MICROLOCAL ANALYSIS NEAR NULL INFINITY IN
ASYMPTOTICALLY FLAT SPACETIMES

PETER HINTZ AND ANDRAS VASY

ABSTRACT. We present a novel approach to the analysis of regularity and decay for solu-
tions of wave equations in a neighborhood of null infinity in asymptotically flat spacetimes
of any dimension. The classes of metrics and wave type operators we consider near null
infinity include those arising in nonlinear stability problems for Einstein’s field equations
in 1 + 3 dimensions. In a neighborhood of null infinity, in an appropriate compactifica-
tion of the spacetime to a manifold with corners, the wave operators are of edge type
at null infinity and totally characteristic at spacelike and future timelike infinity. On a
corresponding scale of Sobolev spaces, we demonstrate how microlocal regularity propa-
gates across or into null infinity via a sequence of radial sets. As an application, inspired
by work of the second author with Baskin and Wunsch, we prove regularity and decay
estimates for forward solutions of wave type equations on asymptotically flat spacetimes
which are asymptotically homogeneous with respect to scaling in the forward timelike cone
and have an appropriate structure at null infinity. These estimates are new even for the
wave operator on Minkowski space.

The results obtained here are also used as black boxes in a global theory of wave type
equations on asymptotically flat and asymptotically stationary spacetimes developed by
the first author.
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1. INTRODUCTION

In this paper, we introduce a new point of view for the analysis of linear waves on
asymptotically flat spacetimes near null infinity. The main novelty is the fully microlocal
nature of our approach (apart from a simple energy estimate). This allows one to combine
the estimates proved here in the usual modular microlocal fashion with microlocal estimates

far from null infinity; a first implementation of this is given in [Hin23b].

Our regularity theory appears to be new even on Minkowski space. Let us work on
R*" = R, x R? (with n > 1) equipped with the Minkowski metric gg = —dt? —{—Z?Zl(da:])z
and volume density |dgo| = |dt dz! --- dz"|, and introduce polar coordinates z = rw, r > 0,

w € S" ! on R™. In the exterior domain

Q={(t,x) eR"™: 0<t <r—1},
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and for weights ag, oy € R, we set!
Hgv’éao’mj)(ﬁ) o xjﬂLQ Q, |dgol) = {pgox;«a"’u: u € L*(Q, |dgol)},

1 r—t (11)

po = —7F, Ty =
r—t r

Define the vector fields (which we will refer to as edge-b-vector fields)?
Vo = —po0p, =10;+ 10, (scaling),
Vi = —%xfaw =1r(0+ 0r) (weighted derivative along outgoing light cones), (1.2)
Vo =258, (a=2,...,N) (where the Q, span V(S"™!) over C*°(S"™1)).
We then define weighted edge-b-Sobolev spaces for s € Ny by
H (@) = {u e B (Q): Viue HE™ 7 (@) vV e Ny, 18] < 5).

Theorem 1.1 (Edge-b-regularity and decay of waves in the exterior domain). Suppose
ay < min(—%,ao + %), and let s € N. Let f € Hs,_bl’(a°+2’2aﬂ+2)(ﬂ). Then the forward
solution u of Ogyu = f (that is, the unique solution of (—D7 + > et D2)yu = f with
uli<o = 0) satisfies u € H. (ao’Qaﬂ)(Q).

As we will discuss in §1.2, a key property of the operator [y, used in Theorem 1.1 is the
fact that, up to an overall weight p%xf,, it is to leading order a nondegenerate (Lorentzian
signature) quadratic form in the edge-b-vector fields (1.2), uniformly as r — oo in Q. We
also remark that these vector fields are related to a parabolic scaling near null hypersurfaces,
the null hypersurface of interest here being null infinity in an appropriate compactification
of 2; see Remark 1.4.

1

The restriction ay < —3 in Theorem 1.1 is sharp, as it precisely guarantees that the

edge-b-Sobolev space for u permits the well-known pointwise r decay along light cones
t — r = const. towards null infinity .#*. The restriction oy < ag + % is likewise necessary
since a forcing term f which is large (i.e. ag < —1, roughly corresponding to less than

pointwise r~ "z decay) near spacelike infinity I (i.e. for ¢/r € [0, 1) with r large) produces
a wave u which is large at 1Y and .# . Roughly speaking, u has two orders of decay (as
measured by powers of 7~1) less than f at I9\ .#T, and one order of decay less than f at
I\ I°.

Theorem 1.1 remains valid on a large class of generalizations of Minkowski space, in-
cluding those arising in n + 1 = 3 + 1 dimensions as solutions of the Einstein field equa-
tions in the context of the nonlinear stability of Minkowski space, or more generally in
the context of the existence of a piece of null infinity for asymptotically flat data sets
[CK93, KN03, LR10, HV20]. (Whether the spacetimes constructed in [BZ09, BC16] under
minimal assumptions on the initial data lie in this class is not clear at this point.) In fact,

IThe factor of 2 in the second order is introduced so that a.s corresponds to the amount of r-decay at null
infinity (|t — 7| < 1, 7 — oo) as measured by powers of r . The normalization of the orders of the Sobolev
space on the other hand corresponds to the geometric singular analysis structure, i.e. the edge-b-structure
which is explained further below.

20ne can replace Vp here by 2V — HTTVl = (t—r)(0: — Or), which is a weighted derivative along incoming
light cones.
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the companion paper [Hin23a] revisits this latter problem from the edge-b-perspective. We
discuss such geometric generalizations in §1.2; see also Theorem 9.2.

Our proof of Theorem 1.1 proceeds via an energy estimate in the case s = 1 (using a
weighted linear combination of Vj, V] as the vector field multiplier)—see Theorem 4.5—
and follows for general s (including real orders above a certain negative threshold) from
results on the microlocal propagation of edge-b-regularity; see §1.2. If the forcing term
f remains in the stated space upon application of up to k& € Ny vector fields Vp, V1,2,
(we shall refer to this as k orders of b-regularity®), then the solution u has the same extra
regularity. Discarding the edge-b-regularity information on u, and taking the 2, to be
generators of rotations (which are thus symmetries of the spacetime), this is essentially the
original starting point of Klainerman’s vector field method [Kla85] (see also [DR10, Mos16]
for recent developments). A minor novelty of our approach is that we can prove b-regularity
using arbitrary spherical vector fields; correspondingly, the underlying metric or operator
under study need not have any (asymptotic) spherical symmetry at .#*.

We already remark here that there is a significant difference between edge-b- and b-
regularity (besides b-regularity being stronger as far as regularity in the spherical directions
is concerned): roughly speaking, edge-b-regularity can be tracked microlocally using by
now essentially off-the-shelf microlocal techniques, namely, symbolic positive commutator
arguments (see §4). On the other hand, a satisfactory microlocal framework for b-regularity
at .# T remains elusive; we explain the structural reason in Remark 1.7.

In light of the success of vector field methods, we shall attempt to provide further jus-
tification for our insistence on developing a microlocal approach. In order to do so, we
turn from the exterior region €2 to the forward causal cone. (There, we can define edge-b-

. . . . o 1 o t—r
Sobolev spaces in an analogous manner, now using weights in p, = ;= and x, 1= /=~

and testing regularity using p40,,, £s0,,, and x+),.) Suppose that we are given a metric
on g on R'™ which is (approximately) equal to gg in a neighborhood 7/t € (1 —¢,1 + ¢),
r > 1, of #*. Crucially note then that one cannot solve the wave equation Ogu = f locally
near . (or even just in regions such as t —r > 1, r/t € (1 — ¢, 1]), since the behavior of
u in such a region is global in character: it depends on the spacetime geometry (or more
generally on the coefficients of the wave type operator under consideration), and on the
forcing f, in a full neighborhood of future timelike infinity /™—which includes regions far
from .#T. A concrete example to keep in mind is the case that g is a Schwarzschild or
Kerr metric, or a perturbation thereof. Thus, if even just one part of the analysis of [,
near future timelike infinity (i.e. in a region where 7/t < 1 — € and ¢ > 1) uses microlocal
tools, it is desirable to have a microlocal perspective in a full neighborhood of I, including
near (a future affine complete part of) .# . More specifically, microlocal regularity results
near critical or invariant sets of the null-geodesic flow (lifted to the cotangent bundle), such
as radial points or normally hyperbolic trapping, take the form: if reqularity is known on
the stable manifold of the critical/invariant set, then it holds at the set itself and thus also
on its unstable manifold. (In the noncompact setting of interest here, ‘regularity’ entails
uniform (L2-)integrability of u and its derivatives.) A microlocal perspective near .#7 is
exactly what allows for a clean separation of those null-geodesics, lifted to phase space,

3This is the general terminology for regularity under repeated application of smooth vector fields, on
a manifold with corners, which are tangent to all boundary hypersurfaces. The relevant manifold in the
present setting is depicted in Figure 1.2 below.



MICROLOCAL ANALYSIS NEAR NULL INFINITY 5

which are incoming (i.e. which are on their way to a region far away from .#* where they
may encounter, say, a black hole and normally hyperbolic trapping), and those which are
outgoing (i.e. which tend towards .#).

With this in mind, we briefly describe the microlocal propagation of edge-b-regularity
through .#% in §1.2. In order to illustrate the way in which the microlocal analysis near .#
fits into global analysis in the forward cone, we prove an extension of Theorem 1.1 which
proves the membership of waves in weighted edge-b-spaces also near I™ under suitable
assumptions on the global geometry away from .#* (which are satisfied by the Minkowski
metric); see Theorem 9.2. The assumptions on the spacetime away from . are inspired
by work of the second author with Baskin and Wunsch [BVW15], the relationship to which
we discuss in detail in §1.1. In this introduction, we content ourselves with the Minkowski
setting of Theorem 9.2 (see also Example 9.1), and with extra b-regularity:

Theorem 1.2 (Global edge-b-regularity of waves). Let Q = {t > 0}. Suppose a; +
1 <ay <min(—3,a0+3), and let s € N. Let f € H;;l’(a°+2’2a"’+2’a++2)(Q). Then
the forward solution u of the wave equation Ug,u = f on Minkowski space satisfies u €
H;’éao’m‘]’a*)((l). If f enjoys additional k orders of b-regularity,* then u enjoys additional

k degrees of b-reqularity as well.

The best pointwise decay that follows directly from this result via Sobolev embedding
is the bound |u| < <15)7an1+€ for all € > 0 (provided f has appropriate decay itself); see
Remark 9.4.

A more elaborate setting in which the results of the present paper play a crucial role
is described in [Hin23b]: the spacetimes considered there have asymptotically stationary
regions, in which case the analysis far from .#* requires yet different microlocal tools which
are developed in [Hin23c, Hin23b].

1.1. Prior work on microlocal analysis near null infinity. The radial compactifica-
tion of R™*! is the smooth manifold

Rn+l = (]R”‘H LI ([0, 00) x S”))/ ~, R"™\ {0} 3 2= Rw ~ (R, @) € (0,00) x S",
(1.3)
with boundary ‘at infinity’ given by OR"+1 = {5 = 0} = S", 5 = R~!. (Here, R? = |z|?
is defined using any fixed positive definite quadratic form on R®*!, such as the Euclidean
one.) All future null-geodesics on Minkowski space (R"*1, gg) limit to the same codimension
1 submanifold Y € OR™*+1; in local coordinates
ot
ot
on R"*1 near t/r € (0,00), t > 0, this submanifold is given by {o = v = 0}. See Figure 1.1.
In [Vas13, §5] and [BVW15], the analysis of the wave operator (g, on Minkowski space

(R"1 go) focuses on its homogeneity of degree —2 under spacetime dilations (¢,x) ~
,Az), A > 0. More specifically, the rescaling o is invariant under dilations in ¢ in
At, Az), A > 0. M ifically, th ling %0y, is i iant under dilati in g i

o=@t+r"Y v wes

AThat is, V1 -V, f € H:’;1'<a0+2’2ay+2’a++2>(Q) for all j =0,...,k, where the V; are b-vector fields on

M:inr>1land0<¢t< 2r, a basis of these is given by (¢t —7)(9¢ — 9r), (0t + Or), Qa; and in r = |z| < %7
one can take (¢)9; and (t)0.
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FIGURE 1.1. The radial compactification of R"*!, and the light cone at
infinity ¥ = S”~!, in the case n = 1.

the collar neighborhood [0,1); x S™ of OR™*1. In fact, it is a hyperbolic totally character-
istic operator, or b-differential operator in the terminology of [Mel93], which in the local
coordinates g, v,w from before means that it is constructed from the b-vector fields pd,, O,
0w (spherical vector fields)—or more invariantly (and globally) smooth vector fields tangent
to the boundary of R**1-—and smooth functions on R**+1. (See Example 3.9 for the explicit
expression.) One can more generally consider metrics g on R™*! (and the corresponding
rescaled wave operators §2Dg) which have an asymptotic homogeneity under dilations and
an appropriate structure near Y; these are called Lorentzian scattering metrics in [BVW15].

Working with the Minkowski case for definiteness, the operator §2Dg0 is analyzed in
[BVW15] (see also [Vasl3, §5] and [Vasl4]) using microlocal techniques in the b-cotangent
bundle, which is an extension of T*R**! to a bundle PT*R7»+! — R7+1 with smooth frame
given by the 1-forms dual to the aforementioned b-vector fields. In the characteristic set of
§2Dgo> the Hamiltonian vector field of the principal symbol (i.e. the generator of the lifted
null-geodesic flow) has a sink over Y, corresponding to the outgoing null-geodesics which
tend to Y. Null-bicharacteristics over OJR"*+! may instead also cross Y first® and only at
a later time tend to Y. Importantly, one can track microlocal b-regularity® in the b-phase
space over a full neighborhood of Y, as demonstrated in [BVW15, §4]; the amount of b-
regularity at Y is necessarily limited (the issue being limited regularity upon differentiation
along the weighted incoming vector field 9, ~ r(9; — 9;)). One can furthermore obtain
additional (integer amounts of) module regularity at Y (using techniques going back to
[HMVO08]).” In [VW18, HV15], such a regularity theory on Rl was used to describe
asymptotic data for Feynman propagators and to solve semilinear wave equations.

Equipped with this b- and module regularity, the second author with Baskin and Wunsch
[BVW15] (see [BVW18] for a more general class of metrics) obtains a full asymptotic
expansion (i.e. the polyhomogeneity) of solutions u of the wave equation on a resolution of

R+ defined by blowing up Y [Mel96]. Recall that passage to the blow-up
M = [Rn+1; Y]

5That is, they are incoming null-geodesics lifted to phase space, or more precisely limits of families of
such geodesics. A concrete example, projected to the base R*t1, is the limit of (0,1) 3 s — (¢, 7,w) =
(Ts, T —Ts,wo) as T / oco.

6This is b-regularity on R1*", and thus differs from b-regularity on the manifold M in Figure 1.2 near
null infinity. In the coordinates g, v,w from above, b-regularity on R1*+" tests for regularity using 00,, 0.,
d,,, whereas b-regularity on M uses 00,, 00y, VOy, Oy; note that the v-derivatives here come with a prefactor
that vanishes at null infinity.

"This module regularity is in fact equivalent to the b-regularity on M mentioned earlier.
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of R**+1 at Y amounts to the introduction of polar coordinates around Y'; see Figure 1.2 for

an illustration. Local coordinates near the interior of the front face® .#+ are o= (t+r)7L,

% =t—r,and w € S !; at p = 0, this is the usual parameterization of null infinity. The

asymptotic expansion of u in particular captures its radiation field, which is (a derivative
of) the restriction to J+ of the rescaling r"2 u. Coordinates near the past boundary
F TN 1° of null infinity are

1 r—t
>0 = : 1.4
r—t— ) Pﬂ r } w; ( )

Po =

thus, level sets of pg are outgoing null cones, whereas level sets py = ¢ € (0, 1) are spacelike
hypersurfaces with boundary at infinity contained in I°. See [HV20, §1.1.1] for an extensive
discussion.

I+

FIGURE 1.2. The blow-up M of R at Y, and labels for the boundary hypersurfaces.

Now, spacetime metrics g arising from the solution of quasilinear wave equations on
Minkowski space—a key example being the solutions of the Einstein vacuum equations
Ric(g) = 0 with initial data close to those of Minkowski space [CK93, LR10, HV20]—
typically are approximately dilation-invariant on spacetime except near null infinity; there,
the quasilinear waves or perturbed metrics g are instead regular only when described on the
resolution M since the radiation field couples back into the metric. Put differently, rescaled
wave operators g°[], associated with such (R"™!, g) (arising e.g. via linearization of the
quasilinear equation) have highly singular coefficients if one regards them as b-differential

operators on R"*+1. Such operators are not b-microlocal at Y, and indeed they typically
create many extra singularities at Y (in the sense of b-wave front sets), rendering a precise
microlocal regularity theory very delicate, if not impossible.? The point of the present paper
is thus to describe a point of view which, unlike the b-setting on R*+!, is microlocal near
null infinity.

Remark 1.3 (Geometric singular analysis on M). The analysis of the Einstein equations
by Wang [Wanl0] and the authors [HV20, Hin23a], while inspired by the perspective of
geometric singular analysis (in particular [Mel93, Maz91]) and taking place on M, is not
microlocal at .#+, but rather fully relies on energy estimates and adaptations of the vector
field method.

8We use tildes here for consistency with the notation used in 1.2 and in the main part of the paper.
9This is analogous to how, for example, the solution of a wave equation on R**", even if it is initially
smooth, typically develops singularities at places where the coefficients of the wave operator are singular.
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1.2. The edge-b-perspective near null infinity. The geometric setup for Theorem 1.1
involves the smooth manifold M with corners which is obtained from M = [R"+1; Y] via

performing a square root blow-up of its front face #*; that is, M = M as sets, but a
defining function of .# + = 7t is now given by the square root of a defining function of

#+ c M. In the local coordinates (1.4) on M, this amounts to regarding py = % >0,

t iy
Ty = \/pr = ‘/T >0, w € S*! as smooth local coordinates on M; cf. (1.1).

Following Melrose [Mel93] and Mazzeo [Maz91], we then write V, ;,(M) for the Lie algebra
of smooth vector fields on M which are tangent to all boundary hypersurfaces, and which
at # 7T are in addition tangent to the fibers of the (blow-down) map .#* — Y given in local
coordinates by (po,w) — w. This Lie algebra is spanned, over C>°(M ), by the vector fields
n (1.2). The corresponding classes of (pseudo)differential operators and Sobolev spaces are
discussed in §2.

An explicit calculation shows that the wave operator on Minkowski space satisfies
205 20,20, = (2705, — (n—1)) (2505, — 2p00p,) + 2$E¢Aggn_1v (1.5)

where Ay, is the non-negative Laplacian on the standard (n — 1)-sphere, and where we
write ‘=’ for equality modulo the space z; jDiﬁ‘gyb(M ) of linear combinations of up to twofold
products of the vector fields (1.2), with coefficients vanishing at , = 0. Intimately related
to this is the fact that the rescaled Minkowski metric p%a:%gg is a Lorentzian edge-b-metric,

i.e. a nondegenerate Lorentzian signature quadratic form in the 1-forms dpp 9 d;j ) g“; dual

to the vector fields (1.2). (See (3.7b) for the computation of the dual metric.)

A systematic microlocal analysis of the operator (1.5) is performed in §4. The null-
bicharacteristic flow of its (edge-b-)principal symbol—which is the same as the lifted null-
geodesic flow for the metric ,ogx;go—has a rather intricate structure involving three radial
sets having different source/sink/saddle point structures. (There is a fourth radial set over
the future boundary #+NI".) See Figure 1.3. Crucially, the linearization of the Hamilton-
ian vector field at each of these radial sets is nondegenerate in the normal directions, which
allows for a proof of microlocal radial point propagation estimates through (or into) them
by means of standard positive commutator methods, see [Mel94, §9], [Vas13, §2], [DZ19,
Appendix E.4]. Combined with a simple energy estimate on edge-b-spaces, which appeared
already in [HV20, §4.1] (albeit in less generality, and without identifying the underlying
singular geometric structure), we can then prove Theorem 1.1 and its generalizations in §6.

The class of operators (or metrics) to which our analysis applies is the natural gener-
alization of py 2:10}2Dgo within the class of edge-b-operators, in that one can allow for the
operators (or metrics) to have additional lower order terms (in the sense of decay at x» = 0).
We more generally consider operators acting on sections of vector bundles, as long as their
principal part is that of a scalar wave operator still. Furthermore, one can allow for the
presence of subprincipal terms at s = 0; a particularly important example for applications
to nonlinear stability problems (see for example [Hin23a, Proposition 3.29 and §3.6]) is the
replacement of n — 1 in (1.5) to another constant (or bundle endomorphism), this constant
(or the eigenvalues) governing the decay rate(s) towards &+ = {z, = 0}. (Note that the
constant n — 1 is exactly the exponent in the 27,1 ~ rtT (for |t —r| < 1) decay rate
towards null infinity of waves on Minkowski space.) Our general setup encompasses a large
class of asymptotically Minkowskian spacetimes, allowing in particular for the presence of
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FIGURE 1.3. Structure of the null-bicharacteristic flow near null infinity in
2 + 1 spacetime dimensions. The cross sections of the cylinder are cross
sections of the future light cones inside of each fiber of the eb-phase space
over .# . The thick black sets are the radial sets (the two antipodal points
over .# N 1° forming a connected radial set in higher dimensions). See §4.1
and Figure 4.1 for details.

long range mass terms (as present in Schwarzschild or Kerr metrics) and radiation field
type decay for certain metric coefficients in 3 + 1 dimensions compatible with nonlinear
stability problems; see also Example 3.4.

Remark 1.4 (Parabolic scaling). Via the Friedlander coordinate change [Fri80], or via the
conformal embedding of Minkowski space into the Einstein cylinder (Rg x S", —ds? + gsn),
the Minkowski metric can be conformally rescaled to a metric on M which is smooth
and nondegenerate down to (.#1)°, with (.#T)° becoming a null hypersurface. The edge
perspective at null infinity of Minkowski space is then directly related to the following
general setup: consider a null hypersurface Z in an (n+1)-dimensional Lorentzian manifold.
Near a point p € Z, one can then find local coordinates w, v,y so that u,v are null, the
hypersurface 7 is given by u = 0, and at p the spacetime metric is g, = du dv+dy?. Thus, 9Ip
is homogeneous of degree 2 under the Z-preserving parabolic scaling (u, v, y) — (A\2u, v, \y).
The rescaling u_lgp = %“ dv 4 u~1dy? is scaling-invariant, and passing to = := \/u in u > 0
gives the metric x_2gp = Q%dv + %2 which is invariant under the homogeneous scaling
(z,v,9) = (Az,v,Ay). Thus, in u > 0, the rescaling z72g, is an edge metric (i.e. a non-
degenerate Lorentzian signature expression in %z, dw, %) on the manifold [0, 1), xR, xRZ‘l,
with the boundary Z = z71(0) fibered via (v,y) + y.

Remark 1.5 (Conormal coefficients at null infinity). The conformal perspective on Minkow-
ski space mentioned in the Remark 1.4 largely breaks down when applied to perturbations
of Minkowski space in the context of the stability problem in 3 + 1 dimensions. (See
[Chr02, Dafl12] and [HV20, Remark 8.12] and the references therein; but see also [Fri86]
for a more restrictive setting in which a conformal approach does succeed.) However, the
conformally rescaled metric typically does have some conormal regularity down to It Tt
is thus conceivable that one can adapt the methods used in [dHUV15] (see also [GW18]) for
the diffraction of singularities by mildly singular timelike boundaries to the lightlike case.
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Remark 1.6 (Klein-Gordon equation). The structure near null infinity of the Klein-Gordon
operator Oy, + m?, with m € R\ {0}, is altogether different; for example, unlike in (1.5)
one cannot factor out py 23;;,2 from Oy, 4+ m?. Sussman [Sus23] thus develops a different
microlocal framework for studying regularity and decay of solutions of the Klein—Gordon
equation near null infinity (and also globally) on Minkowski space, and generalizations
thereof; this framework is based on the Lie algebra of ‘double edge, scattering’ vector fields,
which have an additional order of vanishing at I9, .#*, and IT compared to the edge-b-
vector fields used in the present paper.

The edge-b-microlocal analysis of [y, and its generalizations is supplemented in §5 with
propagation estimates on edge-b-spaces which carry an additional integer amount of b-
regularity on M (or equivalently on M). This extra b-regularity is captured via testing
with vector fields, much as in the aforementioned Klainerman vector field method.

Remark 1.7 (b-perspective). No matter how one changes the smooth structure of M, the
operator [, is not a nondegenerate (weighted) b-differential operator. (For example,
the spherical Laplacian term in (1.5) is of lower order in the sense of decay at s = 0
than the first term.) This means that a b-microlocal analysis of the operator [y, and its
perturbations, if possible at all, is delicate due to the degenerate nature of the operator as
a b-differential operator.

Besides the microlocal edge-b-regularity theory and the solvability theory away from
future timelike infinity /T, we also show the invertibility of the edge normal operator of
Oy, at #*, which is an invariant (cf. Remark 1.4) model at each fiber of #; see §7.
The inversion of normal operators is the main ingredient in the development of Fredholm
theory for elliptic operators [MM87, Mel93, Maz91, MM99] and also for nonelliptic operators
[HV15, §2], [GRHV16].

Edge-b-operators such as (a weighted version of) [y, have a dilation-invariant normal
operator also at the boundary hypersurface It C M. In §8, we prove microlocal estimates
for this normal operator which only use the structure of the underlying wave type operator
near .# . We indicate how these edge normal operator inverses and normal operator
estimates, together with our microlocal regularity theory, can be put to use in the global
analysis of a wave equation on a class of asymptotically Minkowski spaces in (the proof of)
Theorem 9.2. (A significantly more elaborate setting is discussed in [Hin23b].)

