EXTERIOR STABILITY OF MINKOWSKI SPACE IN GENERALIZED
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ABSTRACT. We give a short proof of the existence of a small piece of null infinity for
(3 + 1)-dimensional spacetimes evolving from asymptotically flat initial data as solutions
of the Einstein vacuum equations. We introduce a modification of the standard wave
coordinate gauge in which all non-physical metric degrees of freedom have strong decay
at null infinity. Using a formulation of the gauge-fixed Einstein vacuum equations which
implements constraint damping, we establish this strong decay regardless of the validity
of the constraint equations. On a technical level, we use notions from geometric singular
analysis to give a streamlined proof of semiglobal existence for the relevant quasilinear
hyperbolic equation.

1. INTRODUCTION

The goal of this paper is to introduce a novel generalized wave coordinate gauge on
asymptotically flat spacetimes, and to demonstrate its utility by proving the existence of a
piece of null infinity for the spacetime evolving from asymptotically flat initial data sets.

Theorem 1.1 (Main theorem, rough version). Let ¥ = {x € R3: |z| > R} for some R > 0,
and suppose v,k € C®(X; S?T*Y) are a Riemannian metric, resp. smooth symmetric 2-
tensor on ¥ satisfying the constraint equations,' with

2my\ —1
Y ="Ym+7, ’Ym:(l—7> d7’2+7"2g (meR, R>2m),

where ¢ is the standard metric on S2. Let £y € (0,1). Suppose that 5 and k are small in
the sense that>
Do T F k)2 < e (1.1)
|| <N

with N large, € > 0 small. Then there exists a Lorentzian metric g on
Q= {(t,r,w) €[0,00) x (R,00) x S?: 1, —t > R+1} C R* = {(2° =1, 21, 2%, 23)},
where r, = r + 2mlog(r — 2m), with the following properties:

(1) g solves the Einstein vacuum equations Ric(g) = 0;
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IThese are R, — |k|2 + (try k)* = 0, 0,k +d try k = 0, with R, the scalar curvature and &, the (negative)
divergence. As shown by Choquet-Bruhat [CB52], the constraint equations are necessary and sufficient for
the existence of a short time solution of the initial value problem for the Einstein vacuum equations.

2This implies pointwise 717 decay of v to ym, and pointwise 2% decay of k as r — oco.
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(2) ddentifying X N {r. > R+ 1} with t71(0) C Q, the induced metric and second
fundamental form of g at 3 are given by v and k;

(3) g is in a modified wave coordinate gauge relative to the Schwarzschild metric gm =
—(1 = 22)dt? + ym, see (1.5) and (1.3);

(4) g approaches the Schwarzschild metric in a quantitative manner,

g = gm + T_lh,

where all coefficients h(0,:,0,;) are uniformly bounded. More precisely, if L =
Oy + O0r, and L = 0y — 0, denote outgoing and incoming null vector fields for the
Schwarzschild metric, and Q denotes an arbitrary vector field on S?, then?

[A(L, )], (L, r '), [trg b, [R(L, L), [A(L, Q)] S %, )

(1.2
while the trace-free part of the restriction of h to TS? and the component h(L, L)
have smooth limits as r — 00, |ry —t| <1, with (ry —t)~% decay.

More generally, we prove a semiglobal existence theorem and the same asymptotics for
the solution g of a quasilinear hyperbolic (gauge-fixed) version of the Einstein equations for
general (i.e. not necessarily arising from an initial data set) suitably decaying and regular
Cauchy data for h; see Corollary 3.36. Through a combination of the new gauge with
constraint damping and a simple nonlinear iteration scheme, we are able to obtain these
asymptotics in one fell swoop.

w = Ty , g+t
.v'\ S t/'l"
// \\j+ // Q 0 *
/// Q \\ // I
3 00
> R, >

Ficgure 1.1. Illustration of Theorem 1.1, on the left in a Penrose-
diagrammatic fashion, and on the right in the blow-up of the Penrose dia-
gram at spacelike infinity °.

We recall that Christodoulou-Klainerman [CK93] gave the first proof of the nonlinear
stability of Minkowski space, with initial data given on all of R? (requiring stronger de-
cay fo > % but less regularity); the evolving spacetime metric is geodesically complete.
Klainerman—Nicolo [KN03] gave a new proof of the stability of the exterior region (as in
Theorem 1.1) using a double null foliation; see [She22| for improvements. Earlier work
by Friedrich [Fri86] established the global nonlinear stability for special initial data (v, k)
which are equal to (ym,0) outside a compact set; the existence of such data was proved
by Corvino [Cor00, CD03]. Bieri [BZ09] lowered the decay assumptions to ¢y > —3 and
required only N = 3 derivatives on the initial data. (There is a vast literature on extensions
and variants of the nonlinear stability problem on asymptotically flat spacetimes, including
[Wan10, LM15, BC16, Chrl7, Tayl7, LT20, FJS21, KS21a, DHR19, ABBM19, HHV21,
P22, DHRT?21, KS21b, Wan22].)

3In the main body of the text, we will use a more convenient notation for metric coefficients, with h(L, L),
h(L,L), h(L,7'Q) denoted hoo, h11, hoa etc; see Lemma 3.23.
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Closely related to the present work is the global stability proof by Lindblad—Rodnianski
[LRO5, LR10] in the standard wave coordinate gauge Ogz* = 0; due to logarithmic di-
vergences arising in simplistic formal nonlinear iteration arguments (see [LR10, §1] and
also (1.7) below), this gauge condition was considered unsuitable for a proof of global
stability until Lindblad—Rodnianski [LR03] discovered that the Einstein equations in wave
coordinates satisfy a weak null condition at null infinity .# . Lindblad [Lin17] subsequently
proved sharp decay at .# T by using vector field multipliers and commutators adapted to the
large scale Schwarzschild geometry (rather than the Minkowski geometry as in [LR10]). In
the wave coordinate gauge, only the first three components in (1.2) have the stated decay,
while all other components of h have leading order terms at .#+, with the exception of
h(L, L) which blows up logarithmically as r — co. This result was extended by the author
and Vasy in [HV20] where it was shown that the geodesically complete spacetime metric g,
evolving from initial data close to the trivial data, is polyhomogeneous on a compactifica-
tion of R* to a manifold with corners; this result utilizes a wave map gauge relative to the
Schwarzschild metric (discussed further below). Furthermore, in this gauge, [HV20] clar-
ified the nature of the logarithmically divergent leading order term of h(L, L) by relating
its average over spherical sections of null infinity to the Bondi mass [BvdBM62, Chr91]. In
a different direction, Keir [Keil8], focusing on the analysis of weak null conditions, proved
the global well-posedness of the Einstein equations in harmonic coordinates (in the stan-
dard formulation, i.e. without constraint damping) for general small Cauchy data. We also
mention the work by Lindblad—Schlue [LS23b, L.S23a] on scattering problems from future
null infinity, i.e. backward problems, for (systems of) semilinear equations satisfying the
weak null condition; see Wang [Wan13] for such results in n 4+ 1 dimensions, n > 4.

By contrast, in the novel gauge introduced here, h(L, L) remains bounded, the spherical
averages of its limit at .# T being related to the Bondi mass; and the trace-free spherical
part of A directly encodes the Bondi news function and outgoing energy flux, as indicated
in Remark 3.38 (following [HV20, §8]). All other metric components have faster decay;
in this sense, our gauge suppresses all ‘non-physical’ degrees of freedom to leading order
at null infinity. We discuss this in §1.1. It would be interesting to see if our novel gauge
might simplify the analysis of scattering problems for the Einstein vacuum equations by
eliminating the need to study weak null conditions as in [LS23b].

In addition to this improved decay, our analysis takes full advantage of notions from
geometric singular analysis, concretely the notions of b- and edge-metrics and -operators
going back to Melrose [Mel93] and Mazzeo [Maz91]; see §1.2.

1.1. Constraint damping and novel gauge. A natural generalized wave coordinate
gauge or generalized harmonic gauge for a spacetime metric g which is a perturbation
of g is the wave map gauge relative to gn: this requires the identity map (2, g) — (2, gm)
to be a wave map. One can solve the Einstein vacuum equations in this gauge by solving
the quasilinear wave equation

Ric(g) — 057 (g; gm) = 0, Y (g; gm)" := 9" (L'(9)jy — T'(gm)}) (gauge 1-form), (1.3)
for g; here, (0;7)u = 5(Tpw + Yuyp) is the symmetric gradient. Constraint damping
amounts to modifying d7 by zeroth order terms; it was introduced in [GCHMGO05, BEHR99]
and used to by Pretorius [Pre05] as a device in numerical evolution schemes to ensure that

violations of the gauge condition are damped. It also played a key role in the recent proofs of
black hole stability in cosmological spacetimes [HV18, Hinl8|: when solving linearizations
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of equation (1.3) (with nontrivial right hand side) in a Nash-Moser iteration scheme, con-
straint damping ensures improved decay of Y(g; gm) throughout the iteration. Concretely,
we modify (7)., in (1.3) by a zeroth order term not involving derivatives of g to

(0 gV = 5 (T + Youp) + 20 Vo + 6, T) = g, EC = (6,79,

where we take ¢ = r~!'dt and A€ > 0. (This is similar to the definition of §* in [HV20,
§3.3].) Usage of 5;‘ e instead of ¢ in the modified gauge-fixed Einstein vacuum equations

Ric(g) — 0, peT(g5 gm) =0 (1.4)

does not change the gauge in which one solves Ric(g) = 0. However, it ensures, for general
Cauchy data which may violate the constraint equations, that Y satisfies a modified (here:
damped) wave equation 59G95; e Y(g;9m) = 0 by virtue of the second Bianchi identity.

(Here, Gy =1— %g try is the trace reversal operator, and d, is the negative divergence.) On
Minkowski space and with general Cauchy data, this ensures that Y(g; gm) decays faster
than »—! at null infinity, which concretely means that certain metric components—4 in
number, matching the number of components of the 1-form Y(g; gm)—of r~'h = g — g (in
fact the first three in (1.2), with Q accounting for 2 components) similarly have stronger
decay; notably, the component h(L, L) controls the deviation of outgoing light cones for
the metric g from the Schwarzschildean ones. This improved decay and the resulting fixing
of the geometry near null infinity allowed for an application of a global nonlinear iteration
scheme for solving (1.4) in [HV20].

The new gauge we introduce here is a modification of T(g; gm) by a zeroth order term,

T pr (95 9m)p = T (g5 Gm)p — 27Tcy(g — gm) s (1.5)
we again use ¢ = r~'dt, and 4T < 0. (See Definitions 2.2 and 3.27, and Remark 2.3 for the
duality of gauge modifications and constraint damping.) The gauge-fixed Einstein vacuum
equations we shall solve in the proof of Theorem 1.1 are then

Ric(g) — 6, pe L pr (95 gm) = 0. (1.6)

The coefficients of 7~1h = g — g which have improved decay by virtue of Y gr(g; gm) = 0
(or strong decay of Y pr(g; gm) at £t due to constraint damping) are the same as in the
formulation (1.4). On the other hand, upon combining the new gauge with the ungauged
Einstein operator, 2 further components of i (the final two in (1.2)) have improved decay,
and furthermore h(L,L) does not diverge logarithmically anymore; see §3.6. We alert
the reader to Appendix A where gauge changes and constraint damping of this sort are
discussed in the context of the Maxwell equations; there, we also give a more conceptual
explanation for why the gauge modification has the advertised effect.

We substantiate this discussion schematically in terms of the often used model for cou-
plings and semilinear interactions for the Einstein vacuum equations in harmonic gauge,

Ogbr = (0] = 07)01 =0, Oy = (3u1)?,
with g the Minkowski metric (see [LR10, §1]). Here,

(1) ¢1 encodes gravitational radiation escaping to null infinity and corresponds to the
trace-free spherical part of metric perturbations r~'h above;
(2) ¢2 ~ h(L, L) encodes the Bondi mass.
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The O(r~!) decay of ¢ creates O(r~2) forcing for ¢, leading to the logarithmic divergence
of ¢ = O(r~tlogr) at #T. We supplement this by two more equations,

Uger =0, Oy = (Oeg1)?, g3 =0, Ugpa =0, (1.7)
where we ignore couplings at sub-leading order at .# . Here,

(3) ¢3 models the 4 metric coefficients whose leading order behavior at .# 7 is con-
strained by the wave coordinate condition, as discussed after (1.4);

(4) ¢4 models the remaining 3 metric coefficients which are affected only once one
combines the new gauge with the ungauged Einstein equations, and which do not
encode any leading order physical degrees of freedom at .7 7.

