢°)
vanishes identically near 7 = 0. See [Zwol6, Lemma 1]; a closely related alternative ap-
proach is given in [Vas10, Proposition 5.3].

Since P(g;¢") = 0 and Y(g; ¢°) = 0, we conclude that Ric(g) — Ag =0 near 7 =0. [

The proof of Theorem 3.2 is complete.

Remark 3.17. Given a Riemannian metric hy and a transverse traceless tensor h, on an
n-manifold M, the Fefferman—Graham construction [FG12, §3] produces a formal solution
g° of Ric(g°) — Ag® € 7°°C>® on M = [0,1), x M of the form ¢° = 772(—d7? + h(7,z,dx)),
where hg and h, are the coefficients of 70 and 7" in the polyhomogeneous expansion of
h. (Concretely, h has an expansion into 7/, j € Ny, and 77 log7 for integer j > n.)
Using this formal solution as a background metric for the gauge-fixed Einstein equation,
Proposition 3.15 and Lemma 3.16 produce a true solution g = ¢°+O(7>) of Ric(g)—Ag = 0.
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We stress that this does not require any smallness conditions on the data hg,h,. See
[RSR18, Theorem 1.3] for a different approach.

We end with a discussion of the domain of existence when all masses are subextremal
and small; we show that the cosmological horizons of at least two different black holes
intersect nontrivially in the maximally globally hyperbolic development of the glued metric
g of Theorem 3.2 and Remark 3.3. Let us work on the partial compactification

M = (0,m/2)s x 8%, g = (3/A)cos™(s)(—ds” + gss),
of de Sitter space; the gluing theorem is, so far, local near s = 7/2. Fix N > 2 distinct
points pi,...,py € S3. If N = 2, we assume py # —pi. Denoting by d the Riemannian
distance on (S?,dgs), we set dy := min,-; d(p;,p;) € (0,7); without loss of generality,
suppose the distance is minimized for p1, ps so that

do = d(p1,p2).
Let moreover 0 < rg < /2 be less than % times the smallest radius of any of the balls V),
in Theorem 3.2. Given subextremal masses my,...,my so that

9 = {(plﬂm1)7"'7(pN7mN)}
is balanced, the metric g constructed in Theorem 3.2 is equal to g,, m, in the domain
of dependence of B(p;,2ry). Fix 0 < e < r¢/16, and define ¥y C M as the union of
S3\ Ufil B(pi,m9) C OM and the N spacelike surfaces
Ni:={(s.p) € M: d(p.ps) = o —n(w/2 — s), 7/2 s < r0/2 + e},

where 1 < 7 < 2 is fixed so that rg — n(ro/2 + 4¢) > 0. Note that N; penetrates the
cosmological horizon of an observer in de Sitter space tending to p;, i.e. the backwards light
cone from (7/2,p;) € OM. We denote by

Spi = {(s,p) € M: d(p,p;) =ro—n(ro/2+¢€), /2 —s=r/2+ €} CN;

a sphere which lies just inside of said cosmological horizon when n—1 < 1. See Figure 3.2.

jal Yo D2
/.
z

N\
N

F1GURrE 3.2. Illustration of the argument giving long-time existence of the
metric g in Theorem 3.2 for small subextremal masses. The geometry shown
here is that of de Sitter space. The region enclosed by the blue lines is the
backwards domain of dependence of the spacelike surface Xy which consists
of the three thick blue lines. By Cauchy stability, two observers starting at
Z can reach the points z; € 5,1 and z3 € S, 2 if we glue sufficiently light
black holes into p; and ps, in which case the black dashed lines become the
cosmological horizons of the black holes.

Consider the rescaled gluing data
AD = {(p17 )\ml), SRR (pN7 )‘mN)}
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for A > 0. For A = 0, all masses vanish, hence we are gluing pieces of de Sitter space into
de Sitter space—the result of course being de Sitter space, with metric defined globally on
M. Let ¢ € S* denote the midpoint between p; and ps (so d(p1,q) = d(p2,q) = do/2), and
let

zj = (55,05) € Sngr J=12,
denote the point on S, ; for which p; is closest to g. If we had n = 1, then for any point
z = (s,q) with 7/2 — s > dy/2 + 2¢, we would have

d(q,p;) = %(do —ro)+e< (m/2—5)—19/2 —e=(n/2 —5)— (7/2 - 5;),

so (51,p1) and (52,P2) are both contained in the timelike future I (z) of 2. For n > 1
sufficiently close to 1, and shrinking e > 0 if necessary, this holds for the point

z:=(m/2—dy/2 —3¢,q) € M.