1.3. Outline of the paper. Edge-b-vector fields, (pseudo)differential operators, Sobolev
spaces, and related concepts are introduced in §2. In §3, we describe the Minkowski metric
and its generalizations, called admissible metrics in this paper, from the edge-b-perspective,
and also introduce the class of wave type operators that our methods can handle. In §4
then, the microlocal heart of the paper, we analyze the admissible operators of §3 from an
edge-b-microlocal point of view. Estimates on spaces capturing higher order b-regularity
are proved in §5. The solvability of wave equations away from the future boundary of .# ™
(with Theorem 1.1 being a special case) is proved using energy estimates and microlocal
propagation results in §6.

Estimates for the normal operators associated with the edge-b-nature of admissible wave
operators are proved in §§7-8. An application to the global existence, regularity, and decay
of waves on a class of asymptotically Minkowskian spacetimes is given in §9.
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2. EDGE-B-GEOMETRY AND ANALYSIS

We begin by recalling, in §2.1, the Lie algebra of edge-b-vector fields on a manifold
with corners and a fibered boundary hypersurface. The corresponding spaces of differential
operators are defined in §2.1 as well, and their normal operators are described in §2.2. The
algebra of edge-b-pseudodifferential operators is recalled in §2.3. We will use these operator
algebras for the (microlocal) analysis near null infinity. Sobolev spaces are discussed in §2.4,
and various notions required for the study of certain normal operators of edge-b-operators
are defined in §§2.5-2.6. The material in this section is largely based on [Mel93, Maz91,
MVW13].

2.1. Vector fields, differential operators, bundles. Let M denote an n-dimensional
manifold with corners. Denote by H1,..., Hy C OM, N € N, the collection of its boundary
hypersurfaces which we require to be embedded submanifolds of M. Recall then:

Definition 2.1 (Lie algebras of vector fields). Denote by V(M) = C*°(M;TM) the Lie
algebra of smooth vector fields on M.

(1) The space V,,(M) C V(M) of b-vector fields [Mel81, Mel93] consists of all V' € V(M)
which are tangent to OM, i.e. to H; for each j =1,..., N.

(2) If N = 1, then the space Vo(M) C V(M) of 0-vector fields [MMS87] is defined as
Vo(M) = {pV:V € V(M)}, where p € C*°(M) is a boundary defining function
(that is, p > 0 vanishes only at M and has nonvanishing differential there).

(3) If N = 1, then we define the space V(M) C V(M) of scattering vector fields
[Mel94] as V(M) = {pV: V € Vu, (M)}, where p is a boundary defining function.

(4) If N =1 and OM = H; is the total space of a smooth fibration Z — 0M — Y,
then the space V(M) C V(M) of edge vector fields [Maz91] consists of all b-vector
fields which at M are tangent to the fibers of OM.

(5) If N > 2 and some (but not all) H; are total spaces of fibrations, the space
Veb(M) C Vp(M) of edge-b-vector fields consists of all b-vector fields which at
each fibered boundary hypersurface are tangent to the fibers; see also [MVW13,
AGR17, Hin23c].

In local coordinates x € [0,00)* and y € R"* near a point inside a codimension k
corner, with OM locally given by = 0, b-vector fields are linear combinations with smooth
coefficients of

20, (i=1,...,k), Oy (j=1,....,n—k). (2.1)

When N =1 and k = 1, this frame becomes x0,, O,

,i; the space of scattering vector fields
is then spanned by

220y, 20, (j=1,...,n—1). (2.2)
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Correspondingly, there are smooth vector bundles
TM — M, STM — M,

and bundle maps PTM — TM, T M — T M, which over the interior M° are isomorphisms,
so that Vi, (M) = C®°(M;PTM) and Vs.(M) = C®(M ;5T M); a smooth basis of the fibers
of PT'M and ST M is given, in the respective settings, by (2.1) and (2.2). The dual bundles
are denoted PT*M and S°T*M, and the corresponding density bundles by "QM and ¢QM.

As an important special case, consider the radial compactification R? of R", defined
in (1.3). Denoting by z!,...,2" standard coordinates on R™, then in the closure of the
region where, say, x! is relatively large, meaning z! > c|z?| for j = 2,...,n and some
¢ > 0, we can use p = m%, Yl = % as smooth local coordinates on R”; since 0,1 = —p28p —
pZ?:2 Y’ Oyis Oyi = pOy; one finds that translation invariant vector fields on R™ are special
case of scattering vector fields on R”, and indeed Vs.(R") is spanned over C*°(R™) by such
translation-invariant vector fields. Similarly then, the coordinate differentials dz!,. .., dz"™
extend by continuity from R™ to give a basis of **T*R", and a basis of S°QR" is given by
the Euclidean volume density |dz!...dz"|.

For the sake of notational simplicity, we discuss the edge-b-setting only in the special
case of interest in this paper. Thus, we assume that Ho C M is the total space of a fibration
Z —Hj 2 Y, where Z = [—1,1] is a closed interval, and Y is a compact (n —2)-dimensional
manifold without boundary. Moreover, we assume that H; N Hy = () except for j = 1, 3, and
Hj for j # 2 is not fibered.!? See Figure 2.1. A local coordinate description is as follows:

(1) near the interior HS of Hy, we can choose local coordinates = € [0,00), y € R"™2
z € R on M, with y, z local coordinates on Y, Z, so that H is locally given by
271(0) and the fibration of Hj takes the form (y,z) + y. Edge-b-vector fields on
M are then smooth linear combinations of

20z, 20y (j=1,...,n—2), 0:; (2.3a)

(2) near H; N Hy (and analogously near Hs N Ha), we can choose local coordinates
z,z € [0,00) and y € R"? with the same properties as above, and so that in
addition H; is locally given by z = 0. Since b-vector fields are spanned by x0;, 9,;,
20, the space of edge-b-vector fields is now spanned by

20y, 20y (j=1,...,n—2),  z0.. (2.3b)

Again, we conclude that V. 1,(M) is equal to the space of sections of a smooth vector bundle
ePTM — M, with local frames near Hy given by (2.3a)-(2.3b). The edge-b-cotangent bundle
ebT* M will play a key role in the present paper as the phase space for the microlocal analysis
of edge-b-differential operators.

The spaces of vector fields in Definition 2.1 are Lie algebras; for
e=Db, 0, sc, e eb.
The space of locally finite linear combinations of up to m-fold compositions of elements of

Ve(M) is denoted Diffg"(M); we put Diffe(M) = P, o, Diffe"(M). Given a weight a € R,

10Equivalently, Hj, j # 2, is equipped with the trivial fibration whose base is a singleton set. But we
prefer to speak of b-behavior at Hj, j # 2, rather than of an extreme type of edge behavior.
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FI1GURE 2.1. A neighborhood of HyNH, inside M, and the local coordinates
x,y,z used in (2.3b). The fibration ¢ of Hy and the base Y are indicated in
red, and the fibers of Hs in blue.

or in the case that M has N > 2 boundary hypersurfaces a vector a = (ar,...,ay) € RY
of weights, we put

Diff )»*(M) := {p~“P: P € DiffJ*(M)},
where p is a boundary defining function when N = 1, and a collection p = (p1,...,pN)
where p; is a defining function of H; when N > 2; in the latter case, we use the notation
p~¥ = vazl pj_aj. Since for any b-vector field V' € V(M) one has p*V(p™®) € C>(M)
(cf. (2.1)), it follows that one compose elements of &, , Diff(»*(M), and the orders of a
composition are the sums of the orders of the individual factors.

More generally, given a weight (vector) a, we can consider the space of L®-conormal

functions on M,
AY(M) :=={u € p*L>(M°): Pu € p*L>*°(M°) ¥V P € Diff,(M)}.
One can then define the space
ATDift ) (M)

of e-differential operators with coefficients in A~%(M) to consist of locally finite linear
combinations of operators of the form wP where w € A™*(M) and P € Diff4(M). Since
p~* € ATY(M), we have A™*DiffJ"(M) D Diff;»*(M). The space B, ,, A~ *Diff{" (M) is
an algebra, and the orders are additive under composition.

We shall encounter further variants of the spaces A“(M): at some hypersurfaces H;,,
..., Hj, , we may require classical conormality, i.e. smoothness upon multiplication by p; **.

Ordering indices so that ¢; = j, 7 = 1,...,k, we thus introduce the notation
N
A((al70)7(04270)7"'7(ak70)7ak+17"'7aN)(M) = (H p;«J>A((O7O)77(070)70770)(M)
j=1

for spaces of mixed conormal and classical conormal functions; here A(0:0):--(0.0).0,..0) (A1)
AY(M) consists of all u € A°(M) so that V; --- Vyu € L®(M) for all J € N and V; € V(M)
which are tangent to Hy41,..., Hx (but not necessarily to Hi, ..., Hi). Thus, elements of
A(00),-5(0.0),0,..0) (Af) are smooth down to Hj for j =1,...,k, and bounded conormal at
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Hj for j = k+1,...,N. One can then also consider spaces of differential operators with
coefficients in these mixed conormal spaces.

Finally, if E, F' — M are two smooth vector bundles, one can consider the space
Diftg"(M; E, F') = Diff (M) @coo (ary C*°(M; Hom(E, F))

of differential operators mapping sections of E into sections of F; in local trivializations of
E and F, these are simply (rank F') x (rank E') matrices of elements of Diffy"(M). Versions
of these spaces with weights or conormal coefficients are defined similarly.

2.2. Symbols and normal operators of edge-b-differential operators. Let M denote
a compact n-dimensional manifold with corners, with embedded hypersurfaces Hy, ..., Hy,
N > 3, and with Hs the total space of a fibration Z — Hy — Y where Z = [-1,1],
and Y is compact without boundary, and with H; N Hy = 0 unless j = 1,3. This is
the setting discussed around (2.3a)—(2.3b) and illustrated in Figure 2.1. Let us denote
defining functions of H; by p; € C>°(M). Note that the boundary hypersurfaces of the
edge-b-cotangent bundle *PT*M are ©PT I*{]_M , and the fibration ¢: Ho — Y induces a

fibration e’bT;}QM — Y (with fibers given by the restriction of ®*T*M to the fibers of ¢)
via composition with the projection map ebT}}gM — Ho; thus, there is a natural notion of
edge-b-vector fields on ©PT*M.

Let us work in the local coordinates (2.3b), so z,z are defining functions of Hs, Hi,
respectively, and y denotes local coordinates on Y. A local frame of ©PT*M is thus

d dy’ d
Y G=1,... -2, <.
X xr z

Writing the canonical 1-form on T*M° in the form
de << dyf dz
— E —— — 2.4
§ . + i +¢ (2.4)

defines smooth fiber-linear coordinates on T*M° which extend by continuity to fiber-linear
coordinates on “PT*M over the local coordinate patch. Edge-b-vector fields on ®PT*M are
linear combinations, with C*°(*PT*M) coefficients, of the vector fields (2.3b) and ¢, 9y, , Ic.
We first elucidate the symplectic structure of T*M° from the edge-b-perspective:

Lemma 2.2 (Hamiltonian vector field on ®PT*M). Let p € C>°(®PT*M). Then the Hamil-
tonian vector field H, satisfies H, € Vevb(e’bT*M). The map p — H, is a first order
edge-b-differential operator,

H_y € Diff}, (*"T*M;C,**T(**T*M)), (2.5)
where C denotes the trivial bundle M x C. In the local coordinates (2.4), we have
n—2 n—2
H, = (d¢p) (x(‘)x + Z nj&,j> + Z(&,jp)mayj + (O¢p)20.
j=1 j=1

(2.6)

n—2

(0. + nim%)ﬁ) O = D> _(@0y3p)Dy; = (20:p)0.
j=1

J=1
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Proof. Taking the exterior derivative of (2.4), the symplectic form w on T*M° is
n—2 n; dyj
= (d Ej7>/\—gd/\—d/\—
w ( §+j:1 - + n; +d¢

The definition w(—, Hp) = dp = (20,p) % + Z(:L'ayjp)d% + (20.p) % + (9¢p)d€ + (0yp)dn +
(O¢cp)d¢ of H, then gives the expression (2.6). This expression also implies (2.5); more
invariantly, (2.5) follows from the facts that w € C>°(¢PT*M; A% PT*(¢PT*M)) is a nonde-
generate edge-b-2-form and the exterior derivative d satisfies d € Difféb(M :C,*PT*M). O

We pause to describe H, for homogeneous p; for this purpose, we denote by ®PT*M
the fiber-radial compactification of ®*T*M. (Since the GL(n)-action on R” extends to an
action on R” by diffeomorphisms, ePT*M carries the structure of a smooth closed ball
bundle over M.) The only one of its boundary hypersurfaces which we regard as the total

space of a fibration is evbT}}QM; the boundary ©PS*M at fiber infinity is not fibered, i.e.

edge-b-vector fields on ©PT*M are merely required to be tangent to ®PS* M

Corollary 2.3 (Rescaled Hamiltonian vector field). Let ps, € C®°(SPT*M) be a defining
function of P S* M, and suppose p € C=(“PT*M\0) is homogeneous of degree s with respect

to (positive) dilations in the fibers. Then pScH, € Ve, (¢PT*M \ 0).

Proof. The conclusion is independent of the choice of p,. We shall work in local coordinates
in which (2.6) is valid, and in a region where ¢ is relatively large, i.e. £ > ¢(|n| + |(|) for
some ¢ > 0. (Regions where some n; or ¢ are relatively large are analyzed similarly.) There,
we shall take c

1o h -5
Poo =& 5 1] ¢ ¢ ¢

Writing p = p5’po where pg is a smooth function of (z,y, 2,7, é ), we then compute
5o Hy = = (((PooOpas — ) + 105 + C0z)p0) (20s + 107) + (Fzpo) - £y + (9zp0)20-

+ (€02 +103)P0) (PooOpac + 105 + C0g) — (x0ypo) - Oy — (20:p0) ;.

Since Ve, (¢PT*M) is locally spanned by the vector fields £0,, 0y, 20-, pscOp.., 05, and 6@’
this proves the Corollary. O

Let now P € Diff{},(M). In the above local coordinates, we have
P= > ajra(e,y,2)(@De) (2Dy)*(2D2)*,  ajka € C(M). (2.7)
JH+k+|a|l<m
It has a well-defined (independent of the choice of local coordinates x, y, z) principal symbol
ebom(p) = Z ajka(x,y,z)fjnagk e pml (¢PT* M),
Jtk+|al=m

where PI™(¢PT*M) denotes the space of smooth functions on “PT*M which are homoge-
neous polynomials of degree m in the fibers. We have a short exact sequence

e,b

0 — Diff" (M) < Diff? (M) — Plml(©bT*0r) — 0. (2.8)
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Given A4; € Diﬁ?g (M) with principal symbols a; = &b gm; (Aj), we have the usual properties
e,mel—&—mg (AIAQ) = aijaz, e’b0m1+m2_1(i[141, AQ]) = Ha1 as.

Note that, in general, the symbol of a commutator is nonzero at dM. Thus, just like
the b- and edge-algebras, the algebra of edge-b-differential operators is commutative to
leading order only in the differential order sense, but not in the sense of decay at any of
the boundary hypersurfaces of 9M. We thus proceed to recall the definitions of the normal
operators of P € Diffgfb(M ). We shall only discuss the normal operators at Hy and Hy;
the normal operator at Hs is defined exactly as the one at Hj.

The normal operator at Hi is defined by freezing coefficients at Hi; in terms of the local
coordinates used in (2.7), this means setting

Ni(P)i= 3 ajpale.y,0)(@D,) (2D,)* (2D ). (2.9)
J+k+|al<m

This can be defined invariantly as an element Ng, (P) € Diff]’;(* NHy), where *NH; is
the (nonstrictly) inward pointing normal bundle of Hj, and the subscript ‘I’ restricts to
operators which are invariant under the dilation action in the fibers of TN H;. Indeed,
N, (P) can be defined for general b-differential operators P € Diffy' (M) as the multiplica-
tive extension of the map Vi,(M) — V,(M)/2WVo(M) = C®(Hy; Ty, M) =V, [(TNH))
[Mel93, §4.15]. In order to sharpen the description of Ny, (P) for edge-b-differential oper-
ators, note that the restriction of the fibration Hy — Y to Hy N Hs is a diffeomorphism

Hy N Hy — Y, and hence the fibers of H; N Hy are points. Correspondingly, the bound-
ary hypersurface ¥ Ny, ~m, H1 of TN Hj is the total space of a fibration given by the base
projection T Ng,ng, H1 — H1 N Hy 2Y. We can thus consider the spaces

Ve,b,I(JrNHl)a Diﬂ‘g?b,[(+NH1)

of dilation-invariant edge-b-vector fields and edge-b-operators. The local coordinate ex-
pression (2.9) shows directly:

Definition 2.4 (b-normal operator at Hy). The map N, : Diffo,(M) — Diffey, ;(TNHy)
is an algebra homomorphism and for each m € Ny fits into the short exact sequence

N
0 — p1 DiffT (M) — Diff?} (M) — DiftTy ,(*NH;) — 0, (2.10)
where we recall that p; € C*°(M) is a defining function of Hj.

Upon fixing a trivialization
tNH;, = Hy x [0,00),, (2.11)

we can consider the action of Ny, (P) on functions of the form pilcu, u e C>®(Hy),
Nity(P.Cu = (o1 Ny (P (oifw) )|
1
In the local coordinates (2.9), and with p; = z, we have

Ney(PO) = Y ajral@,y,00¢"(@D,) (xD,)* € Diffg’ (Hy),
JH+k+|al<m

=0

which is thus a 0-differential operator [MMS87] (i.e. an edge differential operator with respect
to the fibration of the boundary given by the identity map 0H; — 0H1).
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Definition 2.5 (Mellin-transformed normal operator family). Fix a trivialization (2.11).

For P € Diff{},(M), the family N;(P, (), ¢ € C, of O-differential operators on H; is the
Mellin-transformed normal operator family of P at Hi.

We now turn to the edge normal operator at Ho, which is a family of operators on the
fiber Z, parameterized by the base Y of the fibration ¢: Ho — Y. It is defined by freezing
coefficients at a fiber ¢~1(yg), yo € Y; here, we are following [Maz91, Equation (2.17)]. In
local coordinates as in (2.7), this means setting

Nipyo(P) = > ajra(0,50,2)(xDy) (xDy)* (2D2). (2.12)
jtk+|al<m

Here (x,y) is now allowed to range over all of [0,00) x R"™2; note that *Np,,,(P) is
invariant under dilations in (x,y) and translations in y. To define °*Np, ,,(P) invariantly,
consider the (nonstrictly) inward pointing normal bundle

NG (yo) = TTy-1(40)M/Td ™" (y0).

Note that T N¢~1(yg) is equipped with a natural R -action given by dilations in the fibers;
and moreover the image of Ty-1(,0\Ha C TTy-1(,)M in the quotient *N¢~!(yo) acts by
translations. Lastly, we can lift ¢: Ho — Y to a fibration THy — TY and restrict to the
tangent bundle over ¢~ (yo), giving a fibration Ty—1(,)Ha — Ty, Y; since T¢~! (o) lies in
the kernel of this fibration, this descends to a fibration "N¢~1(yo) — T, Y.

Given this edge-b-structure on T N¢~!(yg), there is a natural bundle isomorphism
“PT,M 2 YT, 0/(PNG ™ (o)), (2.13)
where (p,0) denotes the unique point in the zero section of T N,¢~1(y); in local coordinates
in which Ty1(,0\M = {(2,40, + 99y + 20.): (yo,2) € ¢~ (yo), & > 0} and TNo~!(yo) =

{(2,20: + 90y): (yo,2) € ¢~ L(yo), © > 0}, this isomorphism takes z0,, 29, 20, to i0;,
We may furthermore consider the space Vep, 1(TN¢1(yo)) of edge-b-vector fields on
TN¢~(yo) (with ‘b-behavior at the normal bundle *Nyy-1(,,)¢ " (yo) over the boundary

of the fiber, which in our setting has two connected components) which are invariant under
both the dilation and translation actions; we then have an isomorphism

C®(6 ™" (0); P Ty1(y)M) = Ve 1 (" No™ (y0)) (2.14)

given by applying (2.13) and passing to the unique invariant extension. The multiplicative
extension of this map gives invariant meaning to

: -1
eNH2,y0 (P) e Dlﬁg?b,l(+N¢ (v0)),
where the subscript ‘I’ restricts to dilation- and translation-invariant operators.

Definition 2.6 (Edge normal operator at Hs). For yg € Y, the map *Np, 4, : Diffe1,(M) —
Diffep, 1 (TN " 1(yo)) is an algebra homomorphism and for each m € Ny fits into the short
exact sequence

°N.
0 — Z-1(y) DiffT, (M) < Diff?y (M) —2*% Diff™, (TN¢ ™ (y0)) — 0, (2.15)
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where Zy-1(,,) C C*°(M) is the ideal of smooth functions vanishing along ¢ 1(yo). The
collection * Ny, = (*NH, 4, )yocy fits into the short exact sequence

¢N,
0 — poDiffT (M) — Diff?, (M) —2 Diff™ (TNg) — 0,

where *N¢ = | ] oy *Np(¢7"(y)) is the total space of a fibration TN¢ — TY, and the
space Diff(y, /(T N¢) consists of differential operators (with smooth coefficients) which are

tangent to each fiber *N¢~1(yo), yo € Y, and whose restriction to T N¢~1(y) is an element
of Diff, ;(*N¢~ (yo))."!

A less precise normal operator can be defined by first regarding P simply as a b-
differential operator, P € Diff{' (M), and then considering the b-normal operator

" Np,(P) € Diff]; (" NHy). (2.16)
In local coordinates as in (2.7), this means
PNu,(P) = > ajro(0,y,2)(zDy)’ (2D.)".
j+k<m

We remark that ® Ny, (P) is uniquely determined by ¢ Ny, (P). (The conjugation of Ny, (P)
by the Mellin transform in x is the indicial family in the terminology of [Maz91, Defini-
tion (2.18)].) It is often the case that the properties of the simpler model ® N, (P) determine
the asymptotic behavior of solutions of P near Hy; see [HV20, §1.1.1] or [Hin23a, §3.6].

The extension of the above definitions to operators acting on sections of vector bundles,
P € Diff(},(M; E, F), only requires notational changes: for P € Diff},(M; E, F), we have
ebg™(P) e PM(SPT* M n* Hom(E, F)),
N, (P) € Diff 7y, [(*NHy; 7 E| g, , 7 F|m,),
“NHyy, € Diﬁ:b,1(+N¢_1(yo); T Elg-1(y0)s ™ Flg=1(y0))5 Yo €Y,

where in each line 7w denotes the relevant base projection, and we have corresponding short
exact sequences mirroring (2.8), (2.10), (2.15).

2.3. Edge-b-pseudodifferential operators. We now restrict attention to the case of
compact M for simplicity. We denote by S%(¢PT*M) the space of symbols of order s € R.
In the local coordinates (2.4), this means that a € S*(PT*M) if and only if

0202050805 0alx, y, 2,£,1,O)| < Crakpsa(1+ €] + Il + ()~ @HHD— (2.17)

forall j,k,p,qg € Npand o, B € Ngfz. The condition (2.17) can be phrased invariantly using
the radial compactification PT*M: let po € C®(PT*M) denote a defining function of
©bS* M then a € S5(®PT*M) if and only if Pa € pZ5L>(*PT*M) for all P € Diff (PT*M)
which are linear combinations of up to m-fold compositions of vector fields on &PT*M which

are tangent to ®PS*M. We also need to consider weighted symbols. Recall the notation
p=(p1,...,pN), with p; a defining function of Hj; for a € RY, we then put

g5« (e,bT*M) — p—aSs (e’bT*M).

HThus, Diffgfb’lﬁNng) consists of collections of invariant edge-b-operators, indexed by yo € Y, which
depend smoothly on the parameter yo.
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More generally still, we can consider symbols with conormal regularity in the base; thus,
we define the space

Aags (e’bT*M)
to consist of all smooth functions a on T*M®° so that Pa € p~®p ’L>°(T*M?°) for all
P € Diff,(¢PT* M) (with b-behavior at all boundary hypersurfaces of ©PT* M, not just at
©PG*M). This contains the space of finite linear combinations of functions on T*M®° of

the form wa where w € A~%(M) (pulled back to ®PT*M along the base projection) and
a € S*(CPT*M).

Our main tool for the study of edge-b-differential operators will be the algebra

Vep(M) = | W2,(M)
seR

of edge-b-pseudodifferential operators, which we describe geometrically following [MVW13,
Appendix BJ, followed further below by a description in terms of quantization maps. Recall
that Hj is equipped with a fibration ¢: Hy — Y. By [MVW13, Lemma B.1], the fiber
diagonal (Hg)?5 := Hs X4 Hy is a p-submanifold of M 2. it is moreover transversal to, or

disjoint from, the remaining boundary diagonals H ]2 , 7 # 2. Collect the latter in the set
B:= {Hj2 j # 2}. The edge-b-double space is then the iterated blow-up

MeQ,b = [MQ; (Hg)i;[)’]. (2.18)

Let f3: Me%b — M? denote the blow-down map, let TL/R: M? — M denote the projection
onto the left/right factor, and denote by my, 1,/ = 7/r © B the stretched projection.
Denote by diag,;, C Me%b the edge-b-diagonal, defined as the lift of the diagonal in M?.
Then the space g, (M) is defined on the level of Schwartz kernels by

sp(M) = {r e IS(Me%b, diag, ,; (Te.r)*(*PQAM)): k=0 at OMZ,\ ()},

where I° denotes the space of conormal distributions [Hor71] (with smooth coefficients
down to ddiag,},), ‘= 0" denotes equality in Taylor series (i.e. infinite order of vanishing),
and ff () denotes the union of all boundary hypersurfaces produced by the blow-ups in the
definition (2.18) of MZ,,.