Constraint damping turns the equation for ¢3 into a damped wave equation of the sort
(Og + 2977 9p)p3 = 05

this leads to ¢3 = O(r‘l_“fc) decay at null infinity. Since a main effect of constraint
damping is of quasilinear nature (namely, it fixes the geometry near null infinity), a more
precise model than (1.7) replaces all occurrences of g by “g+ ¢3”; this makes apparent the
advantage of ensuring better decay for ¢s.

The improvement afforded by the gauge change leads to the schematic model
D9+¢3¢1 =0, (Dg+¢3 - QVTT_lat)¢2 = ((91;¢1)2,
(Ogtes + 277 100) 3 =0,  (Ogugy — 27 1 0)ha = 0.
Thus, ¢3 and ¢4 have better-than-r—! decay at .#+, and the O(r~2) forcing term for ¢5 is no
longer borderline, and hence ¢ = O(r~!). This leaves ¢1, ¢2 as the only components with
nontrivial radiation fields; the other components (¢3 and ¢4) decay faster. The relationship

between the model (1.8) and the gauge-fixed Einstein equations is further discussed at the
end of §2, after Definition 3.20, and after the statement of Corollary 3.31.

(1.8)

1.2. Energy estimates and edge-b-metrics. Our analysis here is based on energy esti-
mates. The rough ‘background’ estimate uses the vector field multiplier

T

w = ( >2a](r* 2Lt (re — 0)3),  L=0+0,.,

Ty — 1
for suitable weights aq, oy € R; this is stronger than 0; and weaker than the conformal
Morawetz vector field, while still being compatible with the types of metric perturbations
one encounters in the stability problem. Concretely, usage of W allows one to control the
derivatives of the metric perturbation along

(O + 0r,), (r«—1t)(0r — Oy,) (weighted approx. outgoing/incoming derivative),
(1.9)

Te — 1 1/2 . . —1/2 . .
( ) Q (spherical vector fields with r decay at null infinity),
r

in a weighted spacetime L2-space. (One can replace the incoming null vector field by the
scaling vector field t0; + r.0,,.) Higher regularity is proved by commuting stronger vector
fields (see Remark 3.9) through the equation; a minor simplification is that due to our
strong background estimate we can relax the requirements on these commutator vector
fields, cf. Lemma 3.16. By contrast, in [LR10], the background estimate is weaker than the
edge-b-estimate, and thus the commutator vector fields need to be chosen more carefully,
much as in [K1a86].
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Besides proving the improved asymptotics in the new gauge, a secondary goal of this
paper is to contribute to the development of the global analytic point of view for nonelliptic
PDE using techniques from geometric singular analysis. Concretely, as discussed in detail
in §3.2, the Schwarzschild metric is a weighted edge-metric (with Lorentzian signature) at
null infinity in the sense of Mazzeo [Maz91]; see Corollary 3.14. Indeed, pulling back g to
the interior of

Ry, x [0,00)z, X S?, te=t—re, zg=1r 2 (1.10)
with @}1(0) being (the interior of) null infinity, one computes
dxs dz? da?
% gm =4 At =L 4 Jab =2 [terms with more decay]
Ty Ty Ty
where 22, 22 are local coordinates on S?. Dual to the 1-forms dt,, d%f, % appearing here

are the vector fields 0y, , 70, ,, ©.# 0y, which are precisely those smooth vector fields on the
manifold (1.10) which are tangent to the fibers of the fibration (¢, w) — w of the boundary
z,'(0); and linear combinations of these vector fields are precisely those listed in (1.9). The
compactification of the domain €2 in Theorem 1.1, as shown on the right in Figure 1.1, has a
second boundary hypersurface I where gy, is a weighted b-metric [Mel93]; globally, gy is a
weighted edge-b-metric, or eb-metric for short. This observation is key for the streamlining
of the functional analytic setup in the present paper as compared to [HV20].%

The metric perturbations arising in Theorem 1.1 are lower order perturbations of g, as
symmetric edge-b-2-tensors; see Lemma 3.23. Thus, regularity with respect to the vector
fields (1.9) is a very natural notion. Unlike in Riemannian geometry, there are typically
many different types of rescaled vector bundles and boundary fibration structures with
respect to which a given Lorentzian metric is nondegenerate down to boundaries at infinity,
such as 3:}1(0) in (1.10). And indeed, while the edge-b point of view is convenient for
the purpose of proving estimates, controlling the geometry of metric perturbations is more
conveniently done in terms of the standard vector fields .. on R* or linear combinations
thereof as used in (1.2) and discussed in detail around Definition 3.10; cf. the significance of
h(L, L) for controlling outgoing light cones. Since the Einstein equations are quasilinear, it
is important to understand the relationship between the two points of view (Lemma 3.13).

1.3. Structure of the paper. In §2, we present calculations for the linearized gauge-
fixed Einstein vacuum equations on Minkowski space, with constraint damping and the
(linearization of the) novel gauge, which lend support to the claims made in §1.1. In §3,
we prove Theorem 1.1. We first introduce edge-b-structures in §3.1; the partial compact-
ification of the spacetime on which we shall work and a basic edge-b-energy estimate are
presented in §3.2. The stability proof starts in §3.3 where we define the class of metric
perturbations arising in the stability problem in our new gauge. In §3.4, we define the
modified gauge-fixed Einstein operator and describe its structure as an edge-b-differential
operator. This is used in §3.5 to prove (tame) energy estimates and in §3.6 to obtain sharp
decay for metric perturbations using a Nash—Moser iteration. Appendix A illustrates the
choice of gauge and constraint damping in the simpler setting of the Maxwell equations.

4The companion paper [HV23], joint with Vasy, goes significantly further by giving a (microlocal) linear
analysis of a large class of tensorial wave type equations; we refer to its introduction for a more detailed
discussion of edge-b-analysis near null infinity. The present paper only uses physical space techniques.
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2. MOTIVATION; CALCULATIONS ON MINKOWSKI SPACE

Fix a background metric ¢g°. Then the operator
P(g) = Ric(g) = 6;T(9:9°),  T(9:9°) = 9(¢°)"0,Gyg", (2.1)

is a quasilinear wave operator when ¢ is a Lorentzian metric; that is, its linearization is
principally scalar, and its principal part is equal to %Dg (see below).

Lemma 2.1 (Linearizations). The linearization of the Ricci tensor is

DgyRic = %Dg—ézdgGg—i—%g, (Zgu) = R“uy)‘uﬁ)\+%(Ric(g)fu,w—i—Ric(g)”“,,uM), (2.2)

where R is the Riemann curvature tensor of g, and [y = —tr, V2. Moreover,
Y(9:9°)n = 9w g™ (T(9)7x — T(6°)0),
DyY(—;¢°) = —4,G, — €, + %, (2.3)
Co(ws = gl Ciy =T()n, =T, Z(ws = T(g:9") ux.
Proof. See [GL91], [HV20, §3.3]. ]

In the linearization of P around g = ¢°, given by D,P = D,Ric + 0504Gg, We now
generalize 5;, resp. 04, for the purpose of (linearized) constraint damping, resp. gauge
change, as follows:

Definition 2.2 (Modifications). Let E¢ = (c¢,+¢), where ¢ is a 1-form on spacetime, and
7¢ € R. The modified symmetric gradient is then defined as

6;,EC = (5; + 'yc (QCC ®s (=) — gbg—l(cC)). (2.4)

For a pair ET = (¢¥,4Y), we define the modified divergence by
5g,ET = (6:;,ET)* = (59 + ’)/T (2L971(CT) — ! tI‘g). (2.5)

Finally, the linearized modified gauge-fized FEinstein operator is
P{;,EC,ET = DgRiC + 6;,EC(597ET Gg. (26)

Consider now the Minkowski metric
g:=—dz®da' +0%g, 2O=t+r, 2'=t-r (2.7)
In this section, we study the asymptotic behavior of solutions of P; EC BT (r~'u) = 0 at null

infinity .#*, i.e. for bounded ' when 2% — oco. In this region, we fix

=T =rtdt, 4%€(0,1), ~¥e(-1,0). (2.8)
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We work with the bundle splittings
T*R* = (dz%) @ (dz!) @ rT*S?,
S2T*RY = ((d2%)?) @ (2d2%dz!t) @ (2da® @, rT*S?) (2.9)
® ((dzh)?) @ (2dz! @, rT*S?) @ <7‘2g> @® r kerth .
Here and in the rest of the paper, slashed quantities and operators are those on the unit
sphere S?. Thus, we rescale the spherical part of the cotangent bundle, recording e.g. the

covector wp dz’ +wy do! 4+ r¢ with Y e T*S? as (wo, w1, ¢). We shall only record the ‘main’
terms of

2P pe gr = Oy +2(6; pedy pr — 8,84)Gg + 2%,

and drop all ‘error’ terms (writing ‘=’ for an equality up to error terms). Concretely, we
assign the weights 1, —1, 0, 0 to 7, 9o, 91, V(S?) (thus regarding rdy ~ r(0;+0,) 01 ~ 0;— 0.,
V(S?) as unweighted vector fields), and only record terms of total weight < 0. In the proof
of Proposition 3.29, we shall find rQDg'r_l = 40170y and expressions for dg, d;, and G4 (the
first terms in (3.39), (3.42), and (3.40), respectively), and for (5;,EC — 6%, resp. 5g,ET — &y

g’
the first terms in (3. resp. (3. . ey give
(the fi in (3.36), resp. (3.43)). They gi
Ly pe g = 2r%P) pe vt = 201(2r80 + Ape pr), (2.10)

where the endomorphism Age pr of S2T*R* is given by

27¢ 0 0 0 0 00
—~T 4T 0 0 0 00
0 0 ¢ 0 0 00
Agepr=| 0 =297 0 297 0 10 (2.11)
0 0 A=~ 0 —HT 00
27¢ 0 0 0 0 70
0 0 0 0 0 00

Passing to ps = (z%)~! (which, in the region of bounded z! =t — r, vanishes at future
null infinity .#%), we note that 2r = 2% — 2! = p}l(l — psat) and 8y = —p2%0,,; thus,

TQPé,EC,ET,ril = —28]_ (pyapy - AEC7E’I‘).
By standard regular-singular ODE analysis (and as previously shown rigorously in [HV20,
§3.3]), we can read off the decay at .# " of a metric perturbation u solving

P e gru=0 (2.12)

from the spectral decomposition of Agc pr.

Remark 2.3 (Duality of constraint damping and gauge change). By (2.2), the adjoint of
DyRic is (DgRic)* = G4 0 DgRic o G, (i.e. Gg 0 DyRic is formally self-adjoint); thus,

Gg( ;,EC,ET)*GQ = P/7ET7E67 (213)
demonstrating a duality between constraint damping and gauge changes. Equation (2.13)
also implies GgApc px Gy = —Apr ge. Since we would like as many eigenvalues as possible

of Agc pr to be positive, this suggests taking ~¢ and 7T to have opposite signs. In view
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of (2.13), this forces the endomorphism Apr ge corresponding to (Pg’ pe pr)” to have many
negative eigenvalues. See Appendix A for a discussion of this point in a simpler context.

To study Age pr, we introduce the bundle projections (respecting the splitting (2.9))
7% SP TR — ((d2°)?) & (2d2° @, rT*S?) & (rPg),
7 ST RY - (2d2%dzt) @ (2dat @, rT*S?),
fo: S2T*RY — r? ker tt,
mi1: SPTRY — ((dx!)?).

(2.14)

Then 7TCAE67ET(1 — 7%) = 0; in the splitting ran 7 @ ran(1 — 7€), the top left block of
Ape gr (capturing rows and columns 1,3,6) is then

2¢ 0 0
WCAEchTWC =1 0 4% 0 (2.15a)
2,76' 0 C

5
Thus, 7€u is expected to have components of size (’)(p;“\) at T, where A = 7€, 2-C.
Next, the bottom right block (capturing rows 2,4,5,7) is

T

— 0 0 0
T T
_ . C . C\ _ —2")/ —2’)/ 0 0
(1 T )AEC’ET(l T )— 0 0 —’YT 0 ; (215b)
0 0 0 O

with eigenvalues —yY, =297, and 0. It is thus natural to further split off the trace-free
spherical part (the final row) using 7o, with foAgc grifo = 0. In §3.4, we will see that
when solving the nonlinear Einstein equations via an iteration scheme, the 7 part will be
a source term for the (1,1) component in the subsequent iteration step; this is why we
further split the bundle ran(7 T + 711) into the ranges of 71 (rows 2 and 5 of Ape pr), ™1
(row 4).

