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Recently, it was found that the energy flux of a free scalar quantum field on a Reissner—
Nordstrém-de Sitter spacetime has a quadratic divergence towards the inner horizon of the
black hole. Moreover, the leading divergence was found to be state independent as long as
the spectral gap of the wave equation on the spacetime is sufficiently large. In this work, we
show that the latter result can be extended to all subextremal Reissner—Nordstrom—de Sitter

and subextremal Kerr—de Sitter spacetimes with a positive spectral gap.

I. INTRODUCTION

The inner horizons of charged or rotating black holes pose an interesting problem with regard
to determinism in general relativity. They are examples for the appearance of Cauchy horizons, or
in other words smooth boundaries of the maximal Cauchy development of complete initial data.
Since the boundary is smooth, one can in principle extend the spacetime beyond the boundary.
However, such an extension is not unique, since it is not fixed by the initial data sufficient for the
unique characterization of the spacetime up to that horizon. In this sense, determinism in general
relativity is lost beyond the Cauchy horizon.

It has been argued by Penrose [I] that this issue can be settled by noting that the Cauchy
horizons of charged and rotating black holes are unstable. In other words, a generic perturbation
of the black hole’s initial data will make the spacetime inextendible across the Cauchy horizon.
This has become known as the strong cosmic censorship conjecture (sCC).
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To make the conjecture more precise, one has to define the notions of inextendibility and of
generic perturbations. To guarantee that any observer attempting to cross the horizon is inevitably
destroyed by tidal deformations, the metric should be inextendible as a continuous function, as
happens for example at the central singularity of a Schwarzschild black hole [2]. However, it has
been shown in [3] that this version of sCC fails for Kerr black holes with non-zero angular momen-
tum; this assumes the non-linear stability of the black hole exterior under small asymptotically flat
perturbations, which is known for small angular momenta [4].

Thus, one must content oneself with the slightly weaker version of the conjecture introduced
by Christodoulou [5]. In this version, inextendibility is understood in the sense of a weak solution
to the Einstein equations. In other words, this version demands the inextendibility of the metric
as a function in the Sobolev space Hlloc. While this will not cause the inevitable destruction of
the careless observer, it still indicates a fundamental breakdown of the classical theory of general
relativity. The (in-)validity of this version of the conjecture is still an open question, and a subject
of active research.

A first step towards understanding the conjecture can be made in two ways. The first one
is to study it in a symmetric setting, e.g. by restricting to perturbations that maintain spherical
symmetry; by Birkhoff’s theorem, this necessitates coupling gravity to additional fields. This
approach has been used for example in [6HI0] on Reissner—Nordstrom spacetimes coupled to a
scalar field.

Alternatively, one can consider solutions to the (massless) scalar wave equation on a fixed
background containing a Cauchy horizon as a first approximation of either linearized gravity or a
simplified matter model coupled to gravity. It has been demonstrated that the linear perturbations
indeed cease to be in H{ _ on (parts of) the Cauchy horizon of Reissner-Nordstrom [11] and Kerr
[12).

Moreover, it has been shown [13] that on Reissner-Nordstrom—de Sitter (RNdS) and slowly
rotating Kerr—de Sitter (KdS) spacetimes solutions to the scalar wave equation are in H 1/2+6-0
near the Cauchy horizon. Here, f = a/k;1, where « is the spectral gap of quasi-normal modes,
and k1 is the surface gravity of the Cauchy horizon. Hence, in this linear approximation, strong
cosmic censorship is directly related to the spectral gap of the black hole’s quasi-normal modes.
Subsequent numerical studies of the quasi-normal modes [14] revealed that one can find 5 > 1/2
for RNdS black holes of sufficiently large charge, and non-linear studies [I5HI§] (albeit the last
two restrict to spherical symmetry) indicate that this remains valid, in other words /3 remains the

decisive quantity for determining the (in)stability of the Cauchy horizon when the non-linearities



of the Einstein equations are taken into account.

This raised the following question: since the scalar perturbations can be considered as part
of a simple matter model, and since matter is, to our knowledge, most accurately described by
quantum theory, can the inclusion of quantum effects potentially remedy the situation? To answer
this question, the authors of [19] study a free scalar quantum field on a fixed RNdS background
spacetime, focusing on cases in which [14] had found g to be larger than 1/2. They find that the
stress-energy tensor of the quantum scalar field in a generic Hadamard state can be split into a
state-independent term and a state-dependent term. The state-dependent term is subsequently
found to be in LP, p = (2 —28)~!, near the Cauchy horizon and therefore it does not diverge faster
than the classical stress-energy tensor. The state-independent term is computed numerically in
[20] for a range of spacetime parameters. It has a generically non-vanishing quadratic divergence
at the Cauchy horizon, in agreement with numerical results on Reissner—Nordstrom and Kerr
spacetimes [21], 22]. This quadratic divergence is stronger than the divergence of the classical
stress-energy tensor, and therefore stronger than the state-dependent contribution, as long as the
state is Hadamard and 5 > 1/2. Consequently, the divergence of the quantum stress-energy tensor
of the free scalar field at the Cauchy horizon of a RNdS spacetime satisfying § > 1/2 is not only
sufficiently strong to potentially remedy sCC, but also universal in the sense that it does not depend
on the choice of state as long as the state is physically reasonable.

In this work we want to show that this universality holds more generally. We consider the
stress-energy tensor of a free, real scalar quantum field near the Cauchy horizon of a RNdS or
KdS spacetime merely satisfying 8 > 0, i.e. having a positive spectral gap. We demonstrate that
for a generic state w which is Hadamard up to the Cauchy horizon, the expectation value of the
stress-energy tensor can be split into a state-independent term and a state-dependent term.

The state-independent term can be computed numerically, and is expected to diverge quadrat-
ically, i.e. like (r — 71)~2, at the Cauchy horizon, similar to the results obtained in [20-22]. The
state-dependent term is shown to diverge at most like (r —71)~2*? at the Cauchy horizon, where
is the usual radial coordinate of these spacetimes and r; the radius of the Cauchy horizon. (Strictly
speaking, we show an upper bound of (r — 7’1)*”&/ for some 0 < 3 < 3, though conjecturally one
can take 3’ arbitrarily close to 3.)