Operators between vector bundles E, F — M arise by tensoring the bundle in which the
conormal distributions take values with * Hom(n,E, 7} F'). Schwartz kernels of weighted
edge-b-ps.d.o.s are defined by

WO (M) = p= 0, (M) = {(mgp Lo~ “)k: K € U, (M)}
More generally, one can consider spaces of ps.d.o.s with conormal coefficients,
AT (M),

by requiring their Schwartz kernels to be conormal distributions whose symbols are conor-
mal (rather than smooth) down to diag, y,, with weight —a; at the lift of (H;)? (j # 2) or
(H2)3 (5 =2).

Turning to the explicit description, \I/g’b(M ) can be defined in terms of quantizations of
symbols a € S*(*PT*M). Concretely, in the local coordinates (2.4), and for u with support
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in the local coordinate patch, a typical element of W3, (M) is A = Op, p,(a), acting on u via
Au(z,y, 2) = (2W)”/exp(i((w —d)e+ (y—y) e+ (2= 2)0))

AN

x a(x,y, z; 26, 20, 2 )u(x’, ', 2') A€ dnd( da’ dy’ d2;

here x € C°((—1,1)) is identically 1 near 0. In general, one defines Op,y(a) using a
partition of unity. Thus,

Ope 1 : S5 (SPT*M) — WS (M),

and this map is surjective modulo the space \Il;go (M) of residual operators. (The space
W (M) consists of all smooth right edge-b-densities on M, e%b which vanish to infinite order
at 8Me%b \ ff(B).) In fact, any finite number of compositions of quantizations is again a
quantization upon enlarging the size of the cutoffs; the space \ngo(M ) is merely a simple
device to capture all (symbolically trivial) off-diagonal terms. Spaces of edge-b-ps.d.o.s with

weighted or conormal coefficients, and possibly acting on vector bundles, can be defined
similarly.

The principal symbol of edge-b-ps.d.o.s fits into the short exact sequence
e,b s
0 = W H(M) = W2y (M) — (8°/8°)(*PT*M) — 0;
it is defined by ®*0*(Op,(a)) = [a] and e*b08|\r§o(M) = 0. The principal symbol map is
multiplicative; moreover, for A; € \I/Zjb (M) with principal symbol a;, we have
e’b0'81+82_1(i[A1,A2]) = Halag.
As usual, for A € U7, (M), we denote by 2
Ello,(A) C “PT*M \o,  resp. ~ WF,,(A) C “"T*M \ o

the elliptic set, resp. operator wave front set, consisting of points @ € “PT*M \ o so that
©Pg3(A) is invertible in a conic neighborhood of @, resp. the full symbol of A (in any local
coordinate chart) is not of order —oo (at fiber infinity) in any conic neighborhood of .
Identifying these sets with their boundaries at fiber infinity inside &PT* M, we shall often
regard

Ell,,(A), WE.(A) C *PS*M.

(Carefully note that WFg,(A) = @ implies A € W_p°(M), which is thus trivial in the
differential order sense, but not in the sense of decay at dM.) We furthermore write
Charep,(A4) = ®PS* \ Ell, ,(A) for the characteristic set.

12The elliptic set of A depends on the order of the space of ps.d.o.s of which one regards A as an element
of; since this order is always clear from the context, we shall write Elle1,(A) simply instead of the more
cumbersome EII7 ;,(A).
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2.4. Sobolev spaces. We continue assuming that M is compact. Fixing a weight vector
w € RY | we shall work with a weighted edge-b-density
p € pUC®(M; QM)

which is positive, i.e. p~"u > 0 as an edge-b-density. In the local coordinates (2.3b), this

means
pw=a(r,y,z)z"1x"? %%%L 0<aeC™®.

We then set

e

Ho,b(M’ p) = L2(M7 11)-

Whenever the density p is clear from the context, we shall omit it from the notation. For
integer s € Np, we define H®, (M) to consist of all u € H?, (M) so that Pu € H?, (M)
for all P € Diffg, (M). For s € R, we can define HZp (M) via duality and interpolation.
Alternatively, for s > 0, we have H, (M) = {u € H?, (M): Au € H?, (M)} where A €
\I/;b(M ) is any fixed elliptic operator’; this is thus a Hilbert space with zsquared norm

HUHQH;b(M) = HUH?{g’b(M) + HAUH%(S’b(M)-
By elliptic regularity, any two choices of A give equivalent norms. For s < 0 we have
HJ (M) = {u1 + Aua: ur,up € Hgb(M)} where A € W 7 (M) is elliptic; since this is
isomorphic to (H,;(M))* via the L?(M, j1)-pairing, it is a Hilbert space as well. Weighted
versions of these spaces are defined by
HER (M) 1= p" HE (M) = {p*us u € H2, (M)},

These are Hilbert spaces as well, and (H:7 (M))* = H_ >~ “(M) with respect to L*(M).
When  C M is an open set, we denote spaces of extendible and supported distributions
by

E[jg‘(Q) = {ulo: v € HJF (M)}, Hsg(ﬁ) i={u € HJy (M): suppu C Q},
following the notation of [H6r07, Appendix BJ.

We also need spaces of sections of vector bundles £ — M: for s = o = 0, and fixing any
positive definite fiber metric on E, we set Hgf(M;E) = Hg,b(M;E) = L*(M, ;; E), any
two choices of fiber metrics giving the same space (up to equivalence of norms) since M is
compact. For general s, o, the space Hesg (M; E) is then defined as above.

Edge-b-ps.d.o.s A € \Ilgb(M) act continuously on Hg’b(M), see [MVW13, Appendix B].
Using the algebra properties of We1,(M), this can be shown to imply that every A €
\I/Z?BB(M) defines a bounded linear map A: Hesg‘(M) — Hs’gm’a_B(M).

We define

H_ (M) == | HSY(M),  Hp (M) == () Hip (M).
seR seR

Given a distribution v € H_ (M), we can define its wave front set in the usual manner:
for s € R, we define

WEF 2 (u) C *PS*M
as the complement of the set of @ € “PS* M for which there exists an operator A € ¥$, (M)
which is elliptic at @ and so that Au € HeOS‘(M) = p*H?, (M). We stress that we need to
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assume a priori that v lies in an edge-b-Sobolev space with weight « in order to guarantee
that A'u € HS’S(M) as well for all A" € W7, (M) with WF ,(A") C Elle,(A). In particular,

we H J%M), WED(u) =0 = we H (M),
i.e. the wave front set controls edge-b-regularity, but not decay.

We shall also need to use Sobolev spaces associated with other Lie algebras, in particu-
lar b-Sobolev spaces Hﬁ’a(M ) on manifolds with boundary or corners, scattering Sobolev
spaces Hg™(M) on manifolds with boundary, and 0-Sobolev spaces H;“(M) on manifolds
with boundary; these spaces are defined in complete analogy with the edge-b-spaces above.
Detailed discussions of these spaces (as well as of the corresponding calculi of pseudodiffer-
ential operators) can be found in [Maz91, Mel93, Mel94, MM99, Hin23c]|.

2.5. Invariant edge-b-operators and edge-b-Sobolev spaces. We now turn to notions
related to the analysis of edge normal operators of edge-b-differential operators. Fix yg € Y,
and identify Z = ¢~ !(yo) with the zero section of

N ="No(yo) = " Tym1(5) M/T ™ (0)-

Recall on NV the space Ve, 1(N) of edge-b-vector fields which are invariant with respect to
the dilation and translation actions introduced in the paragraph preceding (2.14). In terms
of coordinates x > 0, y € R"2 on the fibers of

N = 7 ) = Z,

so N = Z x [0,00), X RZ*Z, the space Vep r(N) is thus spanned over C*(Z) by x0;,
x0y, Vp(Z), with the dilation action given by (z,y,z2) — (Az,Ay,z), A € Ry, and the
translation action given by (z,y,2) — (z,y +¥/,2), v’ € R" 2. Here, we identify C*(Z) C
C*®(N) via pullback. (Thus, C*°(Z) is the space of dilation- and translation-invariant
smooth functions.) We also recall the notation Diffg, ;(N) for up to m-fold compositions
of elements of Ve, 1(N).

Following Mazzeo [Maz91, §5], one may analyze elements of Diff{"}, ;(N) (see (2.12) for a
local coordinate expression) by passing to the Fourier transform in y, with dual momentum
denoted 7, and then changing variables to (Z,7,z) where & = z|n| and 7 = n/|n|, thus
obtaining a smooth family (in (yo,7) € S*Y) of operators of Bessel type on [0,00); X Z
(or indeed of weighted b-scattering type on [0,00];z X Z, with scattering behavior at the
boundary hypersurface {co} x Z). In this paper, we instead work directly with invariant
edge-b-operators, as in the wave equation setting of interest here this makes the proofs of
their mapping and regularity properties straightforward modifications of the proofs for the
original edge-b-operator. We thus proceed to define spaces and ps.d.o.s for the analysis of
invariant edge-b-operators on N.

The principal symbol ®P¢™(P) € PI™(ePT*N) of P € Diff{, ;(N) is invariant under
the lifts of the dilation and translation actions; in local coordinates on Z and using fiber-
linear coordinates £,7;,( as in (2.4), this simply means that ¢¢™(P) is independent of
x,y. Thus, the principal symbol short exact sequence reads

e,b,Io.m m] /e %
0 — Diff™ L(N) < Difff%, ; (V) ——7 P (<PT*N) — 0,

where the subscript ‘I’ restricts to invariant symbols. (Equivalently, restriction to Z gives an
isomorphism Pl[m] (¢PT*N) = Pl (SPTEN) with the inverse given by invariant extension.)
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Note moreover that since Z = [—1, 1], the manifold N has three boundary hypersurfaces
which we denote

H] = +N¢_1(y0)ﬁHj¢71(y0)) .] = 17 37 HQ = Td)—l(yO)HQ/T(;Sil(yO)'

Thus, H1,Hs are the fibers of N’ — ¢~ 1(yo) over the two points of 97, while Hs is the
fibered boundary of A/ (given in the above coordinates by x = 0). Any two defining func-
tions po, pf, of Ho which are invariant are related via ph, = aps where 0 < a € C>®(Z).
Invariant defining functions of H;, H3 are pullbacks of defining functions of the two bound-
ary points of Z.

Definition 2.7 (Invariant edge-b-Sobolev spaces). Denote by p1, pa, p3 € C*°(N) invariant
defining functions of H1,Ha, Hs, and let a = (a1, az, a3) € R3. Fix an invariant edge-b-
density 0 < pg € C®(N;%PQN), a weight w € R3, and fix u = p“po. Then Hng(N, p) =
L*(N, it). We drop p from the notation from now on. For s € N, we set Hey (NV)={ue
L*(N): Pue L2 N) VP e Dilcl?if’bJ(./\/')},13 and we define HSy, ;(NV) for general s € R via
interpolation and duality. Finally, we set

HeSSI(N) = p” es,b,I(N)'

Given a vector bundle F — M, invariant weighted edge-b-Sobolev spaces of sections of the

bundle 7 E|4-1(,,) — N are defined analogously.'*

In compact subsets of N, these are standard weighted edge-b-Sobolev spaces. The only
reason for including the subscript ‘I’ in the notation for these spaces is that N is non-
compact; invariant edge-b-Sobolev spaces provide a means to measure edge-b-regularity
and square integrability uniformly on N. Given an open subset U C Z, the preimage
Q) := 7~ YU) C N is invariant; we shall then consider spaces of supported and extendible
distributions on 2,

HSSI(Q) ={ulg:u € Hesgl(/\/)}, Hesf)“](ﬁ) ={ue HSSI(N) suppu C Q},
equipped as usual with the quotient, resp. subspace topology.

We shall also use invariant edge-b-pseudodifferential operators, i.e. edge-b-ps.d.o.s on N/
which are invariant under the translation and dilation actions. From a Schwartz kernel
perspective, they are thus uniquely determined by the restriction of their Schwartz kernels
to the edge front face (the lift of (7‘[2)3) to Ne%b = [N (Hg)i; H3,H3]). Explicitly, consider a
symbol a € S*(*PT3N), or equivalently an invariant symbol a € S§(*PT*N) (the subspace
of S*(“PT*N\) consisting of invariant elements); in local coordinates z > 0 on Z, we thus
have a = a(z,&,1,(), and the quantization of a as an invariant edge-b-ps.d.o. is

Opep(@n)(w,2) = )" [ep(i(T2 e+ 1oLyt (o 20))

TN

13Simply put, the space H{, 1 (N) consists of all elements u = u(z,y, z) € L*(N) (where z > 0,y € R" 2,
z € Z) so that its up to s-fold derivatives along x0,, 29,, and elements of V(Z) remain in L?(N).

HMhig requires the choice of a connection on E| - but any two choices give the same space. Note

H(yo)»
that over any fiber 7' (20), 20 € ¢~ '(y0), of NV, the bundle 7*E|4-1(,,, is canonically trivial, and hence
sections of " El,-1(,,) — N can be differentiated along the generators of the translation and dilation

actions without any further choices.
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/ /
% a(z; 6,1, 2)u(,yf, #) de dnd¢ I W g
Tr X

Denoting the space of invariant edge-b-ps.d.o.s by ¥$, ;(N), we correspondingly have a
principal symbol short exact sequence

e,b,I s
0 = WL N) = 02y, ((N) —T= (S7/S7 ) (*PT*N) — 0.
One can also consider classes of weighted operators
Uon W) = p 08, (N,

whose Schwartz kernels are homogeneous of degree —as with respect to the dilation action,
and invariant under the translation action. (More generally, one can allow for conormal

behavior at Hy, Hz.) Their principal symbols are elements of (S5*/85 ") (“PT*N), where
S7(¢PT*N) is the subspace of S%%(*PT*N) consisting of symbols which are homogeneous
of degree —ag with respect to the dilation action, and invariant under the translation action.

One can then characterize the spaces ij: 1 (W) via testing with invariant edge-b-ps.d.o.s,
analogously to the standard edge-b-setting in §2.4. Moreover, an element A € \I’:?f 1 (N)

defines a bounded linear map HJy ;(N) — H;_bj?’a_ﬂ (N). We define the invariant wave
front set

WF (u) C “PSZN (2.19)
(which one can equivalently regard as an invariant subset of ©?S* ) for u € H, obl N)in
the usual manner by testing with elliptic invariant edge-b-ps.d.o.s.

2.6. Semiclassical 0-analysis. The following material will be used only in §8.

Definition 2.8 (Semiclassical O-differential operators, Sobolev spaces). Let X denote an
n-dimensional manifold with boundary. Then Difff,(X) denotes the space of h-dependent
differential operators P on X°, h € (0,1), which in local coordinates [0, 00), X RZ‘I on X
are of the form

> ajalh,z,y)(haDy) (haDy)®,  aje € C([0,1); x [0,00) x R™™).
Jt+lel<m
If X is compact and equipped with a positive weighted b-density (omitted from the nota-

tion), and if p € C*°(X) denotes a boundary defining function, then we define semiclassical
Sobolev spaces Hy ' (X) = p*H§ ,(X) to be equal to Hy®(X) as sets, but with norm for

s € Ny given by
lullfpe =D IPulie,
J

where {P;} C Diffg ,(X) is a finite spanning set of Difff , (X) over C*°([0,1) x X). For real
s, the norm on H;'}(X) is defined via duality and interpolation.

For u supported in a coordinate patch, and for s € Ny, an equivalent norm on Hy}'(X)
is given by 7
lullfe = 37 o~ (heDa)i (heDy)ul
Jlel<s
That is, every O-derivative is weighted by a factor of h. There is an associated algebra of
semiclassical 0-pseudodifferential operators which we describe in §2.6.1 below.
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There is a close relationship between 0-analysis on X and edge-b-analysis on
M =[0,00),, x X,
where the boundary hypersurface [0,00) x 0X of M is fibered by [0,00) X X — 0X.
Lemma 2.9 (The Mellin transform, edge-b-Sobolev spaces on M and 0-Sobolev spaces on

X). Fiz a positive b-density p, on X and the b-density \%’Mb on M. Let s,vs,v+ € R.
Then the Mellin transform in pL, defined by

® dp
(MU)(A,(IIﬂ,y) - /0 P+ Au(p-f-vl'ﬂay) T:: (220)

s an isomorphism

M P (M) S L2 ({Imd = =4 ()T Hy T, (X)),

where Hes’t()QW "H)(M) = ;W pi T HE (M), with s € C*°(X) denoting a boundary defining
function of X.

Proof. 1t suffices to consider the case vy = v4 = 0. Via interpolation and duality, it
suffices to consider the case s € Ny. For s = 0, the claim is then a re-statement of
Plancherel’s theorem. For s = 1, observe that, in local coordinates (x,y) on X, the Mellin
transforms intertwines the operators 1,xD,, 2D, pyD,, with 1,2D,,xD,, X. Therefore,
writing a(X\; z,y) = (Mu)(A; z,y), we have

ull72(ary + |2 DaullF2(ar) + leDyuloar + 1o+ Doyl F2cany
=(1+ ‘)“2)(Hﬂ()‘)”%Q(RMLQ(X)) + [N T 2D 172w, .22 (x))
+ 1) 2Dy By r2x) )

This proves the Lemma for s = 1; the case of general s € N is similar. See also [Vasl3,
§3.1]. O

There is a close relationship also on the phase space level. This is discussed in [Hinl5,
§3.3.4] in the simpler setting where X is a closed manifold. We describe this relationship
from the perspective of differential operators:

Lemma 2.10 (Phase space relationship). Let P € Diﬁg?b(]\l).15 Define the semiclassical
rescaling of its Mellin-transformed normal operator family as P, 5 := hmﬁ;(P, h_l;\),
where we identify X with the boundary hypersurface {0} x X of M. Then Ph,S\ € Diffy’, (X),
and its principal symbol p; = ofy, (P, 5) € P™(°T*X) is related to p = > o™ (P) by
_ Adl’i 0 e,brp
p;\(w)—p)\p +w), we T"X C*°Tx M.
+

Here, the inclusion °T*X C e’ij}M is the adjoint of the map **Tx M — T X induced by
restriction of vector fields to X.

150ne can also consider P acting on sections of a bundle £ — M, in which case P, 5 acts on sections of
E|x. We leave the necessary notational changes to the reader.
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Proof. In local coordinates and by linearity, it suffices to consider
P = a(p4,2,y)(p+ Dy, Y (xDy)* (xDy)* (2.21)

where j + k + |o| < m. Then N;(P, A) is obtained by restricting a to p+ = 0 and formally
replacing py D,, by A; hence

P, 5 = W00 a0, 2, y) N (haD,)* (haDy)°. (2.22)

Thus, unless j + k + |a| = m, the respective principal symbols of P and P, 5 vanish,

whereas if j + k + |a| = m, we have, at a point (x,y) on X and at the corresponding point
(0,z,y) e {0} x X C M,

m dx dy
Uom(}ﬁ%;><§ +

dy
PR 7/’7
X X

g .d d
) = a(0,z,y) N "™ = *Po™(P) (Aﬁ +et g 77*>. a
P+ z z

The case of main interest is when A\ = +1 + O(h), which arises when h = (A\)~! and
A= <—§‘\> and A is restricted to a line of constant imaginary part. Since in the notation of
Lemma 2.10, the Hamiltonian vector field Hj, is tangent to the level sets of p;0,, inside
ebT% M (cf. Lemma 2.2 where z and ¢ play the roles of p4 and p4d,, (+)), the restriction
of H, to e’bT)*(M D :t% +97*X = 0T* X is equal to the Hamiltonian vector field H,,.

In particular, H,_, has a critical point at @ € °T* X if H), has a critical point at :l:dp"%—i-w,

and the linearizations of both vector fields have a simple relationship (namely, one drops
the py0,, term of the latter). Microlocal estimates at such critical points require control
of subleading terms; we record:

Lemma 2.11 (Relationship of subprincipal terms). Let P, P, 5 be as in Lemma 2.10. Fiz
positive b—densit}es on X, M as in Lemma 2.9. Suppose that P has a real scalar principal
symbol, and let A = £1+ O(h). Then for w € °T*X C *PT% M, we have

P*

P, - < * 1
_ hA R\ _(P—-P ImA _
%o 1< 2ih >(w) B <67b6m 1( 2 )+ I P+1pr+>

Proof. Tt suffices to consider P of the form (2.21). When j + k + |a] < m — 2, both sides
of (2.23) vanish. When j + k + |a| = m — 1, the principal symbol of (2i)71(P — P*) at a
point /\% + w, with w = f%"” + n%y, over py = 0 is Im(a(0, z,y)M)€EFn®, which matches

the principal symbol of (2ih)~!(P, 5 — Pr.) at @ in view of (2.22).

When j + k + |a| = m, then a is real-valued by assumption, and we compute
P - pP* ,
5 = (P+Dp,) Pr mod po DIt =H(M),
7
1

P = %(a(O,x,y)(a:Dx)k(ny)o‘ — ((:cDx)k(ny)o‘)*a(O, x, y)) € Diﬂ'g‘_l(M).

On the other hand, writing A = +1 + hx (thus with x = O(1) as h — 0) and noting that
N = (£1)7 + (£1)"Ljhk + O(h?), we find
P s —Pr

SR = (1) (Imk)a(0, 2, y) (he D) (ha D)
1

(2.23)

+ hEHal=1(41)7 Py mod ADiffT 1 (M).
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It then remains to observe that the Hamiltonian vector field of p = aFn¢d satisfies
pjraler = j¢"'p, which at ¢ = £1 evaluates to (£1)7 1 jagkn®. O

2.6.1. Semiclassical 0-pseudodifferential operators. Aspects of semiclassical 0-ps.d.o.s were
described in [MSBV14, §3]; we shall only need the small semiclassical O-calculus here. We
first describe the salient properties and basic applications of this ps.d.o. algebra in geometric
terms before giving a local coordinate description and proving the composition property.
We work with compact X for simplicity. The space

Vo (X) = p W5 4(X)
can then be defined in a geometric manner as follows: Schwartz kernels of elements of
W5 »(X) are distributions on the semiclassical 0-double space Xgﬁ = [[0,1), x X?;[0,1) x
diagyy; {0} x diagy] (with diagyy C (0X)? and diagy C X? denoting the diagonals) which
are conormal distributions (with values in the right semiclassical 0-density bundle) of order
s — 1 to the lift diag , of [0,1) x diagx (in particular, their restriction to h = hg > 0 is
a distribution on X2 = [X?;diagyy] which is conormal of order s at the lift of diagy) and

which vanish to infinite order at all boundary hypersurfaces of Xg ; Which are disjoint from
diagg 5.

The principal symbol short exact sequence is

0 — AU, (X) = T (X) = (S5 /hS1)([0,1) x °T*X) — 0.

Correspondingly, the elliptic set of an operator A = (Ap)pe(0,1) € \IJS‘;:(X ) is the open subset
EILZS(A) UFELSS(A) of ({0} x 0T7X) U ([0,1] x °5*X), where EL5%(A) C {0} x 07X
and TEI;7(A) C [0,1] x °5*X; the two elliptic sets agree in {0} x °5*X. We shall only be
concerned with the elliptic set ElIfy (A) over h = 0, which we shall thus simply regard as a
subset

EIj3 (A) C 0T*X;
it captures the ellipticity of A to leading order at A = 0 and thus arises from the simplified
principal symbol map USZ%,
0 = AUGH(X) <= Th(X) Jor, Sex(OT* X) — 0.
Note that if w € Ellj5(A), then also {h,w} € *EU;*(A) for small h > 0. Thus, the
elliptic parametrix construction gives, for elliptic A, an element B € \If& ;’_a(X ) so that
AB —I,BA—1 € h*™¥,;"%(X) upon restricting h to (0, ho) for sufficiently small hg > 0.
Restricted to the space D’iﬁ?g’h(X ) of differential operators, US,h = 08:2 maps onto the space
P(°T*X) C S*(°T*X)

of symbols which are (not necessarily homogeneous) polynomials of degree s in the fibers.

We also have an operator wave front set WFp, ,(A) C 9T*X for A € h™NUg(X) which

is the complement of all points in 97* X near which the full symbol of A vanishes to infinite
order; thus, WF ;(A) = 0 if and only if A € h>W¥ 7*%(X).

Semiclassical 0-ps.d.o.s act on weighted semiclassical 0-Sobolev spaces in the expected
manner. We also define the corresponding wave front set:
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Definition 2.12 (Semiclassical 0-Sobolev wave front set). Let s, «, and suppose that u =
(un)neo,1) € h_NHJ}]lV’a(X) for some N. Then

WFg (u) C 0T*X

is the complement of the set of all @ € 9T*X for which there exists A € \IJ(S);‘ (X), elliptic
at @, so that Au is uniformly bounded (as h — 0) in L?(X).