Altogether then, the solution u of (2.12) can be analyzed step by step for bounded t — r
as follows (we omit error terms throughout):
(1) 7€u satisfies a decoupled equation (to leading order), thus 7¢u = (9(917+7C).
(2) 7w satisfies an equation with source terms given by 7€u. Choosing our parameters
so that —y¥ < ¢, we then have myu = (’)(p}_vr).
(3) #fou has a radiation field, i.e. a leading order term of size O(py) = O(r~1), and has

. 1—~Y . .. .
lower order terms of size p ) 7 7 from coupling to the remaining metric components.

(4) m11u has the same decay as 7' u.

These improved decay rates (compared to the O(ps) decay of typical scalar waves on
Minkowski space) will persist for the nonlinear gauge-fixed Einstein vacuum equations,
except for the decay of miu (which is replaced by a O(ps)-leading order term), as al-
ready indicated before. In terms of our model (1.8), ﬁou,mlu,wcu,fru thus correspond
to @1, P2, P3, P4, respectively. Leaving the model (1.8) behind, one can simplify the above
scheme by solving at once for (7TC + WY)U,, which in itself satisfies a decoupled equation
leading to improved decay. This is the path we will take in §3.6.
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3. NONLINEAR STABILITY

3.1. Differential operators and function spaces. Consider an n-dimensional manifold
M with corners which has exactly two embedded boundary hypersurfaces Hy, Hy. Assume
furthermore that H; is equipped with a fibration ¢: H; — Y with typical fiber F.

Definition 3.1 (b- and edge-b-vector fields). (1) The Lie algebra V(M) C V(M) of
b-vector fields [Mel93] consists of all smooth vector fields V' € V(M) which are
tangent to Hy and H;.

(2) The Lie algebra Ve1,(M) C V(M) of edge-b-vector fields consists of all b-vector
fields V' € V(M) for which Vg, € W, (H1) is tangent to the fibers of H; — Y.

On manifolds with a single embedded boundary hypersurface, edge vector fields were
introduced by Mazzeo [Maz91]. See [AGR17] for iterated structures giving rise to general-
izations of Ve, (M).

We discuss here only the case of interest for us: Hy and H; have nonempty intersection,
and a neighborhood of Hy N Hy C M is diffeomorphic to

nh, (3.1)

where pg, p1 are defining functions of Hy, Hy, respectively, and with the fibration of H;
given by (po,y) — y; thus, the fibers F' are 1-dimensional. In this case, elements of V, (M),
resp. Ve (M) are linear combinations, with C*°(M) coefficients, of

[0,00)p, % [0,00),, X ]Rgfz, y= ...,y

P00pg, P10p; Oy, .. Oyn1, resp. P00pg, P10p; P1Oy2, ..., p1Oyn—1. (3.2)
The b-tangent bundle and eb-tangent bundle
PTM = M, sbrAr — M,

are then the rank n vector bundles with local frames given by the respective sets of vector
fields (3.2); over the interior M°, these are naturally isomorphic to the standard tangent
bundle. By continuous extension from M°, one can thus regard smooth sections of PT'M as
vector fields on M, and in this sense, we have V(M) = C*°(M; T M), likewise Ve ,(M) =
C®(M;*PTM).> The dual bundles PT*M — M and ®*T*M — M are called b-cotangent
bundle and eb-cotangent bundle, respectively. Their smooth sections are linear combinations
with C*°(M) coefficients of

d d d d dy? dy™ !
ﬂ, ﬂ, dy?,..., dy" 1, resp. ﬂ, ﬂ, i,..., A
pPo P po P1L P P1

Definition 3.2 (b- and eb-differential operators). Let k& € Ny, ag,a; € R.

(1) The space Diff’g’(ao’al)(M) = pp **py “'Difff (M) consists of all differential operators
P on M° of the form P = py*°p; ' Py, where Py € Difff/(M) is a locally finite sum
of compositions of up to k b-vector fields.

(2) The space Diffi’éao’al)(M )= py ™ pl_alDiff];b(M ) is defined analogously, with eb-
vector fields replacing b-vector fields.

(3) The space Diffg”];]_cb(M ) consists of all locally finite sums of operators of the form
P’ P* where P° € Diff}, (M), P* € Difff(M).

5The benefit of using PTM and ©®PTM is that one can capture the precise behavior (regularity, bound-
edness, decay) of vector fields at M without the need for any irrelevant choices (e.g. metrics).
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Assume for the moment that M is compact. Fix a smooth positive b-density on M; in
local coordinates as above, this takes the form a(po, p1,y)| %2 %Ldy| with a > 0 smooth.

PO P1
We then denote the L? space on M by L2(M).
Definition 3.3 (b- and eb-Sobolev spaces). Let k € Ng, ag, a1 € R.

(1) The weighted b-Sobolev space
Hy ) (M) = g0 pi H (M)
consists of all functions w of the form u = pg°p]*ug with ug € L%(M ) and Pug €
L2(M) for all P € Difff(M). Equivalently, Pu € L2(M) for all P € Diff(®>*1) (ar),
(2) The weighted eb-Sobolev space Hf”éao’al)(M) = pS‘Op‘lef,b(M) is defined analo-
gously, with Diff.;, replacing Diff},.0
(3) Let m € Ny. The mixed eb-b-Sobolev space Hg&ﬁ)’(ao’al)(M) = pg‘op‘f‘lHéjg;s) (M)
consists of all functions u for which Pu € H[} (M) for all P € Diffﬁ’(ao’o‘l)(M).
(Equivalently, Pu € L2(M) for all P € paaopfalDiff:gfb(M).)

All these spaces can be given the structure of Hilbert spaces; for instance, we can equip
H!, (M) with the squared norm ||u|]§{1 = ||u||i2 +> \|V;u||%2, where {V;} is a finite set of
’ e,b b b
edge-b-vector fields spanning Ve (M) over C*°(M). We also note the L> estimate
n
Hy @O (M) < pfop (M), s> 3. (3.3)
This follows from the standard Sobolev embedding after the change of variables zy = log py,
z1 = log p1, which transforms p;9,, into 0., and the b-density |%%dy| into |dzp dz; dy|.
If M is a manifold with boundary and p € C*°(M) denotes a boundary defining function,
then HE’“(M ) = p"‘H{f(M ) is defined completely analogously (with respect to a smooth
b-density). In the setting of Definition 3.3, this allows us to define spaces such as H{f “(Hy).
Lastly, if M is noncompact and equipped with a smooth positive b-density, the spaces
HE| (M) consist of distributions which upon multiplication with elements of C2°(M) lie

in LZ(M) together with all their derivatives along all P € Difff(M); weighted spaces, eb-
Sobolev spaces, and mixed edge-b;b-Sobolev spaces are defined analogously. If Q2 € M is
an open set with compact closure, then we define

HEy(Q) = {ulo: u € HY,joo(M)};

e,b,loc

it can be given the structure of a Hilbert space as before. We analogously define

m;k),(ag,a
Hep " eo(@).

Finally, we introduce the following general notation:
Definition 3.4 (Operators with generalized coefficients). If F C 2/(M?°) is a linear sub-
space of the space of distributions on M° and D denotes a space of differential operators

on M with smooth coefficients, then FD is the space of all operators C>°(M°) — 2'(M°)
of locally finite linear combinations > a;P;, where a; € F and P; € D.

6We still use the b-density though, thus Hg”éo’o)(M) = Li(M).
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Examples of interest in the present paper are spaces such as Hg ’(ao’al)Diffib(M ).

3.2. Spacetime manifold; basic energy estimate.

Definition 3.5 (Schwarzschild spacetime). Let m € R. The Schwarzschild spacetime is

R; x (max(072m), oo)r x S, Jm = 7(1 — QTm)dﬂ 4+ (1 _ QTm)ildTQ + TZg'

0

The Regge-Wheeler tortoise coordinate 7, and the null coordinates 20, 2! are defined by

Ty =1+ 2mlog(r — 2m), 2 =t+r., al=t—r. (3.4)
Lemma 3.6 (Compactification of the far field of the Schwarzschild spacetime). Define
1 Ty — 1 /

1/2 -1
= , ;= , = , = = . 3.5
o= b . Ty = py pi=pops =T (3.5)

(1) Put Ty := min( %,\/%) when m > 0 and Ty := \/3/2 when m < 0. Then the
map (po, Ty ,w) — (t, 74, w) with domain M° = (0,2),, x (0,Zs)s, x S?, where

M = [07 2)00 X [07 iﬂ)xy X 827 (36)

s a diffeomorphism onto its image.
(2) Denoting the pullback of gm to M by gm still, the hypersurface m}l(c) C M is
spacelike for all ¢ € (0,Zy), and the hypersurface pgl(c) is lightlike for all c € (0,1).

1 2

Proof. We have r = po_lp}1 = palx}2 > 52,7 > 4m, hence r, = r + 2mlog(r — 2m) is

well-defined, and we then have t = r, — py ! This proves the first part. For the second
part, we record that in the coordinates (3.4), the Schwarzschild metric reads

2 2m —1
G = —(1 - *m)dxo da' +12g,  gn' = _4<1 - Tm) do®s O +r2g . (3.7)

r

Thus, p, 2dpy = —d(ry —t) = da! is null indeed. Furthermore,
1 1 1 9
rdpys = —rd(x—) = —da! + Ldr = —da' + £<1 - —m>dr*
r r r r
1 1

2 2
- 3(1 - —m>dm0 - (1 + 5(1 - —m>>dx1,
2r T 2r r

the inner product of which with itself is

271 x! 2m

-1

dpy.rdpy) = (1 7(1—7» . .
9w (rdps,rdps) = =—(1+ 5 ) <0 (3.8)
Indeed, %1 = —x§ < 0; and the second factor is positive, too, since ’92071"‘ = %x;« < % <1. 0O

The upper bound py < 2 can be increased arbitrarily; choosing a larger upper merely
places a stronger restriction on Zs."

"The bound Z.» < m can be relaxed to any number less than v/2—this still ensures that M is disjoint
from a neighborhood of past null infinity in the blow-up of the Penrose diagram of the Schwarzschild
spacetime at spacelike infinity i® (see Figure 1.1); indeed, in ¢, coordinates, the level set 2" (c) is O(logr)-
close to t = (1 — ¢®)r..
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Definition 3.7 (Ideal boundaries). The boundary hypersurfaces of the spacetime manifold
M defined by (3.6) are denoted 19 := py*(0) (blown-up spacelike infinity) and &+ = 2, (0)
(null infinity). Moreover, . is fibered by the projection £+ = [0,00),, x S? — S2.

In the context of Definition 3.1, the boundary hypersurfaces of M are Hy := I° and
Hy := /7", with defining functions py and p; := zs = p;/ 2, respectively. Thus, the space

Veb(M) is spanned over C> (M) by

P00po,  TpOu, = 2050,,, 140 =p)70, (3.9)

where Q ranges over all vector fields on S?2. (These are, roughly, the spacetime scaling
vector field, the weighted outgoing null vector field, and weighted spherical vector field.)

Remark 3.8 (Comparison of function spaces). The Sobolev space H', of [HV20, Defini-
tion 4.1] is the same as H, éb(M ) (upon restricting to functions with compact support in

M) in view of (3.9); moreover H;kb = He(lbkg (M). Moreover, in the notation of [HV20], if

we adjoin p;/ pp—_ -# to the smooth structure of the spacetime manifold M there, smooth

sections of the bundle S?8TM + p,S?PTM in [HV20, Equation (4.17)] are the same as
smooth sections of S? *PTM for the manifold M in (3.6).

For later use, we compute

1 1 2m
Oy = 0o = 5(& +0,,) = —ipop} (1 — 7)5&7 € popsVen(M),

1 1 om (3.10)
01 =y = 50— 0,.) = po (P00 — (1= 505 (1= =) ) s ) € poVen (M),
or = %anr - %(1 - 27“1) = —Or. (3.11)

Remark 3.9 (b-regularity). From (3.10), we also obtain

2my —1
pr0p = —r(1=22) @040), pody = (1 =00, + s,

Membership in H{f (M) is thus equivalent to the condition that up to k derivatives along
(O +0y,), (re —t)(0r — 0y.,), V(S?) lie in LZ(M). (These vector fields were already used by
Lindblad [Linl7] and in [HV20].) Thus, unlike in (1.9), the spherical vector fields do not
have a decaying weight at .#* anymore.