In other words, we show that under two conditions—first, 8 > 0, i.e. there is a positive spectral
gap and mode stability holds, and second, the state-independent term is generically non-vanishing—
the state-independent term constitutes the leading divergence of the quantum stress-energy tensor

at the Cauchy horizon, extending the universality result to all 5 > 0. Moreover, under the same



conditions, the universal leading divergence of the quantum stress-energy tensor at the Cauchy
horizon is stronger than the divergence of the classical stress-energy tensor. The condition 5 > 0 is
known to hold for scalar fields on all subextremal RNdS spacetimes (for zero and non-zero scalar
field masses) as well as on KdS spacetimes which are either slowly rotating [23] or have small
mass [24] (for zero and also for small non-zero scalar field masses by [25, Lemma 3.5]), and it is
conjectured to hold in the full subextremal KdS range [26] 27].

This leads to the conclusion that perturbations caused by quantum effects should not be ne-
glected in considerations of Cauchy horizon stability, since they will eventually become comparable
in size to, and ultimately dominate classical perturbations as the Cauchy horizon is approached.
To estimate how close to the Cauchy horizon this happens, one can, for example, compare the rr-
components of the stress-energy tensor of the classical and quantum scalar field near the Cauchy
horizon under the assumption that the leading contribution to the quantum result is non-vanishing.
Taking into account the pointwise bounds for the classical stress-energy tensor, and the relative
size of quantum and classical results away from the horizon, which should typically be of order
rp/L, one finds that the rr-component of the quantum stress-energy tensor will become dominant
when 7 — 1 < rp(rp/L)Y/?~1, where L is a typical length scale of the spacetime, for example M.

We will begin our discussion with an introduction of the geometric and field-theoretic setup in
section [[Il We will also use this section to recall some results on Hadamard states. Section [TI] will
demonstrate how the decay of the solutions of the wave equations towards ™ can be translated into
an estimate on the behavior at the Cauchy horizon. This estimate will be employed in section [[V]
to bound the divergence of the state-dependent part of the expectation value of the stress-energy

tensor in a generic Hadamard state w. Concluding remarks will be given in section [V]

II. SETUP

A. The RNdS and KdS spacetimes

In this work, we will consider subextremal RNdS and KdS spacetimes. They can be described

by a metric of the form
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e T T2 ARNas @7 T ’

with

ABRNGS — it 42 oM + Q2 (2)



for RNdS and

A 2-29_AKdS '26
gif‘is == sm2 TR dt? + [Ae(rQ + a?)? — AKX 42 6in? 0} L? 5 dy? (3)
pP<X pP=X
L gy d92+2aSin29[AKd5 Ag(r? + a?)]dtd
e —— —Ap(r° +a ,
AR Ag P v
with
AR = (1= Xr?)(r? + @) — 2Mr, Ag=1+a*Acos™0, )
p? =12 +a*cos? 0, x=1+ad’X, (5)

for KdS. Throughout this discussion, we will choose the scale for the coordinates r and ¢ such that
the black hole mass M is set to one. The black hole’s charge @ or angular momentum parameter
a as well as the cosmological constant A = 3\ are chosen such that the functions A,,# , with #
replacing either ”"RNdS” or ”"KdS”, have three real distinct positive roots r1 < r9 < rs indicating
the locations of the cosmological horizon (r3), the outer (r2) and the inner horizon (r1) of the black
hole.

The coordinate singularities at the horizons can be eliminated by introducing advanced or

retarded time coordinates defined by

Aty = dt + dr, (6)

where we set x = 1 and a = 0 for RNdS. For Kerr—de Sitter, one has to introduce in addition the
azimuthal coordinates

dey = dgp:l:%dr. (7)

r

The coordinates (t+,7,0,¢+) then allow an extension of the metric through the outgoing/ingoing

pieces of the horizons. It takes the form

asin? 6

1
g* =gl at? + 2_dtedr 9y 0% + g, dp? F 2 dep dr (8)

where again, we set y = 1 and a = 0 for the RNdS case, and gfﬁ, are the components of the
corresponding metric in the Boyer-Lindquist coordinates as given in and .

It should be mentioned that none of these coordinate systems cover the axis where sin@ = 0.
However, it has been shown that the metric can be analytically extended to the axis as well using

a suitable coordinate transformation [13] 28§].

2
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glued to Ry_ X (rg, 00), X S%e » ) Oon {ra <r < rs}, equipped with the metric gigds or giis- More

The physical RNdS and KdS spacetimes respectively will be the manifolds Ry, x (71,73), xS



FIG. 1: The Penrose diagram of the subextremal RNdS spacetime, or the Carter—Penrose
diagram for the subextremal KdS spacetime. The gray region indicates our physical spacetime

M, while the diagram shows also the analytic extension across CH.

details on the advanced/retarded time coordinates, the extended spacetime and the gluing can be

found in [28, 29]. We will refer to the physical spacetime as M; see also Figure

The physical RNdS and KdS spacetimes are globally hyperbolic. For RNdS, this follows from
the analysis in [29], combined with the fact that the physical spacetime M is a causally convex
subset of the union of Kruskal domains around r = 73 and r = r3 discussed in [29]. For KdS, this

was shown by an explicit construction in [30)].

In this work, we focus mostly on the Cauchy horizon, which is the future boundary of M
considered as a submanifold of its analytic extension. More specifically, we focus on the ingoing
part of the Cauchy horizon, cf. Figure The metric can be analytically extended through the

ingoing piece of the Cauchy horizon in the retarded coordinates (t_,r, 6, p_).

In Section [[TI] we will analyse the classical wave equation on a domain 2 C M which encompasses
the relevant part of the Cauchy horizon. More specifically, the domain € is bounded in the past
by a hypersurface of constant r, and in the future by a piece of the Cauchy horizon as well as a

spacelike hypersurface transversal to the Cauchy horizon, as indicated in Figure



FIG. 2: Tllustration of the domain €, in which the results of decay towards i+ are propagated and

converted to regularity results at CH.

