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PETER HINTZ

ABSTRACT. Given a smooth globally hyperbolic (3 + 1)-dimensional spacetime satisfying
the Einstein vacuum equations (possibly with cosmological constant) and an inextendible
timelike geodesic, we construct a family of metrics depending on a small parameter € > 0
with the following properties. (1) They solve the Einstein vacuum equations modulo
O(e*). (2) Away from the geodesic they tend to the original metric as e — 0. (3)
Their e !-rescalings near every point of the geodesic tend to a fixed subextremal Kerr
metric. Our result applies on all spacetimes with noncompact Cauchy hypersurfaces, and
also on spacetimes without nontrivial Killing vector fields in a neighborhood of a point
on the geodesic. If (M,g) is a neighborhood of the domain of outer communications of
subextremal or extremal Kerr(—anti de Sitter) spacetime, our metrics model extreme mass
ratio mergers if we choose the timelike geodesic to cross the event horizon.

The metrics which we construct here depend on e and the (rescaled) coordinates on
the original spacetime in a log-smooth fashion. This in particular justifies the formal
perturbation theoretic setup in work of Gralla—Wald on gravitational self-force in the case
of small black holes.
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1. INTRODUCTION

The Einstein vacuum equations (with cosmological constant A € R) for a Lorentzian
metric g (with signature (—,+,+,+)) on a (3 + 1)-dimensional manifold M (assumed to
be connected) read

Ric(g) —Ag =0 (1.1)
where Ric is the Ricci curvature. Equivalently, Ein(g) + Ag = 0 where Ein(g) = Ric(g) —
%Rgg is the Einstein tensor (with R, being the scalar curvature). We assume that (M, g) is
globally hyperbolic. The aim of this paper is to construct approximate (in a sense which we
make precise below) solutions g, of this equation (which in local coordinates is a quasilinear
second order partial differential equation for the coefficients g,,, of the metric g) which are
obtained from ¢ by gluing a small Kerr black hole [Ker63] along a timelike geodesic C C M.
The metric Gy q of a subextremal Kerr black hole depends on two parameters, m > 0 (mass)
and a € R? (specific angular momentum) with |a| < m. We recall that g q is

e defined on R; x {2 € R3: || > m};

e stationary, i.e. time translations (£, %) — (f + ¢, 2) are isometries;

e axisymmetric when a # 0, with the axis of symmetry (rotation axis of the black hole)
given by ﬁ, or rotationally symmetric when a = 0 (which gives the Schwarzschild
metric [Schl16]);

e asymptotically flat, i.e. gmq = —di?+d2%+O(|#|~!) tends to the Minkowski metric
—d#? + di? as |#] — oo;

e a solution of the Einstein vacuum equations Ric(gm ) = 0.

See Definition 3.22. We may arrange that the #-level sets are spacelike (see Lemma 3.24).

Theorem 1.1 (Main result). Let (M,g) be a globally hyperbolic spacetime solving (1.1).
Letp € M, let v € TyM be a future timelike unit vector, and denote by C C M the mazximal
geodesic with initial conditions p,v. Let m > 0 and a € T,M, a L v, |a| < m. In Fermi
normal coordinates* (t,z) € I x R3, I C R, around C, identify a with a vector in R3. Fix

"n such coordinates, C is given by I x {0} where I C R, and g is equal to the Minkowski metric —dt*4-da?
up to O(|z|?) errors. Furthermore, the curves s — (¢, sz) for constant ¢,z are geodesics. Coordinates with
these properties are uniquely determined up to constant shifts of ¢ and  — Az where A € O(3) is t-
independent.
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a Cauchy hypersurface X of (M, g) with X NC = {p} which is orthogonal’ to C. Assume
that either

1
(1)

in the domain of dependence of a connected open neighborhood U° C X of p there
do not exist any nontrivial Killing vector fields for g; or

(M, g) is a neighborhood of the domain of outer communications of a Kerr (when
A =0), Kerr—de Sitter (when A > 0) or Kerr—anti de Sitter (when A < 0) black
hole which is subextremal or extremal, in which case we fit U° C X to be a connected
open set containing p as well as a point in the black hole interior of (M, g).

Fore€ (0,1), let Mc = M\ {(t,x): |z| < em}. Then there exists a family (gc)cc(o,1), where
ge 1S a smooth symmetric 2-tensor on M., with the following properties.

(1)

(3)

(Away from C: close to g.) We have convergence ge|ane — glanc in the smooth
topology, i.e. locally uniformly with all derivatives. That is, if z € R* denotes local
coordinates on the closure U of a precompact open set U C M with UNC = 0,
then the metric coefficients (ge)u (2) = ge(2)(Ozn, 02v) converge to g, (2) as € \, 0,
together with all derivatives. More precisely, (€,2) — (ge)u(2) is log-smooth at
e =0 in[0,1). x RE, d.e. it has a full generalized Taylor expansion at € = 0 into
terms €™(log €)¥a,, x(2) where m,k € Ny (with k = 0 when m = 0) and a, is
smooth.

(Near C: close to a small Kerr black hole.) In Fermi normal coordinates, we have®

(ge)m/(tv Ei) — (gm,a)ﬂﬁ(j) (1'2>
locally uniformly with oll derivatives on I X Rg. Here, p,v =0,...,3 are indices
for z = (t,x), and 1,0 are indices for the corresponding components of 2 = (t,%).
More precisely, (ge)u (L, €x) is log-smooth at € = 0 inside [0,1). x I; x RS and equals
(gm,a) a0 (&) up to O(e?) errors.

(Transition region.) The coefficients (ge)uw, as functions of
tel, po::iZO, p=lz| >0, w=-— (1.3)
|z x

are continuous down to po = 0 and p = 0, with boundary values

~ g,uu(t7 ﬁw)v Po = 0,
(g ) (t7p07p7w) = A~ — ~
o (gm,a)[u?(po lw)’ P = 0.

More precisely, (ge) v, defined on a neighborhood of I x{0}x {0} xS? in I;x[0,1),, x
[0,1); x S2, is log-smooth at po = 0 and at p =0, and equals (Gm.a)zs(ps w) up to
O(p?) errors.

(Formal solution at € = 0.) The family (ge)ce(0,1) i a formal solution of the Einstein
vacuum equations in the following sense. Let V C M be a precompact open set, and
let (V) > 0 be such that g, is a Lorentzian metric on VN M, for e € (0,¢(V)).*
Then

Err. := Ric(ge) — Age = O(€™), (1.4)

2We require this orthogonality only for notational convenience: it ensures that t-level sets are spacelike
also near the small Kerr black hole, cf. (1.2), given the form of metric we use here. See also Lemma 3.30.

3The coefficients of Gm.a are independent of by stationarity.

4The existence of such an €(V) is a consequence of parts (1)—(3).
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i.e. the components of Err, in local coordinates on M near V (restricted to M) are
bounded by CneN for all N € N.

(5) (Formal solution at a Cauchy hypersurface.) The error Erre vanishes to infinite
order at X N M, for all €; more precisely, in the notation of part (4), it vanishes
to infinite order at X N M. NV for e € (0,e(V)), where V.C M is an arbitrary
precompact open set.

(6) (Support.) We have g = g outside the domain of influence (with respect to g) of a

compact subset of U°.

See Theorem 5.4 for setting (I) and Theorem 12.1 for setting (II). We can also consider
a third setting (see Remark 12.4):

Theorem 1.2 (Main result: third setting). In the notation of Theorem 1.1, let X be
a Cauchy hypersurface of (M,g), and suppose X is noncompact. Let V. C M be any
precompact open set. Then there exists a family (ge)ce(o,1) of symmetric 2-tensors on M.V
so that the conclusions (1)—(5) hold on V.

We can interpret (1.2) as follows: using the scaling property”

(Qm,a)p,ﬁ(ﬂf/ﬁ) = (gem,ea)ﬁf/(z)a

the metric ge(t,z) is, for |z] < €, close to the metric em,q(z) of a Kerr black hole with
mass em and specific angular momentum ea. See Figure 1.1, and also Figure 1.2 below.
We furthermore obtain rough bounds on the exponents of the logarithms appearing in the
generalized Taylor expansions. Namely, in part (1) only €, ¢!, ¢?loge, €2, and ¢™(loge)*
with m > 3 appear, and in part (2) only €, ¢ ™ (loge)® with m > 3 (and similarly in
part (3) regarding the expansion at p, = 0, resp. p = 0).

(M, ge)

FiGURE 1.1. Ilustration of the metric g. from Theorem 1.1 for some small
positive € > 0: g is close to g away from C, and near all points of C close
to the metric of a small Kerr black hole with mass em and specific angular
momentum ea. We cut out a ball |z| < em in the interior of the small black
hole.

Remark 1.3 (Black hole mergers). If in the Kerr—de Sitter setting (II) in Theorem 1.1 we
take C to cross the event horizon of the KdS black hole in finite proper time, the metric g,

5This follows from the form (3.37) of the Kerr metric, specifically from the fact that pullback under the
scaling map (f, z) — (ei, et), € > 0, sends Jem,ca t0 € Gm.a-
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describes an extreme mass ratio merger:® the merger of a mass e Kerr black hole with a unit
mass Kerr—de Sitter black hole. Once the small black hole is a fixed distance 2n > 0 past
the event horizon of the unit mass KdS black hole, one can, for small € > 0, consider the
initial data of g. on a suitable spacelike hypersurface in an n-neighborhood of the domain of
outer communications of the unit mass black hole: these are e-close to the initial data of the
unit mass KdS black hole. The future evolution of these data (which satisfy the constraints
only modulo O(e*) errors due to (1.4)) can be controlled using the robust stability result
[HV18]; see §12 for details; see also Figure 12.1. If (M,g) is a Kerr black hole, then an
application of the existing stability results [KS19a, KS19b, DHRT21, KS23, GKS22, She23]
would require not merely formal but true solutions; cf. Conjecture 1.4 below.

In future work, we hope to correct the formal solution g, to a true solution of (1.1):

Conjecture 1.4 (True solution). Fiz a precompact open set V. C M. Then for some
small €9 > 0, there exists a smooth tensor he on VN M., 0 < € < ey which vanishes to
infinite order at € = 0 and outside the domain of influence of a compact subset of U°, and
which has the property that g + he is a true solution of the Einstein vacuum equations, i.e.

Ric(ge + he) — A(ge + he) = 0 for all € € (0, €).

This conjecture implies that the formal solutions constructed by Theorem 1.1 describe
the interaction of the small Kerr black hole with the ambient spacetime (M, g) to all orders
in €.

Returning to Theorem 1.1, part (2) is a strengthening of the following statement. Fix
to € I, corresponding to a point (tp,0) in C, and introduce the ‘fast’ coordinates

~ t—t
f=r—0 =2 (1.5)

€ €

near it: these are time and space coordinates for an observer on an ¢! rescaling of (M, g).
Then (ge)uw(to + €t,€x) = (Gm,a)pw(2) as € \, 0, locally uniformly and with all derivatives
in (£,2) € R x R3. Since d; = €0, this means that

€ 29l 1o+t e) (s B2) = (Gma)pi|2 (D o) (1.6)

We may interpret this as follows. If g is a solution of (1.1), then since Ric(e~2g) = Ric(g),
the rescaling € 2g solves (1.1) with cosmological constant e2A. The coefficients of ¢~2g
with respect to ‘fast’ coordinates ¢ = %, # = % near a point (t,z) = (to,0) in M,
similarly to (1.5), are equal to the coefficients of g with respect to ‘slow’ coordinates t, x.
At (t,x) = (to,0) itself, g is equal to the Minkowski metric if we choose the coordinates ¢, x
appropriately. In this sense, e 2g tends to the flat Minkowski metric in a O(¢)-neighborhood
of (to,0) as € \, 0. Thus, the convergence (1.6) means that the local limit of e 2g, at every
point on C is not the Minkowski metric, but the (asymptotically flat) Kerr metric. Under
the smoothness conditions on g, in part (3) of Theorem 1.1, the limit in (1.6) is necessarily

an asymptotically flat metric which, given (1.4), is moreover Ricci-flat.

6we carefully distinguish this from exztreme mass ratio inspirals (EMRIs). In an EMRI, the small black
hole moves (in the limit € \, 0) along a bound orbit in an ambient Kerr spacetime. The loss of energy due
to gravitational waves causes the parameters of the orbit to change and ultimately the small black hole to
merge with the ambient one on time scales ~ ¢ !. Theorem 1.1 on the other hand does not give uniform
control beyond time scales ~ 1.
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A further feature of (1.6) is that the limiting (Kerr) metric is stationary. The stationarity
of the local limit follows more generally for families g. for which, on the set

[0,1) x I; x R3, (1.7)

the metric (ge). depends only on the slow time variable t. (The smoothness of g, on (1.7)
means that the small black hole evolves in a quasistationary, or adiabatic, manner.) There-
fore, the regularity properties of g. force the local limits to be stationary, asymptotically
flat Ricci-flat spacetimes, and thus by necessity (at least conjecturally) Kerr spacetimes;
see Remark 3.23 for further details. This explains why, in the vacuum setting under study
here, one can only possibly glue Kerr black holes into (M, g). In this sense, Theorem 1.1 is
the simplest possible result of its type.”

Proposition 1.5 (Necessary conditions for gluing). In the notation of Theorem 1.1, sup-
pose that C C M is an inextendible timelike curve,® furthermore gc is a family of metrics
on M, which is log-smooth as in points (2)—(3) but where the subextremal Kerr parameters
m, a are allowed to depend ont € I (i.e. on the point in C), with m = m(t) not identically 0;
finally, assume that (1.4) holds. Then C is a geodesic (thus proving the geodesic hypothesis
in our setting), m is constant, and a is parallel along C.

See Proposition 9.13, and also §8.3. Thus, in the quasistationary setting, one cannot
possibly prove a more general result than Theorem 1.1.

Finally, we remark that O(p?) nature of the corrections to gm,q in part (3) of Theorem 1.1
is optimal in that the nonvanishing of the Riemann curvature tensor of (M, g) at the point
t = to on the geodesic C induces nontrivial p? correction terms at t = tg. Indeed, the
quadratic terms of g at C = 27!(0) in Fermi normal coordinates are given in terms of
components of the Riemann curvature tensor; see Lemma 10.1.

1.1. Context and prior work. The presence of two regimes, as described in parts (1)
and (2) of Theorem 1.1, has for a long time been a prominent feature of studies in the
physics literature on the motion of small bodies, whose mass is a small parameter € > 0, in
curved spacetimes (M, g) satisfying Einstein’s field equations. The starting point was work
by Burke [Bur71] who was the first to apply the method of matched asymptotic expansions
to general relativity.

One key objective in such studies is to determine the motion of the small body: to leading
order as € — 0, it must move along a geodesic C of (M, g) (see [EIH38, Tho62, Tau62| for
early contributions, and [EG04, GW08] for more recent works), and one is interested in
O(e) and higher order corrections to geodesic motion arising from gravitational self-force:
the interaction of the small body with the gravitational field which is generated by it and
interacts with the ambient spacetime. (The notion of a limit of a family of spacetimes
(M, gc) was studied by Geroch [Ger69].) In the self-force problem, every formula for the
correction of geodesic motion is necessarily gauge-dependent. One particular such result
is the MiSaTaQuWa equation [MST97, QW97] in harmonic (or Lorenz) gauge. We do not
obtain new results regarding the problem of gravitational self-force here. Rather, in our
construction of g, which does not involve a fixed choice of gauge, we re-center the small

"One can likely perform a similar construction in the setting of the Einstein—-Maxwell equations by gluing
in Kerr-Newman black holes. Outside the (electro)vacuum regime however, even just the existence of small
stationary bodies that one could attempt to glue in is a highly nontrivial issue; see for example [Rei94, Jab21].

8There is still a notion of Fermi normal coordinates; see Lemma 3.14.
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black hole in the first few steps of the construction (and could re-center it to all orders in
e if we so desired). For a detailed introduction and comprehensive literature review on the
topic of gravitational self-force, we refer the reader to [PPV11, PW22]. The description of
extreme mass ratio inspirals (EMRIs) is discussed in the review article [BP18].

The method of matched asymptotic expansions assumes the existence of two expansions
of ge: a ‘near-field expansion’, which in our notation is a (generalized) Taylor expansion on

0, x ; xR, &=

T
€ )

at € = 0, with coefficients that are regular in the rescaled spatial coordinates and adiabatic
(i.e. they only depend on the ‘slow’ time variable ¢ of the ambient spacetime); and a ‘far-
field expansion’, i.e. an expansion on [0,1) x (M \ C). The two expansions are matched
in an intermediate (or buffer) region (where |&| > ¢! but |z| < 1, e.g. where |z| ~ €!/2),
which produces boundary conditions for the terms in each expansion. This method was
subsequently applied by D’Eath [D’E75] to study corrections to the parameters of a small
Kerr black hole in the same setting that we study here; in particular, he already argued for
the validity of Proposition 1.5. D’Eath’s work was extended by Kates [Kat80] and Thorne—
Hartle [TH84] who studied general small bodies and computed leading order corrections for
mass and spin.

Gralla and Wald [GWO08] introduced a clean perspective on the self-force problem which
discards the intermediate region in favor of a joint smoothness requirement of the metric
coefficients which corresponds ezactly to smoothness in the coordinates (1.3) here. In this
paper, we shall relate this requirement to smoothness on a manifold with corners which
encodes the parameter e and all spacetime manifolds M, ¢ € (0,1), in a single object,
denoted M below; see §1.2. (We will also revisit their argument for the necessity that C is
a geodesic; see §8.3.)

The following is a list of further novel features of our approach and result which are
related to the above physics literature.

e We demonstrate that families of spacetimes satisfying the assumptions made in
the aforementioned works indeed exist—at least on the level of formal solutions as
in (1.4) (which is sufficient for the arguments in all of those works to go through
unchanged, as they only require the validity of the field equations up to O(eV)
errors, with N < oo depending on the problem under study).

e We produce the metrics g. in a constructive manner, proceeding in an order-by-
order fashion where correction terms are computed as solutions of the linearized
field equations with sources, in turn at the original manifold M (but with singu-
lar boundary conditions at C) and on the small Kerr black hole spacetime (with
asymptotic boundary conditions at spacelike infinity).

e Unlike previous works, our method does not involve any fized choice of gauge.
Instead, the terms of the (generalized) Taylor expansion of g. at the interface
p = po = 0 between the near- and far-field regimes are constructed in an essen-
tially gauge-free manner, and only the solutions of linearized field equations with
‘trivial” forcing terms (which are essentially supported entirely in either the far-field
or near-field regime) involve (rather arbitrary) gauge choices which can be chosen
at each step of the construction individually. The main point is that one can solve
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the sourced linearized field equations Dy(Ein+A)h = f (under a genericity assump-
tion on g) whenever f is divergence-free; and this condition on f arises naturally
from the second Bianchi identity in the iterative construction (where f is equal to
(Ein 4+ A)(g + [correction terms])) of ge.

e The construction in Taylor series in the near-field regime requires a modulation of
the Kerr black hole parameters to compensate for the failure of solvability for the
linearized Einstein vacuum equations around the Kerr solution with (divergence-
free) sources when restricting to spaces of stationary tensors.

See §1.2 for further details.

From a mathematical perspective, we have two main goals in the present paper:

(1) contribute to the theory of many-black-hole spacetimes;
(2) study gluing problems for the Einstein equations.

Regarding (1), we recall that the only known explicit solutions of Einstein’s field equa-
tions describing several black holes are the asymptotically flat Majumdar—Papapetrou
[Majd7, Pap45] solutions of the Einstein-Maxwell equations and the related Kastor—Tra-
schen solutions [KT93] with positive cosmological constant. In previous work [Hin21a],
the author constructed de Sitter spacetimes in which exact Kerr—de Sitter black holes
are glued into neighborhoods of points at the future conformal boundary. Furthermore,
Chrusciel-Mazzeo [CMO03] showed that certain classes of asymptotically flat many-black-
hole initial data (constructed in [CDO3]) evolve into spacetimes with the property that for
many asymptotically hyperboloidal slicings of the spacetime (up to some finite retarded
time) the apparent horizon has several connected components.

More is known regarding initial data. Recall here that the initial data of a Lorentzian
metric g on a (3 + 1)-dimensional spacetime (M, g) at a spacelike hypersurface X are the
first and second fundamental form of X, respectively; we denote them

v,k € C®(X; S2°T*X).

When (M, g) solves the Einstein vacuum equations (1.1), the pair (v, k) is a solution of the
constraint equations

Ry — k2 + (try k) =2A =0, 6,k +dtr k=0, (1.8)

where R, is the scalar curvature of v, and (dyk), = —ku,;” is the (negative) divergence
operator. Conversely, every solution of the constraint equations gives rise to a unique (up to
isometries) maximal globally hyperbolic spacetime attaining ~, k as its initial data [CB52,
CBG69, Rin09]. Brill and Lindquist [BL63, Lin63] as well as Misner [Mis63] constructed
explicit (and rigid) time-symmetric solutions of (1.8) (i.e. kK = 0) describing multiple black
holes in the sense that the initial data contain multiple minimal 2-spheres. Corvino [Cor00]
introduced a flexible gluing method, based on the underdetermined elliptic nature of (the
linearization of ) the constraint equations. This has found many applications [CD03, CS16,
ACP23]; see also the review article [Car21].

The paper [Hin24], which also uses Corvino’s technique [Cor00], constructs initial data by
gluing in any asymptotically flat data set (satisfying (1.8) with A = 0 on the complement of
a compact subset of R3, and with v tending to the Euclidean metric and & to 0 at infinity)
into the neighborhood of a point in a given data set, much like Theorem 1.1 but in the
elliptic setting of (1.8) instead of in the hyperbolic setting of (1.1). Our remarks following
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Theorem 1.1 above imply that the evolution of the glued initial data (7., k.) constructed in
[Hin24] cannot be adiabatic unless one glues in Kerr initial data; and even if the data (¥, k)
in [Hin24, Theorem 1.1] are those of a subextremal Kerr black hole, the requirement in the
present paper that the spacetime metric be adiabatic to all orders in e imposes requirements
on (Y, ke) at all orders.” Conversely, the initial data of g. at X N M, describe a Kerr initial
data set glued into the initial data of (M, g) at X. In this sense, Theorem 1.1 reproves the

formal result [Hin24, Proposition 5.4] in the special case of Kerr data.!”

Initial data gluing has recently been developed for the characteristic initial value problem
of (1.1), with initial data given on null hypersurfaces [ACR21, CR22, CC22|. Recent
works by Kehle-Unger [KU22, KU23] demonstrate the effectiveness of characteristic gluing
techniques for gluing event horizons of different spacetimes (Minkowski and black hole
spacetimes).

Concerning point (2) above, the present paper appears to be the first work on spacetime
gluing for the Einstein vacuum equations which is not chiefly based on some version of
initial data gluing (i.e. gluing for the constraint equations).'" We mention however Yang’s
work [Yanl14] (building on Stuart’s earlier [Stu04]) on the construction of (true, not merely
formal) solutions in a toy model describing the motion of a very small amplitude and e-
rescaled stable nonlinear Klein—Gordon soliton which is glued along a timelike geodesic in
a given spacetime (M, g) as a solution of the Einstein—scalar field system, with the scalar
field potential scaled in a way that matches the scaling of the amplitude of the soliton; in
[Yan14], the singularly perturbed spacetime metric is C!-close to g, even near the geodesic.

The literature on gluing or singular perturbation methods for other hyperbolic evolution
equations has largely been concerned with semilinear PDE. Results include the existence
of multi-soliton solutions for the nonlinear Schrédinger equation [Mer90, MMO06] and for
generalized Korteweg—de Vries equations [Mar05]; the proofs evolve approximate solutions
backwards in time and use compactness arguments relying on uniform estimates to extract
the desired solutions. This strategy was extended to multi-soliton constructions involv-
ing exponentially unstable solitons in [CMM11, MM16, Jenl6, JM20]. Further gluing,
multi-soliton, or multi-bubble results include [DAMW20, DAMW?22] for the Euler equa-
tions, [CM14, BGC14, CM18] for the nonlinear Klein-Gordon equation, and [MRT15] for
the water waves system.

9This is the reason why the conjecture in [Hin24, §1.4]—which is our motivation for Theorem 1.1 and
Conjecture 1.4—required the family (v, ke) to be a ‘suitable family’.

10H0W€V€I‘, our proof of Theorem 1.1 relies on some of the results proved in [Hin24], specifically the
solvability theory for the linearized constraints on X with control on supports, see Proposition 8.8 and
[CDO03]. Part (5) of Theorem 1.1 relies on the nonlinear analysis in [Hin24]. We further remark that the
present construction directly produces log-smooth total families; this was not the case with the construction
in [Hin24], although the latter can be modified to give log-smooth total families, as demonstrated in [Hin23d].

" The key step in the construction of [Hin21a] is the solution of a linear divergence equation (relative to
a Riemannian metric) related to the constraint equations on the conformal boundary of a de Sitter type
spacetime [Fri86]. The only point where the construction in [Hin2la] involves a hyperbolic PDE is the
solution of a (quasilinear) gauge-fixed Einstein equation in a final step; this step is straightforward however,
since the error term solved away there is supported away from the Kerr—de Sitter black holes which are
glued in, and thus the solution of the PDE has support only in an asymptotically de Sitter type region, far
from the glued-in black holes.
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1.2. Elements of the proof. As in [Hin24| and related works on gluing problems in the
elliptic category such as [SS21, KS22|, we adopt a geometric singular analysis perspective
and phrase Theorem 1.1 as a singular perturbation problem. We construct the family
of metrics g := (ge)ec(o,1) as a single smooth section of the bundle of vertical symmetric
2-tensors on (0,1) x M (i.e. they annihilate J.) which is log-smooth on an appropriate
(partial) compactification M of (0,1)e x M.

In this introduction, we shall largely work in Fermi normal coordinates t € I, x € R3
near C; this is sufficient to describe all aspects of the analysis except for the very far field

behavior of g.. We denote by
x

T=- (1.9)

€
the rescaled (‘fast’) spatial coordinates near the small Kerr black hole. Then M should
contain the ‘far field’ [0, 1), x (M \ C) (containing the chart [0, 1) x I; x (R3\ {0})) and the
‘near field’ [0, 1), x I} x R% as smooth submanifolds. We may glue these two charts together
over € > 0, x # 0; but their respective boundary hypersurfaces at ¢ = 0 are disjoint, and

there are curves which remain bounded in M and along which € — 0 but which do not have

a limit."> To remedy this failure of compactness, we include in M also a coordinate chart
I < [0,1),, x [0,1); x S?, (1.10)
glued together with the previous two charts via
€ 1 T
t, Po =1 = —, p = lz| =€z, w=—, (1.11)
E I |z
on the common domains of definition. Invariantly, M is the blow-up of M = [0,1)e x M at

0} xC, denoted M =[M' :{0} x CJ; see [Mel96]. Thus, M has two boundary h persurfaces:
{ y hy

(1) the front face M = I, x R3, where R} = R3 U'S? is the radial compactification of
R? in which S? = {|#|~! = 0} is attached as the sphere at infinity;

(2) the lift of the original spacetime M, = I, x [0,00), x SZ,, which is obtained from M
by replacing the curve C with its spherical normal bundle (which can be thought of
as an infinitesimal tube I; x {0} x S around C). There is a smooth blow-down map

Bo: M, — M, Bo(t, p,w) — (t, pw) € M,

which over p > 0 is a diffeomorphism {p > 0} — M \ C; the preimage of C is a
bundle of 2-spheres over C.

The front face M is the total space of a fibration M — C = I,. Tts fibers ]\th, t eI, are
copies of R3; these should be thought of as compactifications of the quotients of a local
stationary spacetime manifold (namely, 7, M = R* at p € C) by the time translation action
(which is the translation action by T,C = R x {0}). Thus, M accurately captures adiabatic
behavior. See Figure 1.2.

One may hope to insert solutions of a PDE on ]R% (e.g. the Kerr metric restricted to

¢ = 0) into the fibers of M which at |#| = oo in the fiber over p € C match with a given
solution on M at p (e.g. the metric g, which at p is the Minkowski metric in Fermi normal
coordinates), and to subsequently correct the resulting ‘zeroth order gluing’ by higher order

12A simple example is (e, t,z) = (e, to, €'/?) where € € (0,1) while to € I is fixed. In terms of (1.9), this
is (e,t,&) = (e,to,efln).
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_____________

FiGURE 1.2. Illustration of the total space M. Shown are: the portion of
the near field [0, 1) x I; x R3 where |#| < 1, the boundary hypersurface M,
and three fibers of M (in red); a portion of the far field [0, 1) x I; x (R3\ {0})
where |z| > 1, and the boundary hypersurface M, (in blue); and some local
coordinates.

(i.e. vanishing at M, and M) corrections. Carefully note now that M does not contain an
intermediate (or buffer) region; thus, to find such corrections, one must solve away error
terms at Mo, resp. M with full asymptotic control at the other boundary hypersurface, i.e.
at the boundary OM, = M, N M = M, with the error terms, and thus also the solutions,
typically featuring singular behavior (e.g. terms involving p*(log p)™) at the boundary.

We first illustrate how to carry out such a procedure in a linear toy model in §1.2.1 before
turning to the setting of Theorem 1.1 in §§1.2.2-1.2.4.

1.2.1. A model hyperbolic singular perturbation problem. We work on the Minkowski space-
time (M, g) = (R x R, —dt? + da?). Denote by u = u(t, z) a smooth solution of the linear

scalar wave equation
> 1
Oyu = (—DF + Ay)u = (af—E ja]2>u:0, D = -0.

- )
Jj=1

We define a singular perturbation of [, by'3
Po=0,+ e—QV@), 0<VeCE(RY), ec(0,1).
€
We wish to perturb u to a formal iolution ue of the equation P.u. = 0; that is, we want to
find a log-smooth function w on M = [[0,1) x M;{0} x C], where C = Ry x {0} C M, so
that
a‘1\/10 = Bzu (le ﬁ‘(E,t,az):(o,t,x) = U(t,.??), €T 7é 0)7 ‘Pﬂ’ < CNEN VN7 (1128‘)

where u, resp. Pu is defined on an e-level set by ue, resp. P.ue.

13The assumptions on V here are made for the sake of maximal simplicity. One can treat potentials
with smooth dependence on ¢ with only notational modifications, and similarly also potentials with inverse
cubic (or faster) decay. Many potentials with inverse quadratic decay can be handled as well with more
substantial modifications, including altered exponents in polyhomogeneous expansions.
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The first task is to determine the local limit of & at M to be glued in. This task
is trivial in the black hole gluing problem, where we wish to glue in the known Kerr
metric; by contrast, in the current linear model problem, we artificially perturbed the
partial differential operator from U, to P, and thus must find the stationary solution of

the local model PDE on the fiber M; of M over (t,0) € C which matches u(t,0) (i.e. a
constant for each fixed value of t) at |#| = co. In the coordinates t and & = ¢, we have

P, = (¢0,)* + (As + V (1)),

which acts on smooth functions of €,¢,% (i.e. they only depend on the slow time t) as
P(0) := A; + V(&) at € = 0. We then use:'

Lemma 1.6 (Stationary solution). There exists a unique solution i) € C*°(R32) of

P(0)igy = (A+ V)i =0, g —1 as |&] = cc.

&

x

Moreover, gy € C*(R3), i.e. in |&] > 0, G is a smooth function of [£|~ and

We now supplement the requirements (1.12a) by

u

My = u(t,O)ﬂ(O) (i.e. ﬂ’(e,t,i):(o,t,i) = u(t,O)ﬁ(o) (ﬁ?), teR, z € RS). (1.12b)

The requirements on @ at M, and M in (1.12a) and (1.12b) are consistent at the corner
M, N M.

Remark 1.7 (P in terms of fast variables). If we fix to € R and set { = =2, then
€P. = —D} + A; + V(2)
is a wave operator; P(O) is its spectral family at frequency 0.

Remark 1.8 (Other toy models). A related singular perturbation problem which one can
study using the procedure described below is [y ue = 0 where g = (ge)w dz# d2”, z =
(t, ), is a singular perturbation of the Minkowski metric g in that (ge),., € C™ (]\7) restricts
to gu at M, and to g, at M where § is a stationary and asymptotically (as |z| — o0)
Minkowski metric for which 9; and df are timelike (one may also allow § to depend smoothly
on the parameter t). One demands that @ = (ue)ce(o,1) Testricts to u at M, and to the

constant u(t,0) at M;. One can also study singular perturbations in nonlinear settings,
such as Ug ue = u? when one is given u satisfying Ugu = u?. We leave the details to the
interested reader.

A clean proof uses b-analytic techniques: the operator A + V': Hs’a — Hg’a+2, for a € (f%, f%), is
a compact perturbation of the invertible operator A: Hg’a — HS‘aJrQ, where H]];’ﬁ consists of all functions
on R® which lie in (z)~®L?*(R?) upon application of up to k of the vector fields d;, z7d,. Since V > 0, the
nullspace of A 4+ V is trivial. Thus, %) =1 — (A + V)7V, and the stated regularity then follows in view
of Atigy = =V from elementary properties of A. Alternatively, one can write @) = 1 + v and find
v solving (I + A™'V)v = —A™'V where A™! = ﬁ*; the operator I + A~'V is compact on (z)?L? for
B> %, and thus the Fredholm alternative applies and implies its invertibility when in addition 8 < %
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Step 1. Naive gluing. Let ug € C®°(M) be any function which is equal to Biu at
Mo, and equal to u(t,0)d)(£) on M." Since the restrictions of %y to both boundary

hypersurfaces e~1(0) = M U M, of M satisfy the desired PDE, the error term
Errg := Pug

vanishes to leading order at M U M,. More precisely, let
€

(@ +1aP) 7

denote defining functions of M and M,: they vanish only at M, resp. M., with nonvanishing
differentials there. Then:

Lemma 1.9 (Mapping properties). Let k,¢ € R. Then P: p’;ﬁécw(ﬁ) — p§ﬁ€_2C°°(M).
Furthermore, if @ € pEC>®(M), then (€2Pu)|,, = P(0)(u x); and if @ € pIC(M), then
(Pﬂ)|Mo = Dg(ﬂ|Mo)'

ﬁ — (62 + |ﬂ?|2)1/2, po =

Proof. Near the manifold interior (M;)°, and indeed where |z| > ¢ > 0 and thus weights
in p can be dropped while p, can be replaced by e, this follows from the smoothness of the
coefficients of the operator P—which in such a region equals [, when e is sufficiently small.
Near M°, and indeed where |Z] < R < oo and thus weights in p, can be dropped while p
can be replaced by ¢, this follows from P = 97 + ¢ 2(Az + V(£)). We leave the calculation
near the corner in the coordinates (1.11) to the reader. ]

By the choice of ug, the error Errg € ﬁ_QCOO(M ) has an extra order of decay at both M
and M,, so

Errg € pop 'C®(M). (1.13)
If Ou(t,0) = 0, then we can choose ug so that Errg has an extra order of decay at M, so
Errg € poC®(M); (1.14)

indeed, this holds for (e, t,7) = u(t, z)i)(z/€) by direct computation. The plan is to
add correction terms to g to improve the error term; we do this in turns at M, and M. In
what follows, we shall assume that the error satisfies (1.14), as an analogue of this will hold
in the black hole gluing setting. If, in the present toy model discussion, we instead only
have (1.13), one merely needs to interchange Steps 2 and 3 below (and adjust the overall
powers of € there).

Step 2. Solving away the error at M,. Given (1.14), we want to find h = h(t, ) so
that!6 s
P(ug + €h) = Errg + eP(h) € p2C> (M)
vanishes to one order more at M, than Errg. By Lemma 1.9, this is equivalent to

Ogh = fo:= —(¢ 'Errg)|ar, € p71C®(Mo) = r~1C>®(R; x [0, ), X S?), r=|z/. (1.15)

1511 the coordinates (1.11), we can for example take 1o (t, po, p,w) = u(t, pw) +u(t, 0)di(oy (ps "w) —u(t, 0);
another possibility is to set uo(e,t,z) = u(t,z)i)(x/€). We stress again that this is a sharp gluing of
Uy = U)(Z) and u = u(t,x) in that there is no transition region, and we do not use any cutoffs like
x(|z|/+/€) for transitioning between the near- and far-field regimes.

160ne may want to cut h off to a neighborhood of M, in M in order to emphasize that eh is a correction
term at M,. We do not do this in this sketch for notational brevity.
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This can be viewed as a wave equation on (M, g) with a source term that is singular at
C (albeit in a highly structured, polyhomogeneous conormal sense). We claim that there
exists a solution h € pC>°(M,) (ignoring the possible necessity of logarithmic terms for
simplicity of presentation). Indeed, one can find h in a two-step procedure.

(1) First, one solves Oghy = (07 — 82 — 20, + 17 2Ag2)hy = fo in Taylor series at r = 0;
this is accomplished by making the ansatz hy(t,r,w) ~ >2;54 rIhy j(t,w) (ignoring
the possibility that (logr)* factors may be needed) and solving iteratively for hy 1,
hya, ...

(2) Second, one finds a correction term h;, satisfying Oghy, = fo — Oghy; the source term
here is smooth on M,, but now vanishes to infinite order at x = 0 and can thus be
regarded as a smooth function on M. One can find h;, by solving an initial value
problem on (M, g) with arbitrarily chosen (smooth) initial data at ¢t = 0, say.

Thus h = hy 4+ Bh, solves (1.15), and we set u' := @y + eh. The additional term here
satisfies eh € pop?C=(M).

Remark 1.10 (Solving for hy, I: iterative procedure). The equation for A4 in the first step can
be rewritten as (—(rd,)?> —rd,+Agz)hy = 1% fo—r202hy. Due to the smoothness requirement
in the ‘slow’ variable ¢, this is an equation which at each step in the construction of the
Taylor series of hy depends only parametrically on t. Moreover, the operator on the left
acts on r*v(w) as r* times

N2 Ty(0), N, N(r?Ty(0),A) := =A% = A + Age.

Here, N(rzé\g(O), A) is the indicial family of the zero energy operator i\g(()) of [Jy. See §2.1.1
regarding the structural reasons for this behavior. For example, the equation for hy; reads
(—24+Ag2 ) hy 1 (t,w) = (7 fo)|(t,r.w)=(t,0,)> Which is solvable if the right hand side is orthogonal
to [ = 1 spherical harmonics (otherwise logr factors are needed in hy); the computation of
hs j, j = 2, involves t-derivatives of fo and hyy for £ < j — 1.

Remark 1.11 (Solving for hy, II: non-characteristic nature of C). The construction of hy
is a special case of solving (pseudo)differential equations Pu = f mod C* where f is a
(polyhomogeneous) conormal symbol at a submanifold C, with P non-characteristic at
N*C. Cf. [Hor07, Theorem 18.2.12] for the principal symbol statement: this prompts
one to invert the restriction of the symbol of Oy, given by (t,z,7,&) — —72 + [£]%, to
N*C\o={(t,x,7,€): =0, 7 =0, £ # 0}. The procedure in Remark 1.10 is a ‘physical
space’ version of this.

Remark 1.12 (Issues with initial value problems: I). If one were to solve (1.15) immediately
via an initial value problem, with initial data at t = 0, say, the solution h would typically be
singular along the future and past light cones emanating from the point {t = 0} N {r = 0}
of intersection of the Cauchy surface and the curve C. As a concrete example, the solution
of Ogh = =1, which is of the form (1.15), with initial data (h, 8:h)|i—o = (0,0), is

)t=r/2, r<t,
h(t’r)_{ﬂ/(m«), r>t.

This fails to be C? at r = t. By contrast, we have Og(=%) = r~!, and so h = —15 is the type
of ‘good’ solution produced by the above two-step procedure; in other words, obtaining the
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‘good’ solution from an initial value problem would require fine-tuning the initial conditions
to match those of hy modulo B3C>(M).

Step 3. Solving away the error at M. By construction, the approximate solution

u' € C*®°(M) has error
Err! = P(@') € p2C™(M).
We now solve away the restriction of Err! to M,
fli=—Errlly € p2Co(M) = C® (Ri; p2C°(RY)),  po = (&)
That is, we wish to find h = h(t,#) so that'” P(u! + ¢2h) = Err! + ¢2P(h) vanishes to one
order more at M than Errg. By Lemma 1.9, this requires solving
P(O)A(t, &) = f'(t, &) (1.16)

parametrically in t. This is not a wave equation in the fast variables (cf. Remark 1.7); rather,
the fact that only the zero energy operator P(0) appears here is due to our requirement
that the solution u we seek be adiabatic. One can solve (1.16) in a two-step procedure.

(1) First, one solves for h(t, &) in Taylor series at |#|~! = 0 (in inverse polar coordi-
nates |#|~!, w). This involves the same indicial family as the one mentioned in
Remark 1.10.

(2) Second, one applies P(0)~" = (A + V)~! to the remaining rapidly decaying error
term. This produces a correction with a full asymptotic expansion as |Z| — oo (here
concretely a smooth function of |#|~! and w which vanishes at |#|~! = 0).

Ignoring the possibility of logarithmic terms, we obtain a solution h € C®(Ry;C>®(R3))

of (1.16). This gives :
U :=u"+€e*h,  Erry = P(U) € p2pC>(M).

Remark 1.13 (Issues with initial value problems: II). Consider equation (1.16) for ¢ near
0 € R in the coordinates t = E Clearly, we cannot solve this from the perspective of an
initial value problem, as h is (up to addition of t-dependent multiples of 11(0)) uniquely
determined if we restrict its growth as |2| — oo to be sublinear (so that €2h does not affect
the earlier correction term at M,). If one were to attempt to solve the problem (1.12a)-
(1.12b) via an initial value problem, with trivial initial data at ¢ = 0, say, as in Remark 1.12,
then an adiabatic solution h would not exist. Instead, the equation to be solved in the region
| < 1 would have to be the wave equation

(=D? + A + V(2)h(t, &) = £1(0,2), (b, 0;h)]_q = (0,0), (1.17)

the solution of which is not stationary (unless the initial data were chosen so as to be
consistent with (1.16)). The solution of (1.17) typically has a nontrivial radiation field at
null infinity in R; x R2, causing oscillations on the scale £ — || ~ 1, i.e. t — |z| ~ ¢, and
hence a singularity to emerge out of C along the light cone emanating from (¢,2) = (0,0).

Step 4. Iteration; formal solution. One continues solving away error terms in turns
at M, and M, obtaining correction terms which vanish to successively higher orders at
{e = 0} = M, U M. Note that after one full step, the decay of the error is improved

17p¢ before, we do not explicitly cut off h to a neighborhood of M, for notational brevity.



GLUING SMALL BLACK HOLES ALONG TIMELIKE GEODESICS I: FORMAL SOLUTION 17

at both boundary hypersurfaces M, and M by one order; thus, the linear equations one
needs to solve in this iteration are always the same (i.e. as in Steps 2 and 3 above) as
far as the growth/decay of the right hand sides are concerned (modulo the possibility of
logarithmic factors). Taking an asymptotic sum of ug and these correction terms produces
the desired formal solution u € C*°(M) (which is, really, only log-smooth) of the singular
perturbation problem (1.12a)—(1.12b). (Mirroring Conjecture 1.4, obtaining a true solution
requires solving PU = —Pu € C®(M) = ¢*C®(M) with ¥ € C>(M); accomplishing this
requires different arguments which will be discussed elsewhere.)

1.2.2. Basic setup for black hole gluing. We now turn to the setting of the black hole gluing
problem solved formally by Theorem 1.1. Working in the chart (1.10) near the codimension

2 corner of M, we seek § = (ge)ee(0,1) in the form
§=§(t,po,ﬁ,w)uy dztdz2", z = (t, {L‘)

This matches the Gralla-Wald setup [GWO08], with the minor caveat that we need to allow
for the presence of (powers of) logarithms (i.e. log p, and log p) at M, and M in the lower
order terms of the expansion of g. At p, = 0, we demand that g be equal to g,, dz* dz”
at the point (¢, ) = (¢, pw). As p — 0, this converges to the Minkowski metric, which thus
becomes the boundary condition at infinity of the restriction of g to p = 0. This indeed
holds for the Kerr metric gls—0 = (gm,a)uw(ps 'w) dz# dz”.

We face additional difficulties compared to the toy model considered in §1.2.1.

(1) The equation Ric(g) — Ag = 0 which we wish to formally solve is nonlinear. A
partial relief is the fact that the correction terms which we need to add to a naive
gluing go are solutions of linear equations, concretely of

(DgRic —A)h = f (on M,), (1.18)
Dy Ric(0)h = f (on M), (1.19)

where DgRic is the linearization of the Ricci curvature operator, further g, (with

b = (m,a)) is the metric of the small Kerr black hole, and D/gbﬁc(O) is the restriction
of Dy Ric to stationary symmetric 2-tensors on R; x R%. Nonetheless, there are
nonlinear interactions between various Taylor coefficients in the construction of the
formal solution whose treatment requires some care.

(2) The linear equation (1.18) is not hyperbolic and (1.19) is not elliptic, and neither
equation is solvable for general f. However, the error terms f which arise in the
construction are always leading order terms of the error Ric(g;)—Ag; from a previous
step of the construction, and thus in view of the second Bianchi identity lie in the
kernel of 5§j ng (where Gy := 1 — %g try is the trace reversal operator), so at Mo,

resp. M in the kernel of 04Gy, resp. 94, Gg,. This extra information on f is sufficient
in the settings considered in Theorem 1.1 for the solvability of (1.18); however,
equation (1.19) has a nontrivial cokernel even within the kernel of 4, Gg, .

(3) The linear operator DyRic — A is everywhere characteristic, so even just solving
error terms away in Taylor series at 0M, is a nontrivial task.

The solvability issues arising from the lack of hyperbolicity of (1.18) can be avoided if
one passes to a gauge-fixed version of the Einstein vacuum equations. But since we seek a
formal solution of the Einstein vacuum equations themselves, one would need to ensure that
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the solutions of the corresponding gauge-fixed version of (1.18) satisfy the linearized gauge
conditions—which is equivalent to arranging the validity of gauge conditions at a Cauchy
hypersurface (by the usual argument involving the linearized second Bianchi identity).
However, we already observed in Remark 1.12 the inadequacy of initial value formulations
for the purpose of adiabatic gluing. This forces us to free ourselves from any particular
choice of gauge, even though we are still allowed to use gauge conditions at various substeps
of the construction as long as they are consistent with an adiabatic construction; this will
for example allow us to tackle point (3) above (see §1.2.3). A similar comment applies to
the problem of solving away error terms at M , cf. Remark 1.13.

The starting point of the construction is a naive gluing go = (go) dz* dz” where (go)u €
C*>°(M), with boundary values

(§O)MV|(e,t,:p):(0,t,m) = Guv|(t,x)> (1.20a)
(90) vl (e.t,2)=(0,6,) = (Gb) o |- (1.20b)

Since g and g, solve the field equations, the tensor gy satisfies the field equations to leading
order at M, and M, which means'® '

Errg := Ric(jo) — Ajo € poC=(M). (1.21)

1.2.3. Far field: linearized Finstein equations with sources. We wish to add to gy a tensor
eh to solve away the error (1.21) to leading order at M,. This leads to the linear equation

(DyRic — A)h = fo := —(e 'Errg)|as, € p1C°(My). (1.22)

Solvability of this equation requires fy to solve the linearized equations of motion, i.e.
dyGgfo = 0. Crucially, they hold automatically due to the second Bianchi identity for go,
which reads 6, Gg,Errg = 0.

The solvability of equation (1.22) is discussed in §8. In brief, we first find hy which
solves (1.22) formally at » = 0. Since DyRic — A is characteristic at N*C (cf. Remark 1.11),
this is a non-trivial task. We accomplish it as follows: as in Remark 1.10, one first needs
to solve

N (r2DgRic(0), )1 (= 2Dy Rie(r by (@) ) = fo.-1 (1.23)
with smooth parametric dependence on t € R; here g = —dt? +dz? is the Minkowski metric,

which g is equal to at C, and fo 1 is the r~1 coefficient of fy, while hy.1 is the sought-after

r! coefficient of hy. The integrability condition d,Gy fo = 0 implies the analogous condition

N(T(S;G\g(()), —1) fo,—1 = 0. The solvability (and uniqueness) theory of (1.23), which is an
equation on spacetime symmetric 2-tensors on Minkowski space restricted to (0, 00), times
a coordinate 2-sphere which are quasi-homogeneous in r, is studied in detail in §7, the main
results being Theorem 7.12 and 7.13. The upshot is that a formal solution of (1.22) exists,
with precise control also on the logarithmic factors (logr)* appearing in its generalized
Taylor expansion at r = 0.

18That is, the coefficients in the coordinates z = (¢,z) on M lie in p,C>(M). We remind the reader that
Ric(go) is defined on an e-level set as the Ricci curvature of the restriction of go to this level set; likewise
for other geometric quantities and operators on M.

9For general Lorentzian metrics go € C>° (M), one only has Errg € p~2C> (M) The gain of two orders
at M in (1.21) holds for a careful choice of go, and is due to the quadratic nature of the difference of g and
the Minkowski metric in Fermi normal coordinates.
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The second step is to solve away the remaining error by solving
(DgRic — A)hy, = fo — (DgRic — A)hy.

The right hand side now vanishes to infinite order at C and thus is smooth on M; moreover,
it still lies in the kernel of 6,G,. However, this by itself does not suffice for the existence of
a solution h;, with controlled support unless (M, g) does not admit nontrivial Killing vector
fields; see [Hin23b].?’ For the proof, one first solves the linearized constraint equations at
X using results going back to [CDO03]; this uses the assumptions on U° in Theorem 1.1,
which ensure that the initial data for h, can be chosen to have support contained in /°.
(In the setting of Theorem 1.2, we give up control of the initial data for h,—and indeed
allow for arbitrary growth at infinity in X of the initial data—in return for the ability to
unconditionally solve the linearized constraints.) Subsequently, one finds h;, as the solution
of a gauge-fixed version of the linearized Einstein equations; the support property in part (6)
of Theorem 1.1 follows by finite speed of propagation. (Since at this point we work only
with smooth tensors on M, gauge-fixing is consistent with the adiabatic nature of the gluing
problem at C.)

The tensor h = hy + B3hy, solves (1.22), and thus the log-smooth tensor
gl =G0 +eh (1.24)
on M satisfies (ignoring®! logarithmic terms)
Err! := Ric(§") — A" € p2C™(M).
See §10.1 for details.

1.2.4. Near field: modulation of black hole parameters. Corresponding to Step 3 in §1.2.1,

we seek an adiabatic tensor h = h(t, ), dz* dz” so that g'+€2h solves the Einstein vacuum

equations to one order more at M than g'; this leads to the equation®?

Dy, Ric(0)h = f*, (1.25)

where f! = —Err!| u € pECOO(M ). The necessary condition for solvability, dg,Gg, fl=o,
follows from the second Bianchi identity for g'. By first solving (1.25) to infinite order at
|#]~1 = 0, one can reduce to the case that f! has rapid decay as || — oc.

For each fixed t € R, we are faced with the equation Dy, Ric(h) = f! where f! = f1(2)—
dropping the t-dependence—, and we seek a stationary solution h = h(z). Pure gauge
tensors h = 6;bw, where w is an arbitrary 1-form, solve the homogeneous equation; and

when w is a spatial translation or rotation, such h have good (i.e. O(|&|~!) or better) decay
as po = ()71 — 0. Linearized Kerr metrics g,(b) = %§b+sl}|8=0’ b= (m,a) € R xR3,

20The control of supports—specifically, ensuring that correction terms vanish near spacelike infinity—is
mainly of importance when performing gluing constructions on asymptotically flat spacetimes, with combi-
nations with stability results in mind. See Remark 12.2.

2 por completeness, we mention that in early stages of the construction one does need to keep careful
track of leading order logarithmic factors, as e.g. in §10.2.4.

225 already noted by D’Eath [D’E75], ‘{W]e have QS [quasistationary] internal perturbations because
gravitational waves only need a time of order M’ (in present notation: €) ‘to cross the black hole, whereas
the background is changing on a time scale of order 1. Thus the small black hole can adjust its gravitational
field on what it feels to be a long time scale in order to cope with the tidal field of the background.’
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provide further homogeneous solutions with good decay. There is a 7-dimensional space of
homogeneous solutions comprised of certain such tensors.??

Dually, asymptotic symmetries (temporal and spatial translations, and rotations) give
rise to a 7-dimensional space of dual pure gauge tensors ngé’gbw in the kernel of the adjoint

of D/gbﬁc(O); see §9.1 for details. This gives a 7-dimensional cokernel (i.e. obstruction space
for the solvability) of (1.25),>* given by integration (over the spatial manifold R3\ {|#| < m}
of Kerr) against these dual pure gauge tensors.

As is usual in geometric gluing problems, the basic idea is to avoid this cokernel via
a modulation procedure which takes advantage of the flexibility we have in inserting the
small black hole. The particular form which this modulation takes depends on the order of
vanishing of the error term at M. The basic observation is the following: given an adiabatic
tensor h = h(t,&) = hps(to + €t, 2) d2# d2¥, where 2 = (£,2) with { = =2 and & = Z, we
can expand it in Taylor series in € to obtain (for bounded 2)

~

. t2 ;
ho(&) + ethy (&) + 625@(9&) +0(€),  hj(2) := ] h(to, 2).

While to leading order at € = 0 this is stationary, the coefficient of €/, j > 1, is a polynomial
of degree j in t. Thus,
. . £2
Dy, Ric(h) = Dy, Ric(0)ho + €D, Ric(ihy) + 62ngRic<§h2) +O(e).

Roughly speaking, this means that a correction term €*h to the family of spacetime metrics
produces a correction term to the output of Ric — A at order? e 2ekti = k1+=2 which is

of the form ek+j_2D§bRic(%hj). This can move the O(e¥*7=2) error term one is trying to
solve away off the cokernel of Dy, Ric(0).

Modulation at the first step. In (1.25), we use a variant of this observation. We
revisit the definition of gp: instead of gluing the Kerr black hole into M via (1.20b), we
shall set

(90) v l(e,t.2)=(0.6,2) = (b) o la+er)

for a function ¢ € C®(R;R3) which we need to determine. Expanding in Taylor series
around ¢ = ty as above, and assuming that ¢(¢9) = 0 for notational simplicity, this is

Golz + €0Le (1).0,9b + e~ (ﬁé”(to)@@gb + ng(to).ai,gb) +0O(e%).

2

We can add to this a further adiabatic O(e) term so that the total coefficient of €' of the
resulting family g; is the Lie derivative of g, along the Lorentz boost t& (tg) -0z + (& (to)-2)0;.
This implies that Errg . := Ric(ge) — Age is of the same class as Errg in (1.21). (Also, the
leading order term of Errg. at M, is the same as that of Errg, which means that the

23Rotations are either Killing vector fields, or can be rewritten as changes of the axis of rotation of the
Kerr black hole. Thus, there are 3 translational and 4 black hole parameter degrees of freedom.

24We do not directly phrase this as a Fredholm index 0 statement for D;ﬁc(O). But for the proof we do
use that a gauge-fized version of the linearized Ricci curvature operator, at zero frequency, can be regarded
as a Fredholm index 0 operator between suitable function spaces, as shown in [HHV21, Theorem 4.3].

25The factor of €2 arises from switching from the coordinates 2 back to z = (t,z).
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correction step at M, is unaffected by the presence of ¢.) The new leading order term fél,
defined analogously to (1.25), is sensitive to ¢(t), and indeed gets changed by?°

2
DﬁbRiC(E‘Cé”(to)‘aigb)' (126)

The inner product of this term with the dual pure gauge solutions related to the three
generators of spatial translations can be made to be equal to any desired three values for a
suitable choice of ¢ (tp). In this manner, one can eliminate 3 out of 7 obstructions to the
solvability of (1.25) by solving a linear second order ODE for ¢.27

The remaining 4 obstructions can be eliminated by modulating the black hole parameters
at order e: if instead of g, one uses g, +egy(b(t)) = gy +edp(b(to)) +e*tgy (V' (to)) +O(€%), with
b(t) = (m(t),a(t)) to be determined, one produces a further correction term, in addition
to (1.26), given by

Dy, Ric(tg;(b(t0)))-
This can be made to integrate against the dual pure gauge solutions related to time trans-
lations, resp. generators of spatial rotations to yield any 4-tuple of numbers if one chooses
w'(to), resp. @' (tp) suitably. For representation theoretic reasons, at this first correction
step at M only those choices of b are needed which correspond to infinitesimal rotations
of the rotation axis; these are pure gauge solutions (see Lemma 10.10 and Corollary 10.6).
See Theorem 9.6 and Proposition 10.14 for details.

In summary, through adiabatic translations and sub-leading order pure gauge changes
of the black hole parameters we can move the leading order error at M in (1.25) into the

range of DEﬁC(O); see Theorem 9.12. (For the proof of this theorem, we use a gauge-fixing
procedure and apply results from [HHV21, AHW22] on the solvability properties of the zero
energy operator of the gauge-fixed linearized Ricci curvature operator.) Since the Einstein
vacuum equations are diffeomorphism-covariant, one can pull back the resulting family of
metrics §' + €2h along a suitable diffeomorphism to re-center the center of mass and axis
of rotation of the small Kerr black holes.