Definition 3.10 (Rescaled vector bundle). The vector bundle® T*M — M is defined by
T*M := (dz°) @ (dz!) @ rT*S?.

The prefactor r in front of T*S? here means that over the interior M°, we identify T NreM =
T M by identifying a section (wp,ws,¢) of T*M with the 1-form wy dz® +wy dz! + r¢ on
Me.

8This is equal to pullback of the scattering cotangent bundle on a suitable radial compactification of R*
to the blow-up of the future light cone at infinity, denoted 8*S?*°T*R* in [HV20].
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Likewise, we identify sections of S2T* M with symmetric 2-tensors over M°. In order to
make the scaling of spherical tensors apparent, we thus write the bundle splittings as

T*M = (d2®) @ (dat) ® rT*S?,
S2T*M = ((dz°)?) @ (2dz"dz') & (2dz° @, rT*S?) (3.12)
@ ((dzh)?) @ (2dz! @, rT*S?) @ <7‘2g> @ r? ker t,
by direct analogy with (2.9). Choosing local coordinates z2, 2% on S?, a smooth section

w € C®(M;T*M) is thus a linear combination w = wdz® 4+ w; dz! + Za o wgr dx?,
wo, w1, ws, w3 € C>°(M). More generally, we use the followmg index notation:

Definition 3.11 (Weights of spherical indices). For p1,...,pu, € {0,1,2,3}, set

s(pa, - pmp) =#{i € {1,...,p}: i € {2,3}}.
With 22, 23 denoting coordinates on S?, and for a tensor T on M° of type (p, q), we set

Ur..Vq s(vi,.. Vq) s(p1,- MP) V1.--Vq
Tﬁ1.‘.ﬂp =T T

We shall henceforth denote indices in {0, 1,2,3} by Greek letters p, v, k, ..., and spherical
indices in {2,3} by Roman letters a, b, c, . . ..

Returning to metrics on M, we have, directly from the definitions (3.7) and (3.12):

Lemma 3.12 (Uniform behavior of gy). We have gn € C®(M;S2T*M), and gn is a
nondegenerate section with Lorentzian signature down to I°U # 7.

While S2T*M is the appropriate bundle for the unknown in the Einstein equations—the
metric—to take values in, the metric also determines the linearized operators we need to
study; hence, we need to connect g, and its perturbations to the eb-theory in which our
(energy) estimates will take place.

Lemma 3.13 (Relationship between T*M and ®PT*M). Let @ € C°°(S*;T*S?). Then
da® € pgtz,2Co(M;PT* M), da' € py'C®(M;SPT* M), r¢ € pyta ' C(M;PT* M).
Writing C*° = C>®(M; S? ©PT* M) for brevity, we have, for | € C=(S?; S?T*S?),

(d2°)? € py xy4C°° dz® @, dat € p52 e_QCOO da® @, 1 € pa2x;3cw,

3.13

(dz")? € py2C™, dot @5 1 € pyz, C, R € pyla2C™. (3.13)
Proof. We only need to prove the first part. It follows by duality from (3.10) and the fact
that if V € V(S?), then 7'V = pozs - 2,V € pozsVer(M). O

Corollary 3.14 (gn as an eb-metric). We have g € pp 2COO(M S2ebT*M) and g;' €
P32 C®(M; S?SPTM). Moreover,
d d d
po) el ®Sﬂ+x gmodxycoo( . 52 ebTH ),
Po po ps
p0_2x}29;11 = 2(p00py — POy, ) s pr0y, + I]gil mod z,C>(M; S* “PTM).

stk om =2(
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Remark 3.15 (Connection of weighted eb-metrics). The Koszul formula, together with the
fact that Ve, (M) is a Lie algebra (with differentiation along any element of V. 1,(M) being

bounded on pf)ogqéjcoo(M ) for any £y, s € R), implies that the Levi-Civita connection of
gm € py 2x,2C(M; S ©PT* M) satisfies V € Diff]  (M;*PTM,“PT*M ® *PTM). Writing
eb-tensor bundles as ©PTPIM = &PT*M®P @ ©PT M@ this gives

V € Diffl  (M; *PTPM, ©PTPTLIAT),
In particular, the tensor wave operator satisfies

O € poay D2 (M;PTPIM),  p,q € Ny, (3.14)

Lemma 3.16 (O, as an eb-operator; commutators). Consider g, acting on functions.
The operator L := pyp 30y p € Diffgvb(M) s equal to

L=-2ps0,,(p00p, — pr0p,) + 13 A+ L, Le ijifféb(M). (3.15)
If Q € V(S?) is a spherical vector field, then’
L, p0Dpo), [LspsOp, ], [L, Q] € 2y Diff g7y (M). (3.16)

Proof. The membership L € Diﬁ‘g’b (M) is an immediate consequence of (3.14), and will be
confirmed here by a direct calculation. The expression for L mod x jDiﬁf’b(M ) only de-
pends on g, modulo pEQx;lcoo (M; S? ¢PT*M); we may thus replace g;' by the Minkowski
dual metric g~! = =49y ®, 1 +r~2¢ !, cf. (2.7), for which, in view of (3.10)-(3.11),
Oy = 2r 209120, + 2r 201120y + r 2 A (3.17)
= 20305 (P 0ps — 1)(p00p, — prOp,) + P &
modulo p%x}Diffib(M). Multiplying this on the left by pyp~3 = p}2p53 and on the right
by p = pops proves (3.15).
The expression (3.15) together with pgd,, € Ve (M) immediately gives [L,po0p,] =
[L, po0p,] € a:jDifféb(M) since Ve 1,(M) is a Lie algebra. Similarly,

[L> pfapy] = _pJA + [jh PfapyL
with the commutator lying in yDiFfib(M ); in the first term on the other hand, we can write
A as a finite sum A = >, Qp 10 +Q° + f with spherical vector fields Qe1, U2, e V(S?)
and f € C>(S?); but V(S?) C 2, Ve, (M) N W, (M), and hence

prf=ay > (2, 01) o+ s 2, + 35 f
k (3.18)
€ 2y Diff gy, (M) + 2, Diff} | (M) + 23 Diffl ), (M) = 2, Diff )\ (M).
Finally, we consider
(L, Q] = ps[, A] + [f’v Q).
The term [, A] € Diff?(S?) contributes ps[Q2, A] € wyDiﬂ’i’é;b(M) by the same argument as

in (3.18). In the second term, we use the fact that lifts of vector fields from the base S? of the
fibration #+ — S? enjoy improved commutation properties with eb-differential operators,

9n fact, we have [L, pod,,], [L, ] € 25 Diff2 (M) when € is a rotation vector field.
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cf. [HV23, §5.1]. Concretely, in local coordinates (3.1) (with 32, y* local coordinates on S?),
we have Q) = Z?’:z Q(y)d,; where the Q7 are smooth in y (and independent of py); writing

any V € Ven,(M) as V = a®pod,, +alps0,, + Z?:Q ajxyayj with a# € C*°(M), this gives

(2, V] = (Q2a%)p08p, + (a")ps0p, + 25 Y [Q,070,5] € Ve (M). (3.19a)
J
(This improves over the naive expectation coming from € x}lve,b(M ) that one only has
[, V] € 2,'Ver,(M).) Using the Leibniz rule, we infer that
[, ): Diff2{**V (M) — Difi2{"*) (M), ag,a1 € R. (3.19b)
Applying this to L € xyDifféb(M) gives [L, Q)] € $jDiﬁ‘g’b(M). This finishes the proof. [
Proposition 3.17 (Energy estimate). In the notation (3.6), let ¢ < Zy. Define
Q={zs<cpo<1}CM, S=z,'(c)C M.
Let k € Nyg. Let ap,ay € R with oy < min(ag,0). Suppose f € H{f’(ao’zaj)(Q) =

pgox;ajH]];(Q) = pg°py” HE(Y) vanishes near ¥. Then the unique forward solution u
(i.e. with vanishing Cauchy data at 3) of

Lu=f,  L=psp °Ogp, (3.20)
satisfies u € Hé%kg’(ao’mﬂ)(ﬁ), with an estimate'
HuHHe(’ll;ch,(aoﬂay)(Q) < CHf”Hs,(aov?ay)(Q) = CHf||He(f)l;:€b),(aov2ay>(Q)- (3’21)

Proof. We follow the arguments used in the proof of [HV20, Propositions 4.3 and 4.8] and
shall thus be brief. While one can work directly with Oy (as done in [HV23, §6]), we work
with L in order to simplify the weight arithmetic. Note now that [, is symmetric with
respect to the volume density

(dgal € py ta 40 (M; NPT M) = p* 2™ (M; [A* T M]),

. . d _
where we use Lemma 3.13 and the relationship \dpﬁdpﬂ dirZSQ| =p ]ll%dpﬂdg\ between
0 a2 oy B 0 52

smooth nonzero eb- and b-densities. Since O, is formally self-adjoint on L?(M;|dgm|),
the operator L is formally self-adjoint on L2 (M) := L*(M, ju,), where uy, = pgp%|dgm| is a
smooth positive b-density on M.

In order to prove (3.21), one can cut and paste energy estimates using domain of de-
pendence properties. Away from M°, the estimate (3.21) estimates the H k+1norm of u
by the H*-norm of f; it thus suffices to work near I° U .#+. But away from #*, L is a
b-differential operator, L € Diff? (M \ .#7), for which s is, near I°\ #*, a (past directed)
time function, the gradient of which can thus be used as a vector field multiplier giving the
estimate (3.21) away from % T—this was discussed in detail in [HV20, Proposition 4.3].

We thus work in a small neighborhood of £, in coordinates pg, ps. For k = 0, (3.21)
follows from an energy estimate on §2 with the vector field multiplier

W= w2V7 w = paagp}ay’ V= _(1 + C)pfapy + pOapo € Ve,b(M)a (322)

IOThus, u gains 1 eb-derivative relative to f; and u inherits the full amount of b-regularity from f.
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with ¢ > 0 (one may take ¢ = 1);'! W is future timelike. Consider the L?(2)-pairing
2(wLu, wVu) = (Qu,u) + [boundary terms],

Q= L'W + W*L = [L,W] — (div,, W)L € py**z "/ Diff2 | (M). (3.23)
We compute the principal symbol of Q at # . Since
i = pp mod 2,C°(M; |A*PT* M), ‘dpo dos dg‘ (3.24)
po ps
we may replace L by its leading order term in (3.15), and 1, by p,. Thus,
—divy, W = WV + (WV)* = —[V,w?] = w*(-2(1 + ¢)as + 2a9),
and a quick calculation then gives @Q = ¢ mod p_2a° j4o‘f +1Diﬂ“z’b(M ) for
Q=w <_4O‘f(Pono — psDp,)? +4cao — ar)(psr Dy, ) 15
+(1+2(a0—ay)+c(1—2a]))x;4&>. (32
Since ay < 0 and ¢ > 0, ag — ay > 0, and recalling that A = — 4 V2, this is a positive

elliptic element of py 20 ;40‘] Diff2 b(M). Therefore, (Qu,u) controls one eb-derivative of
u in pi°p3” LE. Using a Poincaré 1nequahty to control [|ul|, 20,05 12 by [|ps0,, uH P L2
(using aiy < 0), an application of the Cauchy—Schwarz 1nequahty to (3 23) (and usmg } the
fact that the boundary terms vanish at ¥ and have a good sign at p, ( ) due to the future
causal nature of W and —dpg, and can thus be dropped) implies the estimate (3.21) for
kE=0.

We prove higher b-regularity by commuting the vector fields from Lemma 3.16 through
the equation. Suppose we have established (3.21) for £ € Ny. Let f € HSH’(CMO’M‘“)(Q).
Let Xo = po0p,, X1 = p10,,, and let X, X3, Xy € V(S?) be vector fields spanning T'S?
pointwise (e.g. rotation vector fields); put moreover X5 = 1. Thus, the X} span Diff{ (M)
over C*°(M). By Lemma 3.16, we can write

5
L, X;] =Y 2,V X, Yy € Diffl (M)
k=0
Applying the inductive hypothesis to L(X;u) = X;Lu + [L, X;]u gives

[ Xjull asm)(ap.20) < C(HXjf”Hk,(aoaay) +) HJUXWHHG;M,(%,zw))
e,b;b b L e,b;b

Summing these estimates over j = 0,...,5, the sums over k on the right can be absorbed
into the sum over j on the left, provided we localize to a neighborhood of .#+ where z+ is
small. This gives (3.21) for k + 1 in place of k, and completes the proof. O

Remark 3.18 (Multiplier in (¢, r,)-coordinates). In the coordinates ¢ < r, and modulo
irrelevant lower order terms, the vector field multiplier (3.22) is (using Remark 3.9)

W = 120 (r = 420070 ((r = )01 + c7(D + 0r.))