B. The free scalar field theory

We consider a free scalar field on the physical RNdS or KdS spacetime M satisfying the Klein—

Gordon equation
Pop=0, P=0,—(m*+¢(R), (9)

where U, is the d’Alembert operator, R = 4A > 0 is the Ricci scalar of RNdS or KdS respectively,
and m > 0, £ > 0 are constants. The quantum theory for this field can be described by the CCR-
algebra A(M) of quasi-local observables, which can be defined as the free *-algebra generated by

the identity 1 and the smeared field operators ®(f), f € C3°, subject to the relations
o O(af+g)=a®(f)+2(9) VfgelFM),acC
o« B(Pf)=0 VfeCPM)
o (B(f))*=2(f) VfeCFM)
o [©(f), ®(g)] =iE(f,9)1 Vf,g€CFM).

Here, F is the commutator function, or Pauli-Jordan propagator of P. It is constructed as the
difference between the unique retarded and advanced Green’s operators E* for the Klein-Gordon
operator P.

A state in this framework is a linear map w : A(M) — C satisfying w(1) = 1 and w(A4*A4) >0
for all A € A(M). Tt is called a quasi-free Hadamard state if it is entirely determined by its

two-point function

w(f,h) = w(@(f)@(h)),



and if the wavefront set of the two-point function, considered as a distribution on M x M, satisfies

the microlocal spectrum condition [31]

WF'(w) = C, (10)

CE = {(z, k;y,1) e T* (M x M) : (z,k) ~ (y,1) and +k>0}. (11)

Here, (x,k;y,1) € WF/(w) if and only if (z,k;y, —1) € WF(w). A point (z,k) € T*M is related
to (y,l1) € T*"M by ~, (x,k) ~ (y,l), if x and y are connected by a null geodesic to which k
is the cotangent vector at x, and [ agrees with k coparallel transported along the geodesic to y.
In other words, (x,k) ~ (y,1) if the two points lie in the same bicharacteristic strip of P. The
notation k > 0 means that k(v) > 0 for all time-like future-pointing vectors in T, M, i.e. k is a
future-pointing covector. Physically reasonable states are usually required to satisfy the microlocal
spectrum condition, since it allows one to extend the algebra to include important observables
such as the (smeared) stress-energy tensor [32, [33], and it results in finite expectation values with
finite variance for these observables [34] [35]. The condition that the state is quasi-free is made here
for simplification of notation in the microlocal spectrum condition, and should not influence the
following arguments, since we will be mainly interested in the two-point function.

The most relevant property of Hadamard states for our purpose is the following: consider any
two Hadamard states w, w’ on the CCR~algebra A(M) of any globally hyperbolic spacetime (M, g).

Then the difference of two-point functions considered as a distribution on M x M,
Wiw,w'] € D'(M x M), Wlw,o'[(f,h) = w(®(f)®(h)) — " (®(f)®(h), f,heCF (M), (12)
is of the form

Wiw,|(f, h) = / Wiw,w'|(2,y) f(2)h(y) dpu(z) du(y) (13)
MxM

with du the volume form induced on M by the metric g and Wiw,w'|(z,y) € C°(M x M).

Moreover, this function is a real, symmetric bi-solution to the Klein—Gordon equation,
P(@)Ww,w'](z,2) = P(z")Ww,w'](z,2") = 0.

An important consequence of the smoothness becomes apparent when one considers the (smeared)
local, non-linear observables of the theory. These observables, which lie in the extension of the
CCR-algebra A(M), can be written as linear combinations of locally and covariantly renormalized

Wick powers of differentiated fields : ([[\; D;®) (f): [32]. Here, D; are (not necessarily scalar)



differential operators, f € C3°(M) is a smearing function, and the double dots indicate that this
quantity has been renormalized, with all renormalization ambiguities fixed in some way. Focusing
on the case n = 2, which encompasses relevant observables such as the stress-energy tensor, the
smoothness of Wiw,w'](z,2’) allows us to write

w(: (D1®D2®) (7):) — ' (: (D19D2®) (z):) = lim (g(x, 2Dy (2) Do (2 )W [w, '] (, x’)) . (14)

' —x

where : (D1 ®Dy®) (x): should be understood as operator-valued distributions, and g(z,z’) is the
proper power of the parallel transport bi-tensor gzl (x,2") mapping T,» M to T, M, so that the result
is a tensor at x in the case when the derivative operator Ds is not scalar. The right hand side is the
coinciding point limit of a C*°-function on M x M, see [19, H1)-H3)], and hence a smooth function
on M. Therefore, the expression on the left hand side, which should a priori be understood in a
distributional sense, is a smooth function as well. Indeed, it follows from the conditions in the local
and covariant renormalization scheme that also w(:®*(z):) is a smooth function on M as long as
w is a Hadamard state [32], implying that one can discuss the expectation values of Wick powers

without smearing. These results will become crucial in Section [[V]

III. EXPANSION OF CLASSICAL SOLUTIONS

Our aim in this section is to prove sharp pointwise bounds for scalar fields near the Cauchy
horizon of subextremal RNdS and KdS spacetimes (see Corollary . We begin by discussing
the massless scalar wave equation on a fixed subextremal KdS background g = gf\fgs; see . We
write A, = A,de. Passing to the coordinates ¢+ and @y from @— amounts to replacing 0y, 0,
and 0, by 0y, , 0, , and 0, & Air((r2 + a?)dy, + ad,, ), respectively, so the wave operator

2 2

20, = -2 (2 +a? 2y X nin? 2 1 ,
p Uy = A, (( +a)0; + ad,) +Agsin29(asm 00+ 0,) +8TAT8T+7Sm989A03m93€

becomes

p*0y = 0, 0,0, £ x((r* 4+ a®) 0y + adp, )0y £ 0rx((r* + a*)9y,. + ady, )
2

+ [ S
Agsin® 6

) (15)
(asin®0 0y, + 0y, )* + m(%Ag sin 6 Oy.
Recall that the coordinates ¢, ¢ are valid in the union of the regions I and II as well as the future
event horizon H in Figure [l| while t_, p_ are valid in the union of the regions I and III as well as
the cosmological horizon H., and also in the union of the regions II and IV as well as the Cauchy

horizon CH; the level sets of ¢4 are transversal to the future event horizon, and the level sets of
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t_ are transversal to the cosmological horizon (in regions I and III) and to the Cauchy horizon (in
regions IT and IV).