Modulation at later steps. At later stages of the construction of g in Theorem 1.1, we
modulate the center of mass and black hole parameters at higher orders in €. For instance,
if we add to the family §* of spacetime metrics after the k-th step, k > 2, a correction term

ek_lﬁé(t),ajgb or €k (b(t)), we can eliminate the cokernel for the size e 2e#*1 = k=1 leading

order term of the error Ric(g¥) — AgF. For small k, the details are somewhat involved, as
one needs to take into account quadratic and cubic®® nonlinearities of the Einstein vacuum

equations, though only rather elementary structural information about these terms suffices.
This is carried out in §§10.4 and 10.6.

26The argument really involves an additional term which is linear in ¢ and &”(t), arising from the
aforementioned further O(e) correction term. We also omit further terms arising from the O(e) terms of g
through the quadratic terms in the Einstein equations.

2"The fact that quadratic-in- correction terms are required to eliminate parts of the cokernel is closely
related to the fact that the resolvent family for the linearization of a gauge-fixed version of the Einstein
vacuum equations around Kerr has a second order pole at zero frequency [HHV21].

28For instance, a O(e') modulation of the center of mass of the small black hole, required to eliminate
the cokernel when solving away a O(e~2¢'+2) = O(e) error term at M, produces also a O(e2- (e!)%) = O(e)
term via cubic self-interaction, and further O(e) terms via quadratic interactions with additional O(e?)
correction terms.
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We also remark that during early stages of the construction, we keep careful track of
the logarithmic terms at M and M, as well as of the algebraic structure of certain terms
in the generalized Taylor expansion of the error terms at M. This is needed to ensure the
equality of ¢ and ¢, modulo O(e?) errors at M in part (2) of Theorem 1.1, which plays
an important role in the construction as it significantly reduces the number of nonlinear
interaction terms one needs to keep track of.

1.2.5. Formal solution at a Cauchy hypersurface. Part (5) of Theorem 1.1 is proved in §11.
If g solves Ric(ge) — Age = O(e™), then also the constraint equations are valid at X N M,
modulo O(e*). The first step is to correct the first and second fundamental forms of g,
at X N M, by tensors of size O(e>) so that the constraint equations are satisfied exactly.
We accomplish this by adapting a contraction mapping type argument from [Hin24]. In a
second step, we construct the Taylor series of the metric tensor at X N M, by expressing it
in a (3 + 1)-splitting with fixed lapse and shift.

1.3. Outline of the paper.

e We begin in §2 with a review of notions from geometric singular analysis which are
used throughout the paper, in particular blow-ups, b- and scattering structures and
their (reduced) 3-body analogues, as well as polyhomogeneity.

e In §3, we describe in detail the manifold M , already introduced in §1.2.1 above,
on which the gluing construction will take place. The family g of metrics is a
section of a smooth vector bundle on M (with local trivializations induced by lifts
of coordinates z = (t,z) on M) which we study in some detail. In particular, we
explain the sense in which smooth sections of this bundle induce stationary metrics
on the fibers of M over each point of the geodesic C C M; and we analyze the
structural properties of differential operators and geometric quantities associated
with such metrics.

e In §4, we recall aspects of initial value problems and gauge-fixing for the Einstein
vacuum equations and their linearizations, as well as the structural properties of
these equations on M.

e In §5, we introduce and state the main result of this paper in full detail; see Theo-
rem 5.4.

e Asexplained in Remark 1.10 and §1.2.3, the analysis of the linearized field equations
at M, and M utilizes the construction of formal solutions at oM, = M, NM = oM ,
which requires a detailed analysis of the linearized field equations on Minkowski
space acting on tensors which are quasi-homogeneous with respect to spatial dila-
tions. This is the content of §7, following the computation of the explicit form of
various geometric operators on Minkowski space in §6.

e The linear theory in the far field, or more precisely on M,, as sketched in §1.2.3, is
developed in §8.

e The linear theory in the near field, or more precisely on M , as sketched in §1.2.4, is
developed in §9; this includes a precise description of the cokernel of the linearization
of the Einstein vacuum equations around Kerr at zero frequency.

e The heart of the paper is the construction of a formal solution of the gluing problem
at € = 0 in §10; an outline of the detailed construction is given there.
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e The formal solution at the Cauchy surface X N M., as discussed in §1.2.5, is con-
structed in §11.

e Up to this point, all proofs take place in setting (I) of Theorem 1.1. The minor mod-
ifications required to handle the case of Kerr(—de Sitter) background spacetimes, i.e.
setting (IT), and the application to the construction of extreme mass ratio mergers,
is described in §12.

2. BACKGROUND ON GEOMETRIC SINGULAR ANALYSIS

An n-dimensional manifold M with corners is diffeomorphic to [0,00)* x R*7* in the
neighborhood of a point p € M, where k& € {0,...,n} depends on p. The boundary
hypersurfaces of M are the closures of the connected components of the set of p € M for
which k = 1; following [Mel96], we require all boundary hypersurfaces to be embedded
submanifolds. If one can take k = 0,1 for all p € M, then M is a manifold with boundary.
A boundary defining function of a boundary hypersurface H C M is a smooth function
p € C®(M) so that p > 0 on M, p~1(0) = H, and dp # 0 on H. Any two boundary
defining functions of the same boundary hypersurface are smooth nonzero multiples of each
other. When working in an open subset U C M, a local boundary defining function of H
is a function p € C*°(U) satisfying these conditions on U.

An important example of a manifold with boundary is the radial compactification of R",
defined by

R — (R” L ([0, 00), % Sg—l))/ ~ R0} 3z =rw~ (rhw),

where r = |z| and w = ﬁ are standard polar coordinates on R™. A boundary defining

function of the sphere at infinity 9R” = p~1(0) = S* ' is (z)~' = (1 + [z]?)~/2; a local
boundary defining function in  # 0 is |z|~!. Note that the space C°°(R") of smooth
functions on R™ consists of all smooth functions v on R™ which, when expressed in terms of
|z|~! and fa7» are smooth down to |z|~! = 0; this means that they have Taylor expansions
at infinity,

_ X _
uwzm 7Uj(m), |z| — oo, uj € C(S"1),
Jj=0

meaning that the difference of u and the truncation of the sum to j < J is smooth and
vanishes to order J at |z|~1 = 0.

The procedure of (real) blow-up produces a manifold with corners if one is given a
manifold with corners M and a p-submanifold S C M: this is a submanifold so that at
each point p € S there exists a coordinate chart |0, o0)* x R"™* on M so that S is given by
the vanishing of a subset of the collection of local coordinates. Namely, the blow-up of M
along S is

[M;S]:=(M\S)USNTS

as a set, where N*S = T4 M/T*S is the inward pointing normal bundle (with T, M,
for ¢ € M, consisting of all non-strictly inward pointing tangent vectors), and the inward
pointing spherical normal bundle SN*S = (N*S\0)/R" is the quotient of the complement
of the zero section o C NTS by the dilation action in the fibers. This can be given a
smooth structure by declaring polar coordinates around S to be smooth down to the polar
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coordinate origin. The blow-down map

B:[M;S]—- M
is defined to be the identity map on M \ S and the base projection SN*S — S on the front
face SNTS.

We make this concrete in local coordinates, so S = {a: = =2/ =0, y! =y
0} € M =[0,00)% x RI™ k,where0<j<kand0<m<n—k: Ifj—O(thusSwnot
contained in a boundary hypersurface), then

[M; S] = [0, OO) R? mk+1n?“ yn—k) X [0,00)Rr x SZH,

o (7)o )

i=1
with SN*S = R71(0). If j > 1, so S is a boundary p-submanifold, we have
k—j n m i+m—
[M; S] = [0,00) ;" xR, mk+1 ) X [0,00) R X ST

(@it ... k)
where R = (37, (¢')? + 31 (4)?)Y/? and

(z1,.

J oyl m )
ki ’}%y oY) eSITTh = (€Lt ™) e ST gl g > o)
The blow-down map is given by the product of the identity map in the coordinates z/+!,

c,oxk ym™t "% and the polar coordinate map (R,w) + Rw in the remaining
variables.

If T C M is a submanifold, then the lift B3*T of T to [M;S] is defined to be B~1(T)
when T NS = (), and the closure of B~1(T \ S) in [M;S] otherwise. If S,T C M are
p-submanifolds so that the lift of 7" to [M; S] is again a p-submanifold, one can form the
iterated blow-up [M;S;T] := [[M;S]; *T]. In the case that S is a p-submanifold of M
and T C S is also given by the vanishing of a subset of local coordinates in which already
S is of this form, then this condition is satisfied for S,T and also for T,5; and the two
iterated blow-ups [M; S;T| and [M; T'; S| are naturally diffeomorphic (i.e. the identity map
on M\ S extends to a diffeomorphism of these two manifolds with corners).

As a special case, let M denote a smooth n-dimensional manifold without boundary, and
let C C M be a closed p-submanifold of codimension k. Consider M = [[0,1) x M;{0} x C].
Then the front face M C M is a fiber bundle over C with typical fiber R*. In fact, there
is a natural diffeomorphism M = NC where NC is the fiber-wise radial compactification of
the normal bundle NC = T¢ M /TC; indeed, given p € C and a representative V' € T,M of
an element of NC, let v: (—1,1) = M denote a smooth curve with (0) = p, 7/(0) = V;
then we can map V' to lime\ (€, v(€)) € M. A local coordinate calculation shows that this
extends by continuity to the claimed diffeomorphism. The lift of {0} x M is equal to [M;C].

2.1. Lie algebras of vector fields. On a manifold with corners M, the space V},(M)
of b-vector fields [MMS83, Mel93, Gri01] consists of all smooth vector ﬁelds VeVM) =
C°°(M; T M) which are tangent to all boundary hypersurfaces. In local coordinates [0, 00)% x
Ry~ k these are linear combinations, with smooth coefficients, of the vector fields x%0,:

(2 = 1 . k)and 0, (j = 1,...,n — k). If M is a manifold with boundary, and if
pE COO(M) is a boundary deﬁning function, then Vi (M) := pVp, (M) = {pV: V € W, (M)}
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is the space of scattering vector fields [Mel94]. Both W, (M) and Vs.(M) are Lie algebras
with respect to the commutator of vector fields, and therefore we have graded algebras

Diffy(M) = @ Diffy'(M),  Diffe(M) = & Diffip(M)
meNg meNg

of differential operators which are locally finite sums of up to m-fold compositions of b- and
scattering vector fields, respectively.

From now on we only consider the case that M is a manifold with boundary. In a local
coordinate chart [0,00), x RP~!, an element P € Difff’(M) is of the form

P= 3" aialpy)(p9,)705,  aja € C([0,00) x R™71).
J+lal<m

Its normal operator at OM = p~1(0) is given by restricting the coefficients to p = 0, giving
NP = 3 aa(0,5)(p0,/02 € D (0, 00) x R"1),

jtlal<m

where the subscript ‘I’ records the invariance of N(P) under dilations (p,y) — (up,y),
p > 0. The action of N(P) on functions of the form p*v(y) is given by the indicial family

NP = Y aja(0,y)X 5 € Dif (R ).
j+lal<m

Globally, one can define N(P) € Diff{{([0,00) x 9M) if one fixes a collar neighborhood of
M, and then N(P,\) € Diff™"(0M).

We next recall that Vs (M) is the space of smooth sections of the scattering tangent bundle
S¢TM, with local frame p28p, POy (j = 1,...,m — 1) ; the dual bundle is the scattering

cotangent bundle S°T* M, with local frame %, d%j (j=1,...,n—1). When M = R", then

a computation in projective coordinates shows that Vs.(R™) is spanned over C**(R") by the
standard coordinate vector fields 9,1, ..., d;n; thus, these form a global (i.e. down to OR™)
smooth frame of **TR”, and the differentials dz!,...,dz" form a global smooth frame of
sT*R™. The Euclidean metric > i (d27)? is thus an example of a smooth positive definite
section of S?5¢T*R" (also called a Riemannian scattering metric).

If p € OM, then the blow-up [M; {p}] is a manifold with corners. Following Vasy [Vas00],
we define the Lie algebra Vss.([M;{p}]) of 3-body-scattering vector fields (or 3sc-vector
fields) as the C*°([M; {p}])-span of the space of lifts of elements of Vs.(M) to [M; {p}]. This
generalizes in a straightforward manner to the case that one blows up several distinct points
in M. The case of interest in the present paper will be M = R" where R" = R; x R?~1,
and we blow up the ‘north’ and ‘south poles’ {IV, S} = R x {0} C R"; in the case n = 4,
a subset of

&7 {N, S} (2.1)
carries the Kerr metric as a smooth (and stationary) Lorentzian 3sc-metric, i.e. a Lorentzian
signature section of S2?3¢T*[R"; {N,S}]. The main point is that the two front faces of

[R7; {N, S}] are diffeomorphic to RZ !, and thus linear combinations of the second symmet-

ric tensor products of dt,dz', ... dz""! with C>®(Ry!)-coefficients are smooth symmetric
3sc-2-tensors. See Figure 2.1.
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FIGURE 2.1. Ilustration of [R™;{N,S}] and the blow-down map to R™,
together with some local coordinates.

We further recall from [Hin23c| the Lie algebra of 3-body/b-vector fields (or 3b-vector
fields): if pgr is a defining function of the lift of OM to [M;{p}], then this is defined as

Vab([M;{p}]) = p5" Vase([M; {p}]).

Associated with these Lie algebras, we have graded algebras of differential operators, which
we denote Diffss.([M;{p}]) and Diffs,([M;{p}]). As an important special case, consider

again [Ry; x RZ™1; {N, S}] from (2.1), and let us introduce inverse polar coordinates p =
||, w = ﬁ € S 2 in & # 0. Then elements of Diffj; ([R™; {N, S}]) which are moreover
invariant under translations in ¢ are, in x # 0, of the form

P= 3 ajal@)p'0) (00,)"0,

j+k+lal<m

where a;;q € C*°(R"1). (The wave operator with respect to the Kerr metric, or indeed
any stationary 3sc-metric, is of this form upon multiplication by 72.) Formally passing to
the Fourier transform in ¢, i.e. replacing 9d; by —ioc where o € R, produces the spectral
family
Po)= > ajalz)(—iocp ) (pd,)* S,
JH+Ek+|al<m

which for o = 0, resp. 0 # 0 gives an element of Diff]'(R?~1), resp. p~™Diffl}(R?~1).
We refer the reader to [Hin23c, Hin23a] for further information on 3b-operators and their
relationships with scattering or 3-body-scattering geometries.

Lastly, we recall from [Maz91] the Lie algebra of edge vector fields, defined on a manifold
M with boundary whose boundary hypersurface M is the total space of a fibration Z —
OM — Y; to wit, Ve(M) consists of all smooth vector fields on M which are tangent to the
fibers of the fibration. (In particular, Ve(M) C V,(M).) This situation arises when blowing
up a p-submanifold inside a smooth manifold without boundary: the front face fibers over
the p-submanifold, with the typical fiber being a sphere. See also §2.1.1. Similarly to
before, there exists an associated graded algebra Diff]"(M) of edge differential operators.

For all algebras D of differential operators introduced so far, one can also consider
weighted versions: if w is a weight, i.e. the product of (real) powers of boundary defin-
ing functions, one can define wD := {wA: A € D}. If w' is another weight, then
wD o w'D C (ww')D. (This follows from the fact that w='V(w) is smooth, including
at the boundary, when w is a weight and V is a b-vector field.)
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2.1.1. Edge operators arising from blow-ups. Suppose M is a smooth (n + 1)-dimensional
manifold without boundary, and let C C M denote a closed 1-dimensional submanifold.
Let E, FF — M denote smooth vector bundles. We will encounter the following situation:
we are given a smooth coefficient operator

L € Diff™(M; E, F)

for which we wish to solve Lu = f in M \ C where f is conormal or polyhomogeneous at C;
and we wish for u to be conormal or polyhomogeneous as well. Under the assumption that
L is non-characteristic at N*C, this is a classical problem which can e.g. be solved using
the symbol calculus for conormal distributions [Hér07, §18]; in our application, however, L
will be the linearized Einstein operator which does not satisfy this assumption.

We instead proceed as follows: write M, = [M;C] for the real blow-up, and fo: M, — M
for the blow-down map. The front face dM, of M, is the total space of the fibration
S"=1 — M, — C given by the blow-down map restricted to the front face. Let r € C>(M,)
denote a defining function of the front face 0M,.

Lemma 2.1 (Edge operator via blow-up). The lift of "L to M, satisfies
Le := Bo(r™L) € Diffd"(Mo; BSE, B F).

Proof. In local coordinates (t,x) along C, with C = 71(0), and in local trivializations of
E, F, the operator r"™L is a sum of terms of the form

Tmajﬁ(ta Jf)Dng = Tm_j_lmajﬁ(t7x)(rDt)ij'Daﬂ:) J+ |/8‘ <m, (22)

where a;g is a smooth matrix-valued function. It then remains to note that the vector fields
10y, 10y (j =1,...,n) are a local frame for Ve(M,). Indeed, in the region 2! > ||, we can
use local coordinates ¢, ', 77 = i—i (j =2,...,n), and r is a smooth positive multiple of
x!. The vector fields 2'0;, 10,1, #'0,; take the form x'0;, x'0,1 — 2?22 #70;5, Ozs; the
latter vector fields indeed span the space of edge vector fields in our chart, since the fibers

of OM, over ! = 0 are the level sets of t. |

When considering the action of B%(r™L) on conormal distributions at dM,, it is more
appropriate to regard this operator as a b-differential operator. We proceed to compute
its normal operator at dM,. If m: NC — C is the base projection and o C NC is the zero
section, write*

W 1([NC;0]) € V([NC;0))
for the Lie subalgebra of vertical b-vector fields (i.e. they lie in ker ) which are dilation-
invariant in the fibers of [NC;0]. (Locally identifying [NC; 0] = R; x [0, 00), x S*~1, these
vector fields are a(t, ﬁ)er where a € C®°(R; x S*71); i.e. rD; from (2.2) is absent.) Write
YDiff;([NC; 0]) for the corresponding space of m-th order differential operators.

Lemma 2.2 (b-normal operator). In the notation of Lemma 2.1, the b-normal operator of
Bi(r"™L) at OM,, which we shall denote Lc(0), satisfies

Le(0) € VDift ([NC; of; 7 Ele, 7 Flc).

Moreover, the restriction of the operator E;(O) to a fiber [N,C;o0l], p € C, only depends on
the restriction of the principal symbol of L to annT),C C T,y M.

29We remark that [NC; o] is naturally diffeomorphic to ©N(OMo).
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Proof. The term (2.2) has vanishing coefficients at »r = 0 as a b-operator unless j = 0 and
|B| = m; note that the terms with j = 0 and |3| = m only involve differentiation in (r,w)
(which are also the coordinates on the fibers NC) but not in ¢. This implies the claim. [

Thus, if we identify a collar neighborhood of C with a neighborhood of the zero section
in NC, and identify E and F' in such a neighborhood with the pullback along 7 of their
restrictions to C, then

Bi(r™L) — XLe(0)X € rDIfff (Mo; B1E, B1F),

where y € C*°(M,) is identically 1 near OM, and supported in the collar neighborhood of
OM,.

Ezample 2.3 (Wave operator). If C = {z = 0} C Ry x R?, and L = —D? + > i1 D% =
i(n—1)

—D? + D? — =)D, + r~2 is the wave operator on Minkowski space, then f;(O) =

T

r2D? —i(n — 1)rD, + A is r? times the Laplacian on R", and indeed a smooth (in ¢ € R)

family of dilation-invariant operators on [R™; {0}]. (Note here that [NC; o] = Ry x [R"?; {0}].)

Remark 2.4 (Pullback bundle). When computing the form of the operator E\G(O) in concrete
applications, it is useful to note that one may work in bundle splittings of 7* F induced not
merely by splittings of F|c, but of (B%E)|gar,. This is due to the fact that in terms of the
projection wg: NC — SNC = OM,, we can factor m = 3, o 7, and therefore

T Ele = g ((B5E)|ons, )-

2.2. Conormality and polyhomogeneity; boundary pairing. Let X denote a mani-
fold with boundary, and let p € C*°(X) denote a boundary defining function. For a € R,
we then denote by

A%(X) = {u € p*LE(X): Pu € p*LS(X) V P € Diff (X))}

the space of conormal functions with weight a.. (Crucially, the local uniform boundedness
holds up to the boundary 0X. The subscript ‘loc’ can be dropped when X is compact.) Its
elements are smooth on X°, but become singular in a controlled fashion at 0.X. A typical
element of A%(X) is the function p®. Spaces of conormal functions can be defined in a
completely analogous manner also on manifolds with corners.

Next, we recall that an index set is a subset & C C x Ny so that (z,k) € & implies
(z4+1,k) € £ and also (z,k—1) € £ when k > 1, and so that for all C' € R there only exist
finitely many elements (z,k) € £ with Rez < C. We use special notation for important
examples, namely

(z,k) :={(z+7,0): j € Ny, I <k}, (z,k)+ ={(z+j4,1): j€No, I <Ek+j} (23)
We moreover write
(2, %)
for an index set which is contained in (z + Ny) x Ny, but which we otherwise do not specify
explicitly. We write Re€ > a if Rez > a for all (z,k) € £. Given index sets £ and F, we
write E+ F ={(z+w,k+1): (2,k) € E, (w,l) € F}. In the special case F = £, we write
E+ & =:2&, and inductively j€ := (j — 1)€ + €. If moreover Re & > 0, then we define the
nonlinear closure of £ by
&= i€ (2.4)

JEN
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it is the smallest index set which contains £ and for every finite collection (z1, k1), ...,
(zn, kn) also contains (Zf\il zi,zi]\il k;). Note that for z,k € Ng, we have (2,k)4x =
((z,k)+)x = (2,k)+ when k < z; otherwise (z,k)4+x 2 (2, k).

On a manifold X with boundary, and with p € C*°(X) denoting a boundary defining
function which moreover satisfies 0 < p < %, we define

Abhg (X)

to consist of all smooth functions u on X*° which in a collar neighborhood [0, 00), x 0X of
0X are asymptotic sums

U(p, y) ~ Z pz(log p)ku(z,k‘) (y)v U(z,k) € Coo(aX)’
(z,k)e€
meaning that for all C' € R, the difference of u and the finite sum obtained by restricting to
(2,k) € & with Rez < C lies in A([0,00) x 0X). (This space is independent of the choice
of p and the collar neighborhood, and it is a module over C>°(X).) When £ is nonlinearly
closed, then .Aphg( ) is an algebra under pointwise multiplication.

Consider next a manifold M with corners, for concreteness M = [0, 3),, x [0,3),, X X.
Given two index sets £, C C x Ny, we then define Agl’EQ(M) to consist of smooth

functions u on M° which are polyhomogeneous at H; = Py (0) with index set £;. That is,
at Hip, the function u is an asymptotic sum

ulpr, p2,y) ~ > pillog p1) uc i (p2.y),  p1 \O, 2 € AZ (0, 3) x X),
(Z,k)€51

which now means that the difference of u and the truncation of the sum to Rez < C' lies
in A%22(M) for all C, where ap € R is any C-independent constant for which Re & > C;
and an analogous expansion holds at the other boundary hypersurface Hy. In this manner,
&1, . . . o

elements of ‘Aphg have joint asymptotic expansions, or full compound asymptotics, into
terms p3p¥ (log p1)*(log p2)! where (2, k) € & and (w,l) € E. See [Mel96], [Maz91, §2A],
and [Mel92].

Computations of kernels and cokernels of b-operators on a manifold with boundary often

involve boundary pairings; the following result will be used frequently for this purpose
in §9.1.

Lemma 2.5 (Boundary pairing computation). Let X be a manifold with compact boundary
0X; denote by x € C*°(X) a boundary defining function, and identify a collar neighborhood
of 0X C X with a neighborhood of {0} x 0X inside of [0,00), x 0X. Let x € C*(]0,00)) be
equal to 0 on [0, 1] and equal to 1 near oo, and set x(x) = x(%) for 0 < e < 1. Fiz a smooth
density on X° which near 0X is equal to pp = x=% dxu( )| where w € R, and 0 < v is a
smooth density on 0X which depends smoothly on x. Fiz g = x_“’]d?xu(O)\ as the density
on [0,00) x 0X. Let L € z~*Diff"(X), write N(L) = 2=*N(z*L) € Diff{;([0, 00) x 9X),
and denote the indicial family of the normal operator of x*L by N(xz*L,\) € Diff™"(9X),
A e C. Let u,v* be such that Lu = 0, L*v* = 0, and suppose that

ue AGY (X) + AR (X)),

v ex z—l—a—l—wcoo(X) + A Rez—&—a—&—w—l—é(X)’
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where z € C, k € Ny, and § > 0. Write the leading order terms of u, resp. v* as

k
1 :
Uy = Z f'xz(log x)uj, v =TTyl

L |

7=0
respectively, where uj, vy € C*(0X). Set tg(\) = Z?:o()‘ —z)77 ;. Then

i (L X, v7) 12, = (IN(E), X9, v9) 12((0,00)x0X 110)
= (N (@@L, Niia(A\)) [x=2:Y0) 12 (o)) (2.5)
( in the case k = 0: = (O\N(z“L, 2)uo, v)) £2(ax,1(0)) )

The same holds true mutatis mutandis when L acts between sections of vector bundles E, F
which are equipped with nondegenerate (but not necessarily positive definite) fiber inner
products.

Proof. Replacing L and p by z7%L and 2% gives the same setup, but with w = 0 and
a different value for «. Similarly, replacing L, v* by x®L, x~%v* gives the same setup,
but now also with @ = 0. Finally, we may replace L by =% Lx? and u, v* by z™%u, z*v*.
Altogether, we may thus assume that o = w = z = 0.

Note that N(L)ug = 0 and N(L*)v} = 0. To prove the first equality in (2.5), note that
replacing L, u, v* by their respective leading order terms N (L), ug, v} produces vanishing
errors in the limit € \, 0. The second expression in (2.5) on the other hand is unchanged
if we pass from x to another cutoff x € C*°([0,00)) which is 0 near 1 and 1 near oo, for
integration by parts in ([IV(L), x — X]ua, v5) = (N(L)((x — X)ua), v5) does not produce any
boundary terms since x — x € C°((0, 00)).

In order to prove the second equality in (2.5), note that

ug(x) = Resy—g (x)‘ﬂa()\)) = % jé)x’\ﬁa()\) dx,

where we integrate along a small circle around 0. We conclude that
1
0= N(Luyg = — foN(L, Nig(N) dA,
2w Jo

i.e. N(L, \)up(A) is holomorphic. (Conversely, the holomorphicity of N (L, A)ug(A) implies
N(L)ug = 0.) Therefore, the second line of (2.5) is well-defined. Writing

L)=) Lj(d:),  Lj;eDiffi"7(0X),

we have N(L,\) = 37", Lj}, and we can then compute

([IN(L), x]ua, vy)

" 2mi j{/ (IN(I), M (@ & 8(A))’US>L2(8X) d?xd/\

" 2mi 74 / <LJ Ji(wx)ixx’(fv)(:vax)j‘i‘l(wkaa(A)),v5> Y

=0
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Integration by parts of (28,)¢ produces 0 (since x0,v§ = 0) unless i = 0, so this is further

equal to
- dz
Jj— 1 il
277@%/ Y/ ( ]Z (@0 (2 Mig(N), v >L2(8X) . dX

dx
)\ —1 ~ *
/ o j{xx A N(L,)\)ua(A),v0>L2(ax) d)\;

But N(L, N)ag(A) = fo + O()N) is holomorphic, so

o PPN INE N3 A = fo = (N(L,N)ao(N) o

21 Jq
Using [~ 2x'(z) 2 =1 finally proves (2.5). O

3. STRUCTURE AND GEOMETRY OF THE TOTAL GLUING SPACETIME

Denote by M an open (n+1)-dimensional manifold. Denote by ¢: R — M an embedding
whose image C = ¢(R) C M is a closed 1-dimensional submanifold. (An example to keep
in mind is M = (—1,1) x R” and C = {(¢t,x0): t € (—1,1)}.) We shall construct singular
deformations, depending on a small parameter € > 0, OL a Lorentzian metric on M by
working on a resolution of an (n + 2)-dimensional space M’ which fibers over [0,1). with
typical fiber M. We immediately fix a trivialization

=[0,1) x M.

Definition 3.1 (Total gluing spacetime; tangent bundle). The total gluing spacetime for
(M,C) is the resolution

M = [M";{0} x C] = [[0,1) x M; {0} x C] (3.1)
of M’. The blow-down map is denoted B: M — M’. We denote by
Mo =B"(c71(0)), M =p"({0} xC)
the lift of {0} x M and the front face, respectively. The restrictions of B to M, and M

are denoted PBo: My — M and B: M — C, respectively. The fiber of M over € € (0,1) is
denoted M..?° Moreover, the fiber of M over a point p € C is denoted

M, := B*({0} x {p}) C M.
We denote by TM’ — M’ the vertical tangent bundle, i.e. the bundle of tangent vectors

which are tangent to the fibers of M’ — —[0,1), and by TM — M the pullback of TM’ — M’
along B. Finally, we write V(M) := C>(M;TM).

Thus, M, = [M;C] is a manifold with boundary, and M = NC is the radially compactified
normal bundle of C, which is a bundle of closed n-balls over C. (See the last paragraph

before §2.1.) See Figure 3.1. Directly from the definition, we have TM M = BE(TM,).
Definition 3.1 is completely analogous to [Hin24, Definition 3.1]; however, the tangent

bundle TM has different features over the front face M due to the 1-dimensional nature of
the submanifold being blown up in (3.1), as we will see in §3.1.

30The preimage of 0 under e: M — [0,1) is the union M, U M.
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FIGURE 3.1. On the left: the total space M and its boundary hypersurfaces
M and M,. On the right: the product space M’ = [0,1) x M and the
inextendible curve C C M = {0} x M C M’. Also indicated are the blow-
down map E and its restriction 3, to M,, as well as a fiber Mp of M (on
the left) over the base point p € C (on the right). The blow-down map
B: M — C is not shown here.

We write
peECT(M), po € C(M) (3.2)

for defining functions of M and M., respectively; we shall also use this notation for local
defining functions (i.e. defining functions of M NU and M, NU defined over an open subset

U C M depending on the context). For local coordinate computations near C on M, we
shall use

(t,z), teR, zeR" (3.3a)
with ¢(t) = (¢,0). These coordinates are valid for |z| < ro(t) where 0 < 19 € C*°(R). Local

coordinates near the interior M° of M are then
R R T
(e,t,2), = —. (3.3b)
€
Near the corner M N M,, we can use
€

(tp.por). p=lal €[0m0(), po =y

x _
, wi=-— Sl (3.3c)
|z
Projective coordinates are computationally more convenient at times; if we write z =
(x',2'), then in the region where x! > |2'|, we may use

(tprpord),  p=at, po=—, ¥ =" eRVL (3.3d)

Examples of local defining functions near M are

€

p=(+ ] = (), po = @1 P2 (@)~

We record the following analogue of [Hin24, Lemma 3.4]:

Lemma 3.2 (Relationships between parameterized spaces). The identity map M — M’
lifts to a diffeomorphism

[M;[0,1) x C] = [[0,1)c x Mo; {0} x OM,].
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Using the above coordinates (t,z) near {0} x C, the identity map M’ = M’ also lifts to a
diffeomorphism

M {|z] < ro(t)} = [[0,1)e x M; {0} x OM] N {(e,t,2): |2] < e ro(t)}. (3.4)

Proof. In local coordinates, the second diffeomorphism is a smoothly parameterized (by t €
R) version of the second diffeomorphism in [Hin24, Lemma 3.4]. The first diffeomorphism
can be obtained as in the reference upon replacing X, X , Xo,{p} there by M, M , M, C,
respectively. O

We denote by
% Xo € C™(M) (3.5)
two cutoff fupctions, with X, resp. xo identically 1 near, and supported in, a collar neigh-
borhood of M, resp. M,, and indeed so that |z| < ro(¢) on supp X.

3.1. The front face M families of stationary tensors. Consider p € C and a point
q € M° N,C =T,M/T,C. Given an element V € T M = T,M, note that we can regard
Ve T M as a translation-invariant vector field V' € V(T,M ) on T, M itself by means of
the canonical isomorphism T, (T,M) = T,M for all z € T,M. Now, points in N,C (such as
q) are the same as orbits of the translation action of T,,C on T),M; thus, we may restrict V'
to ¢ C T,M. We have defined an isomorphism

fqﬂ >V — e(V) € {constant maps g — T, (T, M)}, qge N,C=T,M/T,C. (3.6)
See Figure 3.2.

Fm—mm = =

FIGURE 3.2. Illustration of the map (3.6).

Given a section V of TM over M;, we can combine the images of V|, ¢ € M;j, into
a single element e(V') € CP°(T,M;T(T,M)) C V(T,M), where C;°(T,M;T(T,M)) is the
subspace of sections of T'(T,, M) — T, M which are constant along the fibers of T, M — N,,C.
Equivalently, elements of Cf°(T,M; T(T,M)) are precisely the stationary ones in that they
are invariant (hence the subscript ‘I’) under the translation action of 7,C on T, M. These
maps V + e(V) in turn can be combined into a single isomorphism®!

C®(MO; TEM) 3V = e(V) € G (Te M; VT (Te M), (3.7)

31We write T**M = (®* TM) ® (®° T*M), similarly for tensor powers of other (tangent) bundles and
their duals.
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initially for (a,b) = (1,0) and then also for general a,b € Ny. The notation here is as
follows: the space on the right is the space of smooth sections which are stationary when
restricted to each T,M, p € C; and YT (TeM) — TeM denotes the vertical tangent bundle
of the bundle TeM — C (which is thus of rank n + 1); that is, for z € TeM—i.e. z € T,M
where p € C—we have (YT'(TeM)). = T.(T,M) = T,M.

We make this concrete in local coordinates (3.3a)—(3.3b). Write
t=dt(—) €R, & =dz(—) e R" (3.8)

for the induced linear coordinates on the fibers of TeM — C; also, t is a linear coordinate
on the fibers of TC — C, and £ is a linear coordinate system on the fibers of NC — C since
TC = ROy and dz(9;) = 0. Note then that the point ¢ = (¢, %) € Mp, whose base point in
(t,z)-coordinates is p = B(q) = (t,0), is the equivalence class of 20, in T,M/RJ;, whose
coordinates in T, M are thus equal to Z indeed; this justifies the notation. Moreover, the
lifts of 0y, 0,5 € T, M to T(T,M) are 0;,0z;. Therefore, the map e on vector fields is

e: <(t, 2) - a(t,fc)@z) - ((t,g:«) - a(t,:%)ag), (3.9)
where z =t or 27 and 2 =t or 7. On symmetric 2-tensors,

e: ((t, &) > goo(t, &) dt2 + 2g0;(, #) dt da? + g;;(t, &) da’ dxj)
o o (3.10)
o ((t, ) goo(t, &) df2 + 2g0;(t, #) dE d&? + gi;(t, &) da daf:J).

The right hand side is a smooth family, parameterized by ¢t € R, of stationary symmetric
2-tensors on RIT".
t,x

In order to obtain a uniform description of the isomorphism (3.7) on M, we first introduce:

Definition 3.3 (Bundle of stationary spacetimes; tangent bundles). Define the fiber bundle
TeM = | [{p} xT,M —C,  T,M :=[T,M;dT,C],
peC
with base C and typical fiber [R x R”; OR x {0}]. We write
BNTP(TeM) — TeM,  Vase(Te M) := C®(Te M; ¥V T(Te M),

for the vertical 3sc-tangent bundle and the space of its smooth sections: the fiber of
3eNT(Te M) over a point z € TeM lying over p € C is °T(T,M), which is the pull-
back along T, »M — T,M of T (T,M) (which has as a smooth frame the vector fields 9;,
035, J = 1,...,n, in the coordinates used in (3.9)).

The manifold interior of TpM is T,M; and for z € T,M, we have 3S°’VTZ(TCM ) =
VT,(TeM) = T.(T,M) = T,M. This means that the restriction of 3*VT(Tz M) to the
manifold interior Te M of T¢ M is equal to the bundle YT'(Tp M) featuring in (3.7).

Each fiber of TeM carries a translation action by T,C. (The closure of an orbit of

this action is either a copy of R or a single point in oT »M.) Moreover, the projection
T,M — N,C extends to a smooth submersion

#: TyM — N,C = M, (3.11)

See Figure 3.3. This is an instance of the following result:
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Lemma 3.4 (Quotient spaces and compactifications). Let V' be a finite-dimensional real
vector space and W C V' a linear subspace. Then the projection V. — V/W extends by
continuity from the interior to a smooth fibration

[V 0W] = V/W. (3.12)

The preimage of a boundary defining function of V/W is a defining function of the lift of
ov.

Proof. Extending a basis of W to a basis of V, we may assume V = R?"”; "and W =

R7* x {0}. We verify the claim only near the codimension 2 corner of [V; W], and leave
the remainder of the verification to the reader. It suffices to show that the map (3.12) is
a submersion. Since smooth coordinates on V near (|t|,z) = (00,0) are |t7‘ (when m > 2),

‘til, and |%|, smooth coordinates near the corner of [V;0W] are pg = ‘ti', Pst = é(}ﬂf‘ = |71|’
wy = ﬁ (when m > 2), and wy = % = ‘% On the other hand, we can identify

Rn

T

V/wW oo given by |z|7! and w = ;- The

map (3.12) is thus (pg, pst, ww, wy) — (pst, wy); this is indeed a smooth submersion. O

with smooth coordinates near |z|

FI1GURE 3.3. Illustration of a fiber TpM of T, ¢ M, of translation orbits of T},C
(red, dashed), and of the projection 7 : TPM — N,C.

Lemma 3.5 (Stationary extension). The map (3.7) for (a,b) = (1,0) (i.e. on vector fields)
is the restriction to M° of the isomorphism

e: CO(M; Ty M) = VVage1(Te M) = C(Te M; ¥V T (Te M), (3.13)

where the subscript 17 denotes invariance under the T,C-translation action; analogously for
tensors of type (a,b). It induces a short exact sequence

0 — pV(M) < V(M) S Vg1 (Te M) — 0.

Proof. This follows from (3.9), and from Lemma 3.4 which shows that the Z-coordinates,
resp. inverse polar coordinates |#|7!, él are smooth coordinates on T,M in || < 1, resp.

] > 1. O
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The manifold TpM on which sections of TM over Mp can be regarded as stationary
vector fields can be given an interpretation directly on M. For this purpose, we blow up
M, to get

[N 11,) = [0, 1) x M {0} x € {0} x {p}] 2 [[0,1) x M; {0} x {p}: {0} x C].  (3.14)
The front face is [T,M; 9T,C] = TpM ; see Figure 3.4. The interior of the front face carries
both the rescaled spatial variables # and the rescaled (‘fast’) temporal variable #, := %
where p = c(ty) (and where ¢, can be further identified with ¢). In this manner, working near

the front face of [M; M,] enables one to understand how, say, a metric § € C* (M; S2T*M)
deviates from its stationary model e(g| Mp) as the parameter e increases from 0 to positive

values.

lift of M \

FIGURE 3.4. Illustration of (3.14), together with some local coordinate systems.

Remark 3.6 (Multiplication by €). Carefully note that the lift of V' € V(M) to an e

independent vector field on M M’ and then to a vector field on M 1s singular at M unless
Ve € TC, as follows from the presence of the singular factor ¢! in 8, = ¢ 19;. (More

generally, V € V( ), regarded as a smooth vector field on {e¢ > 0}, is singular at M
unless V(q) € B* (T,,C) for all p € C, ¢ € M,.) On the other hand, we saw above that
e(0,) = ;. However, the map e on vector fields V' (sections of f M ) is not quite given by
multiplication by € (i.e. smooth extension off M as a section of TM multiplication by e,

and restriction back to M as a vector field) since €d; = 0 at M;; this should be contrasted
with [Hin24, Lemma 3.2, Definition 3.3]. This can be remedied by instead restricting €V to

the front face TPM of [M ; Mp]. In this manner, multiplication by € induces an isomorphism
between qu , q € Mp, and translation-invariant 3sc-vector fields on [TpM ; 8@6] defined
over the translation orbit ¢ C T,M. Since TeM is exactly the bundle of all TpM , we
conclude that (3.13) is given by multiplication by € for (a,b) = (1,0), and by multiplication
by €% in general. This now matches [Hin24, Definition 3.3].

3.2. Hypersurfaces transversal to C. The study of evolution equations on M (i.e. on

]\AJ/6 for all small e > 0 at once) requires the choice of Cauchy hypersurfaces. We recall from
[Hin24, §3]:
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Definition 3.7 (Total gluing space for initial data). Let X be a smooth open n-dimensional
manifold, and let p € X. Then we set X’ = [0,1). x X and

X = [X":{(0,p)}],
with boundary hypersurfaces denoted X (front face) and X, (lift of {0} x X). The blow-
down map is BX X — X', with restrictions Bg: X - {p} and BXO Xo = [X {p}] = X.
The fiber of X over € € (0,1) is denoted X,. The bundle TX ’ — X' is the vertical tangent
bundle, and TX — X is its pullback along B 5; we write V(X) =C=(X;TX).

If X C M is a smooth hypersurface which is transversal to C and intersects C only once in
the point p = ¢(to) € C, then the inclusion map [0, 1) x X < [0 1) x M lifts to an embedding

X < M of X as a smooth hypersurface, with XNM= Mp and X N M, = X, = = BrX.

It is important to retain more precise information about X near M: to wit, X defines a
hypersurface T, X C T, M.

Remark 3.8 (Geometry of X C M). The lift of X to [M; M, intersects the front face T,M
in a smooth hypersurface, namely the radial compactification T, X of T, X. See Figure 3.5.

In this perspective, the lift of X isa Cauchy hypersurface both for wave evolution near p
in the fast (7, M-)time scale and away from p in the slow (M-)time scale.

FIGURE 3.5. On the left: the manifold M, the hypersurface X, and the
curve C (transversal to X). In the middle: the total gluing space for initial

data X as a hypersurface inside the total gluing spacetime M. On the right:
lift of X to the blow-up of M at Mp

We also recall the isomorphism of tensor bundles
L maby 2 scrab P 5
s: Ty X—>5CTq“ X, q€e X, (3.15)

which is defined as multiplication (of a smooth extension) by €¢~? (followed by restriction)
n [Hin24, Definition 3.3]. More in line with the construction in §3.1, we can define the
map (3.15) for (a,b) = (1,0) as follows: lift V € quf = T,X,q € X =T,X, toa
translation-invariant vector field V'’ on T, X (which is thus a scattering vector field on 7, X)
and evaluate this lift at ¢; the map V +— V’|, thus defined is precisely s. In local coordinates
r € R" on X and & = dz(—) (or equivalently & = ) on X°, this map takes 0,; — 0.
Since TX T M we have

s(V)lg = e(V)lgo> Vequza QEMO,
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where g0 = ¢ N T, X (with ¢ € M; = N,C = T,M/T,C = T, X identified with the corre-
sponding T,C-orbit in T, M).

3.3. Vector fields. Recall that smooth elements of the space V( ) are singular at M
when regarded as vector fields on M moreover, V( ) is not a Lie algebra, the issue being

the irregularity of the coefficients, which lie in C>°(M ) with respect to (lifts of) vector fields
on M (i.e. Oy, 0, in local coordinates). The description of differential operators related to

geometric structures on T’ M thus requires the usage of a different class of vector fields. As
we shall see in §3.4, the appropriate class is the following.

Definition 3.9 (se-vector fields). The space Vse(M) of se-vector fields is defined as

Ve (M) = {Ve Vi (M): V is vertical and tangent to the fibers of M}.
Here, V' being vertical means that de(V) = 0.

Remark 3.10 (Terminology). The total space M is the single surgery space associated with
M and C, as defined in [MM95]. The Lie algebra of vector fields used in [MM95] is

Vo(M) = {V € W(M): V is vertical};
its elements are surgery vector fields. Thus, Vse(M) C Vs(M) is the subspace (and indeed
Lie subalgebra, as we argue below) consisting of those vector fields which are in addition

of edge type [Maz91] at M (which is the total space of a fibration R" — M — C), hence the
terminology ‘surgery-edge’, or ‘se’ for short.

Elements of Ve (M ) are smooth (in e € (0, 1)) families of smooth vector fields on M which
degenerate in a specific manner as € N\, 0. In local coordinates (3.3a)—(3.3b), elements of
VSG(M ) take the following form: away from x = 0, they are smooth (in €,¢,z) linear
combinations of 0;, 0,;, and near M °, they are smooth (in €,¢, %) linear combinations of
€0y, 0;5. Globally, in (e, t, z)-coordinates, they are smooth (on M ) linear combinations of
p0;, PO, (see (3.2)). We verify this near the corner M N M, using the coordinates (3.3d):
the fibers of M are the level sets of ¢ at p = 0, and the claim follows from the fact that pd,
POzt = pOy — poOp, — ¥’ 0z and pOy; = Dzrj, j = 2,...,n, are indeed tangent to p, = 0 and
to the fibers of p = 0 (i.e. to the t-level sets), and linearly independent (as se-vector fields).
We deduce in particular that

Vee(M) = V(M) (3.16)
Since V(M ) is spanned over C*°(M M) by lifts of smooth sections of TM’' — M, ie. by
smooth families (in € € [0,1)) of smooth vector fields on M, we infer that

Ve (M) 3 Vi B*C=(M') — pC=(M). (3.17)

In fact, this mapping property characterizes se-vector fields in the space of vertical b-vector
fields on M. The space Vs (M) is the space of smooth sections of the se-tangent bundle

SeTM — M ,
local frames of which are the explicit generators above. (By (3.16), we have T M = pT M )

Since Vb(ﬂ ) is a Lie algebra, and since tangency to submanifolds is preserved under
vector field commutators, we deduce that V(M) is a Lie algebra. The corresponding
space of m-th order differential operators is denoted Difff, (M).
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An element P € Diffl} (M ) has two normal operators which describe their leading order
behavior at M and M,.32 Near M°, we first consider the case of se-vector fields. Com-
bining (3.16) with (3.13), we map V' € Vie(M) into e(e™1V); since e 1V € e V(M) =

1V( ), with po a boundary defining function of each fiber N,C of M the final part of
Lemma 3.4 gives

e(e7V) € ps "V Viaee 1 (Te M) = Vs 1(Te M);
this is a smooth family of translation-invariant 3b-vector fields on the fibers TpM of TeM.
Upon setting Ny, (V) := e(e”'V), we thus obtain a short exact sequence

— —~ N g

0 = PVee(M) = Veo(M) —5 YV31,1(Te M) — 0. (3.18)

The normal operator
N, (P) € Diff ' (M)
at M, is given by restriction as in the case of b-normal operators: Ny (P)u = (Pa)|as,
where 4 € C®°(M) is an (arbitrary) extension of u € C*(M,). The map Ny, is the
multiplicative extension of the third arrow in
0 = poVse(M) < Veo(M) — Ve(Ms) — 0,

where Vo(M,) is the space of edge vector fields on M, = [M;C], i.e. those b-vector fields
which are tangent to the fibers of the restriction of the blow-down map fo: M, — M
to OM,; this short exact sequence can be checked using the local coordinate descriptions
above. (We remark that the fibers of $o|sns, are precisely the intersections of the fibers of
M with M,.) To summarize:

Definition 3.11 (Normal operators of se-differential operators). The multiplicative exten-
sion of (3.18), resp. the restriction to M,, gives rise to a surjective homomorphism

Ny, : Diff(M) — VDifff ((TeM),  resp. Ny, : Dift7 (M) — Diff?" (M),
with kernel pDiff™ (M), resp. poDiff(M). For p € C, we write Ny - Diff™(M) —
lebeI(TpM) for the restriction of Ny, to the fiber over p. (Here, the subscript ‘I’ re-
stricts to the space of operators which are invariant under T'C-translations.)

Remark 3.12 (Normal operator at M and restriction). In the context of (3 6), we can obtain
N MP(V) as the restriction of V € Vie(M) to the front face T,M C [M; M, L. The M,-normal

operator of P € Diff” (M) is thus equal to the restriction of the lift of P to [M; M) t
the front face T, M. (This can be seen explicitly from the local coordinate computations
n (3.21).)

In view of the translation-invariant nature of N, on each fiber Mp, we may pass to
the Fourier transform along the fibers of the 7,,C-action on TpM . To do this, we first fix

t e COO(]TI ) so that d¢ # 0 on TC. The only information about ¢ we need in the sequel
is its differential dt|r,p € C*°(C; T3 M). We may then parameterize the orbits of the T),C-

translation action in the interior 7, M of TpM using the function
ty = dt|z,m ().

32A third ‘normal operator’ is the principal symbol of P, which captures the leading order behavior at
high frequencies. This plays no role in the present paper however.
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Such a choice of ‘time function’ also allows us to identify N,C with the transversal f; L) =

kerdt C T,M to the T,C-action. Therefore, we may define the spectral family of P &
Diff™ (M) at M by

(N (P, 6)u) (p, &) = (" Ny, (P)(e™"""u))(2), (3.19)
ueC®(M°), peC, & € N)C21t,1(0), 6 €R.

We shall also write
NMP(P, o) = NM(P, a)(p,—).

Note that for P € Diff;’;(ﬁ ), this is a polynomial of degree m in 6. Conversely, we have
m
1 :
P)= 3 0N, (RO)(-D, (3.20)
]:

since the spectral families of both sides are equal to IV MP(P, 7).

Ezample 3.13 (Explicit computations). To make these constructions concrete, consider the
se-vector fields pd; and pd,; where p = (€2 + |2|2)1/2. Put po = ¢p~ ' = (#)~!. Then

N, (p0) = |2|0,  Nar,(p07) = |2[0ns
these are (a spanning set over C*°(M,) of the space of) edge vector fields on M,. Using the
coordinates £ = dt(—) #9 = da?(—) on Tz M, we moreover have

Ny (p0r) = e(p5 ') = (£)0;, Ny (p0ss) = ()03, (3.21)
which one should regard as smooth families (in ¢) of stationary vector fields on R; x RZ;
these are 3b-vector fields on [R x R”;dR x {0}]. Finally, for 6 € R,

In the presence of smooth coefficients, we have, for example,
NM(CL(G, t, i‘)ﬁatv OA-) = _ia(oa t, i')é-<i'>a

note the distinction of the slow () and fast (£ and &) time (and frequency) scales.

Regarding N, (P) as an operator on the compactification NC = M, the discussion of
the structure of the spectral family of a 3b-differential operator in [Hin23c, §4.1] (or the
explicit computations in Example 3.13), applied here with smooth parametric dependence
on p € C, implies

P(0) := Ny, (P,0) € VDiff*(M), (3.22)
P(6) := Ny, (P,5) € p;™ VDiff™ (M), & #0, (3.23)
L P(0) € p; 7 VDt (M), (3.24)

That is, these operators are b-, resp. weighted scattering operators on each fiber Mp, peC.
We finally note that the zero energy operator family N,;(P,0) is equal to the b-normal
operator

P(0) = Ny (P,0) = Ny (P) (3.25)

of P (regarded as a b-differential operator P € Diff}' (M M), using that Vee(M) C Vb (M M)) at
M; this can be seen from (3.19) as a consequence of the fact that the lift of C*°(M°) to
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1C is precisely the space of smooth translation-invariant functions on (TCM ) =Te¢M. In
particular, P(0) is independent of the choice of t. The operators (3.23) on the other hand
do depend on the choice of .

3.4. Lorentzian metrics. We now assume that M is equipped with a smooth Lorentzian
metric g € C°(M; S?*T*M) of signature (—, +,...,+); moreover, we shall assume that

C is timelike.

Still requiring C to be closed and the image of an embedding of R, we now denote by
c¢: I — M an arc-length parameterization of C, defined on some maximal interval I C R
containing 0. Moreover, we assume that M is time-oriented and ¢’ is future timelike.
The existence of Fermi normal coordinates around C is standard; we include a proof for
completeness:

Lemma 3.14 (Fermi normal coordinates). There exists a smooth coordinate system (t,x)
in a neighborhood of C so that c(t) = (t,0), the curves s — (to, sxg) are geodesics for all
(to,z0), and

n
9l = (=1 = 2Tjo0(t,0)27) dt* + 3 " (da’)? + O(|z]?). (3.26)

j=1
Here, T'y, = %(éhg)\y + Ovgau — Orguv) (with Oy == 0 and 0; = 0,5, j =1,...,n) denotes
the Christoffel symbols of the first kind, and O(|z|?) denotes a symmetric 2-tensor on M all
of whose coefficients vanish quadratically at C. Moreover, if one fizes the tangent vectors
Op1,0,2,0,3 at one point in C (where they are an orthonormal basis of (TC)*), then every
other coordinate system (t',x') with these properties satisfies t' =t + a, ' = x for some

a € R.

Proof. Complete ¢/(0) to an orthonormal basis ¢/(0), V1(0),...,Vn(0) € T, M. We con-
tinue this to a smooth orthonormal frame ¢'(t), Vi(t),...,Vn(t) € T, M, t € R, in such a
manner that

Ve Vit) || (). (3.27)

If C is a geodesic, we may simply define V;(t) via parallel transport. In order to ar-

range (3.27) for general timelike curves C, first pick an arbitrary smooth orthonormal frame
Wi(t),...,Wn(t) of ¢(t)*, and let

Sz(t) = g(Vc,(t)Wi(t), Wj(t)) = —Sji(t). (3.28)

We then seek (Ay;(t)) € C*°(I;0(n)) so that for Vi(t) = > Aj(t)We(t) defined relative to

Fermi normal coordinates, we have

0=g(VeVi,Vj) = (ASAT + A'AT);; = (A(S + A7t AN AT)

ij

But if we set A(0) = I, then the solution of A’(t) = —A(¢)S(t) defines a smooth family of
matrices along C for which J(t) := AT (t)A(t) satisfies J(0) = I and J' = —ST.J — JS; the
unique solution of this ODE is J(t) = I in view of (3.28), and hence A is orthogonal.

The desired coordinate chart is

(t, ) — exp) (Z I V;(t) ) ,

J=1
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which has invertible differential at (¢,0) and is thus a diffeomorphism onto its image for
(t,x) near I x {0}. Note indeed that ¢(¢,0) = diag(—1,1,...,1) for all . Moreover, for
any fixed ¢ and for all x € R™, the curves s — (t, sz) are geodesics passing through (¢,0);
by the geodesic equation ZH(s) + F’;/\\Z(s)z‘“(s)z‘)‘(s) = 0 (where z = (t,z)), this implies
F%(t,O) =0 for 1 <14,5 <n (spatial indices) and 0 < p < n (all indices), so I'y;(¢,0) = 0.
For = k € {1,...,n}, this implies 0;gj5 = I'tij + I'jit = 0. For p = 0 on the other
hand, we get for 1 < i,j < n the equation 0 = 2I'y;; = 0;g90; + 0jg0s, while (3.27) implies
0 = 29(V00;,0;5) = 2ljo; = 0igo; — 0;90i at (t,0); together, this gives 0;go; = 0. Since
—2Ij00(t,0) = 0jgo0(t,0), the proof is complete. O

Regarding g as an e-independent metric on M’, the pullback E*g € COO(M; SQT*M) is a
Lorentzian section of S?T*M; and in the coordinates (3.8), we have

e(B*g) = —di? + dz? (3.29)

on T,M for all p € C. Our gluing problem amounts to modifying B*g (within tlie space

of formal solutions of the Einstein vacuum equations) so that its restriction to M is the
metric of a Kerr black hole, while the restriction to M, remains equal to 3}g.

Definition 3.15 (Total family). Let g € C®(M;S?*T*M). Let K° = Upec KI‘,’ c M
bec Kp is disjoint from OM = M N M,
and has connected complement in M.** Let K = {(e,t,2): (t,2) = (t,ex) € K} be an
extension of K to M, where (t,z) € R x R™ are local coordinates near C with C = {z = 0}.
Let & ,€ C C x Ny denote two nonlinearly closed index sets with Re é ,Re& > 0. Then a
Lorentzian signature (—, +, ..., +) section g of S2T*M over M\I?O is called a (€, &)-smooth
total family (relative to (M,C,g)) if

be a relatively open subset whose closure K = U

T=B9+30),  Gu) € AWM\ K° S* T M), (3.30)

with the index sets referring to M and M, (in this order). The My-model of § is g, and the
M-model of g is § := e(g|y;). Moreover, we write g, = g\Mp = e@\Mp) for p € C and call
this the M,-model of §.

Notation 3.16 (Lifts of tensors on M). In (3.30), we regard g € C®(M;S?*T*M) as an

e-independent element of COO(M ' S2T* M ), which we then pull back to M via . We shall
use this notation also in the sequel for lifts of smooth functions, tensors, and differential
operators on M.

As a simple example, § = g, as an e-independent tensor, is a (), #)-smooth total family
whose M,-model, with respect to Fermi normal coordinates (t, ) and f = dt(—), & = da(—),
is the Minkowski metric —d#? + d#2 for all p € C.

Definition 3.15 is analogous to [Hin24, Definition 4.17]. Note that ¢ is uniquely deter-

mined by § via B*g = §|as,. The M-model dly € Agﬁgg(]\;f \ K°; SQT*M) is Lorentzian,

33In our application, f(p will be a closed ball which, in Z-coordinates, has a fixed radius, and a center
depending smoothly on p.
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and hence g, is a stationary Lorentzian metric on 7}, M with smooth dependence on p € C.