Hgee [HV20, Lemma 4.4], and also [HV23, Proof of Theorem 6.4] where a positive multiple of V' is used
(with a different value of c).
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3.3. Metric perturbations. Following the rough discussion of couplings of metric coeffi-
cients in §2, we now define the function space for metric perturbations of the Schwarzschild
metric gm in (3.7) near spacelike and null infinity.

Definition 3.19 (Projections to subbundles). The projections 7TC,7TT,7{'0,7T11Z S2T*M —
S2T*M respecting the splitting (3.12) are defined as in (2.14). (If we write gq for the
components of the standard metric on S? in local coordinates on S?, and similarly g“b for

the components of the dual metric, then in the notation of Definition 3.11 we have 7¢(h) =
(hoos hoas 39%has), 75 (h) = (hot, hua), fo(h) = (h — 5¢*°hgd), and 11 (k) = (h11).) We
set 7T .= 7€ 4+ 7Y (mapping h — (hoo, ko1, hoa, h1a, %g“bhag)).

Definition 3.20 (Metric perturbations). Let £y, £, € R with £, < min(—~7, ¢, %), and
let k € N, k > 3. With Z as in (3.6), fix ¢ € (0,Zs) and put

1
Q:{QZ’]<C, p0<1—|—§;{£f}. (3.26)

Then the space @ (lots) Hg’(zo’fl)(Q; S2T*M) consists of all h for which there exist
WY e B QN st ST M), KO e HY QN ot 4082 T M),

so that 7T h, goh — KO, myh — B € HPO29)(Q; $2T7 M), The norm on @F:(0:6s) s

lgceo i 2= EO o ey + IS o s

0
o = KO o000 g + I = B | g e g + I Rl rcones

b ()’

where the norms of tensors with spherical components, such as $© and 7€Th, are defined
as the sums of the norms of their ab or a-components (and moreover summing over a finite
cover of S? by coordinate systems). We finally define the affine space

G0Ls) = (g + v Th: b e GH0 L)),

©

Matching the model (1.8) with #oh, m11h, 7°h, 7 h corresponding to ¢1, $2, d3, ¢4, the
trace-free spherical tensor 7foh has a radiation field, and the leading order term of 711k at
T is sourced by it. See Remark 3.38 for an interpretation of these terms.

Remark 3.21. Note that all components of h, modulo the leading order terms of #oh and
m11h, have the same decay rates at .# . This is a significant simplification of [HV20, Defi-
nition 3.1], made possible by the absence of logarithmic terms in 711 h due to our new choice
of gauge (cf. by contrast the logarithmic coupling term By, 1; in [HV20, Equation (3.26¢)]).

Notation 3.22 (Remainder space). For k € Ny, a, 8 € R, we shall use the abbreviation

OB = gl (q).

When using this notation for tensors, we mean the membership of their components in the
splittings (3.12) (thus in particular using the a or ab components for spherical components).

The factor of 2 in the .# T-weight is included so that 3 measures the decay rate in ps,
as (’)g’ﬁ — pgx;BLOO(Q) = pgpiLw(Q). We shall repeatedly use that for k > 3,

uy € 021,&’ Us € 0227/32 > ujup € 021—&-0427,31-1-627
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FIGURE 3.1. The domain (2 defined in (3.26) inside the manifold M defined
n (3.6). Also shown are the spacelike hypersurfaces ¥, 3¢ from Lemma 3.24.

Uy € HE#JQ (f—i-) = 031—&-042,51'

Lemma 3.23 (Metric coefficients). Let k > 3 and h € 9%0Ls) - Suppose |12l g3.00,0) 18
sufficiently small. Then g = gm + r~'h is a Lorentzian metric on Q°. In the notation of
Definition 3.11, we have

goo € OiHO’HEy, go1 € —% +mr 4 (9,1+K°’1+£y, Job € Oio’fy,
g =r"h, gib € O’l;o,f]’ Gab = 7’2gab + rhg,
and the coefficients of the dual metric g~ ' are
g™ € —4rhy + O}i+€o,1+€y7 Ple —2 —dmr ! 4 Oli+eo,1+£y7
gOb e @2+€o,2+€y7 911 c Ollc+€o,1+ey’
gl e OiHOQMJ’ g% e T—2gab _p3pab (92+Z0,3+£y.

As a symmetric eb-2-tensor, v~ h is a decaying perturbation of g (cf. Corollary 3.14):

9 — gm € py a2 HPUT02) (. g2 by, (3.27)
Proof. Sobolev embedding (3.3) implies the pointwise bound |hzs| < C||R]| g5 0t The
Lorentzian nature of g then follows for small & from the nondegenerate Lorentzian nature of
gm as a section of S2T*M (see Lemma 3.12). The expressions for the inverse metric follow
from (3.7) by working in the bundle S?T* M and writing g~ = g,' —r~tgthgt+r—2E(h),
where E(h) vanishes quadratically at h = 0, so E(h) € (9280’07 since h € Oio’of. This gives

goo € —T_lggllhllggll + Oi+2€0’27 C —4T_1h11 + T_QCOO(M) . Oio’()i + OZ+2ZO’27,
similarly for the other coefficients.

The statement (3.27) follows from (3.13); for instance, this gives
T,flhoo(de)Q c O;+€071+£j X p62p}2co0(97 52 e,bT*M)
C p62$}2H§7(1+£072éﬂ) <Q7 S2 e’bT*M). 0

Lemma 3.24 (Causal nature of 9Q2). For h € @3 o:ls) with sufficiently small norm,

1 1
Z:{xy:c, p0<1+§,qef} and Zf:{xj<c, pozl—l—gpﬁﬂ}



20 PETER HINTZ
are spacelike hypersurfaces for g = gm + rh.

Proof. We recall from the proof of Lemma 3.6 that

0 1 :Ul 2m
rdpys = apdz’ — ay da, ao = o (1 — —) < —0ps, a1:=1+ayg, (3.28)
r T
for some # > 0; note here that % = —py. The expression (3.8) gives an upper bound

gnjl(r dps,rdps) < —0py with § > 0; since ag and a; are bounded, we have

|(9_1 — g )(r dps,rdps)| < Cr~ Hallgs.oes < pr

on  for small h. Therefore, dzs is (past) timelike for g.

For ¢, we compute for the differential of its defining function using pg = —(z!)71,
1
20, fjrd(ﬂo - §p§]) =20, % (p p, dzt — € 7! pof)

= —lyag da® + (2p0pj‘] —i—fyal) dz?

The squared length of the 1-form with respect to ¢! is

4+ O(r)lrao(2p0p," + Lrar) + O 1) - (O(p2)O(p) + Opip, > + 1O(pP P ).
For small h, the first term is positive, and in view of (3.28) dominates the second term

(collecting the contributions from h%, A'!) which is of size O(||h||gs, 0. V¢),00+ZO plj ). 0O

Lemma 3.25 (Connection coefficients). Let g € 9%(0:ts) with g — g € @3.(lots) gmall.
Then the Christoffel symbols of the first kind Iy, = %(@Lgm + O Gus — Onguw) are'?

Tooo € 02—&-40,14-&%’ Too1 € O2+eo,1+zzg7

T € —gmr >+0; 17, Tigr € O 1,

Toos € O’lfﬁo’ey’ INVERS %mrﬂ—i—(’)iﬁo’lﬁja

Fiop € OHZO’EJ I e %T7181h11+02t€071+€]7

Teop € 3(r— 2m)gb0+0£07—1+4ﬂ Ty € O1+£07e]

Fow € 0,77, Loy € —3(r— 2m)gab+(’)£°’_1”ﬂ

Pip € O, Piap € 3(r—2m)guy—3rorhgs O,
Teip € =3 (r=2m)gnct3 Lo hget O T Y Doy € 12F e+ O 0721

where Veqp denotes the Christoffel symbols on S?. The Christoffel symbols of the second
kind, T —g”’\F,\W, are

uv
F 0, € mT72+O2+€071+4y 1 c 02+€0,1+ﬁy

240,14, 244,142,
Iy € O, If € 00,

12gince the asymptotics and decay rates of the metric coefficients here are stronger than those in [HV20],
the expressions here and in Corollary 3.26 can also be read off from those in [HV20, §A.2]; many terms, due
to the stronger metric asymptotics and weaker error spaces here, can be regarded as error terms. Note that
our signature convention for g is different from the reference, which causes a number of sign switches.
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80 c O3+eo,2+£y, ¢ e (1)34—@0,2-"-{;
b c 01-"—[01@%7 FO 61h11+02+€0,1+ﬁﬂ

Tl € OH—Zo,KJ? Pn c —mr- +Oif€°’1+£]7

f, € drt(1=2m)5p+07 01 | E O

Y, e 0,0, rab € —rgaptroihg+O0 T,

ri, e oot LY, € rap+O ',
¢, € —Sr (1= ge LT g pt OO e e e O

Proof. Direct computation using Lemma 3.23 and equation (3.11). O

Corollary 3.26 (Curvature coefficients). Let g = gm + r—'h € @F0ls) k> 4, with
[hllgs.o.05) small. Define the Riemann curvature tensor by Ry, = 0,15, — 9,15, +

szfﬁy—FﬁpFiu. Use the notation from Definition 3.11. Then, modulo 7”73C°°+C’)2fg°’1+£",
Rlpg=r""0thyg,  Ryyg=gr ' 0thy",

= 0 for all other k, \, p, v with u < v; and R*5., = —RFy

Aip sop- The Ricci tensor

while R””)\W
Ric(g)s, = R¥5,, satisfies Ric(g) € OF L1+t

Proof. Direct computation. The stated membership of RR;\W gives Ric(g) € r=3C™® +
Oifgo’prg] , with the 773C% term coming from g, which satisfies Ric(gm) = 0. O

3.4. Gauge-fixed Einstein operator. Encouraged by the calculations in §2, we now
define the nonlinear gauge-fixed Einstein operator whose linearization will be shown to
have the main properties of L, ge pr discussed after (2.10).

Definition 3.27 (Nonlinear modified gauge-fixed Einstein operator). Set ¢¢ = ¢! :=
r=tdt = 3r~1(da® + dz?) as in (2.8), and choose 7€ € (0,1), v¥ € (—1,0) with —T < ~C.
Write E' = (¢*,7*), e = C, Y, and define 05 ger g, BT DY (2.4)—(2.5). Given a Lorentzian
metric g, and denoting by gn the Schwarzschild metric from Definition 3.5, put
’I«E‘T <g7gm) = T(ghqm) - (6gm,E'T - 6gm>Ggm (g - gm)7
where Y(g; gm) = 9(gm) 10;Gygm as in (2.1). We then define'?
Ppge pr(g) == Ric(g) — 0, pe Y pr(9; gm),

/
P, ge pr = DgPpe pr, Ly pe gx i=2pgp °P, ¢ ETP-

Lemma 3.28 (Gauge 1-form). For g as in Lemma 3.25, we have Y gr(g; gm) € (’)2%0’1%”

Proof. We have Y(g;gm)* = ¢"*(I'(9)", — I'(gm)",); lowering the index using g gives
Y(g;9m)o = —%T(g;gm)l and Y(g;9m)1 = f%T(g;gm)O modulo Oif?’lﬁj. For ET =
(0,0,0), the result can now be read off from Lemma 3.25. Likewise,
4 7/
Y pr (9 gm) = (95 gm) = = (0, 57 — 09 )Ggu (9 — gm) € Op 1

13The definition of Pg’ pc pr is consistent with the motivational Definition 2.2 for g = gm, as follows from

a brief calculation using Lemma 2.1.
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since &, pr — 0y, € r71C°(M; Hom(S*T* M, T* M) and g — g € Oy 17 0

Proposition 3.29 (Structure of the linearized gauge-fixed Einstein operator). Write sym-
metric scattering 2-tensors in the splitting (3.12). Let g = gm +7 'h € @k lorks) I > 4,
with [|h||gs.o.0r) small. Then the operator Ly ge gy from Definition 3.27 takes the form

0 ~
Lg,EC,ET = Lg,EC,ET + Lg,EC,ET’

LS,EC,ET = —Q(pjapj — Ag’Ec ET)(poapo — py@,,j) + ZE}A + 2B97EC’ET, (3.29&)

Ly pe pr € (2,0°(Q) + HE 202 () Difi2, (M; S2T* M), (3.29b)
where the endomorphisms A, ge pr and By pe pr of S2T*M are defined by
2~¢ 0 0 0 0 0 0
—~T AT 0 0 0 0 0
0 0 ~¢ 0 0 0 0
Ajpepr=| 0 =297 0 29T 0 A° —15p% [,
0 0 =T 0 =T o0 0
2~€ 0 0 0 0 A 0
201hg 0 0 0 0 0 0
0 000000
0 000000
0 000000
Bypepr = |2p5'03h11 0 0 0 0 0 0
0 000000
0 000000
200 9% 0 0 0 0 0 0

If h =0, then A ge pr equals Agc pr from (2.11). General h contribute bounded terms
at #* and do not affect the block triangular structure of A, ge pr; see §3.6.