Let ¢, denote a time function in the union of regions I, II, and III which in regions I and II
differs from ¢4 by a smooth function of r € (ry,73), and which in regions I and III differs from ¢_
by a smooth function of r € (rg,00). We may choose such a function ¢, to have spacelike level sets

(such as ¥_ and ¥4 in Figure . We now recall:

Theorem III.1 ([36]). Let r— € (r1,7r2) and ry > r3. Write e H® for the space of functions
Y = (te,z) (where = € R denotes Cartesian coordinates on (r—,r1) x S* C R®) with support in

te > 0 so that

1o = D [le® 8] 07172 < oo,

J+BI<s

where || - |12 is the spacetime L?*-norm. Then there exists ag > 0 so that the following holds. Let

5 > 2 + o max(ﬁl ,%3), where k; denotes the surface gravity of the horizon r = r;. Then for

o < ai and for all b € e ™ H?, the unique retarded solution of Ug® = b has an asymptotic

expansion
N kj—l
P — Z the=i0ityy =) € el (16)
7j=1 k=0
where the o1,...,0n are the finitely many quasinormal modes with So; > —aq, kj is the mul-

tiplicity of oj, and e~toits szzo tffvjk is a corresponding (smooth) mode solution. Furthermore,
||7Z’||e—a/t*Hs < C||bl| ,~arts s for some constant C depending only on r—_,r4,d,s, and the KdS

black hole parameters.

Theorem II1.2. In the notation of Theorem [III1, mode stability holds—that is, the quasinormal
mode o1 = 0 has k1 = 1 and corresponding mode solution equal to a constant, and all other o

have So; < 0—under either one of the following two conditions.

1. The KdS black hole is slowly rotating, i.e. 0 < 9AM? < 1 and |a/M| < C(AM?) where

C:(0,1) = (0,00) is a positive continuous function [23, [37].

2. The KdS black hole has a small mass, i.e. |a/M| € [0,1) and 0 < AM? < C(|a/M|) where

C:]0,1) = (0,00) is a positive continuous function [24).

The combination of the two results implies that for source terms b which vanish for large t,,

the exponential decay rate of ¢ (in an L2-sense, but via Sobolev embedding for s > 2 + k also in
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the C* sense, i.e. in a pointwise sense with up to k derivatives) towards a constant is at least a — ¢
for all € > 0 where « is the spectral gap, i.e. the infimum of —J¢ over all non-zero quasinormal
modes o € CE|

If one wishes to consider the full subextremal range of KdS parameters, one needs to assume
the validity of mode stability; while this is not known rigorously, there is strong numerical support
126, 27 7]

We thus proceed under the assumption—which as mentioned above is satisfied in the settings

of Theorem and conjecturally in the full subextremal KdS range—that
Oy =b € et prstd Yv=c+1, ceC, e et g, (17a)

for some o’ > 0 (which must satisfy o/ < «), for all sufficiently large s, and some fixed d > 0, on

the spacetime region where (r1,72) 3 r— <1 < ry € (r3,00); and
el + 19lle-aren grs < Clbll—ares prova (17b)

For the purposes of the present paper, we only need to consider source terms b whose support is
a compact subset of Ry, x (r1,73) x S? (see Figure ; after a constant shift of ¢,, we shall thus only
consider b which vanish for ¢, > 1. Turning attention to the black hole interior, we record that the
solution 9 in thus satisfies Oy = 0 in £, > 1 and ¢ — ¢ € e~ H3([1,00) x (r_,r3) x S?)

where 71 < r_ <13 < ra. The following is the main technical result of this section.

Proposition II1.3. Let ry <1, <14 < ry. Fiz a smooth function U: [ri,r2) — R so that the level
sets of u := t_ + U(r) are spacelike. Let uy denote the u-coordinate of the point t, = 1,7 = ry,
and define the domain Q = (uy,00)y X (r1,74), x S? inside the KdS spacetime. (See Figure @) Let

w, > uy. Let o/ >0, and suppose ¢ is a solution of Ogip =0 on Q which is of the form
Yp=c+v, ceC, Ploee H(Q) (18)
where Q' = QN {r, <r <ry} and s > % + % +m, m € Ng. Then there exists a function

o = to(u,w) € C™((ug, up) x S?)

! There is a technical subtlety here: the constant a; for which Theoremis proved is given in terms of dynamical
quantities associated with the trapped set. We are thus implicitly assuming that a; > «. This is valid in the second
setting described by Theorem [[IT.2]and proved in the given reference. It is also valid in the Schwarzschild—de Sitter
case a = 0. In the slowly rotating Kerr—de Sitter case, it is true as well, and follows from the validity of a full
resonance expansion with error terms having any desired amount of exponential decay, as demonstrated in [37],
except in this case the remainder 1/; lies in e~ 't H*~¢ where d depends on o’ (in [37] an estimate is stated only

for s —d = 1, but the arguments given there give the claimed stronger statement).
In the present work, we only use exponential decay to constants; it is not necessary to know that the exponential

decay rate is exactly given by the spectral gap. This is important since Theorem does not give this more

precise (and conjecturally true, but as of yet unproven) information.
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so that for all j,k € Ng and v € N2 with j + k + |y| < m we have the pointwise bouncﬁ
. (2 1)—j .~
IR (1, 0) — 0 ()| < Cin (= 7)™ 5TV e |-y (19)
We remark that Proposition [IIL.3| is different from (and less delicate than) scattering theory
from the event horizon (rather than from a hypersurface in the black hole interior) to the Cauchy

horizon in the black hole interior, as studied for example in [3§]. Proposition |[l11.3/has the following

immediate consequence, which will be used as a black box in Section [[V}

Corollary IT1.4 (Pointwise bounds near the Cauchy horizon of KdS). Set 5’ = r% (which satisfies
0<pB <B= ;%) Fiz Ty < Ty, 4 € (r1,72), 74 € (r3,00), and m € No. Fiz further uy < u,
in the notation of Proposition . Then there exist m’ € N and a constant C so that for all
b€ C™ (R, x (r1,00) x S?) with support in {Ty < t. < T, r4 <r <ry}, the retarded solution of

Og = b satisfies
105050 (ry u, )| < s [[Bl] e (20)
102050 (7, 1, )| < Cpeye(r — r1)™ D=0 1p)| o, (21)
in the region {uy < u < w,, r1 <7 <714} for all e >0 and for all j, k,~ with j+ k + |y| < m.