More precisely, the model of E*g at M is
i := e(B*(gle)) € CP°(LeM; §* VT Te M), (3.31)
which is a family of stationary Lorentzian metrics; in the coordinates (3.8) associated with
Fermi normal coordinates around C, we have 1), = —di? + d2? for all p € C (cf. (3.29));
therefore, R
g— 1€ A (TeM \ 771 (K°); S23eVT*(Te M), (3.32)
where 7 was defined in (3.11) (so #~*(K°) = R; x K° in local coordinates); in this sense,
g is a family of asymptotically flat metrics. The notation on the right in (3.32) means that
the index set at the lift of TcM to TeM is &, and that § — 7 is stationary on each fiber of
TeM (which implies, but is stronger than, § — 7 having index set Ny at the front face of
TeM).
Conversely, suppose that g of the form (3.30), and suppose that the restriction of g to
M, is a Lorentzian metric g and that the Mp-model of g is Lorentzian for all p € C. We

then claim that for every precompact open set V' C M there exists an €(V') > 0 so that g
is Lorentzian on .

BL([0,e(V)) x V) c M. (3.33)
Indeed, note that ¢ is automatically Lorentzian in an open neighborhood of M U M,; since
any such neighborhood contains B~1({0} x V) = (M N~V NC))UBZL(V), the existence
of (V) follows from the compactness of V. If we take the union of the sets (3.33) over all
precompact V' C M, we obtain an open neighborhood of M U M, on which g is Lorentzian.

(Conversely, every open neighborhood of M UM, contains the set (3.33) for any precompact

V C M and some €(V) > 0.)
Notation 3.17 (Definitions on neighborhoods of M U M,). By a mild abuse of notation,

we shall write C*°(M), Diff (M), etc. for functions, differential operators, etc. which are
defined on an open neighborhood of M U M.

We proceed to describe geometric objects and operators associated with g, thus in partic-
ular explaining how the se-structures discussed in §3.3 arise. We write dy; for the fiberwise

exterior derivative which is given by the usual exterior derivative on each fiber M€ = M of
M over (0,1).. We similarly write V9 for the fiberwise Levi-Civita connection. On Te M, we
may similarly define the fiberwise exterior derivative dTC s (which restricts to the interior

T,M of TpM , p € C, to the exterior derivative on 7),M) and fiberwise connection V9 with
respect to the M-model § of g.

Lemma 3.18 (Exterior derivative). The exterior derivative on k-forms (here meaning:
sections of A¥T*M ) satisfies (using Notation 3.16)
dyr € B*Diff!(M; AFT* M, A" M)  p7IDifL (M; AFT* M, AT M), (3.34)
For the normal operators, we have
eo Ny (edgp)oe™ =dy o, N, (d37) = Bid, (3.35)
where d is the exterior derivative on M and
Bid € By (Diff' (M; AFT* M, A* ' T*M)) C p ' Diffl(Mo; BEAT* M, BEAM T M)
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is its lift to M.

Proof. The membership (3.34) follows from the fact that elements of TM (such as the local

coordinate derivatives 0y, 0,; on M lifted to M ) lie in p~ Vs (M ) Alternatively, one can

use the coordinate-free formula for the exterior derivative and use that for V, W € V(M ) =
P Wee(M), we have [V, W] € p~2Vse(M) = p~V(M).

Consider next the action of edy; on functions u, which is
edgru = (edyu) dt + (€,5u) da?.

Since Ny, (ed.) = e(d.) = 0; for z = t,27 and 2 = {,# (in the notation (3.8)), and since
e(dz) = dz, we have verified the first equality in (3.35) on functions. The verification on
k-forms is analogous. The second equality in (3.35) is clear. (]

Lemma 3.19 (Covariant derivative). Let § be a (£,&)-smooth total family relative to
(M,C,g), with M-model g. Let a,b € Ny. Then, using Notation 3.17,

V7 € B (Diff (M TAL T 00)) o AL DL (VT KT 31, T/ )

- A}()IE(;US -1, NoUgD ffl (M \ I}o; Ta,bM’ Ta,b-&—lM).

The normal operators are given by

eo Ny (Vi) oe t=VI Ny, (V9) = Bi(V9).

Proof. 1t suffices to prove this for (a,b) = (0,0),(1,0). (This implies the result for (a,b) =
(0,1), and the general case then follows from the Leibniz rule.) For (a,b) = (0,0), the
gradient V7 is the composition of**
1 ok NoUEEN (77 \ T7o. TEAL AT
€ (B C™ + Ay, ") (M \ K° Hom(T* M, TM))
(using that £, € are nonlinearly closed) with dy7; the result in this case thus follows from

Lemma 3.18. For (a,b) = (1,0), one may compute the Christoffel symbols I'(g)}, of g in
pﬁzug 1E e get (9, € B*C™ +

Aggug Y The claim then follows from VZ(a”&,) = (Oua™ + a"T'};,(9))0kx, since 9, lies

in p 1Vse(M ) as a differential operator and is smooth as a section of TM. The M,-normal

local coordinates z = (t,z): since Oxgu € B*COO + A

operator selects the coefficients of class E*COO (which come solely from g), while for the M-
normal operator we note that the restriction of €0,gu, = 0319 to M) is 033 §(Osu, Ozv).
(We leave a coordinate-free proof using the Koszul formula to the reader.) O

By the properties of the M-normal operator map, or by direct computation on M, the
operators dT y and V9 are elements of p, " Diff 3b( ) acting between the appropriate tensor

powers of 3¢ vT(T ¢M). This is an instance of the well-known fact that geometric operators
associated with scattering metrics are weighted b-operators, see e.g. [Vasl8, Theorem 6.8]
and [Hin23d, §4].

3Here B*C™ = B*C™(M) is a subset of AN (A7),

phg
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Corollary 3.20 (Curvature). Let § be a (€,&)-smooth family relative to (M.C g) with
M-model j. Then the Riemann curvature tensor Riem(3)(X,Y)Z ([Vg(, Vg] )Z

[X Y]
satisfies

Riem(§) € B*C®(M;T"*M) +A}(E(;u€ 28N\ Ko, T3 M)

C Aﬁl;““: —2NUE AT\ Ko, T3 M),

e((e’Riem(g))| ) = Riem(g),  Riem(g)|ns, = B3(Riem(g)).

The Ricci tensor similarly satisfies
Ric(3) € B*C°°(M; S2T*M) + Apﬁgug E(M\ K°; S2T*M),

- Aﬁgug ~2NoVE AT\ Ko, TU30),

e((€Ric(9))l ) = Ric(9),  Ric(g)|ar, = B3 (Ric(g));

analogously for the scalar curvature.

The following result connects the notion of total spacetime family to the corresponding
notion on the level of initial data sets for the Einstein equations, cf. [Hin24, Definition 4.17]:

Corollary 3.21 (Initial data). Let g be a (€, &)-smooth total family relative to (M,C, g) on
M \ K° in the notation of Definition 3.15. Let X C M be a smooth spacelzke hypersurface

of (M, g) with X NC = {p}. Suppose that T, X \ K° is spacelike for the My-model g,. Let
K C M be compact. Then:

(1) X\K°C M is spacelike for g on [5 L([0, €0) x K) when ey > 0 is sufficiently small;
(2) the initial data (7, k) of § at X \ K° (i.e. the first and second fundamental form of
X\ K° C M, €€ (0,1)) take the form

7 = B*y +F0), k= Bk + k),
where (v, k) are the initial data of X in (M,g), and where

N 55 o * NU5 —-1,.£, 57 o ndiiad
€ AVEE(X\ K 8°TX), k€ AQYOTHE(X\ K% $°T*X).

Moreover, (%, k) := (s(ﬁ\X),s(eE]X)) are the initial data of g, at Ty X \ IA(;)

We shall also call (%, k) the initial data of § at M,. In the terminology of [Hin24,

Definition 4.18], part (2) states that the pair (3,k) is a (£, &)-smooth total family with
boundary data (¥, k) and (7, k).

Proof of Corollary 3.21. We verify the claims near the codimension 2 corner of M. We

work in local coordinates z = (t,x) (which need not be Fermi normal coordinates) on M

with respect to which X = ¢71(0) and C = x7%(0), and use coordinates t € R, p = |z| > 0,
= ﬁ >0, w e S" ! near MnN M,. Then the dual metric 5*1 takes the form

g_l(ta ps Po, W) = (glw(t, pw) + géLllS (t, p, pm“))&z“ ®s Oyv,
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where g% is E&-smooth at p, = 0 and (Ny ué )-smooth at p = 0; in particular it is continuous
and vanishes at p, = 0. The spacelike nature of X is equivalent to g°°(t, pw) < 0. Writing
2 = (t,&) = (dt(—),dz(—)), the M;-model of g~ is

(Q‘Lw(ta 0) + géill/) (t7 0, po, w))aéf‘ ®s 893”7

and the spacelike nature of T,X = #71(0) is equivalent to g"°(¢,0) + g?% (t,0, po,w) < 0.
Taken together, we conclude that g (¢, p, po,w) < 0 when (¢, p, po,w) is a sufficiently small
neighborhood of X N (M U M,).

Turning to part (2), the statements about the induced metric ¥ are clear. Regarding the
second fundamental form, we note that the normal vector field g—!(dt, —) to X is of class

(BC™ + A, )(X \ K TM), (3.36)
and its squared norm near X UX, is strictly negative. Therefore, the unit normal is an
element of (3.36) as well. By Lemma 3.19, its covariant derivative along elements of T'M

lies in E*COO + A(NOUE)_LS; therefore k is of the stated form. The identification of the

phg A
boundary values of k follows at M, from these arguments, and at M as usual by passing
to the coordinates (f,#) = (%, Z). O

3.5. Kerr metrics as front face models. In this section, we work with
n=3

spatial dimensions. (Thus, M is 4-dimensional, and M is 5-dimensional.) First, we recall
(see [Ker63, BL67]):

Definition 3.22 (Kerr metric). Let m > 0 and a € R be subextremal Kerr parameters, i.e.
la| < m. Write 7 q := m + vVm? — a? € (m,2m]| for the radius of the event horizon. Then
the Kerr metric gm,, in Boyer-Lindquist coordinates is the Lorentzian metric

A u(f) oo O s Ui )
o= — digr, — 6d , 0 - dé
gm, Q2 (ﬁ 0) ( BL asim ¢) + o (T‘ ) (/L(T) + )
sin®f o o N2 (3.37)
——=((7 do —adt
2o\ +a)do—adim)
p(F) =% — 2mi + a”, 0%(7,0) = #* + a® cos? 6.

on the manifold R; X (7m,a,00)s X Sg’(ﬁ.

This solves Ric(jmq) = 0. Moreover, 9;  is the unique Killing vector field which is
asymptotically (as 7 — oo) future timelike and has squared length approaching —1. A
useful form of gm 4, obtained by using the standard metric on S?, 4= d#? + sin? 6 d¢?, to
rewrite the df? term, is

2mr

~ omi — a?sin? 6
o = (1 2y + (1 2

I

2m7 damisin® 6 .
+ (14 20 (asin? 002 - 2 gy g

)de i @2g
(3.38)
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Remark 3.23 (Importance of Kerr). Suppose § is a time-oriented (£, £)-smooth total family
on M\ K° relative to (M,C,g), and suppose that

Ric(g) — Ag = 0.
By Corollary 3.20, this implies 0 = e™'((€?Ric(g) — €?Ag)|;;) = Ric(g); that is, for each
p € C, the metric g, € C®(T,M \ KS;SQT*(TPM)) is a stationary and asymptotically
flat solution of Ric(g,) = 0. According to the black hole uniqueness conjecture, see e.g.

[CCH12, Conjecture 3.4], this (together with additional hypotheses concerning the extent
of T,M \ Kp) forces g, to be isometric to the metric of a Kerr black hole.

Near the event horizon, the Boyer—Lindquist coordinate singularity can be removed by
passing to new coordinates:

Lemma 3.24 (Smooth coordinates across the future event horizon). Given subextremal
Kerr parameters m, a, denote by T, ®: (T q,00) — R a pair of smooth functions with

P2 +a® 5. G ~
W‘FT(’I‘), (I)(T‘)—

where T, ® are analytic on [0,4m]. Let t = gy, — T(7) and ¢» = ¢ — ®(#). Then jma
extends analytically from # > o to a metric on Ry X (7 ,,00)7 X S2 6. Where T, =
m — vVm? —a? € [0,m). Moreover, we may choose T, ® so that the following additional

conditions are satisfied:
(1) T(7) =0 and ®(7) = 0 for large 7;
(2) dt is everywhere (past) timelike; )
(3) f~07’ m, a which are close to fized subextremal parameters my, ag, the functions T and
® depend smoothly on m,a.

T'(f) = —

Proof. This is a standard and straightforward computation; see e.g. [Hin21b, §3.1]. ([l

Definition 3.25 (Kerr model). Fix Kerr parameters m > 0, a € R? which are subextremal
(in the sense that m, a := |a| are subextremal), and define #, . as in Lemma 3.24. Fix the
spacetime manifold
Mt?l,a = Ri X Xt?‘t, Xr?l,a = R3 \ (Km,ﬂ)o’

where Ko = K$ , with K3, := {2 € R®: # =[] <m — 6} for § € (m — g, m — 7 ,) =
(—vm2 — a2, v/m? — a2). Define gm, as a metric on ]\;fr‘,’m by identifying 6§ € (0,7) and
¢« € (0,27) with the standard polar coordinates on R3 in # > m. Let R € SO(3,1) be a
rotation in the spatial variables which maps (£,0,0,a)” — (£,a)”. We then write”

gm,a = R*gm,a
Setting b = (m, a), we also write these objects as
gb? Ml?7 Xl?v Kb'
We finally denote by g = —d#2+di? the Minkowski metric on the same spacetime manifold.

35The Lorentz transformation R is unique up to pre-composition by a rotation around the z-axis. Since
such rotations are isometries for gm,q, the metric gm,q is well-defined.
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Thus, gm,q is stationary in that 0; is a Killing vector field which is asymptotically timelike.
Moreover, the components of gy and g in the coordinates (t,2) satisfy
Gma—§ €PTICOMRIN (KR 0)°),  Gma— Gmo € F2C(R3N (K7 ,)°) (3.39)
for all § € [0,m — 7, ), as can easily be verified using the formula (3.38); see also equa-
tion (3.41) below.

In order to efficiently keep track of asymptotic expansions, we now compactify:

Definition 3.26 (Compactifications related to the Kerr spacetime manifold). In the nota-

tion of Definition 3.25, we write Xb - @\ Kg for the closure Xb = Xg U OR3 of Xg’ inside
the radial compactification of R3. We furthermore set

M, == [R; x R;0R; | \ 771 (K}),
where 7: [R x R3; 9R] — R3 is the lift of the projection (f,Z) + &.

See Figure 3.6. Therefore, guna, g € Cfo(Mmﬁ; 52 3SCT*Mm7a) (the subscript ‘I’ restricting

to translation-invariant sections). By Lemma 3.4, we can identify C2°(Mip.q) = C®(Xm.a)-
The membership (3.39) is then equivalent to

Gma = § € poCP(Xima; S* Ty Mua),  Gma— im0 € pEC=,  poi= (&)~ (3.40)

X},:@\f(g’ }

K,
F=m
FiGUrE 3.6. Illustration of Definition 3.26. On the left: the compactifi-

cation Mj, of the Kerr spacetime manifold, and the projection map to the
spatial manifold Xp. On the right: the radial compactification of R; x R3.

We include the parameter § > 0 in Definition 3.25 in order to enable us to regard g
for b = (m, a) near fixed subextremal Kerr parameters by = (mg, ap) as a smooth family of
metrics on the fixed spacetime manifold M by C RiX (R3\ (K, 9)°); this was shown in the Kerr—
de Sitter case in [HV18, Proposition 3.5]. We recall the relevant calculations in the region
7> m where (£,7,6, ¢,) are equal to the Boyer-Lindquist coordinates (fr,, 7,6, ). There,
the metric gmq is then given by (3.38) but with the spherical coordinates defined relative
to the axis of rotation & = % (when a # 0) instead of (0,0,1)” € R3. Using Euclidean

laf
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coordinates & = (7sin 6 cos ¢, 7 sin 0 sin ¢, 7 cos #) and the Euclidean inner product, we can

then write 72 = |#|2, a® = |a|?, a®cos?0 = (a - %)2, and

0\ 2 7 £\ 2
92:]i|2+<a~ af) , fasinQOdgb:(axg)-d:ﬁ, a2sin29:|a]2—<a- %') .
] || 2]
Thus, all terms in (3.38) depend smoothly on a indeed. We record the leading order behavior
gma = 9+ 771 [2m(di* + d7?)]

+72_2[(4mz o+ (a. |g|)2) dr? + (a. §|)2f2g+ ((a X ;) .di")Q

—4mdf @, ((a x ;) 'dg})]

mod 7§73COO (Xrﬁﬁ; 52 SSCT)*ZA . Mﬁl,&) .

Definition 3.27 (Linearized Kerr metrics). Given subextremal Kerr parameters b = (m, a),
and given b = (m,d) € R x R3, we define

i d .
() = -0y

s=0

as a symmetric 2-tensor on ]\2[1;’
In view of (3.40), and again identifying C2°(M,) = C*°(X3), we have (with p, = (#)~1)
3y(b) € poC> (X3 S* ¥, My),

A : 2100 ( v 2 3scrpx 7 (342)
(0, 8) € P2 (R S23T7 ).
Furthermore, linearizing the equation Ric(gy) = 0 in b, we obtain
D, Ric(gp(b)) =0  VbeR xR (3.43)

3.5.1. Gluing in a family of Kerr metrics. We proceed to describe how to glue a family of
Kerr metrics into the front face M in the setting of §3.4. Recalling the Minkowski metric

iip = e(B*gp) (3.44)
on T,M from (3.31), define
Xp = (T,C)" 7 C T,M. (3.45)
Denote by
T € V(T,M) (3.46)

the unique generator of the T,C-translation action which is future timelike and has squared
length —1. (Thus, T' = 0; in the coordinates (3.8) relative to Fermi normal coordinates

along C.) By choosing an orthonormal basis of Xz? to define coordinates # € R3, and
moreover defining the linear coordinate

f = _ﬁ(Tv _)
on T,M =T,C® X;, we obtain an isometric isomorphism

D, (RI};‘?’, 9) — (T, M, 7).
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Since TZ = 0 by construction, the pushforward (®,)«fmq is a stationary (with respect

to T,C) metric on T, M which asymptotes to 7,, and for which X;,’ is a spacelike Cauchy
surface. More precisely,

(®p)adima € CF° (LM \ 71 (Dp(KG0)); 5 VT (T, M),
(p)sdma = ilp € AT (T M\ 74 (@p(K70)); 825V T (T, M),
cf. (3.32) and (3.40), as follows from the fact that 79, = ®.§. In (3.47), we wrote ®, also
for the map R% — X;’ given by restriction of ®, to t=0.

(3.47)

Lemma 3.28 (Naive gluing). Let M,C,g be as in §3.4, and fir 0 < m € C>®(C), a €
C>(C;R?) where |a(p)| < m(p) for allp € C; set b= (m,a).>® Fiz Fermi normal coordinates
(t,z) along C, and write r = |z| (Euclidean norm), w = ﬁ € S2.

(1) There exists a (0, Ng + 1)-smooth total family g relative to (M,C,g) so that for all
p € C, the My-model of g is (Pp)«Gy(p), where
in the coordinates (t,2) on Ml‘)’(p) and the fiber-linear coordinates t = dt and &7 =
(,{mj’ jf 1,2,3, on Te M. More precisely, if we set I:(j :l—lpec d)p(f(g’(p)) and define
K C M as in Definition 3.15, then g is defined on M \ K°.

(2) If C is a geodesic, then the total family g in part (1) can be defined so that g(to) —
e ((Pere))«v(e(to))) € PCO({t = to}; S?T*M) for all tg € I, and so that

(G- B*9) s, = 27“‘((1# + dr2) mod (M, ; B2S2T* M) (3.49)

near OM,. Here, we extend the section e_l(@c(to))*gb(c(to)) € COO(MC(tO);S2T*]\7)
to{t=to} C M to be constant in ¢ in the space on the right in (3.4).%7

Proof. The prescription §|Mp = e—l((q>p)*gb(p)) on Mp, p € C, defines a smooth section g,
of S2T*M over M \ K°. Now, the difference § N, B*gp vanishes at 8Mp as a section of
G2 3se,vpx (TpM); indeed, note that its image under e is (®p).Jy(p) — 7p, and recall (3.47).
We conclude that g|,, and B3g are equal (as sections of S2T*M ) at the corner M N M,

(and indeed they are equal to the Minkowski metric —dt? + da? there). Therefore, there
i ab M and

indeed exists a (0, Ny + 1)-smooth total family g which over M \ K° equals g
Brg at M, (as a section of Szf*M).

36In our gluing construction, we will operate under the assumptions that C is a geodesic and b is constant.
We state the more general result here so that we may prove the necessity of these assumptions for the exis-
tence of a total family with specified M,- and M-models satisfying the Einstein vacuum equations; see §§8.3
and 9.3. We could further generalize the naive gluing here by considering maps ®,(f,2) = (£, A(p)& + é(p))
where A € C®(C;0(3)) and &é € C®(C;R?). It will turn out that A is necessarily constant, see Proposi-
tion 9.13, while the flexibility of shifting the center of mass of the M-model metrics via ¢ is not needed;
in any case this could equivalently be implemented via pulling back along (e, t,z) — (€,t,z — €é(t)) near C
(glued via a partition of unity to the identity map on M away from M ).

37Concretely, writing e ((Pe(rg)) e b(e(te))) = —dt® + dr? + rzg + h(to, £,w), this extension is simply
given by the expression on the right hand side.
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For part (2), we note that Lemma 3.14 gives
g(t,r,w) = —dt? + dr® + 7“2g +d,
where ¢’ € C*°(M; S?T* M) vanishes quadratically at z = 0. Moreover,

e_l (((I)c(to))*gb(c(to))) = —dt2 + d7“2 + 7“2g + h(to, ;,w)

where h is a smooth section of S27*M over M which vanishes simply at £ = 0, and which
near M and modulo (£)2C> = p2C™ is equal to Qmﬁto) (dt? + dr?). We may then take

~ ~ . €
lto) = —dt? +dr? + 12§ + B*g/(t0) + X(t0, 2)h (t0, =)
where x is a cutoff function to the Fermi normal coordinate chart which is 1 near x = 0.

Since B*f C p2C°°(M) when f € C°°(M) vanishes quadratically at C, this has the required
properties. ([

3.5.2. Spacelike hypersurfaces in M. Suppose now we are given a spacelike hypersurface
X € M with X NC = {p}. Besides XO = (T,C)* (determined by C and g), we then have
another hypersurface T,X C T,M (determlned by X) which is spacelike with respect to
the Minkowski metric 7, from (3.44).

Definition 3.29 (Lorentz boosts). Fix as the generators B; € so0(1,3), j = 1,2,3, of
Lorentz boosts in the #/-direction on R; x R3 the matrices (B) = dopdjq + 50(1531,, 0<
p,q < 3, and let B = (By, Ba, Bs). leen avector w € R3, we deﬁne by L(w) = exp(w-B) €
SO(1,3) the Lorentz boost with rapidity w.

Identifying (T,M,7,) = (RH?’ g) (and thus X; >~ R2), there exists a unique Lorentz
boost L(Ww): T,M — T, M, Where W € X, so that

L(W)(Xg) = T, X. (3.50)

(Equivalently, L(w) maps T from (3.46) to the future unit normal of X at p.) While T, X

may not be globally spacelike for a Kerr metric g, = (®p)+gy(p) (using (3.48)), it is spacelike

near its boundary at infinity where g, = 7, + O(po). Therefore, the initial data (7, k) of
gp are well-defined on the complement of a large enough ball in 7, X, and there they are
boosted Kerr initial data with rapidity w determined by (3.50). See Figure 3.7.

There are two ways by which one can extend the lift of {0} x X to M to a spacelike
(for small € > 0) hypersurface in M equ1pped with a total family with rebpect to g and
with Mp-model gp: either one modifies X C M near a compact subset of M 7 so that
the intersection of its lift to [M; M,] (cf. the discussion around (3.6)) with the front face
becomes spacelike for g,; or one passes to a suitable modification Xy of X with the property
that )?0 is spacelike for such g. We implement the latter approach:

Lemma 3.30 (Modified spacelike hypersurface). Let M,C,g be as in §3.4. Let X C M be
spacelike with X NC = {p}. Let U C X be an open neighborhood of p. Then there exists a
spacelike hypersurface Xo C M so that Xo \U = X \U, while near p the hypersurface Xq is
the level set of a Fermi normal coordinate function t; in particular, T, Xo = (T,,C’)J- (with

respect to glp). In particular, if g is a total family with Mp-model given by a Kerr metric
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(M,g) |C TM Le
: P X; = 50"

FIGURE 3.7. On the left: the timelike curve C and the spacelike hypersurface
X inside of (M, g). On the right: geometry of T, M: the hypersurfaces X,
and T,X (which are related via a Lorentz boost) are both spacelike with

respect to the Minkowski metric 7, induced by (M, g) at Mp. With respect
to a subextremal Kerr metric (®,).g, on T, M (sans the black hole interior),
the hypersurface X'; is still spacelike, whereas T, X is spacelike only in the
complement of a large enough spatial coordinate ball.

(Pp)«gp, and if K C M is compact, then )A(B CMisa spacelike hypersurface in (M, g) over

BL([0,€0) x K) when ey > 0 is sufficiently small.

C
plX\O
\7 X
Ficure 3.8. Illustration of Lemma 3.30: the spacelike hypersurface X in-
side (M, g) is modified near its intersection point p with C to a new spacelike

hypersurface X for which T, Xo = (7,C)* (and indeed X is the level set of
a Fermi normal coordinate ¢ near p), which is thus spacelike for Kerr metrics

(@)« -

See Figure 3.8.

Proof of Lemma 3.30. On (14 1)-dimensional Minkowski space with coordinates (¢, z), the
idea is the following: we want to modify the spacelike hypersurface t = vz, |v| < 1, by a
spacelike hypersurface which is tangent to the z-axis at the origin. We define the latter to be

equal to ¢t = 0 for |z| < 1, the (nonlinear) interpolation ¢ = 2=t _Ro_p2 for 1 < +a < Ry,

lz] Ro—1
and t = vz for |x| > Rp. In order for this to be spacelike, we need | é’fiﬂ < 1, which holds
true for sufficiently large Rp: if |v| < 1 — 26, then Ry = %}5 (or any larger value) works

with a § to spare. Upon scaling the resulting hypersurface in space and time, we obtain
an arbitrarily localized (near (0,0)) modification which, moreover, can be smoothed out to
give a smooth hypersurface.

To prove the Lemma, we use Fermi normal coordinates (¢, x) along C, with (¢, z) = (0,0)
at p. The hypersurface X is then the graph {(f(x),z): |z| < ¢} of a smooth function
f:R3 = R with f(0) = 0; here § > 0 is small enough so that the Fermi normal coordinates
are valid in an open set U with [-C,C] x {|z| < 6} C U where C = sup, <5 |f(z)|. The

hypersurface Xg C T,M is, in local coordinates, the tangent space at (0,0) of {0} x R3.
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Moreover, the inverse metric is g~! = —9? + 82 + O(|z|). Upon shrinking § > 0 further, we
may assume that |f/(0)| < 1—2§. Let Ry = 1%5 and Ry € (Ro, Rp+1). Let x € C*(]0,00))
be a smoothed-out version of the function which is equal to 0 on [0, 1], equal to 1 on [Ry, 00),
and given by © 1% on [1, R1]; we can arrange that x(r) = 0 for » < 1, further x(r) =1
for r > Ro + 1, and

0<x+7rY = (rx) _RA for 1<r<Ry+1.
0 —
For 0 < n < ﬁ chosen momentarily, we define
|z|
= — : < .
Xo={(x(7) ) f@)a) el < 5} UK\ {le] < o))

We claim that for sufficiently small n > 0, the differential of ¢t — x(|x|/n) f(x) is timelike;

T

we only need to check this for 7 < |z| < n(Rp + 1). Passing to rescaled coordinates (£, 7)

n’
and letting n N\, 0, it suffices to check this in the case that f(z) = x-v is linear with |v| < 1
(using the Euclidean inner product and norm), with g=! = —92? + 92, and with the scaling

parameter n absent. That is, we need to check that |V (x(|z|)z-v)| < 1 (using the Euclidean
gradient and norm). But the gradient has norm

Ry
1-25)=1-6<1,

as required. The ﬁnal concluswn of the Lemma is now a consequence of Corollary 3.21(1).

O

xllel)o ol () (o) | < Gcllel) + e () ol <

4. THE EINSTEIN VACUUM EQUATIONS AND THEIR LINEARIZATION

In this section, we discuss algebraic and analytic properties of the Einstein vacuum
equations, with cosmological constant A € R,

Ric(g) — Ag =0, (4.1)

on a Lorentzian manifold (M, g) and on the total gluing spacetime M , defined as in Defi-
nition 3.1 with C C M a smooth embedded timelike curve diffeomorphic to the real line.

4.1. Constraint equations. Let X be a 3-dimensional manifold. For a Riemannian metric
v € C*®(X;S?T*X) and a symmetric 2-tensor k € C*°(X; S?T*X), the constraints map is

P(v,k;A) = (Pi(v, k; A), Pa(v, k) := (Ry — |kI2 + (try k)® — 20,6,k + dtry k), (4.2)

where we recall that R, = tr, Ric(y) is the scalar curvature and ¢, is the negative di-
vergence. For any Lorentzian metric ¢ on M and its initial data (vy,k) at a spacelike
hypersurface X C M with unit normal v € C®(X;TxM)—i.e. v(V,W) = ¢g(V,W) and
E(V,W) = g(Vyr,W), V,IW € TX, are the first and second fundamental form of X,
respectively—we have

Py(v, k; A) = 2G4(Ric(g) — Ag)(v,v) € C™(X),
Py(v,k) = —G4(Ric(g) — Ag)(v, —) € C(X; T X),
where G, = I — %g trg. (Note that P is indeed independent of A.) In this sense, the

constraint equations are equivalent to the validity of part of the Einstein vacuum equations
at X. In particular, when Ric(g) — Ag = 0, then P(vy,k;A) = 0.

(4.3)
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We say that (X, v, k) has no KIDs (‘Killing Initial Data sets’) in U° if the kernel of the
formal adjoint (D ) P)* on C*(U; R&T}; X) is trivial, where U = U°. (We remark that the
linearization of P is independent of A.) The operator (D(%k)P)* is overdetermined elliptic,
and its kernel is automatically finite-dimensional. Furthermore, elements of ker(D, ) P)*
are smooth, and they are determined by their restriction to any nonempty open subset of
U°. (See e.g. [Hin24, Lemma 4.3].) By [Mon75] or [FMMS80, Lemma 2.2], the space of KIDs
for (X,v,k) in U° can be identified with the space of Killing vector fields in the maximal
globally hyperbolic development of (U°, 7|y, k|yo). In particular, if a spacetime (M, g)
does not admit any Killing vector fields in some globally hyperbolic subset with Cauchy
surface U°, then the initial data of g at ¢° have no KIDs (and vice versa).

4.2. Linearization and gauge fixing. The linearization of the Einstein vacuum operator
g — Ric(g) — Ag in g is given by the second order differential operator

1
DyRic — A = 50, = 8;5,Gy + %y — A, (4.4)
where (6gh), = —hyw;” and (6gw)uw = 3 (Wyw + wWyy), and

1, I .
(Zgh) = Ripurh™ + §(R1C(g),mhl, + Ric(g) mphy™).

We use the convention Ry,\ = (Ox, Riem(g)(0,,0x)0,) where Riem(g)(9,,0x) = [V, V).
See for example [GLI1, Equation (2.4)].

From now on, we shall assume that g solves (4.1), and (M, g) is globally hyperbolic. The
linearized Einstein operator is analytically rather ill-behaved. The operator D Ric — A €
Diff?>(M; S?T* M) has an infinite-dimensional kernel which contains all pure gauge metric
perturbations, i.e. all symmetric 2-tensors which are of the form djw where w is any 1-form
on M (and w may even be a distribution). The formal adjoint

(DgRic — A)* = G40 (DyRic — A) o G, (4.5)
likewise has an infinite-dimensional kernel which contains all dual pure gauge perturbations
Ggoyw, with w again an arbitrary 1-form. Therefore, the cokernel of DyRic (acting on
any reasonable space of tensors) is infinite-dimensional. Towards a characterization of the
cokernel, recall the second Bianchi identity d,G4Ric(g) = 0 (and thus also 6,G4(Ric(g) —
Ag) = 0), which holds for all metrics g regardless of the validity of the Einstein vacuum

equations. If g solves (4.1), then upon linearizing this identity in g we also obtain the
linearized second Bianchi identity

d4Gg o (DgRic — A) = 0. (4.6)
Thus, symmetric 2-tensors in the range of DyRic—A necessarily lie in ker ,G4. The converse

is not always true, and indeed generally fails when (M, g) admits nontrivial Killing vectors,
as demonstrated in [Hin23b].

A typical equation we need to solve in the course of our gluing construction is
(DgRic — A)h = f, [ € C®NkerdyG,. (4.7)

We explain the procedure for solving this equation, following [Hin23b|, as we will encounter
it in a variety of contexts later on. In order to pass to a hyperbolic equation admitting a

38

38While often, e.g. in linear stability problems, only considers the case f = 0, we need to allow general
f here; see the discussion in §1.2.3.
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well-posed forcing (or initial value) problem, one adds a gauge fixing term; we shall work
here with generalized harmonic coordinate gauges, which take the form 0,G4gh — 6 = 0
where 6 € C*°(M;T*M) is fixed but may be chosen arbitrarily. The gauge-fixed linearized
Einstein equation is then

1
(DgRic — A)h + 652(5,Ggh — 6) = (img + By~ N)h— 830 = J. (4.8)
Upon specifying Cauchy data
ho = h|x, hi =V, h|x (4.9)

for h at some Cauchy hypersurface X C M with future unit normal v, there exists a unique
solution h of (4.8). This solves (4.7) provided the gauge 1-form 7 := §,G4h — 6 vanishes.
By virtue of (4.6), n satisfies the decoupled equation

Dgr] =0, Dg 1= 204Gy 0 6y,

where Dg is a wave operator on 1-forms (i.e. its principal symbol is scalar and equal to
that of Oy). Thus, one needs to ensure that n has trivial Cauchy data n|x,V,n|x €
C®(X;TxM). (We stress that these are 1-forms on M defined over X, and not 1-forms on
X.) But if n|x = 0, then the vanishing of V,n|x is easily seen to be equivalent to that of
(Ggdym) (v, —) € C>°(X;Tx M). Now, applying G, to the PDE (4.8) and plugging v into the
first slot of the resulting equation at X, we obtain

Dy iy P, k) + (Ggoim) (v, —) = (Gg f) (v, —).

Here, ¥ and k are the linearized first and second fundamental form corresponding to the
linearized Cauchy data hg, hi. Requiring the second term on the left to vanish is thus
equivalent to a PDE for (%, k).

To summarize, in our approach to solving (4.7), we need to choose hg, h1, 0 so that

Dy P8, k) = (G f) (v, —), (4.10)
n=0yGgh —0=0 (4.11)

at X where h is related to hg,hi via (4.9). If3° one can solve the first equation, then
one can pick hg, h; which induce the data 7, k. Such ho, h1 always exist (see Remark 4.1
below), but they are not unique. One may then take 6 € C>°(M;T*M) to be any 1-form
with value 0,G4h at X; note here that the 1-form (0,G4h)|x € C>°(X;T% M) only depends
on hg, h1. This arranges (4.10). Having thus fixed 6, hg, h1, the solution h of the gauge-fixed
equation (4.8) satisfies n = 0 on M and thus also (4.7).

Remark 4.1 (Existence of Cauchy data inducing linearized initial data). In order to build
Cauchy data (ho, h1) from (%, k), note first that on a small open neighborhood M C R x X
of {0} x X, the map M > (s, p) — exp,(sv) is a diffeomorphism onto a neighborhood of X.
Splitting the tangent bundle of M in this collar neighborhood into (0s) @& T'X, the metric
g then takes the block form

g(s,p)=<_01 7?3))’ v(0) =~, ~(0)=2k.

39We stress that equation (4.10) may not be solvable when (X, 7, k) has nontrivial KIDs.
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4.3. Linearization on the total gluing spacetime. In the notation of Definition 3.15,
let g denote a (5 &)-smooth total famlly (relative to M,C, g) on the total gluing spacetime
M \ K°; we write § = (dp)pec for its M-model. Corollary 3.20 implies that

We may thus take

Err := Ric(§) — AG € B*C®(M; S2T* M) + AI}EQU‘S E(M \ K°; S*T* M),
e '((€Em)|y;) = Ric(g),  Errla, = B3(Ric(g) — Ag).

We fix cutoff functions x, xo € COO(M) to collar neighborhoods of M, M, as in (3.5).

(4.12)

Lemma 4.2 (Linearization and its model operators). The linearization of the FEinstein

vacuum operator g — Ric(g) — Ag at g (defined on each fiber Mg, e >0, of M as the
linearization at g|3; ) satisfies
DyRic — A € B (Difi2(M; S°T°M)) + ANV "2 Dig2 (37 \ K°; ST M)
NoUE&)—2,NoUE o. Q2T T
C A2 D2 (M \ K°; ST M).
Its normal operators are

eo NM(62(D§R1C — A)) o e_1 = DgRiC, NMO(DgRiC — A) — ﬁ*(DgRiC _ A)

Proof. The structure of DgRic — A and the identification of its normal operators follows
immediately from the formula (4.4), the expressions for the normal operators in Lemma 3.19
and Corollary 3.20, and the multiplicativity of the normal operator maps. O

We next study the extent to which the linearization provides an approximation to the
nonlinear Einstein operator. The part of the following result concerning M, will suffice for
our purposes; at M on the other hand we will need significantly more refined descriptions

in §10.

Proposition 4.3 (Accuracy of the linearization) Let 7', F' ¢ CxNy denote two indez sets
with Re F/,Re F' > 0, and let h € .Apfhg(M \ K°; S2T*M). Denote by F,F the nonlinear
closures of F', F'. Then

— (Ric(f + ) — A@F + 1)) — (Ric(g) — AG) C AL HT0UE-2THEUE) N7\ o, 217,
(4.13)
To leading order at M and M,, the tensor L has the following description.

(1) (Accuracy near M,.) Let us regard g as an e-independent section of S2T* M’ over
M'" in order to define DyRic—A as an e-independent differential operator on sections
of S’T*M’, and lift it to M. Then

L — Xo(DyRic — A)(xoh) € AL HEOE2THERT (N1 o, S 1T, (4.14)

(2) (Accuracy near M.) Estend the zero energy operator family D/gR\ic(O) (which we
recall is a wvertical b-differential operator on M) to an e-independent operator on
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[0,1)c x M and identify it on supp X with an operator on M via the (coordinate-
dependent) diffeomorphism (3.4) from Lemma 3.2. Then

9 A .7-'+ (No+1 UE)—2,F+(NoUE) ;77\ 7o TR
L—e2% 1(D Ric(0) (e(h ))) € AT (Mot DUE) 2P (M08 (U \ o; S2T*1T).  (4.15)
Proof. Since L is polyhomogeneous by Corollary 3.20, it suffices to work near the interiors
of M, and M, i.e. away from the corner of M, in order to determine the index sets in (4.13)—
(4.15).

Let us first work near (M, where ¢ = ¢ mod Aphg,

0)°
([0,1);€(M \ C; $T*M));"* and h € A% . Then

where we abbreviate Aghg =

A

phg

(g+ E)fl —-gtl= —ﬁflif mod AQ}—HNOUS C A;E NOU&),

since, in local coordinates, finite products of components of g~ lie in .ANOUS, while k-fold

products of components of h, with k > 2, lie in .Aphg C .Af)fg This verifies the second index
set in (4.13), and moreover gives

— (DgRic — A)(h) = (Ric(g + ) — A(G + 1)) — (Ric(g) — AG) — (DzRic — A)(h)

2F+ (NQUE)
‘Aphg

Note then further that DzRic — DyRic € Aghg([(), 1); Diff>(M \ C; S>T*M)), which when
evaluated on h gives an element of .Afhzg. Since (2F + (NoU&E))U(F+ &) = 2FU(2F +
E))U(F+E)=(F+E)U2F, this verifies the second index set in (4.14).
Regarding the second index set of (4.15), we note that e 2ge~! o D/Ia:(O) o xe €
QpEDiffge(M \ K°;82T*M) C p2Diff2 maps h near (M,)° into an element of A%
it then remains to use (4.13) to conclude.

phg’

We next turn to a neighborhood of M° where we use the smooth coordlnates e > 0,
tel,and & =< € R3. It suffices to evaluate (4.13)—(4.15) at a single fiber M2, p = c(to),

of M®; we do thls in by passing to the ‘fast time’ coordinate £ := = to Thus,
€>0, teR, i eR3 (4.16)

are local coordinates near the interior of the front face of [M M, ] and the map e: dz* dz¥ —
dzrdzY, z = (t,x), 2 = (i,2), is given by multiplication by €?; cf. Remark 3.6. We thus
consider

e’el = (Ric(eg + eh) — 2A(eg + eh)) — (Ric(eg) — ¢*Aeg).
By Definition 3.15, we have
e = gy mod AGHE = A00FUUE ([0 1) 0o (R (R x K2); SPTRY))

and eh € .Afig. Carefully note also the improved regularity

ol(eh) € AL, jeN, (4.17)

40This is the same as the space Aphg( "\ ([0,1) x C); S>T*M").
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of h in the fast time variable; this follows from 0; = €0;. Therefore,

(eg + eﬁ)‘1 —eg = —eﬁ_lﬁ"g_l mod Af)f;(Noug) c A7+ MoUE)

phg
and thus
e%eL € A HIOUE el — (DgRic — ) (eh) € AZ FOY)

similarly to above. But in view of (4.17),

ic(eh 9. R 7 F+((No+1)UE
DgRic(eh) = Dy, Ric(0)(eh) mod A7 H(F0FDUE),

and €2A(eh) € AZ*2 is of even lower order. This gives (4.15).

phg
Finally, the verification of the M-index set of (4.14) uses that yo(D,Ric — A)xo €
Xor2Diff2 (M; S2T* M) maps h into Alfhj near M°. O

5. SETUP AND STATEMENT OF THE MAIN RESULT

Definition 5.1 (Gluing data). Gluing data are a tuple (M, g, p, v, m, a, A) with the following
properties:

(1) (M,g) is a smooth open globally hyperbolic Lorentzian manifold which satisfies the
Einstein vacuum equations with cosmological constant A € R, that is,

Ric(g) — Ag = 0;

2) pe M, and v € T, M is a future timelike unit vector;
p
B)m >0,a€ T,M,al v [af < m (som,a| are subextremal Kerr black hole
parameters);
(4) there exists a precompact connected open neighborhood Uy, C M of p so that
U3, glue. ) does not have any nontrivial Killing vector fields.
M M

(Kerr(—de Sitter) spacetimes violate (4); we discuss the modifications required to handle
this case in §12.) Given such gluing data, we shall fix the following further objects.

(5) We write ¢: I — M (with I/ C R an open interval) for the maximally extended
arc-length parameterized timelike geodesic with ¢(0) = p and ¢/(0) = v, and we
denote by C = ¢(I) C M its image. We denote by M = [[0,1) x M; {0} x C] the
total gluing spacetime of Definition 3.1, with boundary hypersurfaces M and M..

(6) We fix Fermi normal coordinates

(t,r) € R x R3, tel, r=|x|<ro(t), (5.1)

along C, with p = (0,0); we require ro € C*°(I) to satisfy 0 < ro(t) < % for all t € I.
In these coordinates, identify a € (T,C)* C T,M with a vector in R3, denoted a
still.

(7) By X C M we denote a Cauchy hypersurface with X NC = {p} and T, X L
T,C, and we let U/° C X denote a smoothly bounded precompact connected open
neighborhood of p so that the domain of dependence of U° contains Uj;. (See
Remarks 5.2 and 5.3 below.)
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(8) We let go € COO(M \ K°; S2T*M ) denote a (0,Ng + 1)-smooth total family as
produced by Lemma 3.28(2); here

K ={(e,t,2): |ex| < m}

is as in Definition 3.15 for the choice K, = ®,(Knq) C M, (with ®, given by
Lemma 3.28, and Ky, = {# € R?: |#| < m} as in Definition 3.25). We write g, for
the Mp—model of g, and § = (gp)pec for the M-model of §. Thus, when expressing
g in the frame d#, dd& (where ¢ = dt(—), # = dx(—)) on T,M, it is equal to the Kerr
metric gmq = Gmq(2;df,d#) and thus t-independent.

(9) We write (7, k) for the initial data of (M, g) at X; that is, v € C*°(X; S?T*X) is the
induced metric, and k € C>(X; S?T*X) is the second fundamental form of X C M.

(10) We define the total gluing space X as a subset of M as in §3.2.

Remark 5.2 (Choice of X). By Lemma 3.30, we can always modify a given Cauchy hy-
persurface intersecting C at p in an arbitrarily small neighborhood of p to a hypersurface
satisfying the stated orthogonality condition; if we make this modification inside of a convex
neighborhood of p, the modified hypersurface is guaranteed to be a Cauchy hypersurface
still.

Remark 5.3 (Existence of U°; KIDs). As the set 4° C X in item (7) above, we may take
any smoothly bounded precompact connected open set containing the set V C X of the
intersection points with X of all maximally extended causal curves emanating from a point
in @ Note that since Z/{T‘\’J is compact and (M, g) is globally hyperbolic, the set V is
compact. As recalled in §4.1, we then conclude that (X,~, k) has no KIDs in 4°. We also
recall from [Hin24, Remark 4.13] that for all sufficiently small 6 > 0, the nonexistence of
KIDs persists on the subset of U° consisting of all points with distance larger than § > 0
from OU°.

Theorem 5.4 (Maln theorem, precise version). Given gluing data (M, g,p,v,m,a,A), de-
fine C,X C M and K C M as above. Then there eists a (&, &)-smooth (with index sets
£ C (3+Ny) x Ny and & C (1,0)1 U ((3+ No) x No)) total family § on M\ K° (see
Definition 3.15) with respect to g (i.e. §la, = Brg) and with M-model equal to § (i.e. with
Mp—model equal to the Kerr metric gy = Gm,a for all p € C, as in point (8) above) so that

(1) g is a formal solution of the Einstein vacuum equations with cosmological constant
A at € =0 and at X. That is, in a neighborhood of (M \ K)U M,,
Ric(g) — Ag (5.2)
is a smooth section of S2T*M over M\ K° which vanishes to infinite order at M,
M,, and X C M;
(2) g is equal to g outside the domain of influence of a compact subset of U°;

(3) eg is equal to the Kerr metric g, at M modulo quadratically vanishing error terms,
in the sense that in Fermi normal coordinates around C, the components of

eg(e,t, &;dt, dz) — gp(2; dt, d2)
in the frame dt,d& vanish quadratically at € = 0.

_The set K which we excise lies inside the interior of the small Kerr black hole glued along
M, and is indeed disjoint from the event horizon at ¢ = 0. See Figure 5.1.
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______________________

F1GURE 5.1. Illustration of Theorem 5.4. On the left: the total family g
solves the Einstein vacuum equations (5.2) to infinite order at e = 0 (the
union of M and M,) and at X. A set K = {f = |# < m} in the interior
of the small Kerr black hole is excised (not shown here). On the right: the
background spacetime (M, g), and timelike geodesic C along which we want
to glue in a small Kerr black hole, and a spacelike hypersurface X; the lift
of [0,1)c X X to M is X on the left.

As outlined in §1.2, the proof of Theorem 5.4 consists of two steps.

(I) Construction of a formal solution g, at € = 0; that is, g is a total family with
respect to g and with M-model § which satisfies

Ric(§oo) — Afoe € €°C™(M \ K°; S>T*M).
This forms the main part of the paper and is accomplished in §§7-10 following some
preliminary calculations in §6; see Theorem 10.27.

(IT) Correction of g t0 § = goo + h where h vanishes to infinite order at € = 0, and so

that g satisfies the Einstein vacuum equations also to infinite order at X. This step
is the subject of §11; it is considerably easier and can be read independently. See
Theorem 11.1.

The combination of Theorems 10.27 and 11.1 proves Theorem 5.4.

6. GEOMETRIC DIFFERENTIAL OPERATORS ON MINKOWSKI SPACE

In this section, we compute the explicit form of various geometric operators on Minkowski
space which are related to the Einstein equations. A key concept which we recall here as
well is the decomposition of tensors on S? into scalar and vector type components.

6.1. Spherical harmonics. Geometric differential operators on the unit sphere (S?, g) are
denoted with a slash, so ¢ is the standard metric, d is the exterior derivative, § = 59) is the
(negative) divergence, §* the symmetric gradient, th = try is the trace, and A= Ag the
non-negative (tensor) Laplacian. For | € Ny, we define the (2] + 1)-dimensional space of
spherical harmonics of degree [ on S? by

S; =ker(A — (1 +1)) C C>(S?).

Definition 6.1 (1-form and symmetric 2-tensor spherical harmonics). Let [ € N.
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(1) (1-forms.) We say that a 1-form w € C*°(S% T*S?) is of scalar type | if w = (S for
some S € S;.41 We say that w is of vector type | if w = #dS, where # is the Hodge
star operator on (SQ,g); we denote by

V= {#1S: S € S/} € C(S?; T*S?)

the space of all vector type [ 1-forms.

(2) (Symmetric 2-tensors.) We say that h € C°°(S?; S2T*S?) is of scalar type | if h =
grdS —|—S’g with S,S" € S;; here §§ = §* + %gﬁ is the trace-free part of the symmetric
gradient. We say that h is of vector type | if h = §*V for some V € V;.

For brevity, we call elements of S; also sl functions; similarly, vl 1-forms are 1-forms of
vector type [, and likewise for scalar type 1-forms and for symmetric 2-tensors on S2.

We say that a function, 1-form, or tensor is of pure type if it is of scalar type [ or
vector type [ for some [ € Ny. Recall that since ¢l has injective principal symbol, every
w € C®(S?%,T*S?) can be uniquely decomposed as w = du + v where u € C>(S?) and
v € C°(S%T*S?) Nker d*, i.e. v = 0; this means dyv = 0, and since S? has trivial first
cohomology, we can further write v = dv’ for v € C*°(S?). (In total, w = du — #dv'.)
Expanding u,v" into spherical harmonics, we thus conclude that every smooth 1-form on
S? can be expanded into a (rapidly convergent) sum of 1-forms of pure type.

We have a similar decomposition of symmetric 2-tensors h € C>°(S?; S2T*S?): using
that §3 is elliptic, and recalling that there do not exist nontrivial divergence- and trace-
free symmetric 2-tensors on S$? [Hig87], we can write h = ug + #jw with v € C*°(S?) and
w € C*(S% T*S?); decomposing u and w into their pure type components shows that h can
be written as a sum of pure type tensors as well. We remark that the case [ = 1 is special
in that

fodS=0 VSeS;, §V=0 VVeVy.
The second identity is a re-statement of the fact that the elements of V; are (dual to)
rotations on S? and thus are Killing 1-forms. The first identity only needs to be checked
for S equal to the height function on S? C R?, in which case gil(dS, —) is related, via
stereographic projection from the south pole, to the radial vector field on R?, which is a
conformal Killing vector field indeed.

Definition 6.2 (Projections onto pure types). Given a function, 1-form, or symmetric
2-tensor ¢ on S?, we denote by

ﬂ-Sl(Q)v 7TVl(Q)
its scalar type [, resp. vector type [ part.

Ezample 6.3 (Some projections). Regarding S? as the unit sphere in R, write w/ = % If

u € C(S%), then my(u) = 7= [so udg and 7 (u) = 2?21(% Js2 uw? dg)w?, where we use
that &= [, wiw! dg = 107" (Kronecker delta). For w € C>(S% T*S?), we have

3

ma) =Y ([ o) ag) St

j=1

the factor % here is the reciprocal of ﬁ(dwj, dwj>L2(S2;T*Sz) = ﬁ(ﬁdwj,wj)g(gz) = %

413We exclude the case [ = 0 here, since Sy consists of constants.
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We next discuss these notions in terms of the representation theory of O(3) = SO(3) x
(Z/2Z). The representation of SO(3) on S; via pullback of functions on SO(3) is the unique
(up to isomorphism) complex (2! + 1)-dimensional representation p;. Note moreover that
elements of S; are even, resp. odd with respect to the antipodal map —1I for even, resp. odd
[. On the other hand, —I reverses orientation, thus (—I) o # = —f o (—I). Therefore,

pl®(_1)la l 207

S
0(3) acts (via pullback th tati
(3) acts (via pullback) on {Vl as the representation {Pl ® (1), 1> 1.

We then recall that p; ® py = pj_y| @ -+ & pryr, and pp Qs py = par © par—2 ® -+ po. For
example, Vi ®, Vi C C®(S?;T*S?), as an SO(3)-representation, is isomorphic to py @ pa;
and since it is even under —I, we must have

Vi ®s Vi =So® S (6.1)
as O(3)-representations. That is, if V € Vi, then V ®; V is the sum of a scalar type
0 symmetric 2-tensor (i.e. a constant multiple of ¢) and a scalar type 2 symmetric 2-
tensor. Explicitly, for V = 8(; = sin2@dg, one finds V@,V = %g + (Yg+ F5dY) where
Y = %sin2 0 — % € Sa. The ‘vector type 0’ representation pg ® (—1), given by O(3) 3 A —
(v = (det A)v), v € Vo := C, is not realized by tensors on S?. Thus, for example, while
S1®V1 = V(®S; BV, as representations, the space { fw: f € S1, w € V1} C C(S%; T*S?)
is isomorphic to S; @ Va. Explicitly, the map S; ® V; 5 (f,w) — fw has 1-dimensional
kernel spanned by Y w’ ® #dw since Y wifdw! = L4d > (w?)? and Y (w?)? = 1.

Lemma 6.4 (Identities for spherical harmonics). Let | € Ny, and S € S;. Then

FS) =11+ 1)S,  §*(dS) = gids — U . Dgs,  AWS)=((+1)-1s, (6.2
As) =10+ 1. $isds) = D725 Kiisds) = 1) - fids. (63)
Forl e N and V € Vi, we have
1(+1) =2

AV =((I+1)-1)V, V= V, AV =((1+1)—4)V. (6.4)

2
Proof. The first two identities in (6.2) and the first identity in (6.3) follow directly from
the definitions and [A,¢] = 0. The third identity in (6.2) follows from the fact that the
Hodge Laplacian and the tensor Laplacian on 1-forms on a Riemannian manifold (M, g)
are related via Ay + Ric(g) = dd, + d,d; but Ric(f) = ¢ acts as the identity operator on

C®(S%T*S%), so Ad = (Af + §d — 1)d = (A — 1) on functions. Since [A,#] = 0, this also
implies the first identity in (6.4).
For a 1-form w on a Riemannian manifold (M, g), we have

(20405w)p = —2(05w) " = —wpn” — Wi’ = —wpp” —wi”y + Qy/\(www — Wyipn)

= ((Ag + dég)w)u + ¢ Ry wp = ((Ag + déy — Ric(g))w)u.

On (82,g), this implies §¢* = %(A +dg — 1), which in view of §V = 0 proves the second
identity in (6.4). The second identity in (6.3) follows similarly from

dids) = gsds + § (1Y

Tgs) = %(zza +1) = 2)dS — l(l‘;l)ds.
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Finally, for w € C®(M;T*M) on an n-dimensional Riemannian manifold (M, g) with
constant sectional curvature K, so Rf,,\ = K(gwﬁf,’ - gu,,éﬁ), we compute

2(Ag(5;w);w = _gm<wu;m>\ + Wu;;m)\)
= — g™ (Wenw + Wuseap + B unp + B aoapsp + R vurpn + R pntvsp
+ (B + Rpwm)wp);k)
=285 Agw) v — K g™ (9untvie — Guwrin + Gedpsn — GroWsh
+ GAWpin — GupWrin T IrAWrip — Grpyin)
— K (gunwu;™ = g™ + gurwp™ — gouws™)

- 2((5;(Ag — (n+ 1K) - 2Kg(59)w)

nyv
On the 2-sphere, with n = 2 and K = 1, this gives

AF* = (A —3) — 2¢4.

Since #V = 0, this implies the third identity in (6.4), and after a short calculation also the
last identity in (6.3). O

Using the representation theory of O(3), or by direct computation, one can check that if
E =R, T*S?, S?T*S? and u,v € C*(S?; E) are of different pure types, then (u, V) 2(s2E) =
0 where we use the volume density and fiber inner product induced by ¢ to define the L2-
inner product. As an example of an explicit check, we have for S € S; and V € Vi, LI’ € N,

the identity (§3dS, V) = (§*dS, §*V) = (dS, #§7V) = L((1' + 1) — 2)(dS, V) (using (6.1)),

which vanishes after another integration by parts since §V = 0.

6.2. Operators on Minkowski space. We write g = —dt? +da? = —dt? +dr? + r2g for
the Minkowski metric on Ry x R3, and

§ = dg, 5 =6y, tr = trg, G =Gy =1— igtr, O=0,.