Proof of Proposition 3.29. We will analyze the terms in the expression
2P, EC E"r - |:| + 2( Im EC 5;)6.‘]Gg + 26;m,EC (6gm,ET - 5gm)(':'gm

+207  peCy — 207 pe¥y+ 2%y, (3:30)
with € and %; defined in (2.3), one by one.
e Tensor wave operator. Following Definition 3.11, we set
FE; - 745('6)—8(117V)Flij7 Tras = r_s(“’“’”)F,w,,.
By Lemma 3.25, we have
g, € r2C® + OFt o, s(o,v) < 2, (3.31a)
F(]ﬁ _150 + 720%™ + OZMO’H@ s(o,v) =2, (3.31b)
Fg— € T_ICOO + OZHO’ Vo,k, . (3.31c¢)

Given a symmetric 2-tensor v on {2 C M, we begin by calculating the form of

—s(u,v,Kk s(u,v o o
’U,plj;g =T (M )(9,{(7“ (M ) ﬂ—) F ’U,o—y FDRuﬁa"
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For k = 0, note that r—*(#)[9y, r*(#¥)] = Ls(, v)r~! mod r~2C*°, which cancels the con-
tribution of the leading order term of (3.31b). Thus, by (3.10),

U0 € Qougs + (r72C% + OFF MYy (poakC™® + OFF O DifEL (M)u, (3.32a)

wap € gy + (rTICC + 07O Y < (poC™ + OFF )DL (M), (3.32b)

Ui € 7 Deuzp + (r71C® + OFHO TV € (poa € + O T)Dftl, (M)u.  (3.32¢)
We use this to compute the form of

(Ogt) s = — Pk, rzia)\ (Ts(u,u,m)uﬂ]7 R) 3

+ g% (Posuamn + Tostpor + I supms ) - .

In the second line of (3.33), those terms in which u is covariantly differentiated along
80, 0a lie in (pRa3C> + (93“0’3/2 )Diff! , (M)u by (3.31c), (3.32a), and (3.32¢) (using that
multiplication by 2, maps O} 2 — (’)a 3/2 ). Next, Lemmas 3.23 and 3.25 give gRS‘F}J\ €
2r~1 +(’)2+eo’1+zf using (3.32b), the terms in the second line of (3.33) involving derivatives
of u along 9, are thus modulo (r—2C> + (’)3+£°’1+£y)D ff! b(M)u equal to

IOF"Oua,; 1+g OFVOU a1+ g”/\I‘R/—\um—,;l = (—s(p,v) + 2)7‘_1811@,7.
For the first term on the right in (3.33), all terms with (x, A) # (0, 1), (1,0), (a, b) produce
terms in (’)zfgo’Hef Diffib(M )Ju. The remaining terms sum to
2 =) (0 9y ) + 20180 + (r~2C% + O ) Diff2 (M)
249 0,0yus + (pRa5C + O PP T\DIf2 (M)u,

with the first line capturing the non-spherical, the second line the spherical terms. Plugging
in (3.10) and using 2¢, < 1 (so ,Qyp*?’(’)zféo’gm_p C O,lgfgo’z"’), we thus obtain

(s *Ogp)an € =205 0, (p00py — P Opy s — §°° (3500 (250 )tz (3.34)
+ (2,0 + O} 7 D2 (M)u.

The coordinate derivatives 9, on S? can be replaced by covariant derivatives Y, the dif-
ference in local coordinates being 24 (V4 — 94)7s0, € a:yDiffévb.

e Modified symmetric gradient. Next, consider the second summand in (3.30). We have

((5;“,EC - 5;)“)@ = ((5;“ e — Oy Jw ) (((5* — (5;)w)ﬁﬁ
= ((6}, pe = 03 )w) 1y + Criowr, (3.35)

where C%, =T(g)%, — (gm)fy- In the splittings (3.12), we have ¢ = ¢¥ = (3, 3,0), so
1 0 0
0 0 0
00 3 B N
 pe— O €0 1 0 +772C%°(M; Hom(T* M, S*T* M)). (3.36)
00 1
1 1 0
0 0 0
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2+€071+€y

For the second term in (3.35), we infer from Lemma 3.25 that, modulo O} , we have

C?l = —7“_1(91]111, Clb = I(;l = 2r_181hb , CgB = T‘_lalh(—lg, (3.37)

while Cf; = 0 for all other r, u, v. Using thh € Oio’ej, the operator w + (Chyws) is thus

0 0 0
0 0 0
0 0 0
=0tk 0 0| 4 02T (3.38)
0 0 301k
0 0 0
othg 0 0
We compute (dgu)z = —g)‘fu“/\ % using (3.32a)—(3.32c) and Lemma 3.23. The terms with

r # 1 contribute (pozsC> + OQHO’ )Diﬁ’;b(M)u, as do the terms with xk =1, A # 0, so

200 0 0 000 0
dge| 0 200 0 0 0 0 0]+ (poasC®+ O " )Diffl . (3.39)
0 0 23, 0000
Lastly, Lemma 3.23 implies
1000000
0000030
0010000
Goe 000100 0f+rlceto 0 (3.40)
0000100
0200000
0000001
Combining (3.35), (3.36), and (3.38)—(3.40) gives
prp > (200;, pe — 05)34Gg)p
27¢ 0 0 00 0 O
0 0 0 00 0 0
0 0 7¢ 00 0 O
€2| —201h11 O 0 00 ¢ 0]pston (3.41)
0 0 7“+081ha® 0 0 0 0
27¢ 0 0 00 ~° 0
201hp 0 0 00 0 0

(ijOO + OlHO’@)lef
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e Modified divergence. Using Lemma 3.25 with h = 0, the third summand in (3.30) is

& e € O1 + powyDiff (3.42)

OO O O oo
O OO R OO O
O OO O O O

Therefore,

p'ﬂpig (Qézm’Ec (5gm,ET - 6gm)Ggm p

T . (P0Bpy — P50y, ) (3.44)

0 0
ot 0
0 0
e2l o —-2¢T 0
0 8l
0 0
0 0

O OoODD OO OO
OO O OO OO
OO O OO OO

0
0
0
—2
0
0
0

+ (2,0 + O, Diff!

e Term involving ¢;. We turn to the fourth summand in (3.30). When calculating
1+4p,1—

(Cou)r = 9:39"°g ”TC')‘ sUs7, one can replace g € gm + O
an error term in (93+2£°’ since C’f‘— € OQHO’P (cf. (3.37)); furthermore, the components
of the tensor C' other than those in (3.37) contribute terms in Oifﬁo’lﬁﬂ . Therefore,

by gm at the expense of

0 0 0 000 0
(gg: 27‘_181h11 0 0 ) 0 00 —1 _18 hab +02+€0,1+Zy
0 0 —2r191hz® 0 0 0O 0

Together with (3.42), and using again that £, < %, we thus have

O 0 0 000 0
O 0 0 000 0
O 0 0 000 0

2000 °8% peCyp € 2py 010 | 201h11 0O 0 00 0 —15n%
0 0 -3k 000 0 (3.45)
O 0 0 000 0
O 0 0 000 0
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e Term involving %,. For the fifth summand in (3.30), note that 05 mC € poDifféjb
by (3.42). Together with Y(g; gm)” € OQJ_F?”HZ] from Lemma 3.28, we get

— 209 307 peWep € OV D] (3.46)

e Curvature term. The final term of (3.30) can be computed using Corollary 3.26. A
fortiori, all components of the Riemann and Ricci tensor lie in r~3C> +(92fg°’17, and hence

replacing g by gm in the definition of %, produces O4+€°’ error terms. One computes
0 0 0 000 0
0 0 0 000 0
0 0 0 000 0
200p RHgp €205t 0 0 0 0 0 0 23K | 4 pxhC™ + 0,0
0 0 &h® 000 0
0 0 0 000 0
20%h; 0 0 0 0 0 0
Combining this with (3.34), (3.41), and (3.44)~(3.46), and recalling that py'01 = pod,, —
ps0,, mod :pyDifféyb, proves the Proposition. O

Definition 3.30 (Forcing terms). For k € Ny and £y, £y € R, £ > 0, we define
ykz,(foly) — {f _ f+ fl((l))(dxl)z: JZ c Hﬁ»(ﬂo,%y)(ﬂ;saf*M)’ (0) c Hk ZO(j—i- ﬁQ)}
. 3 0)

with norm || g 0 = 1ot g) + 1Y Lo sy

Corollary 3.31 (Nonlinear error term). Let g = gn 4+ 7 'h € ¢F(ots) k> 4 with h
small in G30:ts)  Then 2p}1p3PEc7Er (9) € Fr=20:ls) : more precisely,™

_ _ 1
2p,'0° Pre e (9) € py! (—47T81h11 — §|81¢0h|;_1) (dat)? + 00 (3.47)
By contrast to [HV20, Lemma 3.5], it is the leading order term of h;; that enters in (3.47),
rather than a logarithmically divergent term of hy;. The term |917#oh|? is captured by the
term (9;¢1)? in the equation for ¢o in (1.8) (with ¢1, ¢ being models for foh, hi1).

Proof of Corollary 3.31. Instead of a direct computation, we integrate up the linearization
of Pge pr: the fundamental theorem of calculus gives

1
PEC,ET (gm + ’I”_lh) = PEC’ET (gm) + / ‘;m+7'718h,EC’ET (T_lh) dS;
0

since Pgc gr(gm) = 0, we can therefore use Proposition 3.29 to compute

1
2p}1p3PEC7ET(g) = / Lgm—H‘*lsh,EC,ET(h) ds
0
Using Definition 3.20 and (3.29b), the error term of the Proposition contributes

7 oL
Lgm+r_lsh,Ec,ET (h) S Ok(LQy. (348)

MwWe can replace hi11 and foh by their .# T-leading order terms h(11 and A9, cf. Definition 3.20.
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Regarding the main term (3.29a), the contribution z%2Ah € p,Diffg(M)h C (’)i{’; lies,

a fortiori, in the space (3.48); and By ., 14, gc prh € Oio’zj since hgo € Oio’zj. In the
first term of (3.29a),

gm+7r

050, (p00ps — prp, Vb = (p0dpy — PO, )prOp, h € O

is an error term as well since ps0,, annihilates the leading order terms of h at .% T thus,
1

2p}1p3PEc7ET (9) = 2/ Agm+r—1sh7EC7ET(palalh) ds mod Oio_’gy. (3.49)
0

All coefficients of h in the splitting (3.12) except for m11h and #oh lie in (’)i‘)’f’ and thus
contribute error terms. The 711h, resp. #foh component only contributes through the (4, 4),
resp. (4,7) entry of A, \,.-14, pcpr. Therefore, only the 4-th, ie. (dz')?, component

of (3.49) does not lie in Oeo’e”“ and modulo (960’&7 it equals
e 1 - B 1 ,-
205! / (—27T81h11 - 5al(s;ﬂb)alhm—,) ds = py! (—47T81h11 - §alhal;alhab). 0
0

3.5. Tame energy estimate. With the modification parameters EC, ET fixed as in Defi-
nition 3.27, we shall now drop them from the notation, and thus simply write

P(g) = PEC7E’I‘ (g), Lg = Lg,EC,ET7 Ag = Ag,EC,ET’ etc.
The first key step is an energy estimate for the linearized operator from Definition 3.27

on spaces with fixed weights but arbitrarily high b-regularity; precise decay is obtained in
a second step in §3.6.