For small A > 0, one can define the SdS metric g,, \m,;, extended across the cosmological
horizon and defined in (0, 7/2]5 times a 2rp-neighborhood of p; inside S*, in such a manner
that as A — 0, the weighted difference 773(gas — gp, am;) (cf. equation (3.5)) converges
smoothly to 0 as a section of S29T* M away from the line L; := {(s,p;): s € (—7/2,7/2]}.13
We claim that for sufficiently small A > 0, we can do the SdS gluing with parameters Z
in such a way that

(1) the point z is contained in the maximal globally hyperbolic development of the
glued metric g, with respect to Xy (and ¥ is spacelike for g,),

(2) z1, 722 € I'T(2) with respect to gy,

(3) near zj, gx is equal to gy, m; for j = 1,2, and

(4) Z; lies inside the cosmological horizon of the SdS black hole associated with the
point p;.

To begin, let A\g > 0 be a small fixed constant. Consider then the naively glued metric
gr0 = X09ds + ZZJ\L 1 Xi9p; am; analogously to (3.7); this fails to solve the Einstein vacuum
equation by the amount Py(gyo) = A*Err(A), where Err()\) € C([0, \g) x M;S?9T*M)
depends smoothly on A > 0, and whose leading order term at dM can be computed using
Lemma 3.6 and equation (3.16); in particular, the leading order (79) coefficient of Err
is Ad-independent. Here and below, we take A\g > 0 to be a small fixed constant. Thus,
we can take the solution of the divergence equation —(A/3)3dy,kx = —AErr(A)nr (cf.
equation (3.19)), to be k = Mk; for some fived k1 € C*°(S?; S?T*S?). For small \, we then
work with the background metric g?\ = gxro + k.

The remainder of the formal part of the gluing construction does not depend on any
further choices; the Borel summation in the proof of Proposition 3.14 can be defined
to produce a metric correction gy1 € AT°C([0,\o) x M;S?9T*M) with support in a
small fixed neighborhood of 9M. The resulting formal solution gy; = g?\ + gx1 (cf.
the statement of Proposition 3.15) satisfies the gauge-fixed Einstein equation with error

135 systematic and more precise way of accomplishing this is to use geometric microlocal techniques
[Mel96]. For a single SdS black hole centered at p € S?, one starts with the total space [0, A\o) x M and blows
up [0, Ao) % {p} and then {0} x L, L = (0,7/2] x {p}. The first blow-up resolves the singular nature—due
to its r-dependence—of the SAS metric near p, and the second blow-up resolves the event horizon, whose
r-coordinate goes to 0 roughly linearly with A. The family of SdS metrics with mass Am can then be defined
as a smooth section of the pullback of S? °T* M to this resolved space, and, crucially, in such a manner that
it equals the de Sitter metric on the lift of A = 0.
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P(gr1;9%) € AT°C>([0, Ag) x M;S*OT*M); the support of this error is disjoint from the
Ni;. But then, since gy 1 and gf)\ converge smoothly to the de Sitter metric in the backwards
domain of dependence of 3, Cauchy stability for the solution gy € A7°°C* of the quasi-
linear equation P(gx1 + G 2; gf]\) = 0 implies that g = gx1 + gr2 indeed exists (uniquely,
by domain of dependence considerations) on a sufficiently large subset of M so that the
requirements (1)—(4) are indeed met.

3.4. Necessity of the balance condition. In this section, we prove Theorem 3.4. Thus,
suppose that Ric(g) — Ag = 0 for a metric g of the form
N
9=2gas+ > Xi(gpm; — gas) + 7(log 7)ge + g3 + g, § € APT(M; S OT* M),
i=1

where x; € C*(OM) is a cutoff localizing to a small neighborhood of p;; here gy, g3 €
C>®(OM; S? 0Té"MM), and gy, g3, ¢ have supports disjoint from the p;. Then, with Ly =
D, Po as in (3.8), Lemma 2.7 gives

fi=Lo(r*(log 7)ge + 7393 + §) + 7'Err € A5° V4§ >0, (3.24)

gds

where the normal-tangential component Erryr of Err € C*°(OM; S?°T* M) takes the form
given in Lemma 3.9.