Proof of Proposition [[TI.3. By subtracting from 1) the constant ¢ (which solves the wave equation),
we may assume that ¢ = 1). We sketch two different proofs of the estimate ; the first one closely
follows arguments from [13], whereas the second one is more direct and can in principle be extended
to produce more precise asymptotic expansions at r = r, given asymptotic expansions (resonance
expansions, or even expansions into powers of t, as in Price’s law on Kerr) of ¢ in 7, <r <7y,
First proof. We can adapt the methods of [13]; in fact, the following arguments ultimately give
a simpler proof of the main results of [13], in that the structure of spacetime in the region r > ro,
or indeed 7 > ry € (r1,72), plays no role, given the a priori assumption on the structure of
the solution of the wave equationﬁ To wit, we work in the region r < ry and as in the reference
consider the wave equation on an artificial extension of the KdS spacetime to » < ry which features
yet another artificial horizon at some value r = rg < r1; and we place a time-translation-invariant

complex absorbing operator Q in the region r < r1. In the notation of [13], we thus work in

Qext 1= [0,00)p X [rg — 26, 14] X S?

31f :—1/ =/{+ 6 with £ € N and 6 € (0, 1], the 0-th order Taylor expansion of ¥ (r, u,w) = o(u,w) +... at r = r1 can
be improved to an ¢-th order expansion with a remainder term whose j-th r-derivative is of size O((r — rl)%lfj).
Since in our application it only matters that o’ > 0, we content ourselves with the stated version. An analogous

comment applies to Corollary below when g > 1.
4 This a priori assumption in turn follows from analysis in a neighborhood of {r2 <r < rs}, cf. Theorems [III.1{and

above, which can be done completely independently of the analysis in the black hole interior.
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(where we write t* for the function denoted ¢, in [13] to distinguish it from the time function ¢,);
and for 1 < r < rq, the difference t* — ¢t_ is a smooth function of r, and thus so is t* — u.
Let ¢ = ¢(r) denote a smooth function which equals 1 near (—oo,r,] and 0 near [ry, 00), then

(1 satisfies the equation
O,(Cw) =0 = [Og, (0 € e H* ™} (Qext)

in r > 7y, with b vanishing outside {r, < < ry}. Following the strategy of [13], by uniqueness of
retarded solutions in r > 71, (% is also equal to the restriction to » > r1 of the solution ey of the
extended wave equation (with complex absorption) Pexttext = b, where Pexy = g — 1Q, on Qexe
with vanishing Cauchy data at r = rg — 26 and r = 3.

Working on Sobolev spaces, with exponential weights in t*, of functions on ey which have
supported character at (i.e. vanish beyond) r = 9 — 26 and r = r4, one can then prove the Fred-
holm property of Pext : {text € e*a/t*HS(Qext): PextWext € efo‘/t*Hsfl(Qext)} — e*a/t*Hsfl(Qext),
where s = s(r) is now a suitable variable order function subject to the bound s < % + %1, at the
Cauchy horizon r = 7, by following the arguments in [I3]. The first simplification afforded by
working in r < ry < ry is that there is no trapping in Qey, which is why o’ can indeed be taken
to be arbitrary (in particular, positive) here. The second simplification is that Pey does not have
any mode solutions, subject to the vanishing condition in r > ry, which are non-zero in r > rq;
this follows from domain of dependence considerations in {ry < < ry} (contained in region II in
Figure [1)).

Having thus recovered (1) as the restriction ¥ext|r>r, Of the solution of the extended equation
Pextext = b, we can apply the radial point estimates of [13, Proposition 2.23] to the extended
equation and deduce, upon restriction to r > r; and the region uy < u < w, (where the weights in

t* ~u ~ 1 are irrelevant) that
l—‘,—‘)‘—/—e 2
Xy Xy e H2Tm([ry,rg) x (ug, wp) x S%)

for all 5 < m+2 where each X; is one of the vector fields 0y, (r —r1)0,, 0., (spherical vector fields).
(We use here that s > 3 + % +m+2)
Considering for small € > 0 the quantity 8" = min(%’, 1) — e € (0,1), we proceed to analyze

this condition, which implies
XX € H%+ﬂ”([o,u0)v x A), Vi=r—ry, vi=r—7r1, A= (uyu,)xS*CR?,

j <m+2, where X; = 0y, V3dy,d,. Using two derivatives along J,, d,,, Sobolev embedding on A
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implies X - - X;7 € CO(A4; H%J“B”([O,vo))) for j < m, and therefore
m . 1 .
Y e () Cm (A HZTP([0,00)),
§=0
where we write H*7([0,v0)) for the space of all u € H*([0,v9)) so that (Vdy)u € H*([0,vo)) for
all i < j. Now, every u € H%+5//([0,v0)) C CY([0,vp)) has a well-defined value u(0) at V = 0. To

complete the proof of the estimate , it thus suffices to show the following 1-dimensional result
(with 8” € (0,1) and j € Np):

we H2P9([0,00)) = |0} (u—u(0))| <GV, 0<i<y

By definition of the space H %+f8/l;j, it suffices to prove this in the case j = 0. But this follows
directly from Sobolev embedding, which states that H%‘FB,,([O, v0)) € COP"([0,v0)) (Hélder space).