Thus, if u € h™NHy " (X) satisfies WFS% (u) = 0, then u € HS®(X) upon restricting
to h € (0, hg) with hg > 0 sufficiently small. The part WF;'? (u) N\°T*X of the semiclassical

0-wave front set of w at finite 0-momenta is independent of s.
55,05

For the commutator of 4; € U™ (X), j = 1,2, with a; = 0/;"" (A;), we have
%[Al, A2] c \Ijgffj—s2—1,a1+o¢2 ()()7 0_871;-82—1,(11"!‘062 (%[Ala AQD — Ha1a2-

Here, in terms of local coordinates on °7* X defined by writing the canonical 1-form as

n—1

dx dy?
7j=1
the Hamiltonian vector field of p = p(x,y, &, n) takes the form
n—1 n—1
H, = (O¢p) (xé?x + Z njaﬁj) + Z(@njp)xﬁyj
j=1 j=1
n—1 n—
_ ((xax + Z 77]07]])]9) 65 — Z(w(‘)yjp)é?nj.

j=1 Jj=1

We now proceed to prove the above statements about compositions and principal sym-
bols. With X denoting a manifold with embedded boundary, the 0-double space is the
blow-up of X? at the boundary ddiagy of the diagonal. If z,y are local coordinates on the
manifold X, with  a boundary defining function and y € R"~! denoting local coordinates
on 0X, let us write x,y also for their pullbacks to X2 from the left factor; and we write
a',y' for their pullbacks from the right factor. This blow-up is then that of z = 2’/ = 0,
y =1/, and in the interior of the front face, called the 0-front face, one can use

x—2 y—v

z, Y, )
i €T

as coordinates, with the lifted diagonal being given by

_ / )
{x S y:o}.
xr X

Note that near the boundary of the lifted diagonal one can indeed always assume that
the coordinates from the left and right factors on 0X are identical, i.e. one is on the same
coordinate chart in both factors, since one is in a neighborhood of the diagonal of 0.X x 0X.
Equivalently, we could use coordinates

/ /
x, v,
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For semiclassical families one considers X2 x [0, 1), and blows up the boundary of the
diagonal still, so in the interior of the front face (still called the 0-front face) one can simply
add h to the list coordinates, i.e. they are

x? y7 il i

The semiclassical 0-double space the blows up the lifted diagonal at h =0, i.e.

o o
{x x:n,yz’:dhzo}
X X

The resulting front face is the semiclassical front face, and local coordinates in the interior

are
/

xz—a y—y
Yy, X = , Y = , h. 2.24
ooy hx hx ( )

While these are valid only in the interior, in a neighborhood of the semiclassical front face,
smooth functions on the semiclassical double space which vanish to infinite order at the
lift of the h = 0 face are equivalently smooth functions of the above coordinates which are
Schwartz in X,Y. Indeed ((X,Y))"!is a deﬁning function of the lift of this face in this

z—a’

region, since e.g. where is large relative to ¥ y and h, local coordinates are

r—a L y—1 hx
T, Y, , Y= IE
x r—a" T-z

-1
;7 X ’
with the latter defining the lift of the h = 0 face. Thus,
<(X, Y)>_1 — (1 +X2 +Y2)_1/2 — X_l(l +X_2 +Y2)—1/2

shows that X! is equivalent to ((X,Y))~! in this region. Instead of (2.24), one can
equivalently use

/ /
’ ;. =X y—y .
€ ) y ) :L'/h ) x/h ) h?
infinite order vanishing at the lift of h~1(0) now corresponds to Schwartz decay in the third

and fourth variables.

Semiclassical 0-pseudodifferential operators \Ilsak = h™ k\I/SO‘O = h™ k\I/fJ(;{, with the
orders being the differential, decay and sernlclassmal orders, are deﬁned on the semiclassical
0-double space with Schwartz kernels demanded to be conormal to the lifted diagonal
(corresponding to the differential order s), and have rapid decay at all faces but the 0-
face (corresponding to the decay order «) and the semiclassical face (corresponding to the
semiclassical order k) where they are conormal. In fact, regularity in h is not necessary
here, and will not be imposed in what follows. However, our arguments below only need
the full control of the differential order and semiclassical behavior, i.e. we work modulo
v, ;O’a’foo. Due to this, we may impose that the Schwartz kernels are compactly supported
in a neighborhood of the semiclassical front face in the sense that the support does not
intersect any of the boundary hypersurfaces except the necessary ones, i.e. the 0-face, the
semiclassical face and the lift of h = 0, rapidly vanishing at the latter. Correspondingly,

00,k

elements of \If with the stated support condition are of the form

da’ dy/
()"

(Av)(z,y) = h~ /ny,XYh) (2',y)
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where K is a conormal function (i.e. a symbol) of order a, k, with rapid decay in (X,Y),
i.e. it satisfies estimates

(@D,) Dy DYDY K (2,y, X, Y, h)| < Cegyanh™ 2~ ((X,Y)) N, (2.25)

with support in
/

y—vy
T

‘IL‘—:L'/

< c, ‘ < ¢,

x

where ¢ can be taken small (and in any case should be < 1/2, so % is bounded and bounded
away from 0, i.e. z, 2’ are comparable). Note that this can be rewritten using

/

¥ =x—hzX, y =y—hay, %:l—hX (2.26)
as
(Av)(z,y) = /K(x, y, X, Y, h)v(z — he X,y — haY)(1 — hX) "dX dY, (2.27)
with K supported in
1X| < % Y| < % (2.28)
We remark that in order to obtain arbitrary elements of \If(; ?’a’k from these, we just

need to add elements of W, "> which in view of the infinite order vanishing at the

semiclassical front face are in fact simply O(h>) families of elements of U5 °, and hence
have simple properties on semiclassical 0-Sobolev spaces.

Now, for general s, semiclassical O-pseudodifferential operators \Ifégk can be considered
as the sum of ¥ ?’a’k and elements of \Ifggk whose support only intersects the faces

that intersect the lifted diagonal, i.e. the semiclassical and 0-faces, and thus have compact
support in X, Y. Now (standard) symbols a of compact support in z,y, X,Y and of order
s, a, k satisfy estimates

|(2D.)* D} D} D} D Dijal,y, X, Y, h,€,0)| < Ceprswh ™ x (€, m)> W1, (2.20)

so s is the usual symbolic, « is the growth at the boundary, and k£ the semiclassical order,
with the sign convention that the space grows as s, «, k grow. Hence, using the definition
of conormal distributions, locally, the operators with Schwartz kernel supported near the
diagonal acting on test functions v are of the form

dz’ dy/
(@)

interpreted as an oscillatory integral (i.e. initially for symbols of sufficiently negative order,
then extended by continuity in appropriate seminorms and density). The support may be
taken to lie in | X|,|Y| < C, C > 0, z < xg, and one may even take C,zo small (though
C > 0 small is not important here, while xy small is implicit already from the region to
which we are localizing in this whole discussion), where the powers of 2’ and h enter as the
normalization so that a symbol of order s, a, k defines a pseudodifferential operator of the
same order, as we shall momentarily see. Note that by (2.26), on the support of a, % differs

(Av)(z,y) = (27rh)_"/ei(Xf+Y”)a(w,y,X,Y, h, & m)u(x’,y') dédny
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from 1 by an O(h) term, and similarly y and 3/ differ by an O(hx) term. The integral can
be rewritten as

(A0)(z,y) = (27)" / FXEYD (0 y XY, By, m)

x v(z —hxX,y — haY)(1l —hX) "d{dndX dY.

(2.30)

Note that the singular powers of 2’ and h have disappeared, so an operator of order (s,0,0)
is indeed a ‘standard’ order'® s — i conormal distribution on the semiclassical 0-double
space, explaining the order convention above; in general there is a weight « at the zero face
and k at the semiclassical face.

We can combine the two classes we discussed into a single quantization formula.!”
Namely, if in (2.29) we allow a to be supported in |X| < ¢/h, |Y| < ¢/h, as in (2.28)
for the kernel K, without changing the estimate (2.29) itself (so it is simply a uniform
estimate in X, Y, subject to this support condition, though the precise estimate is not too
important, and even polynomial growth in (X,Y’) could be allowed for the Schwartzness
reason explained below), then the joint quantization formula (2.30) and the kernel action
(2.27) show that the distributional kernel is in fact simply the inverse Fourier transform of
a in the last two variables, evaluated at (X,Y). Calling the inverse Fourier variables (X,Y)
for a moment for clarity, given the symbolic estimates for a this inverse Fourier transform
is a conormal distribution to X = 0, Y = 0, with Schwartz behavior at infinity in (X,Y),
thus in [(X,Y)| > 1, say, is C™ and satisfies estimates of the form

|(@D) Dy DY DY D% D% (F¢ ra)(w,y, X, Y, b, X, Y)| < Ceprop,nh "2 (X, V)N,
(2.31)
Hence under pullback by the map

(2,9, X,Y,h) = (2,5, X,Y,h, X = X, Y =Y)

away from X = 0,Y = 0, i.e. the lifted diagonal, the result is that the Schwartz kernel is
C* away from the diagonal with estimates

(@D.) Dy DY DY (F¢ ra)(w,y, X, Y, h, X, Y)| < Cepranh "2 (X, V)™, (2.32)

which is exactly of the form (2.25). On the other hand, in |(X,Y)| < 2, hence after pullback
in |(X,Y)| < 2, this is a conormal distribution (with XDX, )N(Df,, etc., i.e. vector fields
tangent to X = 0, Y = 0, preserving regularity after the inverse Fourier transform, hence
XDy, XDy, etc., after the pull back), and hence exactly of the oscillatory integral form
discussed above. Conversely, any kernel of the form (2.25) can be divided up by a partition
of unity to one supported in [(X,Y")| > 1, and one in |(X,Y)| < 2. Write the latter piece
as X (h(X,Y))x2(X,Y)K (with the first factor identically 1 on the support of K); then the
Fourier transform of x2(X,Y)K in X,Y gives rise to an amplitude, call it

a2 = X(h(X7 Y))f(X,Y)H(ﬁ,n)(XQ(X7Y)K)7

16¢he shift by —i being the conventional shift due to the presence of the parametric variable h

1TWhile our quantization formula is not completely global since we localize to the region |X| < ¢/h,
|Y| < ¢/h, it could be made global by a slight twist. In order to do this, one should work with X = @095,371“”;%7
Y = (3:;4,_)7{’//2}1, in place of X,Y, in which case no cutoff x is needed below in (2.33). However, the formulae
become more cumbersome, and as we do not need the global results, we stick with our choices for the

simplicity of presentation.
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which satisfies both the support conditions and the estimates (2.29).

We can mostly eliminate the X,Y dependence of a in the following sense: if we fix
¢ € C°(R™) which is identically 1 near 0, we can require

a(xv Y, X,Y, h>§;77) = ¢(X7 Y)(l()(l’,y, haé?”) + aN(x,y,X, Y, hagv 77)

where ay has N lower order in the differential order sense. Indeed, this follows by simply
Taylor expanding the original @ in X,Y around 0, and using that X<Y? after integration
by parts, converts into DEDﬁ . In particular, to leading order, i.e. modulo S5~ 1@k

ao(l’,y, hvé.vn) = a($>y> 0> O> ha‘fa 77)1

where a on the right hand side is the original a. An asymptotic summation argument then
allows one to replace ay by as which is order —oo in the differential order sense. One can
then replace ¢(X,Y) in front of ap by x(h(X,Y)), x identically 1 near 0, for the above
arguments show that the difference is of order —oo in the differential order sense and thus
can be absorbed into as. Finally, the above arguments using the Fourier transform also
show that a, gives rise to an operator of order —oo which locally on supp x(h(X,Y)) can
be written as the oscillatory integral for a symbol in S™°®F which in fact is independent
of X, Y. Thus, modulo \If& ;O’a’foo, semiclassical zero pseudodifferential operators are of the
form

(Av)(z,y) = (qron(a)v)(z,y)
da’ dy/ (2.33)

= (27rh)‘”/ei(X5+Y”)x(h(X,Y))a(:c,y, h,&nv(a’,y') dgdn W

where y is as above, i.e. smooth, compactly supported and identically 1 near 0.

We next consider the composition of two such operators. For the second operator, we use
the second systems of local coordinates mentioned previously. Since the product Schwartz
kernel needs to be evaluated on X3, we use 2’ as the output and z” as the input variables
of the second operator, so

Bu(a',y) = (2ch) ™" / X"y XY b, € )

d.l'// dy//
wlz”. " de dn’
( ’y ) 5 77 (:B//)n )
where
X/_x/_x// /_y/_y//
- hx! - hx!

/

Thus, &; =1+ hX' differs from 1 by O(c).

b x

The Schwartz kernel of AB then is of the form
ABu(z,y) = (2rh)™*" /ei(X£+Yn+X’§’+Y/n')

X CL(LU, Y, X7 va h‘? 5) U)b(iﬁ//a y//7 X/7 Yl: h‘a élv 77/)
dl’l dy/ df/ dn/ dl,// dy” .
(x/)n (:L‘”)n ’

x u(a",y") d dn
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our goal is to show that this indeed is the Schwartz kernel of a pseudodifferential operator
of the desired type. First, let us express the integrals in terms of the expected coordinates
" /!
Y-y

T —x
Y// — h
hx hx ’

z, y, X'=
note that

Z,l/

=z —heX", o =y—hzY", —=1-hX".
x

We will keep the variables of integration X,Y,&,n, &, 7/, and express X', Y’ in terms of
X,Y, X", Y". Namely,

A A 1—hX
P S O
SO
/ " I
;. —1(T _X—X ;X " _Y—Y
X=n(G-)= i Vet s

Moreover, the density dz’dy’ 6c0omes (1 —hX) "h"dX dY as above. Hence, our integral

(=)

takes the form (suppressing the input test function, and writing out the Schwartz kernel)

Kap(z,y, X", Y")
_ _ ] X/I_X YII_Y
= @M= n/eXp[Z<X5+Y”+ Tt )]

X a(xay)XaY)hvgun)

X//_X Y//_Y
1—hX""1—hX"
x (1 —hX)"dédndX dY d¢' dr.

z’ x

Note that on the support of ab, %’, = are both 1+ O(c), and hence their ratio -7 is also
14+ O(e), so hX" is indeed O(c), and thus hY” is also O(c). This is almost a slightly
non-standard parameterization of a conormal distribution (in the region where X", Y are
bounded), except that ab is not a symbol (though it has the desired support properties),
rather a product type symbol. This is, however, easily remedied by noting that the phase
is non-stationary where the symbol type behavior fails, i.e. where (¢/,7) is small relative
to (§,m), or vice versa. To see this, note that the derivative of the phase in (X,Y) is
/ /
(6-5 —ghX”) AX -+ (1= 1) A

which, if hX"” is small (to which region we can focus as already noted), is non-zero under
either of these two scenarios. Thus, integration by parts in (X,Y) allows us to rewrite
the integral, when the integrand is localized to this a priori troublesome region, as one
with an amplitude that is in fact rapidly decaying, and thus for which one easily sees that
the composite operator behaves as desired. Thus, modulo such smoothing operators, the
integrand can be assumed to be localized away from this region, hence ab can be regarded
as a symbol, and then the integral is a usual parameterization of a Lagrangian distribution,
albeit in the slightly broader interpretation that we are localizing to hX"” hY" being O(c),
and not to the standard interpretation where X”,Y” are considered bounded.

X b(m — ha X",y — haY”, h, ¢, n’)

One can then rewrite this oscillatory integral in the usual (though again non-standard
as we are working in a larger region as above) conormal parameterization formulation by
using the standard stationary phase lemma (rescaling the symbolic variables to formally
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get into its compactly supported form, which can be done as we may assume based on the

above discussion that [(&,n)] ~ |(§,7')|), noting that the critical points of the phase in
(X,Y,€&,1) are € = =57, 1 = 1—lem, X" = X, Y =Y, while the determinant of the
Jacobian is (1 — hX")~2". This shows that

Kap(@,y, X", Y") = (2nh) ™" / FXEY D (1 XU YT b€, ) de d,

where c is a symbol given by
CL($, Y, Xl/a Yl/u h) 67 n)b(‘r7 Y, 07 07 h’7 5) 77)

modulo terms with extra h(X"”,Y") vanishing, i.e. keeping in mind that extra (X”,Y") can

be used to lower the symbolic order, at the operator level modulo \Ilgfﬁl’a’kfl.

Recall also that a can be arranged to be independent of X”,Y"” up to an overall compactly
supported factor x(h(X”,Y")), and hence if A = qron(a), B = qr,0,1(b) then AB =
qr0,n(c), where ¢ is given by

a(x,y, h,§,n)b(x,y,h,&,n)

s—1,o¢7k—1 sflya’kil
s Lokl

modulo , and thus at the operator level modulo ¥

3. GEOMETRIC AND ANALYTIC SETTING

The goal of this section is to define the class of wave type operators which we shall study
in this paper (see Definition 3.6). We discuss the underlying geometry in §3.1 before turning
to the differential operators of interest in §3.2.

3.1. Admissible metrics. Before describing the general setup in §3.1.2, we consider as a
model case the Minkowski metric.

3.1.1. The Minkowski metric near null infinity. In polar coordinates, the Minkowski metric
on R takes the form

go = —dt? +dr? + T2g, (3.1)
where ¢ € R, r > 0, and ¢ is the standard metric on S"—1. Since this can equivalently be
written as gg = —dt? + Z:}lzl(dacj)2 where (t,x!,...,2") are standard coordinates on R'*™,

we find that g is a Lorentzian scattering metric, by which we mean
go € C®(RFT; §ZseT*Ret1) gl € C°(RnHL; §2SCTRAHT),

We are interested in the structure of gg near the large end of the future light cone; thus,
we introduce

1 t—r
= = . 32
=g +7r’ U +7r (3.2)
Inserting these into (3.1) gives
do®> dp dv 1—wv\2
go=-v—+=® —+( ) . 3.3
R ) 20 )7 3:3)

The closure of every future light cone in R™™! intersects OR"*! in the (n — 1)-dimensional
set
Y :={o=v=0} CR*L
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Thus, to resolve different light cones also at infinity, we blow up Y and obtain the manifold
with corners
M = [RLy).

This is defined as (R*t1\Y)USNTY, with SNTY = NTY/R, denoting the (non-strictly)
inward pointing spherical normal bundle, and equipped with the minimal smooth structure
in which polar coordinates around Y are smooth. We denote the front face (i.e. SNTY)
of M by £+, the ‘north cap’—the closure of {0 = 0,v > 0}—by I, and the closure
of {o = 0,v < 0} by 10 (The latter terminology is imprecise and should only be taken
seriously in ¢t > —r, as we are not resolving past null infinity here. See also [BVW15,
§3] and [HV20, §2].) The restriction of the blow-down map M — Rn+1 (the identity on
R7+1\ Y, and the base projection on SN1Y) restricts to a fibration J+ Y, with fibers
diffeomorphic to a closed interval. See Figure 3.1.

Near the interior of .% T, local coordinates are given by
1 v
= , ty:=—=t—r, we s
t+r 0

in which the metric takes the double null form

e

B do 1 9
go = ? ®s dts + (Z + O(Q))Q g

Freezing coefficients at a single fiber of # 1, let us consider the model metric

do dy?
7 ®s dt, + v

where y € R, This is homogeneous of degree —2 under pullback by the parabolic scaling
(0,00) 2 A: (0,y) — (M0, \y) (see also Remark 1.4); it is thus natural to change the
homogeneity of the metric by multiplying it by o, and subsequently introducing =, := /2.
This produces the metric 2% Rgdts+ i—@f, which is an edge metric on Ry, x [0, 1), x ]RZ—I.

To capture this invariantly, one defines the manifold
M = [V 5, ] (3.4)

as the square root blow-up of M at Z+, defined to be M as a set, but with the square
root of a defining function of £+ adjoined to the smooth structure; denoting the lifts of
10, 7+ It by I° 7+, I, null infinity .#* is the total space of a fibration with base $"!
and closed intervals as fibers as before, and pgg is a nondegenerate Lorentzian edge metric
on M\ (I°UTIt).

Away from T C M, ie. away from Y C OR"*! on the other hand, the degree —2
homogeneity of go in (3.3) under scaling in o suggests working with 0?go, which is a non-
degenerate Lorentzian b-metric on R**+1 \ V.18 Globally on M, the rescaling sz}2g0,

where 2, € C*°(M) is a defining function of .#*, is a smooth nondegenerate Lorentzian
edge-b-metric on M, as we proceed to demonstrate.

18While the nondegeneracy and homogeneity are valid on all of R+ we ignore this fact here, as we are
ultimately interested in metrics and operators which have smooth or conormal coefficients only on M, but
not on R**t1—working on the resolved space M with its edge-b-structure will be the appropriate framework
for this task.
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It It
gt I+ Yy
— — Rn+1
1° 10
p

FIGURE 3.1. The resolution M of the radial compactification R*+1 at the
light cone Y at future infinity, and the boundary hypersurfaces of M. The
manifold M is the square root blow-up of M at .#*, and B is the total
blow-down map M — Rn+1,

To study go near the transition regions I° N .#+ and .#+ N IT, we first pass to the
coordinates t, =t —r, r, w € S*" !, in which the Minkowski metric and its dual metric take
the form

go = —dt? — 2dt, dr + r?g, 9o =20y, ®s0p + 02 +17%g "
We then introduce:

Definition 3.1 (Open sets containing parts of .#"; local coordinates). For T € R, we
define

Up(T) = {r >1, t,<T— 1}, U (T) = {r >1, > T+1} c M.
On Uy(T'), we define

Po T _ t*a Ly r P+ ) ( )
while on Uy (T") we put
te =T 1

Thus, [0,1),, x [0,1);, x S 1 C U(T) and [0,1),, x [0,1),, x S*' C UL(T) are
two coordinate charts on M. The union Uy(T) UU(T") contains a neighborhood of .# T
provided 7" +1 < T — 1. The functions pg,zs, and p; defined in the two charts do not
agree on the overlap of the two charts (and which definition we use will always be made
explicit); they are local defining functions of I°, .#*, and I, respectively. Note also that o
is a smooth positive multiple of pox;p+ = r~! on either coordinate chart. Now, on Uy(T),

we have ) )
O, = po <P03p0 ~3 f@w), O = —510056}3@, (3.7a)
and therefore
_9 _9 _ 1 _ oo e
P01 ,290 "t = — =150, ®s(250,, —2p08p0)+33;g U mod z,C%®(Uy(T); S2SPT M), (3.7b)

2
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with @PTM spanned by y0s,, P0Opy, Ts TS" 1. On U, (T), we similarly compute

1 1
Or, = —p+ <P+8p+ - ixﬂaxy>’ Or = _§P+x§fawy7 (3.8a)

and therefore

2y0z, Ds (Ty0z, —2p40,,) + m;g_l mod z,C% (U (T); S? T M),
(3.8b)

DN | =

2 9 1 _
Ly Py 90 =

with ®PTM now spanned by Ty0pyy p40p,, Ty TS™ 1.

3.1.2. General setup. We proceed to generalize the above example of the Minkowski metric.
Thus, suppose My is an (n+ 1)-dimensional manifold with boundary dMy # @), and suppose
Y C OMj is a compact and boundaryless embedded 1-codimensional submanifold whose
normal bundle (inside 0Mj) is orientable; thus, there exists a collar neighborhood [0, €), %
(—€,€)y x Y of Y in My. Recalling (3.3), we make the following definition. We define
M = [My; Y] and M = [M; 7, 3] (with I the lift of Y) as in (3.4). We call I° (spacelike
infinity), resp. IT C M (future timelike infinity) the boundary hypersurface of M where
v <0, resp. v > 0 (and we assume that I° # I*), and .+ C M (null infinity) denotes the
lift of .#F.

Definition 3.2 (Admissible metrics). Let £, ¢4 € (0,1] and £, € (0, 3]. A Lorentzian met-
ric g € C*°(Mg§; S?T*Mg) is called an (o, 20y, £ )-admissible metric (or simply admissible
metric) if

do®* do dv = k(y,dy)
2.2 2|  (_ doo do av )
Poxy Pt [g < v Q4 + 92 Rs 0 + 4@2 >

e (:Efcoo +A(€0,2Zy,€+))(M; 52 e’bT*M),

(3.9)

where k is a Riemannian metric on Y, and pg, 2, and p, are defining functions of 1%, .7,
and 1T, respectively.

Remark 3.3 (Weaker error term: geometry). The remainder of this section as well as the
analysis of the null-bicharacteristic flow of admissible metrics in the eb-phase space in §4.1
go through with only notational modifications if we relax (3.9) to membership in the space
A(((O,O),eo),zzy,((0,0),£+))(M; S2ebT*M). Admissible metrics arising in applications (e.g. in
nonlinear stability problems) typically have the stronger form (3.9), which in particular
entails the smoothness (rather than mere conormality), as an eb-metric, of the restriction
of p¢a%pig to IV, resp. I'™ down to I° N ., resp. IT N .#T. See also Remark 3.8.

The inclusion of the normalization factor 2 in the weight at .# " is merely a matter of
convention, motivated by the square root blow-up (so $;£] = ,0%’ where py = :r; is a
defining function of £+ ¢ M ). The factor i is inserted so as to make k£ = ¢ in the case
of the Minkowski metric (cf. (3.3)). Since the leading order term in (3.9) is the Minkowski
metric from (3.3) (possibly with a different metric on Y = S"~1), we see from (3.7b) and

(3.8b) that Definition 3.2 can be stated in a number of equivalent ways.
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(1) (Dual metric.) The dual metric g~! is of the form

po2a 2032 g1 — 0% (4000, + 00,) @, 0, + 4671 (4,0,))]

(3.10)
€ (x40 + A2 L)) (M S2 P .

(2) (Near I°N # 7, resp. £t NIT.) On Uy(T), resp. U (T) (see Definition 3.1) and in
the coordinates! (3.5), resp. (3.6),%°

9 o _ 1 _
Po 21&29 l= —Qiffaxy R (250, — 2p00p) + k' (y, 250, (3.11)
mod (z,C* + A%022)) (Uy(T); S2PT M),
9 o 1 _ 1 _
xy20+29 b= ixﬂaa:y ®s (2708, —2p10p,) +k 1(?47 .5 0y) (3.12)

mod (z,C% + AP E)) UL (T); S2SPTM).