Note that, for any g, g3,§ in the above function spaces, we have f € 73(log7)C>® +
730> 4 A3+, Using (3.24), its 73 log 7 coefficient is I(Lg,3)ge = 0. In view of (3.12) (with
hs, Ts replaced by h, 7, where h is the boundary metric (3.2)), we thus have, in the bundle
splitting (2.12),

gé - (3u7 777 u7 k)?
where u € C®(OM), n € C®°(OM; T*OM), and k € C®(OM; S*T*OM) with trp k = 0 are
supported away from the p;.

Using (2.7) and Corollary 2.5, we then compute the 73 coefficient of f as
0 = I(Lo,3)g3 + OxI(Lo, A)[a=39¢ = I(Lo,3)g3 + (A/3)(—3u,0, —3u, 3k).
Since the pure trace part of the tangential-tangential component of (L, 3) always vanishes,
we must have £k = 0. But then we can then write
93 =930 + 931, I(Lo,3)g30 =0, gs1 = (u,0,0,0),
with gs; defined so that it solves I(Lg, 3)gs1 + IxI (Lo, A)|a=39¢ = 0.

Lastly then, projecting to the normal-tangential component, we have Lo(§)n7 € A*Fe
by Corollary 2.5, hence the 74 component of f is equal to

0 = Errnr + O (Lo[7], A)[a=39¢ + I(Lo[7],3)g31 + I(Lo[7], 3)gs0
= Erryr + (A/3)(—2dx)u + (A/3)2dxu + (A/3)(—301(g930)T70)
= Erryr — Adn(gso) 710,
where (g30)7T0 € C®(OM; S?T*OM) is the trace-free part of the tangential-tangential com-
ponent of g3o. Integrating this against a conformal Killing vector field V', an integration by

parts implies that the second term does not contribute, and therefore [, V(Erryr) |dh| =
0 for all V' € conf;. An application of Lemma 3.9 concludes the proof of Theorem 3.4.
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3.5. Gluing with noncompact spatial topology. The balance condition in Defini-
tion 3.1 captures the orthogonality of the leading order error term to conformal Killing
vector fields on S3. If, however, we allow the trace-free 2-tensor k in (3.19) to be blowing
up sufficiently fast at a point ps, € S? distinct from the p;, this obstruction disappears,
since elements of the relevant cokernel now need to vanish at sufficiently high order at poo;
since conformal Killing vector fields on the sphere vanish at most quadratically at any given
point, this cokernel is empty.

A more natural way to phrase this is to pass to the upper half space picture of de Sitter
space, M, = [0,00)7 x R2, see (2.2b); the point ps is the point at infinity within the
conformal boundary dM,, and we need to solve equation (3.19), with h = (3/A)grs now
a constant multiple of the Euclidean metric, and the error term having compact support
in Z. We can always solve this, with the solution £ having support disjoint from the E,
if we allow k to be nonzero in || > 1 and allow for (#)~2%¢ decay, ¢ > 0. More precisely,
using the function spaces of [CD03, Appendix A], we can find k € Hé7w(gR3) with ¢ = ()

and ¢ = <£>1/ 2=2¢_ (Refining the weights to be exponential at the boundary of the domain
in which one wants k to be supported enforces the correct support of k.) Indeed, since
Oggs * Héw(gRs) — Li¢(gR3) by [CDO03, (A.4)], the relevant cokernel (for s = 1) consists of
conformal Killing 1-forms w on (R3, ggs) lying in pr,l o1 (gr3). But since all such w have
size at least 1 near infinity, and since [ [1|2¢2¢2|dgrs| ~ [(Z)3r2dr diverges, the
space of such w is trivial.

The remainder of the gluing construction as before; however, in the final step, the domain
of existence of the quasilinear equation might shrink to zero as |Z| — oo. (Even when not
gluing any black hole into the upper half space model M,,, we point out that past directed
null-geodesics leave M, in finite affine time; see [HZ18, Figure 7].) In summary:

Theorem 3.18. Let N € N, and let p1,...,py € R}, my,...,my € R. Suppose Vpi C R3
is a punctured neighborhood of p;, and suppose VT,Z. N Wﬁ. =0 for i # j. Then there exists
a neighborhood U of OM, \ {p1,...,pn} and a Lorentzian 0-metric g € C*(U; S? Ty M,,)
satisfying the properties (1)—(3) of Theorem 3.2.