Second proof. For technical simplicity, we will not operate at a sharp level of Sobolev regu-
larity. Multiply p?0 in (with the ‘=’ sign) by A,, and notice that in terms of V :=r —r; we
have A, (r) = —|AL(r))|V + O(V)? near V = 0, so A0, = (—|A/(r1)| + O(V))V3dy. Therefore,

setting ) := T%ﬁ,
— Ar 20— 2 2X(T%+a2)
L= |A;(T1)|2p Uy = (Voy)* + AL ()] (0 +918¢7)V8V
XV

(asin®0 0, + 0, )* Dp g sin 0 Oy

Vv
|AL(r1)[Agsin? 6 |AL(ry)[sin g
modulo terms whose coefficients have at least one additional factor of V. Another way of viewing
L is that it is a differential operator constructed out of the vector fields Vv, 0;_ + 210,_, and
V%(?w (weighted spherical derivatives) with coefficients that are smooth functions of V3 and S?,
and which are independent of t_, p_.
1A (r1)]

It is convenient to rewrite this further. Recognizing that P rad) = M1 is the surface gravity,
1

let us introduce the new variable
U:=e ™i-,

Then L is constructed out of the vector fields Voy, Udy — %&p_, V%(?w in the above sense, and

to leading order (at V = 0) equal to

L= (voy - + 2y Jvoy - X (V30, )P = y30,0psin0 V30,
N v U P v |AL(11)| Ag sin? 0 - |A”(71)] sin @ =0 0
(22)

and indeed its principal part is a Lorentzian signature quadratic form in these vector fields. Using

_2d
an energy estimate near V = 0, with vector field multiplier —V~2U" *1 X (where X is a future



15

blown-up T

FIG. 3: Illustration of the coordinates U, V, and the domain €’. Upon blowing up i*, the radial
coordinate V' = r — ry becomes a smooth local coordinate function down to blown-up i* (where

U = 0 in the region r < ry of validity of the coordinates U, V).

timelike linear combination of Vay — Udy + %118@7 and Voy) for a suitable weight ~ (sufficiently
negative), one can thus bound the L?-norms of Vv, (Udy — %8@_)1/1, V%&uw, and by V-
integration also 1 itself, on the full domain €2 in the space U~ VILA(Q) = et (r — )~ NL2(Q)

by (19, aru1 -
Since p?0gtp = 0, we also have p0,(Av) = 0 for all operators A which commute with p*0g;

X2
Ag sin2 (%

such A are (finite products of) 9;_, d,_, and the Carter operator C := (asin?0 0, +0,_ )?+

1
sin 6

OpAgsin€ Jy. The aforementioned energy estimate thus allows us to bound A, for all such
A, in the same weighted L2—spaceﬁ Since by elliptic regularity this in particular controls spherical
derivatives of ¥, the terms in involving V%BV,_ and V%(?g can now, due to the presence of V%,

be considered to be of lower order near V = 0. Thus, we can reduce the equation satisfied by 1 to

N|=

Q
L0¢ = XinXoutd} = O(V )¢7 Xin = UaU - ?lago_ - VaVa Xout = _VaV- (23)
1

See Figure [3]
This is a concatenation of two transport equations, which we can integrate up from a level set

of V in the region Q; the following are the two main observations.

1. Integration of Xj, transports decay/asymptotics of f := X,y on a hypersurface V =V, >
0 as U = e "= N\, 0 to decay/asymptotics at the Cauchy horizon, i.e. as r — r; N\, 0.

5 A conceptually cleaner but technically considerably more involved procedure which avoids the usage of the subtle
Carter operator is as follows: first, one proves higher regularity with respect to the above vector fields, and then
commutes the equation Ly = 0 with Vv, Udy — %18@_, and 9,,. See [39] for such a strategy where the role of
the Cauchy horizon is played by null infinity, and the commutator vector fields are called ‘commutator b-vector

fields’.
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For example, the solution of Xj,f(U,V,0,¢_) = 0 with initial condition f(U,Vy,8,p_) =

fO(Ua 07 SD—) is given by
9
FUV.0.02) = fo(UV/V.0. - — -2 log(V/V0) ).

Note that fo ~ U* = et~ implies that for fixed U = Uy one has f ~ V™1 = (r — rl)?ﬁH

2. Subsequent integration of Xjyip = —Voyy = f = O(V%l) from V = Vy > 0 towards the
Cauchy horizon at V' = 0 produces ¥(U,V,0,¢0_) = ¥o(U,0,0-) + ¢1(U,V,0,¢_) where

1 = O(Vrr).
For a rigorous proof of , one uses equation to improve control on bounds or asymptotic
behavior of ¢ near V = 0 by half a power of V by controlling L?- (or pointwise) norms of the

integrations of Xin, Xout- O

For the Klein—Gordon equation on subextremal RNdS or KdS spacetimes, the same pointwise
bounds hold under the assumption of mode stability. In the RNdS setting, mode stability can
be checked using separation of variables and a Wronskian argument for the radial ODE (see [41]
Section 1.5] for the case of massless fields in the Schwarzschild case, with a scalar field mass being
easily incorporated), and a full resonance expansion can be obtained using the techniques of [37,[42];
in the slowly rotating KdS setting and for small scalar field masses, this is mentioned in [23] and
follows from [25, Lemma 3.5], and in the small mass KdS setting it is proved in [24]. The proof of
Proposition goes through with only notational changes, and thus also Corollary holds in
these settings.

We do not discuss charged scalar fields in this paper. It is known that for some values of the

black hole and scalar field parameters they do not satisfy mode stability [43].

IV. BOUNDING THE STATE-DEPENDENCE

In the following, we focus our attention on the stress-energy tensor of the free scalar field,
which is the most relevant observable of the quantum field for semi-classical gravity. We take the

spacetime M to be a subextremal physical RNdS or KdS spacetime as described in Section [[I, and

¢ Likewise, for fo ~ (log £)™™ ~ t_™ one has f ~ |log(r — r1)|_%1m as 1\, r1 for fixed U = Uy. Upon integrating
this along Xin = —(r — r1)0r, this is a concrete manifestation of the logarithmic regularity at the Cauchy horizon

on Kerr spacetimes discussed in [40].
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we consider a scalar quantum field theory described by the CCR-algebra A(M) on this spacetime.

The corresponding stress-energy tensor of the classical scalar field ¢(x) is given by

T (2) =(1 = 26)0,0(2)0,6(x) + € (R (2)” = 266(2)VuV0()) (24)
— S0 (1= 46)0,6(2)0 §() — A60(r) Vo V7 b(x) + (m? + ER)O()?)

Since this is local and quadratic in the field ¢, the corresponding observable of the quantum field
requires renormalization to be well-defined. Let us assume that the quantum stress-energy tensor
is renormalized locally and covariantly utilizing Hadamard point-split renormalization [32], and
that the renormalization ambiguities have been fixed in some way. Let us denote the resulting
observable by Tﬁin(x) It is a special case of a finite sum of Wick squares of differentiated fields,
with derivatives up to second order, as discussed at the end of Section [[IB] Therefore, if w is a
Hadamard state on A(M), then the expectation value w(7,5"(z)) will be well-defined and finite
for all z € M, but will in general diverge at the boundaries of M considered as a submanifold of
its maximal analytic extension. We are interested in the divergence at the ingoing Cauchy horizon
CH.