Polar coordinates on R3 are denoted r = ||, w = ‘% € S?; we write p = 7! for the inverse

radial coordinate. In > 0, we introduce the double null coordinates*?
x0:t+r:t*+2r, xlzt—r::t*,
in terms of which we have
g= —dz¥ dzt + r2g = —dt? —2dt, dr + r2g,
g =40y @, 01+ 2 = =20, @0, + 0 +r%g

We write 2% (a = 2,3) for coordinates on S?, and use the letters a,b,c,d € {2,3} for

spherical indices. The Christoffel symbols of g in the coordinates 20, 2!, ¢ all vanish, with

the exception of
c _1,—1sc c _  1,—1¢5c 0 _ 1 _ c __ JAC
Loy = 357 o, Iy = —3T op, Lap = —Tabs Loy = TYab, Loy =V (6.5a)
420ne can equally well perform all computations in (¢, r)-coordinates, and in fact in the present paper
some calculations would be slightly simplified. We use double null coordinates (z°,z') and the related

coordinates (t«,7) here, as these are more commonly used in related works on spectral theory and microlocal
analysis on asymptotically flat spacetimes.
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In particular, this gives

g, ==t g™, =271 gL, =0T, (6.5b)

We introduce the bundle splittings
T*R* = (dz%) @ (dz!) @ rT*S?,
ST R = ((d2®)?) @ (2d2® da!) @ (2d2° @, rT*S?) (6.6)
@ ((dz")?) @ (2da! ®, rT*S?) @ r2S2T*S2,
(That is, we write a covector w at a point in R*\ 771(0) as w = wy dz° + wy dz' + 74 where

& € T*S%) In these splittings, the fiber inner products on T*R*, resp. S?T*R* induced by
g take the form

00 0 4 0 0
08 0 0 0 0
0 -2 0 .
00 0 0 —4 0
-2 0 0 |, resp. 40 0 0 g E (6.7)
0 0 ¢!
00 —4g71 0 0 0
00 0 0 0 g

where g !is the fiber inner product on S2T*S2. Tensor calculations in the splittings (6.6)
require careful bookkeeping of r-weights.

Definition 6.5 (r-weights). For N € N and pu1,...,unx € {0, 1,2, 3}, define
(i, o) o= (i € (L, N} i € (2,31},

Given a tensor 1" with components T}, Vi-VK  we then set

1--HN

T U1 TR e SV V) —S(B, o V) V1. VK
Tar. ox =r ' Ty .

We similarly define the weighted Christoffel symbols ljl':’jf, = ps(w)—s(uy )ljl”jl,, which are thus
all zero except for

c 1..—1¢5c c 1..—1¢5c 0o _ -1 1 -1 ¢ _ —1lyrc
Lo =31 04 Lip=—3r 05, Lg=—1""ga. Lg=1""fgab, Lgz=1""Tg. (6.8)

For example, for w = wyda® + w; dz! + r¢, we have wy = wp, wy = w1, and wg = Yq.
Lemma 6.6 (Form of geometric operators on Minkowski space). We work in the bundle
splittings (6.6) and in the coordinates (ts, p,w) = (t — |z|, IYI\’ \%l)

(1) Acting on 1-forms, we have

1 -1 —§
0= —20.p(pd, — 1)+ 0(0),  00) =p* [ =(p3p)* +pd,+ A+ | -1 1§ ||,
24 2d 1
(1) 00 —I;pap 10 0
3 00 4{)6,0 —1P% 1(3 )
«_ [0 00 5 5 3 0 —4(pd +1
00 3 0 : 1(p0, +1)
000 g —4 #*
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Here, A is the block-diagonal operator all of whose diagonal entries are equal to the
respective (tensor) Laplacian on the standard 2-sphere.
(2) Acting on symmetric 2-tensors, we have tr = (0,—4,0,0,0, tf),

O = —20;.p(pd, — 1) + 0(0),

2 -2 -2 0 0 —3tf
-1 2 § -1 - i
—24 24 3 0o -2 -4

—n

(0) = p* | =(p0,)* + pO, + A +

0 -2 0 2 28 L4 ||
0 -2 -2 24 3 3
—2¢ 4¢ —4f* —2¢4 4§ 2
1 0 000 O
00 000 3t
c_ |00 100 0
= 0 0010 0]
0 0001 0
0 24 000 Gy
200000 R
§=10 2 0 0 0 0] 0, +40),
002000
R pOp—2 —pdy+2 4 0 0 Tt
0(0)=p 0 pd, — 2 0 —pd, +2 ) —3
0 0 pd, — 3 0 —pdp,+3 4

Proof. The Minkowski metric and dual metric take the form g = (0, —%,0,0,0, g)T and
gt = (0, —2,0,0,0,g*1) (using the dual splitting). This implies tr = (0,—4,0,0,0, #f).
Moreover, the passage from (20, z')-coordinates to (t.,r)- or (t, p)-coordinates is given by

0o = 30, = —1p%0,, 01 =0k — 50, = b + 50%0,. (6.9)
On functions, the expressions (6.9) and (6.5a)—(6.5b) thus give
0= —¢"" (0,0, — fﬁlﬁn) = 40001 — 2r Y8y 4+ 2r 1o + r 2

6.10
3004, (40,— 1) + 7P (—(p0, + 90, + ). (010

We have (6*w)zs = r*W) 19, (r*Ww;) + 8, (r*Wwp)) — [%,wk, and therefore

do 0 0
301 10 0
5 — % | 0 %(r‘laor —7r7 1
S 0 o)1 0 ’
0 =14 %(7“4617" +rh)

T_lg Er—lg T—lé‘*

which produces the stated expression upon using (6.9). The divergence operator on sym-
metric 2-tensors can be computed as the formal adjoint of §* with respect to the L? inner
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product with volume density 7%|dz°dz’dg| and fiber inner products (6.7). This gives

2r 20112 2r 2912 r=14 0 0 %ril t
d= 0 2r =20, 7? 0 2r~20yr? r1§ —%’I“_l |,
0 0 2(r~1or —r71) 0 2(r10or +r7 ) 7YY

and thus the stated expression upon plugging in (6.9).

The wave operator on 1-forms can be computed by recalling that for any metric g one
has [y = 204G4d; + Ric(g); using that Ric(g) = 0 and Ric(g) = ¢, one can thus compute
O = 26Go* using the already known expressions for §, G, and J*.

We compute the action of the wave operator on a symmetric 2-tensor h in two steps.

Step 1. Covariant derivative of a symmetric 2-tensor. By direct calculation using the
formula

ham = r PR 9, (r* W hys) — T8 by — Doy,

one finds that the components hjp.z of the covariant derlvatlve Vh = VZh are given by
hoo.o = dohoo, oo = O1hoo,  hooe = 1 0choo — 1 hog,
hoto = Gohot, o1 = Oihot,  hove =1 0chor + 517 (hoe — hiz),
hogo = Qohgss  hopy = Othp, g = 17 Vehop + 17" (hoo — hot) e — 57 e
hi1.0 = Ooh11, hi1a = O1hi1, hite =1 '0chir + 1 thig,
hipo = Ol hapy = O1hyg,  hype = r ' Wehyp + 17 (hot — hi1)goe + %T_lhBaa
haB;o = Oohgp, haB;l = Ohgp, haE;c _1Wc hap + 1~ (hO& - hl&)gbc + T_l(hoé - hlB)gao

Step 2. Wave operator. In order to compute Llh, we use the formula

(Oh)aw = _QR;\hpﬁ;cm\
= —g™ [T_S(“’V’H’/\)a/\ (rs(#’yﬁ)hﬂﬁ k) — Fp shavp — Fp shovsk — Ahuﬁ;fi}

= 2(7«*8(#,”)3 (r S(lal/)h,l7 1)+ rsr) g, (TS(“’V)h,zp;o) — 1 Yhapo + 7 hapa

_ _ (6.11)
— I uhoio — Lhphpon — D phaso — rgﬁhﬁﬁ;l) + (Sh)aw
where we define
(Sh)ﬂl_/ = g ed _18 huu id + ng(Fp psd + rﬁchuﬁ;(i + rgdhﬁl_/;é)-
Since lj’fﬁ = —%'Fls(u)dz = —I‘gﬁ, the derivatives falling on r*(**) in the big parenthesis

cancel the terms from the Christoffel symbols; the big parenthesis in (6.11) thus evaluates
to

(40001 — 2r~ 100 + 2r 101 by = —2p0y, (p0, — 1) + p2(—(p8p)2 + pOp) hiw, (6.12)
cf. (6.10). It remains to evaluate the action of S. Using (6.8), we compute
(Sh)oo = —g“r ' Vehgo.g + 91 hogd,
(Sh)o1 ngT_lvchm;J + %ngr_l(hlé;J = hoga),
(Sh)os = —g“r " Vehggg + 1 (hors — hoo) + 39° 7 e
(Sh)in = ngT_lvchll;J - ngT_lhla;d?
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(Sh)yp = —gr™ Vehypg + 17 (hyrg = horg) = 54 i,
(Sh)&E = _ngr_IWchaE;J+ T_l(hla;g + hll;;& - hO&;B — h‘OB;&)‘

Using the expressions for hjp.z given above, and denoting spherical indices by ‘e’ this gives

(r2Sh)oo = Ahgo + 2(hoo — hot) — 26hoe — 5t hee,

(r*Sh)o1 = Aho1 — hoo + 2ho1 — hit + $hoe — $hie + 3 4 e,
(r*Sh)oe = Ahge — 2dhoo + 2 dho1 + 3hoe — 2h1e — Fhee,

(r’Sh)11 = Ahi1 — 2ho1 + 211 + 28h1e — 5 th R,

(r’Sh)1e = Ah1e — 2dho1 + 2dh11 — 2hoe + 3h1e + fhree,

(72Sh)ee = Ahee + (—2hgo + 4ho1 — 2h11)g — 48" hoe + 4 h1e + 2hee.

Together with (6.12), this verifies the form of O on symmetric 2-tensors. The proof of
Lemma 6.6 is complete. U

Corollary 6.7 (Indicial family of linearized Ricci at zero frequency). Regarding R? =
t=1(0) c R*, define D/gR\ic(O) € Diﬁz(R3;SQTH§3R4) to be the restriction of DgRic to t-
translation invariant sg;mmetric 2-tensors on R*. In the coordinates p = rol = || =L,
w = 7, and in the bundle splitting (6.14), the operator p*QD/gR\iC(O) is then dilation-

invariant on [0,00), x S2,, and its indicial family™ N(p_QD/g\Ric(O), A) = p_’\_QlZR\ic(O)p)‘

w

(i.e. defined with respect to p) satisfies

N (p7*D,Ric(0), )

1 A T(A=1)4 0 0 —IAO-1)th
—13(-1)  —IaOFD+LA —I(x-1)8 —1ix(a-1) La-1)4 LIAO=1) th
—ixd —T(+2)d — 1A= +42)+ 3 4d 0 —2(A=2)(A+1) IX@+d k)
= 0 A 0 3 —1(-1)8 N
0 $(+2)d —3(A=2)(A+1) I -1 =x+2)+14d —IX(B+d th)
—(A—-1)¢g —2g+28"d —(A—1)§"—g$ —(A—-1)g (A=1)§*+4¢§ —1OF+D(A-2)+3 4

1029 -4 e,
OAN (p~2DyRic(0), \)

0 1 1 0 0 —5(2A=1) t#
SHe-) Shew) b She-y B ook
1 L —laa-) 0 —1(23-1) (i)
0 1 0 0 —% —§(2>\—1)‘f/ir ’
0 Ld —iea-1) 1d —L@2x-1)  —1(F+dth)
—¢ 0 —§* —g g —5(2A-1-gth)

N (p~'[DgRic, .]7(0), A)

43This is a family of second order differential operators on S? acting on sections of R ® R EBE*SQ PRI
T*S? @ S*T*S?. Conceptually " more accurately, it is a family of operators on 9(R? \ {0}) = OR? acting on
sections of the restriction to OR3 of the bundle on R? \ {0} defined by continuous extension of (6.6).
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0o 0 0 0 0 0
-1 -1 0 0 0 it

o o -3 0 0 o0

1o 0o 0 0 0 —it
0 0 -10 -3 0
0o 0 0 0 0 -1

Proof. One obtains m(O) from DyRic (expressed in ., p,w coordinates) by dropping
all derivatives in t,.. We then have
_ 1 N - .
N (p™*DgRic(0), A) = 5N (p~*0(0), A) = N(p~0*(0), A + 1) N (p~16(0), A) G.

The first half of the Lemma then follows by differentiation in A and evaluation using the
expressions in Lemma 6.6. To prove the second half, we note that

[D,Ric, £,]7(0) = %[E,t\*](O) — [5*,£.J3(0)G — 5*(0)[5, £.]G. (6.13)
Since [0, t.] is homogeneous of degree 0, this implies
N (p~'[DgRic, t.]7(0), A)
= SN DI0), ) — (5%, 1] 0 AN (07'3(0), ) o G
— N (p~1*(0),\) 0 [d,1,] 0 G.
A computation using Lemma 6.6 gives the stated result. (]

Using polar coordinates z = rw, 7 > 0, w € S?, we can decompose tensors on R3 \ {0}
into spherical harmonics. In the case of functions u = u(r,w), this amounts to projecting
u(r,—) to S; for each 7 > 0 and [ € Np; in this manner, we can write u € C*°(R?\ {0}) as
a (rapidly converging) series )y, wi/(r) where u; € C>((0,00);S;). In the case of 1-forms
and symmetric 2-tensors, we split

T*R? = (dr) @ rT*S?,  S*T*R3 = (dr?) @ (2dr @, rT*S?) @ r2S*T*S? (6.14)

over r > 0. (We note that the splittings (6.14) extend to smooth splittings of S¢T*R3
and S?S°T*R3 away from r = 0.) A l-form w € C*®(R?\ {0}; T*R3) is then given by
w = (u,r¢)) where u € C°(R3\ {0}) and ¢ € C>((0,00);C®(S?; T*S?)), and we may split
u and similarly ¢ into its pure type components as above. The symmetric 2-tensor case is
completely analogous.

Further generalizing this to time-translation-invariant sections of T*R* and S?T*R* in
the bundle splitting (6.6), we can split the restriction to a single coordinate 2-sphere (say
{t =0, |z| = 1}) into pure types as follows:

(1) scalar type 0: for a,b,c,d € C,
1-forms (a, b, O)T, symmetric 2-tensors (a, b, 0, ¢, 0, dg)T (6.15a)

(ie. ada® + bdz' and a(dz®)? 4+ 2bdz® da! + ¢(da')? + d - r2¢);
scalar type 1: for a,b,c,d,e, f € C an € Dy,
2 1 1: for a,b,c,d,e, f eCand S € S

1-forms (aS, bS, cdS), symmetric 2-tensors (aS, bS, cdS, dS, e dS, 1S¢); (6.15b)
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(3) scalar type | > 2: for a,b,c,d,e, f,h € Cand S € S;,
1-forms (aS, bS, cdS), symmetric 2-tensors (aS, bS, cdS, dS, e dS, fS¢ + h§dS);

(6.15¢)
(4) vector type 1: for a,b € C and V € Vy,
1-forms (0,0,aV)?,  symmetric 2-tensors (0,0,aV, 0,bV,0)T; (6.15d)
(5) vector type [ > 2: for a,b,c € C and V € V|,
1-forms (0,0,aV)7, symmetric 2-tensors (0,0, aV, 0, bV, cf*V)T. (6.15¢)

Remark 6.8 (Action on pure type tensors). Importantly, the operators in Lemma 6.6 and
Corollary 6.7 not only preserve pure types; they also map pure type tensors of the above
forms with fired S or V into pure type tensors of the same type with the same S, V.
Therefore, for example, the restriction of §A*(O) to scalar type | > 2 tensors is given by a
7 x 3 matrix of differential operators in r (or p = r~!), formally obtained from Lemma 6.6
by replacing d by 1, ¢ by (1,0)”, and §* by (=311 +1),1)7.

We shall use such decompositions mostly to analyze the behavior of tensors on R? (arising
as stationary tensors on R*) as r — oo or r — 0.

Definition 6.9 (Leading order type). Let p =~ on R3\ {0}. Let E — R3\ {0} be the
pullback along the projection (p,w) — w of a direct sum of the bundles R, T*S?, S?T*S? —
S%. Let u € C*°(R3 \ {0}; E). Then we say that u is of scalar (resp. vector) type ! modulo
pFC> if there exists ug € C*°(R3\ {0}; E) which on each coordinate sphere is of scalar (resp.
vector) type I and for which u — ug € pFC®. If this holds for k = 1, we say that u is of
scalar (resp. vector) type to leading order at infinity.

7. LINEARIZED RICCI CURVATURE OPERATOR ON MINKOWSKI SPACE

We continue using the notation g = —dt? 4+ dr? + rzg from §6.2. In order to prepare
solving the linearized Einstein equations with right hand sides which are polyhomogeneous
at OM, or OM (cf. §1.2.3), we now study the mapping properties of the indicial family

N(rDgRic(0),A),  AeC, (7.1)

defined with respect to r, i.e. N(r2ZZR\iC(O), A) = T'Q*)‘D/gR\ic(O)rA acting on stationary (in
t) and dilation-invariant (in r relative to the splitting (6.6)) symmetric 2-tensors.

Remark 7.1 (Indicial family with respect to p = r~!). If one defines the indicial family
using p (as done in Corollary 6.7), then the parameter A gets replaced by —A.

In the bundle splittings (6.6), the operator N(r2m(0), \) is of class Diff*(S:, RGR®
T*S? R @ T*S? @ S?2T*S?). More accurately, it is the indicial family of r2®:(0) at the
front face ff = S? of [R?;{0}], and thus acts on sections of the pullback of S2T(’B 0)R4 —

{0} C R? along the blow-down map B: [R3;{0}] — R3. We mostly consider its action on
pure type tensors, and write

N (r2DgRic(0), \)
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for the restriction of N (r2®:(0),A) to tensors of pure type o € {sl,vl}; expressed in
terms of the bases (6.15a)—(6.15¢), this is a square matrix whose coefficients are quadratic
functions of A € C. We similarly write No(rd*(0), \) and N¢(rdG(0), A). Finally, we write
CO(fF; BTG 0y RY) € C(fF; B*T(5 o) RY)

for the (finite-dimensional) subspace consisting of pure type e 1-forms; similarly for sym-
metric 2-tensors.

Concretely, we shall characterize the extent to which the range of (7.1) is smaller than
the kernel of N(r0G(0), A — 2) (cf. the linearized second Bianchi identity G o D,yRic = 0),
or the kernel is bigger than the range of N(rérk (0), A +1) (cf. the identity DgRicod* = 0).

In other words, we will study the extent to which the complex

0 — Coo (fﬂ @*T(TLO)RZI) N(Tﬁ*(0)7)‘+l)

N (r2DyRic(0),)\)
+>

PS5 0,0 72)

N(réG(0),A—2)
—_—

C(ff; B*S°T(; o) R?) C(fF; BT} o R*) = 0

is exact, and precisely characterize the failure of exactness when it occurs.

For notational brevity, we shall henceforth write G = G and

N(DRic, \) := N(r2D,Ric(0), ), N(5*,A) := N(r0*(0),A), N(6G,\) := N(rdG(0), \).
(7.3)
Note that the adjoint of DyjRicod* = 01is 0 = § o GD4Ric G = §Go DyRic G. Thus, the first
two (nontrivial) arrows in (7.2) are essentially the formal adjoints of the final two arrows.
This implies a certain duality between the two middle homology groups. Moreover, we shall
see that ker N(DRic, \)/ran N(6*, A + 1) can be nontrivial, which means that we can have
DyRic(r*hg) = 0 (with ho € COO({_S*SQT(”ELO)R‘l)) but r*hg # 0*(r*1wp). One may then
worry that one can have D,Ric(r*(logr)hg + r*h1) = 0, and yet the argument is not pure
gauge to leading order, and so on, which would imply that quasi-homogeneous linearized
metric perturbations can have arbitrarily high powers of logr, even after quotienting out
by pure gauge solutions. However, already the existence of h; turns out to force hg to lie
in the range of N(6*,\ + 1). We proceed to discuss the underlying linear algebra of such
‘restricted kernels’ (and the dual ‘generalized ranges’) in an abstract setting in §7.1.

In §7.2, we then turn to the mode stability of the Minkowski metric at zero energy on
homogeneous (with respect to spatial dilations) tensors in 7 > 0. The dual problem of
solving the equation N(DRic, \)h = f for homogeneous f € ker N(dG, A — 2) is considered
in §7.3. These two sections consider individual pure types, and thus only require finite-
dimensional linear algebra; in §7.4, we study all but finitely many pure types (depending
on the value of A\ € C) in one go by means of a gauge-fixed linearized Einstein operator.

We then combine these ingredients in §7.5 to give a complete description of the nullspace,
modulo pure gauge, of DyRic on quasi-homogeneous tensors in r > 0, and of its range inside
of ker 6G. .

7.1. Linear algebra of restricted kernels and extended ranges. Consider two finite-
dimensional complex vector spaces V, W, each equipped with a nondegenerate (but not
necessarily positive definite) sesquilinear inner product, and a holomorphic family of linear
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maps
AN):V =W, A€
where €2 C C is open and nonempty. For j € Ng and \g € €2, define

J
K;(A, Xo) == {w()\) = Z(A — o) *rwp: wp € V, A(M)w()) is holomorphic at )\0},
k=0
Kj1(A, Xo) == {wj: Jw(X) € K;(A, \o) with leading term (X — Xo) 7w}

j
Ry (A 20) = { A oy (3) = 0= Xo) Ho wr € 7,
k=0
A(N)w() is holomorphic at )\0}.
(7.4)
E}}(A*, Ao) analogously by replacing A(X) by A(\)* and
A — Ao, ‘holomorphic’ by A — A, ‘anti-holomorphic’. We note that
ran A(\g) = R[o] (A, \) C R[l] (A, ) C -+,
- C Kppj(A, Ao) € Kj(A, Ao) = ker A(o),

Define K7 (A", Xo), K[*j](A*,)\g), R

hence the nomenclature of ‘generalized range’ and ‘restricted kernel’.

Lemma 7.2 (Duality). For A\g € C and for all j € Ny, we have K;;(A, o) = R}

(A X)t
1 (A% Ao
and K (A*, /\0) = R[]](A, /\o)J‘.

¥l
Proof. This is elementary for j = 0. We thus consider j > 1. We only explicitly discuss

the proof of Ki;)(4, o) = E’] (A*, Xg)*, since the proof of the second part is completely
analogous. We give two proofs of this result.

o Flirst proof. Let w(\) = i:oo‘ — Xo) " w;j € Kj(A, Xo), so wy, € K[j(A, Xo), and let
R*(A) =27 (A — o) *h} be such that w* := (A(A)*h*(A))[r=n, € RE}](A*,)\O). Then

(') = lim (= 2ol 1o (0), AW N) = lim (= Ao) (AN, (A = RoV k(X))

vanishes since the pairing remains bounded as A — Ag. This establishes the inclusion
K[ (A, M) C Rp(A*, M)

It remains to show that RE“].](A*,)\O)J- C K[;)(A, Ao). Arguing by induction (simulta-
neously also for the second part of the Lemma), suppose that w € Ri‘j] (A*,Xg)*. Then

we Ry (A%, Xo)*t = K[j_1](A, Xo) by the inductive hypothesis, so there exists w(\) =

S0 = o) TF € Kj-1(A, Ao) with wj_1 = w; and for all A*(\) = S21_ (A — Xo) *h
for which A(A)*h*(A) is anti-holomorphic at A = g, we have
0= lim (w, A(N)*h* (X))
/\—>/\()
= i — Xo)’ AN)*R*
Jimg. (A= 20)w(N), AN)*h* (X))

= lim (A )w()), (A - o) h*(N))
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- < ’)\ Aoo h*>
The space of all leading order terms h;-‘ of such h*(A) is K[*j—l] (A*, Ng). Thus, using the
inductive hypothesis (for the second part of the Lemma), we deduce that

(ANwN)a=x, € Kf5_ (A%, Xo)" = Ryj_1j(A, Ao)

can be written as (A(M\)w”(\))|x=r, Where w’(\) = Z ()\ Xo) Fw?. This means that
AN)(w(N) —wy (X)) vanishes at A = Ao, and therefore

A =Xo) tw(A) = (A= )\0)_1 "(N)

i1 et b (7.5)
=(\—Xo)~ w+Z)\ 20) 2w = ) (A= Xo)F

k=0
gets mapped by A()) into a function which is holomorphic at A = Ag. This means that (7.5)
lies in Kj(A, Ao), and therefore w € K;;(A, Ag). This completes the proof.

e Second proof. If T'(\), S(X) are invertible linear maps which are defined and holomorphic
near A = Ao, then K;(A, A\o) = {S(A)w(A): w € K;(T'AS, X\o)} and therefore

Kj1(4, Xo) = S(Xo) K1 (TAS, Ao).

Similarly, R, (A", N) = (S(No)*)™ 1RE‘](S*A*T*,)\0). Therefore, it suffices to prove the
Lemma for TAS in place of A. Fixing orthonormal bases {e1,...,ex} of V and {fi,..., fa'}
of W, we can then choose T, S so that TAS is in Smith normal form: in the case that

N' =dimW > N = dim V, this means that

T(NANS() = (D W) DO =diag(A— 20). .., (A= Ao)¥),

0
where 0 < j; <--- < jn, and thus S(A)*AN)*T(A\)* = (D(A)*,0). Therefore,
K[;j(TAS, \o) = span{ey: jr > j}, [ (TAS)*, Ao) = span{eg: jr < j}.
The case that N’ < N is similar. This implies the claim. O

Let now Z be a further finite-dimensional complex vector space equipped with a nonde-
generate sesquilinear inner product. Suppose

AN):V =W, BA\): W — Z, AeQ,
where 2 C C is open and nonempty, are holomorphic families of linear maps with B(\) o
A(X) =0 for all A € Q2. In other words, we have a family of complexes

A(N) B(\)
1% W - 7,  A€Q,
AN)* B(A)*

with the top row holomorphic and the bottom row antiholomorphic.

Proposition 7.3 (Nondegenerate pairings). Let i,j € No, Ao € Q. Then Rj;(A, \o) C
K (B, \o) and Rf](B* Xo) C K ](A*,)\O). Furthermore, the inner product Kp(B, \o) X

[J](A* Ao) D (h,h*) — (h,h*) induces a nondegenerate sesquilinear pairing



GLUING SMALL BLACK HOLES ALONG TIMELIKE GEODESICS I: FORMAL SOLUTION 73

The special case ¢ = j = 0 is the non-degeneracy of the pairing
(ker B(X)/ran A(X)) x (ker A(A)*/ran B(\)*) — C,
which is elementary.

Remark 7.4 (Interpretation). If A, B depend polynomially on A, then K (B, \o) is equal

to the space of all h € W so that the W-valued function r + 7k on (0, 00), satisfies
B(r0,)(r*h) = 0. The stronger membership h € Kp;)(B, Ao) implies that there exists
h1 € W so that

B(rd,)(r* (log r)h + r*°hy) = 0; (7.7)
and so on. For i =1, j = 0, the first factor in (7.6) is trivial if and only if all logr leading

order terms (such as h in (7.7)) of quasi-homogeneous (of degree Ao) elements in ker B(rd,)
lie in the range of A(\p). In this case, the second factor is then also trivial, which means that
every h* € W with A*(rd,)(r*°h*) = 0 can be written as h* = B(rd,)* (r* (log ) f& +1r0 f7)
for some f§ € ker B(\g)* and f{ € Z. (Here, B(r0,)* is defined using the b-density |%| on
(0,00).)

Proof of Proposition 7.3. If w(\) = i:oo‘ — Xo)"*wy is such that A(M\)w(A) is holomor-
phic, then the identity
B)((A = 20) " TTANw(A)) = BAYAN (A = Xo) " Hw(X) =0

shows that (A(Mw(A))[n, € Rpjj(A, Xo) lies in Kp;)(B, Ag). Similarly, one shows that the
second quotient space in (7.6) is well-defined. The non-degeneracy follows from Lemma 7.2.
O

Besides the case i =0, j = 0, we only need the case i =1, j =0 (or i =0, j = 1) in our
application. We rephrase this as follows (see also Remark 7.4).

Corollary 7.5 (Nondegenerate pairings, special case). The inner product on W induces a
nondegenerate sesquilinear pairing between the spaces

{h € ker B(\o): B'(M\g)h € ran B(\g)}/ ran A(Ao) (7.8)

and
ker A(Xo)*/{B(No)"fo + B'(Xo)" fi': f5 € Z, [ € ker B(Xo)"}. (7.9)

Proof. Note that if h € ker B()\g), then v € W solves B'(A\g)h = B(\g)v if and only if
B(A)((A = Xo)"2h — (A — Ag)'v) is holomorphic at Ag; thus, such a vector v exists if and
only if h € K3j(B, A\o). Thus, (7.8) is the space K;)(B, Xo)/Rjg (A, Ao)-

Similarly, if given f, fi € Z we define f* by f*(A\) = (A — Xo) "L ff + £, then
B F*(N) = (A= 20) " B(ho)" fi + (B'(M)* fi + B(X)*f3) + O(IA = Aol)

is anti-holomorphic at A\ = Ao if and only if f; € ker B(A\g)*. Thus, (7.9) is equal to the
space Ko (A", Xo)/Rpuj(B*, Xo). The claim now follows from Proposition 7.3. O



74 PETER HINTZ

7.2. Mode stability at zero energy for the indicial family. We study the kernel of
N(DRic, A\) modulo pure gauge solutions, i.e. modulo the range of N(6*, A 4+ 1). This is
a variant on the classical problem of mode stability for the linearized Einstein vacuum
equations (see e.g. [RW57, KI03], [HHV21, §8]), here at the Minkowski metric and at zero
energy but with the caveat that we are considering stationary metric perturbations in r > 0
which are homogeneous of degree \ with respect to spatial dilations (r,w) — (er,w), ¢ >0
(and thus typically singular at » = 0). Since N(DRic, \) preserves pure type tensors in
the strong sense explained in Remark 6.8, one can specialize this problem further and
study the mode stability individually for each pure type.** We identify ker Ny;(DRic, \) C
(it p*S 2T(*B’O)R‘l) with the subspace of C* which is the kernel of the 4 x 4 matrix obtained
by expressing N (DRic, \) in the splitting (6.15b) for any fixed 0 # S € S; (see Remark 6.8);
similarly for other pure types. Explicit expressions are given below, see e.g. (7.18).

Proposition 7.6 (Mode stability at zero energy for the indicial family). Let A € C.

(1) (Scalar type 0.) For A\ # —1,0, we have ker Ngo(DRic, \) = ran Ng(d*, A + 1).
For A = —1, in the notation of (7.4), the quotient Ky, o)(DRic, —1)/ Ry 0)(6%,0) =
ker Ngo(DRic, —1)/ran Ngo(0*,0) is 2-dimensional, whereas (in terms of (6.15a))

K,0(DRic, —1)/ Rgo,11)(6%,0)
= ker Ny (DRic, —1)/(ran Ngo(6%,0) + Talier N, (5%,0) O)\Ngo (9%, O))
= span{(1,0,1,0)T}
is 1-dimensional (in coordinates spanned by the equivalence class of r—((dz®)? +
(dz1)?) = 2(dt*> + dr?)). For A =0 finally,
K 0](DRic,0)/ Ry 10)(6%, 1) = span{(1,1,1,0)"}
(in coordinates, (1,1,1,0)T corresponds to 4dt?).

(2) (Scalar type 1.) For A # —2,—1,1, we have ker Ng;(DRic, \) = ran Ng (6*, A + 1).
For the exceptional values of X, we have, in terms of (6.15b)%

K jo)(DRic, —2) /Ry g (6*, —1) = span{(—1,0,1,—1,-1,0)"}, (7.10)
K 0)(DRic, 1)/ Rgy [0)(6%,2) = span{(0,0,0,2, —1,0)"}; (7.11)
finally,
, 1 1 \T
K1 o) (DRic, 1)/ Ry (5",0) = span{ o Na (6,0 (5, -5.1) } (7.12)

(in coordinates §*((logr)d(rS)) = Ldr @, d(rS), S € S1), so

Ks1,[0] (DRic, —1)/Rsl,[1] (6%,0)
= ker Ng1(DRic, —1)/(ran Ngi (6%, 0) + ranye, n, (5+,0) OrNe1 (6%, 0)) (7.13)
= {0}.

44T he converse is not automatic; that is, suppose, say, A € C is such that ker No(DRic, \) = ran No (6%, A+
1) for all e € {sl, vi}. Then we can only conclude that ker N(DRic, \) = ran N(6*, A + 1) if we restrict to
the subspace of C* (ff; @*T(*}LO)R‘L) consisting of tensors with finite pure type support, i.e. only finitely many
projections onto pure type tensors are nonzero. We show in §7.4—mnecessarily using analytic tools—how to
remove this restriction.

4575 explained above, (7.10) means that in the splitting (6.15b), the space of symmetric 2-tensors of the
form (—S,0,dS, —S, —dS,0)T, S € S1, projects isomorphically onto the quotient space.
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(3) (Scalar type [ > 2.) For A # —l—1,1, we have ker Ng(DRic, ) = ran Ng(6*, \+1).
For A= —1—1,1, we have
Kg 0)(DRic, A)/Rg 0(6*, A + 1) = span{(1,0,0,1,0,2,0)"}.

(4) (Vector typel = 1.) For A\ # —2,0, 1, we have ker Ny1(DRic, A) = ran Ny (6%, \+1).
Furthermore,

Ko1 0)(DRic, \)/Ryy g(6%, A+ 1) = span{(1, 1)},  A=-2,1
(In coordinates, (1,1)T is 4r* dt @, rV, V € V1.) Finally, for A = 0, the space
K1 0)(DRic, 0)/ Ry g (6%, 1) = span{daNy1 (6%, 1)(1, -1)"} (7.14)
(in coordinates §*(2r - rV), V € V1) is 1-dimensional, whereas
K1,j0)(DRic, 0)/ Ry 11)(67, 1)
= ker Ny1(DRic, 0)/ (ran Ny1 (6%, 1) + range, n,, 5+,1) ONv1 (67, 1)) (7.15)
= {0}.
(5) (Vector typel > 2.) For A\ # —1—1,1, we have ker Ny;(DRic, \) = ran Ny; (6%, A+1).
Furthermore,

Ky j0)(DRic, A) /Ry 0 (6%, A + 1) = span{(1, 1,0)73, A=—1—1,1.

When the quotient of ker No(DRic, \) by ran Ne(0*, A+ 1) is nontrivial, this indicates the
posstbility that there exists a homogeneous metric perturbation which is not pure gauge; in
the s0, s1, and v1 cases, the quotient can contain nontrivial elements which are nonetheless
pure gauge if the gauge potential is permitted to contain an additional logarithmic term.
But even if one quotients out by the generalized range of N(§*, —), there remain certain
nontrivial quotient spaces for all pure types. Certain ones have simple interpretations which
will play an important role in §9:

e for s0 and A = —1: linearized mass perturbations—compare Z(dt?+dr?) in part (1)
with the first line in expression (3.41);
e for sl and A = —2: deformation tensors of translations on a mass # 0 Schwarzschild

spacetime (which are not deformation tensors on Minkowski space however). This
is the reason for the choice (—1,0,1,—1,—1,0) of basis in (7.10): relative to the
scalar type 1 function S = S(¢) = ¢- ﬁ, this (times 7~2) is the leading order part of

h(2,0)e = %Eé.@i §2,0 where go ¢ is the mass 2 Schwarzschild metric (though expressed
in z-coordinates here), cf. (9.9) and (9.27); and

e for vl and A = —2: linearized angular momentum perturbations—compare the
tensor 4r~2dt ®¢ rV with the last line in (3.41) (which is the only term in large
square parentheses which is of vector type 1, cf. the discussion after (9.26)).

Proof of Proposition 7.6. Since No(DRic, \) and Ne(6*, A+ 1) are (finite-dimensional) ma-
trices, this can in be verified by direct computation. For most pure types, we shall proceed
in a mildly conceptual fashion by mimicking some of the arguments in [KI03] as in [HHV21,
§8]. We use Lemmas 6.4 and 6.6, Corollary 6.7, and the splittings (6.15a)—(6.15¢) to obtain
the expressions for the matrices below. (Recall that X is the power of r = p~! here, rather
than of p in Corollary 6.7.)
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e Part (1): sO tensors. We note the explicit expressions

2(A\ + 1) 0
, 1 =A—1 A+1
Ns0<5 ,)\—Fl)—z 0 72()\+1) )
4 —4
0 —4A 0 A+ 1)
LA —22(A 1) A+ 1) AA+1)
Neo(DRic, A) = 7 0 —4 0 AN+ ]
4N+ 1) -8 AN+1) 20+ 1D(A+2)
1/-2x 4 0 A
Nso(5G,)\—2):2< R _A) (7.16)

For A # 0, Ngo(0G, A—2) is surjective and thus has 2-dimensional kernel; since Ng(DRic, A)
maps a supplementary subspace of ker Nyo(DRic, A) injectively into this kernel, we conclude
that dim ran Ny (DRic, \) = 4—dim ker Ngo(DRic, A) < 2. But for A # —1,0, the dimension
of ran Ngo(DRic, A) is at least 2. Thus, it must equal to 2. Since for A # —1, ran Ngo(6*, A+
1) is a 2-dimensional subspace of ker Ngo(DRic, A), we conclude that for A # —1,0 we have
ker Ngo(DRic, \) = ran Ngo(6*, A + 1).
For A = —1, we have ker Nyo(6*, A +1) = span{(1,1)”} (in coordinates, this is 0*(2dt) =
0), so ran Ngo(6*, A + 1)[x=_1 = span{(0,0,0,1)7} is a 1-dimensional subspace of
Nyo(DRic, —1) = span{(1,0,0,0)%,(0,0,1,0)%, (0,0,0,1)T}. (7.17)
We note that the range of d\Nso(6*, A + 1)[x=—1: (1, 1)T = 3(1,0,—1,0)7 (in coordinates,
this is the equation §*(2logrdt) = 2r~'dt @, dr = 3r~'((dz?)? — (dz')?)) spans a 1-

dimensional subspace in the quotient ker Nyo(DRic, —1)/ran Ny (6*,0), and a complemen-
tary subspace is spanned by (1,0,1,0)7.

For A = 0 finally, the quotient of
ker Ny (DRic, ) = span{(1,0,0, 1), (-1,0,1,0)7, (2,1,0,0)7}

by ran Ngo(6*, A+ 1)|x=0 = span{(2, —1,0,4)T, (0,1, -2, —4)T'} is spanned e.g. by the image
of (1,1,1,0)7 in the quotient.

e Part (2): sl tensors. For A # —1, the annihilator of the range of

2\ +1) 0 0
-A—-1 A+1 0
. 1 2 0 A
Nal@A+D =210 20041) o0
0 2 -
4 —4 —4
is spanned by
hi=(1 , 2 , 0,1, 0, 0),
2 2
h* - <_77 N , 1> 17 07 17 0)7
2 A+17 A+1
1 A A
hi=(—— 2 10,0 7>
3 A1 A+1 77 74
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Thus, for h € C(ff; [_3*S2T(*0 0)R4), the value of N(DRic, A\)h only depends on the gauge-
invariant quantities (X, Y, Z) := (hj(h), h3(h), h5(h)). Since (X,Y,Z) = (1,0,0), (0,1,0),
(0,0,1) for h = (0,0,0,1,0,0)T, (0,0,0,0,1,0)", (=X —1,0,0, A + 1,—2,0)”, respectively,

one computes using

2 —2) —2(A+1) 0 0 —IA(+1)
—IAAHD) —(A=2)(A+1) A1 —IM+1) -1 IAO+1)
NaDRieN) =g 5 Ny TR g SO S8
0 —2+2 -1 -1)(M+2) -\ —1(N2+2+2) ’ N
2(A41) -8 —2(A+3) 2(A41) 2(A+3) —)\(/\-1-(3) )
7.18

the matrix of N(DRic, A) in terms of (X,Y,Z) (for the columns)
(for the rows) to be

and the splitting (6.15b)

0 0 —2(A+1)
~L(a+1) “A—1 2(A+1)
o1 0 —3(A-1)(A+2) -2
Ng1(DRic, ) = 5 2 ? 2(A+1) —2(A+1)
A —2(A2+2+2) 2
2+ 1) 2043)  —4A+3)

Since A # —1, the third column is linearly independent from the first two (cf. the (1, 3)
entry). The second column is A 4+ 1 times the first (cf. the fourth row) if and only if
A = —2,1. We conclude that for A # —2,—1,1, Ng;(DRic, A\)h = 0 implies (X,Y,Z) =0
and thus h € ran Ng; (6%, A+1). For A = —2, resp. A = 1, the kernel of Ng;(DRic, A) modulo
ran Ng1 (0%, A+ 1) is spanned by h with (X,Y, Z) = (1,1,0), resp. (X,Y,Z) = (2,—1,0) e.g.
h=1(1,0,-1,1,1,0)T, resp. h = (0,0,0,2,-1,0)T.

For A = —1, N4 (6%, A+ 1) has 1-dimensional kernel spanned by (%, —%, )T (correspond-

ing in coordinates to the fact that translation 1-forms d(rS), S € S, are Killing 1-forms on
Minkowski space). One computes

ran Ny (0%, A 4+ 1)|x—_; = span{(0,0,1,0,0,2)%,(0,0,1,0,1,0)},

ker Ny (DRic, A)|x=_1 = span{(0,0,1,0,0,2)7,(0,0,1,0,1,0)7, (1,-1,1,1

s Ly 7_170)T}7
so the quotient space is 1-dimensional; but
1

2 )

(1,-1,1,1,-1,0)T

4&N§®iA+U(

T
1)

1
2
dr ®, d(rS)) spans this quotient.

(in coordinates 6*((logr)d(rS)) = 1

o Part (3): sl tensors, | > 2. Now

200 +1) 0 0
-A-1 A+1 0
1 2 0 A
Ng(6* 2 +1) = 1 0 —2(A+1) 0
0 2 -2
4 —4 —2l(1+1)
0 0 4



78 PETER HINTZ

is injective for all A € C. The annihilator of its range is spanned by?*®

- (1, 0, ~A—1, 0, 0 , 0, A(Aj 1)),
hy = (0, 1, % . 0, —%(/\Jrl), 0, —W),
g:(o,o,o C1LA+1 0, A(Ajl))

h4_(,0, 2 0,2 1, l(l;1)+)\>.

Given h € CJ(ff; B* S’ZT*E)O) 4), the vector (X,Y,Z,J) := (hi(h),hi(h),h5(h),h;(h)) is

thus gauge-invariant. Noting that (1,0,0,0,0,0,0)7, (0,1,0,0,0,0,0)7, (0,0,0,1,0,0,0)T,

(0,0,0,0,0,1,0)7 is a dual basis (i.e. the matrix of evaluations against h,...,h} is the
identity matrix), the action of
2Ng(DRic, ) (7.19)
1(14+1) —2 —1(I4+1)(A+1) 0 0 —1a(A+1) 0
—3AOHD) —O—I=DOH) I D) —3AOHD) — 3 (M) 1>\(>\+1) 0
A A—2 —%(A +A+2) 0 -1 -1D(A+2) —1(1-1)+2)A
= 0 —2 0 I(+1) {0+ (A+1) —lx(,\+1) 0
0 —2+2 —I(A=1)(A+2) Y —1(A+2+2) LI-1)(1+2)A
200+1)  —2(24142)  —I(+1)(A3)  200+1)  I(I+1)(A+3)  —(A— l+1)(,\+l+2) LU-1)1+1)(1+2)
0 4 2(A+1) 0 —2(A+1) —A(A+1)

on h is thus given, in terms of (X,Y, Z, J) (for the columns) and the splitting (6.15c) (for
the rows), by the first, second, fourth, and sixth columns, so

1(1+1) —2) 0 IA(A+1)
— A+ —(A=I=1)(A+]) —3A(N+1) % ()\+1)
A A—2 0 -3
2N (DRic, \) = 0 —2\ 1(I+1) —IA(A+1)
0 —\+2 —A 3
2(A+1) —2(12+1+2) 200 +1)  —(A=I+1)(A+I+2)
0 4 0 0

We need to determine for which A € C this matrix has a nontrivial nullspace. Note that
the second column is linearly independent from the span of the other three columns which
we denote r1,73,74. When A = 0, then 7 is linearly independent of span{rs,r4} (cf. the
(1,1) entry), and r3,r4 are linearly independent as well (cf. the fourth row). When X # 0,
then ary + brg + 2cry = 0 implies (b — ¢)A = 0 (fifth row), so b = ¢, and furthermore
bl(l+ 1) = cA(A+ 1) (fourth row), so A = —I — 1,1. And indeed for A\ = —] — 1,1, tensors
with (X,Y, Z,J) = (1,0, 1,2) (for either value of A) lie in the kernel of Ng(DRic, ).

e Part (4): vl tensors. We have

Not(§ A+ 1) = % (_X) ., Nu(DRic,\) = —W G }) . (720)

46\While we do not attempt to exactly parallel the arguments in [HHV21, §8.1.1] here, we do remark
that the choice of hj; (which in particular tests the spherical pure trace and trace free parts of a symmetric
2-tensor) is inspired by the definition of the gauge-invariant quantity J in [HHV21, Equation (8.8)], and
similarly the choice of (hi, h3, h3) (which tests for the non-spherical part of a symmetric 2-tensor) is inspired
by F in the reference.
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For A\ # —2,1, ker Ny1(DRic, \) is therefore 1-dimensional and spanned by (1, —1)%, which
for A # 0 spans the range of Ny1(6*, A4 1). Turning to the exceptional values, note that for
A = —2,1, the quotient space ker Ny1(DRic, \)/ran Ny1(6*, A + 1) is spanned by {(1,1)7}.
(Since Ny1(6*, A + 1) is injective, quotienting out by the generalized range gives the same
space.) For A\ = 0, the quotient space is 1-dimensional (and spanned by (1, —1)7), but in
view of ran(\Ny1(6*, A + 1)) = span{(1,—1)} the quotient by Ry 1j(Ny1(6*, X + 1)) is
trivial.

e Part (5): vl tensors, | > 2. Similarly to the scalar type [ > 2 case, the operator

1 A
Nvl(é*’)\"i_l)zz —A
4

is now always injective; the annihilator of its range is spanned by h] = (1,0, —%)\)T, hs =
(0,1,1)). A dual basis being (1,0,0), (0,1,0), we can compute the action of

9 4

—2(P4+1-1)+A(\+1) (A—=1)(\+2) $(1=1)(1+2)A
— 4Ny (DRic, \) = (A=1)(A\+2) —2(PP+1—1)+AA+1) —3(I—1)(1+2)A

—4(A+1) A(A+1) 2A(A+1)

(7.21)
on a tensor h in terms of (X,Y) = (hj(h),h5(h)) (for the columns) to be given by
—2(P+1-1)+A(A+1) (A—1)(A+2)
—4Ny;(DRic, \) = (A=1)(A+2) —2(P+1-1)+A(\+1)
—4(\+1) 4(A+1)

For A = —1, this has trivial nullspace (using [?> +1 — 1 # #+1). For A # —1, the only
possible nontrivial linear combination of the two columns which gives the zero vector is (up
to scalar multiples) their sum (cf. the third row), i.e. (X,Y) = (1,1) (corresponding e.g. to
h = (1,1,0)T). This indeed vanishes if 0 = —2(12 +1—-1) + \A+ 1)+ (A= 1) (A +2) =
2(A =1)(A+ 1+ 1), which has the solutions A = —] — 1,1. This implies the claim. O

What this result does not yet treat is the generalized nullspace of N(DRic, A), i.e. the
possibility and structure of solutions of DgRiC(Z§:0 r*(logr)7h;) = 0 with k > 1. Note
that for such solutions, the leading order term hj necessarily lies in ker N(DRic, X). We
will prove in Proposition 7.7 that leading order terms for k > 1 are always pure gauge; this
is thus a result on the ‘semi-simplicity modulo pure gauge’ for the (generalized) nullspace
of N(DRic, \).

In this analysis of the generalized nullspace of N(DRic, \), we will use duality and pairing
arguments. The fiber inner products are induced by the Minkowski metric. Making explicit
the volume density used for the definition of adjoints (and recalling that the Minkowskian
volume density is r2dr times the standard density on S?), we then note that

N(DRic,\)* := N(r2DyRic(0), \)* = (rr2DyRic(0)r) 17!

= 7“3(r_’\TQJ_)/gl{\iC(O)r’\)*’lr2dr|r_3 =73( D/glﬁz(())*r%_;\)r_?’

A
AT (7.22)
N (r*GD,4Ric(0)G, —1 — A)

= r1+;\r213/gR\ic(0)*r_1_5‘

= Go N(DRic,—1—\) oG,
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and similarly

N(@* A+ 1)* = N(5,-3—)) = N(6G,—3 - \) oG,

. R A (7.23)
NG, A —2)" =Go N(§*,—A) = N(G5*, —)).
Thus, Proposition 7.3 asserts that for every pure type o € {sl, vl}, the pairings
(Ko [j)(6G, X — 2)/Rq 7(DRic, \)) x (K, j(DRic, —1 — X)/Rq ;7(6*, = X)) (7.24)

> (h,h*) — (h,Gh™) € C
are non-degenerate.

Proposition 7.7 (Restricted kernels are pure gauge). (1) (Scalar type 0.) We have
K,nj(DRic, —1) = {h € ker Ny(DRic, —1): 9\ Nso(DRic, —1)h € ran Ny (DRic, 0) }

= Ry,11(6%,0),
(7.25a)
Kqo,1)(DRic, 0) = Ry [0)(67, 1). (7.25b)
Moreover,

KsO,[l} (DRiCa _1)/RSO,[O] (5*7 O) = Span{a)\N(é*v 0)(17 1)T} (726)

(in local coordinates, O\N(6*,0)(1,1)T is 6*(2(logr)dt) = 2r~t dr ®, dt ).

(2) (Scalar type 1.) We have

Ksl,[l} (DRIC7 _2) = Rsl,[O](5*) _1), (727&)
Ksl,[l] (DRIC, 1) = Rsl,[O]((S*» 2) (727b)

(3) (Scalar type | > 2.) We have Kg 1)(DRic, \) = Ry [0)(6", A + 1) for A = =1 — 1,1.
(4) (Vector type 1.) We have Ky j1)(DRic, ) = Ry j0)(6", A + 1) for A = =2, 1.
(5) (Vector type | > 2.) We have K 1j(DRic, \) = Ry (6", A+ 1) for A =~ —1,1.

Proof. Let h € K, g(DRic,\) = ker N¢(DRic, A). In order to find a condition whether
h € K, 1j(DRic, A), i.e. xNe¢(DRic, \)h € ran No(DRic, A), note that
OxNe(DRic, \)h € K, [0)(6G, A — 2)
since on ker No(DRic, \) we have
No(6G, A — 2) 0 \No(DRic, \) = —9xNa(6G, A — 2) o No(DRic, \) = 0.
Thus, we have a well-defined linear map
(Ko 0](DRic, =1 — X)/Rq 0] (6%, —A)) 3 h* — (OxNo(DRic, A)h, Gh*). (7.28)
By (7.24), this is the zero map if and only if 9\Ne(DRic, \)h € R, g(DRic, \), i.e. h €
K, 1](DRic, \). Proposition 7.6 describes the spaces of inputs h* in the pairing (7.28).
Now, (7.28) depends only on the equivalence class of h in K, jg(DRic, \)/Rq n7(0%, A+ 1)
where N € Ny is arbitrary: this follows from the fact that for w(pu+1) = Zévzo(,u—)\)_j_le
such that Ne(0*, n + 1)w(p + 1) is holomorphic at u = A we have
(0uNe(DRic, ) (No(6%, pp + Dw (i + 1)), Gh* ) 1=
= —(No(DRic, A)9u (Ne(6*, pp + Dw(pe + 1)), GA* )| i=a
= (O\(Ne(6*, A+ Dw(A + 1)), GNo(DRic, =1 — A)R*)|1=x
=0.
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We have thus shown that
Ko,[l] (DRiC, )\)/R”[N] ((5*, A+ 1)
— {11] € Ku o) (DRic, \)/Ru (x)(8", A+ 1): (91Na(DRic, A, G*) = 0 (7.20)
VA" € K, o (DRic, =1 = 1)/ Ra (6", =) }.

We use this characterization to show that K, jj(DRic,\) = R, 5](0%, A + 1) for various
values of e, A\, and V.

e Part (1): s0O tensors. Consider first (7.25a), and A = —1 in (7.29). By Proposi-
tion 7.6(1) it suffices to check that for

h:=(1,0,1,0)" € Ky o)(DRic, —1), h* = (1,1,1,0)" € Ky o (DRic,0),

we have (O Ngo(DRic, —1)h, Gh*) # 0. The matrix of the fiber inner product on sO sections
of [_S*SQT(‘B 0)R4 tensors can be read off from (6.7) and is

4

O = O O
S O 0o O
oS O O

N O OO

Using the expression (7.16), we thus compute

(OANwo(DRic, =1)(1,0,1,0)", G(1,1,1,0)) » o)

_ <<o, %,0, 2)T, (1,0,1, 2)T>L2(SZ) — 327 £ 0.

The statement (7.25b) follows from the same calculation: we now take h = (1,1,1,0)7 to
span K o](DRic, 0)/ Ry [0 (6%,1); for h* = (1,0,1,0)" € Ky gj(DRic, —1), we then have

(OxNso(DRic, 0)h, Gh*) = (Gh, Oy Ngo(DRic, —1)h*) = 321 # 0.
(That is, the roles of h,h* and 0, —1 are reversed compared to the first computation.)

To prove (7.26), note that Ry 0(6*,0) is a 1-codimensional subspace of Ry 1(0*,0) =
Ky, 1j(DRic, —1), with the quotient spanned by d\N(5*,0)(1, 1)T; see the computations
following (7.17).

e Part (2): sl tensors. Since for A = —2 we have —1 — X\ = 1, we calculate with h =
(-1,0,1,—1,—1,0)7 and h* = (0,0,0,2,—1,0)7 (see (7.10)—(7.11)), and using (7.18) and
the fiber inner product on sl tensors (from (6.7))

00 0 4 0 O
08 0 0 0 O
00 0 0 =820
40 0 0 0 O
00 -80 0 O
00 0 0 0 2

the pairing
<8)\N51 (DRiC, —2)}1, Gh*>L2(Sz)
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1 1 1 T
= -1 T a0 oo _1a 5 _4) IAERS) ,2’_17 T> =—4 .
<( "5 Ty 5 (0,0,0 0) raE) 8w #£0

This gives (7.27a); and (7.27b) follows from the same calculation with h,h* and —2,1
interchanged.

e Part (3): sl tensors, | > 2. Using h = (1,0,0,1,0,2,0)" = h* from Proposition 7.6(3),
the expression (7.19), and the fiber inner product (from (6.7), using (6.15¢) and Lemma 6.4)

—dl(l+1)

— 4l

S OO OO
O OO OO o
OO ~TOoO O oo
O OO O OO
SO OoO O OO
OO OO oo

OO OO OO

=D+ 1)1 +2)
we compute
(O\Ng(DRic, -1 — 1)h, Gh*>L2(S2)

1 1 T
- <(l—|—§,0,0,l+§,0,2l+1,0) ,(1,1,0,1,0,0,0)T> — 16(20 + 1)7 # 0.

L2(S?)

This implies the claims in part (3).
e Part (4): v1 tensors. For | = 1 and A\ = —2, we use Proposition 7.6(4) and take
h = (1,1)T = h*. The fiber inner product being

(% ).

. . 3 3\T
(0ANy1 (DRic, —2)h, Gh*) 12g2) = <(§ 5) (1, 1>T> — 967 £ 0.

we find, using (7.20),

The case A = 1 follows from the same calculation.
e Part (5): vl tensors, | > 2. This is similar to the case [ = 1: now h = (1,1,0)T = h*,
and using (7.21) and the fiber inner product

0 —4l(1+1) 0
—4l(l+1) 0 0 :
0 0 L=+ 1)1 +2)

we find

, ) 1 1 N\T
(OANy (DRic, —I — 1)h, Gh™) 12g2) = <(z 50+ 5 0) (1, 1,0)T>
— —161(1 + 1) (20 + 1) # 0.

L2(S?)

This completes the proof. ([
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7.3. Generalized range. Let o € {sl, vi}. Having studied the (restricted) kernel of
N(DRic, \), we are now interested in solving the equation N¢(DRic,\)h = f, or more
generally OxNo(DRic, \)h + No(DRic, \)hqy = f (necessarily with h € ker No(DRic, \)).
A necessary condition for f € R, ;(DRic,A) for any i € Ny is f € ker No(0G, A — 2) =
Kq10)(0G,A — 2). The extent to which the converse fails can be read off from the non-
degeneracy of the pairings (7.24) (with j = 0).

Proposition 7.8 (Solvability for the indicial family). Let A € C.
(1) (Scalar type 0.) For A # —1,0, we have
Kq0,10)(6G, A = 2) = ker Nyo(0G, A — 2) = ran Nyo(DRic, A) = Ry o] (DRic, A).
Furthermore,
Ke,0)(0G, —3) = Ry ) (DRic, —1)
= {9\Ngo(DRic, —1)h + Ny (DRic, —1)h1 : h € ker Nyo(DRic, —1)}.