Remark 3.19. More generally, we can glue any spacetime into de Sitter space whose metric
is defined in an interval (in 7) times an annulus (in #) around a point p € dM,,, provided
the metric is asymptotic to gqg at a rate 7° in this region. This can be further relaxed, but
we will not pursue this further.

4. MULTI-KERR-DE SITTER SPACETIMES

The goal is to glue several Kerr—de Sitter (KdS) black holes into a neighborhood of
the future conformal boundary of global de Sitter space; we thus continue to work on the
manifold M = [0,1), x S? as in (3.1).

4.1. Kerr—de Sitter metrics in corotating coordinates; parameterization. We re-
call the KdS metric with parameters m € R and a € R in the form
asin? 0y

AT 2 P2 2
gm,a — _?<dt0 — TodgbO) + Edro +

7'(2) + a?
Ao

s
Ag

aén)
(4.1)

A
d62 -+ sin2 90729 (a dto —
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where we define (omitting the dependence on m,a from the notation)

Ar A
Ap = (Tg + 32)<1 - %) — 2mro, Ag=1+ gaz cos? fp,

0> :T8+a2C08290, Ay = 1+/;a2.
(This matches the expression in [Sch15, Equations (5.2)—(5.4)] upon adding the subscripts
‘0%, and differs from that in [HV18, Equation (3.12)] only by a constant rescaling of ¢t by Ag.)
Following [Sch15, Appendix B],M we recall the coordinate change which displays gm.a as a
perturbation of the de Sitter metric (2.3b) up to terms of size 7~3 (as uniformly degenerate
symmetric 2-tensors). Thus, under the change of coordinates'®

A
t = to, ¢:¢0—§at0,
1
r? = A—(’r‘%A@ + a’sin? 90), r cos § = rq cos .
0

the de Sitter metric gqs in (2.3b) takes the form

A 2 2 . 2 2 p2 2 p2 2

gdas = <—(r0 + a“sin“6y) — 1>dt0 + A2 drg + 2z d0g
; wran( -5 A

A 2 2 2 2
— ?aro Zoa sin? 6y dto deg + 1o Zoa sin” 6 d¢g.
Therefore
2mrg asin? 0y 2 21117“002 2
Im,a gds + Cm,a Cm,a p2 ( 0 AO ¢0 + Ar’m:OAr "0 ( )

We then compute:

Lemma 4.1. Let 7, = ', and denote by C*> the space of functions which are smooth
in (t,75,0,¢), 7s = r~1, down to 75 = 0. The symmetric 2-tensor cma in (4.2) then has

components, modulo T2C>, given by
a7/ Ap\3/218m _ _ A A2
r2(cm7a)rrzr 3[(A—z> F]’ r Q(Cm’a)ttET 3[ AEZmAg],
Ay

A A aZsin 0
o — 02 79 -2 g -3 i 70
(—2m)asin” 6 (2)}, " (Cma)pp =T [ 2m }

T_Q(Cm,a)tzi) =r° |: Ap A2
0

Ao
Furthermore, (cma)rt = (Cma)re = (Cm,a)to = (Cm,a)op = 0, and
r_Q(Cm,a)gg € 7'85C°°, (Cma)ro € TSCOO.

Proof. Since 1 < Ag, Ag < 1+ Aa?/3, we record that

r Ag
o =4/ Ao mod 72C°, (4.3)

HMpor consistency with §3, the roles of tg,70,... and ¢,r,... are reversed compared to the reference.
15The definition of 2 implies that r2 cos? 8y < r2, hence 6 is well-defined.
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and in particular r/rg,ro/r € C*°. Now, direct calculations give

A Agro a2 sin? 6 cos 6y
6t0 - at B §a8¢,, 8T0 - Ao?“ (97« B A()T’?’ sin 6 0
2 Ar 2
0o = 0, 0o, = Aagr (1 — TO> cos g sin 640,
g sin O a2 cos? 6, Arg
rsin 6 ( Agr? ( 3 ))39.

The main structure of the right column is captured by

O\ _ [ 2 r3e®N (0,
Opy ) _1C°° C>® Oy )’

with the bottom right entry invertible. Therefore,

A O, Ao TN (0,
O = Oy + 5205, Dy = sy, <ag) ( St COO)<892>'

Note also that p2 = r% mod C®, hence 2mrq / p° = 2m/ry mod 75C*°, and moreover A, =
—Arg/3 mod 7,2C; therefore,

Cma € <2:; + TSCOO> (dt — aszl 00d¢0>2 + (ii;% + T§C°°>dr(2).