Proposition 3.32 (Tame energy estimatNe). Fiz by, 0y as in Definition 3.20, and let g =
Ggm + 7 h € @R ls) with b small in 935C0ts) | Let g, ap € R with ay < min(apg, 0),

and let k,m € Ng with k > 8 and m < k—3. Suppose f € Hén’(ao’mj)(ﬂ; S2T* M) vanishes
near ¥ (in the notation of Lemma 3.24). Then the unique forward solution u of

Lyu=f (3.50)
satisfies u € H(1 m) (ao’Qay)(Q S2T* M M). For m > 3, we moreover have the tame estimate
HUHH(lgfrg)y(ao»hy) < C(Hf”H;m(ao,?ay) + HhHgme(foly) ||f||HS,(ao,2ay)>a (3‘51)

where C' depends on m, k, g, oz, by, Ly, but not on f, h

We shall give a proof based on elementary (and rather imprecise) considerations.

Lemma 3.33 (Tame product estimate). Write points v € R® = R x R" ! as x = (x1,2).
Let ¢ < m € Ny. For p € Ny, denote by d, = [%] the smallest integer > £. Then there
exists a constant C = C(m, q) so that for all h € C°(R"™ 1) and u € C°(R™),

IR D™ ) 2y < C (1Al g syl ey + Bl ot s sy el 2y ).
Proof. We repeatedly use the following estimate for integers 0<a<b<e

— b—a

| DPul| 2 gcabcHD“uH ||D°’u||L2 ; (3.52)
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this follows by an inductive argument from the base case

| Dul|2, = /D(uDu) dx—i—/uDzudx = /uDQde < |Ju| g2 | D% 2.

We then estimate, using Sobolev embedding H%—1(R"~1) < L°(R"1),
I(DR) (D™ u) |72y < 1DV poo -1 1D~ ut]| 2 ny
S HthHHdnfl(Rn—l)HDmiquHLZ(R”y

Since || Dh|| i,y S | DT =1h| 2 + || DA 12, we can further estimate, using (3.52),

DY(D%%—1} pDm—a < || Ddn-1p, o pmtdn—1p, m % D™ o
1D )iza | ull2 Sl gzl 172 lull 2l D™ ull 2
< [ll gmsan—s [[wll 22 + A1 - Null e
We can estimate ||D9h|| 2] D™ %ul|;2 by the same right hand side. O

Lemma 3.34 (Commutator identity). Let A be an algebra. Let L, X1,..., Xy € A. Write
ady; = [, X;]. Then

N

N
L, X1 Xn] =) (D)7 Y (ady, ...adx, L) ] X5

q=1 11 < <lq Jj=1

Proof. The case N = 1 is clear. The inductive step follows from [L, X1 - Xn41] =
[L,Xl . 'XN]XN+]_ + [L,XN+1]X1 : "XN - [adXN+1L,X1 < -XN]. O

Proof of Proposition 3.32. e Basic energy estimate. For fixed ag € R, we first prove the
Proposition for m = 3 and fixed but large negative ay < 9. We use the vector field
multiplier W = w?V from (3.22) with, say, ¢ = 1, the volume density p, from (3.24),
and a pairing calculation analogous to (3.23). Using the L? inner product on sections of

S2T, oM — € relative to uy, and any fixed smooth, positive definite fiber inner product on
S2T*M, we shall evaluate

2Re(wLgu, wVu) = (Qu,u) + [boundary terms],
Q= [Lg, W] - (diVyb W)Lg + (LZ - Lg)VVa
The first two summands of @ were computed to leading order at .#* to be equal to Q
in (3.25); the point now is that for as sufficiently large and negative, @) dominates the prin-
cipal symbol of the skew-adjoint part (L;—Lg)W € wQLOO(Q)DiFfzyb (using Proposition 3.29
and Sobolev embedding) whose bound in this space only depending on ||h|s, e, 19 Fol-
lowing the proof of Proposition 3.17, this gives

[l 00200 < Coll gt oo e, (359

with Cp independent of h as long as [|h|gs,@,.,) is small. One can commute any number
b-derivatives through the equation Lyu = f as in the proof of Proposition 3.17; we give

15The boundedness of hi1 at .#1 comes in handy here and allows for a proof of the energy estimate
without the need for using the block triangular structure of Ay yet, unlike in [HV20, §4.1].
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details in a tame setting momentarily. We content ourselves with 3 b-derivatives for now;
thus, for a constant C3 only depending on ||||zs,.,), we have

||U|\H<1g§t)),<ao,2ay> < CgHLgulng,@o,zaj). (3.54)

e Tame estimate. We shall localize to small neighborhoods of .# ™ whenever convenient
below; proofs of tame estimates away from .#* follow from simplifications of the arguments
below. Recall from the proof of Proposition 3.17 the set of commutators

X ={Xo,..., X5} C Diff} (M; S>T* M)

given by Xo = po0,,, X1 = p10,,, spherical vector fields X, X3, X4 € V(S?) (acting by co-
variant differentiation on spherical 1-forms and symmetric 2-tensors in the splitting (3.12)),
and X5 = 1. The estimate (3.53) and Lemma 3.34 applied to Vi ---Vju for [ < m and
Vi,..., Vi € X give

||u”H(1t?)TZ)7(0¢0v2a,¢)
O

< Co (|| Lgull o020

l
Y Y Y e, s e T T Vil )

I<m V1, ,\VIEX g=1 i1 < <iq
which we schematically write as

Il oo 200 < CollZgtul ynoozas + D= 0d% L)X %] yo.coe). (3.55)
e:bib a<i<m

Consider first the contributions from Ly, to (3.55). We can write L, in (3.29b) as

Ly=Y (wsa; +a)P,  ajeC™®, a;eH 20 (3.56)

where the operators P; € Diﬁ’ib(M; S2T*M) span Diffg,b(M;SQTV*M) over C*(M), and
so that, for some constant C' = C'(k, lp, Ly ),

I Lgllk—2,(t0,20,) = max deHHs—z(eo,%y) < C||llgn. ot (3.57)

this uses: (1) the coefficients of L, are rational functions of up to 2 b-derivatives of h; (2) for
k>5, H{fﬂ(Q) is an algebra, with a Moser estimate for the norm of products (which is a
consequence of the corresponding result on R”, see e.g. [Tay11, §13, Proposition 3.7], upon
passing to coordinates log pp and log pys).

We will use the fact that commutators with elements X; € X preserve the space
Difféb(M;SQT*M) for all k; this is clear for j = 0,1,5 (in which case X is itself an
eb-operator), and for spherical vector fields (j = 2, 3,4) relies on their pp-independence, as
discussed in (3.19a) and (3.19b). Thus, for 1 < g <1 < m, we have (using (3.56))

I(ad Lg) X" ull , 0.(a0:20)
1—
< llar 2202l poGozas) + (B LG ul oo 20s)

< CmHuHH(lt;)rg),(aO,Zaj—l) + H .i”ga (a%l,bfén_q—’—lu)HHB,(aO,zaj), (3.58)
€e,D;
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where we write .2 and ,i”ebb for elements of Difty and Diffg,b, respectively, whose precise
forms do not matter; and in passing to the second line, we used Diff;b C Diff]. The second
term of (3.58) is < ||$gd||pgox§JLw||uHH(lgf,gqu),(aszo,z(a]747)); due to the weaker weight

at £, we can conclude that upon working in a sufficiently small neighborhood of .# T, this
is bounded by a small constant times HuH (15m) (a0, 20:5) and can thus be absorbed 1nto the

left hand side of (3.55); similarly for the first term To get a tame estimate, we use [Tayl1,
§13, Proposition 3.6] and Sobolev embedding (3.3) to bound the second term in (3.58) by

1~ 1 ~ 1
Crm, (H-fb aHpgomffy . H-fe,buHH;u(ao—eo,z(ay—ey)) + ||$§a||H}:n,<foaey> Ho%bqugox;w Loo)
< C7In (Ha”Hé’(foﬂy) HuHHé’ll;):rg%(ao’?(ay—‘fﬂ)) + ”aHHt:HL(@oﬂy) ‘|u”H§}g?&,(a072ay)>
< 07/7/1 (HhH{in(folﬂ) Hu||H(1;m>,(0072(%¢—5y)) + HhHgimHﬂ(foly) ||LguHH3v(ao720ﬂ)>v
e,bib b

where in passing to the final line we used the estimates (3.57) and (3.54). The first term only
involves a fixed low regularity norm of h, and upon localizing to a sufficiently small (only
depending on m) neighborhood of .#* can be absorbed into the left hand side of (3.55).
The second term already fits into the estimate (3.51).

Next, we decompose the main term Lg of Lg in (3.29a) into Lgm +(L2—L2m), with the first
term capturing the smooth terms and the second term capturing the terms involving h. Us-
ing [LO X;] € xyDiff 1% ., as in Lemma 3.16, the contribution of L0 to the second summand
on the right in (3.55) can be estimated by Cp, ||9:ju|| (i), (g 2a) = mHuH (1:m) (ag.205 —1) 5

c,b

which can again be absorbed into the left hand side of (3 55) for small zs.
Turning to the term Ah‘,iﬂel’b of LS g )

A) + Ay, into the py- independent leading order term AY € Hg_l’HﬁO(er N Q) plus a

where Ay, := Ay — Ay, we decompose Aj, =

remainder term A, € H . The contribution from A;, to the second term on

the right in (3.55) can be treated like the contribution from L,. For the contribution from
A?L, which is linear in 914(?) in the notation of Definition 3.20, we apply Lemma 3.33 in
logarithmic coordinates log pg, log ps (with log ps playing the role of x; in the lemma) with
n =4, and h, m there replaced by ,,2”,}81%(0),[ — 1 where [ < m, so

- —1 I-1—(g—
I(ad% AR) (X qfel,bu)HHg,moaay) = [I(adf "ady A7) (X' D%{bu)HHg,moﬂaw
14 7(0 1
Cm(Hgb 81%( )HH12)»1+ZO(L7+QQ)ng,bunHlf)"/—l,(ao—l—eo«zaﬂ)(Q)
S IAOHO st gyl ot g
< CZL(HhH@(Wy)HuHHu;m—l),(aoaw) + HhHg7m+3’(¢07ey)HUHHI,(QOaQQy)>7
e,b;b e,b

We can then use (3.53) to bound the second term on the right. The contribution from By
to the right hand side of (3.55) is analyzed similarly. This finishes the proof of (3.51).

e Estimate with sharp weights. A, is lower triangular in the bundle splitting S2T*M =

ran(n¢Y)@ran jfo@ran 71, with scalar diagonal entries that are independent of h; see (3.59a)
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below for the explicit expression.'® We may thus choose a positive definite fiber inner

product on S2T* M with respect to which the skew-adjoint part of A, is as small as we like
along '+ in py 0 L®(F+ N Q) (using only that [|hll .o, S 1). The calculation (3.25)
thus shows that the condition a» < min(ayg,0) suffices to obtain the estimate (3.51). O

3.6. Recovery of decay; proof of nonlinear stability. In the splitting S2T*M =
ran(n¢ + 7 1) @ ran o ® ran 711, the endomorphisms Ay and By from Proposition 3.29 are

AT 00
Ay=[4T 0o o0 |, (3.59a)
AST A An
27¢ 0 0 0 0
0 ¥ 0 0 0
AT =127 0 ¢ 0 0 |, An=-2¢7,
—T 0 0 =T 0
0 76—7T 0 0 —7T
AT = (201153,0,0,0,0),  Aff =(0,0,7¢,-2¢7,0), A1 = —30:h",
0 0 0
By=|BT 0 0], BT = (2p5103hy3,0,0,0,0), B = (2py '97h11,0,0,0,0).
B{E 00

(3.59b)

Theorem 3.35 (Tame estimate with sharp decay). Fix ly,{y as in Definition 3.20. Let
k,m € No with k > m+11. Let ¢ = gu + r th € @5E0ls)  with h small in @8:(loslsr)
Consider f € Fmt8ots) (see Definition 3.30) which vanishes near ¥. Then the unique
forward solution u of Lyu = f satisfies u € @gmlo:ts) and a tame estimate