Moreover, we have an isomorphism™’

K,10)(0G, =2)/Ryo 1 (DRic, 0) 5 f = (OAN(6G, =2) f,dt) 2(s2y € C. (7.30)
(2) (Scalar type 1.) We have
K1[0)(6G, A — 2) = Ry g (DRic, A), A#—2,0,1,
KSI,[O}((SC';? A — 2) = Rsly[l](DRiC, )\), A= —2, 1.

Moreover, we have an isomorphism™®

K1 006, ~2)/ Ry o (DRic,0) 3 £ = (813 S = (AN(56, ~2),d(rS)) 1 (e2) ) € Si.

(7.31)
(3) (Scalar type [ > 2.) We have

K j0)(0G, A — 2) = Ry j0)(DRic, A), N#—1—1,1,
Kqj0)(6G, X — 2) = Ry 1(DRic, \), A=—1-1,L
(4) (Vector type 1.) We have
Ko o) (6G, A — 2) = Ry o)(DRic, A), A% —2,1,
Ko0)(6G, A — 2) = Ry, 1j(DRic, \), A= -2 1.

Moreover, we have an isomorphism™

Ky 0/ (0G, ~3)/ Ry o) DRic, =1) 3 £ = (V1 3 Vi (9\N(3G, =3)f,1V) pa(ee) ) € V1.
(7.32)
(5) (Vector type [ > 2.) We have
Kvl,[O](5G7 A— 2) = va,[O](DRicv )‘)7 A 7& -l - 17 la
Kvl,[O](5Ga A— 2) = va,m(DRiC, )\), A=—-l— 1, l.
47The right hand side is (9x Nso(6G, —2) f, (

1
2
48The right hand side, for fixed S € Sy, is (O
49The right hand side, for fixed V € V1, is )

,5)7) in terms of (6.15a).
Ns1(6G )f7(27,%’1) ) in terms of (6.15b).
Ny 1(6G Df,(3,—2)7") in terms of (6.15b).
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Proof. Those cases in Propositions 7.6-7.7 in which the (restricted) kernel K, ;;(DRic, A),
i € No, is equal to the range R, [0)(6", A + 1) imply, via (7.24) with j = 0, most of the
Proposition.

The isomorphism (7.30) follows from (7.26) using (7.24) (with A = 0, i = 1, j = 0)
and the fact that (G o O\N(6%,0))* = O\N(6G,—2). Similarly, the isomorphism (7.31)
follows from (7.12) using (7.24) (with A =0, i =0, j = 0); and (7.32) follows from (7.14)
using (7.24) (with A=—-1,7=0, j =0). O

In (7.30), (7.31), and (7.32), the generalized ranges R, ;;(DRic,—) have already stabi-
lized, i.e. they remain unchanged if one increases i further.”® Thus, these isomorphisms
capture the full extent to which TQm(O)h =7r272f f € ker No(6G, A —2), does not have
a solution h which is quasi-homogeneous of degree X. Requiring f to lie in the restricted
kernel K, [1)(0G, A — 2) does guarantee solvability:

Lemma 7.9 (Solvability for restricted right hand sides). We have
Kyo,11(6G, —2) = Ry 3j(DRic, 0),
Ksl,[l](éGu —2) = Rq1 0] (DRic, 0),
Kvl,[l] (6G7 _3) = RVI,[O} (DR1C> _1)

Proof. This follows by duality from the non-degeneracy of (7.24) and the equalities (7.25a),
(7.13), and (7.15). O

7.4. Kernel and range for pure types with large [. If the equation N(DRic, \)h = f €
ker N(0G, \), with f smooth, can be solved for each pure type separately, the existence of a
smooth solution A cannot directly be obtained by summing the infinitely many individual
pure type solutions constructed above due to possible convergence issues. Instead, we work
with a gauge-fixed version of the linearized Einstein equation in this and the next section.
Concretely, we consider

L := DyRic + §* 0 0G, (7.33)

which by (4.4) is equal to %Q where [J is the tensor wave operator, i.e. the scalar wave
operator on each coefficient of a symmetric 2-tensor in the bundle trivialization induced by
the coordinates t,x. In polar coordinates x = rw, the zero energy operator of the scalar
wave operator is the spatial Laplacian, @(0) =02 - %&« +r~2A, and therefore

N(r20(0),A) = =AM+ 1) + A.

Restricted to scalar type [ functions, this is multiplication by —A(A + 1) + (I + 1) =
—(A=0)(A+141), with roots A = —] —1,[. In particular, if X is fixed, then the restriction
N> (r20(0), ) to functions whose scalar type < [ components vanish is injective when
IA| > 1+ 1. But since N(r20J(0), A) has Fredholm index 0 since A is elliptic, this implies
the invertibility of NZZ(TQE(O), A).

%0The argument is as follows. Let j € No. If there exists i such that Ry;(DRic,\) = K};(6G, A — 2),
then Ry;:j(DRic, \) = Ry;(DRic, A) for all j° > j since Rpjj(DRic, A) D Ry;(DRic, A) is always contained
in K};)(6G, A — 2) by Proposition 7.3. Note now that by (7.24), the assumption on 4 here is equivalent to
R (6*,—X) = K[j;(DRic, —1 — X). This holds in the s0 case with A =0, i = 1, j = 1 by (7.25a), in the sl
case with A=10, j =0, 4 =1 by (7.13), and in the vl case with A = —1, j =0, 7 =1 by (7.15).
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Note next that dt is of scalar type 0, and da/, j = 1,2, 3, is of scalar type 1; and therefore
dzt ®s dz¥ (where z = (2#) -0, 3 = (t,21,2%,23)) is a sum of tensors of scalar or vector
type at most 2. This allows us to pass from the dz* ®, dz¥ bundle splitting of S2T*R* to
the splitting (6.6). We have thus shown:

Lemma 7.10 (Invertibility of the indicial family of the gauge-fixed linearized Einstein
operator). Fiz A\ € C. Then for large enough ly € Ny, the restriction N, (r2L(0),\) of
N(r2L(0), \) € Diff?(ff; R*S2T T, 0)R4) to the space of smooth tensors all of whose scalar type
I and vector type | components vanish for | < ly is invertible; and also the indicial operators
N(r20(0), A £ 1) of the tensor wave operator on 1-forms are invertible. (Concretely, one
may take lo > |\ +3.)

Corollary 7.11 (Kernel modulo pure gauge; range). Fiz A € C, and let ly € Ny be as in
Lemma 7.10 (e.g. lo > |A\| +3). We use the notation (7.3).
(1) (Kernel modulo pure gauge.) If h € CS (f; B~ S2T To.0) R*) (i.e. h is smooth with

vanishing scalar and vector type | components for alll < ly) satisfies N(DRic, \)h =
0, then there exists w € CZ; (ff; B*T 0.0 R*) with N(6*, A\ + 1)w = h.

(2) (Range.) If f € C>l0(ff R*S*T )]R4) satisfies N(6G, A —2)f = 0, then there exists
h € 3, (ff; B* ST, )]R4) wzth N(DRlc Mh = f.

Proof. We begin with part (2). We may solve

N(r?L(0), )h = f
with i € €3 since N>y, (r2L(0), \) is invertible. Applying N (6G, A—2) to this equation and
using the definition (7.33) of L as well as f € ker N(0G, A —2) implies N(r2§/§(0) 08*(0), A\—
1)n = 0 where 1 := N(JG, A\)h. But §G o §* = 10 (tensor wave operator on 1-forms), and
therefore n = 0 by Lemma 7.10. This implies N(TQD/R\ic(O)h) = f, as desired.

For part (1), we first claim that there exists w € €3y (ff; @*SQT(’B 0)R4) so that b/ :=
h+ N(6*, A+ 1)w satisfies the gauge condition N (6G, \)(h + N(0*, A+ 1)w) = 0. To verify
this, note that w needs to satisfy the equation

1 ~
SN(r?0(0), A + Dw = —=N(8G, A)h € €5, (ff; B*T( ) R*),

which does have a solution. But then N(r2L(0), )&’ = 0 implies 2’ = 0 by Lemma 7.10.
This gives h = —=N(§*, A + 1)w. The proof is complete. O

7.5. Solvability and uniqueness at r = 0 for quasi-homogeneous tensors. We can
now prove the two main theorems of this section. We write 7g(r,w) = w for the projection

[R3;{0}] = [0,00), x S — S2.

Theorem 7.12 (Quasi-homogeneous nullspace modulo pure gauge). Let z € C, k € Nj.
Consider a stationary solution

D=3 %

j=0

\ s

ST “(log ) mhhj(w), hj € C(ff; B* ST o) RY),

Q
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of the equation D/gl?lc(O)h = 0. Then there exists a stationary I-form

k+K
1 ), % o] * ok
w=Y =M logrymiwi(w),  w; € C™(; B T RY,
j=0 7"
so that h = §*w if z ¢ Z in which case we can take k' = 0. Otherwise:
(1) if z € {—1 — 1,1} where l > 1: there exists w, with k' =0, so that
h — 8w = rinhh/, h' € C(ff; B*S*T(; o RY), (7.34)

with h' € 3 ,_g 1 ker No(DRic, 2);

(2) if z=—1, set k' =1 (unless hgo )y, =0 and hg1 j, = 0, in which case k' = 0 works);
if z=0, set k' =1 (unless hy1 =0, in which case k' =0 works): then there exists
w so that (7.34) holds with h' € ker Ny (DRic, z).%!

One can moreover choose the 1-forms w; to depend continuously on (ho, ..., hy) for fived
z e C.

Thus, for non-integer z, the metric perturbation h is always pure gauge, whereas for
integer z one can always add a pure gauge term to h so as to eliminate all terms involving
(logr)? with j > 1.

Proof of Theorem 7.12. e Step 1. Analysis for individual pure types.

(1.i) 2 ¢ Z. Fix a pure type o. Note that hy € K, [o)(DRic, 2) = R, (6", 2 + 1) (using
Proposition 7.6). Therefore, we can write hy = N (5%, 2 + 1)wg. The remaining error

N
—_

| —

h— 5 ((logr)rwr) = 3 =r*(logryimihy — (57, (log ) (" mhun) (735

!

<
I
=)
<

still lies in the kernel of D/QPFC(O), but the largest power of logr is reduced by 1. Iterating
this argument until £ = 0 (in which case the remaining error vanishes) produces the desired
gauge potential w.

(1.ii) z = =1 — 1,1 with I > 1. The same arguments apply to the pure gauge o ¢ {sl, vi}
part of h by Proposition 7.6. Consider next the sl part hg of h. If £ = 0, we may simply
take w = 0. For k > 1 on the other hand, note that hgj (the sl part of hy) lies in
Kg 1) (DRic, 2) C Kg j(DRic, 2); but K 1)(DRic, 2) = Ry (6%, 2+ 1) by Proposition 7.7
(part (2) for [ =1, and part (3) for I > 2). Therefore, we can write hg = N(6*, 2 + 1)wg.
The computation (7.35) again applies and reduces the largest logarithmic exponent k by
1, until one reaches k = 0 in which case the remaining error h’, which has no logarithmic
terms anymore, can no longer be solved away. The same reasoning applies in the vl case,
now using parts (4) and (5) of Proposition 7.7.

(1.iii) z = —1. Proposition 7.6 shows that we only need to consider the scalar type 0
and 1 cases. Consider first the sO case. If k = 0, we take w = 0. For k > 1, we have

51Thus, if h does not have any scalar type 0 components, then we can find w so that k' = 0, so h is pure
gauge.
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hsok € Kgonj(DRic, —1) = Ry 1(0%,0), where we use Proposition 7.7(1). Therefore, we
can find wg4q € ker N(6*,0) and wy, so that

r~theo sk = 0% ((log M)wk+1 + wy)-
Using §* o (log 7))k ! = (log r)¥T16* + (k + 1)(log r)*[6*, log r] we thus have

N 1
logr)*hso s — & (m(logr)mrl

k" Wi+l + — I (logr) >

= s (logr)* (r o — 8 ((logr)enin) + i) ) — 16", (logr) e

— 116, log ¥,

which has one power of log r less than h. We can thus eliminate all logarithmic terms of h
until we are left with a stationary error term h/'.

In the sl case, the same arguments apply for all kK > 0 by virtue of (7.13). Thus, hg is
pure gauge in this case.

(1.iv) z = 0. We only need to consider the scalar type 0 and vector type 1 cases in view
of Proposition 7.6. In the s0 case, for k£ > 1 we can use (7.25b) to solve away all logarithmic
terms (i.e. k > 1) as in step (1.i) until we are left with a tensor h’ without logarithmic
terms. In the v1 case on the other hand, we use (7.15) to solve away all terms using the
same arguments as in step (1.iii).

e Step 2. Analysis for all pure types with large | simultaneously. Let ly € Ng be as in
Corollary 7.11 with A = 2. We may replace h by its projection hs;, off all spaces of
scalar and vector type [ < [y tensors. Since hy € ker N(DRic, z), we can thus pick wy €

Cg;, (i B T 0)R4) with N(6*,z + 1)wg = hy. Via (7.35), we can then eliminate the term

r*(logr)*mihy (at the expense of causing changes to lower order terms). Iterating until
k: =0 ﬁnishes the construction of w.

Finally, the continuous dependence of w; on (ho, ..., hy) is guaranteed for the projections
to scalar and vector type [ > [y tensors, whereas for the finitely many remaining pure types
the finite-dimensionality of all function spaces involved implies, by linear algebra, that
one can choose the pure type sl or vl, [ < Iy, parts of w; to depend linearly (and thus
automatically continuously) on the corresponding pure type parts of (hg, ..., hg). [l

Theorem 7.13 (Solvability with quasi-homogeneous forcing). Let z € C, k € Ny. Consider
the stationary tensor?

1 * *
*, logr jwﬁfj( ) fi € CT(MH; B S2T(070)R4)7

M?r

%

J=0

on R3\ {0}. Write fo; for the pure type o € {sl, v} part of f;. Suppose that é/E(O)f =0.
Fiz a cutoff function x € C°(]0,00),) which equals 1 near r = 0. Consider the following
possibilities.

(1) 2¢ Z: set k' =0.
52This means that the components of f(r,w) with respect to the bundle trivialization induced by the

coordinates ¢,z are homogeneous of degree z with respect to dilations (r,w) +— (Ar,w) when k = 0, and
quasi-homogeneous when k£ > 1.
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(2) z € {1 — 1,1} wherel > 1: set k' = 0 if fyr = 0 and fur =0, and k' =1
otherwise.
(3) z = —1: writing (—,—) for L*-pairings on R® with volume density r*|dr d¢| and
fiber inner products induced by the Minkowski metric, assume that®
([6G,X]f,7°V) =0 VV € Vy, (7.36)
Set k' =0 if foor =0, and k' = 1 otherwise.
(4) z=0: assume that
([6G, x| f,dt) =0, (7.37)
([6G, x]f,d(rS)) =0 VSe€S;. (7.38)
Set k' =0 if foor =0, and k' =1 otherwise.

Then there exist h; € C*®(ff; B*S?T \RY), 1 =0,...,k+ K, so that, inr >0,

(0,0)
DgRic(0)h = f,  h(rw)=»_ ﬁrz(logr)leffhj(w), (7.39)
j=0

and so that (ho, ..., hgix) depends linearly and continuously on (fo, ..., fx). When k' =1,
then hi11 € ker N(DRic, z).

The conditions (7.36), (7.37), and (7.38) only depend on fy1, fs0, and fq, respectively.
Moreover, the pairings in (7.36)—(7.38) are independent of the choice of y; indeed, the
difference of any two such cutoffs is a function 1 € C$°((0,00)), and thus there are no
boundary terms in the integration by parts computation ([dG,]f,dt) = (G f,d*dt) —
(oG f,dt) = 0— 0 =0 (similarly for the other two pairings).

Proof of Proposition 7.13. Let us write

~ k . _ k+k' ‘
Fow) =Y (A=2)7fw),  hAw) =Y (A=2)7 " hw),
j=0 Jj=0

so that f(r,w) = ResA:Z(r/\_Qf()\,w)),~while h(r,w) = Resy—.(r*h(\,w)) is the solution
of (7.39) which we seek. In terms of f, h, equation (7.39) is equivalent to

N(DRic, Nh(\) = f(A) + hol,, (7.40)

where we write hol. for a A-dependent tensor which is holomorphic at A\ = z. This follows
as in the proof of Lemma 2.5. Indeed, multiplying (7.40) by =2, integrating along a small

circle around A\ = z, and recalling our shorthand notation N(DRic, \) = N (r2D/g\Ric(0), A)
gives (7.39); conversely, we can pull the action of 7"2D/5R\ic(()) on h(r,w) = 5= $. (A, w) dA
under the integral sign where it acts on h via N(DRic, ), and (7.40) follows.

Similarly, we shall use that 5@(0) f =0 is equivalent to

N(5G, X — 2)f(\) = hol. (7.41)
The conditions (7.36), (7.37), and (7.38) are moreover equivalent to
(N (r6G(0), A — 2)f (V) ooy lyoy =0 ¥V E VY, (7.42)

53An example is V = 82 =sin?0d¢, so r2V = z' dz? — 2% dzt.
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(N(raG(0),A = 2)f(N), dt) 2(sz) |,y = O, (7.43)
(N(8G(0), A — 2) F(N),d(rS)) 22y ,_, = 0 VS €Sy, (7.44)
respectively; this is a special case of Lemma 2.5 (for X = [R%{0}], w = -3, a = 0,

L= 7“5@(0), and z = =3, -2, —2).

e Step 1. Individual solvability for pure types. Fix a pure type e, and replace f by its
pure type e part f..

(1.i) z ¢ Z. Proposition 7.8 gives K, 0](6G, 2 — 2) = R, gj(DRic, 2). If k = 0 and thus
fo € ker No(6G, z — 2), this produces hg so that (7.40) holds. For general k € N, we have
fr € ker No(0G, z — 2); choosing hy with Ne(DRic, z)hy = fi, we get

k—1
No(DRic, ) (A= 2) ") = FN) +E(0), e =) (A—2) 7, (7.45)
j=0

where thus €()) is more regular by one power of A\ — z; and since No(dG, A — 2) annihilates
the left hand side identically, we find using (7.41) that

No(0G, A —2)é(A) is holomorphic at A = z. (7.46)
Having thus reduced & by 1, the solvability of (7.40) follows by induction on k.
(i) 2 € {111}, 1 > 1. If e # sl,vl (or even if e € {sl, vi} but fa = 0 and
fu = 0), then the arguments from step (1.i) apply without change. If & € {sl, vi} and
fo # 0, then since f, € ker No(0G, z — 2), Proposition 7.8 (part (2), resp. (4) for I = 1,

and part (3), resp. (5) for | > 2) produces hiy1 € ker No(DRic, z) and hy, so that fi =
O\No(DRic, z)hit1 + Ne(DRic, 2)hy; in other words,

No(DRic, \) (A = 2) F2hgqr + (A — 2) 7" 1hy) = F(A) +&(N)

where, as in part (1.i), € has one power of (A — z)~! less than f, and N(6G, X — 2)é()) is
holomorphic at A = z. An inductive argument finishes the proof also in this case.

(1.iii) 2 = —1. If e # s0,v1l, the arguments from step (1.i) apply. For e = s0, the
arguments from step (1.ii) apply in view of Proposition 7.8(1).

For e = v1 finally, consider first the case kK = 0. Since fy € ker Ny1(dG, —3), we obtain
(Ne1(6G, A=2) F(A)|re—1 = O\Nv1(6G, —3) fo, and thus (7.42) reads (N (6G, —3) fo, V) =
0, V € Vi. In view of the isomorphism (7.32), this implies that we can write fy =
N(DRic, —1)hq.

For k > 1, the argument is different: we now have fi € Ky 1(0G, —=3) C Ky 1(0G, —3)
and thus fr = Ny1(DRic, —1)hy for some hy by Lemma 7.9. Thus, we again have (7.45)—
(7.46) (with z = —1). Moreover, applying Ny1(6G, A\ — 2) to (7.45) and taking the inner
product with rV gives

0= (Ny1(6G, XA — 2)F(N),7V) + (Ny1(6G, A — 2)&(\), V),
and thus
(Nu1(6G, A = 2)é(\),7V)|,__, =0. (7.47)

Therefore, € has one power of (A+1)7! less than f while satisfying the same assumptions,
and an inductive argument finishes the proof in this case. (If K — 1 = 0, one applies the
first part of the argument, whereas for kK — 1 > 1 one repeats the second part.)
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(1.iv) z = 0. Since the scalar type 1 and vector type 1 cases in Proposition 7.8 (specifi-
cally (7.31) and (7.32)) and Lemma 7.9 are completely analogous, up to replacing z = 0 by
z = —1, as far as the orders of (restricted) kernels and (generalized) ranges are concerned,
the scalar type 1 case follows by the same arguments as the vector type 1 case.

The treatment of the scalar type 0 case is a combination of steps (1.ii) and (1.iii). In
the case k = 0, the tensor fy € ker N(dG, —2) lies in the kernel of the map (7.30) and thus
can be written as fo = 9\Nso(DRic,0)h; + Ngo(DRic,0)hg where hy € ker Ny (DRic,0),
which gives (7.40) for h(\) = A~2hy + A"'hg. On the other hand, if k& > 1, then f; €
Ky,11(0G, —2) = Ry ;1)(DRic, 0) by Lemma 7.9, and thus we obtain hj 1 € ker Nyo(DRic, 0)
and hj so that

Nso(DRiC, )‘) ()‘_k_Qhk+l + )\_k_lhk) = f()‘) + é()‘)v

where € is as in (7.45)—(7.46); and the arguments leading to (7.47) apply mutatis mutandis
to give

(Nso(6G, A — 2)&(A),dt)|,_, = 0.

By induction, we can solve away é(\) to finish the proof.

e Step 2. Simultaneous solvability for all pure types with large . With z fixed, there ex-
ists lp € Ny so that Corollary 7.11 applies (with A = z). Thus, for the projection fs, 1 of fi
off the space of scalar and vector type [ < ly tensors, we have N (0G, 2—2) f>, r = 0, whence
there exists a solution hy, € CZj (ff; @*SQT(’B’O)]R‘l) of N(DRic, z)hy, = f>1,x- Repeating the
argument from step (1.i) then reduces the task to one where k is reduced by 1. Induction
finishes the construction of h.

The linear continuous dependence of (hg, ..., hgir) on (fo,..., fr) can be arranged by
the same argument as in the proof of Theorem 7.12. (]

Remark 7.14 (Necessity of solvability conditions). Proposition 7.8 and the comments fol-
lowing it imply that the conditions (7.36)—(7.38) are necessary for the solvability of equa-
tion (7.39) for z = —1,0 regardless of the value of k¥’ € Ny. Tensors f violating condi-
tion (7.38) (thus z = 0) arise rather directly later on. An explicit example is the scalar
type 1 tensor f =r"2fy, fo = (—2, —%, %, -2, —%,4)T (in terms of (6.15b) with 0 #S € S;
fixed), for which one can check by direct computation that fy € ker N(dG, —2) whereas the
pairing (7.38) (for the same choice of S) evaluates to 247rHSH%2(SQ) # 0. See §8.3 for the

origin of this example.

8. LINEAR ANALYSIS ON M,

We use the setup and notation of §5. In this section, we solve the linearized Einstein
vacuum equations with nontrivial right hand side f € kerd,G, on M,. We shall only
study the case that f = O(|x|~2*°) for some § > 0; in practice, we will in fact only en-
counter log-smooth f (which thus have leading order behavior |z|~!(log |z|)*). Importantly,
Theorem 7.13 is applicable to each term in the polyhomogeneous expansion of such f at
x = 0 since for exponents z € C with z > 0, there are no further necessary conditions for
solvability (since (7.36)—(7.38) only enter for z = 0, —1).

We only need to use here that (M, g) is globally hyperbolic and satisfies Ric(g) —Ag = 0,
and that the initial data set (X,~, k) has no KIDs in the precompact connected smoothly
bounded open neighborhood U° C X of p € X NC. The curve C = ¢(I) C M can be any
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smooth inextendible timelike curve, and we recall the blow-down map Bo: M, = [M;C] —
M.

Theorem 8.1 (Solvability of the linearized Einstein vacuum equations at M,). Let FC
C x Ny be an index set with Re F > —2. Set £ = {(z4+j+2,1): (z,k) € F, j €Ny, I <
E+j+1}5% Iffe Afhg(Mo; BES2T* M), with supp f contained in the domain of influence
of a compact subset of U°, satisfies 0,Gyf = 0, then there exists

h=hy+Bihy, by € AL, (M BES?T*M,), hy € C¥(M;S*T*M),  (8.1)
with the following properties:

(1) on (M,)°, we have
(DgRic — A)h = f; (8.2)
(2) h vanishes near X \ U°, or equivalently supp h N REX € PLU°, and in fact supp h
18 contained in the domain of influence of a compact subset of U°;

(3) if C is a geodesic: hy, vanishes quadratically at C, i.e. its coefficients in smooth
coordinates on M near C vanish quadratically at C.

Remark 8.2 (Weight at M,). Note that f,h are locally integrable at C with respect to
the lift of a smooth positive density on M to M, (such as |dg|), and thus they can be
extended uniquely from M \ C = (M,)° to L] -distributions Ef, Eh on M. The difference
(DgRic — A)(Eh) — Ef, which is supported at C, must vanish identically by homogeneity
considerations, since both summands are < |&|~2 near # = 0 where § € (0, min Re F +2).
Since we always have the distributional equality 6,G,(DyRic—A)(Eh) = 0 by the linearized
second Bianchi identity, a necessary condition for the solvability of (8.2) on M \ C (with
|h| < |z|~1*9 for some § > 0) is §,G,Ef = 0 (in the distributional sense on M); and this
equation indeed holds not only in (M,)° by assumption, but indeed globally by homogeneity
considerations since 0,G,E f is polyhomogeneous with degrees > —3 (which excludes ¢-
distributions at C). If one drops the assumption Re F > —2, then one may have 6,G4E f # 0
even though 6,G4f = 0. See also Remark 7.14 and §8.3 below.

The proof of Theorem 8.1 will be given in §§8.1-8.2. In §8.1, we first find a formal
solution hy at OM,, i.e. hy satisfies (8.2) to infinite order at dM,. We then correct the
formal solution to a true solution by solving an initial value problem (with carefully chosen
initial data) on the blow-down M of M, in §8.2. Constraints which our sharp solvability
theory imposes on the conditions under which our gluing construction can succeed at all
are discussed in §8.3.

8.1. Formal solution near 0M,. For this part, we only need to assume that Ric(g) — Ag
vanishes to infinite order at C. Recall the Fermi normal coordinates (t,z) near C C M and
parameterize C by c: t — (¢,0). Write

g= —dt? 4 da?

for the Minkowski metric in these coordinates. (Thus, g — g vanishes at = 0 by
Lemma 3.14.) Introduce r = |z| and w = ﬁ‘ € S? in order to pass to M, = [M;C].

54This index set is not sharp for those (z,k) € F with z ¢ 7. Since in this paper all exponents z will be
integers, we content ourselves with the possibly oversized index set & here.
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The coordinates (¢, r,w) are valid in a collar neighborhood

N={(t,r,w):tel, 0<r<r(t)} (8.3a)

of OM,, where we recall that rg € C>(I) satisfies 0 < o < 3. Let
X € CP(N), X = 1 near ON = r~1(0) (8.3b)
be a cutoff function. We identify N with a collar neighborhood of the zero section in *NC.
Since DyRic — A € Diff*(M;S?T*M) by (4.4), Lemma 2.1 gives B(DyRic — A) €
r_QDiffg(Mo; B:S2T*M), and Lemma 2.2 allows us to compute the b-normal operator.
To wit, the principal symbol of D Ric — A over a point p € C only depends on g(p), which
in our local coordinates is equal to the Minkowski metric g. Thus, the b-normal operator of
Bir?(DyRic — A), restricted to a level set t71(¢y), to € I, is the same as that of [52r2DgRic.

The latter is a vertical operator which, restricted to a fiber t=1(tg), to € R, of TNC, acts
on sections of the pullback of SQTC*(tO)M = S2T(’;0 0) (R x R3) along the projection

m: TNC — C.

It is the zero energy operator of r2DgRic, i.e. obtained from 7'2DgRic, regarded as a differ-

ential operator on R; x R3, by dropping all d; (or more precisely r9;) derivatives. It is thus
independent of ty € I. We denote this zero energy operator by

D,Ric(0) € Diff*(R?; $2T7;, o RY); (8.4)
it is the unique operator with DyRic(h)[-1(;) = .m(o)(h|t—l(to)) for all t-invariant h.

Since g is homogeneous of degree 2 with respect to dilations (to + t',z) — (to + At', Az),

the operator DgRic is homogeneous of degree —2, and thus so is D/QR\iC(O) with respect to
dilations z — Az. Therefore,

BX(r2DyRic(0)) € VDIff} (T NC; 7*S*TE M). (8.5)
(This also follows from the explicit expression in Corollary 6.7.) In summary:
Lemma 8.3 (b-normal operator at OM,). We have
Bi(DyRic — A) € r?Diff2(My; BES?*T* M) C r~*Diffg(Mo; B1S*T* M).
Moreover, if we identify S*T* M =2 7r*S2TékM over N, then
B2 (DgRic — A) — XBDyRic(0)x € r'Diff} (M,; B5S>T* M). (8.6)
Identifying the fibers of T NC over different points on C by means of their trivializations

given by Fermi normal coordinates, and similarly for the fibers of T;> M, the restriction of
the operator (8.5) to +NC(tO)C is independent of ¢y € I. We thus mainly need to study

B*(r2DyRic(0)) € Diff ; ([R; {0}]; w5 B* ST o RY)., (8.7)
where B: [R%{0}] = [0,00), x S3 — R3 is the blow-down map, mg(r,w) = w is as in

Theorem 7.13, and where, as before, we regard R?® = t~1(0) € R*. The solvability theory
for this operator, for quasi-homogeneous right hand sides, was analyzed in Theorem 7.13.
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Lemma 8.4 (Formal solution at C with restricted polyhomogeneous right hand side). Let
z € C\(-2—Ny), and let F C (24 Ng) x Ny be an indez set. Let & = {(w+j+2,1): (w, k) €
F, jeNy, I <k+j+1}. Let

f e Ah (Mo; BESPT* M), 6,Gyf € C(Mo; BET™ M),

i.e. 0,Gy f vanishes to infinite order at OM,. Then there exists h € A
with support contained in any fixed neighborhood of OM,, so that

(DgRic — A)(h) = f+ f,,  f, € C™(Mo; BS*T* M). (8.8)

phg(MO; BzSQT*M);

The equations 0,G,f = 0 and DgyRic(h) = f here are to be understood as equalities in
M \ C (or more precisely as equalities of extendible distributions on M,).

Proof of Lemma 8.4. We identify the collar neighborhood N using the polar coordinates
(t,r,w) associated with Fermi normal coordinates (¢, x) with a neighborhood of I x{0} xS? C

I x [R3{0}] =1 x[0,00) x S%. Let x € C°(N) be a cutoff as in (8.3a)-(8.3b). We use the
notation introduced in (8.7). If k € Ny is such that (z,k) € F but (z,k + 1) ¢ F, there
exist fo,..., fr € C(I;C>(S?; B*S?T, 0,0)R4)) so that

k
f RO e Al (Mo 1S M), O =" (logr) iy,
=0
where Fo = F\ {(z,1) € F} = {(w,]) € F: w €2+ 14N} C (2 + 1+ Ny) x No. We now
apply the operator B%(9,G,) to f — xf© € .Afo and use Lemma 2.2; this implies that
$8G(0)fO € A;fgg Y(M,; BET*M).

Since 5@(0) is homogeneous of degree —1, this implies 5@(0) f© = 0. Therefore, we are
in the setting of Theorem 7.13 with smooth parametric dependence on ¢ € I. This gives
k' € {0,1} and h;(t) € C>(S? B* SQTEBO) 4),j=0,...,k+ K, for each t € I so that

k4K
DyRic(0)(hO (1) = FOt),  nO(t) = 3" 2 (log rYmihy ().
7=0

In view of the continuous and linear dependence of (ho(t), ..., hgri (t)) on (fo(t), ..., fu(t)),
we first conclude that the h;(t) are continuous in t. Moreover, the solution of

D Ric(0)(hV<(t)) = e 1 (fO(t +¢) — FO(1)) (8.9)

is on the one hand given by e 1 (RO (t + ¢) — h(9)()), and on the other hand converges as
€ \ 0 to the solution (as produced by Theorem 7.13) of DgRic(O)(h(l)(t)) = 0, fO)(t). Since

h(M)(t) is continuous in ¢, this shows that h(®) is C' in t. Tterating this argument implies
hj € C*°(I;C>(S% B*S>T, 00)R4)), Jj=0,...,k+FK.

By Lemma 8.3 and recalling the notation for index sets from §2.2, we conclude that
f'i= f = (DyRic — A)(h©) € AZPVE ) (4 gereng),

(Note that the cosmological constant produces terms which are of lower order even compared
to the terms arising from (8.6).) That is, we have solved away f to leading order at dM,, at
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the expense of (possibly) an additional logarithmic factor of the error f’. Note furthermore
that the linearized second Bianchi identity ensures that

034Gy’ = 04Gyf — 84Gy(DgRic — A)(¥h(V) € C(Mo; BT M)
still. (We use here the validity of the nonlinear Einstein vacuum equations Ric(g) —Ag =0
in Taylor series at C.)
Since z+1 € C\ (—=Ny — 2) still, we may repeat this procedure. Proceeding inductively,
we thus obtain a sequence & C ((z 4+ 2) + € + Ng) x Ng, £ € Ny, of index sets (with
& = (2 + 2,k + k') in the above notation) and h¥) € A‘g{lg(Mo; BES2T* M) so that

m

- 06509 e s,
(=0

where F, is an index set with F,, C (2+(m+1)+Ng) x Ny (and with Fy defined previously).

More precisely, the construction gives

Emi1 C{((z42)+(m+1)+4,0):j €Ny, | <max{k+1: (z+ (m+1),k) € Frni1}},
Fri1 C{(z4+(m+2)+74,0): j€No, | <max{k: (z+2)+ (m+1),k) € Enir}}
U{(z+7,1) € F: j > m+2}.

Thus, Fy,41 removes the leading order terms (z+(m+1), k) of F,, but adds the contribution
from the leading order terms ((z+2)+(m4+1), k+k') of En41 (with & < 1 here replaced by 1
simply, which may be lossy but acceptably so), while <‘fm+1 picks up the leading order terms
of Fyny1 and (when & = 1) adds a logarithm. Setting £ = Usen, & (which has the stated

description), we may thus take h € Aphg to be an asymptotic sum of the Yh(9) over ¢ € Ny.
We can arrange for the desired support property of h since multiplying h by a smooth
function which is equal to 1 in a neighborhood of OM, preserves the conclusion (8.8). [

Remark 8.5 (Control of logarithmic terms). Since the first step of the proof is an application
of Theorem 7.13, the refined statements made there imply also refinements about h and
its index set: if all leading order terms of f, corresponding to elements (z,k) € F with
Rez = minRe F, are of a particular type (depending on the value of z), then one may
take € to have the same leading order part as F: more precisely, £ = {(w+ 2,k) €
FYu{(w+2+40: (w,k)e F, we z+1+Ny, jeNg, | <k+j+1}.

Proposition 8.6 (Formal solution at C). Under the assumptions of Theorem 8.1, and using

the notation of the Theorem, there exists h € A%, (Mo; BES?*T* M), with support contained
in any fixed neighborhood of 0M,, so that

(DgRic — A)(h) = f+ f,,  f, € C™(Mo; BS*T* M). (8.10)

phg

Proof. Write F as the disjoint union of index sets ]:'j C (2 + Ng) x No, j € J, with the
property that z; —z; ¢ Z whenever i # j; necessarily min Re .7:"]- /oo as j — oo (in case the
set J is infinite). This decomposition can be effected by taking zo € C so that (z9,0) € F
and Re zp = minRe F and then defining Fy = {(z,k) € Fiz—2z € No}; thus ]:"\]:"0 is
still an index set, and if it is non-empty we may repeat this process. The fact that Fis
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an index set ensures that the complex numbers zg, 21, ... one selects in this process satisfy
Rez; /" 0o, unless the process stops after finitely many steps.

We can then write [ € Afhg(Mo; BLS*T*M) as an asymptotic sum of f; € Agﬁg, jeJ.
Lemma 2.1 gives
%
phg

j'—jfl

839Gy AT] (Mo; BESPT M) — A7 (Mo; BST*M).

Thus 604G, f; is polyhomogeneous with index set ]:"j — 1; but §,G, f; is at the same time
also an asymptotic sum of polyhomogeneous distributions with index sets F;, i # j, since

0gGgfj ~ 009Gy f — Z#]‘ 0gGg fi ~ — Z#j d4Ggy fi. Therefore,
304Gy fj € C°(Mo; BET*M),  j € J.

We apply Lemma 8.4 to each f;, j € J, separately. We obtain index sets éj C(z+2+
No) x Ng and symmetric 2-tensors h; € Ai{lg(Mo; B*S2T*M) so that (DyRic — A)h; — f; €
C*®. Let now & = Ujes &;, and take h € Aihg(MO; B:S2T*M) to be an asymptotic sum of
all h;. Then (8.10) holds. Multiplying h by a smooth function which is identically 1 near
OM, and supported in the desired neighborhood of M, furthermore ensures the desired
support property of h. Ul

Proposition 8.6 remains valid (and Theorem 8.1 can be similarly extended), with the
same proof, under the weaker assumption that F N ((—2—Np) x Ng) = 0. We shall however
only use the stated version in the solution of the gluing problem.

8.2. True solution; proof of Theorem 8.1. With F, &£, and f € Afhg(Mo; BES2T*M)
as in Theorem 8.1, we now denote by hy € A‘ghg(Mo; BS2T* M) the formal solution of (8.2)
given by Proposition 8.6, which we arrange to satisfy supp hy N B51(X) € B (U°). Thus,

(DgRic — A)hy = f+ f,,  f, € C(Mo; BLS*T*M). (8.11)

Due to the support properties of f and hy, we also have supp f, N\B51(X) € o1 (U°). Now,
for any bundle E — M, the space C®(M,; B*E) is equal to the space of lifts under B, of all
smooth sections of E — M which vanish to infinite order at C. Thus, we may ‘blow down’
OM, and regard f, as an element

f, € C®(M; S*T* M), supp f, N X € U°,

which vanishes to infinite order at C (although we will not use this final property). Applying
the linearized second Bianchi identity to (8.11) (and using that Ric(g) — Ag = 0) implies
that d,G,f, = 0. The next result uses the full set of assumptions spelled out before the
statement of Theorem 8.1 (in particular the absence of KIDs):
Proposition 8.7 (Solving away the trivial error). Suppose f, € C®(M;S*T*M) satisfies
04Gg fy, = 0, and supp f, is contained in the domain of influence of a compact subset of U°.
Then there exists h, € C(M; S*T*M) with

(DgRic — A)h, = f, (8.12)

and so that supp hy, is contained in the domain of influence of a compact subset of U°.

We shall need:
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Proposition 8.8 (Solving the linearized constraints equations). Let X,~, k,U° be as above;
that is, P(7y,k; A) = 0 (see (4.2)), and (D 1) P)* has trivial kernel on the space of sections
of PR T*X = T M over the non-empty smoothly bounded connected precompact open
subset U°. Then for all w € CPU°;TEM), there exist 4,k € CX(U°; S*T*X) so that
D(%k)P("y, k‘; A) = Ww.

Proof. This is a standard result, see e.g. [CD03, §3]. Coercive a priori estimates for

(D(%k)P)* on function spaces allowing for exponential growth at the boundary of the com-
plement U C U° of a d-neighborhood of 9U°, with § > 0 so small that w € C°(Uy) and

(X,7,k) has no KIDs on Uy still, imply the solvability of D(, ;) P(¥,k) = w with smooth

%, k which are exponentially decaying at OUs; the extension of 7, k by 0 to X \ Uy furnishes
the desired solution. O

Proof of Proposition 8.7. This is a variant of the main result of [Hin23b]; we recall the
argument for the sake of completeness. Following the strategy outlined in §4.2, we seek hj,
as the solution of an initial value problem for the gauge-fixed linearized Einstein equations.
Thus, if v € C*°(X; Tx M) denotes the future unit normal at X, we solve

{(DgRic = M)y +65(04Gghy —0) = f, in M, (8.13)

(hy, Viuhy) = (ho, h1) at X,

for carefully chosen § € C°(M;T*M) and hg, hy € C(U°; S*T%M); the task is to select
0, ho, h1 so that hj, also solves (8.12). As demonstrated in §4.2, it suffices to arrange

Dy P (4, k5 A) = (Gy fy) (v, =) (8.14)

at X, where (4, k) are the linearized initial data induced by (ho, h1). Since (G, f,)(v, —) €
CXU°;Tx M), and due to the absence of KIDs in U°, we may apply Proposition 8.8
to obtain the existence of 4,k € CX°(U°; S*T*X) solving (8.14). Choosing hg, hi as in
Remark 4.1, we subsequently let # be any smooth extension of (0,G4(ho + sh1))|x €
CXU°; T M) to a 1-form on M (see (4.11)). With these data in place, we solve (8.13).
Then h, satisfies (8.12). (We recall the argument: since 7 := 64Ggh, — 0 € C*>(M;T*M)
vanishes at X, so does its normal derivative since (G46;7) (v, —) = 0 due to (8.14), and thus
we have 7 = 0 everywhere since §,G46;n = 0.) The support property of h follows from
finite speed of propagation. The proof is complete. O

Proof of Theorem 8.1. In view of equations (8.11) and (8.12), the tensor h := hy — Bih,
solves the equation (8.2) and is indeed of the form (8.1).

When C is a geodesic, it remains to arrange property (3) by exploiting the fact that we
may add to h, any linearized pure gauge term, i.e. a tensor of the form djw where we will
be able to take w € C>(M;T*M) to be supported in an arbitrarily small neighborhood
of C, so d,w satisfies the same support properties as h;, in Proposition 8.7. To arrange for

simple vanishing, note that in Fermi normal coordinates (t,z) around C, the restriction of
hy to C takes the form

hy(t,0) = ago(t) dt? + 2apx(t) dt dz¥ + ajp(t) dad dz®,  a,, € C®(T),

55The isomorphism is given by T5% M 3 w (w(v),w|rx) where v is the future unit normal of X.
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where a;, = ayj. Pick Agg € C*(I) with Aj, = ago. Since g agrees with the Minkowski
metric g at C modulo error terms vanishing quadratically at x = 0, we have
d,dt =0, ydz? =0
modulo tensors vanishing simply at & = 0. Therefore,®
(5; (A()() (t) dt) = ago (t) de? + Ago (t)é’gkdt ago (t) dt2,
5% (agk(t)z® dt) = aop(t) dt dz® + afy,(t)2* dt? + age(t)2" 5} dt = agp(t) dt da*,
Sy (ajk(t):nj d:ck) = ajx(t) da’ daF + a;k(t)xj dt dz® + ajk(t)azj(?;dxk = ajx(t) da’ dz.

If we subtract from A, the tensor 6, (Yw) where X € C*°(M) is equal to 1 near C and sup-
ported in a small neighborhood of C, and with w = Ago(t) dt + 2Apx(t) dz* + a;i ()27 da*,

then the new h, vanishes simply at C and still satisfies the support condition of Proposi-
tion 8.7.

This can be improved to quadratic vanishing by similarly explicit means: modulo tensors
vanishing quadratically at x = 0, we have

a(t)z! dt? = 6 (Ay (t)z dt — As(t) d:rj),
2a(t)x? dt da* = Sy (a(t)azjzn’C dt + Ay (t)(z? da® — 2* dmj)),
2a(t)x? dz® dat = Sy (a(t)azja:k dz® + a(t)zt (27 da® — 2F d:cj)),
where A (t) = [a(t)dt and Aq(t) = [ A1 (¢) dt.

An alternative, and conceptually cleaner, argument proceeds as follows. Consider for
s € R the symmetric 2-tensor g+ shy,; on any fixed compact subset of M, this is a Lorentzian
metric when s is sufficiently small. Fix p € C and a future timelike vector v € T,C. Denote
by Cs the geodesic for

gs = g + sh,

with initial condition (p, ). Then we have Fermi normal coordinates (s, xs) around Cs

v
llvllgs
which are equal to (¢, z) for s = 0; by the construction in the proof of Lemma 3.14, these

coordinates can be chosen to depend smoothly on s near 0 and are defined near any fixed
precompact subset of C when s is sufficiently small. Denote by ¢s: Dy C R x R? — M the
corresponding coordinate chart (T, X) — (ts,xs) = (T, X); here, if J € I, then the domain
Ds contains a neighborhood of J x {0} when s is small. By definition,

¢rgs = —dT? +dX? + GL(T, X;dT,dX),

where G’, depends smoothly on s and vanishes quadratically at X = 0. Consider now the
map

By = 50 ¢y : Do N o(Ds) — M
which is a diffeomorphism onto its image near ¢o(J x {0}) C M for small enough s, and
which satisfies &9 = Id. Then ®{go = Id* g = ¢g and

(g + shy) = ®lgs = (¢p 1) (—dT? + dX? + G)) = —dt* + dz? + gl (¢, x; dt, dx)

56Compare this with Theorem 7.12: the scalar type 1 tensor dt dz®, and the sum dz’ dz® of scalar type
0 and 2 tensors both lie in ker D/Q\Ric(O) or indeed in ker N(DRic, 0) in the notation of §7, and are thus pure
gauge. Lastly, while dt? € ker Nyo(DRic, 0), this is not in the range of Ny(6*,1) (cf. Proposition 7.6(1)).
Rather, it is the symmetric gradient of a non-stationary 1-form, dt? = 0, (tdt). This explains the appearance
Of Aoo = f aoo dt. i
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(using the Fermi normal coordinates around C for the expression on the right), where ¢,
is smooth in s and vanishes quadratically at z = 0; we express this as g, = O(|z|?).
Differentiating at s = 0 gives

Oaf?) = S (@2g)| _ +®5h, = Lvg+ b,
S 5=0

where the smooth vector field V is defined in a neighborhood N C C by V(q) = L &,(q)|s=0.

qge N. If x € C®(M) is supported in N, equal to 1 near C, and has support sufficiently

close to C, then we may replace hy, by h, + Lyyg (which is O(|z|?) near C = {z = 0})

without affecting properties (1)—(2) in Theorem 8.1. This completes the proof. O

8.3. Necessary conditions for gluing: I. A result of Gralla—Wald revisited. The
material in this section is of supplementary character: it is not used in the rest of the paper
and may therefore be skipped at first reading, but it sheds further light on the analysis
in §§8.1-8.2.

We shall show that the gluing construction (for polyhomogeneous total families g on M ,
with the M-model being a Kerr metric with nonzero mass) in this paper is only possible if C
is a geodesic; in this sense we recover, in our setting, the geodesic hypothesis. Furthermore,
the rescaled mass of the glued black hole must be constant along C. Our arguments are
closely related to those given by Gralla-Wald in [GWO08, §III]; in present terminology, they
exploit an obstruction to solving the linearized Einstein equations in the polyhomogeneous
category with right hand sides having borderline =2 growth (which is precisely what is
excluded in Theorem 8.1). Further necessary conditions are derived in §9.3.

Let C = ¢(I), I C R, be any inextendible embedded smooth timelike curve (not necessar-
ily a geodesic). Fix a smooth family of mass parameters 0 < m € C*°(I), and consider the
naively glued metric go produced by Lemma 3.28 for any choice of a € C*°(I; R?). Consider
the leading order error of the Einstein vacuum equations for gy at M,, defined by

fi= (7 (Ric(Go) — Ago) )| € 7720 (My; ST M). (8.15)

While by virtue of the (nonlinear) second Bianchi identity for gy we have 6,G,f = 0 in
(M,)° = M \ C, it is no longer necessarily the case that for the unique L] -extension
Ef € L (M;S?T*M) of f we still have ,G4(Ef) = 0 in the distributional sense on M;
rather, §,G,4(F f) may be a é-distribution with support in C. As discussed in Remark 8.2,
the nonvanishing of d,G,4(E f) at 0M, would render the solvability of (DyRic — A)h = f
in the set (M,)° with |h| < |z|7'+% impossible. (The upper bound on h demanded here
ensures that the correction eh to gy near M, does not change the M-model metrics.) We

proceed to make this explicit.
Working in Fermi normal coordinates (t,x) around C and with ¢, r = |z|, w = ﬁ € S?
on M, near OM,, we write gg in the region p, := f < 1 (i.e. in a collar neighborhood of

M, C M) as
Go(pos t,m,w) = g(t,7,0) + poga(t,r,w) mod p2C>=(M; S*°T* M),

where Ric(g) — Ag = 0 and g1 (t,7,w) € C(M,; B*S*T*M). The restriction to M, locally
given by r = 0, is g(¢,0,w) + pogi1(t,0,w) mod ngOO(M;SQT;\‘ZM). Applying the map
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e from (3.7) to this gives the Kerr metric, which (independently of the choice of a in
Lemma 3.28) modulo O(p?)-terms is equal to the mass m(t) Schwarzschild metric

om(t)
—di* 4+ di* + g + m(t) )(dt2 + di?) 4+ O(772),
T

~

where 7 = p;!, in view of (3.41). Since e(g(t,0,w)) = —di? 4+ dF? 4 #2¢, we thus find

2m(t
pogt(1,0,0) = 2m(D)po(df + ) = cumiys Gy = 2ol

. (dt? +dr?).  (8.16)

Since the error pog1(t,7,w) — pog1(t,0,w) is of class porC> = eC™, we conclude that
Go(po, t,m,w) = g(t,7,w) + €gr m) + €91 mod p2C=, g} € C(Mo; 5S*T*M). (8.17)

Remark 8.9 (Leading order behavior). For gy as in (8.17), but for general gj m ~ 7!, one has
f ~ r73; the fact that f ~ r~2 for the specific g1 m in (8.16) is due to g; m € ker BsDgRic(0),
where we use the notation of Corollary 6.7 and Lemma 8.3.

Plugging (8.17) into (8.15), we have
f = Dy(Ric — A)(g1.m@) + 91) in (Mo)°.

Denoting by E the extension operator E: Li (M,;|dg|) — Li

loc loc(M:]dgl), the linearized
second Bianchi identity implies

89Gg(Ef) = 64Gy <EDg(RiC — M) (g1,me) + 91) — Dy(Ric — A)(Egym@e) + Egi)) (8.18)

3_
The big parenthesis is supported in C. Since g} € A°(M,) and therefore Eg] € H?_ (M),

loc

1

the term EDgy(Ric — A)g; — Dy(Ric — A)(Egy) € H,,2 (M), which is supported in C
(with codimC = 3), must vanish. For the same reason, in the evaluation of ED,(Ric —
A)(g1,m) — Dy(Ric — A)(Eg1m) we may drop A and replace g by its restriction to C, i.e.
by the Minkowski metric; moreover, since t-derivatives preserve the conormal order (unlike
r-derivatives, which increase the strength of the singularity at » = 0 by 1 order), we may
fix m to be equal to the constant value m(tg) when computing (8.18) at t~1(tg). Since
D/g\Ric(O)ng(tO) = 0 in r # 0, only the term DyRic(Eg) n,)) in parentheses in (8.18) is
possibly nonzero. The key calculation is thus:

Lemma 8.10 (Calculation for the linearized Einstein equation). Let g = —dt* + da?,
and write v = |x|. Recall G: h — h — %g trg h. In the sense of distributional sections of
S2T*R* — R*, we then have

GDQRic(27m(dt2 +dr?)) = 8ms(x) e (8.19)

Proof. Tt suffices to prove this for 2m = 1. Denote the expression on the left in (8.19) by

T. Note that G(dt? + dr?) = dt? 4 dr?; since dr = ﬁr dr = Z?Zl ‘%dxj, we thus have

1

]

J ek .
vy da? dxk)
|z[®

GT = DgRic< (dt? + dr2)) = (%(8,? —07) — §*§) <‘;|dt2 +y
7.k
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in view of the formula (4.4) for DyRic. Using 021 = —4ms(x) and §(|z|~1dt?) = 0, the

el

contribution of WﬂdtQ to GT equals 276 (z) dt?. We further compute

(530t -00) (5 T ast)

)

1 koook 2Lk
_ J
_2§[8e(8]| e |)+2aaey ; }da: dz*
Z i Z|: k ( k 5k> ;
= 276 (x) (da?) aza] —20;00| Or7— ]dx da®
Fo 2| @l " Tal
= 2rd(a) da? + - Z[ —030;2" +2610,0;) 2| ] da? da*.

jk:ﬁ

But Y, (—020;2% + 2050,0;) = >, 0;(—022% + 20;) = —0;2% 3", 67 annihilates |z|~1. We
conclude that GT' = 2md(x)(dt? + d:n ). Applying G to this and using G(dt? + dz?) = 2dt?
gives T = 476(x) dt?, as claimed. O

Corollary 8.11 (Equations of motion for the stress-energy tensor). The Li (M)-extension

loc
Ef of the tensor f defined by (8.15) satisfies

Gy(Ef) = 8r(—m(t)(V5,8) +m'()0])d(x). (8.20)
(Cf. [GW08, Equations (47) and (50)].)

Proof. Lemma 8.10 implies (see also Remark 8.9), via (8.18), that

054Gg(Ef) = 818y (m(t)0(x) dt*) = 8mm(t)d, (6(x) dt?) — 8am’ ()5 (z) e (dt?).
But since in the Fermi normal coordinates (¢,z) all Christoffel symbols vanish at z =
0 except possibly for I}, = ng (j = 1,2,3), we have §,(6(z)dt?) = —I‘gjé(x) da’ =
~6(2)(Va,0)". 0

To conclude, if it is possible to find he COO(M S27* N) (or more generally he Aphg

where Re& > —1 and minRe(€ \ {(0,0)}) > 0, so that eh has vanishing restriction to M
and vanishes simply at M,) with the property that for g; = go + eh, the error Ric(g1) — Ag1
vanishes to more than one order at M,, then we showed above that necessarily ,G4(Ef) =
0; and Corollary 8.11 shows that this is equivalent to the requirement that C be a geodesic,
and m(t) must be a constant. (Indeed, since ¢ — ¢(t) is an arc-length parameterization of
C, we have Vy,0; L 0;, and therefore the vanishing of (8.20) requires the vanishing of V,0;
and m’(t) separately.)

We finally note that if C is not a geodesic, then the homogeneous =2 leading order
term of f in (8.15) at OM, gives rise to the example in Remark 7.14 as follows: if g =
(=1 — 20027 )dt? + Z?Zl(da}j)2, say, with S := Z;’ 1 JOOIII # 0 (cf. (3.26)), then for
f = DyRic(g1m) with m # 0, a calculation gives m~1r?f = (=5Sdt? — 3Sdr? + 2dr ®;
rdS + 4Sr?¢) + o(1) as r — 0, and this is not equal to rQ(D Ric — A)h in 7 > 0 for any

h = O(|z|~'*%). (The expression in Remark 7.14 arises by expressing this in terms of (6.6)
and (6.15b).) On the other hand, when C is a geodesic, the fact that g agrees to second



GLUING SMALL BLACK HOLES ALONG TIMELIKE GEODESICS I: FORMAL SOLUTION 101

order with the Minkowski metric along C in Fermi normal coordinates lets one pick gg in
such a way that the r—2-leading order term of f vanishes at OM,, i.e. one has f € r~1C>®
in (8.15) (see Lemma 10.3 below); and then 6,G, f = 0 automatically implies 0,G4(Ef) =0
by homogeneity considerations.

9. LINEAR ANALYSIS ON M

We continue using the setup and notation of §5. We fix subextremal Kerr parameters
b= (m,a) € R xR,

and recall the Kerr metric g, from Definition 3.22, defined on the compactified spacetime
manifold M, with compactified Cauchy surface X (see Definition 3.26). Recall also the
linearized Kerr metrics gj(b) from Definition 3.27. The interior Mg’ of My is a subset of
R* = R; x R, and indeed is the complement of {|#| < m}, while X7 = #~1(0) C My.
Writing |dge| = |d£||dgs|, |, we have

|dgn| ¢, | € C(Xp;*0X,). (9.1)

With respect to this density, we have A*(X;) C L1(X}) if and only if @ > 3. We write
(-,-) for the L?-inner product of sections of tensor bundles (arising as restrictions of tensor
bundles on M to X3) on X, p with respect to the volume density |dgs|¢, | and the fiber inner
product induced by g,. We denote by

ty =1 — T.(%), T, € C*(R3), T.(&)=7+=|z|, #> 10m, (9.2)

a function which for # > 10m is equal to the null coordinate ¢ — |#| on Minkowski space
which was used in §6. Finally, write

bo = (m,0) (9.3)
for the parameters of a Schwarzschild black hole with the same mass.