Thus, for instance, we have r (cm a)rr = T2 2;} g“@, which gives the stated result upon
using (4.3). The other components are calculated s1m11arly. ]
Note that rd, = —7,0,, and r~ 19y = 7,0, for @ = t,0,¢. Let now r, be such that

infge(o,x) 70(7+,0) is larger than the largest positive real root of A, (as a function of rg) if
one exists, and otherwise fix any r > 0. Define the manifold

Myas = [0,7";1)73 x Ry S§¢
where 7, = r~!; then the lemma implies that
Cma € ToC® (M as N M, S* 0T M)

on the common domain of definition of the KdS metric and the de Sitter metric, cf. (2.3c).
(We leave it to the reader to check that cma € T2C™ also at the poles of S? where the
polar coordinates break down.) In view of (2.3d), we in particular have gma € C* on the
common domain of definition.

At 7, = 0, the limits ¢ — oo and ¢t — —oo correspond to R — 0 and R — 00, respectively,
in the upper half space coordinates (2.2a). Therefore, as in the SdS case, gma is defined
in a neighborhood of Uy, := $3\ {po, —po} where py = (1,0,0,0) € S* C R?* is the point
defined by R = 0 inside 7 = 0; it describes a KdS black hole rotating in pé around an axis,
which we fix to be

ap = (0,0,0,1),
with specific angular momentum a.

We wish to define KdS metrics located at other points on the future conformal boundary

OM . To this end, we use a parameterization of the KdS family by triples

(p,m,a), peS®, meR, acsoy, ap=0; (4.4)
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here, we identify s04 both with {A € R**: A+ AT = 0} and the space iso3 of Killing vector
fields on S? where A € R*** corresponds to the vector field %65A| s=0 on the unit sphere
S? ¢ R*. Thus, viewing a € so4 as a matrix, the condition ap = 0 means that p € S? ¢ R?
lies in its kernel; viewing a € iso0s, it means that the vector field a vanishes at p.

Definition 4.2. We call a triple (p,m,a) € S* x R x s04 admissible if ap = 0.

For a,ay, a2 € so4, viewed as 4 x 4 matrices, we denote

4
(a,02) = 5 > (an)ija2)ij = D _(@)ij(az)yys  [af* = (a,0). (4.5)
ij=1 i<j

(Invariantly, (-, -) is (—3) times the Killing form on s04.) Given an admissible triple (p, m, a),
we define the metric

Gp.ma (4.6)

as a smooth Lorentzian 0-metric near U, = OM \ {p, —p} as follows. First, if a = 0, we
let gpm,0 = gp,m be equal to the SAS metric with mass m centered at p, as defined in the
paragraph leading up to (3.6). Otherwise, a € R**# induces a nontrivial skew-adjoint linear
transformation on p- C R?*, equivalently a rotation vector field, around an axis & € p*,
|a|] = 1, with amplitude a := |a|. Choose then an element Ry € SO(4) with R1p = pg, and
then (noting that R1a € py) an element Ry € SO(4) with Rapg = po so that Ra(R14) = ap;
put R = RoRy. Note that the properties Rp = py and Ra = ag determine R uniquely up
to multiplication from the left by a rotation fixing py and ag, thus a rotation ¢ — ¢ + ¢’
for some ¢’ € R—which is an isometry of gm a. We then define g, m a as the pullback of gm a
along the map M — M, (1,v) — (7, R(%)). In particular, this parameterizes gy a as

0 0 00
0 0 a o0

Jma = Gpg,m,ap>, G0 = 0 —a 0 0l (4.7)
0 0 00

4.2. Gluing theorem. With the KdS metrics gim o defined as in §4.1, we are ready to state
the gluing theorem, which holds subject to a balance condition generalizing Definition 3.1;
it involves the effective mass of an admissible triple b = (p, m, a), defined as
m
Meg (b)) i= —— 55—
10 = A Aap 737

Definition 4.3. Let N € N. We say that a collection {b1,...,b,} of admissible triples
b; = (p;,m;,q;) is balanced if the p; are pairwise distinct and if, regarding S® as the unit
sphere inside R*, the following relations hold:

N
D meg(bi)ps =0 € R, (4.8a)
i=1
N
Zmeg(bi)ai =0€s04 C R4X4. (4.8b)
i=1

Theorem 4.4. Let N € N, and suppose {b1,...,by} C S* x R x so4 is balanced, b; =
(pi, my, a;). Suppose Vp,, C U, is a ball around p; with the point p; removed, and suppose
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Vo NV, =0 fori # j. Then there exist a neighborhood U of M \ {p1,...,pn} and a
Lorentzian 0-metric g € C°(U; S? 0TL"‘,M) with the following properties:

(1) g satisfies the Einstein vacuum equation Ric(g) — Ag = 0;
(2) near V), we have g = gp, m;.a;5
(3) g is O(r3)-close to the de Sitter metric: g — gas € T3C>(U; S*°THM).