(We drop the weight at I, resp. I° from the notation, since Uy (T) N I+ = (), resp.
U (T)n1°=0.)

Ezample 3.4 (Double null formulation). Examples of admissible metrics which arise in the
context of the nonlinear stability of asymptotically flat spacetimes as solutions of the Ein-
stein vacuum equations are given in [Hin23a, §§3.2-3.3]. Concretely, writing the Minkowski
metric (3.1) (which is (1,1, 1)-admissible) in double null form
04,1 .2 0 1 1 v
go = —dz”dz” +ry, :U:t—}—?“:? x:t—r:?

we compute, in terms of ., = /v, p1 = ¢ (thus 2° = ﬁ, z! = p7') on U4 (0) (which
54

are smooth positive multiples of the coordinates x4, p4 used in Definition 3.1),

1 d d
de - _ 5 < P+ + 92 'l'f) c p;lx}QcoO(M’ e,bT*M)’
P+Ty N P+ Ly
d
dz! = _p_—’_lﬁ e pI_lCOO(M; e’bT*M),
P+
rdw = :L‘y?"ﬂ € prla e (M;PT* M)
Ty ‘

for dw € C°(S"~1; T*S"~1). (We omit the analogous computation on y(2).) Thus, a metric
g is (o,20y, 04 )-admissible if (and only if, provided one fixes the Riemannian metric k£ on
Y to be k = ¢) it is the sum of gg and linear combinations of

x% (dx®)?, dz? @ dat, zydz’ @, rdw, (3.13)
z,2(dz")?, 2 lde! ®@srdw,  rdw @, 7 dw, '

lgHere, po, Tz, TeSp. Tg,p4 are defined using t, = t — r, with ¢ and r in turn determined by ¢ and v

via (3.2); that is, t = 1;2” and r = 12;”‘

20Tn terms of the metric g, this is equivalent to pgz% g = 2% Rs (% +2

L)+ k(y, 2L), resp. afplg =

_2% ®s (% + 2%) +k(y, a%) modulo sections of S2 *PT* M over Uy (T'), resp. Uy (T) of class z.7C> +
A0:2bs,84) k k
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where dw may change between any two occurrences, with coefficients in 2 ,C> + A2t £1)
The class of metrics g in particular includes the Schwarzschild metric —(1— 2Tm)dajo dat 412 g
(and its perturbations of this class).

We fix a time orientation on (M, g) near .#* by declaring, at .# ", the causal (for g, :=
p%a:?ﬁ pi g) edge-b tangent vectors
1

~Ty0z,, —2405, (in the coordinates (3.5)),

poaﬂo - 2

. (3.14)
—p40,, + 555]8IJ7 —2405, (in the coordinates (3.6))

to be future causal. Using (3.7a) and (3.8a), this matches the standard time orientation
in the Minkowski case, where 0;, and 0, (i.e. in ¢,r coordinates 9y and 0, + 0,) are future
timelike and null, respectively.

Lemma 3.5 (Hypersurfaces in (M, g)). Let g be an (o, 205,04 )-admissible metric on M.

(1) Let T € R, and define po,zy on Uy(T) by (3.5). Let pg € (0,1). Then there exist
do > 0 and C > 0 so that for all 6 € (0,dp], the hypersurface {zy = 6, po < po}
is spacelike and the hypersurface {xy < 26, po = poo + 013_2;"} is spacelike for all
poo € (0,1 — 20(25)%]).

(2) Let T € R, and define xy,py on UL (T) by (3.6). Then there exist 59 > 0, py €
(0,1), and C > 0 so that for all § € (0,0¢], the hypersurface {xy =6, py < p+}
is timelike and the hypersurface {zys < 26, p4 = py o — Cx;@} is spacelike for all
Po < 1.

In the last statement of part (1), the range of pg ¢ is chosen so that the stated hypersurface
is contained in the local coordinate chart Uy(T"). See Figure 3.2.

>

=3

FIGURE 3.2. Tllustration of Lemma 3.5(1). On the left: the perspective of
M. On the right: the perspective of (1 + 1)-dimensional Minkowski space
with coordinates (¢,7).

Proof of Lemma 3.5. We only prove part (1); the proof of part (2) is analogous. Let ge_é =
Po 23@}29*1. Using the expression (3.11), we compute

_1 (dwy dﬂfy)
ge’b Ty I Ty
which is thus negative for 0 < py < pp when 0 < z, < dy for sufficiently small dy (depending
on pp); thus, dzs is timelike there.

1
=-3 mod z,C*® + péongAo,
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I

FIGURE 3.3. Tllustration of Lemma 3.5(2). On the left: the perspective of
M. On the right: the perspective of (1 + 1)-dimensional Minkowski space
with coordinates (t,r).

We next compute the squared norm of d(py — C @2;] ) = po dp 0 — C’agz;] %f‘, where C' =
2(,C, with respect to g;é using the expression (3.11) to be % tlmes

ar?}y <—C’%§Zﬂ —2C'po+Err>,
[Exr| < C9)(xy > + () (0 + Croay” + C2ay”) < C'(g)(pf + C2a),

where the constants C(g),C’(g) only depend on g; here we use that £, < 3 5. Restricting
po to any compact subinterval of [0, 1), note then that Cpy dominates, for sufficiently large
C, the error term C’ (9)p2, and C%z %j then dominates, for z, < §y and sufficiently small
do > 0, the error term C’(g)C%z’y ss < (C’(g)(250)2€f)6~'2x;£". This proves the Lemma. [

3.2. Admissible operators. The core of our analysis will be local near .# T C M. Thus,
we work on the (n+ 1)-dimensional manifold My = [0,€), X (=€, €)y X Y, put M = [Mo; Y],
and set M = [M; .7+ , 3] as before, where .% 7+ C M denotes the front face; we denote the
closures of {0 = 0,v < 0}, resp. {0 = 0,v > 0} by I°, resp. IT C M, and the lift of I+ by
4+ C M. Denote by

f): M — My
the blow-down map, and by po, s, py defining functions of I, .+ IT. We fix an

(£o, 20,0 )-admissible metric g on M (see Definition 3.2); its dual metric is thus of the
form (3.10), or equivalently (3.11)—(3.12).

Definition 3.6 (Admissible operators). Let E — My denote a smooth vector bundle. Then
an operator P € Diff?(M°; F) is called g-admissible (or simply admissible) if the following
conditions are satisfied:

(1) P is principally scalar, with principal symbol equal to the dual metric function
G: T"M° 3 ¢ = g71((, 0); )
(2) P can be written as a sum P = Py + P where
Py € pgasp (€™ 4+ AL LOLNDIfE | (M; B E), (3.15)
P e pgasyp} ALt HIDIE | (M BT E); ’
(3) there exist

po € pop+(C®° + ALY (FH B*End(E)),  pr € (C®+ A (s B End(E)),
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so that in the coordinates (3.5) (with 7' = Tp), resp. (3.6) (with T' =T}y < Tp), and
setting pd = pg 'po € (C + AP)(F T\ I'T; B* End(E)) and pf € (C™ + A%)(#+\
1% B*End(E)), the edge normal operator of QpEQx}QPO, resp. 2m}2p;2P0 at the
fiber Zf of Bl y+: I =Y over yp € Y is given by?!

_ <a;jDW _ 9! (

resp. (a:ﬂij — 21'_1(

n—1
2
n—1
2

+ 1) ) (@ Day = 200Dp0) + 2k (y0) (5 Dy ) (225 Dy ) + 1,

+ pl)) (25 Day — 201Dy, ) + 2kY (yo) (2.5 Dyi ) (1 D,y ) + py -
(3.16)

Note that the operators (3.16) are invariant edge-b-operators on [0, 1), x [0, 00), XRZ_I,
resp. [0,1),, % [0,00),, X RZ*I which act on sections of the fixed vector space Fy,. Thus,
the derivatives (of sections of B*E| f;r) appearing in (3.16) are well-defined. The inclusion

0

of the term ”Tfl is a convenient normalization of p;; see Example 3.9 below.

By Definition 3.2, we have G € p2a2p? (S?(¢PT*M) + Alfo:2ts.64) §2(¢bT\T)); condi-
tion (2) thus demands the corresponding membership of P as an edge-b-differential opera-
tor, and allows for an additional (necessarily subprincipal) term which is of leading order
at 7 in the sense of decay. Condition (1) determines the leading order part of P in the
differential sense, and (3) determines the leading order part in the sense of decay at #*.
We do not place any restrictions on the structure of P at I° or I (beyond (3.15)).

Remark 3.7 (Normal operator). One can check that an equivalent phrasing of condition (3)
is the requirement

/-1
P — [4Q<QDQ +vD, —i ! <7 +p1)>gDv + 402 Ay, —i—po]

2 (3.17)
€ ppay P’ (x,C™ + AL EONDIfE (M) E),
where o = H% and v = = as in (3.10); indeed, passing to the coordinates (3.5) or (3.6),

one computes
1 1 1
00, + 00y = 53%3@, 00, = po (poapo - §$j3my> = —p+ <P+8p+ — 596,%8”)

modulo the space zysVe (M) of edge-b-vector fields which vanish at .#; moreover, p =
%pox; = %m§p+ modulo pga:;pJFCOO, and finally py = %g*1p3x§p8 = popY, resp. po =
%Q_lx%pipg_ = p+p6r in the coordinates (3.5), resp. (3.6) indeed in the notation of Defi-
nition 3.6. In equation (3.17), Ay € Diff*(Y; E|y) is principally scalar with principal part
k" (y)D,iD,;i. (Modifications of Ay by subprincipal terms, i.e. elements of Diff (Y; Ely),
contribute terms of class plz%p? -z yDifféb(M ; E), which are thus error terms.) The prin-
cipal part of the operator in parentheses here is prescribed by condition (1) (see (3.10)), so
the new pieces of information from condition (3) are the bundle endomorphisms py, p;.

Remark 3.8 (Weaker error term: operator). Mirroring Remark 3.3, a natural and slightly
more permissible definition would only require

21The zeroth order terms are consistent: multiplying the first, resp. second line in (3.16) by po, resp.
p+, this follows from the definition of pj and pg and the fact that pgliTQ b= x;QpII in the two
coordinate systems.

=r
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instead of (3.15). The analysis in §§4.2, 5, 6, and 7 goes through in this generality with only
notational modifications. In §8 however, we appeal to an elliptic parametrix construction
in the O-calculus which, in the existing literature, is stated only for smooth coefficient
operators; extending this to the case of coefficients which are smooth plus decaying conormal
would suffice to treat the case (3.18).

Ezample 3.9 (Minkowski wave operator). The wave operator on Minkowski space (R*, go)
is an example of a go-admissible operator. Indeed, in the coordinates (3.2) used in (3.3),
one computes

40?
——A
(1—v)277

n—1
= 4Q(QDQ +vD, — flT>QDU + 4@2A¢ mod pga@pi . xyDiﬂ”z’b(M),

2i(n

-1
Ogo = 40(0D, + vDy) oD, + 1_0)9(921)@ +o(1+ U)Dv) +

which is thus indeed of the form (3.17) for pg = p1 = 0 and k = ¢.

Ezample 3.10 (Wave operator of an admissible metric). Generalizing the previous example,
one can show that if g is an admissible metric, then the scalar wave operator [, is an
admissible operator. Indeed, the Koszul formula, together with the fact that conjugation by
any weight pg° :1{2;‘] pi* preserves the space Ve 1,(M ), implies that the Levi-Civita connection
of g satisfies V9 € (C + A2 LO)Diff] | (M;*PTM,*PT*M & “*TM), similarly for
the connection acting on sections of tensor products of ©*PT*M and ©PTM. This implies
Oy € p%x}p%rDiffgyb(M), and we have (3.17) with pp = p1 = 0 since the normal operators
of O, at .#* are equal to those of g, where go is of the Minkowskian form (3.3) with ¢
replaced by k.

Ezample 3.11 (Linearization of the gauge-fixed Einstein operator). Consider the case n+1 =
dim M = 4; then in the coordinates pg,zs, the edge normal operator of pyp 3Pp =
pEQx;Z(poa:;)_lppox; is given by the conjugation of the first operator in (3.16) by the
weight (poz%) !, and thus (modulo the term k% (yo) (s D) (27 D,;)) equal to —(24 Dy, —
207 'p1)(xs Dy, — 2p0Dpy) = —4(ps 0y, — p1)(p00p, — ps0,, ). Thus, the linearized gauge-
fixed Einstein operator considered in [Hin23a, Proposition 3.29] is an admissible operator,
acting on sections of the bundle S2T*M in the notation of the reference.

4. MICROLOCAL EDGE-B-REGULARITY THEORY NEAR £ T

We now fix an (fy, 20y, ¢, )-admissible metric g (see Definition 3.2) and a g-admissible
operator P on the (n 4 1)-dimensional manifold M (see Definition 3.6). We shall assume
that n > 2 for simplicity of notation; the case n = 1 can be treated with the same methods
upon making some straightforward simplifications and modifications (related to the fact
that the ‘O-sphere’ S® = {1, 1} is disconnected); we leave these to the interested reader.

We denote the edge-b-principal symbol of P by G. Upon fixing arbitrary choices of
boundary defining functions pg, s, p+, it satisfies

Ge,b — P62$}2PI2G c §2 (e’bT*M) + A(Zo,%y ,Z+)S2 (e’bT*M).

The characteristic set G_}.(0) C *PT*M \ o of P is conic in the fibers; we shall work near
fiber infinity and thus define
Y CebPT*M\ o
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as the closure of G;]})(O) inside &PT*M \ 0. With respect to the time orientation of M near
7 introduced in (3.14), we split ¥ into its two connected components

r=xtux-,
with X% containing the future null covectors. In §4.1, we analyze the dynamical structure

of the flow of the Hamiltonian vector field Hg, , inside ¥. This information is used in §4.2
to track the microlocal regularity of solutions of Pu = f near e’bT}Jr]\/.I' .

Note that if 0 < f € C>°(¢PT*M), then the restriction of the Hamiltonian vector field
Hyc,, = [Ha., + Geply,

to X is a positive rescaling of Hg,,. Therefore the properties of the Hg, -flow inside ¥
of interest for the microlocal analysis of P, i.e. critical sets and the signs and ratios of
eigenvalues of the linearization at critical sets, are independent of the choice of boundary
defining functions. We can thus make convenient choices in the calculations below; by an
abuse of notation, we shall always call them pg,zs,ps (as already done in the previous
section) in order to not overburden the notation. Moreover, since Hg, , is homogeneous of
degree 1 with respect to dilations in the fibers of ©PT* M, we shall work with the rescaled
vector field L

H:= pooHg,, € Ven(®PT*M \ 0) (4.1)

where po, € C®(¢PT*M) is a defining function of ©*S*M; see Corollary 2.3. Again, we
may change ps via multiplication with a positive function without altering the relevant
properties of H.

4.1. Structure of the null-bicharacteristic flow near .#+. We first work near 1°N.#+,
or indeed in a region Uy = Uy(T) for any fixed T € R (see Definition 3.1), and use the
coordinates (3.5). Writing the canonical 1-form on the cotangent bundle as

dz s dy’ dp
§7+Z"7j§+§707 (4.2)

we can read off from (3.16) (using the summation convention, and dropping the weight at
It from the notation)

Gop = py a, G = —%5 (& —20) + K (y)mim; + G2y,
égvb c $j52(e’szj;0M) n A(£0,24¢)52(e,bT§0M)'
Using Lemma 2.2 (where x, z are equal to x#, pp in present notation), we compute
Hep = (C = ) (@ 0n, +10p) + EpoDpy — 231 0¢ + H, (4.3b)
pocH € (,C% + AN, (DT M),

(4.3a)

Note carefully that we regard the error pooﬁ as a b-vector field (rather than an edge-b-
vector field); therefore, the terms involving derivatives along z,0, can be regarded as error
terms. At s = 0, the two components of X are given by

SEATL M = {=(€ = O+ [C]* + 2l = 0: £(E =) > 0},
(Indeed, the coefficient of z,0,, of Hego is then negative on ¥t cf. (3.14).)
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We restrict attention to X7, and proceed to determine the radial sets of HGO , 1.e.
the places where HGS,b is a multiple of the generator of fiber dilations. At pg = O and
0 < zy <o (with §gp > 0 given by Lemma 3.5(1)), we have HGO zy < 0, and hence HGO
is not radial there. Working at 2 = 0, we ask when HGO = c(fﬁg + 10y + O for some
c € R. If ¢ = 0, then = 0 by inspection of the O- coefﬁment in (4.3b), and hence £ =0 or
£=2ConXT. At n =0, £ =0, the vector field HGg § is indeed radial. At n =0, £ =2 on
the other hand, we need & # 0 as we are working awz;y from the zero section of *PT* M, and
then necessarlly po = 0, for otherwise the 9,, coefficient of Heo would be nonzero; this

identifies a second radial set. Next, if ¢ # 0 and still z, = 0, then necessarily ¢ = 0 since
HGo has a vanishing O¢- coefﬁment thus, &2 = 2|77|2 , and ¢ = —=¢£ (by inspection of the

O¢- coefﬁment) and then the 70,-coefficient of HGob is (( — &) = —¢ = ¢; the requirement
Hco Lo = 0 forces pp = 0, and we have thus identified a third radial set.

Turning to a neighborhood of .# *NI*, or indeed a region Uy = U, (T') (see Definition 3.1)
for any fixed T € R, we use the coordinates (3.6) and write the canonical 1-form (re-
purposing the above notation) as

d$f = dp+
+ Z J— "+ (= o (4.4)

From (3.16) and Lemma 2.2, we find (dropping the weight at I° from the notation)

Gl =a,%p°G = *5(5 —20) + k7 (y)min; + G1,, (4.5a)
= (€ = O)(@r0uy +10y) = Ep+0p, — 2[0li-10¢ + 225k 10y + H, (4.5b)
where the error terms satisfy
Gl € 2y 87 (T, M) + AR ) S2(9PTy M),
pooH € (1,C™ + APS LY,y (<PTy M),
We record H G, as an edge-b-vector field here in order to keep nondegenerate track of its
Oy-component. We moreover have
SEAPTE M = {—C%+ (6 O)? +2[ni-1 = 0: £¢ > 0} (4.6)
by comparison of the z 0, ,-coefficient of HG:,b with (3.14).

We proceed to locate the radial sets inside X7 in these coordinates At pp =0and 0 <
Ty < 8o, let us work in €2 +|n|?_, + (% = 1. The vanishing of xﬂ G+ Y = 2kYn; + O(zy)

forces |n| = O(xy), and therefore z, HG* zy = (£ — () + O(xy) cannot vanish; indeed,

if it did, then £ — ( = O(zx) and thus ¢ = O(.Tj) on ¥ by (4.6), giving the contradiction
1=&2+n?+¢% = O(zy) when & > 0 is sufficiently small. Thus, in a small neighborhood
of # 7, the radial sets all lie over .#*. Within % then, suppose H, v = = ¢c(£0¢+10,)+CO¢).

If c =0, then n =0, so £ =0 or £ = 2(; in the former case, we are at a radial set indeed,
whereas in the latter case we must have &, ( # 0 to stay clear of the zero section, but then
the vanishing of H Gt P+ forces p1 = 0; and a radial set is indeed located here. If on the
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other hand ¢ # 0, then since H G+bC = 0 we must have ¢ = 0 and thus ¢ = 0, which cannot
happen inside ¥ by (4.6). ’
We summarize the above computations as follows:

Lemma 4.1 (Radial sets of Hg, ). In a sufficiently small neighborhood U C M of It a
complete list of the radial sets of Hg,, inside N (e’bT;{M \ 0) is as follows:

Riﬁ,f = {(po’xjay;C7§7n): Po = Ty = 07 n= 07 6 = 2<, j:f > 0}, (47)

,R’Ci = {(povxfuy;C7§7n>: po=xzy=0, (=0, {= i\/iln‘kfl}u (48)
RL:)tut ={(po,xs,y;(,&,m): xy =0, E=n =0, £( <0} (in the coordinates (4.2))
={(p4,27,y;(,§,m): sy =0, =0 =0, £ >0} (in the coordinates (4.4)),

(4.9)

Ri:i,+ = {(p+7$f7y;C7£>n): P+ =Ty = 07 n= 07 5 = 2C7 :|:§ > 0} (410)

Note now that Hg,, is radial at a point @ € SPT*M \ o if and only if the restriction
of the rescaled vector field H = pcHg, ,, to ©bS* M vanishes, as a smooth vector field, at
[w] € ®PS*M (i.e. the boundary at fiber infinity of the ray R, w). Explicitly, near R

and R7,, we use the coordinates (4.2) and, near fiber infinity,
-1 ~_ N c_§
Poo = C ) n=- 5 = > 4.11a

Thus, pss = 0 at fiber infinity, and pss = ¢~! near, and (ﬁ,é) = (0,2) at, 873;;7_; and
Poo = —C ! near, and (ﬁ,é) = (0,0) at, OR} . For a submanifold S C ©PS* M, denote by

out-

Ts C C®°(PT*M) the ideal of functions vanishing at S. Inserting the coordinates (4.11a)
into (4.3b), we find that

pootlcn, = 2p08p, — 2500, — 107 mod (Typs  + Allo2a)yyy (eb Ty M), (4.11b)
poctle = —1s0n, — 705 mod (Zyp+ + Al2L) ), (ePTe M), (4.11c)
Near RY, we need to work with different coordinates; we choose
-1 L7 ;¢
Poo =& 7, n=-, (=2, 4.12a

and compute (using that ¢ = 0 and ||, = % at ORY)
pocHGo = pocpes + POy — 250y + (O mod (T + ALYV, (DT M), (4.12b)

Finally, near R} , and RY; and in the coordinates (4.4) and

¢
c
we have poo = ¢! near, and (7, é) = (0,2) at, 8R;7+, and pso = ¢! near, and (7, é) = (0,0)
at, OR} ;. Inserting this into (4.5b) gives

out*

n

Poo = ‘C‘ila 77 = zv é: (413&)

poctlgr =70, = 2p40p, + 705 mod (Typs + ACLZ BN Y (PTy M), (4.13b)

in,+
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pooHgr =705, — 105 mod (Tpr,,, . + APV (ePT, M), (4.13¢)

From the expressions (4.11b), (4.11c), (4.12b), (4.13b), and (4.13c), one can read off the
dynamical nature (source, sink, saddle point) of the respective radial sets; see Figure 4.1.
We determine the structure of the flow between these radial sets by computing the flows of
HGS . and H ar, explicitly inside the future characteristic set ¥ . Consider the time s flow

of
H° = Heo fenrs  ar = (¢ = &)1y + EpoTp, — 2/nli-10¢
inside (ng)_l(O) = {—3&(§ — 2¢) + [n2-, = 0}. Dropping the coordinates z,y (which

are constants of integration) from the notation and only keeping (po, ¢, &, n), we have for
¢ =0 (and thus & = v2|n|,—1 > 0)

eSHO(pUaOagan) = (pO(l + 35)703 1 _fsga #{957)7

1 pg -1
& ¢
that pp < 1, i.e. we stay in the coordinate patch); when s —%, this tends to a point

on ORT. In the case pp = 0, the flow exists for all s > —% and merely dilates the fiber

with domain of definition given by s € ( ) when pg > 0 (the upper bound ensuring

variables.
When ¢ # 0 on the other hand, then £ > max(0,2¢) on X+ and
sHO _ é 2(s 2§< 2774-67@3
e (P07C7§777) - <p0<1+2c(e 1))7(75_(5_24.)6_2(575_(5_24)6_245 .

When ¢ = 2¢ (and thus n = 0 on X71), this tends to R;" as s \, —co. When £ = 0
(and thus 7 =0, ¢ < 0 on ©V), i.e. on Rjut, this is stationary. In the remaining case that

€ #0,2¢ and ¢ # 0 (and thus n # 0), one has eSHO(po,C,f,n) — ORF as s\, 71( log(%)
(the infimum of the maximal interval of existence of the flow); the flow leaves the local
coordinate chart into pg > 1 when s exceeds a positive threshold. For pg = 0 finally, the

flow is defined for all s > 0, and for ¢ > 0, resp. { < 0 tends to R;’_, resp. R:ut as s ~ oo.

We now turn to the time s flow of
H" = Hc;:b’e’bT;+M = (5 - 4)77577 - §P+3p+ - 2\77|i—18£

inside £+ over ./, where 3£(¢ —2¢) +|n|?_, = 0. Thus, ¢ > 0 and therefore 0 < ¢ < 2¢
in 3, and we find (dropping z, = 0 and the constant y from the notation)

oH+ € o 26¢ 2n¢ec®
M (pry ¢, 6m) = <p+(1+2€(6 % —1))7C,§+(QC_g)ezcsv§+(2g—g)ezcs>'

When ¢ = 2¢ and thus n = 0, the fiber coordinates remain fixed and py — 0 as s 7 oo,
thus this tends to RIH_ When £ # 2¢, this tends to the point (p4(1 — 2%), 0,0,¢) € R,
as s ' o0.