2] g7m,e0.e) < C(HfH,,ozms,(eo»éy) + | Allggm+11,c60,6) "f“,,oz?r»(fo,fy))' (3.60)

Proof. For ag = 4y and ay € (—£s,0), we can apply Proposition 3.32 to obtain u €

He(l];TEJFS)’(EO’Qay)(Q) satisfying the estimate (3.51) with m + 8 in place of m. Write

—2,(£0,2¢ .
Ly = —2(ps8p, —Ag) (p00py—ps 0y, ) 12By+L,, L) € (,C°(Q)+HL >0 ())Diff},
where spherical derivatives are error terms since we work in the b-setting now. We now use
2(ps0p, — Ag)(p0dpy — prOp, Ju= f +2Bgu+ Liu (3.61)

repeatedly, together with the spectral information on Ay given in (3.59a), to prove sharp
decay for the various components of h at ..

e First improvement. Applying 7€ to (3.61), we get

m~+38,(£o,2¢ m~+6,(£o,2(cs+L
(pfap] —ACT)(Poapo _,Qﬂapy)(WCTU) c Hb +8,(£0,2057) +Hb +6,(£0,2(as+L45))

c 6, (bo,2(cs +s))
b )

16For g = gm, a simpler version of this is (2.15a)—(2.15Db).
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Definition 3.20 ensures that all eigenvalues of A°T are > £,. Thus, we get improved decay

(P00p, — Py, ) (7T ) € H?+6’(£°’2(ay+£])) at the cost of 2 b-derivatives. Integrating this
from ¥ (see [HV20, Lemma 7.7(1)]) and using that ay + £y < £y < £y gives

7Ty e H{)n+67(50,2(04y+fy))‘ (3.62)
Applying 7o to (3.61) and using (3.62) to estimate the contributions from AT (pod,, —
ps0,,) and BT, we obtain
Integrating pod,, — ps0,, gives ps0,, (Fou) € H?+5’(Z0’2(a]+£f)) and therefore
fou = ;/L(O) + 7%7 7ﬂ(O) c H£n+5,fo (f—i— nQ), 32 c Hl'r)n+57(f072(aﬂ+fﬂ))' (3.63)
Lastly, we apply w1 to (3.61) and use (3.62)-(3.63), and note that jfou is coupled to
mu via A1 € HE_I’IMO(er N Q) to obtain
(p70p, — A11)(P00py — prOp, ) (T11U) € H£n+4,1+2z0(j+ nQ) + H{)ﬂ+4,(fo,2(ay+€ﬂ))(g).
Since A11 = —29Y > £, > ay + £, integration of this implies
mu=ul) + @y, W) e BP0 (st Q) 6y e BT ) (3.64)
e Second improvement. We again apply 7¢T to (3.61); exploiting the sharper (as far as
decay is concerned) information (3.62)—(3.64), we now get
8,(£0,2¢, 2,(£0,2¢,
(5 Opy =AY (poDpy — s 0, ) (T u) € HYHE020) oy et 200:20),

with the second term coming from the second order operator LZ acting on jfou, Ti1U.
(€0,2L5)

Integrating this gives 7¢Tu € H{)n +2 . For jfou, this improved information gives

which implies that g € H"" ") iy (3.63). This in turn gives
m m,(£o,2¢
(p50py — A1) (p0Dpy — PO, ) (i) € HY' 20 (7 Q) + B0 (@),

and hence @17 € HIT’(ZO’%”“)(Q) in (3.64). This demonstrates that u € ¢"(:Ls)  The
tame estimate (3.60) follows from that in Proposition 3.32 together with tame estimates
for products, as already exploited in the proof of Proposition 3.32. O

Corollary 3.36 (Nonlinear stability near the far end). Let Q and X be as in Definition 3.20
and Lemma 3.24, and consider the quasilinear wave operator P(g) from Definition 3.27.

Let £y > 0, and let £y € (O,min(fo,%)). Suppose hg,h1 € HﬁO’ZO(Z;S2f*M); putting
[(ho, h)llm := |holl ym+160 + ||Bal| o, assume that (ho, 1) is small in the sense that
b b
|(ho, h1)|l22 < C where C' = C(||(ho, h1)||2433), with C = C(q) positive and continuous in
q € [0,00).17 Then the initial value problem
Plgm+r'h) =0,  (h Ly, h)|s = (ho,h1) (3.65)
has a unique solution h € @goo(lots) 18

17Thus, there exists € > 0 so that any (ho, h1) with ||(ho, h1)||2433 < € is small in this sense.
18Recall the causal structure of Q recorded in Lemma 3.6.
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In particular, if the induced metric and second fundamental form of ¢ == gm + 1 'h €
@oolobs) gt 3 satisfy the constraint equations, and YTer(g;9m) =0 at X, then g solves the
FEinstein vacuum equations Ric(g) = 0 in the gauge Y gr(g; gm) = 0.

Remark 3.37 (Initial data). Given geometric initial data (i.e. a Riemannian metric and
second fundamental form) on ¥ satisfying the constraint equations, it is easy to construct
ho, h1 so that g = gm + r—'h, with h having initial data hg, h1 at ¥, attains these data at
¥ and satisfies Ypr(g;9m) = 0 at X, see e.g. [HV20, Lemma 6.2] (for a slightly different
choice of gauge).

Proof of Corollary 3.36. While so far we have only discussed forcing problems, our energy
estimate based arguments apply to initial value problems as well. Alternatively, one can
piece together a short time solution hi, on x}l([%c, c), say, with the forward solution of

Prwe(h) 1= psp * P(gm + " (xthin + ) =0,

where y € C°((3¢,¢]) is 1 on [2¢,c]. Since Py (h) € Hgo’(zo’oo)(Q;SQf*M) is small in
HEQ’(ZO’U(Q) and has support in x}l([%c, %c]), Nash—Moser iteration can be applied to the
nonlinear map

goolloks) 5 h iy Pry(h) € Fool0ts)

in view of Corollary 3.31 and Theorem 3.35, upon restricting to inputs A vanishing on
x}l([%c, c]). Indeed, applying the main theorem of [SR89] with loss of derivatives parameter
d =11 (cf. (3.60)) produces the solution of (3.65); here, 2433 = 16d? + 43d + 24.

The second part is standard: given a solution g = gm + 7~ 'h of (3.65) satisfying
the constraint equations and the gauge condition initially, one first concludes that also
L’azy YTrr(g;9m) = 0 at X. The second Bianchi identity implies the homogeneous wave-
type equation 25gGg5;EC (Y5 (g; 9m)) = 0 which gives Y pr(g; gm) = 0 and therefore, by
definition of P(g), also Ric(g) = 0. O

Remark 3.38 (Gravitational radiation and Bondi mass). Given a Ricci-flat metric g =

gm + 7 h € 9°>0L) in the gauge Y pr(g; gm) = 0, one can (with some effort) adapt the
1

arguments in [HV20, §8] to identify the Bondi mass at retarded time v := —p, "~ =t —r, as
g 0
Mg (u) :m+4— hiy dg, S(u) :== I Npyt(=1/u),
T JS(u)

using the notation of Definition 3.20. By (3.47), Mp(u) satisfies the mass loss formula

d 1
—M = —— » ©12_ qg.
dU B(U) 321 S(u) |a % ‘g ! g

Remark 3.39 (Polyhomogeneity of the metric). The methods of [HV20, §7] apply, mutatis
mutandis, to demonstrate the polyhomogeneity of the spacetime metric ¢ = gm + r~'h on
M provided the initial data hg, h; are polyhomogeneous. Since the metric perturbation h

here has stronger decay at .# compared to the reference, the index sets will be smaller
than in [HV20, Theorem 7.1].
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APPENDIX A. CONSTRAINT DAMPING AND GAUGE CHANGE FOR THE MAXWELL
EQUATIONS

As a simpler analogue to the Einstein vacuum equations, we consider the Maxwell equa-
tions for a 1-form (gauge potential) A on the domain of dependence ¢t < r—1 of the comple-
ment of the ball of radius 1 inside ¢~*(0) inside Minkowski space (R*, g), g = —da? dz' 4124,

dgdA = 0. (A1)
A standard way to break the gauge invariance A — A 4 dy is the imposition of the Lorenz
gauge ;A = 0. The most simple-minded gauge-fixed Maxwell equations are then 6,dA +
ddyA = 0; this is the tensor wave equation on 1-forms on (R, g). Constraint damping and
a gauge change amount to modifications in the second, gauge breaking, term: letting
dge == d + 275, 0g.pr 1= 0g+ 29 1 er
for E* = (¢*,~*), « =C, Y, we consider
PEC7ETA = 5gdA + dEC(s‘%ETA = 0 (A2)

On Minkowski space, we concretely take ¢ = ¢¥ =r~1dt, v¢ > 0, 47 < 0. Writing 1-forms
in the splitting (3.12), we compute on functions, resp. 1-forms,

o ~¢
d=| & |, dge —d=r"1[4°],
r—id 0
g = (2r 20112, 2r200r%, v 1), S, px — g =1 (=277, —297,0).

In the notation of §3.1 and Lemma 3.6, recall that dg,r 'd,r~1§ € 2y Vep(M) decay at
F T, whereas 01 = po(po0p, — pr0,, ) does not; the analogue of Proposition 3.29 then reads

L:=psp*Ppe pep=L° + L,
Lo = —2(ps0p, — Spe.pr)(podp, — pr0p,) + 354, L € 2,Diff?, (M;T* M),

¢ 0 0
Spepr = (1" 7 0
0 0 0

Thus, if w = (wo,wi,¢) solves Lw = 0 with sufficiently decaying initial data, then wp
(the Maxwell analogue of 7¢h in Definition 3.20 or ¢3 in the model (1.8)) and w; (the
Maxwell analogue of ¥ h or ¢4) decay at £+, while ¢ has a leading order term at .#*. For
initial data satisfying the Maxwell constraint equations and the gauge condition §, prw =
0 initially, A := r~'w solves (A.1) and globally satisfies the gauge condition (using an
argument in which the Bianchi identity d,G4Ric(g) = 0 is replaced by 464 = 0)

0gprA=0. (A.3)

Now to leading order at .1, this gauge condition reads djwg = 0 (independently of
7T) and thus, by itself, only recovers the improved decay of wy at .#*. The improvement
coming from the gauge change encoded by ET only arises once one considers (A.3) together
with the Mazwell equations (A.1); on an algebraic level, the gauge condition (A.3) allows
one to exchange occurrences of djwp in (A.1) (in particular in second order terms 9%wy,
which do appear for (A.1) but not for gauge-fixed equations such as (A.2)) by lower order
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terms in the sense of decay, and one particular such combination is (A.2) which implies the
desired improved decay of w; due to the structure of Sge pr.

We give a more conceptual (but more abstract) reason for the fact that the gauge change
improves decay for a component (wq) other than wy (which is affected by constraint damping
and the accompanying improved decay of the gauge condition), based on duality consid-
erations. Namely, since dj,c = d, e, constraint damping with strength 7€ > 0, resp. a
gauge change with strength v < 0, is dual to a gauge change with strength € > 0, resp.
constraint damping with strength vT < 0 (note the ‘wrong’ signs), in the sense that EY and
EC get interchanged when passing from P;EC,ET in (A.2) to its adjoint (PJIEC,ET)* = /ET,EC'
Taking for simplicity E€ = 0, ‘negative’ constraint damping (encoded by ET for the adjoint
operator) allows one to solve the adjoint (thus, backwards) forcing problem ( 67 pr) U= f

for @, f having additional terms with more growth at % T than without ‘inverse’ constraint
damping—concretely, f may have growing contributions which are sections of the bundle
(dz® 4 da!') spanned by the nonzero eigenvector of S £ 0, O equivalently f lies in a space

of more growing 1-forms so that m f has standard bounds, with 7 any bundle projection
with ker 7 = (dz® + dx!). Dually, this means that one can solve the forward problem for
Py, prw = [ on function spaces encoding extra decay in certain components—concretely,
for suitably decaying f, the solution w is the sum of a 1-form with improved decay and
a 1-form valued in ran7* = (kerm)t = (dz® — do') @ rT*S? with standard r~! decay at
#T. Since the annihilator of ran 7* is 9y + 91, this means that wy+w; has improved decay.
Combined with constraint damping (which gives the improved decay of wy as discussed
after (A.3)), this finally provides improved decay of w;. Analogous remarks apply to the
(linearized) gauge-fixed Einstein equations; see Remark 2.3.
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