To study this divergence, let us fix a reference Hadamard state wy on A(M). One possible
choice that has been used in the literature is the Unruh state [19] [30, 44H47], but one could also
make a different choice. The expectation values of the components T};;"(z) of the renormalized
stress-energy tensor in some coordinate system that is regular across CH in the state w can then

be written as

w(Ty' () = wo(Tyy' (1) + W' (x) — wo(Ty' (2)) (25)
= wo(T3" () + lim Dy, (, 2" )Ww, wol(z, 2')

for x € M. In the last step, we have used to rewrite the difference of expectation values. The

differential operator D, (x,z’) can be written as

Dy (w,2") =(1 = 28)g{,,(2,2')0,) 0 + € (R (z) = 2V, V) (26)

— o) (L= 497 (2)gf] (2,2)0, 0 + (m® + €R) — 46V, 97 |

where ggl(aj,x’ ) is the bi-tensor of parallel transport, round brackets around indices indicate a
symmetrization, and (un)primed derivatives act on the (un)primed variable.
The first term in is independent of the state w, and depends only on the reference state wy.

This is the state-independent part discussed before. It can be computed numerically, and indeed its
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quadratic leading divergence in (r —r1) at the Cauchy horizon has been found to be non-vanishing
on RNdS [19], as well as on Reissner—Nordstrom [2I] and Kerr [22]. The numerical results on
RNdS, Kerr and Reissner—Nordstrom also indicate a smooth dependence of the coefficient of the
(r—7r1)~2-divergence on the spacetime parameters and the parameters of the scalar field. Moreover,
first numerical results on KdS [48] indicate that the coefficient of the (r —r;)~2-divergence is indeed
generically nonvanishing.

The remainder of this section will be devoted to bounding the potential divergence of the state-
dependent contribution of the second term in ,

to,(x) = lim Dy, (z, 2" )Ww, wl(z, 2'), (27)

' —x

as z approaches the Cauchy horizon. In fact, one can show the following more general result:

Proposition IV.1. Let x € CH be a point on the Cauchy horizon of RNdS or KdS. Let U be a
small open neighbourhood of © with compact closure in the analytic extension of M and contained
in the coordinate chart (V,y'). Here, the coordinates (y') = (t_,0,¢_) parameterize CH, and
V =1 —r1 is chosen so that Upy :=UNM =UN{V > 0}. Assume that the spectral gap o of
quasinormal modes is strictly positive. Set f = a/k1, and let Dj, j € {1,2} be (not necessarily
scalar) differential operators of order mj, so that mi + mg < 2, and with coefficients that are
smooth on M UU. Let wj be Hadamard states on M, and set

Alwr,wal(z) = lim (g(x,2")Dy1(x)Dy(a" )W wr, wo(z, 2')) (28)

' —x

where, as in (14)), g(z,2") is the proper power of the parallel transport bi-tensor, so that Alwy,ws](2)
is a (k,l)-tensor at z for some k,l € Ng and all 2 € M. Then the tensor components Alwy,ws]bi 2 h* (V)

are smooth functions of y* on Upq and there is a constant C > 0 so that

V2P Al wlltr b ()| < C (29)

Vi, =
uniformly in y* within Upnq for some 0 < B’ < min(B,1).

(Conjecturally, one can take 5’ to be arbitrarily close to min(/3,1).) From this, the corresponding
claim for ¢, (x) follows immediately by choosing the right combination of derivative operators.

To prove Proposition we will first show that Ww, wo](z, ), with x and 2’ in Uy, can be
rewritten as a series of forward solutions ET(b;) to the Klein-Gordon equation with smooth and

compactly supported sources b; € C5°(M).
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Lemma IV.2. Let M be the physical RNdS or KdS spacetime, and let wi, wo be Hadamard
states on A(M). Let x,y € Upq as described in Proposition [IV.1l. Then there exists a sequence
(bi)ien C C3°(M) of real-valued test functions satisfying

S bl = Cm) < oc (30)
for any m € N and some constants C(m) > 0 and, in a distributional sense on Upng X U,
Wl wal(a.) = 6B 0@ B ()(5). (31)
with ¢; = 1.

Proof. Recall that since both w; and wo are Hadamard states on A(M), Ww;, ws](z,y) is a smooth,
real, and symmetric function on M x M which solves P(x)W w1, ws](x,y) = P(y)W w1, wo](z,y) =
0. In the rest of the proof, we will write W (x,y) = Wwi,ws](x,y) for brevity of notation.

Let 34 be two Cauchy surfaces of M to the past of Upq satisfying X C I1(X_), and define a
subordinate partition of unity (x,x_) € C*°(M) on M satisfying x+ = 1 on J=(X1) and y+ =0

on JT(X+). Then the linear map

CoUnm) = C¥(M), = f=Px+E()) (32)

maps test functions supported in Upq to test functions supported in the closure of J*(X_) N
J=(X4) N J(Ur). The closure of this set is a compact subset of M and we will call it G.
Moreover, the map satisfies E(f) = E(f) for any f € C5°(Unq). Taking into account that the
kernel of E as a map acting on C§°(M) is PC;° (M), there must be a function fy € C§°(M) so that
f=f+Ph
Let f, h € C°(Unm). Then by an application of Green’s second identity (i.e. integration by

parts), the preceding results entail

/W(w,y)f(m)h(y) dwvoly(x) dvoly( /W z,y) f(2)h(y) dvoly(x) dvol, (y) . (33)
MxM MM

Next, let o4 be a second pair of Cauchy surfaces for M so that oy C IF(X4) and Upng C I (o),
and let us denote G = J (o) N JH(o_). It then follows from [49, Lemma 3.7] that there is a
B € C3°(M x M) with support contained in G’ x G which satisfies

/ W (z, y).f () hly) dvoly(x) dvoly(y) = / B(z,y)E(f)()E(h)(y) dvoly(z) dvoly(y) (34)