The fact that the set £ = 2¢, n = 0 (in either coordinate system) is preserved under the
flow motivates the first half of the following definition:
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Definition 4.2 (Stable/unstable manifolds). We define the following submanifolds of %+ N
(PT%, M\ o)
Wﬁ ={(po,zr,y;(,&§,m): xy =0, n=0, £ =2¢, ££ > 0} (in the coordinates (4.2))
={(p+,27,y;(,&,m): zy =0, n =0, £ =2(, ££ > 0} (in the coordinates (4.4)),

W = {(po, 27, 4;(,&m): po = 2y =0, £( > 0} N T (4.15)

Thus, inside X7, the set W$ is the unstable, resp. stable manifold of RII _, Tresp. RII 4
while W} is the intersection of the unstable manifold of RS and the stable manifold of
lel _. Inside X7, the analogous statements hold with ‘stable’ and ‘unstable’ switched. See

Figure 4.1.

g, M

St M

FiGure 4.1. Hlustration of the null-bicharacteristic flow of the rescaled

Hamiltonian vector field H, see (4.1), at fiber infinity over a fiber f;‘, yey,

of .#*. We identify conic subsets of ®PT*M \ o with their boundaries at

fiber infinity. We draw X+ N®PS *.+ M as a cylinder with base . (a closed
<Y

interval) and cross section £+ N e’bS;M >~ §*~1 drawn here for n = 2. The
direction of the flow is indicated by arrows, and the boundaries at fiber in-
finity of the radial sets defined in Lemma 4.1 are drawn in bold black. We
also show the boundary at fiber infinity of the two stable/unstable manifolds
from Definition 4.2. Moreover, we sketch null-bicharacteristics in (I°)° in
red, null-bicharacteristics in (I7)° in green, and null-bicharacteristics lying
over M° in blue.

4.2. Microlocal estimates. We continue using the notation introduced at the beginning
of §4. The structure of the linearizations of the Hamilton flow at the radial sets determines
the structure of the corresponding microlocal propagation results, even at a quantitative
level as far as the relative sizes of weights and differential orders are concerned. In addition,
suitable subprincipal symbols of the operator P affect the precise threshold conditions
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entering in the radial point estimates at R. and Royu; there, the endomorphism p; from
Definition 3.6(3) enters (see also Remark 4.12). We thus define:

Definition 4.3 (Minimum of p1). Given p; € (C™ 4 A04+))(#+; 3* End(E)), we set

p1:= inf {Rep: pu € specpi(p)}.
peS+

Here, specpi(p) C C is the spectrum (in the sense of linear algebra) of the linear map
pi(p): By = Ey, y = B(p). We define p; 4 by the same expression except for taking the
infimum only over p € T NIT.

‘We rewrite this in a manner more amenable for use in estimates:

Lemma 4.4 (Characterization of p1). Let py € (C® + A%0t))(7/+; B*End(E)). For a
positive definite fiber inner product hg on Ely, set

1
hg) := inf = *
pi(hE) pér_lj+8p60<2(p1(p)+p1(p) )>,
where p1(p)* € End((B*E),) = End(Ey), vy = B(p), is the adjoint of p1(p) with respect to
he(y). Then p; = supy, . pi(hE).

Proof. For any hg, one has p1(hg) < p1, and hence the statement is that for any € > 0, one
can find an inner product hg so that p1 — e < p1(hg) < pi. The Lemma is a general linear
algebra result, which is a minor variant of [Hin23b, Proposition B.1 and Lemma B.2]: we

need to use that due to £y, £, > 0, we have (C®° + ALY (7 +) ¢ CO(#7), and thus the
compactness argument of the proof of [Hin23b, Proposition B.1] still applies. O

We shall identify conic subsets of ®PT*M \ o with their boundaries at fiber infinity.
We shall moreover drop the vector bundle 3*E — M, in which all distributions below
are valued, from the notation. Finally, in order to state our estimates, we need to fix an
integration density on M, which we take to be a positive element of

panfl:L,;anjrnflcoo(]\47 bQM) (416)

The motivation is that the lift of the metric density |dg| on M° is given by |dg| =
po" e o dlpga phg)l € pp "t (0 AR ) (M 2PQM), and we
have C®(M;*PQM) = :U}”HCOO(M;'DQM). (We may as well allow for a conormal term
in (4.16) as well, which makes no difference in the subsequent arguments; one could then
simply use |dg| as the metric density, which is of class (4.16) plus a lower order conormal
error term.)

The semiglobal microlocal propagation results near .# " are then the following:

Theorem 4.5 (Propagation through .#*: forward direction). Let s € R and a vec-
tor of weights o = (aw,2ay,ay); put & = a+ (2,2,2). Suppose u € H_ (M) =
PEOas Pt H (M), and let f = Pu € H > (M). Then WFSf (1) € SUWES > (f).
Moreover:
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(1) (Propagation through .#+.) Suppose that*?
1 1
Oz+<0¢y—§<0éo, S>$0>§—Ozo+2ay—]g1. (4.17)

Assuming that*®
WEFp(w) N O Sfe. M =10,
=0,

WESS% (1) N Re (4.18)
WESL P (£) N PS5 M C Rout,
we then have WFZE‘(u) N e7bS}+M C Rout-
(2) (Full control at #*.) Suppose that in addition to (4.17), we have
1
gy < —3 +p1, (4.19)
and that for an open neighborhood U C PS*M of Rous, we have
WE X (w) N U\ PSS M) =0,
P s (4.20)

WES VY (F) N ebsy M = 0.
Then WEZp (u) NP S% M = 0.

All statements can be microlocalized to either of the two components X% of ¥. The ter-
minology ‘forward’ refers to the causal nature of the direction in which we are propagating.
Relative to the rescaled Hamiltonian vector field, this means propagating regularity of u in
the forward direction on ¥ and in the backward direction in ¥ .

If fe Hesygl’a/(M), an application of part (1) shows that control of u in (I°)° can be
propagated through . and gives Hsg‘ -control away from the outgoing radial set. In
particular, one gets control near the ingoing radial set Rin + at the future boundary of ..
In order to gain full control of u, one needs to understand how the flow continues in I,
which depends on the global geometry of the spacetime of interest; examples, including
asymptotically stationary Minkowski spacetimes, are discussed in [Hin23b]. Ultimately, if
one can propagate control of u (from global propagation through I as well as from initial
data) to a punctured neighborhood of Ry, part (2) applies and yields full control of u at
7 in the differential order sense.

Setting up a solvability theory for P requires estimates for the adjoint P*—defined with
respect to a density (4.16) and any choice of positive definite fiber inner product on E—in
which we propagate regularity in the opposite direction:

Theorem 4.6 (Propagation through .#*: backward direction). Let 5 € R and a =
(d0,2(§zf,d+), and put~d~/ =a+ (2,2,2~). iS'uppose u € H;SO’O‘(M), and let P*u = f €
Ho o (M). Then WE (@) C XU WF;;Q’O‘ (f). Moreover:

22The condition on so can be written as so > —(aw — ) — (—% + p1 — ayg), cf. the first inequality
in (4.17) and the threshold condition (4.19).

23Carefully note that the assumption on u at R. requires only above-threshold regularity so on u (while
the conclusion of the Theorem gives s > so degrees of edge-b-differentiability at R.).
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(1) (Propagation through .#%.) Suppose that
1 1. x
Gy > =5 —p1, WESLNY () N PS5 M C We U Wi, (4.21)

Then WES2 (@) N*PS* M C We U Wy,
(2) (Full control at £ *.) Suppose that in addition to (4.21), we have

1 1
d0<dj—§<5z+, §<§_d0+2dj+pl, (4.22)
and that for an open neighborhood U C *PS*M of Rin,+, we have

WESR (@) N (U NS0 M) =1,

-1 (7 b (4.23)
WEL P (f) N ebsy, M = 0.

Then WES2 (@) N *PS* M = 0.

Remark 4.7 (Orders and duality). Given s, a,a’ as in Theorem 4.5, the dual space of the
space Hs’gl’a, (in which f is estimated) is ng where § = —s+1 and & = (&g, 207, 0y ) :=
—o = —-a—1(2,2,2) (thus a9 = —a9 — 2, &y = —ay — 1, &4 = —a4 — 2). The threshold
condition in (4.21) is then equivalent to (4.19), and the threshold conditions (4.22) for
S, q, 0y, Gy are equivalent to (4.17) (except so does not enter in (4.23)).

The wave front set statements are proved using positive commutator arguments, and
are thus qualitative versions of quantitative statements. The quantitative version of The-
orem 4.5(1), restricted to X1 for definiteness, is the following. Suppose B,E, E.,W €
\Ifg7b(M ) satisfy the following conditions:

® WF;,b(B) N Riut =¥
e all backward null-bicharacteristics starting at WF, ,(B)NE* tend to R, | UR{, _U
R& or enter Ell ,(E) in finite time, all while remaining inside Ell. 1,(W);
e W is elliptic also at R;" e R URE;
e E. is elliptic at R.

Let N € R. Then under the assumptions (4.17), the estimate

1Bullizg oy < C(IWPull s oy + 1Bulirz o + 1 Eetl s ary + el - )

’ (4.24)
holds in the strong sense that if all quantities on the right are finite, then so is the left
hand side, and the estimate holds. While the estimate (4.24) can be recovered from Theo-
rem 4.5(1) via the closed graph theorem [Vas18, §4], the direct proof via positive commuta-
tors provides control on the constant C' in terms of norms of the coefficients of P which, in
principle, can be made explicit; this is important in applications to quasilinear equations,
see e.g. [Hin16]. We leave statements of quantitative versions of the other parts of the above
Theorems to the reader.
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In order to prove Theorems 4.5 and 4.6, we work microlocally near each of the radial sets
separately. Throughout the remainder of this section, we shall assume

s € R, a = (oo, 207, 04), o = (a,2d,,0,) == a+(2,2,2),

SER,  a=(G2is,ay), & =(a),2d,,d,)=a+(222),
we H 2°%M),  Pu=feH_ (M),
ae H (M),  Pa=feH > (M).

For conciseness, we only state the qualitative wave front set versions of the radial point
estimates near each of the radial sets.

Lemma 4.8 (Propagation at R.). Let U C “PS*M be an open neighborhood of Re.

(4.25)

(1) (Forward propagation.) Let s > sg > 3 —ag+2a, —p1. Suppose that WFZLl’a/(f)ﬂ
Re =10 and WFZ%Q(U)HRC = 0. IfWFgg( n (UﬁebS(Io) M) =0, then we obtain
WEFSS (u) N Re = 0.

(2) (Backward propagation.) Suppose that § < 3 —do+2d,+p1, W FS L’ (INRe = 0.
If WD (@) N (UNSPS% M\ Re) =0, then WFJD (i) N R = 0.

Lemma 4.9 (Propagation at Rin—). Let U C ®PS*M be an open neighborhood of Rin — .

(1) (Forward propagation.) Suppose that oy < ap+ 3 and WFS Lo (f)NRin— =0. If
WESE (u) O (U N PS5 M\ Rin—) = 0, then WE>2 (1) 0 le_ — 0.
(2) (Backward propagation.) Suppose that ég < dy — 5 and WFS_I’a (f) N Rin_ = 0.

IFWESL (@) N (U NS, M) =0, then WE (@ )mnm,_m

Lemma 4.10 (Propagation at Rin ). Let U C ebS* M be an open neighborhood of Rin +.

(1) (Forward propagation.) Suppose that ay < oy — % and WFZ;’O‘/(]‘") N Rin+ = 0.
IFWE D (w) N (U N evbsg‘ iy M) =0, then WEZp (u ) N Rin+ = 0.

(2) (Backward propagation.) Suppose that dy < & + 3 and WFZ bl o ()N Rint = 0.
If WESD (i) N (U N PS5, M\ Rin 1) = 0, then WEL (i) N Rin 4 = 0.

Lemma 4.11 (Propagation at Ryt )- (1) (Forward propagation.) Suppose that oy <

—%+p1 and WFZ;l’a/(f) NRouwt = 0. Let U C “PS*M be an open neighborhood of
Rout- If WFZg(u) N U\ Rout) =0, then WFZﬁ(u) NRout = 0.

(2) (Localized forward propagation near I°.) Using the coordinates (3.5) for any fized
T € R, let 0 < po— < po+ < 1 and suppose U U c *PS*M N {py < P0.+}
are open sets containing Rouwt N {po < po,—}, and uw c u. If ay < _% + p1,
WES 2 (u) V(U \ Rou) = 0, and WP (£)NP 5% M € Rou\U, then WEZ (u)N
ebS* M C Rows \ U

(3) (Backward propagation.) Suppose that &y > —3 — p1 and WFiLl’&/(f) NRout = 0.
Then WFS O‘( )N Rout = 0.

(4) (Locahzed backward propagation near I.) Using the coordinates (3.6) for any fized
TeER,let0< py <1 andletUd C*PS*M be an open set with U N Row = {p1 <
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i} Rou. If iy > ——p1 and WESL Y (F)nU = 0, then WESE (@) N(UNRou) =
0.

Remark 4.12 (Threshold conditions and p;). The threshold conditions for propagation at
Rin— (Lemma 4.9), resp. Rin + (Lemma 4.10) only involve the (relative) weights at I° and
SZF, resp. # T and IT. This is consistent with the fact that these radial sets control the
uniform behavior (i.e. the amplitude) of waves passing through (a neighborhood of) .#*
(i.e. they are essentially transported across .# 7 without any change to their amplitude).
On the other hand, the radial point estimate at Royt (Lemma 4.11) naturally does involve
p1, as this quantity determines the decay rate at .# ™ out waves tending towards S+ (cf. the
first factor in each line of (3.16)). The radial set R, (Lemma 4.8) controls waves featuring
both aspects (cf. its unstable manifold in Figure 4.1).

Proof of Theorems 4.5 and 4.6, given Lemmas 4.8—4.11. Elliptic regularity in the edge-b-
calculus immediately gives WFzg (u) C XN WFZ;}O‘/( f). For part (1), we first apply
Lemma 4.8(1) to get control of w microlocally at R.. We can then propagate this control
using standard real principal propagation along the unstable manifolds of R., thus con-
trolling v microlocally in e’bS}+\ 1+ M\ (Rout UWiy). In particular, the assumptions of
Lemma 4.9(1) are satisfied for a sufficiently small neighborhood of Ri, —. Hence, we obtain
control at Rin,—, which can be propagated along Wi,. We can then apply Lemma 4.10(1)
to get control at Rin 4; this can then be further propagated over .#% N I to any punc-
tured neighborhood of Ryyt. Altogether, this proves the absence of HS:}? -wave front set of
u over #1 except at Rous. Part (2) of Theorem 4.5 is now an immediate application of
Lemma 4.11(1).

Theorem 4.6(1) follows from Lemma 4.11(3) and real principal type propagation in
ebS% . M\ (Win UW,). For the proof of part (2), one in addition applies Lemma 4.10(2) to
get control at Ri, 4+, which propagates to a punctured neighborhood of R, — over £\ T 0,
Propagation into Ri, — is accomplished by Lemma 4.9(2), from where one can then propa-
gate regularity of u to a punctured neighborhood of R.. An application of Lemma 4.8(2)
completes the argument. O

We now turn to the proofs of Lemmas 4.8-4.11.

Proof of Lemma 4.8. We work near R7; the arguments near R_ are completely analogous.
We omit the weight at I from the notation. Let & = (dg,2dys) = a+ (1,1) = (ap +
1,2ay +1). We consider a commutant

. _Lls e
A=0p.(a)e ¥, 2",  A=A"A (4.26)
with @ defined momentarily, and shall estimate the L2-pairing®*
i P— P* 2.2
Im(Pu, Au) = (Cu,u), € = §[P, Al + % Ae \Ijej; (M), (4.27)

in two different ways. Here, we define the L? inner product (and the adjoint P*) with
respect to the volume density (4.16) and a fiber inner product hg on E which is almost
optimal, that is,

pi(he) € (p1 — €0, p1] (4.28)

24Regarding the weights of €, note that (—2, —2) + 2& = 2« indeed.
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for any fixed ¢g > 0. Using the Cauchy—Schwarz inequality and elliptic estimates, the left
hand side of (4.27) can be bounded, for any § > 0, by

m(Pu, Au) = =[(APu Au)| = =Co~ WP,y =8 Aul? 4 ) = Cllul? .
e,b 2 e,

(4.29)
for a constant C' (independent of u, f,0), where W € \I’Sb is any fixed operator that is

elliptic on WFy 1 (A).
We next compute the principal symbol of the ‘commutator’ 4. We employ the co-

ordinates &,7;,( from (4.2) in the base and the coordinates ooy 0, C from (4.12a) in the
compactified fibers. Recall ng from (4.3a), and define, for 5 € (0, 1) specified below,

= 92w oo (32 XSGR, )

here, for € > 0 fixed below, the cutoff function x € C2°((—e¢, €)) is identically 1 near 0, and on
[0, €) satisfies X' <0, /—x"x € C*. Thus, a is supported in any given conic neighborhood
of RT upon choosing € > 0 small enough. In view of (4.12b), we have

1
JH. v:<_ P S o O(bo 24;;) 12
atgo a s+2 ap + 20 + O(e) + O(ee”™) ) pg @ (4.30)

—20 —4
+plpy 0w, N (—bg — b + by 4 qpGly)-

Here by, be,bs,q € SO + Alo:2t5) G0 gre symbols on ®PT*M: the symbol by arises from
differentiation of x(pp) (which by (4.12b) gives a negative square when e > 0, hence the
support of @, is small enough); the symbol b. from differentiation of X(|é |2) (which for
sufficiently small ¢ > 0 gives a negative square at z, = 0, and thus on suppd when
dy is sufficiently small); moreover, by arises from differentiation of X(?—j), and ¢ from
differentiation of the localizer X(pgong) to the characteristic set. In terms of the principal
symbol G = P(Q)@%Gg,b of P, this means

e,b 252« v
b U 2 —
(5!
with § € S0 + AW:262) 50 By definition of &, the expression (4.31) is a symbol of class
525,2a + A(Zo,Q@y)SQS,Qa.
Turning to the second term of ¢ in (4.27), we need to evaluate ®Poh(=2-2-2)(£20)
near RT. In the notation of Definition 3.6, we may replace P here by Py, as the operator

P only contributes an element of A(2+€0’2+2@’ )S1. We have Py = pox yPOeb where the
normal operator of 2P .1, is given by the first line of (3.16). Recall from (4.16) that we are

P,A]> = aHga = piegaHee -+ ppy "0, G- popy e, G (4.31)

working with an mtegratlon density ppg™ 'x 2”\%%dy\, where p > 0 is smooth. The

normal operator of py mj (Po — Py) is then equal to that of Py p — p52x}2P§e7bp3x} and
thus, after a short calculation (see also Example 3.9 and note that Oy, is symmetric with
respect to |dgpl|), given by

o o P—P 1 ) .
Nt o <Po )t ) = —5(p1 +p1)(@s Dy — 2p0Dp,) + N,

(
2
N € (C™ + A) (5 \ IT; End(Ey,)).
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Therefore, over 7,

P— P A
b0t (pgt ) = 5 A PDE 20 = (PP (1-20). (432)

Recall that at R, we have ¢ = 0; in combination with (4.30), we therefore obtain

1 1
0 (6) = (5t 5 ~ o+ 2 (4 )+ O + O phatola

_ ) —4 -

+ Py 0, (0G — bE A by + (0 + )paGe)-
The first line is negative (and thus has the same sign as the terms —b3 and —b? in the
second line) under the condition

1
s+ oy — 20y > 5 m on supp a (4.34)
in the sense of quadratic forms on FE. By assumption, this condition holds at R. provided
we work with small enough ¢y > 0 (see (4.28)), and therefore also in a sufficiently small
neighborhood of R, and thus on supp a if we choose € > 0 small enough.

This symbolic calculation can be turned into an estimate in the standard manner; we
sketch this briefly. We give ourselves some extra room 6 € (0,s + ag — 2ay — % + p1),
and denote by By, B.,Bs,Q € .A(_ao’_%‘f)\llib quantizations of pgospaaofq}m] times

1 (_q_ _
by, be, by, q + q; we further let A € \Ilezb( L= with principal symbol poﬂ?ypool/Q

Then we can write

¢ = —0(ANA)*(AA) — B*B — B} By — B!B.+ By B, + R,
where B € Al~00,—2as )\I/‘;b is elliptic at R, and such that the sum of the first two terms on
the right here is a quantization of the first line in (4.33), and R € .,4(7“0’*20‘])\113,3};1 (with
Wng(R) - WFg’b (A)) is the error term not captured by our principal symbol calculations.
Plugging this into (4.27) and using (4.29), we obtain

5II/1UIIZ%,(_1,_1) +[|Bull?2 + || Boull 72 + || Beul 72

e,b

near supp a.

< OO WP+ |Brullle + 0 Aul? y )+ Clluly + (R

e,b e,b

Upon cancelling the terms involving A, dropping the third and fourth terms on the left,
and estimating

[(Ru, w)| < CIWul® -,
H %

e,b
using elliptic regularity, this gives the estimate

[Bull2 S [[W Pull HIBrullpe + Wl oy o+ llull e (4.35)

e,b

+ C|lul?,_
e

s—1,x
He,b

This gives quantitative H(fg -control of u near R. (where B is elliptic), assuming Hj,_b%’a—
control of u on the elliptic set of W. Note that we can take WF, (W) to be contained in
any specified neighborhood of RT by choosing € > 0 small enough.

In order to make sense of the integrations by parts in this argument, one needs to use a
standard regularization argument [Vas18, §4]; we only give a very brief sketch. One replaces
a by a, = (1+rp;L)~"a, r € (0,1], where v > 0. For fixed 7 > 0, this effectively replaces s
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by s — 7 in the above symbolic calculations, hence the amount ~ of regularization one can
do is limited in view of the requirement (4.34) for sy = s —+ in place of s, and one needs to
assume that WF 3" (u) NRe = 0 in order to justify the integrations by parts. For such vy
then, one obtains an r-dependent version of the estimate (4.35), with an implicit constant
that is uniform as r \, 0; upon letting » — 0, a standard functional analysis argument
using the weak compactness of the unit ball in L? implies that Bu € L? (i.e. one gets to
conclude regularity of v on Ell, ,(B)), and the estimate (4.35) holds. This finishes the proof
of part (1) of the Lemma.

Turning to part (2), the roles of P and P* are now reversed. We remark that the choice
of fiber inner product on E used to define the adjoint P* in (4.25) is immaterial, as the
adjoints with respect to any two choices are related via conjugation by a smooth bundle
isomorphism on E; thus, we may as well use the near-optimal inner product already used in
the first part of the proof. Thus, in the calculation (4.33) (but now using 3, &g, &y instead
of s,ap,ay, and writing (ag,2as) = & + (1,1)), the terms involving p; come with the
opposite sign; and propagating backwards, we now want —s + % —ao+2a, + %(pl +p7) to
be positive (thus to have the same sign as the term bfg, but the opposite sign as —bZ, —b2,
which are the places where we need to assume a priori control). This leads to the condition

. - 1
8+040—204y<§+]_31.

Note that since this condition remains valid upon decreasing s, the allowed amount of
regularization is now unlimited; this is the reason for the absence of an a priori regularity
assumption on the solution @ of P*u = f at R.. U

The proofs of Lemmas 4.9-4.11 are similar, hence we shall only explain the symbolic
aspects.

Proof of Lemma 4.9. We shall work near R;_ and use the coordinates (4.2), (4.11a) (with
Poo = ¢! near, and € = 2 at, R ). We shall define A as in (4.26), where now

¢

—s+ 1 & —26 T ~
= poo 2py 20z, J’x(po)x(i)x(@—S)z)x(pioGS,b),

where x is a cutoff function (with support near 0) and 0 < §y < 1 as in the proof of
Lemma 4.8. Recalling (4.11b), we find

aHgo = (=260 + 2ds + O(e) + O( 7)) pla

+ P2 py 220w 1 (—bE + b2 + b2, + qpsGLy),

where by, by, by, arise by differentiation of x(po), X(}”—j), x((2 = €)?) respectively; for the
latter, note that 2 — é > 0 is monotonically increasing along HGob near RIJ;_ Moreover,
by (4.32), we have, over .+,

= 51+ PD(E—20) =~ (o1 + PP (€~ 2).

o o P — P*
o,bo_l(pOZxJQ > )



56 PETER HINTZ AND ANDRAS VASY

At Rin,—, this vanishes. Adding these two contributions to “P¢2%2%(¢’) in the notation
of (4.27) gives, similarly to (4.33),

“Po%2( @) = (=20 + 205 + O(e) + O(°E)) phay pi

S ) (4.36)
+ 0ol py 2201 (—bE + bY + b2+ (¢ + QP2 Gy).-

When propagating in the forward direction, we assume a priori control on supp b Usupp biy,
and obtain control at R;ﬁ,— (as well as on the elliptic set of by), provided that —dg+dy < 0,
or equivalently ay < ap+ % The proof is now finished by quantizing the lower case symbols
as before. As for the regularization argument, note that the condition on ag, s does not
involve the differential order s, and hence we can do an arbitrary amount of regularization;
thus, there is no a priori regularity requirement at R, — here. This proves the first part of
the Lemma.

For the second part concerning propagation in the backward direction, we now need
—&p 4 dy > 0 (in the same notation as in the previous proof) to make the main, i.e. first,
term of (4.36) (with tildes added) positive, matching the sign of by, b;,, whereas now the
term —bZ has the opposite sign. Thus, we need microlocal H’}' regularity of u on supp by
in order to conclude regularity at Rin,—. 7 O

Proof of Lemma 4.10. We work near R;;Hr and use the coordinates (4.4), (4.13a) (with
poo = (1), Using the same notation as in the proof of Lemma 4.8, We use the commutant

5 —st+i 25, —a T :
A= po a0 (50 )Xo X((2 - PG

Using (3.16) (and omitting the weight at I°), we compute the normal operator of the
imaginary part of P to be

L, LP-P*\ 1 . )
N+ y, <$ﬂ2p+2 9% ) = 5(291 +p1) (s Dey —2p1Dp, ) + N,

N € (C™ + A)(F,5 \ 1% End(Ey,)).