Motivated by §1.2.4 (and also Proposition 4.3(2)), we shall study the solvability proper-
ties of the equation Dy Ric(h) = f for stationary h, f; thus, we study

Dy, Ric(0)(h) = f, 94,Gg,(0)f =0, (9.4)
on Xg’
9.1. Cokernel of the zero energy operator. In equation (9.4), we shall only consider
f e A%(Xy; S? 3SCT)*E_ M) = p2A°(Xy; S? 3SCT;( My), ie. f has at least inverse quadratic

b b
decay as po := (£)~! \, 0, where we recall that po is a boundary defining function of X
(and also of the lift of the boundary of jo to Mj). We first note:
Lemma 9.1 (Necessary condition for solvability). Let f € A%(Xy; 52 SSCT)*A( M), o> 2. If
b

there exists a solution h € A~19(X,; §2 3SCT;(be), d >0, of Dg,Ric(0)(h) = f, then

(f,G; 6% (0)w) = 0 (9.5)

96" gy

for allw € 9'(X7) so that @(O)w € A*9H(Xy) + &'(X?) has support disjoint from
7 =m.
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We allow for w to be a distribution since the 1-forms w which arise in the solvabil-
ity theory for Dy Ric(0) are singular at the event horizon; see [HHV21, Proposition 9.1],
[AHW22, Theorem 7.5], and Theorem 9.12 below. (By elliptic regularity, w is smooth

where G/gbd\;b (0)w is.) We will show in Theorem 9.8 below that (9.5) is also sufficient for
the solvability in the stated function space.

Proof of Lemma 9.1. Since D Rlc( ) € p?Diff2(X,; 52 BSCT;{ M), integration by parts in
b

<D§bRic(0)h, ngégb(O)w> = (h, ngRic(O)*ngagb(O)w>

is justified since (=1 +0)+2+(2—36+¢) =3+ € > 3 when ¢ > 0. It then remains to
recall that the kernel of (Dy, Ric)* = G, o Dy, Ric o Gy, contains all symmetric 2-tensors in

the range of ngéz;b O

On the other hand, if f € A*(X}), a > 2, satisfies ch\gb(O)f = 0 instead of (9.5), then
the integration by parts in
0= <6§ngb fv w> <fa ngé* > (9.6)

is only justified when w € AP(X,) + éa’(Xg’), suppw N7~ 1 (m) =0, with a + 1+ 8 > 3, i.e.
B > 2 — «, which for a = 2 requires 5 > 0 and thus w to decay (as a 3sc-1-form, i.e. when
expressed in the frame d¢, dz) as |Z| — oo. But since the Kerr metric is asymptotically flat,
it possesses approximate Killing 1-forms w which do not decay (i.e. f < 0) and nonetheless
fit the assumptions of Lemma 9.1 since their symmetric gradients do decay, as we discuss

below. Thus, the necessary condition (9.5) for solvability of D/%Ec(O)h = fwithh € A71H9
is strictly stronger than &;,Gg, (0)f = 0.°7

Definition 9.2 (Approximate Killing 1-forms). On R* = R; x R, & = (21,2?%,2%), we
define the 1-forms

wo = di, wj = dat, wip i= &7 Az — 2F dad,
where j,k =1,2,3 and j # k.
Thus, w, € C”(Xb;?’SCT;( Mb) for p=0,...,3, and wj, € pJIC"O(Xb;?’SCT)’f( Mb). More-
b b
over, wo is of scalar type 0, w; is of scalar type 1, and wji is of vector type 1.
Lemma 9.3 (Deformation tensors). For w = wo,w;,wji, we have

5% w € piC™(Xp; S 3SCT)’5(be). (9.7)

Proof. First, note that gg\b(()) € poDiffL (Xy; 3SCT)*A( My, 52 3SCT)*2 M) differs from 5;‘(0) by a
b b J

term of class p2DiffY and from 0z, (0) by a term of class pSDiff) since the metrics g, and

g, resp. gy, differ by poC>, resp. pOCOO as sections of S? 3SCT* Mb, see (3.40). (Indeed, this

implies that the Christoffel symbols in the (£, %)- coordlnates dlffer by p2C>, resp. p3C>.)

57The equation m(O)f = 0 satisfied by f imposes restrictions on the behavior of f as |Z| — oo which
may cause the boundary terms at infinity in the integration by parts in (9.6) to vanish even when w does
not decay. That such a cancellation typically does not occur is a consequence of Theorem 9.6 below: the
(stationary) tensors in (9.17) lie in the kernel of @(0) but are not orthogonal to certain (quadratically
decaying) tensors G, 6% w by Theorem 9.6.

969%Gy
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Since w € kerdy, the membership (9.7) follows directly for w = wp, w;, while for the more
growing 1-forms w = wj;, one notes the stronger vanishing (5;§b w=0. (|
0

Lemma 9.3 provides us with a 7-dimensional space of 1-forms to which Lemma 9.1 applies,
but not (9.6) when f € A?; in this sense, the cokernel has (at least) 7 dimensions more

than what the condition (S?bG\gb(O)f = 0 imposes.

We next discuss Lorentz boosts. Rather than considering ¢ d47 —i7 dt, we will use 1-forms
which are better adapted to the Kerr metric:

Definition 9.4 (Translations and boosts on Kerr). Set®®
Wy,j = 3?& = gb(aih _)~
We define hy ;, ﬁbﬁj, and B*J,J- using the £,-coordinate from (9.2) by’
hyj o= 05wy 05 (100, +3707) = thyj + hyj = tuhyj + by

For ¢ € R?, we moreover let
3 3 3
Wp,e = E Ejwhj, hye = E Eihy g, hye = E &y g, hope = E Eihap .
j=1 j=1 j=1

Writing e; = (1,0,0)7, ey = (0,1,0)T, e3 = (0,0,1)7 for the standard basis of R3, we
have

1 . 1 .
hej = 55% 9b> hyc = iﬁe-ajgb- (9.8)

Lemma 9.5 (Leading order terms of boosts). For ¢ € R3, set S(é) := ¢- % € S1 C C®(S?).

|2]

We have hy ¢ € ngOO()A(b;‘gSCT;be) and 7Lb7@, }ul*yb,@ € poCOO()A(b;?’SCT;(be), and

hog = % (—S(@)(oh?2 +di?) + 2dF @, 7 dS(é)) mod p3C, (9.9)
Frpe = = (S(é)(—dt”2 +4didi — di?) + 2(df + dF) ®, 7 dS(é)) mod p2C®.  (9.10)
T

Proof. In the computation of hy, ; = %Eaﬂ. gy modulo p3C>, contributions to g, of class p2C™

do not matter since 9;; € Vse(Xp) = poVp(X3). Since g = —dt? + di? (see Definition 3.25)
is translation-invariant, we thus conclude from (3.41) that

1

modulo p3C. Since Lo, dit = d(9;,7) = AL, this gives (9.9).

2m
7’;

(df? + df2)> - % (—(<9§ij)(<1£2 +di?) + 2d7 @, (FLo,, df))

For the computation of Eb,j and E*J,’j, we use the formula
85 (105, +3700) = thyy + by, hyy = dE @ (wp; — ddd) + (07 + df) ®, dd?;  (9.11)
the {-independent term ;LbJ thus lies in poC*>. Using the #,-coordinate, we similarly have

FL*,b,j = T*hb,j + ilb’j € poCOO; (9_12)

58Thus, wy; = w; mod poC(Xp; 3SCT;~(b]\;[b) in view of (3.40).
598ee (9.11) and (9.12) below for the explicit expressions.
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recall then that T, = 7 for large 7. More precisely,

2 2m 37
wpj — di’ = Lo, (fm(dt?—i-dfz)) = fmxfdf
T T T
modulo p2C>, further
omy -
— = (1 - ;n)dt (9.13)
modulo p2C> by (3.41), and thus &7 + df = 2%di. Plugging this into (9.11)—(9.12)
gives (9.10). O

The next result demonstrates that there is indeed a 7-dimensional space of obstructions
for the solvability of Dj Ric(0)h = f € A% N ker d;,Gg, (0), and at the same time gives us
the means to project off this 7-dimensional space (which is thus a subspace of the quotient

of ker 4o ch\gb( 0), a > 2, by the subspace of elements in the range of ngRIC( ) on A71H9)
via modulation of the Kerr and center of mass parameters. Write®"
x ) dz

V(Q):(qu ‘ |

€ S1 from Lemma 9.5.

€Vy, qeRy (9.14)

and recall S(q) = q - 2

B
Theorem 9.6 (Eliminating the cokernel). Suppose wp, Wj W]k are stationary I1-forms on
M, so that, for some § > 0, the differences w,, = w),—wy, p=0,1,2,3, and wj = ij Wik
1 <j#k <3, lie in the space A‘S(Xb;‘gscT;i(be) + éa’(X,‘;;TXg]\}[lf), and so that suppwy,,
suppwj,, are disjoint from 7~ lm) c Xp. Let

ICbCOM —span{ng 1%% ’f: ji=1,2 3},

K} kerr := span { Gy, 05,0, Ggd5wik: 1 <j<k< 3},

K tot = Ky com D Kp kerr-
For e € {COM, Kerr, tot}, write (IC;.)* = LK bes R) for the dual space. Define the linear
61
maps

{2 .
bcom: R? = (K o)*,  locom(é): h* <D§bRiC<*hb,é + t*h*,b,e> , h*>, (9.15)

Oy Kerr: RY = (K o) Oy kerr (D) : B* > ( Dy, Ric(t,. gy (b)), h*). (9.16)

)
Denote by m,com: (K 0)" = (K com)™ and o ket (Kj o)™ = (Kj kery)™ the projection
maps.5? Then:

(1) the maps lycom and €y xerr are independent of the lower order terms @, Wjy;
(2) b Kerr © fp Kerr: R — ( bKerr)” 18 an isomorphism;

(3) mb,com © Lo Kerr = 0;

(4) m.com o fycom: R — ( pcom)” 18 an isomorphism.

60The scaling is chosen such that the coefficients of V(q) in the splitting (6.14), using # = || in place of
r, are independent of 7.
61The first arguments of the L*(X7; S°T%, Mg)-pairings here are described in Lemma 9.7 below.
b

62That is, m,,com restricts the domain of definition of a linear functional to K} cowm; this is the adjoint
of the inclusion K com < K tor- Likewise for 75 kerr.
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(5) T Kerr © €p,com = 0.

Euxplicitly, writing® dt, #2V(q), d(7S(q)) for the 1-form in span{wy;, wy, } with leading order
term dt, #2V(q), d(7S(q)) = q - d&, respectively, we have, with b = (m, a),

ICZ,Kerr Z,COM
| Gg,05,d% | Gg, 07, (72V(a)) | Gg, 0%, (A(7S(q)))
(m,0) || —8mm —8m(q-a)m 0
bcers { (0,4) 0 —8rm(q - ) 0
Oy com { ¢ 0 0 4rm(q - ¢).

Finally:

(6) <ngRic(f*hb7@), h*y =0 for all h* € K ot

(7) the map €y Kerr is unchanged when replacing ty by t, or indeed by any function t' for
which t, —t' € A_l(Xb). The same is true for the map €, com if in addition one
replaces FL*,IL@ by FLQ)C = FL*,b,a + (tx — ) hpe (so that tihy e + fz*@@ = tA’hM + 7L27é), 50

in particular when using t and 7Lb75 in place of t. and B*ybyé.

Lemma 9.7 (Modulation terms). We have

Dy, Ric <2hb,é + t*h*,b,é> , Dy, Ric(£.95(b)) € p3C> (Xp; 8% T Mp). (9.17)

Proof. Since hy, ¢ and f*hb,@ + B*7b7@ lie in ker Dg, Ric, we have

A~ A~

(12 » £ : 1, - 1 P
ngRlc(ghb,é + t*h*7b75) = §ngR1C(hb’é) + it* [ngRIC, t*]hb7@ + i[ngRIC’ t*](t*hb#})

+ tA*ngRiC(iL*’b’@) + [ngRiC, lg*]FL*J)’@
. . Y 1 P,
=1, ([ngRlc, telhp e + ngRlc(h*,b,@)) + B [[Dﬁlec, ts, t*} hy ¢
+ [ngRiC, tA*]iL*,b,é

1 AL Ny
= 5 [[ngRiC, t*], t*] hb,@ + [ngRiC, t*]h*’b’é. (918)

Since hy e and FL*@@ are stationary, we can replace the operators acting on them by their
zero energy operators. Since £, = £ mod p;'C>, the (zero energy operator of the) double
commutator lies in Diﬂ'g(f( ») and the zero energy operator of the commutator lies in poDiff};
this uses (3.24). Since hyz € p2C> and i/L*yb’@ € poC>* by Lemma 9.5, this verifies the first
membership in (9.17).

Similarly, in view of (3.42) we have

D;,Ric(F.44(6)) = [Dg, Ric, 1134 () € p2C. (9.19)
|

63We commit this abuse of notation only for better readability of the table below. We consider it an
acceptable abuse due to part (1).
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Proof of Theorem 9.6. Since the first argument in the pairing in (9.15) lies in p2C> by
Lemma 9.7, its inner product with the tensors in ICZ,COM, which have at least inverse qua-
dratic decay as 7 — 00, are well-defined; this shows that ¢, com is well-defined. Similarly,
the well-definedness of ¢ kerr follows from the second membership in (9.17).

e Part (1) will be proved in the course of the computations for parts (2)—(5), and will
be seen to be due to the fact that all pairings can be rewritten as boundary pairings (i.e.
L?-inner products only involving the leading order terms of various tensors at 8Xb).

e Parts (2)-(3): computation of lp Kere- For each h*, we will rewrite the inner prod-

uct (9.16) as a boundary pairing. We begin with preliminary computations. Let x €
*°(]0,00)) be identically 0 on [0, 1] and identically 1 on [2,00), and let x. = x(po/€),

po = (2)~1. Then, by (9.19), writing h* = Gg,07,w", and recalling (4.5), we have

(Dg,Ric(t.gp (b)), h*) = <[ngR1c t.)5 (D), h*>

= —(gp(b), [(Dg,Ric)*, £.]Gg, 67, w*)

= —(gp(b) gb[ngRIC £.)65,w*). (9.20)

The integration by parts does not produce any boundary terms: at infinity, this is due to
the sufficient decay of the terms involved (namely, [Dy, Ric, £.]7(0) € poDiffl, g, (b) € poC>,
and h* € p2C=(X,) + £'(X7)), while near the inner boundary # = t of Xj, we use the
vanishing of w*. Since Dy, Ric o (5217 = 0, we further have

[ngRic,f*]égbw* = ngRic(f*d;gbw*) —Dgy, Ric([0;, ,

* EJw*) = — Dy, Ric(di, @, w*).

We can thus further rewrite (9.20) as
(34 (b), Gy Dy Ric(0)(dEy ©5 w™)) = (4(h), Dg, Ric(0)* Gy, (di. 5 w*)). (9.21)

(Retracing the calculations thus far back to (9.20), the second argument here has O(p?)
decay, and thus the inner product is well-defined.) Inserting x. in the left factor and taking
the limit € N\ 0, we can integrate by parts and obtain

Uy err (D) (hF) = hm <X€gb ngRlc(O) Gy, (At @5 w*))
(9.22)

— ?{% { [Dg,Ric(0), xe] §4(b), Gy (df @5 w™)).

(i) Pairings with deformation tensors of (approzimate) spacetime translations wj, wy. If
gb( ) € p2C>®—which is the case if and only if b = (0,d)—and w* = O(1)—which holds
for wi, p = 0,1,2,3—then we can integrate by parts directly in (9.21) (cf. the discussion
following (9.1)), and thus the inner product evaluates to 0. This shows that

lpKerr (0,0)(h*) = 0, a €R®, h* € Kj com @ span{Gg, &} wi }- (9.23)

For all other combinations of b and h*, we use the expression (9.22). Modifications of
w* which have compact support or lie in A% § > 0, do not affect the limit (since they
do not affect (9.21)), and therefore we may now replace w* by one of the 1-forms wy, wj,
wjk. Consider first h* = Gg, 67 w* with w* € span{wj;: p = 0,1,2,3} as in (9.23) and
b = (m,0), thus w* € C*® and gb(b) € poC>®. Then we may replace g, by the Minkowski
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metric g = g, mod poC>, and Lemma 2.5 thus gives
gb,Kerr (ma 0)(h*) = <a>\N(ch2DgR1C(0)’ 1)h(1)7 h>(k0) >L2(8Xb)’
hay = (ps (1, 0)) |55, = 20(dE* + di?),  hy) = (Gg(dbe ®5 ")) lyx, -

Here, we use the standard volume density on 8Xb =~ §? and the fiber inner product on
52 SSCT* Mb induced by g; and we used (3.41). Note that h(yy is of scalar type 0. Thus,

(9.24)

if w* = w] for j = 1,2,3, then w* is of scalar type 1, and thus so is hz‘ ); therefore,
b xerr(D)(h*) = 0 in this case. Together with (9.23), this proves part (3) In the remammg
case w* = wy = di, we need to perform a calculation. Write 2° = ¢ + # and 2! = ¢ — 7

(which equals £, near # = co); in the bundle splittings (6.6) and using Lemma 6.6, we then
find

hqy = m((d2%)? 4 (dz')?) =m(1,0,0,1,0,0)7,
1 1

¥ _cf(asl o L7340 A1) L T

h(o)_Gg<dx @ 5 (i + di )) = 5(0.0,0,1,0,9)".

Corollary 6.7 with A = 1 gives (%\N(pr/_gR\ic(O), Dhay = m(0, —%,0,0,0, —Qg)T.64 Upon
using (6.7), we finally obtain from (9.24) the result

b 1,0) (G 305) = — (g ), 1 = S

(ii) Pairings with deformation tensors of (approzimate) spatial rotations wi,. We now

consider w* € span{w}; } and h* = Gy, 67 w*. We first evaluate (9.22) for b= (0,a). Since

gb(b) € p2C>® and w* € p;1C> near # = oo, this can again be written as a boundary pairing;
thus, only the leading order term of w* at X, matters. Recalling (9.14), let q € R3 be
such that

W= V(q) € AD(Ks) + £1(X7). (9.25)
Then -
Uy xerr (0, @) (R*) = (DN (p5* DgRic(0), 2)ha), h{_1)) 1205, (926)
where now

hiy = (52340, 8)) %,
hi_1y = (poGy(dis ©5w"))| o5, = di! ®, #V(q) = 3(0,0,0,0,V(q),0)”

*

in the splitting (6.6). One can compute h(9) using (3.41). Since hi_y)is of vector type 1, we

may replace h(y) by its vector type 1 part hy) 1. Now, a- ﬁ = S(a) is a function of scalar
type 1, and hence its square is a sum of scalar type 0 and 2 functions; therefore, the same

64This is —d2°da’ — 27%g = —dt* + di? — 27%¢ = —dt? — 2di? + 3d7%. Lemma 8.10 is an averaged
version of this computatlon: the distributional pairing computed there is, for h* € C2°(R?; S*T*R*), given
by (Dyg RIC( (dt? + dr?)), h*) = (L(dt? + dr®)h, (DgRic)*h*) = limeo([DgRic, x(Z)]2(dt* + dr?),h*) =
Js2 (OAIN( DgRlc( ), —1)(dt? + dr?)(w), h*(0)) dg(w), where the indicial operator is defined in terms of r (as
compared to 7" in the current section). The first argument is §(dt* + 2dz* — 3dr?), as computed above.
(Here, the 1-form dr depends on w, and should correctly be regarded as a section of the pullback of T*R*
to [R*; 271(0)] over the front face r~'(0).) Note that the test ‘function’ (symmetric 2-tensor) h* here is
smooth across x = 0, and thus we may integrate 1 (dt*+2daz? —3dr?) in w, which gives 2r(dt* + dz?) since

vol(S?) = 4x, dr = ZJ o d;r: and [, (dr?) dw = ijkzl( E‘JTQ dw)dz? da* = 4 ij)le(dxj)2 = 1% da”.
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is true for its linearization in a. Similarly, (a x é—‘) -dz = 7V(a) is a 1-form of vector type

1, and hence (the linearization of) its symmetric square is a sum of symmetric 2-tensors
of scalar types 0 and 2, as discussed around (6.1). Thus, only the final term in the large
square brackets in (3.41) contributes to h(2)v1; we therefore obtain

. . T N R R o
hay = —4mdi @, ((ax H> i) = —2m(di + dit) @, V(@)
= _m(oa 0, V(Cl), 0, V(Cl), O>T

Corollary 6.7 gives 8,\N(pO_2D/gR\iC(O), 2)h(2) = 51(0,0,V(a),0,V(a),0), and therefore®

eb,Kerr(Oﬂ Cl) (Géb‘;gb“’*) = /S2 _4<37mv(d)7 ;V(q)>g1 dg = _87Tm(q ' Cl)

The computations thus far already imply part (2). In order to finish the proof of part (1)
(and to finish the evaluation of the first two rows of the table in the statement of the
Theorem), we still need to compute £, kerr (M, 0)(R*) for h* = Gg, 67, w*, with w* as in (9.25).
In (9.22), we may replace w* by #2V(q); since g,(m,0) € poC>® and #2V(q) € p;'C™, the
limit (9.22) is sensitive also to subleading order terms. We may thus only replace Gy, by
Gy, (see (9.3)), and D/gbﬁc(O) by Dg;ﬁic(O). But then Gg,_ (df, ®72V(q)) is of vector type
1, and therefore we only need to compute the vector type 1 part of gj(m,0) modulo p3C>,
which in view of (3.41) is given by

—47%mdi @, 7V(a),

and in particular has an additional order of vanishing relative to g,((m,0)) itself. The
calculation is now the same as the one above, with m, a replaced by m, a. Therefore,

gb,Kerr(m, 0) (GA 0% w*) = —87rm(q . a)'

b~ gp

e Part (4):

~—

computation of m, com © £y com- We record the identity

3 n 7 * 1 : 72 * I . : *
[[ngRIC, t., t*] o 5§1b = §ngR1c otio 5§b —t«Dg,Ricot, o (5§b

DN |

= —%DﬁbRic o [5&,152] + t.Dg,Ric o [5; , 1]
= —Dy,Ricot, o [0} t.] + t.Dg,Rico [57 . 1.]
= —[Dg,Ric, t.] o [0, 1.].
For hy ¢ and }VPL*’bVé as in Lemma 9.5, and for h* = ng(?;bw* with w* = Z?Zl qu;‘, q € R3, we
then compute, using [Dg,Ric, £,]7(0)* = —[(Dg,Ric)*, £,]7(0) = —Gg, [ Dy, Ric, £.]7(0)Gy,:
o, com(€) (")

1 PSR s PO *
= <2 [[ngRIC, t*], t*] hbﬁ + [ngRIC, t*] (O)h*,b’@, ngégbw >
1 P P * % 7 PN PN * ok
= hb,é> §ng [[ngRIC, t*], t*] (Swa — <h*,b7@, ng [ngRIC, t*] (0)(5§bw >

65This is most easily computed by writing V(q) = #4S(q) and noting that (V(a), V(q)) = (dS(a), dS(q)) =
(#dS(a),S(a)) = 2 [(a- 2)(q - 2) dg = 5 (a- q).
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= (I, 3, [Dg,Ric, 1 (0) (55, ") ) + (B e, Gy, Dy Ric(0) (65, £.Je") )

— lim <[ngRic, £7(0) (xehve) + Dy, Ric(0) (xcha .2), Gy, [67, 5*]w*>

e\ 0
= lim < [[Dg, Ric, £,]7(0), x| hri + [ Dy Ric(0), xel s s G, (i @4 w*)>.

Here, we used that 0 = ngRic(f*hb@ + FL*’M) = [ngRic,tA*]hb’@ + ngRiC(iL*ybyé) to obtain
the final expression. Since the second argument in this pairing lies in C>°(Xj; S2 35T )*( My),
b

whereas hp ¢, D/gbﬁc(O) have weight p2 and [Dj,Ric, .]7(0), E*yb,@ have weight p,, this is a
boundary pairing which only depends on the leading order terms of the operators and ten-

sors involved; thus, we can replace g, and w* by ¢ and d(#S(q)) = (35(q), —35(q), dS(q))”

in the splitting (6.6). By Lemma 9.5 and using Lemma 6.6, we then have
_ m . . . RV
hiy == (05 b e) o, = 5(—5@), 0,dS(e), —S(¢), —dS(¢),0) ", (9.27)
v 1Y m ~ ~ ~ T
hay = (05 ' hepe)lox, = 5(5(0),0,2d5(0), —3S(c),0,0) ,

By = (63, (0h ©,0) 5, = (0.0,0, ~1S(a), 2dS(a). 35(0)g)

Using Corollary 6.7 and Lemma 6.4 as well as the ﬁber inner product (6.7), we thus find
(again using (S(¢),S(q)) = (¢~ q))

ly,com(€)(Gg, 05,w")
- <8>\N(pg [DgRic, £,]7(0),2) ha) + OxN (p5 2DgRic(0), 1) hary, by,
= 2 (0.562), 3 45(2),0, ~s(),0)
+ (25(). ~5(0). ~4s(0).0.2 dS(é)AS(é)g)T,
Ls(a). Lds(a). 2stayg) ")
m

= 5 (~4(5(2), S(@)) + 3(S(2). S (@) + 2<s<é>g, s<q>g>)
= 4mm(¢ - q).

(0 0,0, —
L2(S?)

e Part (5). When w* = wf, then the above calculation shows that &@OM(ngé; w) =0
since the leading order term of wyj is of scalar type 0 and thus orthogonal to scalar type 1

tensors on 0Xp. An alternative argument proceeds as follows. Write
LV):= Ly (); (9.28)
acting on a fixed tensor, this is a first order differential operator acting on V. We have
2hy; = L£(0:5)§y and Wi = (1£,£.])(055) + L'(aﬂ@ Nés (so that L(Z, O, +170; ) =
2(thp + h*@j)). We then compute
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the third term is a double commutator and thus vanishes. Applying this operator to g,
gives
£2

and therefore
-EQ A Y —_— o
DQbRic<5*hb,j + 8l ) = Dy, Ric(0)hj,
. 1 ~ . , 4 . . .
g o= = 3 B B0, )iy = (90, —) @, s € 7 1C¥(Ry; 8T}, W),

Here, we use that [£, f](V)h = 2h(V, =) ®s df when f is a smooth function, V a vector
field, and h a symmetric 2-tensor; and since hy, ; is stationary, the action of Dy Ric on it is
given by ngRiC(O);Lb’j indeed. Thus for h* € ker Dy, Ric(0)* which near 9X, lie in A%+?
where & > 0, integration by parts shows that

<D§bR’iC(0)iLb7j7 h*>L2(Xb) (929)

vanishes. This applies in particular to h* = Gy, d5,w* when w* = wj and also when w* has
leading order term 72V(q) where q € R3, with the restriction q € Ra when a # 0, since in
these cases h* is compactly supported in X; thus €, com(h*) = 0.

When h* has a p? leading order term, then the inner product (9.29) can instead be
rewritten as a boundary pairing in the usual manner; since the leading order term of iOLbJ-
is of scalar type 1, this pairing only involves the scalar type 1 part of the p2 leading order
term of h*. (When h* € IC;;COM, one can use this to compute m, com © £, com again.) For
h* = Gy, 0% w* € Ky ke, where w* has leading order term 72V(q), we claim that the scalar

type 1 part of (p52h*) 0%, vanishes. Since h* now depends linearly on ¢, we only need to
consider the case q L a # 0 (the cases a = 0 or a # 0, q € Ra having been discussed above).
In this case, 7 (72V(q)) is the Lie derivative of g, along a rotation vector field along an
axis perpendicular to a, and thus it is a linearized Kerr metric g;(0,a) for some a. (See
also Lemma 10.10 below.) But the #2 part of (3.41) is the sum of scalar type 0 and 2
and vector type 1 tensors; its scalar type 1 part vanishes. Thus, (9.29) vanishes also in this

case.

e Part (6). Repeating the calculations leading to (9.22) for hyz € p2C™ in place of

g, (b), the conclusion is clear when w* € C* near infinity (as in this case one can drop the
regularizer x. in (9.22)). When w* is an asymptotic rotation, then the limit in (9.22) is a
boundary pairing which evaluates to 0 since the p? leading order term of hp e is of scalar
type 1, whereas the p;! leading order term of w* is of vector type 1.

e Part (7). Recall that h*, near 8X;, is conormal with weight 2 at dX;. If we set

T :=t,—1t € A™', then T’Qg(i)) € A% and hence we can integrate by parts to conclude
that

(Dg, Ric(T'gy(b)), h*) = {Dg,Ric(0)(T" g4 (b)), h*) = (T" g, (b), Dg, Ric(0)*h*) = 0.
Similarly, setting EZ,@ =T hy; + 71*7;,7@ and using t, = ¢’ + T’, we have
P2 2 12

. h’b,é + f*ﬁ*,b,é == Thb,é + 5/72/;)76 + 7?///7 71,// = 7

5 hyo+ T'hipe € A



GLUING SMALL BLACK HOLES ALONG TIMELIKE GEODESICS I: FORMAL SOLUTION 111

Thus, <DQbRiC(7LH ), h*) = 0 as before. This completes the proof. O

9.2. Polyhomogeneous solutions of the zero energy problem. The necessary con-
dition for the solvability of the zero energy problem for the linearized Ricci operator of
Lemma 9.1 is also sufficient:

Theorem 9.8 (Polyhomogeneous solutions of the zero energy problem). Let wp, W ng

be statwnary 1 forms on Mb as in Theorem 9.6, i.e. their supports are disjoint from
~(m) c X, and Wy, — Wy, Wi — Wik € A‘S(Xb,g’SCT* Mb) —l—S’(le,TX;Mg’) in the notation

of Definition 9.2. Let F C C x Ny be an index set wzth Re F > 1. Set

E={(z+j—-20): (z,k)eF, jeNg, I <k+j+1}.

(Xyp; S2 3SCT)*E,be) satisfies m(())f =0 and

Suppose f € ‘Aphg

<f7 gbg()W*>L2(X):O7 W*E{wZa w;kkOS:uSg? 1§]7£k§3} (930)

Then there exists a solution h € Aphg(Xb; S? 3SCT;i(be) of

Dy, Ric(0)(h) = f. (9.31)

In the notation of Theorem 9.6, condition (9.30) is equivalent to the requirement that

(£ =)0y € Kirod)” (9.32)
be equal to 0, or equivalently (f, —) € (Kj con)™ = 0 and (f, _>L2(Xb) € (K xerr)" = 0.

Remark 9.9 (Non-uniqueness). One can of course add to h any pure gauge solution (%i (0)w
without invalidating (9.31). In our gluing construction, we will only exploit the existence
of a 7-dimensional kernel spanned by

gn(b), b= (m,a) e R xR hpe, ¢€RE.

The proof of Theorem 9.8 proceeds in two steps: the construction of a formal solution
near infinity, and solving away the remaining error.

Lemma 9.10 (Step 1: formal solution at infinity). Under the assumptions and using the

notation of Theorem 9.8, there exists h € Aphg(Xb; 52 3SCT*i Mb) so that

Dy Ric(0)h = f+ fp,  f, € C(Xy; 82T ).
If f depends smoothly on a parameter lying in an open subset of R¥, k € N,% then we can

find h depending smoothly on this parameter as well.

Proof. Fix xo € C°(X3) to be equal to 1 near X, and 0 near # = m. Let (2 — 2,k) € F
be such that Re(2 — z) = minRe 7 and (2 — 2,k + 1) ¢ .7-" (Since Re(2 — z) > 1, we have
Rez < 1.) Then for some f; € COO((?X . 52 35CT* Mb) =0,...,k,

k
f—xozfz‘z(logf) fi(w) € AL (Xe), F=F\{(2-24):5=0,...,k},

j=0

66That is, each term in its polyhomogeneous expansion at 98X, is a smooth function of the product of
00X} and the parameter space.
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where 7 = |Z| and w = ﬁ Applying the operator

33, Gy, (0) = 65G5(0) mod (7) Diff} (Xj; S Ty My, 3SCT;(be)

to this equation, and identifying f; with an element of C*°(ff; B* SQT(B 0)R4) in the notation

of Theorem 7.13 (where we recall that ff = S? is the front face of [R3;{0}]), we obtain

k
SGO)f =0,  f=f(rw): Zrz *(log )’ f;(w).

Consider assumption (9.30). Let x € C*°([0,00)) be equal to 0 on [0, 1] and equal to 1
near oo, and set y, = X(r ) for 0 < e < 1. Then

(£,63,, (0)) = lim ([35,64,(0), xe] f,").

When z = 0 and w* = wj;, or z = —1 and w* = w;-‘k, we get a nontrivial boundary pairing,
and indeed we may replace g, by g, and f and w* by their respective leading order terms

Z?:o #*2(log7)/ f; and w, or wjz. We thus deduce that when z = —1, resp. z = 0,
then (7.36), resp. (7.37)—(7.38) holds for f in place of f. We now distinguish four cases:

(1) If z ¢ Z, then Theorem 7.13 produces ho, . .., hy € C(ff; p*S*T

(0,0)
. k
DyRic(0) (Z r*(logr)’ hj) =/

J=0

R*) so that

and therefore
k

= f — Dg,Ric(0) ( OZ 4 ( logr]h> € AL (Xy). (9.33)

Jj=

Furthermore, f’ satisfies the same assumptions as f, with (9.30) following via inte-
gration by parts as in (9.6).
(2) When z = 0, then as argued above, Theorem 7.13(4) applies and produces hy,
o b1 € C(fF; B* SQT{B O)R4) with D/ﬁﬁz(()) Zkﬂ r*(log r)fh = f; analogously
0 (9.33), we can use this to solve away the term in the asymptotic expansion of f
corresponding to (2 — z, f) € F.
(3) The case z = —1 is analogous to the case z = 0: we now use Theorem 7.13(3).
(4) Finally, when z € Z, z < —2, we can solve away the term in the asymptotic
expansion of f corresponding to (2 — z, f) € F using Theorem 7.13(2).

Repeating this procedure a finite number of times, we can, for any N, find h( Ny €
‘Aphg(Xb7 S2 3SCT;(be) SO that h(N—‘,—l) — h(N) c AN—l and

Dy, Ric(0)h(ny = f + fo, (v, Fovy € (Al N AN) (X, S2 SSCT;}be)

Taking h to be an asymptotic sum h ~ h(yy + > yen(h(v41) — P(v)) near dX finishes the
proof for a single f.
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When f = f(q) depends smoothly on a parameter g € U C R*, then the above construc-
tion produces h(yy which depend smoothly on ¢ (due to the linear and continuous depen-
dence of the solutions in Theorem 7.13, see also the analogous arguments around (8.9)).
Asymptotically summing Ay + > yen(h(v+1) — hvy) on U x X, produces the desired
h = h(q). O

Lemma 9.11 (Step 2: polyhomogeneous solutions for Schwartz forcing). For all f, €
C®(Xy; S? SSCT* Mb) with 04,Gg, (0) f, = 0, there exists h, € poC®(Xy; 52 3SCT)*A( M) (where
b

po = (2)71) solvmg D; Rlc( Yhy, = f,. If f, depends smoothly on a finite-dimensional
parameter, then we can ﬁnd hy, depending smoothly on this parameter as well.

Note that for f, as in this Lemma, condition (9.30) follows from ch\gb(O) f, =0. We will

deduce Lemma 9.11 from the existence of a solution h;, which is conormal at X, and decays
at some positive rate; the latter is a nontrivial statement about the perturbation theory of
subextremal Kerr black holes.

Theorem 9.12 (Solvability on spaces of conormal tensors). Recall b= (m,a). There exists
n > 0 so that the following statements hold.

(1) (Linearized Einstein equation.) If7 f € C®(Xj; S2 3SCT)’i(b]\lb) satisfies 04,Gg, f =0,

then, there exists a solution h € A"(Xy; 52 3SCT;(be), of’® D/gbﬁc(O)(h) = f;and h
can be taken to depend continuously and linearly on f.
(2) (Gauge potential wave operator.) There exists®”

ET € poC>(Xy; Hom(S? 3SCT)’i{b M,, 3S°T)’gb My))

so that for all 6 € A1+’7(Xb;3SCT)"i( M) there exists w € A_H”/(Xb;?’SCT)"i( M),
b b
7 € (0,n), depending linearly and continuously on 0, with

(33 + ET)Ga, 850 = 0.
Proof. Define weighted b-Sobolev spaces Hg’a(@) = (#)"*H{(R3) on ]RT; using the Eu-
clidean volume density |dz|, and write H;*(X,) for the space of restrictions of elements of
H(R3) to Xp. We have 727 (X,) € A*(Xy) € Nyow A7 ().

Part (2) is stated in [HHV21, Remark 10.14] in the slowly rotating case || < 1; using
[AHW22, Theorem 5.1], the same argument applies in the general subextremal range. In
brief, for ET = 0, the zero energy operator of the tensor wave operator 20, ng6; = g,

b
acting on 1-forms is Fredholm of index 0 as a map
g, (0): {w € HY (X T My): O, (0)w € Hy M2 (X T M)}

. ; . (9.34)
—1,0+2 . *
— Hy (X0 Ty, M)

67That is, f is a stationary symmetric 2-tensor on the complement of the spatial m-ball in R; x RZ whose
coefficients with respect to the standard coordinate differentials are rapidly vanishing as |Z| — occ.

680 other words, h is a stationary solution of D, Ric(h) = f.

69This means that E7, expressed in the frame df, d#, is a 10 x 4 matrix whose entries are smooth
functions of |#|™!, ﬁ which are independent of # and vanish at |#|™* = 0.
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for all sufficiently large s and for ¢ € (—%, —%), with 1-dimensional kernel and cokernel

spanned by explicit 1-forms wy, w; = §(F —7mq) d7, respectively; see [HHV21, Theorem 7.1]
for the very slowly rotating case | +| < 1 and [AHW22, Theorem 5.1] for the full subextremal
range. Since, by inspection, wy is not a linear combination of the 1-forms dual to time

translations and rotations (around the axis of symmetry when a # 0), we have wj, ¢ ker (5;.
Therefore, we can select E) so that (EFng(Sgbwb,wﬁB(&) # 0. For the choice ET := cEf

then, with ¢ # 0 sufficiently small, the operator ((d4, +ET)ng(5’$b)A(O) is invertible between

the spaces in (9.34). By elliptic b-theory near aXb, this operator remains surjective for all
? < —% which avoid a discrete set.
We now turn to part (1). Define the gauge-fixed linearized Einstein operator
Ly = Q(ngRiC + (5217(5%6@17),
which is equal to 0, modulo lower order terms. By [AHW22, Theorem 7.5] (see [HHV21,
Proposition 9.1] and the description [HHV21, (9.3a)—(9.3¢)] for the slowly rotating case), all

elements of the cokernel of Ly(0) are of the form Gg,d7, w* where w* is stationary, conormal

of class A1 near 8Xj, and vanishes in the black hole interior (so in particular near # = m).
Since f is rapidly vanishing, we have
<f, ng5’5b(0)w*> = <5gngb(0)f,w*> =0
via integration by parts. Therefore, there exists
7Sl v . 023 * 1) v . Q23 * 70
he N Hy'(Xp; S2 5T My) © (1) A% (X3 ST My)

sER, Le(—3,—1 a<l
solving E,(O)h = f. Applying m(()) to this implies

05, (000 =0, 6:=85,Gg, (0)h € () A*TH(Xp; BT My).

a<l

The description of the kernel of ﬁ;(O) in [AHW22, Theorem 5.1]—concretely, the fact that
wp, having a nonzero #~! leading order term at # = oo, does not lie in AO‘H(XI,; 3SCT)*A( Mb)
b

for o > O—implies that § = 0, and therefore we in fact have Dzﬁc(O)h = f, asdesired. O

Proof of Lemma 9.11. Let h € .A”(Xb;S2 3SCT;( Mb), n > 0, be the solution provided by
b
Theorem 9.12(1). We first find w € A~1T7/2(Xy; 3SCT;E( My) to arrange the gauge condition
b
h+ 63w € ker((d5, + ET)ng);
this is possible by Theorem 9.12(2). Replacing h by h + 5517“’ we therefore have
Dy, Ric(0)h = f,, (35, + ET)Gg,h =0,

and therefore R

L(0)h =0,  L:=2(Dy,Ric+ 6}, (35 +EY)Gg,).
But L 6ApgDifJ‘??,)b(]\Zb;AS2 e+ NIL) is equal to Uy, modulo p3Diff2,, and therefore L(0) €
p2Diff? (Xy; S? SSCT)*A( My) is elliptic near 90X, as a b-differential operator. By standard

b

elliptic b-theory (locally near BX},), h is necessarily polyhomogeneous with some index set
&' c C x Ny satisfying Re&” > 0.
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We now show how to add to h € Aphg(Xb; S? SSCT;i(be) a further pure gauge solution
0z,w, with w = o(|z|) stationary and polyhomogeneous, so as to obtain the desired solution
hy = h+ 063w € PoC>®(Xy; S2 3SCT;(b]\>[b). To this end, consider (z,k) € & with Rez =
minRe & and (2,k + 1) ¢ &'; then the term

k

> i (log #) by

§=0
in the polyhomogeneous expansion of h at X, = {#~' = 0} lies in ker D/gR\lc(O) Theo-
rem 7.12 thus produces a stationary 1-form

k+k'
Wez) = Xo Z #~*(log #) w;, K e{0,1}, w;eC™®(Xy; 3SCT* Mb)

z

so that the only term in the polyhomogeneous expansion of h — 531)“)(2) involving 7% is

7~*h' where, in fact, A’ = 0 when z ¢ Z. An asymptotic summation argument as in the
proof of Lemma 9.10 produces the desired w. O

Proof of Theorem 9.8. Apply Lemma 9.10 to f to get a formal solution hy. Then apply
Lemma 9.11 to — f, to produce h,. The desired solution is h = hy + hy,. O

9.3. Necessary conditions for gluing: II. A result of D’Eath revisited. In this sup-
plementary section, we show how the results of §9.1 imply additional necessary conditions,
beyond those of §8.3, for a total spacetime family with Kerr models along C to solve the
Einstein vacuum equations.

Proposition 9.13 (Necessary conditions on C and the Kerr parameters) Suppose that g
is a (é, E)-smooth total family (relative to (M, g,C)) with Reé > 1, and the M -model of ¢
is a Kerr metric with parameters b = (m,a) € C*°(I; R x R3) so that la(p)| < m( ) for all
p € C, where a is defined relative to a fixed choice of Fermi normal coordinates along C. If
Ric(g) — Ag vanishes to leadmg and subleading order at M (i.e. has weight > —1 at M as
a conormal section of SQT*M), then

C is a geodesic, m is constant, and a is parallel along C (i.e. constant).

This explains why in Lemma 3.28 we do not need to consider maps of the form ®,(¢,#) =
(t, A(p)2) where A(p) € O(3) is not the identity. The essence of the statement of Proposi-
tion 9.13 appears already in work of D’Eath [D’E75].

Proof of Proposition 9.13. Let 6 > 0 be such that minRe€ > 1+ ¢ and minRe & > §. We
denote the Fermi normal coordinates around C by (¢,x), and denote by I 3 ¢ +— ¢(t) € C
an arc-length parameterization of C. Regarding a neighborhood of M C M as a subset of
the lift of e = 0 in [[0,1) x M; {0} x OM] via Lemma 3.2, and using the fiber coordinates
t =dt(—) and & = da(—) on Te M, we thus have

(€9)(€,t, &) = Gy (2) + €h(t, &) + O(e) (9.35)

for bounded %, where we regard gy and h as symmetric 2-tensors in di, dz, and the

O(e'19) error term is such a symmetric 2-tensor whose coefficients are conormal on M with
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weight 1+ 0 at M (and with weight 0 at M,); here, writing po = (&), the subleading
term is
he ASOE T (Te M 823V T Te M) (9.36)
in the notation of Lemma 3.5, i.e. its coefficients lie in C*°(/ Ag(éulg (IRTi)) Moreover,
1

. p _ A 5 . A~ _
since 22 = p~" on M, with p|ps, = r, we have

hi-1y = (poh)l gy = e(p™ (G — Guw))lom, = QZFyootO (9.37)

by Lemma 3.14. Therefore, ﬁ(_l) = 0 if and only if C is a geodesic.
We now expand (9.35) around t = to, and identify £ = % at Ty M; this gives

go(2) + e (tgp(b) + h()) + O(e?), = b(to), b="V(to), h(&) = h(to,z). (9.38)

Since the cosmological constant A only gives a O(e 2) contribution to e(€?(Ric(g) —Ag)) =
Ric(g§) + O(e) at M, the validity of the Einstein vacuum equations Ric(§) — Ag also to
subleading order at M is equivalent to (9.38) being Ricci-flat modulo O(e' %) errors, and
thus to the validity of the equation

Dy, Ric(igy(h) + h) = [Dy,Ric, £] gy (b) + Dy, Ric(0)h = 0 (9.39)
for h(to, ) with (9.36)—(9.37). Since &/ dé? € ker DyRic, we have D/gbﬁc(())(ﬁ) € AP,

Let ¢ € C®(X}) be equal to 1 near X, and equal to 0 near 7#~'(m). For ¢ € R?, set
w* = 1wy ¢ in the notation of Definition 9.4. We then integrate (9.39) against the tensor

h* = Gy, 0% w* € p2C°;

3%,
the leading order term of h* at 0X, is r_zh(Q), where hy) is given by (9.27). The contri-
bution of gj(b) vanishes by Theorem 9.6(3). Furthermore, since for e A5 >0, we
can integrate in parts to obtain <D/gbﬁc(0)l}’, h*) = 0, only the leading order term fﬁ(_l)
of h enters in the calculation of <DEEC(O)H, h*). In the splitting (6.6), we have

il(fl) = (S(q)7 S(q)7 07 S(q)7 07 O)T

where q := —3(Ijoo(t,0))j=1,23. Therefore, inserting a localizer y. = x(22), where y €
C>([0,00)) vanishes near 0 and is equal to 1 on [1,00), we have, using Corollary 6.7,
formula (6.7), equation (9.27), and h* € ker Dy, Ric(0)*,

(D Ric(0)h, 1) = = lim ([ D, Ric(0), xc] . h*)

e\0
= (0N (ngITR\ic(O), “Dhi) b)) e
= 2 ((5(a). 25(a), ~S(@). S(a), dS(@), ~25(a)g) "
(_5(@),0,d5(é), —S(e), —ds(é)aO)T>
= 16mm(q - é).

We conclude that equation (9.39) can hold only if this pairing vanishes for all ¢, which forces
q = 0 and thus T'joo(to,0) = 0. Since typ € I was arbitrary, we conclude that h(,l) =0,
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and thus C must be a geodesic; this re-proves, from the perspective of M , what we had
demonstrated already in §8.3 following [GWO8].

Next, from equation (9.39), where we now have he A4 for 0 < § < minRe &, we can
extract information also about the derivative
b= (m,a)

of the Kerr parameters along C. First, we integrate against Gﬁbégbw* with w* = ¥ dt; the

contribution from h vanishes upon integrating by parts, whereas by Theorem 9.6, the term
involving §;(b) contributes —8mm. Therefore, m = 0, and we conclude that the black hole
mass must be constant along C; we had previously deduced this from the perspective of M,

using Corollary 8.11.

Finally, we constrain a by integrating (9.39) against h*(q) = Gg,d; w* € p2C>® where
w*(q) = ¥72V(q) in the notation of (9.14). By Theorem 9.6, the contribution from
g{)(b) is —8mm(q - a). On the other hand, we can integrate by parts to conclude that
<DEEC(O)B, h*(q)) = 0 (see Lemma 9.1). Therefore, we must have q-a = 0 for all q € R3,

and thus a = 0, as claimed. O

10. CONSTRUCTION OF THE FORMAL SOLUTION AT € = (

In this section, we complete step (I) of the proof of Theorem 5.4. We use the notation
of the Theorem as introduced in Definition 5.1 and the constructions following it. In
particular, (M, g) is globally hyperbolic, the metric g solves the Einstein vacuum equations

Ric(g) = Ag, (10.1)

the curve C C M is a timelike geodesic arc-length parameterized by ¢: I C R — M, and
we fix subextremal black hole parameters

b= (m,a), m > 0.
Without loss of generality (due to the O(3) freedom in Lemma 3.14), we may assume that
a = aes, a = |al, (10.2)
where e3 € R? is the third standard basis vector. We fix Fermi normal coordinates (¢, z)

around C, and write r = |z|. We moreover set t = dt, & = dz on To M, which we moreover
identify with the coordinates { = =2 and & = £ on the front face of [M; M,). Fix cutoff
functions -

X> Xo € C(M) (10.3)
to collar neighborhoods of M, M,, respectively, as in (3.5); we demand that suppy is
contained in the domain of influence of a compact subset of U°.

With K defined near M by K = {(e,t,): |Z] < m} (cf. item (8) in §5), recall the
(0, No + 1)-smooth total family

Go € BrC(M; S*T* M) + Aot (M \ K°; S*T* M)

defined by Lemma 3.28(2). Concretely, we define g near C as in the proof of Lemma 3.28
(albeit using slightly different notation here) by
|z

go(to,x) = —dt? +dz? + E*g/(to, x;dt, dx) + x(to, Jr)gl’b(—,w; dt, d:c), (10.4)
€
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where g’ € C>(M; S?T*M) vanishes quadratically at z = 0, and §; , = g, — g in the notation
of Definition 3.25, so

. 2
GLo(Fw; dF, d2) = "2 (df2 + di?) + O(F2). (10.5)
T
By Corollary 3.20, we have
Errg := Ric(go) — Ajo € p~ ' poC(M \ K°; S>T* M), (10.6)

and supp Errg is contained in the domain of influence of a compact subset of U°. In fact,
Errg has an additional order of vanishing at M , as we proceed to show; that is, Errg € p,C*.
The following result is well-known, see e.g. [Poi04, §8.5]; we phrase it in general spacetime
dimension 1 4+ n and give a proof for completeness. (We do not need to require g to solve
the Einstein equations for this result.)

Lemma 10.1 (Metric in Fermi normal coordinates). Use Fermi normal coordinates (t,x) =
z = (2°,...,2") around the timelike geodesic C C M; write i,j,k,1 for indices between 1
and n. Then the metric g on M takes the form g = —dt? + da? + T29(2) + O(|z]3), where
O(|z|?) stands for a smooth symmetric 2-tensors whose coefficients in the frame 0y, 0,

(j =1,...,n) vanish cubically at x =0, and where
x( M

= —R m T T
(9(2))00 0eom | (t,0) -

2 zl ™
(9(2))j0 = _gRjEOm|(t,0)77a

1 b ™
(92))jk = —3 jzkml(t,o)77-

Here, R0y denotes the coefficients of the Riemann curvature tensor of g at (t,0) € C.
That s,

xl ™

4 1 -
ooy = =2 (Rmmdt2 + S Rjtomdt de? + < Rjpmda’ do ) (10.7)

Proof. Consider a Jacobi field J = J(s) along a geodesic v: s — 7(s). Denoting by R the
endomorphism of T, M given by RV = Riem(g)(7’, V)7, the Jacobi equation reads J” =
RJ, where we denote covariant differentiation along v by a prime. Note that (RV, W) =
(V, RW) for all V, W, and therefore R and all its derivatives along v are symmetric. Define
now the function f(s) = (J(s),J(s)), where (—, —) is the inner product given by g(y(s)).
Then

=P,
fr=2(J,J",
f =210 +2(J, RJ),
" =8(J',RJ) +2(J,RJ),
" =8|RJ* +12(J',R'J) + 8(J,RJ') +2(J,R"J).

If J(0) = 0 and J'(0) = v € Tey M, we have
F0)=f(0)=0, f'(0)=2pf f"(0)=0, f"(0)=8(,Rv),
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which implies f(s) = s|v|?+ £ (Riem(g)(v',v)y/, v)s* +O(s"). In Fermi normal coordinates
(t,x), the curves v4(s) = (t,s(xz + quv)) (for fixed ¢ € R and z € R", and defined for
small s) are geodesics for all g; therefore, J(s) = 0,74(s)|q=0 = sv is a Jacobi field along
Y0(s) = (t, sz), and we obtain

. . 2 .
g(t, s2) vk = vioh + %<Riem(g)](t,o) (2™ Oy, V%O )20, v19;) + O(s?),

which gives r2(g(2))jk(t, x) = %ijmk’(t,(])ﬂ?éxm + O(|z]?).

Next, we consider the family of geodesics v4(s) = (¢t + ¢, sz), whose variation vector field
J(s) = 0y satisfies J(0) = 0 and J'(0) = V., )0 = 0. Therefore,

f(0)=-1, f'(0)=0, f"(0)=2(d,RO),
which implies f(s) = g(¢, sx)oo = —14 s*(Riem(g)|(¢,0) (2™ O, 0)xtdy, 0) + O(s%) and thus
the stated expression for (g(2))oo
(x4 qv)), we have J(s) = 9, + sv, so J(0) = 9 and J'(0) = v,

Finally, for v4(s) = (t+4¢, s
and we compute

f(O)y=—=1, f(0)=0, f"(0)=2[v]*+2(d, RO, f"(0)=8(v,Rd;)+ 2(d, R').
In the resulting Taylor expansion of g(t, sx)(d; + sv,0; + sv), we consider the coefficient
of s3, which is the sum of a term of schematic form z%v and another term of the form
23, The z?v term is 2r2(g(2))0j119, which must equal the z?v term of the s?-coefficient of
f(s); the latter is 2 s3(v, RO;) = %SS<Riem(g)|(t’0) (™0, Op) 20y, v70;). This completes the
proof. O

The components of the tensor g(9) in (10.7) are dilation-invariant in . In order to capture
the fact that g(;) should rightfully live at r = |z| = 0, we consider the blow-up

R x Ry Ry x {0}] = Ry x ([0,00), x SE7),

with blow-down map B: (¢,7,w) — (t,7w), and identify T(’; m)R‘l = T(*t 0)R4 via the trivial-
ization by coordinate differentials. Write ff := Ry x {0} x S®~1 C R x [0, 00) x S*! for the

front face and C := Ry x {0} C R x R™ for the curve 2 = 0. We can then regard
9g(2) € C(fF; B*SPTER™M). (10.8)

Specializing now the case n = 3, we may split 3*7| (tO)R‘l and its symmetric second tensor
power as in (6.6), where dz’ = dt +dr and da! = dt —dr. (Concretely, 9g(2) is now a smooth
(in t) family of sections of a bundle over S? which is isomorphic to RGRST*S2 G R @
T*S? @ S?T*S?, equipped with the fiber inner product induced by the Minkowski metric.)
In its spherical harmonic decomposition, we next determine the projections to various pure
types. (The metric g does not need to satisfy the Einstein equations in the following result
either.)

Lemma 10.2 (Pure type components of g(g)). We assume that dimM =n+1 =4 and
define gy by (10.7), regarded as an element of (10.8). Defining curvature components in
the coordinates (t,z) € R x R?, we have

2. .
Ts1(9(2)) = _gRlc(Q)Oj dt rdw’; (10.9a)
my1(9¢2)) = 0. (10.9b)
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Here Ry = try Ric(g) is the scalar curvature of g at (t,0) € C. In particular, if Ric(g) = Ag,
then Ts1 (g(Q)) =0.

Proof. Write w’/ = %, j = 1,2,3. Since w/ € Sy, we have w/w™ € Sy @ Sy since the
O(3)-representation S ®, Sy is isomorphic to Sg & Sy. Furthermore, dt? is of scalar type
0, the 1-form dz? = rdw’ + w? dr is of scalar type 1, and dz? dz* is a sum of scalar type
0 and 2 tensors. Therefore, writing sl and vl for tensors of scalar type [ and vector type [,
respectively, the three terms in (10.7) are sums of tensors of the following pure types:

—wfwmdt? 0, s2; (10.10a)
4
—3w fomdtd(rw’) - sl, v2, s3; (10.10b)
1
—3w fwmd(rw?)d(rw®) S0, v, s2, v3, sd. (10.10c)

We use here isomorphisms of O(3)-representations such as So®S9 = SgB&V1®S2@ V3 S,.
e Scalar type 1 part. The only contribution comes from (10.10b). Expanding d(rw’) =

w! dr + r dw?, we then note that the contraction of wfw™w’ dr (which is symmetric in j, £)
with Rj,, (which is antisymmetric in j,¢) vanishes. Next, we shall need”

41/ wﬁwmw] kdg _ 7(5€m53k+5@5mk +5€k5m])

7r

and we moreover compute g_l(dwj,dwk) = (ej — (ej - ww, e, — (e - Ww)rs at w €
k

S? C R? (where ey, es,e3 is the standard basis of R?), which equals 67 — w/wk. Since

iﬂ sz whw™ dg = %6&”, the s1 part of wlw™ rdw? is therefore

/1 A A _
Z < / wzwmg_l(dw], A ) g) Zrdwf = 0( 46 r do? — 69 p o™ — ™9 rdwe),
cf. Example 6.3. Contracting with — Rjgom gives the stated result.

e Vector type 1 part. The vector type 1 components of (10.10c) are necessarily of the
form dr @, rV for V. € Vy, cf. (6.15d). Contracting

d(rw?) d(rw®) = wiwk dr? 4+ Wk r dw? dr + W r dw® dr + 7 dw? r dw®

with Rk, we must thus find the vector type 1 part of Rjgkmw w ( b dwd + wi dwk ). But
this 1-form vanishes since Ry, is odd in k,m, resp. j,¢ while whw™ - Wk resp. whw™ - wl

is even. O

We now return to the specific setting of the black hole gluing problem.