In the special case that b; = (p;, m;,0) for all 4, this reduces to Theorem 3.2.

Remark 4.5. A remark analogous to Remark 3.3 applies also in the Kerr—de Sitter setting: if
the black hole parameters are subextremal, one can extend the glued Kerr—de Sitter metrics
across their cosmological and event horizons. See e.g. [HV18, §3.2]. For small masses, the
domain of existence of g can be shown to include the interaction of several black holes by
following the arguments at the end of §3.3.

Remark 4.6. If one passes to the upper half space model M, there are no obstructions to
gluing anymore, analogously to Theorem 3.18.

The main part of the proof of Theorem 4.4 is the calculation of the obstruction for solving
the divergence equation (3.19). First, we compute the failure of the Einstein equation for a
naive gluing of a single KdS black hole. Let Py = 2(Ric — A) and Lo = Dy, Py as in (3.8).

Lemma 4.7. Let x € C>®(R;) be identically 1 for large t, and put go = x(t)gma + (1 —
x(t))gas- With Py = 2(Ric — A) as in (2.10), we then have Py(go) = TiErrs o mod 79C°,
where Errg g = 2%5 ®s % + Err), o with

(EI‘I‘&())NT = TAgAm / Zoxl(t) ((Ag — gA())dt — asin 90 d¢),
and Err ) = T41(Lg,4)¢ for some é € C*®°(0Mg; S? OTgMSMS) with supp ¢ C supp dy.

Proof. Recall from (2.4) the metric hs = (A?/9)dt?+(A/3)gs2 induced on the boundary 9M;

by gas and the boundary defining function »~!. In the splitting (2.11) with h, T replaced
by hs, s, the leading order components of cma = gm,a — gas are then, by Lemma 4.1,

Ap\3/218m

(y3)vn = (r® - 7% (cma)rr) lre=0 = (KD VR

(VB)TT = Tg : (742 ((Cm,a)tt dtQ + 2(Cm,a)t¢ dt dfb + (Cm,a)¢>¢> d¢2)> ’T 0’

and (y3)n7 is a smooth 1-form on R; x S? whose precise form we do not need.

Since 0 = Py(gm,a) = Lo(Cm,a) mod 75C> as in the proof of Lemma 3.6, and since Cma =
77343 mod 72C>, we conclude that I(Lg,3)y3 = 0. In view of (3.12), this implies the
relationship (73)nn = trp, (73)77 (using that 3 = try,_ hy).'0 Therefore, the trace-free part
(7v3)TT0 in the refined splitting (2.12) is given by

(v3)rTo = (v3)rT — é(')@)NNhs-

16This can also be checked directly. Indeed, the equality of try, (v3)rr = %(73)& + % sin ™26 (3)pe and
sin? 6o .

(v3)nn is equivalent to AZ £ sin™29 %aQ sin* 0y = AgAp and thus to Ag = i o

this is easily verified by

2
plugging in sin?6 =1 — ;g cos?fp=1-— 2—2 cos? 0y, which holds at 75 = 0.
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By following the calculation (3.11), the normal-tangential component of Errg ¢ is thus

(Errso)nr = —A - 9N (2) - (—to,(v3)770) s
which we can compute by means of Lemma 4.1.