Its principal symbol is 1 (p1 + p})(€ — 20) = 3(p1 + P}) s (€ — 2); this vanishes at R 4
Using (4.13b), we then find (in the notation (4.27))

ebg28,20 (@) = (—2ds +2a4 + O(e) + O(e¥r €€+)):c;pip§ola2
_9s — —2 q
PooQSl"mePJr at (_b3¢ + bi - b?n + (¢ + Q)pgoG;:b)‘

Here by, by, by, arises from differentiation of X(%), x(p1), x((2 — €)?), respectively. For

forward propagation, and under the threshold condition —¢&y + a4 < 0, i.e. ay < ay — %,
we need to assume a priori control on supp b4. Furthermore, the amount of regularization
is again unlimited since the edge-b-regularity s does not enter in the threshold condition.
Following the arguments of the proof of Lemma 4.8 yields the desired result. The proof of
the backward propagation result is similar. O

Proof of Lemma 4.11. We only give details for the localized forward propagation statement,
i.e. part (2). We again work in the coordinates (4.2) on the edge-b-cotangent bundle over

Uo(T), and we use the coordinates (4.11a) on the compactified fibers near R, (where now
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poo = —C71 > 0). Fix poo € (po,—, po.+)- Recall from Lemma 3.5 that upon fixing C' large
and &g > 0 small, the function

po == po — (poo + Ca’?)

has past timelike differential near its zero set in xy < 2dp. For sufficiently small § € (0, do]
and cg > 0, the set Up(T) N {po < +co, 1 < 20} contains U® ﬂe’bS}JrM (for the ‘—’ sign)
and is contained in U (for the ‘4’ sign).

We again use a cutoff function x € C°((—¢,€)) for small 0 < e < 20y which satisfies
X = 1 near 0, and which on [0, €) satisfies x’ < 0 and \/—x"x € C*. Let further y € C*(R)
be identically 1 on (—oo, —¢y], identically 0 on [cp, o), and so that ¥’ < 0, /—x'x € C*°.
We then use a commutant A = A*A, A = Op, (@), where we set

— +l X _ox o -/Bﬂ A
=P 2pg "Oxf“’x(po)x(g)x(§2)x(p§oG2,b)-
In light of (4.32), we have

Ly PP 1 _ oo
ob l(poz%2 5 )Z—gpool(pwpl)(?—ﬁ),

which equals —p3!(p1 + p}) at RY,. Using (4.11c) and the past timelike nature of g, we
can write (in the notation (4.27))

e,bo_25,2a(cwﬂ) — (de _ (pl —|-p1)* + O( ) + O( to %ﬂ))pcjold2
g 0w (W — B+ e+ ap3Glp)

Q¢

where by, B, bout, and ¢ € A0 80 (the conormal coefficients necessitated by the merely
conormal regularity of o) arise from differentiation of x(5Z), X(fo), x(£2), and X(pgong),
respectively. Since we are considering forward propagation, the terms b} and b2, are
supported where we make a priori assumptions, and the term b2 has the same sign as the
main term (hence in the L? estimate arising upon quantization can be dropped) provided
207 —2p1 <0, 16 ay < —% + p1. Quantization and regularization proves part (2). O

5. HIGHER B-REGULARITY

As already discussed in §1.2, we do not develop any tools in this paper for the microlocal
analysis of b-regularity near .#* C M (using the notation introduced at the beginning
of §3.2). Recall that in the coordinates pg, x s,y from (3.5), b-regularity on M is iterated
regularity under application of the b-vector fields pod,,, 70y, , and 9,;, whereas edge-b-
regularity captures regularity under po0y,, s 0:,, and z,0,;. However, b-regularity on
M (or equivalently on M) is both natural (e.g. on Minkowski space it exactly amounts to
regularity under generators of the full Poincaré group, in particular under spatial rotations)
and useful in applications; for instance, it is used explicitly as a crucial piece of information
in the recovery of sharp asymptotics at .# T in the stability results [Hin23a, §3.6], [HV20,
§5.1], and plays a central role (albeit in different terminology) in almost any analysis near
null infinity; see [Linl7] for a sharp example.

In this section, we thus demonstrate how to work microlocally with elements of edge-b-
spaces which have additional integer amounts of b-regularity; the main tool will be simple
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commutator arguments in which we commute appropriate b-vector fields through the edge-
b-operators of interest. Since in applications, higher b-regularity is mainly of interest for
the forward solutions of wave equations, we only discuss regularity results for propagation
in the forward (i.e. future causal) direction here.

In §§5.1-5.2, we work in a general edge-b-setting and discuss the appropriate class of
b-vector fields used for commutation, the class of edge-b-Sobolev spaces with extra b-
regularity, and basic microlocal estimates (elliptic regularity, real principal type propaga-
tion) on such spaces. In §5.3, we return to the analysis near .# T and prove microlocal
propagation results at radial points with extra b-regularity.

5.1. Commutator b-vector fields. Asin §2.2, we let M denote a compact manifold with
corners and embedded hypersurfaces Hy,...,Hy, N > 3, with Hy being the total space of
a fibration ¢: Hy — Y, where the base Y is a smooth manifold without boundary, and the
typical fiber is a manifold Z, possibly with (disconnected) boundary (e.g. a closed interval).

Definition 5.1 (Commutator b-vector fields). The space of commutator b-vector fields
Vip) (M) consists of all V'€ V},(M) so that [V, W] € V(M) for all W € Ve,(M).

Clearly, we have Ve,(M) C Vpp(M). To study this space further, denote by C3°(Hz) =
¢*C>(Y) the space of fiber-constant functions on Hy; thus, f € C*°(H>) lies in C3°(H>) i
and only if V|g,f =0 for all V €V, ,(M). We also recall that an element V' € V},(M) lies
in Ve ,(M) if and only if for all f € C3°(Hz) we have Vg, f = 0.

—

Lemma 5.2 (A simple criterion). Let V € V,(M). Then V. € Vi, (M) if and only if

Proof. Let V € Vy,(M). Given W € Ve 1,(M), the condition [V, W] € V,1,(M) is equivalent
to the vanishing, for all f € C3°(Ha), of
VWt f = VWl f = Wl Vi, f = =W, (Vg f)-

The condition that this vanish for all W € V, (M) is in turn equivalent to V|, f € C3°(H2)
for all f € C3°(Hz). This proves the Lemma. O

If the base Y is a point, then V. ,(M) = V(M) = V) (M); if on the other hand the
typical fiber Z is a point, then C3°(Hz) = C*°(Hz2) and thus again Vi, (M) = Vp(M). If
both Y and Z have positive dimension, as is the case in our application, one always has
Vip) (M) € V,(M). However:

Proposition 5.3 (Many commutator b-vector fields). The space V(M) spans Vy,(M)
over C*(M).
Proof. Define the C3°(Hz)-module
Vi) (Hz) = Vi (M), = {V € Wo(H2): V(C3°(Hz)) C C3°(Ha)}- (5.1)
It suffices to show that
Vip)(H2) spans Vy,(Hz) over C™(Haz). (5.2)

Indeed, let V' € Vy(M); then, assuming (5.2), we can write Vg, = Zszz where f; €
C*°(Hz) and V; € Vy(Hz). Choosing extensions f; € C*°(M) of f; and V; € Vi, (M) of V,
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the b-vector field V — " f;V; vanishes at Hs as a b-vector field, and hence a fortiori lies in
Ve’b(M) C V[b](M)

Now, the characterization (5.1) for V' € W,(Hz) to lie in Vi, )(H2) is equivalent to the
condition that V pushes forward along ¢ to a well-defined vector field on Y. But since
¢: Hy — Y is a fibration, every vector field on Y has a lift to an element V € V,(Hs)

(which thus satisfies this condition). It remains to observe that V,(Hz) is generated over
C*°(Hz) by Ven(M)|u, C Vip)(Hz2) and the lift of V(Y). O

In local coordinates as in (2.3a) (or (2.3b)) in the special case that Z is a closed interval,
the space V) (M) is spanned by the vector fields a(z,y, 2)x0z, b(w,y, 2)0. (or b(x,y, 2)20,),
and (c(z,y) + xc'(v,y,2))0,; for smooth a,b,c,c’. This can be used to give an alternative,
local coordinate, proof of Proposition 5.3.

Using induction, one can show that [V,)(M), Diff]g’b(M )] C Diff’e“’b(M ). We generalize
this to operators on vector bundles:

Definition 5.4 (Commutator b-operators). Let £ — M be a vector bundle. Then the
space Diﬁ'[lb](M;E) of commutator b-operators denotes the space of all X € Diffl (M; E)

whose principal symbol is scalar and equal to that of an element V' € V) (M); that is, for
all f € C>®(M) and o € C*°(M; E), the Leibniz rule X (fo) = fXo + (V f)o holds.

Given any commutator b-vector field V', there exists a commutator b-operator X whose
principal symbol equals that of V; for example, one can take X = Vy, where V is a
connection on F.

Lemma 5.5 (Commutators: differential operators). Let A € Diff]eib(M;E) (not neces-
sarily with scalar principal symbol) and X € Diﬂ"[lb](M; E). Then [X,A] € Diffléb(M; E).
Similarly, if o € RN is a vector of weights and A € A*aDifflg,b(M;E), then [X, A] €
A~ODifff (M E).

Proof. In a local trivialization of E, we have X = V ® 1 + e where V € V(M) and
e € C®(M;C%%); here d is the rank of F, and 1 is the identity operator on C%. Moreover, we
have A = (A;j)1<i j<d, where the A;; € Diff'§7b(M) are scalar operators. Then [V ® 1, A] =
([V, Aij])1<ij<a is a matrix of elements of Diffif,b(M), as is [e, A]. (When A is principally
scalar, then [e, A] € Difff;)l(M ), but this does not hold in general.) This implies the first
claim.

For the second claim, it suffices to consider A = wAy where w € A™*(M) and Aj €
Diff]eib(M); then [X, A] = w[X, Ag] + (Vw)Ap. Since the b-vector field V maps A~*(M)
into itself, the claim follows. O

More generally:
Lemma 5.6 (Commutators: ps.d.o.s). Let s € R and X € Diﬂ"[lb](M;E). Then for A €
\I/g”b(M;E) (resp. A_a\I/;b(M; E)), we have [X, A] € \Ilz’b(M;E) (resp. A_a\Ilib(M;E)).

Proof. Via local trivializations, one can reduce the proof to the case that E is trivial, and
then to the case that E is the trivial complex rank 1 vector bundle. We work on the level
of Schwartz kernels on the edge-b-double space M2, see (2.18). Denote the lifts of X to
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the left and right factor of Mgb by Xr and Xp. If K denotes the Schwartz kernel of A,
then the Schwartz kernel of [X, 4] is given by Dx K where

Dx = X — X%,

with the adjoint acting on edge-b-densities; thus Dx € Diff%,(MeQ’b; 7r;b’Re’bQM). Choosing
a trivialization of ©PQM, the operator Dy is, modulo an element of COO(MQQ’b), given by
the differentiation along the vector field

X =X, + Xg.

When X € Ve (M), then Xe Vb(Mg,b) since MeQ,b was constructed precisely so that edge-
b-vector fields lift to be smooth (and transversal across diag,},), and moreover X is tangent
to diag, 1, We claim that X e Vb(MeZ,b) and X is tangent to diag,}, also for X € Vy,)(M);
it suffices to check this for a set of generators X of Vi (M)/Ve (M) over C*°(M). We do
this in local coordinates on Me%b.

We shall give details only in one region, namely near the preimage of the interior of
HyM H; under the diagonal embedding diag,;, — M, e%b, where (upon relabeling if necessary)
Hj is a boundary hypersurface with HyN H; # (. (The computations in the case that there
does not exist such a boundary hypersurface are simpler still than the ones presented here.)
Thus, fix local coordinates z > 0, y € R¥ | 25 > 0, z; € R%~! pear (Ho N Hy)°, where
dy = dimY and dz = dimZ, and =z, resp. zp is a defining function of Hs, resp. Hi.
Denote the corresponding set of product coordinates on M? by (z,v, 20, 21, 7', Y/, 24, 21);
then (Hg)i = {(0,y, 20, 21,0, ¥, 25, 21)} and H? = {(z,y,0,21,2",y,0,2])}. It suffices to
compute X in the case X = ﬁyj, so X, = (?yj and Xp = 8(y/)j.

To start, upon blowing up (Hg)i, we replace the coordinates (z,2/,y,y) by (z,s,y,Y)

where s = % —landY = y/T_y, with the lift of the diagonal diag,,; given by s =Y =0,
20 = 24, 21 = 2}. Since H? lifts to {(x, s,9,Y, 20, 21, 25, 2}) = (7, 8,9,Y,0,21,0,2;)}, blowing
it up amounts, near the lift of diag,,, to replacing the coordinates (2, z;) by (20, 7) where
T = % — 1, with diag,;, now given by s =Y =17 =0, 21 = z] in the coordinates
(x,8,y,Y, 20,7, 21,27). But then the vector field X, resp. Xp reads Oyi — x710y;, resp.

218y, and therefore X = 0,; indeed lies in W, (M, ib) and is tangent to diag,},.

Directly from the definition of conormal distributions then, the operator Dx for X €
Vi) (M) maps W3, (M) — W3, (M) and A7, (M) — A7V (M), finishing the proof
of the Lemma. 0

5.2. Edge,b;b-operators and Sobolev spaces. In the general setting of §5.1, we pro-
ceed to describe spaces of operators and distributions with (integer order) b-regularity on
top of (microlocal) edge-b-regularity. This uses a mixed algebra of b-differential edge-b-
pseudodifferential operators. Such mixed algebras have been used in a variety of settings,
e.g. implicitly in [Mel94] and explicitly in [Vas08, Vas10, MVW13]. We shall only consider
scalar operators here, and leave the (purely notational) addition of vector bundles to the
reader.

Definition 5.7 (Mixed algebras and Sobolev spaces). Let s € R, a € R, and k € Ny.
Then the space Diﬁ’ﬁ\l’i’g (M) consists of all operators which are finite sums ) ; Q;P; where
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Q; € Difff(M) and P; € U27(M). The corresponding spaces of weighted edge,b;b-Sobolev
spaces are defined by

HED (M) = {u € HEY(M): Aue HZY'(M) Y A € Difff(M)}.

When a = 0, we denote these spaces simply by Diffﬁ\ngb(M ) and H e(sbk}z(M ), respectively.
Operators acting on sections of bundles E, F' — M, and Sobolev spaces of E-valued distri-
butions, are defined analogously.

Lemma 5.8 (Commuting the differential and pseudodifferential factors). Let s € R, a €
RN, k € No, and let Q € Difff(M) and P € WS (M). Then there exists a finite collection

of operators Qg, Qg € Difff (M) and P;, P]ti € U (M) so that

QP=>"PQ;, PQ=) QP (5.3)
J J

This remains true, mutatis mutandis, when P, Q) are operators on sections of a vector bundle
E — M, and when P € A=*US .

Proof. We only consider the case & = 0. The case k = 0 (so Q € C>(M)) is trivial since
W, (M) is a right and left module over C*°(M).

Consider next k = 1, and let Q € V,(M). If Q € V, (M), then QP = PQ + [P, Q)
and thus Lemma 5.6 implies (5.3). In general, by Proposition 5.3, the vector field Q
is a finite sum of terms fV where f € C*°(M) and V' € V,;(M). Suppose thus that
Q@ = fV. The first claim in (5.3) then follows from QP = PQ — f[P,V] — [P, f]V, since
fIP, V] € g (M) and [P, f]V € \I/ZI)lDiffll). The second claim follows similarly from PQ =
QP+I[P, fIV+f[P,V] = QP+VIP, fl+[[P, f], V]+ f[P, V] where now V[P, f] € Diff%\I/Z;jl,
([P, f],V] € \I/j})l, and f[P,V] € Ws, (M).

For k > 2, we argue inductively. Write @ as a finite sum of terms ;@2 with Q1 €
Diff},(M) and @, € Difff~'(M). Then QP = Y, P}.Q%; with @Q5; € Difff ™" (M) and
Pij € \I'Z,b(M) by the inductive hypothesis, and then by the case k = 1, we can further
write Q1P5; = 32 Py Q% with Q3 € Diffy (M) and P3;; € W5, (M). This proves the
first part of (5.3). The proof of the second part is analogous. O

Lemma 5.9 (Further basic properties). Let k € Np, s € R. Then Difff¥s (M) C

DifffT we T (M) and [Diff{f)(M),\I/;b(M)] C Difff(M)Ws H(M), similarly for spaces of
weighted operators.

Proof. For the first part, we fix a finite collection Vi, ..., Vi € Ve, (M) which spans Ve ,(M)
over C*°(M). We can then write any A € U7, (M) in the form A = Zszl VjAj + R where
Aj,R € \I/Zf (M); this follows from an analogous decomposition on the level of principal
symbols. Since a fortiori V; € V},(M), we are done.

In the second part, the case k = 0 is trivial. The case k = 1 follows by writing an element
of V(M) as a finite sum of terms fV where f € C*(M), V' € Vp, (M), and using that

Vi) (M), U5, (M)] C g, (M) C Diff%)\llzgl(M) by the first part. The case k > 2 follows
by induction as in the proof of Lemma 5.8. ([
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Corollary 5.10 (Algebra properties of the mixed algebra). If A; € Difff)j \IJ:ﬁ’)aj (M) forj =
1,2, then Ay Ay € Difff PR Wl 2192 (M) and [Ay, Ay] € Diffjt TRl feembertaz (),

Proof. The first statement is a consequence of Lemma 5.8, which allows us to commute b-
differential through edge-b-pseudodifferential operators at will. The second statement, for

a1 = ap = 0 for notational simplicity, follows for operators A; = Q;P; with Q; € Diff{jj (M)
and P; € V.7 (M) from the calculation

[A1, A2] = Q1Q2[P1, P2] + Q1[P1, Q2] P + Q2[Q1, P2] Py + [Q1, Q2] P2 Py;
In the first term, we use [Py, Py] € W24 F 2=1(M); for the remaining three terms, the desired
conclusion follows from Lemma 5.9. O
Corollary 5.11 (Boundedness on Sobolev spaces). Lets,m € R, k,1 € Ny, a, B € RY | with
I > k. Then every A € Diff’g\lfgn];a(M) defines a bounded linear operator A: Hésgl%;ﬁ(M) —

He(:gbf;gml*k)vﬁfa (M) .

Proof. This follows from the definitions upon writing A = Zj P;Q? with P; € Ui (M)
and Q? € Difff (M) (cf. Lemma 5.8). O

Next, edge,b;b-regularity can be microlocalized:

Definition 5.12 (Edge,b;b-wave front set). Let s € R, k € Ng, « € RY. Suppose u €
Hé;;j;k)’a(M) = Usoer Héjff)’a(M). Then WFésbk%a(u) C ®PS*M is the complement of
the set of all w € ©PS*M for which there exists A € \IISb(M), elliptic at zo, such that
Au € HED* (M),

For any other A" € WY, (M) with WF{(A") C Ell}(A), one then also has A'u €
H ésbkga (M) by the symbolic parametrix construction in the edge-b-algebra. (The a priori

membership of v in a space with b-regularity k and weight « is crucial here.)

Lemma 5.13 (Microlocality of edge-b-ps.d.o.s on edge,b;b-Sobolev spaces). Let s,m € R,
k € No, and a, 3 € RN. Letu € Hégf;k)’B(M) and A € W“(M). Then

e

s—m;k),B—a s;k),
WES TP (Au) € W, (A) N WESD (u).
Proof. If w ¢ WF, },(A) N Wngbk%ﬁ(u), then there exists B € \Ifgvb(M), elliptic at w, such
that either BA € W °(M) and hence BAu € H 5y’ (M), or Bu € HSR)P (M), in
which case we write I = QB + R where Q,R € \Ilg,b(M) and @w ¢ WF(}(R), and then
for A’ € WY, (M) which is elliptic at @ but with WF,} (A) N WF,},(R) = 0, we find

A'(Au) = A/AQBu + A’ARu. The first summand on the right lies in Héfb_;gl;k)’ﬁ_a(M),
and the second summand lies in H, éobff)’ﬁ (M) O

Proposition 5.14 (Elliptic regularity). Let P € W[ (M). Then we have WFiﬁfgaﬁ(u) C
WF(s;gL;k),ﬁ(M) U Chare 1,(P).

e



MICROLOCAL ANALYSIS NEAR NULL INFINITY 63

Proof. This follows from the symbolic elliptic parametrix construction in We1,(M) together
with Corollary 5.11. O

Proposition 5.15 (Real principal type propagation). Suppose P € ‘Ilg?b(M) has a real
homogeneous principal symbol. Suppose B, E,G € \Ifgb(M) are such that WF’e’b(B) C
Elle,(G), and so that all backward null-bicharacteristics from W, (B) N Char,,(P) reach
Elle,(E) in finite time while remaining in Elle,(G). Then for any fixed N € R, we have

HBUHHSQQ’Q(M) < C(HGPUHHS;,;”HM’Q(M) + HEuHHégbkga(M) + ||u||He(I)f\kz);k),a(M)). (5.4)

This holds in the strong sense that if all terms on the right hand side are finite, then the
left hand side is finite and the estimate holds.

Proof. The case k = 0 (which was already tacitly used in §4.2) follows from the usual
symbolic positive commutator argument. Arguing by induction, we now apply the esti-
mate (5.4) to Vu in place of u, where V' € Vi, )(M). We then use elliptic estimates for the
commutators with V', such as

/
”G[P’ V}u”HéfbjgnJrl;k)’a(M) 5 ||G UHH(E,SSI;IC)’Q(M) + HUHH(E,;;b?k)vO‘(M)? (55)

where G’ € W), (M), WF;(G) C Ell.1,(G"); this uses the membership [P, V] € U (M)
from Lemma 5.6. The first term on the right can then be estimated, using the inductive
hypothesis, by means of (5.4) with B, s replaced by G', s+1 (and correspondingly G replaced
by an operator with slightly enlarged elliptic set). The inductive step is then completed by

noting that Héf;bl;k)’a(]\/[) C H(E’Sf;rl)’a(]\/[) (which follows from Lemma 5.9). O

5.3. Propagation estimates near .# . The same proof as for Proposition 5.15 gives the
higher b-regularity analogues of certain radial point estimates from §4.2. We need to use
two facts: first, these estimates only lose one edge-b-derivative relative to elliptic estimates,
as otherwise the first term on the right in (5.5) would require using a successively larger
edge-b-regularity order on the Pu and Fu terms in (5.4) as one increases k. Second, the
estimate for k = 0 needs to be applicable without an upper bound for the edge-b-regularity
s (given fixed weights); note indeed that in the proof of Proposition 5.15, the proof of the
inductive step uses the inductive hypothesis with an increased value for s. (Alternatively,
if there is a requirement s < sg for the case k = 0, then the stronger bound s + k < sg
guarantees an estimate on H ésglz’a.) Not a single forward propagation estimates imposes
an upper bound on s. We thus obtain:

Proposition 5.16 (Edge,b;b-versions of radial point estimates). Theorem 4.5 and Lem-
mas 4.8(1), 4.9, 4.10, and 4.11 remain valid upon replacing WF:’;; by WFS{D]%* through-
out. Lemma 4.8(2) remains valid under the same replacement if one requ7i77“68 S+ k<
3 — o+ 24, +pi.

Remark 5.17 (Choice of commutator vector fields). In [HV20, Proof of Proposition 4.7],
we needed to exercise some care when choosing the b-vector fields V' (called G there) for
commutations: the commutator [P, V] needed to be an operator whose coefficients decayed
in a suitable manner. As far as spherical vector fields are concerned, this required V to be
(asymptotic to) a Killing vector field, i.e. a rotation. Here on the other hand, we can use
arbitrary elements of Vp, (M). The reason is that we already have a sharp edge-b-regularity
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theory, and the arguments in the present section show how one can inductively upgrade
edge-b- to b-regularity. In [HV20] on the other hand, b-regularity was proved directly,
without first establishing edge-b-regularity.

6. ENERGY ESTIMATES AND SOLVABILITY NEAR [° AND # T\ IT

We continue to denote by g an ({y,2s, /¢ )-admissible metric and P a g-admissible
operator on the (n + 1)-dimensional manifold M, n > 1; see §3.2. We work in a product
decomposition [0,€), x (—€,€), x Y near the light cone at infinity ¥ on the blown-down
manifold Mpy, in which the underlying metric takes the form (3.9) (or equivalently (3.10)—
(3.12)), and write p = t%r, v = Ifjr—: (which defines coordinates ¢,7 on M®). For every
compact subset K C #1 \ I'T, there then exists 7 € R so that the domain Uy(T) from

Definition 3.1 contains K. Define the coordinates py = T%t*, Ty = \/% on Up(T') as
in (3.5).

We work away from I7T; thus, we shall only record weights at I and .#*. Lemma 3.5
shows that, given pg < po € (0, 1), for large C' and small dy the domain

0F, = {xs <0, po < p+Cxy”} CU(T)C M (6.1)

contains K when 0 < § < g and p € [po, po], and its boundary hypersurfaces (other than
those contained in 9M)

Eo’in = {xﬂ =46, pp<p+ C(SQEJ},

d,p
20y

EO,out L 5 o C (62)
o,p —{IL‘]< y PO =P+ T,

are spacelike. See Figure 6.1.

FIGURE 6.1. The domain (6.1) and its boundary hypersurfaces (6.2) used
in the setup of Theorem 6.4.