Lemma 10.3 (Error term #0). The total family go, defined by (10.4), solves the Einstein
vacuum equations to leading order at M, and to leading and subleading order at M, in the
sense that

Errg := Ric(§o) — Ajo € poC®(M \ K°; S*T*M).

"0This integral can be evaluated easily via polarization from Joo(a-2)* dg = 4= |q|* for q € R®, which in
turn follows by spherical symmetry and scaling from the special case ¢ = (0,0, 1). In polar coordinates, one
finds f027r S (cos0)* sinfdf dp = — 2= (cos” 0) |5 = 2F.

5



GLUING SMALL BLACK HOLES ALONG TIMELIKE GEODESICS I: FORMAL SOLUTION 121

Moreover, supp Errg is contained in the domain of influence of a compact subset of U°, and
e(Erro| Mc(t)) = Dy, Ric(0) (#%egz)(t)) — Ade, (10.11)

2m

(e YErro)|p, = (DyRic — A)( (dt? + dr2)> mod (% (M,; B2S*T*M). (10.12)

r
These leading order terms lie in pOCOO(M; B*SQTV*M) and p~1C®(M,; BES?*T* M), respec-
tively. Furthermore, the scalar type 1 and vector type 1 components of the common boundary
values (FErrg)|,y; = (re 'Erro)|on, € C(0Mo; BES?TEM) vanish.

Proof. We need to show that the O(e) leading order term of e2Errg at M vanishes at
M)
symmetric 2-tensors on T,)M ), the desired conclusion follows from e(e?(Ric(go) — Ago)) =
Ric(ego) + O(e?) near M°.

In order to verify (10.11), we may replace ¢’ in (10.4) by its leading order term r%g),

for all ¢y € I. But since ego|{i—s} = b+ O(€?) (regarded as an e-dependent family of

since the lower order terms of ¢’ vanish cubically at M and thus do not contribute to
Erro| ;. Working near M° and in the coordinates ¢, and writing w = ﬁ, we have’

e(Erroly,) = (e_zRiC(gb + 62f2g(2) (t,w; dt, dfc))))

= Dy, Ric(0)(**eg(2)) — Adp-

= Ae(Giol )

Near (M,)°, we compute
Ric(o) — Ado = e(DyRic — A) (75— B9)) )

modulo €2C°°(M \ (M U K°); S2T*M). This gives (10.12) upon using (10.5).
We prove the final claim by considering the po-leading order term of e(Erro|y; u)) at

~

Myy. We need to use the expression (10.11) and the following facts: the scalar type 1
and vector type 1 components of erg(Q) (t) vanish (Lemma 10.2); the operator D/@)EC(O) =
Dg/bOEiC(O) mod pgDiﬂ% maps f’Zeg(g) (t) into a tensor with vanishing scalar and vector type
1 components modulo p2#2C>® = p2C>; and gy, is of scalar type 0 modulo p2C*>. O

The plan for the remainder for this section is as follows.

(1) In §10.1, we solve away the leading order term of Errg at M, using Theorem 8.1.
(2) In §10.2, we solve away the leading order term of the remaining error Err! at M.

This involves the inversion of the zero energy operator D/gbﬁc(O), which however has
a cokernel (see Theorem 9.8). We show, roughly speaking, that if one modulates
the center of mass and the axis of rotation of the small black hole by amounts
depending on the ‘slow’ time variable ¢ along C, one can eliminate the cokernel.
This is the most delicate part of the construction: an O(e*) error at M requires a
modulation of the center of mass, resp. axis of rotation of the small black hole by
an amount of size O(e¥), resp. O(e¥+1). We subsequently show that by pulling back

1One may want to multiply the term E*g’ in (10.4) by a cutoff x. vanishing near & = 0 to stress its
origin as a correction term of the metric g at M,. We do not do this here for notational brevity.



122

(3)
(4)

(6)
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the updated metric by a suitable diffeomorphism on the total gluing spacetime, one
can re-normalize the center of mass and axis of rotation of the small black hole.
In §10.3, we solve away the leading order term of the remaining error Erry at M,;
we take care in keeping track of certain error terms produced at M.

In §10.4, we again turn to M, where the remaining error has an additional order of
vanishing at M, and indeed is of size O(eloge). By modulating the center of mass
and axis of rotation, we again succeed in solving this error away, and afterwards
re-center the black hole. Here it is important that the error terms from previous
steps have a particular form, as this prevents modulations of the black hole mass or
the magnitude of the angular momentum from becoming necessary at this stage.
Following another solution step at M, in §10.5, we turn again to M in §10.6, where
we now face an error of size O(e?(log €)™); this can be solved away by modulating
the center of mass of the small black hole by an amount of size O(e?(log €)™), and by
also modulating the black hole parameters by amounts of size O(€3(log €)™) which
is now better than € and thus acceptable without the need for further re-centering.
The remainder of the construction consists of solving away errors in turn at M, and
M:; at this point no further care needs to be taken as regards the particular nature
of error terms. See §10.7.

See Theorem 10.27 for the final result of this section.

10.1. First correction at M,. We begin by solving away the error term Erry from
Lemma 10.3 at M. Recall the notation (2.3).

Proposition 10.4 (First correction at M,). There exist

hh € AT (Mo; BESPT* M), h} € C(M; S*T* M),

with the following properties:

(1)

(2)
(3)

using Fermi normal coordinates near 0M,, we have
1 ool 71
hy = Xrhy .0+ Dy
hi g € CX(OMo; BESPTEM), Y € AGV* (Mo; B3S°T M),
where hé(l 0) has vanishing scalar type 1 and vector type 1 components (on each

fiber M, N OM, = S* of OM,);
h; vanishes quadratically at C;
if we set

gt = Go + eh?, hl = Xo(h§ + Bzh;), (10.13)
then we have
. - 0,0)4,(2,0) , TF\ Tro. a2iw TF
Err! = Ric(3!) — At € AGI+CO\ K2 82T M); (10.14)

we have §* = g outside (the lift to M, of) the domain of influence U of a compact
subset of U° in X, and thus also supp Exrr' N M, C BXU;
the leading order term of Err' at M is

e(Errl\Mc(t)) = e(Err0|Mc(t)) + Dy, Ric(0) (Xollﬁe(hi(lyo)(t)))

- (10.15)
= Dy, Ric(0) [e(f'Qg(g)(t) + xoPh10) (t))} — Ad;
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(6) the e(logp) term of Exrr! at M is
e ! (elog(ef)Err%ljl)), Er]r%1 1) = D/gbﬁc(()) (Xofge(hi@,l))), (10.16)

and satisfies eflErr%m) € poCOO( M; S2T*M ) here™ h§ @1 € C>®(OMo; BES*TEM)
is a sum of scalar and vector type 2 tensors, as is (py Err(1,1))’aM' That is, if one

extends EH%1 1 to an e-independent tensor near M? in the coordinates t,z, then

Err! — )Zefl(elog(ef)Err%l 1 ) € Ap%g @D} (2’0)(M\ K°: SZT*M).

Proof. We obtain h! as the solution of
(DyRic — A)h! = fo := — (e Errg)|ar, € p1C(Mo; B*S*T* M) (10.17)
by means of Theorem 8.1 with F = (=1+Np) x {0}. We have §,G, fo = 0 since the second
Bianchi identity, away from M, gives
= 8;,Gg, Erro = 6,Gy (e fo) mod e2C®(M \ M; S*T*M).

We need to be a bit more precise (cf. Remark 8.5): near dM, and in Fermi normal coor-
dinates, the forcing term is fy = r‘lfo,(_m) + fo where fo,(—1,0) € C=(OMo; BiSQTC*M)
has vanishing scalar type 1 and vector type 1 components by Lemma 10.3, and fo €
C%®(My; *S?T*M). Theorem 7.13(2) then produces h;,(l,o) with D/gﬁZ(O)hé,(l,o) = fo,(=1,0)
(at each fiber of OM, — C), and

fo— (DgRic — A) (Rrhy (1,0)) € C*°(Mo; B*S*T*M)

is one order better at M, than fy and still lies in ker 6,G,. Applying Theorem 8.1 to this
error term produces ?zé and h} satisfying properties (1) and (2). In view of Theorem 7.13(2)
with z = | = 2, one does expect there to be a nontrivial leading order logarithmic term
r2(log r)hé’(ll) in the expansion of ﬁ;, with hi@,l) necessarily being the sum of scalar and

vector type 2 tensors lying in ker N (rzD/gR\ic(O), 2).
Since eh! € A(2 0)+:(1,0) (M\ K°; S2T*M), with (2,0)4 —2 = (0,0)4 nonlinearly closed,

property (3) and the leading order description (10.15) at M follow from Proposition 4.3(2).
The leading order logarithmic contribution to g* at M comes from the term

er?(log T>X°ht},(2,1) =é log(ef)xofzhé,(m) , (10.18)

and thus, following the arguments following (4.16), the leading order logarithmic term of
Err! is given by

*le*QDQbRic(O) (63 (log G)Xone(h§,(2,1))) ,
as claimed in (10.16). The fact that e_lEH%1 1) € PoC™ follows from the earlier observation
hi 5.1) € ker N(r? DyRic(0), 2). O

"2The notation reflects the fact that h;,(z,n is the r?logr term in the polyhomogeneous expansion of fz,}
at r=0.
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10.2. First correction at M: modulation and re-centering. From (10.14), we deduce
that

e(Err!| ) € p2CRo(TeM \ K°; 8?3V T (Te M),
with the explicit expression given by (10.15); here we write K° = Lpec K; where K, € T,M
is the closure of {|# < m}. Restricted to a single fiber T, M of Te M, we can identify the
stationary tensor e(Err!|y,) with an element of P20 (Xy; 52 3S’CT* Mb) and thus™

f1 = e(Brrt| ;) € C°(I; p2C™ (Xy; S* 3SCT;(be)). (10.19)
Moreover, the identity ;1 Gz Err! = 0 implies (in view of the stationarity of f*(¢) for all
t € I) that

() ty=0 foralltel.
We investigate the condltlon (9 32) required for an application of Theorem 9.8 and thus set

Fers = {f1, = >L2( x,) € C7: (K ker) )
feom = {1 =) 12 (x,) € € (K com)”)
in the notation of Theorem 9.6.
Lemma 10.5 (f! and the cokernel of linearized Ricci). We use the notation of Theorem 9.8.

For w* = w§ as well as for w* = wiy, when a # 0, and for w* —wkforalll<]<k:<3
when a = 0, we have

(1), G0 (0)0") 5,y = ikenr (G0, (0)*) = 0
forallt e .

Proof. Let x = x(#) € C®(X}) be a radial function which is equal to 1 near dX; and
supported in 7 = |Z| > m. In view of the discussion around (9.6), we may take w§ = x@t? and
wiy = xV? where V = (e x &) - ; is the rotation vector field around the axis e = (0,0,1)7,
which is the axis of rotation of g, when a # 0, or e € R? is an arbitrary unit vector when
a = 0. Note then that W = 0;,V is a Killing vector field, and therefore we have

ng6; (0)w* = Gg, [05,, X]W" € C(Xy; SSCT;(be).

Since this moreover vanishes near ¥ = m by definition of x, we conclude that for any
he 2'(Xp; SQT)’E(;;MbO) we have

<ngRic( )h, ng(sz (0)w™) = <h7D§bRiC( )" ng&gk (0)w™) = 0. (10.20)
Recalling the expression (10.15) for f1(t), it remains to note that
(b, ng(sgb /A Ogy (w dgb’X =0
since, for W = 9;, V', we have
03, (XW?) = —X'W*(V7) = =X'gu(W, V7) = —x'd#(W) = 0. A

"3This simply means that f! is a smooth family (in ¢ € I) of symmetric 2-tensors f'(t,),,dz" d2”
where 2 = (£,2) € R*™ and f!(t, —)u € C°({# € R®: |2| > m}) is smooth in po = |&|7*, %, and vanishes
quadratically at po = 0.

"Recall here the normalization (10.2).
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Corollary 10.6 (Parameters for elimination of the cokernel). We use the notation of
Theorem 9.6. There exist unique functions

a=0: a' =0,

¢t e C(I;R?),
¢ (IR) a#0: aleC®(I;(Ra)b),

so that
fkerr = loKerr(0,a1), flom = lr.com(éh).

Proof. The existence and uniqueness of ¢!(¢), t € I, follows from the fact that Uy com: R3 —
(IC;;COM)* is an isomorphism. When a = 0, then fL.. = 0 by Lemma 10.5, which thus
equals £ Kerr(0,0) indeed. When a # 0 on the other hand, then the explicit expression
for £y Kerr in Theorem 9.6 shows that the space €3, kerr (0, (Ra)1) (K} kerr)” comsists of all
linear functionals on Kj .., which annihilate Gg, o7 w* for w* = wg and wig; this space thus
contains fL. () for each t € I. The smoothness of ¢! and a' along I follows from their

uniqueness and the linearity of their construction. U

We shall account for ¢' by modulating the center of mass of the small black hole, and
for a! in the case a # 0 by modulating its axis of rotation. We first motivate our strategy
for the two modulations separately in §§10.2.1-10.2.2. In §10.2.3, we combine the two
modulations, and in §10.2.4 we graft them into the total gluing spacetime.

10.2.1. Center of mass. In Fermi normal coordinates (t,z), and with 2 = £, and for ¢ €

C>®(I;R?), define for fived t € I the diffeomorphism
(I)l,é(t) : (67 i') = (67 T+ é(t))

on [0,1)c x {t} x R3. Here and in §10.2.2 below, we consider a simplified setting in which
instead of g' we work on
[0,1)e x M° =1[0,1) x I; x R3

(which is diffeomorphic to a neighborhood of Mec M ) with a section of the pullback of
S’QT;M which on a level set of ¢ we define by @7 é(t)gb; we denote this tensor by (®] é(t)gb)tel.

We emphasize that g, = g,(&;dt, dz); thus,
((I)ia(t)!?b)tel = Go(& + e(t); dt, d).
Working near the interior of the front face of [M; Mc(to)] (cf. (3.14)) with coordinates
t—to

e, t= , T, (10.21)
€

we have
(®F s dv)ter = Gp(& + &(to + €f); dE, di). (10.22)

Taylor expanding ¢ around tg gives é(t) = é(to) + (t — to)& (to) + %é”(to) + (t —t)3C®

and thus (regarding ¢ as a parameter, and subsequently expressing it in terms of #), defining
q)é(to) : (t7 3}) = (tv T+ é(tO))>
22

* ~ * ~ n ~ € -~ o0
(@17é(t)gb)t€1 = (I)é(to) <gb + Etﬁé/(to),aigb + T (‘Cg’(to)ﬁj + ‘Cé"(to)@i)gb) mod 53C (10.23)
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for bounded £, Z; here, we write C> = C>([0, 1), x R;}i; S2T*R%Y). This gives

Ric((®] s 9b)ter) = iy (Ric(?}b) + EngRiC(fﬁa/(to).aiﬁb))

) (10.24)
= 26(1)2(1:0)([DQbRiC7ﬂhb,é’(to)) mod €“C™,

where we used (9.8). (An explicit calculation using Corollary 6.7 shows that this does not
vanish unless & (to) = 0.)

Remark 10.7 (Comparison with total pullback). The pullback of (¢, &) + g,(&; df, d#) along
Dot (6,t,%) — (e,t, T+ ¢(1)), (10.25)
which in the coordinates (10.21) is
Ds: (6,1,8) = (6,1, 3 + c(to + €b)) = (e, 1, & + é(to) + ¢ (to) + O(e?)), (10.26)
is equal to
Lgp = Gu(2 + e(to + €t), i, di + €&/ (to + et)dt). (10.27)
Since gy is Ricci-flat, this pullback is also Ricci-flat. Note that this pullback metric differs

from (10.22) when ¢ # 0. The Taylor expansion of ®%g, in (10.27) at ¢ = 0 (and for
bounded %) is

@ng = (I)z(to) (gb + Gﬁg@/(to),aigb) mod 62600.
Compared with (10.23), the factor # is in the argument of the Lie derivative here.

Returning to (10.24), recall now from Definition 9.4 that

1 . .
§£fé’(to)-8i+(é’(to)-i)8{gb € ker ngRIC

o 1 - A
= hoew) = 5 (Liwg)0, — He )0, + Lieto)a)0,) -

thog 1) + P (t0) = (10.28)

We thus deduce that Ric((@“{,é(t) (b + 26;%7@/(15)))756[) € €2C>*. We proceed to compute the

€2 leading order term, which is related to the tensors in (9.15) and (9.18). We first record
the following general result:

Lemma 10.8 (Lie derivatives and the Taylor expansion of Ricci). If (M, g) is Ricci-flat
and V€ V(M), then

DgRiC(L’Vg, Lvg) = —D,Ric(L%g),
Dg’Ric(ﬁvg, Lyvg,Lyg) = —3D§Ric(£vg,£%/g) — DyRic(LY g).
For V,W € V(M), we furthermore have

D;Ric(ﬁvg, Lwg) = (DgRic(EV,CWg) + DgRic(EWLVg)). (10.29)

1

2
Proof. Denote by ¥y the time s flow of V', which is defined on any fixed precompact open
subset U C M when s is sufficiently small (depending on U). We compute the Taylor
expansion of Ric(¥%g) = 0 around s = 0 using

2 3
Vig=g+sLyg+ %E%/g + %[f?/g + O(sh) (10.30)



GLUING SMALL BLACK HOLES ALONG TIMELIKE GEODESICS I: FORMAL SOLUTION 127

where O(s?) denotes a smooth symmetric 2-tensor on U which depends smoothly on s when
s is sufficiently small and vanishes to fourth order at s = 0, to be

2
0 = Ric(g) + sDyRic(Lyg) + % (DyRic(£2g) + D2Ric(Lvg, Lvg))
3
s : : :
+ 5 (DgRic(L3 g) + 3D§R10(ng, LEg) + DSRlc(Evg, Lvg,Lvg)) + O(sh).

The vanishing of the coefficients of s? and s3 gives the desired result. The identity (10.29)
follows by polarization. O

Lemma 10.9 (Ricci tensor of fiberwise pullback: center of mass). Consider on [0,1) x M°
the symmetric 2-tensor (in dt, d&, with smooth dependence on €,t, &) which for fized t € I
is given by ®7 ., (9b+2€hper(1)). Forto € I, set V(to) = té! (to) -0z + (& (to) - £)0; (generator
of a Lorentz boost). In terms of t = to + et, we then have
(D7 oty (@ + 2¢hn5(1))) = @) (6 + €Ly (1) 3) mod €€, (10.31)
and furthermore
Ric((q’ia(t) (9 + QEBb,a/(t)))teI)
2 (P 5 : 3

= 97, [QngRIC(Ehbﬁu(to) n thbﬁ,,(to)) + D, Ric( f(to))} mod 3¢

where f € C°(I;C(Xy; S 3SCT;‘A<5]\;[;,)).75

(10.32)

Proof. Using (10.23), we have, modulo €3C*>,
(] o) (9 + 2eh (1)) iet

=Py {g}b + €<7§£é’(t0)-8,~cgb + 2;”776’('50))

2 Lt W ooy . y
+ 62( Lar1)0,9 + 5 L 1oy 0,90 + 28w 1(10) + 2L o) 0, hbv@’<t0>)]

2

_ X 2 ~
= D7) {Qb + €L (1) 0+ (& (t0)-3)0,9b T 267 ( 5 M) + thb,é’/(to))
2 tAQ 2 ~ ~
Te (556’@0)0@9” 1L (10)-0; (ﬁié’(to)-ai- — tLer(to)0; T+ E(é’(tO)'i)ag)gbﬂ )
(10.33)
where we used (10.28) for the second equality. Motivated by Lemma 10.8, we rewrite the
final line. To simplify the notation, we use the notation £(V') := Ly (-) from (9.28). Writing
¢ = (ty), we then compute

Lo
SLiw0,1
Ay =L - 83), Ao:=[L, 8¢ -0:) + L& - 2)D)).

Since [A1,%] = 0, this is further equal to

N N 1 R
(é’-aﬁ)afgb = iﬁ(tcl -0z + (C’ . x)alg)ng = i(tAl + Ao)ng,

2 5 . . 1, - L oo\,
(?41 + tAle)gb + <§[Ao,tA1] + 5Ao)gb.

"5That is, the components of f in the frame di,d# are smooth on I; x R3\ {|2] < m}).
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The first parenthesis precisely matches the e?-coefficient in the final line of (10.33). Fur-
thermore, 343G, = Aohyo € poCOO(Xb;S2 SSCT* Mb) (where po = (2)7') since hy e is of

this class (and stationary) and [, #](¢ - 9;) € lefo 9(Xy; 52 3SCT* Mb) is stationary as well,
and L((& -a:)f){)hbﬁ/ =L, -:C](@g)hbﬁ/ with [£, & - 2](0;) € lefb(Xb, S? 3$CT)*(be).
We proceed to rewrite %[Ao, tA1]gy: this is % times
[[£.1](¢ - 0s) + c(( - 2)05), L(E - 02) — [L,1)(¢' - 02)] g
[c e ﬁ(té’ 02)) v + [L((E - 8)0), LG - 02)]
- [Z((c - 2)0;), [L,8)(¢ - 02)] d-
The second term is the Lie derivative of g, along [(¢/-2)0;, t¢'-0,] = (&'-£)¢ - 0; — |¢'|?t0;; the
third term is a stationary tensor which lies in COO(Xb; 5?2 3SCT;‘2be). For f =tV =¢-0;,
the operator acting on g in the first term is
(L2, 11V, £UV)] = [L(FV) = FLV), LUV)) = Lyv Ly — fLvLyv
= fV(H)Lv + flLyv, Lv] = fV(f)Lv + fLypv
= fV(f)Ly — fLy(v =0

since V(f) = 0. In summary, we have shown that

((PT c(t (gb + 26Eb,é/(t)))t€[
&(t)
* a A 62 2 ~ 2 tAz v
(I)é(t()) |:gb + G»CV(to)gb + Eﬁv(to)gb + 2e <§hb,é”(t0) —+ thb,é”(to))
+ (L (1) 9 + f(to))} mod €3¢,

where f € COO(I'COO(XZ,;SQ?’SCT;Q)MZ,)), and W € COO(I;V(]R;;?’)). (The proof gives

W (to) = 3((¢(to) - )¢ (to) - 95 — | (to)[*10;).)

Next, note that pullback of tensors along ®% regarded as a t-independent diffeo-

c(to)?
morphism of t-level sets coincides with pullback along (e,t, &) — (€,t,Z + ¢é(to)) (cf. Re-
mark 10.7) and thus commutes with the computation of the Ricci tensor. We moreover
have Ric(gy + €Ly ()3 + %E%(to)ﬁb) € 3C* by (the proof of) Lemma 10.8. The expres-

sion (10.32) thus follows from the fact that Dg, Ric(Lyy(¢,)gs) = 0. O

10.2.2. Auxis of rotation. For this part, we shall assume

a# 0.
(Otherwise, there is nothing to do by Corollary 10.6.) We need to modify the tensor
(e,t,2) + gp(@;dt,d2), t = to + et, in such a way as to produce a term fg{)(O, al) in the
e2-coefficient of the Ricci tensor, similarly to (but in fact simpler than) (10.32). We define
the rotation vector field

Q@) = Qo(a,2) - 05, Qola, @) = (a X ‘:‘P) X . (10.34)

Lemma 10.10 (Linearized Kerr metric as a Lie derivative). If R® > a L a (in terms of the
Euclidean metric on R3), then

Im,a(0,8) = Loa)dn



GLUING SMALL BLACK HOLES ALONG TIMELIKE GEODESICS I: FORMAL SOLUTION 129

Proof. Denote the time s flow of (a) by ¢,. Then the derivative at s = 0 of ¢ gm,a = Gy, 414
reads

£Q(d)gm,a = g:n,a(ov _QO(d7 a))
But Qo(a,a) = —(a~|u%)d: —a since a-a = 0. O

The analogue of Lemma 10.9 is then:

Lemma 10.11 (Ricci tensor of fiberwise pullback: axis of rotation). Let a € C*°(I; (Ra)t).
Consider on [0,1)¢ X MP° the symmetric 2-tensor (in dt, d&, with smooth dependence on
€, t, &) which for fized t € I is given by g, + €g;(0,a(t)). Let to € I. In terms of t =t + €,
we then have

(gb + Gg{)(o, a(t)))tel =0y + €£Q(d(t0))gb mod €2C>. (10.35)
Furthermore,
Ric((go + €93(0, a(t)))1er) = € [ngRic(fg;,(o, d'(to))) + Dg,Ric(f(to))| mod €°C>, (10.36)

where f = —3L2 yJb € C(1; p2C>(Xy; 52 3SCT* Mb)) (where po = (2)71).

(a-)
The first term in (10.36) is precisely the one appearing in (9.16).

Proof of Lemma 10.11. Taylor expanding a(t) = a(to) + (t — t0)d@ (to) + O((t — t9)?) and
then writing t = to + €t gives

(G6 + €9(0,a(t)))ter = Gy + €Laato)) Ib + €19,(0, & (to))
2
R . € R
= 0b + €Laa(to) 9 + gﬁé(a(to))gb
T 1 R -
+ 62 (tgg(o, a/(to)) — §£?l(a(t0))gb) mod ESC
in view of Lemma 10.10. Lemma 10.8 then gives (10.36). O

10.2.3. Combination; total pullback. The combination of Lemmas 10.9 and 10.11 is:

Proposition 10.12 (Ricci tensor of fiberwise pullback: combination). Let ¢ € C°°(I;R3).
Ifa#0 and a € C(I; (Ra)t), define
ipea = 01pealet, & dl, d2)

n [0,1)e x M° to be equal to 7 sy (96 + 2dvzb@() + €§,(0,a(t))) for fized t € I, where
(I)l L6t )(6 i’) (6 T+ é( )) Let to € I and set V(t()) = Al(to) 8@ + (é/(to) . i’)@g + Q(a(to))
Then, in terms of t = to + et, and writing Do) : (t, &) — (£, + é(to)),

G1pes = (to) (gb + €Ly (10)d ) mod €2C°. (10.37)

Furthermore,
72

A X e s an .
Ric(g1,p,64) = 62‘1’6(t0) [DébR1C(5h5,2a”(to) + thy a6 (1) + t35(0, a/(tO))> (10.38)
+ ngRiC(f(to))} mod €3¢,

where f € C®(I;C(Xy; S 3SCT)"‘A(be)). If a = 0, define g to be equal to ] é(t)(gb +
QdVLbﬁ/(t)); then we have (10.37)-(10.38) for gy if we drop all terms involving a.
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Proof. When a = 0, this is Lemma 10.9; when a # 0, then in the proof of Lemma 10.9,
we merely need to replace every occurrence of fzb,é/(t) by beﬁf(t) + %gg,(o, a(t)) = FLb7é/(t) +
3 L) 0b- O
In order to prepare the grafting of g; ;¢4 into the total gluing spacetime M , we record:

Lemma 10.13 (Further properties of gy .:4). Define the space
M= [[0,1)c x I, x R%; {0} x I x OR3]; (10.39)

denote its front face by Mo and the lift of {0} x I xR3 by M, and write p,, resp. p € COO(M)
for defining functions of Mo, resp. M. Suppose first that a # 0.
(1) (Decay of coefficients.) In the coordinates 2 = (t,%), the components of the tensor
glvb’@vd(e,t,aﬁ";df, dz) (defined in Proposition 10.12), which are smooth functions on
[0,1)¢ x I; X R%, lift to smooth functions on'® M which differ from the corresponding
components of gy by terms in p2C>(M).
(2) (Total pullback.) In the notation of (10.34), set
Dy ag: (6,t,8) = (6t — (& (t) - 1), e Oz —¢(t)),
where e~ @®) s the time e flow of —Qe) (i-e. a rotation). Then ®y g4 lifts to
a diffeomorphism of M which is the zdentzty on Mo and the translation (t,z) —
(t,& — ¢(t)) on M°. Moreover, the components of
] s ad1bea — Gb
lie in ,52/)0(300(]\7).

If a =0, the same conclusions hold upon dropping all terms and subscripts involving a.

Recalling the second part of Lemma 3.2, a neighborhood of McC Mis diffeomorphic
to a neighborhood of M 1 C M with the diffeomorphism given by the identity map in the
coordinates (e, t, &) on M M induced by the Fermi normal coordinates (t,z).

Proof of Lemma 10.13. We only consider the case a # 0, as the case a = 0 follows from the
same arguments but with a dropped.

e Part (1). Lemma 9.5 gives
hp () € C™° (I poC™ (Xip; §% 3T Mb))

and hence the coefficients of dvzb’é/() are of class (#)!C* on (10.39). The same is true, a
fortiori, for the coefficients of €g; (0, a) in view of the even better (namely, quadratic) decay
of the coefficients of g;(0,a) as |&] — oo, cf. (3.42). Since (#)~! is a smooth function
vanishing quadratically at the front face M, of (10.39), this shows that the coefficients of

(267%7(3/(15) + €G; (0, a(t)))ter vanish quadratically at M.
To deal with the pullback, consider now the map ®ysu: (€,2) = (6,2 + ¢(t)) from
Proposition 10.12. Letting « = e = (2!, 2%,2%), s0 @1 54 (€,x) — (6,2 + €é(t)), this is a

"6More precisely, they are defined on the subset where |& + ¢(t)| > m; we shall not make this explicit in
the notation here.
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smooth family (in ¢) of invertible linear maps in (¢,2) € R x R? which preserve {0} x R?.
Therefore, this lifts to a smooth family of diffeomorphisms of [[0,1) x R3; {0} x R3] and
hence to a diffeomorphism of M which preserves all boundary hypersurfaces.

To conclude the proof of the first part, note then that ®; s is the time 1 flow of é(to)-0z;
X p%COO(Xb;SQ SSCT;(be), we have (g, — @Tyé(t)gb)tef S
Co(I; p2C(Xy; 52 3SCT;<be)), i.e. upon lifting to M its coefficients vanish quadratically
at M.

e Part (2). The smoothness properties of ®; ; 5 are clear near the interior of M, and also
near the interior of M, where this map has the local coordinate expression

(e,t,2) = (et — e(&(t) - x),e POy — ei(t)).

At € = 0, this is the identity map (0,¢,2) — (0,t,2). Furthermore, the projection of ®; ;4
to I is clearly smooth, and the projection to [[0,1) x R3;{0} x OR3] is a smooth family
(in t € I) of smooth maps as well, as follows from the same arguments as in the proof of
part (1).

but since Le).0,9 = 2hy o1,

Let us now work near t = ty € I and write £ = t_%; thus ¢, 4 are linear coordinates in
the interior of the front face of the blow-up of M at the lift of {0} x {to} x R3 (cf. (3.14)).

~

The Taylor expansion of @) 0 1 s 4 around ¢ =ty expressed in the coordinates €, t, & and

truncated at order €2 is

(<I>é(to) o®y s4)(e, t, z) = (e, f— e(d(tg) - 2),2 — efé'(tg) — eQo(a(to), i‘)) mod €2C°.
The quadratic vanishing of CIDi : 491p.e.a — o at M then follows from
(Peto) © Prea) " (9b + €Ly (t0)G6) — b = (G + €Ly (10)Tb) — €Ly (10) (96 + €Ly (10)G6) — G =0

modulo terms vanishing quadratically at M°. Since 91,64 and gy are equal at M, and
®, ¢4 is the identity there, the simple vanishing at M, is immediate. U

10.2.4. Full implementation. We shall only consider the case
a0

explicitly here; the treatment of the case a = 0 is simpler, and obtained by omitting all
terms involving a.

We return to the total family g' from Proposition 10.4 and its error f! from (10.19).
Recall the functions ¢! € C®(I;R3), a' € C*(I; (Ra)*) produced by Corollary 10.6. In
light of Theorem 9.6, we can solve away f' to leading order at M only if we adjust §' two
orders (in powers of €) earlier.”” Theorem 9.6 and Proposition 10.12 suggest setting, for
any fixed t € I,

&(t) :_;/: /tsal(w) dw ds, a(t):—/: & (s) ds, (10.40)

n particular, the vanishing of the scalar type 1 component of g() in Lemma 10.2 is critical: otherwise,
the solution h' of equation (10.17) would have an r(logr) scalar type 1 leading order term, which would
lead to a scalar type 1 error term at M° of size € - €(log €), which could not be solved away since this would
require a modulation of the center of mass at order log e—which blows up at M.
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so that 2¢” = —¢é! and @’ = —a!. In view of Lemma 10.13(1), if we set
Trea =0 +xe (Grpea— ), (10.41)

then ¢} ., — g' is a smooth section of S2T*M near M, which vanishes quadratically at
M,. Furthermore, by (10.4), Lemma 10.1 (so ¢'(¢,z;dt,dz) = 7“29(2)( , |i‘,dt dz) plus a
remainder with cubic decay at r = 0), and (10.13), we have

TP .71

, m; dt, dx) + Xoe(rhﬁ,(m)))

modulo terms which vanish more than quadratically at M; this expression also defines
Gy 2q0n M\ K¢, where K = {(€,t,2): (e,t,& 4 ¢(t)) € K°} similarly to Proposition 10.4.
The €3(log p)-term of ﬁ’lc 4 Which is the leading logarithmic term at M, is moreover given
by (10.18) still. We then have

ef) ea = O1peale t,d;dt, dz) + € <f29(2) (t

Err) == Ric(] ;) — MGl o € AGOHCO DI\ Kg 82T M), (10.42)
and indeed at Mc(t) we have
fre4a(t) = e(ETrﬁ,a,aWC(t))
= (5_2(Ric(e§i,a,a) - A€2€§i,a,a)) L:o

=& (ngRic(O) [e(ng(g) () + XoThy (1.0)(1))

{2 ~ N —— .
— (e + oo + 1950, 64(8)) ) + Dy, Ric(0)(£(1))| - Agb)

(with smooth dependence on t) by Proposition 10.12, where ®4): (t,2) ~— (f, %+ é(t)) and
f(t) € C®(Xy; 52 3SCT)*A{ M). That is, compared to (10.15) we have the additional terms
b

from (10.38). Furthermore, the €(log p)-term of Errj.; is given on a t-level set by the
pullback of (10.16) along ®;.

By Theorem 9.6 and Corollary 10.6, and in View of the choices (10 40), the assumptions
of Theorem 9.8 (cf. (9.32)) are satisfied for (@ ) fea(t) € p2C>(Xy; S2 SSCT* Mb) for all
t € I, in that

<((I>(:T(i))*f1,é,d(t)a _>L2(Xb) =0 € (Kj0r)"
Theorem 9.8 produces
he AQD+ (01 \ K° 8T, M),

s0 eh € (1 Ay (X 52 BeT% M), with 2,y (Dg, Ric(0)(eh(t))) = — f1za(t) for all
(2,0),(2,1)+

phe , we therefore find that’®

t € I. Since €2xh € A

i =i pq + EXh = Brgmod (AGVOD IO 4 4BOEU) A1\ Ko, $27+ M)

NoU(3,1)4,(1,0) 4
phg
record the fact that the coefficient of the first logarithmic term at M, resp. M, does not have a logarithmic

leading order term at the other boundary.

"8The error space here is contained in A . But we keep the two summands separate here to
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satisfies

Erry g4 = Ric(g1,64) — Adrea € Al(jlhgl S@ED A\ K2, S2T* M),

(Thus, we have succeeded in solving away the leading order error at M at the expense of
generating mild logarithmic terms at M, and shifting the small black hole.)

More precisely, recalling (10.42), the error Errg4 is the sum of Err’lca, the linear
term €2D~/  Ric(xh), and quadratic and higher order error terms. But since g .. €

A;%(g)) @, ) (0 0 by Proposition 10.4 and (10.41)—i.e. this metric has smooth coefficients
modulo .A 3, 1 )+:(0.0) (so modulo almost three orders down at M )—the operator Dy, . Ric €

(=2,0)u(1, 1) ,(0 0)1y: 2
Abhg VDI,
three orders down at M ). As a consequence, we can Separate the leading order logarithmic
terms of Erry ;4 at M (which is a pullback of the term (10.15)) and M, (arising from the
b, 79

has smooth coefficients modulo A (L1) +’(0 O)lef2 (so almost modulo

log 7 leading order term of h at M ), to wi
Erry e € (A0 GOVE2 4 qUD @V \ Ke; S2TM).

We refine the description of the second summand here: the first step in the proof of Theo-
rem 9.8 is, in Lemma 9.10, the application of Theorem 7.13(4), and therefore the coefficient
b,y € C*(OMo; RES*TF M) of the leading order term (log 7)e(h(o,1)) of h is of scalar
type 0. The same is thus true for the coefficient of the logarithmic term of Errq s of
the second summand here at dM,, as this is e*(log#)DgRic(h( 1)) with DyRic(h1)) =
DyRic(ho,1y) mod C(Mo; B5S*T*M) (which lies in p~'C> since h ) € ker N(DRic,0),
cf. the final part of Theorem 7.13).

Finally, we pull back g ¢ 4 by ®; ¢4 in the notation of Lemma 10.13(2); pullback by ® ;4
preserves polyhomogeneity, and

g1 :=P] ;40166

52C> near M. In summary, we have shown:

equals g at M, and g, modulo p

Proposition 10.14 (First correction at M). There exists a ((3,1)1,(1,0)4)-smooth total
family §1 which is equal to®° Gy at M and M, so that

Err; := Ric(§1) — Agy € (A(l 1)+,(2,00U(3,2) + +A 10 ),(2,1) 4 )(M\Ko S2T* M )
which moreover has the following properties.

(1) &1 is equal to the Kerr metric along M modulo O(€2) errors in the sense that in the
coordinates €,t,& near M° the coefficients of e(g1)(t, ) — gu(2) in the frame dt,ds
lie in €2C>([0,1)¢ x I; x R3);

(2) g1 = g outside the domain of influence U of a compact subset of U° in X, and thus
also supp Erry N M, C BiU;

(3) the leading order term of Erry at M (in Fermi normal coordinates) is equal to
the elog p term e_l(elog(ef*)Err%M)), Err%lvl) = ngRiC(O)(XonG(h§7(271)))a ht},(ll) €
C>®(0M,; BZSQTC*?M), of Err! in Proposition 10.4, in the sense described there, and
(fErr%l’l))]aM is a sum of scalar and vector type 2 terms;

"The leading parts of the index sets of the first term are (1,1) and (2,0), and those of the second term
are (1,0) and (2,1).
80That is, its M-model is constant along C and equal to g, while its Mo-model is g.
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(4) the leading order term of Erry at M, is equal to €*(log po)Erry (9.1) where Erry (91 €
p1C%®(M,; BES?*T* M) has scalar type 0 leading order term (rErry (2,1))|on, -

Remark 10.15 (Re-interpretation of the update from g' to g1). Carefully note that Dy ca
differs from the identity map near (M,)° by a term of size €; thus, we typically only have
g1 — g* = O(e) there, and in this sense the construction leading to Proposition 10.14 in
fact also entails a correction at M, at the O(e) level. (On the other hand, g and g
are equal modulo O(e?) corrections near M°.) An alternative approach to the proof of
Proposition 10.14 is thus to replace the correction term eh!' from Proposition 10.4 by

(e (g+eht) —g=e(ht + Lwg) + ¢ ( L9+ Lwh ) + O(e%)

for a suitable smooth vector field W on M the contributions of eLyyg, < EWg, and €Ly h
at M are all of size p? (and sensitive only to the quadratic term g2) in the Taylor expansion
of g at C as well as the size r leading order term of h at dM,). The advantage of the approach
chosen above is that it will generalize easily to a unified construction of corrections at later
stages of our argument which require infinitesimal changes of the parameters of the black
hole which (unlike those encountered above) are not pure gauge.

Remark 10.16 (Less precise description of the leading order terms). We keep track of the
nature of the leading order terms in parts (3)—(4) in order to limit the power of logarithms
appearing below. However, this precision is not actually necessary for completing the
construction of a formal solution if one is willing to acquire more logarithmic terms early
on in the construction; and in later stages of the construction, we shall abandon this quest.

10.3. Second correction at M,. By Proposition 10.14, there exist
o € ACLD+ (. g2 v
frepie(My; BrS T M>,

so that®!

Erry = — (€ fo + €(log po) f1) modAl(thg1 2B+ (A1 \ K0 S2T* M)

We take p = r near OM, and set p, = %; then the coefficient of r—!logr of fy is a sum

of terms of scalar and vector type 2, and the coefficient of »~! of f; is of scalar type 0.
The important common feature in the sequel is that the leading order terms of fo and fi
at OM, have vanishing scalar and vector type 1 components.

Proposition 10.17 (Second correction at M,). There exists a symmetric 2-tensor h €
A(3?1)+U(473)+7(271)+(M. SQT*M

phe ) with support in the domain of influence of a compact subset
of U° so that §? := g1 +h, which is a ((3,1)1 U(4,3)4, (1,0)4)-smooth total family, satisfies
Er? € Al +0EI G2 (A Ko $2T* M),
Moreover, the leading order term of Err? at M is e(log p)e™ Erlr(1 1) where

Errfy 4y == Dy D5 Ric(0)(eh)

81The term fi is independent of the choice of defining function p,, whereas changing from p, to apo
where 0 < a € C*(M) changes fo to fo + (loga|a,)fi. This does not affect the memberships (10.43).
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for some h € AC20+ (NI, S2T*M); and e_lErr( € Apzhz (M \ K°; S2T*M).

Proof. The second Bianchi identity for gi, i.e. d5, Gz, Erry = 0, implies

0 = 04Gg(fo + (log po) f1) = 043Gy [(loge) f1 + (fo — (log p) f1)]
for all € > 0, and therefore

(5gGgf1 = 0, (5gGg (fo — (log ﬁ)fl) = 0.

We may thus apply Theorem 8.1, strengthened (following Remark 8.5) as in the proof of
Proposition 10.4 using the absence of scalar and vector type 1 components of the leading
order term of fi, to obtain

hy € AGDT(Mo; BESPT* M), (DgRic — A)(hy) = fi.
We then note that

fo = fo— (log p) f1 + (DgRic — A)((log p)h1) = fo + [DyRic, log plh

e AV (M,; BES2T M)

has the same 7! logr leading order term as fy, and still lies in 04Gy. Since application of
Theorem 7.13 (with 2z = 1) to the r ! terms of f{ does not produce additional logarithmic
terms to leading order, Theorem 8.1 produces

hy € -Aplhgl TUEAE (A BESPT M), (DgRic — A)(ho) = fo.

Altogether then, we have
(D,Ric — A) (hj + (1og po)h1) = (DgRic — A) (- (log p)h1) + (log €)(DyRic — A) (1)
= fo— (logp) f1 + (loge) f1
= fo + (log po) f1-
We then set

Pr=gi+h, = xee (b + (log po)hr) € AL PGB (A G20 (10.44)

Since §! = B*g mod .A @ O)U 20)+, L0+ *(M \ K°; S2T*M) (from Proposition 10.14), this is a
((2,0)+ U (4,3)4, (1, O) ) smooth total family, and thus
Er? = Ric(§?) — Ag? € A+ Ee 00 (1 Ko, $27 1),

Being a correction of g1 by the tensor h which eliminates the leading order terms of Erry
at M, and which only contributes terms at M with index set (1,1)4 U (2,3), (cf. (10.44)),
we in fact have

Err? eAplhgl @3B+ N1\ K°; S2T*M).

The leading order logarithmic term of Err? at M is the sum of that of Err; (described

in Proposition 10.14(3)) and an additional contribution which is D/gbﬁc(O) applied to the
€3 log p leading order term of h (from h{ in (10.44)). O
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10.4. Second correction at M. In the notation of Proposition 10.17, we have

Err? — fe(log ﬁ)e_l(Err%M)) c AS{?+U(2’3)+’(3’2)+(M\ f(o; SQT*M).

We shall thus first solve away this logarithmic term in §10.4.1 before dealing with the
remaining O(e) error at M° in §10.4.2.

10.4.1. Solving away the logarithmic leading order term. We have the following analogue
of Corollary 10.6, which follows from the analogue of Lemma 10.5 for the error term
Err%1’1)|MC<t) € ngRic(O)(A(*Q’O)ﬂ“(Mc(t))), t € I, the key calculation being (10.20):
Lemma 10.18 (Parameters for elimination of Err?1 1)). We use the notation of Theo-
rem 9.6. There exist unique functions

~2 o] 3 a=0: él2 = 07
€ C*™(I;R?), .
¢ ( ) {a;«éO: a2 € C®(I; (Ra)t),
so that
<EI‘1"%171)(25), _>L2(Xb) = éb,Kerr(O7 d2 (t)) € (ICZ,Kerr)*v
<EYT?1,1)(75), —)r2x,) = toom(@(t) € (K com)™

Furthermore, the second Bianchi identity for g2 implies that
m(@) (Err%ljl)(t)) =0 forallt e I.

Similarly to §10.2, the strategy is now roughly to modify g2 by pure gauge terms €(log €)hy 2
and €?(log €)g; (0, a) for suitable functions ¢, a so as to generate €3(log €) corrections making
EH%1 1) orthogonal to the full cokernel (i.e. so that (9.32) holds for the modified EH%1 1)).

There are two main differences to §10.2: first, such modifications leave the M-model un-
changed; second, the nonlinear terms of the Ricci curvature operator interact in a different
manner due to different powers of ¢ and log ¢ appearing here.

Calculations for the Kerr model. Consider functions ¢ € C>®(I;R?), and a €

C>®(I;(Ra)*) if a = 0 and @ = 0 otherwise; we shall determine them later. Consider
then

Dy oyt (6,2) = (e, + e(log €)é(t)).

Anticipating the need to produce Lorentz boosts and modulations of the angular momentum
vector at the order e(loge), consider, near ¢t = tg € I and with { = =10 as in (10.21), the
symmetric 2-tensor gop ¢ ¢ defined by

Gobeq = (@;dt) (g,, + 62(10g €) (fzb,zé/(t) + ﬁQ(d(t))gb)))tel

= D3 410 (flb + €2(log €) (Fhp 00 (1) + b2 1) + Laa(a(to)) G
£2

+e*(loge) (ghbgaﬂ(to) + thyaen (1) + fﬁg(w(to))ﬁb))
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A~

= Gy + e(log €) Le(rg)-0, 90 + ¢ (log 6)Efé’(to)-6£+(é’(to)-:i:)8£+ﬂ(d(t0))gb
1 2 2 p2 ~ 3 7?2 ~7 Pal -/
t5€ (log €)"L5,).9,9 + € (log€) <§hb,2a~(t0) + thy0en (1o) +t35(0, & (to))>

+ €*(log 6)Z‘Cé(to)'aaz’Cfé’(tg)-8@+(6’(t0)-§3)8t~+9(d(t0))gb

1 R 44
+ 663(log 6)352@0).82% mod Aéhg”;

(10.45)

4,4)+ 00 *
here, we write .Al()hg = Al(jhg) ([0,1)¢;C ( ;S2T R*)), and we used Lemma 10.10.

Using Lemma 10.8, we then compute

o o2 - N
Ric(gopea) = € (loge) [DQbRIC(fhb,Qé”(to) + thy 90 (19) + £330, ﬂ/(to))ﬂ

€ (log €)2 | D2, Ric(Latto) 096> Lty 03-+(2 10)-)0, -t )

. 44)4
DQlec('CC(to) 93 £tc’(to) B3+(& (to)-#)9;4+Q(a(to)) Ib )} mod 'Al(;)hg

(10.46a)

Writing V' = é(to) - 0z and W = ¢/ (to) - 9z + (¢ (to) - 2)0; + 2(a(to)), the identity (10.29)
implies that the coefficient of €3(loge)? is 3 times

DQbRiC(ﬁvﬁng - [ZWL’ng) = ngRiC(ﬁ[MW]gb) =0. (10.46b)

Thus, the Ricci tensor of gaj ¢ ¢ produces e3(log €) terms which we shall use below to elim-
inate the cokernel of Dy, Ric(0), cf. Theorem 9.6.

Lemma 10.19 (Further properties of gop¢4). We use the notation of Lemma 10.13. Sup-

pose first that a # 0.

(1) (Decay of coefficients.) The components of Gapca(€,t, Z; dt,dz), which are smooth

functions on (0,1) x I; x R3, lift to elements of Ap%g * 00) @, 1”(]TJ) (with index

sets referring to M and M., in this order) which differ from the corresponding

components of gy by terms in .A(l D3+ (M)
(2) (Total pullback.) Set

Byia: (6,8,3) > (et — A(loge)d (1) - &, e~ 18I G _ ¢(log e)é(t)).
Then ®q:¢q lifts to a conormal diffeomorphism of M with the property that the
components of (Paca) Gapea — gy lie in A(3 D)2+ (M)

If a =0, the same conclusions hold upon dropping all terms and subscripts involving a.

Proof. The polyhomogeneity of the components of gop ¢4 follows from the smoothness of
the coefficients of g,. The index set of gopeq at M is (0,0)4 since f(& 4 e(loge)é(t)) €
A}()%[g) (M \ M,) when f is a smooth function on R3, as follows by Taylor expanding f
around #. Near (M), we can use the coordinates ¢, t, = €, so that ®5s: (€, 7) =
(6,7 + €2(log €)é(t)); we then write

G20 — b = (D5 00y — 3v) + € (108 ) () (P 20(1) + Laa(a(e)) )
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Since the components of lvzb,%,(t) + Laa)) 9 lie in pOC‘X’(M\M), the second summand here
has index set (3,1)4 at M,. If in the first summand we replaced g, by g, it would vanish;
therefore, we may replace g, by g, — g, whose components lie in pOCOO(M \ M), and thus the
pullback along ® 44 (Which equals the identity map at € = 0 modulo a .Al(fh’gl) correction)

)+

.. (3,1
lies in Aphg as well.

For the second part, the index set at M, is a consequence of the first part and the
fact that, in the coordinates €,t,x near (M,)°, the map ®s.4 is the identity map plus

corrections of class .Al([i’;)*. Near a fiber of M° and using ¢ = %, we have

Dy 46 t, ) = (6,1 — (log €)& (to + €f) - &, & — e(log €)é(to + et) — €*(log €)Q(a(to + et))
modulo corrections of class A42)+; thus, pullback along @, ¢ 4 cancels all terms in (10.45)
except for the €3(loge) and €3(log€)? terms. In fact, all terms %ej(log e)jﬁé(to).agb, jeN,
are canceled in this manner, and hence the index set of @}, .92 24 — b at M does not
contain (j,7), j € N. O

Grafting into the total gluing spacetime; computation of the error term. In
the notation of Proposition 10.17, set

- 2 | o 1A (1,1)4,(3,1)4 o
Joon = 9° + xe Y(gapea — o) = g° mod Aphg)+ (M \ K°; S2T* M )

By the definition of g* (and h) in Proposition 10.17, and recalling Proposition 10.14(1), we
have

e"gé’é,d(e, t,&;dt, dz)
(3,0)+U(4,3)+,(0,0)u(1,0) +
phg

= Gopeale b, dE, dE) + ehy )(t #;df,d2) mod Al )+ U000

= Gopcale, t, 5 dt, d2) + b (t, &; dE,dE) + h mod AB (10.47)

for some hyy) with®? e~1h (2) € .Aphg (M \ K°; 82T*M ) Combining these two facts and

using (10.46a)—(10.46b) shows that

Brrh o = Rio(@he4) = Adheq € Al 70D (M\ Ko 82T°M). (10.48)

Furthermore, using the description (10.47) and taking into account the contribution from
the coupling of 62h(2) with the e(loge) term e(loge)Le,).0,90 = €(log €)hy 24(10) in (10.45),
the coefficient of the e(log €) leading order term of Err), , , at M is, at the fiber Mc(t), given

to

by e~! applied to
EI‘I'/2767C-17(171) = EI‘I‘%Ll) + ngRIC(O) (gh’b,Qé”(t) + thb,Qé”(t) + tg{)((), Cl/(t))>

- Ahb ,26(t) + ngR‘iC(hb,Qé(t% h(2) (t)) (1049)
€ AGD* (Xy; S2 3Ty M),

The membership here is a consequence of (10.48), and the term —Ahy 94 arises from
the e(log €)Ley).0,9p term of gopeq in (10.45). We can simplify this expression using the
following identity:

82The index set can be sharpened to (—2,0) U (—1,0)4, but we do not need this level of precision here.
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Lemma 10.20 (Lie derivative and linearized Ricci). Let g be a metric, h a symmetric
2-tensor, and V a vector field. Then

Ly (DgRic(h)) = D2Ric(Ly g, h) + DyRic(Lyh).

Proof. Writing e!V" for the time ¢ flow of V, the left hand side of the claimed identity is

ailo [ (Gl Ricto +-9m)] = G, ol el g+ s )n)
d; d

~dtlods

d
= & OD(etV)*gRiC(h + tﬁvh)

= D Ric(Lyg,h) + DgRic(Lyh). O

‘0 <(etv)*Ric(g) + S.D(etV)*gRiC((etV)*h))

Since e2e(Err?) vanishes more than quadratically at M, we have
Dg,Ric(h) (1)) = Ago = Dy, Ric(0)(hz) () — Agy = 0

for all ¢ € I. Taking the Lie derivative of this along ¢(t) - 9; (on each t-level set separately)
gives the identity

D3 Ric(hy (1), hz) () — My ger) + Dg, Ric(0) (Lery.o,hz) (t)) = 0. (10.50)

Therefore, we can rewrite (10.49) as
/ 2 N Y # °Y ] -/
Erry ;4 1.1y = Errfy ) + Dg,Ric(0) <§hb,25"(t) + thy gen () + 19,(0, 8 (1)) — Legy.o,(2) (t)>-
(10.51)
For later use, we note that, by definition of h(y), the leading order term (f'2e(h(2)))| anr 18

equal to g(p) from Lemma 10.1; therefore, near |#|~! = 0, the coefficients (in the frame

(7171)"1‘
phg
+

dt,dz) of h(9)(t) are quadratic polynomials in # modulo A errors, and therefore

those of Ly4).0,h(2)(t) are linear functions of & modulo AS{;) errors; since 2*dzFdz* e

ker D/g\Ric(O) where 2 = (f, %), this implies

Dy, Ric(0) (Laqey.0,hez) (1)) € A (X3 ST, M), (10.52)

with smooth dependence on t € I.

Eliminating the cokernel; conclusion. In the notation of Theorem 9.6, consider now
the map

la2.com: COO(I§R3) NS <Errl2,é,a,(1,1)v _>L2(Xb) eCc™ (I§ (’CZ,COM)*)Q

in view of Theorem 9.6(3), this map is independent of the choice of a, and by Lemma 10.18
it evaluates at t € I to

lo.com(8)(t) = by com(E(t)) + lh.com (28" (1)) + A(t, &(t)),
A(t,¢) == _<DE)EC(O) (Lea,hz)(t)), _>L2(Xb) € (Kycom)™
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The functional A(¢,¢) is well-defined since by (10.52) the first factor has almost a full
order of decay more than necessary for integration against an element of K} -5y Since

I xR? 3> (t,¢) — A(t,¢) defines an element of C°°(I; (R?)*), the equation
lycom(¢) =0

is a nondegenerate linear second order ODE for ¢ and thus has a solution
¢ € C>®(I;R?).

Next, when a # 0, we still need to find a € C®(I; (Ra)t) so that also £y ker(a) = 0,
where we define
laKer: C°(I; (Ra)") 3 @ = (Errh o4 1y, )2y € C (T (K o))
Using Theorem 9.6 and the expression (10.51), we find that
U, Kerr (@) (£) = Lo cerr(0, 8% (1)) + €y kere (0, @' () + pa(t),

M(t) = _<ngRIC(O)(£6(t)81h(2) (t))a _> € (K:Z,Kerr)*'
Arguing as in (10.20) and the proof of Corollary 10.6, we deduce that one can write

w(t) = lpxerr(0,q(t)) where q € C(I; (Ra)t). Therefore, the equation £ ke (@) = 0 is
a nondegenerate linear first order ODE for a which thus has a global solution

aeC®(l;(Ra)t)  (a#£0).

For these choices of ¢, a, the assumptions of Theorem 9.8 are satisfied for Errj, , . (1 1)(t)
for all ¢ € I, and therefore there exists

he Aphg (M \ K°; S°T7, M),

iie. eh € C(I; AT (X5 §2 5T M), so that Dy, Ric(0)(eh(t)) = —Brrh o i 1)(#) for
all t € I. The metric

Goa = Goeq+ € (log p)Xh,
which is a ((1,1)4, (1,0)+ U (3, 3)+)-smooth total family, thus satisfies

Ric(Jo04) — Ajoca € ALV EI Gt (A1 Ko $2T* M),

As desired, this eliminates the e(log p) leadmg order term of Err? at M from Proposi-
tion 10.17, at the expense of additional logarithmic factors at M,. In a last step, we
re-center the small black hole by passing from g ¢ 4 to

Gy =5 s aG2ca = b aa(Xe  Gapea + (§° — Xe ' G) + € (log p)Rh).
By Lemma 10.19, noting that €3(logp)xh € Aphg (3:3)+ (M \ K°;S2T*M), and recall-
ing (10.47)—(10.48), we have proved the following result:

Proposition 10.21 (Second correction at M: first step). There exists a total family gl
which is ((3,2)+, (1,0)+ U (3,3)4)-smooth, equal to go at M and M, and which satisfies

Err) := Ric(g) — Agy € APV G0 O3 (a1 \ o) $2T ), (10.53)

moreover, gy = g outside the domain of influence of a compact subset of U°. Furthermore,
b is equal to the Kerr metric g, along M modulo O(€?) in the sense of Proposition 10.14(1),
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and the leading order term ho)(t) := 6_2(e§§(t)—§b)|M(t Aéth 0)+( ;52 3SCT* Mb) (with
smooth dependence on t € I) satisfies (10.52) for all ¢.