MxM MxM

= /B(ﬂc, Y E(f)(2)E(h)(y) dvoly(x) dvoly(y) . (35)

MxM
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FIG. 4: Nlustration of the construction for the proof of Lemma [IV.2l The orange ellipse

represents the set U. J~ (Unq) is indicated by the dashed orange lines. The blue and red
hypersurfaces represent ¥4 and o4, respectively. The filled blue region is the compact set G, the

red region is supp(B).
Indeed, following the proof of [49] Lemma 3.7], for (z,y) € G x G, B is of the form

B(z,y) = P(x)P(y)x(x)x(y)W(z,y) - (36)

Here, y € C®(M) is equal to one on I~ (o_), and vanishes on I (o,). An illustration of the

various Cauchy surfaces and relevant subsets of M is shown in Figure [4]

Next, we note that B € C5°(G x G) can be written in the form
i
with ¢; = £1 and the b; € C3°(G) are real-valued and satisfy (30). This follows for example from

[49, App. B] and the symmetry properties of B.

Therefore, the functions
Bu(z,y) =Y _ cibi(x)bi(y)
=0

are integrable and bounded by an integrable function, namely the characteristic function of supp(B)
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multiplied by the constant C' from . Thus, for f, h € C§°(Um),

3 b B @) E (b ) duoly ) dvoly (1)

=Yoo [ P@E 0@ PO )W E(F@E ()(y) duoly () dvoly(y)
MM

= / ET(bi) () E™ (bs) (y) f (2)h(y) dvoly(x) dvoly(y)
T MxM

= /Z B (i) (2) BT (bi) () f () h(y) dvoly(x) dvoly(y) , (38)

MxM
where the first equality follows from dominated convergence, the second from the properties of the
fundamental solutions, the third one from Green’s formula together with the compact support of f
and h as well as the property of the fundamental solution, and the last one again from dominated
convergence using the continuity of the Green operators [50]. This concludes the proof of the

lemma. ]
We can now prove Proposition [V.1]

Proof of Proposition [IV.1: By Lemma we can find a sequence of real-valued test functions
b; € C3°(M) satisfying and with support in the red region in Figure |4} so that for = € Upy

Alwr, wallil bk (z)(z) = J}E; (9(z, x’)731(33)772(90/))511:,',','::’“ Wlwy, wol(z, z') (39)
T (gl 2Dy D)) (0.) 3 et o))
= Z ciD19i(x)Darpi(z) -

Here we have introduced the notation v;(x) = ET(b;)(x). To show that the last equality holds,
recall that the continuity of the Green’s operator Et : C§°(M) — C*>°(M) implies that for any

compact L C M and any m € N, there is a m’ € N and a constant C' > 0 such that
[Yillemry < Cllbillgm: Vi (40)

Here, the C™ -norm of b; is taken over a compact set containing the supports of all b;. Let K,

K’ € M be compact neighbourhoods of x and z’ respectively. Together with , implies

sup [ ciduthi(@) i (y)| < Y 10illés wumeny < C Y Ibillgmray < C < oo (41)

KxK' ™
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for some constant C' > 0.

Similar estimates can be obtained for any other number of derivatives. From these bounds one
can deduce uniform convergence of the partial sums over ¢;0,1;(x)9d,v;(z’) on K x K'. The uniform
convergence, together with the convergence of the series ), ¢;1)i(x)v;(z") to Ww, wo](x, ') justifies
the interchange of the differentiation and the infinite sum.

Next, we consider the case where x approaches the Cauchy horizon from within /y4. The

bounds obtained in Section [[TI] Corollary [[IT.4] can then be used to conclude

> edjui(@)ayuila)| < 3 |05vil@)] |ohwi(a)| < Co 3 Ibillgm (422)
Vl—ﬁ’zciagzﬂi(x)arajwi(x) < ‘ Vl_ﬁ’&@gw(m)“@gwi(xﬂSCQZHI)Z»”ng7 (42b)
VIS S @@ < 3 [V o) < O3 il (120
VIS cwil@)atila)| < 3|V duia)| i) < Ca Y bl (42d)

Here, 7, 6 € N3 U {0} are multi-indices, C; > 0, j = 1,2, 3,4, are constants, and m; € N. It then
follows from the convergence in that the infinite sums on the right hand sides of are
finite. Since we chose a set of coordinates in which the metric is analytically extendable across the
ingoing Cauchy horizon, and since U is a compact subset of the analytic extension, the smooth
coefficients of the differential operators Dy and Dy are bounded on Unq. Combining these bounds

with the ones obtained from then finishes the proof of the proposition. O

V. CONCLUSION

In this work we have shown that under the assumption of a positive spectral gap and mode
stability, the difference of the expectation values between two Hadamard states of any quadratic
observable with up to two derivatives of a real scalar quantum field on a subextremal KdS or RNdS
spacetime is bounded by (r — 7“1)*2+5l near the Cauchy horizon. In particular, this includes the
stress-energy tensor of the scalar field. As a result, a quadratic divergence of the stress-energy
tensor at the Cauchy horizon in any state, such as the ones obtained numerically in [20-22] 48],
is, to leading order, universal in the sense of state independence. Thus, the present work lends
additional importance to these numerical studies regarding the behaviour of quantum fields at the

Cauchy horizon.
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One can see from the method of the proof that our result can be generalized in a straightforward
fashion to observables with more derivatives, and that the bound can be strengthened if the number
of derivatives in the direction transversal to the Cauchy horizon (in total or on each of the fields) is
lowered. Therefore, this work implies universality results of other observables like the scalar field
condensate. It should also be possible to apply the arguments presented here to higher-order Wick
polynomials of the scalar field, at least under the assumption that the Hadamard states involved
are quasi-free.

This work significantly extends the universality result obtained in [I9]. It suggests that per-
turbations caused by quantum effects can have a significant impact on the (in)stability of Cauchy
horizons in asymptotically de-Sitter spacetimes. Moreover, this impact is (at leading order) inde-
pendent of how the quantum field is set up. Consequently, quantum effects are likely to play an
important role in fully resolving questions such as the sCC conjecture, not only in cases where the

sCC can be violated classically, but in a wider variety of settings, including also the one of rotating

black holes.
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