Regarding the remaining components of Err, g, we note that they lie in the range of the
third column of the operator (3.13). But by Corollary 2.5, we have

6 0 —24 0
. loo o o
00 0 4

whose range is thus spanned by (1,0, %, 0) and ker try, and hence contains the range of the
third column of (3.13). O

Since the components of Errgo other than the normal-tangential component can thus
be solved away pointwise on dM, (modulo one order down, i.e. modulo 79C*) with a
72C correction, the only obstruction for gluing is again the integral of (Errso)n7 against
conformal Killing vector fields on (OMjg, hs) = (R; xS?, hs) as in (3.14). The volume density
in these integrals is
A% A

— Ayt dtg sin 6 dy deo,

A2
|dhs| = ?dt sinfdfd¢ = VA,

since at 7, = 0 we have, using (4.3),

sinfdf = —d(cosf) = —d(%o cos 00> = —d<\/§2008 90>

Ao 1 A2 A Ao
= (sinfyy/ — — = cosOy—2~ - 2—a’cosHysin By )dby = / — A, L sin 6y db.
(sm 0 Ag 2CO& OAZ’/Z 3a COS U SIn 0) 0 Ag p SIUp 0

By Lemma 4.7, we therefore have, for V € V(9Mj),

fnalV) = / V(Errs o) wr |dhs]
OM

oo 2 pm
= 2Am.g / / / X/(to)V((Ag — %Ao)dt — asin? 0o d(ﬁ) sin 6y dfy dog dtg,
0 0 0

(4.9)
where meg = m/AZ is the effective mass of the triple (pg, m,a). Particular conformal
Killing vector fields V' on (0Mj, hy) include 0; and 0y, and we compute

16mAm, 16mAmega
lna(0) = =57, lna(dp) = 5.

If V is a rotation around an axis orthogonal to that corresponding to 9, then the integrand
in (4.9) vanishes pointwise, hence £y (V) = 0 in this case. Passing to the boundary S3 of
global de Sitter space, with the KdS black hole sitting at the point py = (1,0,0,0) € S?,
we have 0; = Scp, in the notation (3.15) for some constant C' > 0 (only depending on A),
while the rotations on the S?-factor of M, which we considered above span the set (504)p,
of rotations on S? keeping pg fixed.
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Consider rotations V' € so4 which are orthogonal to (so4),, with respect to the inner
product (-,-) defined in (4.5); the 3-dimensional space of such V' is spanned by rotation
vector fields R;, j = 2,3,4, which are, say, 90 degree rotations in the planes determined
by po = (1,0,0,0) and é3 = (0,1,0,0), é3 = (0,0,1,0), &4 = (0,0,0, 1), respectively, and
which keep the orthogonal complement of span{py, é;} in R* fixed. But then the integrand
in (4.9), for each j = 2, 3,4, is odd either with respect to the reflection 6y — 7 — 6y or with
respect to the rotation ¢g — ¢ + m, hence lya(R;) = 0. A similar symmetry argument
shows that fm a(Se,) = 0 for j = 2,3, 4.

Note now that Jy, written as a rotation matrix (rotating in the plane spanned by é; and
é92, while leaving the span of py and é3 fixed), is given by

0
0

By comparison with (4.7), we can thus summarize our calculations by

lma(Sq) = Comegr(po,q), q € RY,
lma(a) = Cimeg(ag, a), a € soy,

where Cp, C] are nonzero real constants. We then have the following analogue of Lemma 3.9:

Lemma 4.8. Given admissible triples by, ..., by as in Theorem 4.4, b; = (p;,m;, a;), with
the p; pairwise distinct, suppose x; € C*°(OM) are cutoff functions, which are identically 1
near p;. Set Erryp = Zi]il(Errbi)NT € C®(S3,T*S?), where

(Errbi)NT(W) = 7'74P0(Xigpi,mi,ai + (1 - Xi)gds)(TaTv TW)‘TZO? W e TS3

Then we have

/ V(Erryr)|dgss| =0 VYV € confs
s3
if and only if {b1,...,bn} is balanced as in Definition 4.3.

The remainder of the gluing construction is very similar to the SdS gluing:

Proof of Theorem 4.4. The only minor difference compared to the proof of Theorem 3.2
is the analogue of Proposition 3.5. Under the balance condition we can solve away the
normal-tangential component of the error term using Delay’s result. However, the 7* leading
order part of the error in general now has other nonvanishing components as well; but as
demonstrated in Lemma 4.7, these error terms lie in the range of I(Lg,4) and can thus be
solved away pointwise on M using a 72C>(OM; S? °T* M) metric correction, with support
of this correction contained in | J; supp dx;.

The rest of the proof is the same: one constructs a formal solution in a generalized har-
monic gauge as in Proposition 3.14, solves away the remaining ‘trivial’ error as in Propo-
sition 3.15, and thus obtains a solution of the Einstein vacuum equation by appealing to
Lemma 3.16. ([
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