10.4.2. Solving away the remaining term. We next solve away the leading order term of
Err, at M, which is

Errlz,(Lo) = e((eilErr§)|M) € COO( “41(;2}12 (X Xp; 52 SSCT;(be)).

Unlike in previous arguments at M , we no longer record any special properties of

(Errlz,(l,o)v —)ec™ ([§ (lcz,tot)*)v
and thus need to allow for the full range of linearized Kerr metrics when eliminating the
cokernel.

As usual, we begin with a computation for the Kerr spacetime. Let ¢ € C*°(I;R?) and
b e C(I;R x R3), and set P . o) :(6,2) — (e, + €c(t)). Fix tg € I and write f o,
Then the tensor

Byt = (@) (0 + € (o) + 34B(1))))

= (P a(1))" (gb + € (Thy,9er(10) + v 22 10) + 35(b(10)))
£2 ~ o
+é (57117,2@"(150) + thy ger (1) + tgzﬁ(b,(to))»

tel

tel
. . 1 . N
= b + €Lo(ty)-0, 05 + € (5‘62(160)-8@917 T Lot (10)-05 4 (t0)-4)9, 95 + gé(b(tO)))
3 7?2 27 N
+ € <5hb,2e~(t0) + thy gem (1) + tgh(b (750)))
1 ~ ~ 7 A~ ] [e’e)
¢ (gﬁé’(to).%gb + Li1g)-05 (B 26 (10) + P26 (1) + gi(b(to)))) mod €'C

satisfies
Y — 3 . 52 27 Al (1]
RIC(QQ,b,é,i)) =€ DQleC(ihb:Qé"(tO) + thb,Qé”(to) + tgb(b (to)))
¢ [ngRiC(['é(tO)‘aa‘cgb’ Lier(t0)-0a+ (& (t0)-2)0, 0 T T5(b(t0)))
+ ngRlC (ﬁé(t0)~8j (ﬁfé/(to)-6i+(é/(t0)-§:)3fgb + gé(b(to))))] mod 64600-
Using the identity (10.29) as around (10.46b), the expression in square brackets is
D2 Ric(Ls (10,9 34 (b(t0))) + Dy, Ric(Ls(so)-0,5(b(t0)));

but by Lemma 10.20, this is further equal to Le).a, [Dg,Ric (gl’,(b(to)))] and thus vanishes
in view of (3.43). Therefore,

Rlc(g;b’é’-b) =é [ngRIC<§hb726u(to) + thy ge (1) + tgl’)(b'(tg))ﬂ mod €*C>.

‘We now let
92 é, b 92 + Xe (g;,b,é,i) - gb)
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The second summand here lies in Aplhg (3.0) (M \ K°; S2T “M ), and we have

Ric(d) ;) — G, ;, € Al @903 (M \ Ko 82T 1),

cf. (10.53), with leading order term e times e~! applied to
/\2 .
EI‘I’2 2 b EI‘I’2 (1 0) + ngRIC( hb 26”(t0) + thb,2é”(t0) + tg[/)(b/(to)) - ‘Cé(t)@;@h‘(Q) (t))

€ C® (L AL (X S25T, M),

(10.54)

as follows from the same computations as in (10.49)—(10.51). We also recall the member-
ship (10.52). By Theorem 9.6, the equation

<Err2 b’ _>L2(Xb) =0¢eC(L; (Kycom)”)

is a nondegenerate linear second order ODE for ¢ which thus also has a global solution
¢ € C®(I;R3). With ¢ now fixed, the equation

<E1"1"2 e _>L2( X)) =0eC™ ( ;(ICZ,Kerr)*)

is a nondegenerate linear first order ODE for b which thus has a global solution b € C> (I; Rx
R3). For these choices of ¢,b, we can now apply Theorem 9.8 and obtain

h e Aphg (M \ K°; S°T7 M)
so that
Dy, Ric(0)(eh(t)) = —Err’ s (t) Vtel.

Finally, we set go = (9} ;)" (ﬁé op T € 3¢h) where the pullback by Y.t (6,t,3) = (68,8 —
ec(t)) applied to g j 18 equal to gy along M up to O(€?) errors. In summary:

Proposition 10.22 (Second correction at M: second step). There exists a ((3,2), (1,0) U
(3,4) 4 )-smooth total family Go which is equal to Go at M and M, and which satisfies®

Erry .= RIC(§2) Agz c ‘Ath:gS +,(3,4) 4 x (M \ I}o; S2T*M),

moreover, go = g outside the domain of influence of a compact subset of U°. Furthermore,
Go 15 equal to the Kerr metric g, along M modulo O(e?) in the sense of Proposition 10.14(1),
, oy~ . —2,0)4 /v ~ ‘

and the subleading term hy)(t) == e *(ega(t) — 96) | yrey € Aéhg )+(Xb; S? 3SCT)*A<be) satis-
fies (10.52) for all ¢.

Remark 10.23 (Linearized Kerr contributions). The term h9)(t) in Proposition 10.22 is not
pure gauge when g(y)(t) # 0, or equivalently when Riem(g) # 0 at c(t) € C; this is why we
may as well admit correction terms €2g,(b(t)) in g; ., Which are not pure gauge either. By

contrast, we carefully avoided O(e?loge) metric perturbations which are not pure gauge
in §10.4.1.

83Recall the notation (2.4).
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10.5. Third correction at M,. At this point, no special arguments are required at M,
anymore. We thus record the following general result:

Proposition 10.24 (Correction at M,). Let k € N.** Suppose g1 is a ((1,%), (1,%))-
smooth total family with g,_1 = go at M U M,. Suppose moreover that

Errp_1 i= Ric(Gr_1) — Ags_1 € Agflgl,*)y(k,m)u(kJrl,*)(M\ R»o; SQT*M)
for some m € Ny, and supp Erry_1 C U where U is the domain of influence of a compact
subset of U°. Then there exists h € AL, (km) (M\ K°; S?T*M) with supp hN M, C B:U

phg
so that for §* := Gp_1 + h, we have

it = Rie(g*) - AGF € AG VNI Koy $2TH ).

In other words, we can solve away the error term Err;_; to leading order at M,. A careful
accounting of index sets, similarly to (but combinatorially more involved than) the proof
of Proposition 10.17, allows one to specify the index sets; we leave this to the interested
reader.

Proof of Proposition 10.24. There exist fo,..., fm € AGL *)(M BLS2T*M) so that the

phg
index set of
m -
Errg_q — Xofk Z(log po)] fj
=0

at M, is (k+ 1,%). Writing p, = 5, the second Bianchi identity for gy implies

0 =64Gy <Z(log e — log ﬁ)jfj> = Z(log €)104Gy [y

=0 q=0
m—q .
+ ] A\ ] —1,* * *
=3 (J . q) (~1)7 (log p)? faq © Alpa™ (Mo; B2S>T* M).
j=0

Therefore (59Ggfé =0 for all ¢ =0,...,m. Theorem 8.1 produces

1,%) % % .
h = A;hg (MO; BOSQT M); (DgRlC — A)hq = fé,

with supp h, contained in the domain of influence of a compact subset of ¢/°. Therefore,

m m m
(DgRic — A) (Z(log e)%) = (loge)?f; = (loge —log p) f;.
q=0 q=0 7=0
Thus, the conclusions of the Proposition hold for h = yoe" Zgnzo(log €)9hy. ([
For k = 3, this produces a ((3, %), (1,0)+ U (3, *))—smooth total family g* with
1 1= Rice(§?) - AF® € AL (M K2 $2TM). (10.55)
Note that the correction §® — go produced by Proposition 10.24 has index set (4, *) atAM ,

so in particular the description of the leading order correction to the Kerr metric at M in
Proposition 10.22 remains valid for g% as well.

84 At the current stage, we apply this result with k = 3.
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10.6. Third correction at M. Let m € Ny be such that the index set of Err® in (10.55)
at M is (2,m) U (3, %). Write the leading order part of Err® at M as

m

S(loge)e fj,  f; € C®(L ALY (Xy; 23Ty M),

§=0
In order to solve this away, we need to make corrections to g° by deformation tensors
of translations by amounts O(e?(log e) ); since such corrections are thus still larger (by
logarithmic factors) at M than the €2 deviation of the total family g from gy at M, we
need to solve away this leading order part using a combination of a correction and a pullback
much as in §§10.2 and 10.4. (Only in later steps of the construction can we omit the pullback
part; see §10.7.)

Since the arguments are very similar to those in §10.4, we shall be brief. We begin by
solving away the term €2(log €)™e ™! f,,. Setting
EPOE (6,2) — (e, T+ 62(10g e)mé(t))
where ¢ € C®(I;R?) is to be determined, we consider for b € C*(I;R x R?) the tensor
U300 = ggjéjb(e,t,:%;df, dz)
defined on a t-level set by @3, (9 + €3(log e)m(ﬁb,géx(t) + g,(b(1)))); thus, in the coordi-
nates (10.21) near t =ty € I, we have
G305 = 9 + €(108.)™ La(yy).0, 96 + € (108 €)™ (Lir(10).0+ (@ (10)-)0,9 + G(b(t0)))
+ e*(log €)™ (fzhb,%”(to) + thypen sy + Lo (0 (t ))) + ¢ (log 6)2m£c(to) b
mod Aphg ([0, )g;COO(Rg@;SQT*R‘l)).

(The interaction of ,Cé(to),aigb and ‘Cfé(to)-aj—i-(é(to)@)at»gb+g£(b(t0)) is now of order €° (log e)Qm
and thus negligible.) Therefore,
72

C . m . (T v car i *)
Ric(gs,5) = e (loge) Délec(Ehb,Qé"(to) + thy 26 (1) + tg{,(b’(t@)) mod A5

phg -
For the tensor g, .; = ¢° + Xe*1(§3 ¢ — Ov), define the error term

Err = Rlc(g3 e i) — Ag3 eh € .Api;n (%), (4’*)(?\\4/\ I?O; SQf*M);

then the €?(log e) coefficient of eErr, . ; is at Mc(t) given by

(12 oy .
Fym(®) = Jn(®) + Dy, Ric (5w 000y + i ey + G40 (6)) = Ly, 0 (1))
analogously to (1() 54), where, as in Proposition 10.22, the subleading term h o) = e 2(eg® —
gb)]M( € Aphg *(Xp; 82 3SCT)*A(be) satisfies (10.52) for all ¢. Choosing ¢ and then b by

solving nondegenerate linear second, resp. first order ODEs by means of Theorem 9.6, we
can arrange for this coePﬁClent to satisfy the assumptions of Theorem 9.8 for all ¢ € I.

Therefore, we obtain h,, € Aphg (M \ K°; SQT* M) so that

Dy, Ric(0) (ehn () = —fy pj(0): tEL
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The update to §° is then
93.m = ‘1);,@,13 (53,6,13 + xet(log €)"hnm), Dy p(et, 1) = (e,t, &+ €?(log €)™ e(t)).

The error term Errs p, := Ric(g3,m) — Ags,m has index set (2,m —1)U (3, *) at M and (4, %)
at M,; and egs,, equals g, along M modulo quadratic error terms.

One can continue in this fashion to eliminate the 2(log €)™ ! term of Errs,,, and so on;
after m + 1 steps, one obtains:

Proposition 10.25 (Third correction at M). There exists a ((3,%), (1,0)4 U (3, %))-smooth
total family gs which is equal to gy at M and M, and equal to g near X \ U°, with

Errs := Ric(Js) — AGs € A4 (M \ K95 ST M)

with supp Errs N M, C iU where U is the domain of influence of a compact subset of U°,

and so that egs is equal to gy at M modulo quadratically vanishing errors in the sense of
Proposition 10.14(1).

10.7. Completlon of the construction. Proposition 10.24 produces a correction h €
ASl; , *)(M \ K° S2T*M ) to g3, with support in the domain of influence of a compact
subset of U°, so that

= Ric(7") - AF' € A OY(MN\ K2 2T M), §l=gs+h.

Note that 574 is a ((3,%), (1,0)4 U (3, %))-smooth total family. Solving away Err? to leading
order at M now relies on the following result:

Proposition 10.26 (Correction at M). Let k > 4. Suppose §* is a ((3,%), (1,0)4 U (3, ))-
smooth total family so that egF is equal to §p at M modulo quadratically vanishing errors
in the sense of Proposition 10.14(1). Suppose that
.~ (k—1,m)U(k,*),(k+1,% o T AT
Err® = Ric(3%) — AgF € Al DT (0 Ko $2T 1),
(k—1,m),(k+1,%)
phg

Erry, := Ric(gy) — A € A2 STV (0 K2, 52T M)

Then there exists h € A (M \ K°; SQT*M) so that for gy := g* + h, we have

In particular, egy, is equal to Gy at M modulo quadratically vanishing errors; and we have
supp Erry N Mo, C BEU where U is the domain of influence of a compact subset of U°.

Proof. We shall solve away the leading order term of Err* at M, which is
¢ lloge)me ' f,  felC™ (I Aphg (Xy; S2 BSCT§be)).

Let ¢ € C®°(I;R?) and b € C(I; R x R?); we will determine these functions momentarily.
Consider ®44): (6,2) = (6,2 + e*~1(log €)™¢(t)) and the tensor

Yo = (<I>;f(t> (g6 + € (log )™ (;Lb,é’(t) + ﬁé(b(t)))))ter

Taylor expanding around t = tq € I and using the coordinates €, £ = tzto, Z, this is

9ep =G+ "1 (log €)™y 2(1) + €* (log E)m(ﬁfé’(to)-8i+(é’(t0)-§c)8t»§]b + gy(b(to)))
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k+1 t? s N
(lOg 6) hb ,28 (to) + thb,?é”(to) + tgb(b (to))

(k+2,% 00 «
mod A ([0,1) C2(RE; S*T*RY)),

and therefore we have
72

o meT ST t Ay ~nl i (k+2,%)
Ric(g,;) = "1 (log €)™ Dy, Ric(0) <§hb,2é~(t0) + thy ger (1) + tgf;(b/(t@)) mod Aph—g :

We then consider
o = 9"+ Xe (9,5 — B)-
Since eg* = g, + 62h(2) mod A(3’*) at M°, we compute, as in (10.54) and earlier in (10.49)7

(10.51), the leading order term of Ric(g, ;) —Ag,; at M to be ¥~ (log €)™ times e~ applied

to
)

. (t o7 ar (i
EI'I'&I‘)(t) = f(t) + ngR1C<*hb 28 (t) + thb 28" (t) + tgl,)(b,(t)) - Eé(t)@i h(g) (t)),

Brr,; € € (I; Als) (Xy; $2 35T M),

We then solve (Err,;, —)LQ(Xb) =0 € C®(I; (K} com)*), which is a nondegenerate linear

second order ODE for ¢ by Theorem 9.6; and then we take b to be a solution of the
nondegenerate first order ODE (Err ;, >L2( %, =0€C™ (13 (K} err) )

For these choices of &b, we can then apply Theorem 9.8 to find h,, € Ap%;)( o\
K°; SZT;\"Z N) with ngRIC( )(ehm(t)) = —Err, ;(¢) for all ¢ € I. We then set

gk,m = gé,b + X€k+1 (log e)mhm;
this is a ((3, %), (1,0)+ U (3, %))-smooth total family with
s - k—1,m—1)U(k%),(k+1,%) , TF \ 0. a2 TF
Ric(Gkm) — AGkm € Aéhg m=DU(k). (k419 (V7 \ o §27 1),

Thus, we have removed the O(e*~!(log¢)™) leading order term of Err* using a correction
e (log €)™h,y, with index sets (k—1,m)U(k+1, ) at M and (k+1, %) at M,. Continuing
in this fashion, we can successively remove all O(¢*~!(log¢)?) terms for j = k —1,...,0.
This finishes the proof. ([

We are now ready to conclude the first part of the construction:

Theorem 10.27 (Formal solution at € = 0). In the notation of Theorem 5.4, there exists
a ((3,%),(1,0)4+ U (3,%))-smooth total family goo over M \ K° with respect to g with the
following properties:

(1) in the frame dt,d# related to the fized choice Fermi normal coordinates,®® the Mp—
model of g is equal to the Kerr metric gmq for all p € C;

(2) the tensor efs (defined near M) is equal to the Kerr metric g, at M modulo quadrat-
ically vanishing errors in the sense of Theorem 5.4 (or as in Proposition 10.14(1));
(3) we have

Erroo := Ric(§oo) — Afne € C°(M \ K°; S*T*M); (10.56)

85See also point (8) in §5.
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(4) goo = g outside the domain of influence U of a compact subset of U° (and in
particular supp Erroo N Mo C U ).

Proof. Using Proposition 10.26 with k = 4, we correct the ((3,%),(1,0)+ U (3, *))-smooth
total family g* using hy € Aphg G, *)(M \ K°; S2T*M ) to g4 = g* + h4, which satisfies

Erry := Ric(3y) — Aju € ALy O (M K2, $2TM).

Proposition 10.24, with k = 5, then produces h® € A(ﬁ* (5.) (M \ K° S2T*M ) so that
G° 1= g4 + h satisfies

= Ric(7%) - AF® € ALY (M \ K°; $2°TM).
Continuing in this fashion, we obtain sequences hy € .Ap,flgl *)’(Hl’*)(ﬂ\ K°; SQf*M) and
hEt1 e .Ap]f:grQ *),(k+1%) (M \ K°; S2T*M) so that for g = §¥ + hy and g = G + hF1 we
have

Errg := Ric(gx) — Agr € Aphg (k+1, *),

k+1 ~k+1 ~k+1 (k—1,%),(k+1,%)
Err =Ric(¢") —Ag"T € A, .

Moreover, the supports of the correction terms hy, ¥, and thus also of the error terms
Erry, Err®*t1) are contained in the domain of influence of a compact subset of 4°. More
precisely, in the k-th step of the construction we can ensure that supp ki and supp h*t!
are contained in the domain of influence of a compact subset of A° whose distance (with
respect to any fixed Riemannian metric on X) to 9U° is at least § 4+ 27 for some fixed
small § > 0; for hy, this is clear since we may cut off hy, to any neighborhood of M (which is,
indeed, how hy, is constructed), while for h**! this follows from the proof of Theorem 8.1,
specifically Proposition 8.7 which one simply applies to a J-shrinking of U°, for a fixed
small § > 0, throughout the entire construction in this section. Define then g, to be an
asymptotic sum

o0
Goo o G+ S (e + B,

k=4
in the sense that the difference of g, and the truncation of the series at k¥ = N (which
gives ¢gV) is polyhomogeneous on M with index sets (N,*) and (N + 2,%) at M and
M., respectively. In view of the support properties of g%, hy, h¥t1, we can arrange that
Joo = g* = g outside the domain of influence of a compact subset of U°, as desired. Since
Joo differs from gi by error terms which have increasing orders of vanishing at M and M,
as k — oo, the membership (10.56) follows. O

Remark 10.28 (Construction on a slightly larger manifold). While in the notation of Def-
inition 3.25, the above construction takes place outside of [0,1)¢ x I; X K,‘;,a where 6 = 0,

any other choice of § € (—v/m2 — a2, v/m? — a2) works just as well. Thus, if we write
K% = {(e,t,x): |ex| <m — 6},

then Theorem 10.27 remains valid if one replaces K by E 9 By taking 0 > 0, we can thus
construct a formal solution gs, on the larger manifold M \ (K°)°.
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11. FORMAL SOLUTION OF THE INITIAL VALUE PROBLEM

We continue using the notation from §5. In this section, the focus is on the hypersurface
X C M, which intersects the curve C C M orthogonally at the point p. We now complete
the proof of Theorem 5.4 by adding to the total family goo from Theorem 10.27 a further
correction, supported near the total gluing space XcM (see point (10) in §5), which
vanishes to infinite order at M U M. For technical reasons, we start with g., defined on a
larger manifold M \ (K°%)°, § € (0, /m? — |a]?), as in Remark 10.28.56

Theorem 11.1 (Formal solution at X). Let £, C C x Ny be two nonlinearly closed
index sets with Re&,Re& > 0. Suppose Jso 1S @ (é,é’)—smooth total family with respect
to g over M\ (I?‘s)o whose M-model is §, i.e. the Mp—model is a fived subextremal Kerr
metric gmq for all p € C (as in point (8) in §5). Suppose that g = g near X \ U°, and
Ric(§os) — AGos € C®(M \ K°; S2T*M) .37 Then there exists h € C°°(M \ K°; S2T*M) with
support contained in any fized open neighborhood of MPUB:UO, so that for the (g, E)-smooth
total family N

g:=goot+h
over M \ K°, the error Ric(§) — Ag vanishes to infinite order at M UM, U X.

The infinite order vanishing of Ric(goo + h) — A(oo + h) at M U M, is automatic for
h e C°°(M \ K°; SZT* ) Furthermore, the desired conclusion depends only on hin a
neighborhood of X C M and indeed only on the jet of h at X therefore, the support
property of h can be arranged via multiplication with a smooth cutoff which equals 1 near
X. The task is thus to construct & in Taylor series at X.

We shall work in a (3 + 1)-decomposition near X (see §11.1), and construct § with the
additional requirement (which amounts to fixing a gauge) that the lapse and shift of g be
equal to those of goo. The first step of the construction is to arrange for the constraint
equations to hold at X (Proposition 11.5); then we solve for the full Taylor series of h at
X order by order (Proposition 11.6). This gives Theorem 11.1.

11.1. Foliations by spacelike hypersurfaces. To fix notation and conventions and to
illustrate the Taylor series construction, we first consider in §11.1.1 (n + 1)-decompositions

on general spacetimes. In §11.1.2, we set up the construction on X which is then carried
out in §11.2.

11.1.1. (n + 1)-decomposition on a general manifold. We first recall the (n + 1)-decom-
position near a spacelike hypersurface X inside a smooth (n + 1)-dimensional Lorentzian
manifold (M, g), following [CB09, §§VI.2—VI.3] (which uses different sign conventions).
Thus, we identify an open neighborhood of X C M with a neighborhood

OCRxX
of {0} x X, where X is identified with {0} x X. This induces splittings ToM = niTR&m3TX
and TAM = n{T*R @ 7m3T*X of the tangent and cotangent bundles, where m1: O — R,

86Follovving Notation 3.17, all tensors are defined only in some open neighborhood of M U M,. Recall
that §oo is a Lorentzian signature section of S*7* M in some such open neighborhood by Corollary 3.21(1).
87For £ = (3, %) and & = (1,0)4 U (3, %), Theorem 10.27 produces such a Jao.
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m9: O — X are the projection maps which we henceforth drop from the notation. We
denote the coordinate in the first factor of R x X by ¢, and assume that dt¢ is past timelike,
so in particular all t-level sets X; are spacelike. The future unit normals to the X; give the
vector field

dt?
(—g~1(dt,d))/2
The lapse 0 < N € C*°(0) and the shift § € C*°(0;TX) are uniquely determined by

Vi=— —

_ 1 _ —1/2
v=NY0,—-8), N:= dt(v) (—g~Y(at,dt)) "%, B:=Nv— o, (11.1)
Defining the vector field
eg =0 — B €C®(0;ToM), g(eo,eq) = —N?, (11.2)

we then have an orthogonal splitting
T(t,x)M =Reyd T, X, (t, x) e 0.
which induces an orthogonal splitting
T(?I)M:Rdt@B(T;X), B: & £+ &(P)dt,
and correspondingly
S*TyM = Reg @ (20 @5 T, X) ® S°T, X, e
S*T, M = Rdt* & (2dt @5 B(T; X)) @ B(S°T; X), '

where we write B also for the induced map on S?TFX. In view of eg L T, X and dt L
B(T?X), we can thus write the metric g and dual metric g~! as®®

g=(-N?0,B(g), ¢ '=(-N"20g"), gec>0;8*T*X),

where g is positive definite, and g~ € C*(0;S?*TX) is its dual. The first and second
fundamental form of the t-level sets inside O are®

Y=g, k(V,\W):=g(Vyr,W) (V,\WeTX).

Let us write V for the Levi-Civita connection of § on each level set of ¢ inside O, and Ric
and R for the Ricci and scalar curvature of g on the t-level sets, respectively.

Lemma 11.2 (Levi-Civita connection). For V,W € C>*(O;TX), we have
Ve,e0 = N7leg(N)eg + NVN, Ve, W = NT'W(N)eg + Nk(W, ) + [eg, W],
Vyeo=N"'"V(N)eg+ Nk(V,:),  VyW =N"1k(V,W)eq + VyW.
Furthermore, k = AN"'L,g.

Proof. We have
leo, V] = 1[0, V] = [B,V] € C*(0;TX), (11.4)

88In local coordinates z',...,2" on X, this means g = —N2dt? + gi;(da’ + B*dt)(dz? + B/ dt) and
g = N2+ 5§70, @s 0y
89The sign convention for k here is consistent with the one used in §4.1, but it is the opposite of [CB09].
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so [eo, V] L eg. Writing (-,-) = g(+,-) (which on vector fields tangent to X is equal to
g(+,-)), we can then use (11.2), the orthogonality ey L V, W, and the torsion-free property
Veo V—Vieo = [eo, V] to get

1
(Vegeo, €0) = §€0<60,60> = —Neg(N),

1
(Veoeo, V) = —(eo, Ve V) = —(eo, Vveo) = =5 V{eo, e0) = NV(N);
since V(N) = (VN,V), this gives the stated expression for V. eo. Similarly, we have
(VeoW,e0) = 5W{eo, e0) = —NW(N) and
<V60VV7 V) = <VW€07 V> + <[607 W]a V>
= <VW(NV)a V> + <[€07 W]7 V>
= Nk(W, V) + ([eo, W], V),

which gives the stated expression for V., W. The expression for Vi eq is obtained from this
using Vyeg = V¢,V + [V, eg]. For Vy W, we have VyW = VW + k(V, W)v.

Finally, the stated expression for k arises from (11.4) and

ANE(V, W) = g(Vyeo, W)+ g(V, Viyeo)
=9(Veo VL) + g(V, Ve, W) — g([e0, VI, W) = g(V, [e0, W])
= eo(g(V, W)) — g([eo, V], W) — g(V, [e0, W])
= eo(g(V, W) — g([eo, V], W) — g(V [e0, W])
= (Leyg) (V. W). O
Corollary 11.3 (Curvature). In local coordinates x',... 2" on X, the Ricci tensor Ric =

Ric(g) of g satisfies

Ricoo = —NAN — N trg(Le k) + N?[k[2,

Ricg; = —N(0gk + dtrg k);,

Ricmi = N 7Y (Lek)mi + Ricmi + (tr5 k) kmi — 2kigkm? — N"HVAN) i
Here AN = —tr5(V2N), and the index ‘0’ stands for eg. The scalar curvature is

Ry = Ry +2N""trg(Leok) + (trgk)* — 3[k[2 + 2N 'AN.

Proof. Using abstract indices i, 7,1, m = 1,...,n for local coordinates on X, we have
VaiVaj 0 =V, (?aj o)+ Nﬁlkﬂeo)
= ?@.?ajal + (Nflk(ai, ?ajﬁl) + &'(N*lkjl))eo
+ N7y (N"H0;N)eo + Nk(9;,-))
= vai%jal + kjik(0;, )
+ N7 ((Vik)(05,0) + k(83, Vo,01) + (85, Vo,01) + k(V,05,00) ) eo,
and therefore
[Vo,,Va,100 = [Vo,,Vo,]0 + N~ ((Vik) s — (Vjk)u)eo + kjk(0i, ) — kuk(0;, ).
This gives
Roniij = ([Va,,Vo,101, 0m) = Rt + kimkji — kitkjm,
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Roiij = ([Va,, Vo, 101, e0) = N((Vik)ir — (Vik)j)-
Lastly,
Rowj = ([Veys Vo, 100 = Vieg,6,100: €0)
= (Ve (Vo, 00+ N kjieo) — Vo, (NTHON)eo + NE(Dy,-) + [e0, Al]) — Vieo,0,01: €0)
= —N(Vy,0)(N) — N?eo(N"'kj;) — kjieo(N) + N?0; (N~ (ON)) + (,N)(9;N)
+ N2k(8;, k(D1, ) + Nk(9j, [eo, ) + NE([eo, 951, 01)
= N(V2N)ji — N(Leok)ji + N2kjghy?.

This gives the stated expressions for Ricgg = g R, Rico; = g4 Roy;5, and
Ricimi = §Y Ryniij — N2 Rimoio = 3" Rintij — N2 Romoi-

The scalar curvature can now be computed from R, = g™ Ric,,; — N~?Ricgp. O

For the Einstein tensor Ein(g) = Ric(g) — 3 Ryg of g, we recover the constraints

. _ . 1 1, -
(Ein(g) + Ag)(v,v) = N~ (Ricon + 5 RyN?) = A = - (R — K2 + (br; k)? — 24,

(Ein(g) + Ag)(]/, aj) = N_lRiCOj = —(5!}/{ + dtrg k‘)j,
as in §4.1.

By Lemma 11.2, k is essentially the first eg-derivative of g, and therefore Corollary 11.3
shows that Ric,,; — Agm; = 0 determines the second eg-derivative of g. We shall thus use the
spatial part (Ric(g) — Ag)mi = 0 to construct g in Taylor series at ¢ = 0. This is sufficient
to solve the full Einstein vacuum equations, provided the constraints are satisfied at ¢ = 0.

Lemma 11.4 (Solution in Taylor series). Let n > 3. Suppose the constraint equations
(Ein(g)+Ag)op =0, u=0,...,n, hold for g att = 0. (The index 0 refers to ey, and indices
between 1 and n refer to local coordinates on X.) Suppose moreover that (Ric(g) — f—i\lg)zj
vanishes to infinite order at t = 0 for all spatial indices 1 < 1,5 < n. Then Ein(g) + Ag
(and thus also Ric(g) — -2 g) vanishes to infinite order at t = 0.

Proof. This is a Taylor series version of [CB09, Chapter VI, Theorem 4.1]. We consider the
tensor £ := Ein(g) 4+ Ag; so Eg, = 0 at t = 0 by assumption. Let us write ‘=" for equality
in Taylor series at ¢ = 0. Then

2A 2An

Rg =gm. mgmz — N72RiC()0 = " — N72RiC()0
and
. 1
FEog = Ricgo + Agoo — iRg.QOO
N2/ 2A
= Ricoo — N?A + — ( - _”1 - N_QRicoo)
1 N2A
f —R‘
SR
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imply N~2Ricgg = 2N 2Eg — 22 so Ry = 2D A _ 9N-2[, and therefore

n—1" n—1

2A A(n+1)

1
Byy = (Ric(g) + Ag)ij — 5 Roiy = (-—7 + A -

= —2 — -2 _
n—1 n—1 )gij + N EOOQij =N EOOQz‘j'

(11.5)
Therefore, we also have E;; = 0 at t = 0.

Next, the second Bianchi identity d,F = 0 gives

0= (6,F)(e0) = N"*(Veo E) (e, €0) — 5% (Vo, E) (€0, Ok),

so eg(Foo) can be written in terms of E,,,, and their spatial derivatives at ¢ = 0, and therefore
eo(Epo) = 0 at ¢t = 0. Similarly,

0= (6,E)(8i) = N"*(Veo ) (83, €0) — §7*(Vo, E) (s, O1)
allows one to express eg(Ep;) in terms of E,, and their spatial derivatives at ¢t = 0, so

eo(Eoi) = 0 at t = 0. Differentiating (11.5) along ep, we thus obtain eg(E;;) =0 at t = 0.

Differentiating the second Bianchi identity along ey at ¢ = 0 then implies e3(Ep,) = 0 at
t = 0, and then the second derivative of (11.5) along eq gives eZ(E;;) = 0. Continuing in
this fashion, we deduce that all derivatives of E,,, at ¢ = 0 vanish, as claimed. ([

We end this section by explaining the procedure for constructing a formal solution of
the Einstein vacuum equations at ¥ = ¢t~(0) & X. Suppose that g satisfies the constraint
equations at 3. We shall leave the initial data v = g and k = %N ~1£.,g unchanged at ¥.
Let hy € C*°(0; S?T*X) and consider

g2 1= g + t*Bhy;

then in the splitting (11.3) we have go = (—N2,0, B(g+t2hs)), and thus the lapse and shift
of go are equal to those of g. By Lemma 11.2, the second fundamental form ks of X; with
respect to go is

1
ky =N~ "Leo(g+t*ha) =k +tN"'hy ! N 'Leoha,
and therefore Lo ks = Leok + N7 1hy at 3. By Corollary 11.3, the equation

=0

(Ric(g2hmi — ~2~ (g2)mi)

gives an algebraic expression for hals in terms of k|y, and g|x. With ho|s thus fixed and
ha being any smooth extension, one can then determine h3|sy so that for g3 = go + t3Bhs,
the spatial coefficients Ric(g3)mi — 2 7(93)mi vanish not just to first, but to second order
at ¢ = 0: this uses the fact, again from Corollary 11.3, that the equation (eg(Ric(g3)mi —

n2A1 (93)mi))|ls = 0 produces an algebraic expression for h3. Proceeding in this manner,

one can construct a full Taylor expansion g’ ~ g+ 35, t) Bh; which satisfies Ric(g')mi —

n2A1 gri = 0 (equality in Taylor series at t = 0), and thus Ein(¢') + Ag’ = 0 at ¥ by

Lemma 11.4.



GLUING SMALL BLACK HOLES ALONG TIMELIKE GEODESICS I: FORMAL SOLUTION 153

11.1.2. (3+1)-decomposition near X. Returning to the setup of Theorem 11.1, fix a smooth
function ¢ € C*°(M) so that dt¢ is past timelike on X, and fix a smooth vector field V' €
C®(M;TM) near X with d¢(V) = 1 which at C C M is tangent to C. The flow of V
defines a diffeomorphism ¥ from an open neighborhood O C R x X of {0} x X to an open
neighborhood ¥(O) C M of X C M; it has the property that ¥(0,z) = x for x € X, and
U(t,p) € C for all ¢t with (¢,p) € O (where {p} = X NC). Write

Xy =¥(0n({t} x X))

for the (images of the) level sets of ¢; upon shrinking O if necessary, we may assume
that they are spacelike hypersurfaces in (M, g). Via the identification O = ¥(O) (which
identifies X; with open submanifolds of X containing p), the map ¥ induces an embedding
Ty, X = TX; < Tx, M.

Consider now the map W: [0,1) x O — M, (e,t,x) — (e, ¥(t,z)), which is a diffeo-
morphism onto [0,1) x ¥(O). Since ¥ ({0} x (0N (R x {p}))) C C, the map ¥ lifts to a
diffeomorphism

U: 0:=[[0,1) x 0; {0} x (ON (R x {p}))] = 5°([0,1) x ¥(O)) € M = [M;C].

This maps (a neighborhood of) the lift of [0,1) x (ON({t} x X)) to (a neighborhood of) the
lift X; of [0,1) x X; to M. Moreover, we have XO X. We henceforth identify 0= ¥(0);
thus, we write points in the open neighborhood O C M of X as (t,7) € R x X. We have
subbundles TXtX =~ TXt — TXtM of corank 1, and we write

T(}X = |_| {t} X T')Zt - Ta]f\\j
t

We now define lapse N and shift 3 for the section oo of S2T*M over M \ (K%)°, which
has Lorentzian signature in a neighborhood of M U M over which we exclusively work
(even though we do not make this explicit in the notation), relative to the foliation of 9] by
{t} x X;.% Note that (upon shrinking O and thus O further, if necessary) dt is past timelike
by Corollary 3.21 (using Lemma 3.24 and the spacelike nature of df for the Kerr metrics
at M). Thus, —g!(dt,dt) has a strictly positive lower bound near (X \ (K%)°) U X,. The
regularity of oo in Theorem 11.1 thus implies, via (11.1),%!

N, N7 e AZT(O\(K°)), BeA

phg(O\(K(S) Té‘)’z% g:: N[)U((j, g:: N()Ug

We moreover define the vector field

G0 =0 — B e ASI(O\ (K°)°; T5M),

phg

with 7 := N~1¢, being the future pointing unit normal to all X,. The shift E gives rise to

a bundle map B € Aphg(O \ (K%)° Hom(ng,TgM)),

B:TiX, » T M, &= €&+ B(6)dt, (11.6)

90That is, the restrictions of N and B to an e-level set Mg, € >0, of M are the lapse and shift of 500\1;56.

91We have the more precise memberships in B*C*=(0) + Alsﬁgg £(O\ (K?%)°) here and below.
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which induces a map on the symmetric second tensor power which we also denote B. We
can then write

Joo= —N2dt> + B(Gs)s  Goo € A9 90\ (K%°; S*’T*X).

phg

Since &, as a vector field on O C M , is a vertical (i.e. tangent to e-level sets) vector field
of class N
o € Agh; VL0 \ (K?%)°), (11.7)

the second fundamental forms koo = %N 1900 (see Lemma 11.2) of the leaves X, satisfy

koo € AS19(0\ (B)°; S*TEX).

The initial data of X = )Z'g are
V000 = Jool 5 € Aphg(X \(K%)% 82T X)), kooo = kool € Ag JOX N\ (K% ST X).
Matching Corollary 3.21, they satisfy (Yo0,0, oo,O)’XO = Bi(v, k) where (v, k) are the initial
data of X inside (M, g), and
5(Fo0,0, €kooy0) ¢ = (4. k)

are the initial data of Xj, inside the Kerr spacetime (Mj,gp); they are in fact a (£,&)-
smooth total family in the terminology of [Hin24, Definition 4.18]. Furthermore, since

Ein(Jo) 4+ Afos € C(M \ (K?)°; S2T* M), the constraint equations are satisfied to infinite
order at € = 0 as well, in particular at X that is,

P(F000, koo 03 A) € C¥(X \ (K% R & T*X) (11.8a)

in the notation of (4.2). Since g, = g near X \U°, the intersection of the support of (11.8a)
with 32X is in fact contained in BU/° and in particular compact; thus, there exists eg > 0
so that

{e < €0} NSUPP P(Foo.0; ko0 A) € B*([0, €] x U°). (11.8b)

11.2. Proof of Theorem 11.1. We continue using the notation of §11.1.2. We begin the
proof of Theorem 11.1 by removing the error term (11.8a).

Prop051t10n 11.5 (Solvmg the constraint equations). There exists a metric perturbation
hi € C(M \ K°; S2T*M) so that the initial data of

51 = goo + %1
satisfy the constraint equations at (X \ K°) N {e < e} for some small ¢g > 0, and so that
lapse and shift of g1 are equal to those of g in the (3 + 1)-decomposition fized in §11.1.2.

Proof. With %O,O,EOQO as in (11.8a)—(11.8b), the key step is to find corrections
h,§eC®(X\ K° S°T*X) (11.9)
with support compactly contained in E*([O, €0] X U°) so that
P(Fo00 + by koo + 3 A) =0 (11.10)

on XN{e < €} for some small ¢y > 0. This is almost the content of [Hin24, Proposition 5.6];
the difference to the reference is that in the present paper the initial data s(Y,0, €koo,0) near
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X° are not equal to exact Kerr initial data in any set {(e, z): |ex| < Ro}, Ry > m—4, due to
the global (in the fibers of M) nature of our construction of gu,. (Cf. [Hin24, Theorem 5.2,
item (2)].)

We can fix this in the following ad hoc manner, using that the initial data are equal to
Kerr data (4, k) to leading order at X. Fix a cutoff function y € C>(X) so that x = 1 for
fgm—%éandxzoforfzm—%é. Then

(F.0s kho.0) = (Foo,01 Koo0) + X((S_l’% e 'sT) - (%o,o,Eoo,o))-

A) e .Af % @(X\(K5) :R®T*X) where Re F > 0 since the X-model of

(Yo.00 koo o) (i-e. the Kerr 1n1t1al data) satisfies the constraint equations; and since in fact the
constraint equations are violated, modulo errors vanishing to infinite order at € = 0, only in
the transition region supp d, we conclude that if ' € C2°(X) with supp ¥’ € #~1((m—4,m))
equals 1 near supp dy, then we can write

ooO?

Then Pﬁ/oo,m K

P00 %530,0; A) = X'Errg + Erry

where Err; € C™ is supported in # > m—§, and Errg € Apfhj’@. Let K’ € #~}((m—4§,m)) C
X be a smoothly bounded domain with supp x’ C (K’)°. Using arguments as in the proof
of [Hin24, Theo~rem 6.2], we can then correct (Y, g, k5, o) in generalized Taylor series at
X° by tensors (h,¢') with support contained in K’ with vanishing restriction to X, at the
expense of admitting a failure of the constraints which lies in some fixed finite-dimensional
space; that is,
P(?c/)o,[) + f}VL/?f];é)o,O + (77 A) - El(g) - EI‘I"l,

where Err) € C® has support in # > m — §, while & = &(e) with &(0) = 0 is polyhomo-
geneous and Ej is a linear map from C¥ into C°((K’)°;R @ T*X) whose range spans the
cokernel of the linearization of the constraints map around (9, k) on 00-Sobolev spaces on
(K')° with exponentially decaying weights at 0K’.

One can then correct (Y., o+ ', E:)o,(] + ¢') further by tensors (E” ,q") to a true solution
of the constraints except for the presence of E1(¢ +¢”) on the right hand side (instead of
0) by following the arguments of [Hin24, Theorem 6.2]; here h” ,¢" vanish identically near

h// ~1

7 =m— 9, and , ¢’ vanish to infinite order at ¢ = 0. The restrictions

(1, k1) = (Vo0 + B4R k/oo70 +q + aﬁ)\fg\f(o

to the smaller domain X\ K° X\ (K?)° (which is disjoint from supp E (¢ +E7’)) thus satis-
fies the constraint equations for all small €, and by construction differ from (Yoo,0, ks0,0)| % R\Reo
by tensors h, § of class (11.9).

Finally then, we shall take hy =B (?21) (using the second symmetric tensor power of the
map (11.6)) for a suitable choice of El € C®(0\ K°; S2T*X). Writing El(t) = 21(0) +
tﬁ’l (0)40O(t?), we only need to specify 21 (0) and Z’l (0), and the remaining Taylor coefficients
are arbitrary. The requirement that the first fundamental form (g, —1—21)] F = Voo,0 —1—51(0)

of goo + h1 be equal to 1 = Yoo,0 + h forces Zl (0) = h. For the second fundamental form,
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we require

~ ~ _ 1~ - ~ ~
bt = Fooo + 7= (5N Lay Goo + I (0) + thi (0))) |
~ 1~ .~ ~
= koo + 5N F(P1(0) + L5, 71 (0)),
with Zl (Ol on the right regarded as a t-independent section of S2T*X over O. This de-
termines A} (0) € C°(X \ K°; S2T*X) indeed; this uses that the Lie derivative along &
preserves the rapid vanishing of h1(0) at € = 0 in view of (11.7). O

We now improve the tensor g7 from Proposition 11.5 further.

Proposition 11.6 (Taylor series construction at X ). Let g1 be as in Proposition 11.5; thus
Ric(g1) —Ag1 € COO(M\I?O; SQT*M) and the constraint equations are satisfied at X. Then
there exists h € COO(M\ I?O;SQTV*M) so that for § := g1 + h, the error Ric(g) — Ag €
COO(M\ K°; SQTV*]\/Z) vanishes to infinite order at X.

Proof. In view of Lemma 11.4, applied to each level set of € > 0, it suffices to construct
h = B(h) (using (11.6)) where h € C*(O \ K°; S?T*X) so that the pullback of

Ric(§1 + h) — A(G + h) (11.11)
to X, (i.e. the spatial components) vanishes to infinite order at ¢ = 0. This form of h
ensures that lapse and shift of g1 + h are equal to those of goo. Writing the Taylor series of
h(t) as 2]22 hit’ at t = 0, we can then iteratively compute the coefficients hj, j = 2,3, ...,

using the formula %Kf “1Le (01 —l—ﬁ) for the second fundamental form and using the formula
for the spatial components of (11.11) from Corollary 11.3, by repeating the arguments at
the end of §11.1.2. O

This finishes the proof of Theorem 11.1, and in combination with Theorem 10.27 also the
proof of the main result of this paper, Theorem 5.4 (which is Theorem 1.1 in the setting (I)).

12. EXTREME MASS RATIO MERGERS

While Theorem 5.4 allows one to glue a subextremal Kerr black hole into a given space-
time (M, g) under a genericity assumption (see Definition 5.1(4)), this assumption is not
satisfied for explicit spacetimes of physical interest such as Kerr or Kerr—(anti) de Sitter
(K(A)dS) spacetimes. The situation for initial data gluing was discussed in [Hin24, §6.2];
here we describe the analogue for our formal spacetime gluing procedure (and thereby prove
Theorem 1.1 in the setting (II)).

Recall that for A € R and parameters m > 0, a € R, the Kerr, Kerr—de Sitter, or
Kerr-anti de Sitter (depending on whether A =0, A > 0, or A < 0) metric ga m,q is given
by

dr? d6?

_ pr) .
Irma =~ ooy (0 — o 046 + %0 0) (Lo + o)

(0) sin® 6 ((r* + a®)d¢ — adt)?,

T 202(r,0)
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Ar2
plr) = (2 a®) (1= 550 ) —2mry 2(,0) =1 4 o cos? ),
Ad? Ad?
bzl—i—Ta, 0(9):1—%%00529.

This solves the Einstein vacuum equations

RiC(QA,m,a) - AgA,m,a =0.

We require the parameters (A, m,a) to be subextremal; this means that u(r) = 0 has four
(when A # 0), resp. two (when A = 0) distinct real roots. The second largest (when A # 0),
resp. largest (when A = 0) root r = 75 o is the radius of the event horizon. For A = 0, we
recover the Kerr spacetime from Definition 3.22 with different symbols for the coordinates.

Using a change of coordinates t =t — T'(r) and ¢ = ¢ — ®(r) for suitable functions T', ®
(see [Hin21b, Equation (1.5)] for the case A > 0), the metric ga mq extends analytically
across the two largest roots rAma < 73 4 (the event and cosmological horizons) when
A > 0, resp. the largest root 75 m, (the event horizon) when A = 0, and indeed to the
manifold

M = Ms,, Ms =Ry X [rama — 6,00) X S ,

for sufficiently small 1 > 0; here ¢ € (0,2n]. We can select T" so that moreover the level sets
of t are spacelike; set then

X =Xoy,  Xs:={0} X [rama—0,00) X Sj,.

The black hole exterior (or domain of outer communications) is the subset Mgy, of M where
r € (TAma, T/C\,rma) when A > 0, resp. r > A m,, When A = 0; similarly, we set

Xe t = {0} x (rAvmva’rf\,m7a) X Sz? A > 07
) {0} x (ro,ma,o0) X 2, A<O0.
The part of the black hole interior contained in M is the region where r < rp 4. In the

case A < 0, we replace M by the domain of dependence of {t = 0} in order to avoid having
to impose boundary conditions at the conformal boundary.

Theorem 12.1 (Gluing a small black hole along a timelike geodesic in a subextremal
Kerr(—de Sitter) spacetime). Let A € R, m > 0, a € R be subextremal K((A)dS) parameters,
and let g = gama- Let p € Xext, let v € TyM be a future timelike unit vector, and write
C C M for the mazimally extended geodesic with initial conditions p,v, and let Uy, C M be
a smoothly bounded precompact connected open neighborhood of p so that Uy, N X contains
a point in Xop \ X%n' Let” m > 0 and a € T,M, a L v, with |d| < @, be subextremal Kerr
parameters. Then the conclusions of Theorem 5.4 hold on Mn \ K° (with m, a in place of
m, a), with K defined as in point (8) in §5. That is, there ezists a ((3,%), (1,0)4 U (3,%))-
smooth total family g on Mn \ K° with respect to g and with Mp—model equal to the Kerr
metric gga for all p € C (as in point (8) in §5) so that:

(1) Ric(g§) — Ag is a smooth section of S*T*M over Mn \ K° which vanishes to infinite

order at M, M,, and X;
(2) g = g outside the union of the causal past and future of a compact subset of Uy, N X ;

(3) eg is equal to the Kerr metric at M modulo quadratically vanishing error terms.

92\We use hats here to notationally distinguish the small black hole parameters from those of (M, g).
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With only minor notational modifications (concerning the definitions of X, M, specif-
ically defining their extensions across the event horizon up until a spacelike boundary
hypersurface), one can also treat the case of extremal black holes.

Theorem 12.1 can be applied to produce formal solutions (as € N\, 0) of the Einstein
vacuum equations describing extreme mass ratio mergers. See Figure 12.1. A fortiori, by
definition of Mm the restriction of g to the e-level set of MT, is e-close to the K((A)dS)
metric g outside any fixed neighborhood of C, whereas an ¢ '-rescaling of § near a point
on C is e-close to any fixed compact subset of a Kerr spacetime with parameters m, a.

€ 4

Ficure 12.1. Ilustration of Theorem 12.1. The front face arises by blowing
up a timelike geodesic C—which here passes the event horizon of the ambient
K((A)dS) black hole, indicated in green—inside [0,1)c x M, at e = 0. The
restriction of g to an e-level set is e-close to the K((A)dS) metric gamq
away from the front face, whereas the metric coefficients (in Fermi normal
coordinates t,z) near the front face, arising by blowing up the timelike
geodesic C in [0,1) x M, at € = 0, are e-close to those of a Kerr metric
(with respect to the ‘fast’ coordinates £ = %, & = Z near any point (o, 0)
along C). The red dashed lines form a spacelike hypersurface bounding a
coordinate sphere in the interior of the small black hole which we excise,
much like we excise the ball r < 7 mq — 1 in the interior of the ambient
K((A)dS) black hole.

Remark 12.2 (Formal extreme mass ratio mergers: finite time theory). Consider the case
A > 0. Suppose the geodesic ¢(s) with ¢(0) = p, ¢/(0) = v crosses the event horizon of
(M, g) at proper time s = sop > 0. Then since dr is future timelike in 7 < rj mq, the
function r o ¢(s) is monotonically decreasing for s > so, and thus r(c(s)) < r — 3n for all
s > s1 > sg. Fixing sy > s1 and letting ty := t(c(s2)), the total family g is then e-close to
the ambient K(dS) metric g on compact subsets of M, N {t > to}. In the Kerr—de Sitter
case (A > 0), this in particular applies to [tg, ta + 1] X [FA m,q — 7, Tima +1n] x S%; in the Kerr
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case, g is equal to g on [to, ta + 1] X [r2,00) x S? for some ry < oo (depending on t3), and
e-close to g on [tg, ta + 1] X [rm,q — 7, 72] X S%. This can be taken as the starting point for the
evolution of initial data e-close to K(dS) data (but violating the constraint equations by an
amount O(e>)) in an n-neighborhood of the domain of outer communications. We stress
that 7 > 0 is fixed, and € > 0 can be taken to be arbitrarily small, and therefore domain
of dependence considerations imply that the initial data at to are defined on a sufficiently
large set so as to permit, in principle, the unique global future solvability of (quasi)linear
wave equations.

Remark 12.3 (Formal extreme mass ratio mergers: nonlinear stability of the merger). Con-

tinuing Remark 12.2 and focusing on the very slowly rotating Kerr—de Sitter case A > 0,

|| < 1, note that, a fortiori, the initial data of g. = §|(1\7 ) att=t satisfy the constraint
nje

equations up to O(e*) error terms. Therefore, we can apply [HV18, Theorem 11.2], with
(h, k) there equal to the initial data of g, at t = t2, to obtain a solution g’ of the gauge-fixed
Einstein vacuum equation [HV18, (11.10)] on

Q= [t2,00) X [TAma — 1 Thma + 7] X S?
with the following properties:

(1) g/ is equal to a Kerr—de Sitter metric plus a tail whose coefficients in standard
coordinates on () are bounded, together with all their coordinate derivatives, by
e~ for some a > 0;

(2) Erre := Ric(g.) — Ag. (in the sign convention of the present paper) obeys the same
O(e~") bound with constants of size O(e") for all N, i.e. the components of Err,
are bounded by CnyeNe ™ together with all coordinate derivatives.

The second property is a consequence of the fact that the gauge 1-form, denoted Y(g) —
Y (gpyp) — 6 in [HV18], has Cauchy data at t = ty of size O(e>); since it moreover lies in
ker ﬁgP, it can be seen to decay exponentially using the extension of [HV18, Theorem 8.1]—
which in particular proves the absence of non-exponentially decaying mode solutions when
g is a subextremal Schwarzschild—de Sitter metric—to metrics which exponentially decay
to very slowly rotating Kerr—de Sitter spacetimes; this extension follows from the methods
of [HV18, §5]. Thus, we can control a formal (i.e. up O(e>) errors) solution of the initial
value problem for the Einstein vacuum equations with initial data given at t = 0 globally
in forward time: Theorem 12.1 provides the part of the solution for t € [0, t2], and [HV18]
provides the rest. See Figure 12.2.

Proof of Theorem 12.1. We indicate the modifications required in (the proofs of) Theo-
rems 10.27 and 11.1. Fix 79 = 27 and pick n; € N with 9 > n1 > n2 > ..., and
n = inf; n; > .

The only place in the proof of Theorem 10.27 where the absence of Killing vector fields
(or KIDs on the level of initial data sets) is used is the proof of Proposition 8.7 (which
leads to Theorem 8.1), specifically in the construction of the symmetric 2-tensors "y,l%
in equation (8.14). In the present setting, we cannot solve (8.14) directly due to the
presence of a cokernel K* := kerceo 0.7 Xuo) D 1 P* of dimension N = dim K* > 1;
here U° = U3, N X. Instead, as in [Hin24, §6.2], we may fix an injective linear map

Ep:RY = WU\ X, s ROTX,,)
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Ficure 12.2. Tllustration of Remark 12.3 for very small but fixed € > 0: the
metric ge = ¢ i, is a formal solution of the Finstein vacuum equations
and roughly speaking describes a small Kerr black hole with parameters
(em, ea) near C which merges with a given Kerr—de Sitter black hole (M, g)
with parameters (m,a). Having crossed the event horizon of the KdS black
hole at time t = t5, the metric g, is e-close to g in a fixed neighborhood of the
domain of outer communications (the exterior of the gray cylinder, with the
cosmological horizon not shown). Nonlinear stability results for the gauge-
fixed Einstein vacuum equations, applied with parametric dependence in e,
give a formal solution ¢! for all subsequent times, which decays exponentially
fast to an exact Kerr—de Sitter metric.

so that the L2—pairi1_1g K* x ran Fh; — R is nondegenerate; and then there exists a unique
solution ¢ € RN, 4,k € C°(U°; S?T*X) of the equation

D(’y,k)P(;Ya k; A) = (Ggfb)<yv _) + E1(0>.

Proceeding as after (8.14), the gauge 1-form n = d,Gg4h;, — 6 still vanishes at X; but now
(Ggdyn) (v, —) vanishes only outside of supp F1(c) C Xy, \ X, , and therefore n € ker §,G,6
does not necessarily vanish. However, since dr is future timelike in Mj,, we do have
suppn C My, \ M, by finite speed of propagation. In conclusion, Theorem 8.1 remains
valid if we replace M by M,,, and allow for (D4Ric—A)h— f in equation (8.2) to be nonzero
outside M, .

After the first application of Theorem 10.27 in §10.1, we restrict to M, . The subsequent

solution step at M is unchanged. When applying Theorem 10.27 for the first of two times
again in §10.3, we first work on M, and permit violations of the constraints, and thus of
the linearized Einstein vacuum equations, outside M,,; and the second time we work on
M,, and permit violations outside M,,; and so on. In conclusion then, the analogue of

Theorem 10.27 in the present setting remains valid on Mn-
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In the proof of Theorem 11.1, the absence of KIDs is used in the (adapted) proof of [Hin24,
Proposition 5.6] in [Hin24, Propositions 4.15] (via [Hin24, Proposition 4.21]). In the present
setting, where KIDs are present, one proceeds as in the proof of [Hin24, Theorem 6.2] to
solve the constraint equations up to an error which lies in a fixed finite-dimensional space
of smooth tensors supported in X, \ X,. The remainder of the proof of Theorem 11.1 is
unchanged. ) O

Remark 12.4 (General spacetimes with noncompact Cauchy hypersurfaces: Theorem 1.2).
We again indicate the modifications required in the proofs of Theorems 10.27 and 11.1.
First, in the construction of initial data 1,]% for equation (8.14) in the proof of Proposi-
tion 8.7, we are now dropping the requirement that 4, k € C>®(X;S8?T*X) have compact
support. The cokernel of D, )P on the corresponding dual space of compactly supported
distributions (which thus vanish on some open set due to the noncompactness of X) is then
trivial; see also [Hin23b]. Therefore, we can indeed solve (8.14) for 4,k € C(X; S?°T*X).
The proof of Theorem 10.27 then goes through without any further modifications. To
deal with the possibility of KIDs in the proof of Theorem 11.1, fix a nonempty open set
W C X \ V; similarly to before, we can then solve the constraint equations up to an error
which lies in a fixed finite-dimensional space of smooth tensors supported in W.
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