Since the normal vector field at Eg’;n, resp. Eg’zm pointing into, resp. out of QY , 18
future timelike, the Cauchy problem for Pu = f with initial data on Eg’;n is well-posed in
Qg o We shall consider here forward, resp. backward problems with trivial data at Zg’;n,
g’;m. We remark here already that the forward problem is well-posed, whereas the
backward problem is not since the backward domain of dependence of Eg’zut is a proper
subset of Qg o

resp. X
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Definition 6.1 (Function spaces). Let § < g and p € (po, po), and s € R, o = (o, 20y) €
R2. Fix on M a volume density of the class (4.16). Then we let

’ 0 Pa— . (7S, 0
H;g‘(Q&p)‘ = {u|ﬂgyp. u € H:,S(Qéo,ﬁo)’ suppu C Qg,ﬁo } ,

k) 0 ) Pp— . [ ’ 0
Hsﬁ(Qa’p) *.— {“’ﬂg,p' u € Hj,g(Q(sprO)’ supp u C ng’p } )

Thus, elements in the space ng (Qg p)"_ have supported character at Eg’;n and are

extendible at Eg’gm, with the situation reversed for elements of H® ' (Qg, ,)*. Moreover,

the L*-dual of HJy'(Q) )*~ is H, ™ *(€ )7 [H6r07, Appendix BJ.

Due to the inflexible nature of energy estimates—they are global in the fibers of PT* M
and admit the use of differential operators only—as compared to the microlocal estimates
of §4.2, we impose here an additional condition on the edge normal operator of P in order
to get sharp results later on:

Definition 6.2 (Special admissible operators). Let P be an admissible operator, and define
po € pops(C® + ALY (7. B*End(E)) and p; € (C®° 4+ ALY ( 7+ 3*End(E)) as
in Definition 3.6(3). We then say that P is a special admissible operator if there exists
a bundle splitting E|y = @3-]:1 E; so that p; is lower triangular, with diagonal entries
p1,j; € End(E;) having real spectrum, and so that pg is strictly lower triangular.

Remark 6.3 (Discussion). Special admissibility is loosely related to weak null structures
[LRO3], see also [HV20, §1.1.2]. For scalar operators P, special admissibility is simply the
requirement that p; be real and py = 0. While special admissibility is a rather strong
requirement on po, p1, the linearized gauge-fixed Einstein operator considered in [Hin23a,
Proposition 3.29 and §3.6] does satisfy it (see Example 3.11 on how to relate the notation in
the reference to the one used presently); see also [Hin23a, Appendix A], which implies the
special admissibility of an appropriate gauge-fixed Maxwell equation on Minkowski space.

If P is special admissible, then for all € > 0 there exists a positive definite fiber inner
product hg on E so that, in the notation of Definition 4.3 and Lemma 4.4, we have
p1—pi

p1— € <pi(hE), —e< T <€ sup ||po|| < e, (6.3)
i P

where the second inequality is an inequality for quadratic forms on (B*E)|,+ which we
require to hold pointwise on £ and in the third inequality || - || denotes the operator
norm on the space of linear maps (F,hg) — (E,hg). Indeed, this holds for hg equal

to the rescaling of any fixed positive definite diagonal inner product on £ = @‘j]:l E; by

diag(1,n,...,n7~1) for sufficiently small n > 0.2

Theorem 6.4 (Solvability, uniqueness, sharp regularity near .+ \ I't). Let P be a special
admissible operator, and define p1 as in Definition 4.3.

(1) (Forward solution.) Let s,ap,ar € R, and put a = (ap,20r) and o/ = a+ (2,2).
Suppose that

1 1 1
S>§—a0+20zy—yl, aj<ao+§, Ozy<—§+]_71. (6.4)

25Similar choices of inner products also feature in [Hin17, §3.4] and towards the end of [HV18, §9.1].
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Let f € H;;l’a/(ﬂg,p; B*E)*~. Then the unique distributional forward solution u of

Pu=fin Qgp N M° satisfies u € HS’S(QSP; B*E)*~, and
S, R o < s—1.al , )
HUHHEJD (Qo,p’[3 E) = C”fHHe,bL (Qg,pﬁ*E)"* (6 5)

where C' only depends on P, s, ag, oz, 6, p.
(2) (Backward solution.) Let §,ag,as € R, and put & = (&o,2dy) and & = &+ (2,2).
Suppose that

I R | ) 1
8<§—a0+20zj+yl, ao<af—§, Ozy>—§—]_71. (6.6)
Let i€ H (99 ; B*E)* be such that f == P i € HS, ¥ (0 ;B*E)~*. Then
HﬁHij‘(Qg’p;B*E)—J S C”fHijbL&l(Qg’p§B*E)7"’ (67)

where C only depends on P, s,dq,dy,8,p. Conversely, given a forcing term f €
ijbl’a (Qgp; B*E)™®, there exists 4 which satisfies the equation P*t = f and the
estimate (6.7); this 4 is the unique solution with these weights, in the sense that
any other solution u' € H;go’a(Qgp; B*E)™* of P*u/ = [ is necessarily equal to .

Note that the backward problem is not well-posed without restricting the space in which
one seeks the solution, as we are not imposing any (asymptotic) data at £+ N Qg o in
Theorem 6.4(2), the a priori assumption on the decay of @' stands in for the missing data

at null infinity.

Remark 6.5 (Modifications for non-special operators). If one keeps the assumption that P
be admissible, but drops the assumptions on pg,p; made in Definition 6.2, then solvabil-
ity, uniqueness, and sharp regularity can still be obtained by the arguments used in the
proof, except the relationships between «g, o,y need to be modified appropriately; roughly
speaking, the inequalities (6.4) and (6.6) need to hold with enough room to spare so that
various error terms arising in the energy (positive commutator) estimate can be absorbed.
We shall not make this quantitative here.

Proof of Theorem 6.4. We shall omit the vector bundle *E from the notation unless deal-
ing with the case that f*E is nontrivial requires additional arguments. The proof starts
with a simple energy estimate in which we estimate « in a space with one order of edge-b-
regularity. Higher regularity follows from the microlocal propagation results proved in §4.2.
Solvability of the adjoint (backward) problem on negative regularity spaces follows by du-
ality; this can then be upgraded to the maximal amount of regularity allowed in (6.6) via
microlocal propagation estimates, which will prove part (2). Another duality argument will
then give part (1) in the full range of s.

e Part (1), s = 1. We shall prove the energy estimate

Jull g oo < Ml oron e (635)

for the forward solution u of the equation Pu = f € Hgf/(Qg’ p)"* by computing the L2

pairing (using the volume density |dg|) 2 Im(Pu, Zu) for Z = i~'V where V is a suitably
chosen real vector field on M°.
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(1)) Structural considerations for the energy estimate. For u € C(?O((Qgp)o), we have

P - P

2Im(Pu, Zu) = (Gu,u), € =i(P*Z—2Z*P) =[P, Z]—(div,iZ)P+2 Z, (6.9)

where we use that Z* = Z + div, Z; here, writing V' = Vi 0; in local coordinates, we set
divy (V) = |g|71/29;(|g|"/?V7) (so V* = =V —div, V). The principal symbol of € in M° is
_P-P
2

where G is the dual metric function. A simple calculation gives at a point @ € T;M®,
p € M°, the expression

oX(€)(w) = Kiz(w, @) + 204 (P))(w) - 0'(Z)(w) =: K;z(w,w) (6.10)

where we define for any vector field V' the following symmetric 2-cotensors on M °:

0%(%) = Hg(c'(2)) — (divyiZ)G + 20 (P )0 (Z),  Pr:

1 _ _
Ky ="r—sg try("m), V= —Lu(g)),

}?V = KV + 201(P1) Rg Ul(i_1V),
with Ly denoting the Lie derivative along V.

(6.11)

Concretely now, let & = (&, 2ds) := (a0, 2ar) + (1,1), and define the vector fields
W= —240., + (2 — ¢)po0p,, V.= ,0626‘%}46‘]1/1/, Z =itV (6.12)

Note that for 0 < ¢ < 2, the vector field W is future timelike at (hence near) .# 7 for the
rescaled metric gop, := pia2g € (C + A%022))(M; S2SPT* M) by (3.14). Moreover, when
the bundle FE is trivial, then

© € py20a ;4 (€ + A0 O0) 4 A2 \DIf2 | (M; B*E),

(6.13)
Ky € pa2aox}4ay (Coo+A(€o,(0,0)) +A(ZO,2£V¢))(M; 5«2 e’bTM),

where the A%0:0.9) terms are contributions from P;.
When F is not trivial, take W € Difféb(M; B*E) to be any operator with scalar princi-
pal symbol *Po' (W) = *P¢! (W) ® 1 and edge normal operator at .#* equal to that

of W. The edge normal operator of W at a fiber fy"g acts on sections of the trivial
bundle E, , and differentiation of such sections along W is well-defined; thus, any two

choices of W agree modulo 2,C*°(M;End(f*E)). We now drop the tilde and work with
W € Diffl,(M;B*E) simply, with V,Z € Diff \**>**)(M; p*E) given in terms of W
as above; we then have (6.13) also when FE is not trivial. We shall also fix a connection
VE e Diffé’b(M; B*E,*PT*M @ B*E) on E whose normal operator at .#+ agrees with the
canonical flat connection (differentiation of functions valued in a fixed vector space).

On E, we fix a near-optimal positive definite fiber inner product hg, i.e. (6.3) holds for
any desired € > 0. Fix moreover a positive definite fiber inner product gr on ©PT*M.
Using gr, we can identify K;; with a section of End(®PT*M), and upon tensoring with
the identity map on B*E we obtain a section of End(®PT*M ® B*E) which we shall still
denote by K;z. Define the adjoint (VF)* € Diffé’b(M; sPT* M @ B*E, p*E) with respect to
the fiber metric gg ® hg. Then (VE)*K}ZVE and % have the same principal symbol. Set

Q = p3r% (15 Do, — 2p0Dy,) = Q* mod A2 (M),
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defined as an element of p%x%Diff;b (M;B*E) in the same fashion as W before. We claim
that one can then write

¢ = (VEV'Kiz,VEP + 6 + ¢,
C € py 20, (2,0 + ALP))DifE] ) (M; B7E),
N g (6.14)

1 § . i
¢ =3 (Q -2 - Z"(m - p)Q) + 5/}33?31(1?82 — Z*po)

c ,062a0$;4a] (Coo + A(Zg,(0,0)) + A(EO,QZJ))DiH‘;b(M; B*E)

Thus, the coefficients of € vanish at #*; similarly, we will regard €’ as an error term
near .# " since, by assumption, p; — p} and po, p§; can be made arbitrarily small for suitable
choices of fiber inner products on E.

Only the vanishing factor x, in the membership statement for € requires proof. We

have to show the vanishing of the edge normal operator of pgo‘ox;af € for this purpose, we

may replace ¢g~1, P in the definition of € and Kiz by their normal operators at a fiber fy“;,

_ 1 y
90 ! = p%)xé <_§$ﬂ833] ®s (wﬂaxj - 2/)0600) + kY (yo)(xfayi) ®s (l’j@w)),
1 _1/n—1
Py = ip%-x; <_ (-TJny — 29 1( 9 +p1,yo)) (xJny - QPODPO) (6.15)

+ 2%k (yo)(lyDyi)(:Eijj) + p87y0> )
where we use (3.11), (3.16), and set

Poyo = Polsts  Pran =il € (€ + A©)([0,1)50; End(Ey,)).

—n—1

We may moreover work with the metric density |dgo| = p, x}2”]dﬂdﬂd |.

PO Tg
In the case that p87y0 = 0 and py,4, = 0, we have Py = F;. The operators
6o :=i(PyZ — Z*Py)
and (VE)*KO’Z-ZVE (the subscripts ‘0’ indicating that we are using go, Py, Po1 = PO;Z,PS =
in place of g, P, Py, and with V¥ denoting the trivial connection on (B*E)| g = fy’; x Ey,)
0

have the same principal symbol, real coefficients, and are symmetric. Hence their difference
must in fact be an operator of order 0; but since both operators annihilate constant sections
of Ey,, this difference is the zero operator. This proves (6.14) in this case, with " = 0.

For general pq 4,, but still assuming p8yyo = 0, the operator Fy gets an extra contribution

Q= z'_lpl,on

and Py1 = QEZQ has principal symbol —%(pl,yo + piyo)al(()), Hence, compared to the case

Py, = 0, the difference 6y — (VE)*INQZVE gets an extra contribution
(Q*Z — 2°Q) — (VE)* (—201 (A(D1yo + P} 40)Q) @5 ol(Z))vE, (6.16)

where we regard o (3 (p1,y, +P1.40)" Q) € PH(CPT*M@End(E,,)) = “*TM ®End(E,,) and
o' (Z) € PU(ePT*M) = *PTM (giving an element of **TM ® End(E,,) upon tensoring
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with the identity on E,,), and further identify S? SbTM = ebT*M ®, *PTM using the
Riemannian edge-b-metric gr on M. Using that for any vector fields V, W one has

(VEY* (201 (V) @5 o (W))VE = (V + divy V)W + (W + divy, W)V

where we write ‘=’ for the equality of edge normal operators (this identity depending
only on the volume density |dgo|, and not on the choice of ggr), and noting that @ =
P32 (x5 Dy, — 2poD,,) is symmetric with respect to |dgo|, we find that (6.16) is equal to

- - . 1 - -
(_Qpiyoz - Z*pLyOQ) - (_iQ(pl,yo +p9{,yo)Z - §Z*(p1,yo +pT,y0)Q) ="

Expanding the big parenthesis and collecting terms gives (6.14) in the case py = 0.

Finally, if we allow also p87y0 to be nonzero, the operator Py gets an extra contribution
%pga@pg’yo. Relative to the case pgyyo = 0 just considered, the map K,z is unchanged,
W~hereas ¢ gets an extra contribution %ip3x§((p8,yo)*Z — Z*Pg,yo)' Putting this term into
¢’ gives (6.14) in general.

(1)(ii) Energy estimate for compactly supported waves. We now proceed to compute the
leading order term of K,z (see (6.11)) at £ for Z defined in (6.12); for this purpose, we
may again work with the model metric and edge normal operator (6.15). We compute

Vr = 202" (<402 = €)ais (pody)?
+ ((c = 2)cn + (6 — 2¢)éty + ¢ — 1) 2p00p, @ 250s,
+ (260 — ds + 1= ) (w50, )* + 20k (30,) @5 (50,) ).
and thus

Kz = pazaom}%" ((2 — c)(—4dy +2(p1 +pf))(po(9p0)2
+ (4cy —2(p1 + p}) + S(—n+ 1 —4dy + p1 + 7)) 2p00p, s Ty Os,,
+ (=2dy + (p1 + 1) + §(n — 1+ 2d9)) (2.50s, )
+ (2 = 4dy + 4d0 + c(—n + 1 — 260)) k7 (1,0, @4 (Wayj))

mod py **0x;** A%024) (M; S “PTM @ End(B*E)).

Considering the big parenthesis at a point of £ T, we may diagonalize p; + pi and thus
consider each eigenspace, corresponding to an eigenvalue 2\, separately; for any desired
€ > 0, we can ensure that all such eigenvalues satisfy 2\ > 2p; — 2¢ by choosing a suitable
fiber inner product on E. The 2 x 2 minor of the big parenthesis, with respect to the basis
%, %, has trace —10ds + 10X + O(c) as ¢ ~\ 0, which is thus positive for small fixed
€ > 0 and all small ¢ > 0 when dy < p1, ie ay < —% + p1. The determinant of the 2 x 2
minor is 8¢(dy — A)(dy — dp) + O(c?), which is positive for small ¢ > 0 if, in addition, we
also have &y < g, i.e. ay < % + ag. The (azyay)2 term of the big parenthesis finally is
4(co — ¢y + 3) + O(c) times a positive definite symmetric 2-tensor in ,,0,; as ¢ \, 0, the
positivity of which is guaranteed upon reducing ¢ > 0 further if necessary.

Given weights g, as as in the statement of the Theorem, we may thus fix € > 0 so that

oy < —% + p1 — €, then pick a near-optimal fiber inner product on E to make p; + p] >

2p1 — 2¢, and then choose ¢ > 0 sufficiently small in (6.12) so that pgaom;a] K,z is positive
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definite at QY pﬂf * (with a lower bound on its eigenvalues that remains positive as € \, 0),
and hence in Qg o for sufficiently small § > 0. Thus, if § > 0 is sufficiently small, then for
u € C?((Qg,p)o) we have

||V£bu||ilo,g § C<VEU, Kiszu>;
here, we write VZ epl = (VV u)j=1,..N, where Vi,..., Vy € Ve ,(M) denotes any fixed collec-

tion of vector fields which span V. (M) over C*°(M). Plugging (6.14) into (6.9), estimating
the left hand side of (6.9) using Cauchy— Schwarz and likewise for the contributions of ¢, ¢’

n (6.14), we thus obtain, for w = 2, + pg SCLQ;"(Z,

IV Eul?

2 1/2<FE 1/2 / E
o < O (IRl o+ 10tV Bl o !l e + €19 Eyl o el e )

for all u € C((€4,)°) when & > 0 is sufficiently small; here € = [|p1 — pi|| + [|po]| can
be made arbitrarily small since P is special admissible, while C' is independent of €¢’. For
d, € > 0 sufficiently small, and noting that w < xg‘“ < 6% on Qg’ p (recalling that 2£, < 1),
we may then apply Cauchy—Schwarz to the second and third terms on the right and absorb

HVEbuH2 into the left hand side while retaining a small constant in front of Hu||2 . We
thus obtain
V2l < C(IPUR g + 6 + Ol ). (617)

with C' independent of 4, €.

Finally then, we claim that one can estimate
Jullyos < CIVEpulgoe (6.18)
with a constant C” independent of § by integrating the vector field
Vo = py 220w (—2s0sy + 2p00p,)

starting at 2y = § (where u vanishes). Phrased as a commutator estimate, this means
computing

2 Re(u, Vou) = —((div Vp)u, u), (6.19)
where with respect to the volume density |dgo| = py " 'z ,*"| %%dy\ of the model metric
go in (6.15) we have
divg, Vo = ~(Vo + Vi) = 0825 (150 — 29000, "1, ] = (4o — ddi)pg 0,1

2a0 4oy

which is a positive multiple of p,“*x , since &y < &g. The Cauchy—Schwarz inequality

then implies the estimate (6.18). Plugging this into (6.17) and taking §, € sufficiently small,

we obtain [|VE, ul ;0. < C|lPul[ ;0. provided ¢ > 0 is sufficiently small, and thus (6.8) by
’ e,b e,b

applying (6.18), for u € C(?O((QO )°).

0.0ut We proceed to remove the

(1)(iii) Energy estimate for distributions extendible at 37
assumption that u vanish near 22 ;’ut. Thus, in the mtegratlon by parts in (6.9), one now has
to add a boundary term at Eg’gut. Equivalently, one can multiply the vector field multiplier

Z with a sharp cutoff 1go (the characteristic function of 9 ,)> in which case (6.9) is valid
P )



MICROLOCAL ANALYSIS NEAR NULL INFINITY 71

still, but the operator ¥ now has distributional coefficients. Using the latter formulation,
we note that for any distribution y, we have L,y g1 = x(Lyg™1) — 2V ®, Vx and thus

Ky =xKy +2T(Vx,V), T(X,)Y)=X®,Y - 1g(X,Y)g "

Here, the abstract stress-energy-momentum tensor 7'(X,Y) is positive definite when X, Y
are both future timelike. Let now y = 192,,,‘ The extra contribution to (Fw,u) in (6.14)
arising from differentiation of x is 2(T(Vx,iZ)VFu, VFu). This is the sum of two terms:
one from integration over Zg:;n which vanishes since u has supported character (i.e. vanishes)
there; and another term, arising from integration over the final Cauchy surface ng’zut, which
is nonnegative due to the future timelike nature of Vx (using the spacelike nature of Eg:;ut)
and iZ, and thus of the same sign as the main term (arising from 1Qg’pKi 7). Hence, it can
be dropped.

The estimate (6.18) follows similarly for v which are extendible at Zg:;ut: in the commu-
tator calculation (6.19), one replaces Vy by xVo, x = 19271), which gives

2Re(u, xVou) = —(x(div Vo)u, u) — (Vox)u, u).

The second term (including the minus sign) is a sum of two terms; one arising from integra-
tion over Eg’;n which vanishes due to the support assumption on u, and one from integration

"* which is nonnegative, hence has the same sign as the main term (from div Vp)

over Eg’;
and hence can be dropped. This establishes (6.8) for smooth elements u of H el (0 )0
whose support inside M does not intersect .# .

(1)(iv) Unconditional estimate near #*. For u € Hf’é"(ﬂg’p)"*, the estimate (6.8) now
follows by a density argument. Next, given f € HS’S/(Q% p)'7* N HL (M°), the unique
forward solution u of Pu = f lies in HZ ((€) ,)°). In order to show that it satisfies the
estimate (6.8), we cannot directly apply the previous estimates, as a priori the growth of u
at .#7T is not controlled. Instead, we apply the above energy estimates on Qg 0 \ Qg, o 1€

using the sharp cutoft x := lgo — 192 , for &' € (0,6). The boundary hypersurfaces of
. il ‘e
Qg’ o\ 90,7 , are Eg”;n (where u has supported character), Eg:;’ut \ Zg}?;t (where the boundary

term has a good sign, as shown before) and 22}12, where the boundary term again has a

good sign (since Vx is future timelike there). Thus, upon dropping these advantageous
boundary terms, we have

lull i op vag, o = ClPUl o0 0 o,

where the constant C' is independent of ¢’; hence, upon taking 6’ ~\, 0 we conclude that
u € Hel’]?(Qg,p)"*, and the estimate (6.8) holds.

Finally, for general f € Hgf/(ﬂg’p)"*, we pick a sequence f; € Hi’g"/(ﬂg’p)"* which
converges to f in Hgf/(ﬂg,p)"*. The forward solution w; of Pu; = f; satisfies u; €
H :;ba(Qg’ p)"_. Applying (6.8) to the differences u; —uy, shows that u; is a Cauchy sequence,
and the limit u € Helf(ﬂg ,)7 " satisfies Pu = f together with the estimate (6.8).
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(1)(v) Unconditional estimate in the original domain Qop Finally, we need to prove (6.8)
for the original value of § > 0, rather than for the (possibly much smaller) value fixed in
the course of the above argument, which we denote by ¢’ € (0,d] now for clarity. This,
however, is straightforward, as one can estimate

”“||Hj;§(szg’p\gg,,p)o,— < O Pull (6.20)

HOa (Q \Qg/m)o,—?

with ‘e’ now indicating supported character at Zg:;n, and ‘—’ indicating extendible character

t Eg”zm \ Eg}?;t as well as at Eg;t?. Indeed, the domain Qg’ o\ 98,7 , is disjoint from . +,
and hence the weight at .# 7 is irrelevant, and the timelike function z, is restricted to a
compact subset of (0, 00); thus, (6.20) is a standard finite time energy estimate. (Concretely,
one can use the vector field multiplier p, Woles W with W = —1,,0, s + P00y, or any
other smooth future timelike edge-b-vector field, and F > 1 sufficiently large—thus, the
estimate allows for exponential growth of u as z» decreases, which is acceptable since we

are restricting to a domain where x» is bounded from below by the fixed positive constant
§'. Cf. [HV20, §1.1.1 and §4].)

e Part (1), s > 1. Fix p’ € (p, po). Given f € Hj_bl’a/(ﬂgp)”_, we first extend f to f €
_17 ! [ 3
HZ, (9 )%™ so that || f]

H;gl*“’(ﬂg,p,)* < C||f”Hffbl’a/(Q§,p)"7 (which can be arranged

for some constant C' depending only on s, «, 4, p, p’, but not on f). The forward solution @
of P = f then satisfies

2 (6.21)
e, P 0’

by the first part of the proof. Using the higher regularity of f, we can then propagate H

regularity from 2, > &, where f and @ vanish and hence are smooth, using (the quantitative
estimate versions of ) Lemmas 4.8(1), 4.9(1), and 4.11(2), thus proving local H_}' regularity

in (Qg’ »)°- Note here that with so := 1, the a priori H?V® regularity of u at R, is strong
enough for an application of Lemma 4.8(1) since, due to the assumptions (6.4), we have

L ) (ay —p)<s4i-t=1c
g T\ T AT TR S 9Ty Ty T g 500

Restricting to Qg’ , gives, in view of (6.21), the desired estimate

lullggag, o = lilag, Nz e pom < (1 lgonerian o+ Nillirpon o)

e

(This extension and restriction procedure is necessitated by the fact that the microlocal
estimates are not sharply localized, unlike energy estimates. See also [HV15, §2.1.3].)

e Part (2), 5 <0. Let s = =541, (ao, 2ay) = (—G(, —2d/,). The a priori estimate

lull gy < CllPul (6.22)

s—1,a/ 0 _
He,b (Qé,p)°’

(valid for all u for which both norms are finite) implies, by duality, that the equation P*t =
ffor fe (HIP(QY,)%7)" = HP™(Q9,)7° has a solution @ € (HJ, ™ (Q9,)%7)" =
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H j ’g (0 ,)** which moreover satisfies the estimate

U|| 3,4 < Al ey .
il g 1o < O lyem gy - (6:23)
with the same constant C' as in (6.22).

As for the uniqueness claim, suppose that @ € He_go’&(Qgp)*" satisfies P*u = 0. Us-
ing the microlocal propagation estim’fmtfas proved in §4.2, we find that @ € H;g‘ (QO,,p)_"
for any 0/ < 6. Given any f € (H)p (Q) ,)7*)", the solvability of Pu = f with u €
(HZ, (99, )~*)* implies that (@, f) = (d, Pu) = (P*@,u) = 0. Since f is arbitrary, this
implies u = 0.

In particular, givisr} u € Hj”g(Qg’p)*" for which f := P*@ satisfies f € Hi_bl’dl (Qgp)*’ ,
the solution o' € Hesg (Qg ,)* of P*i’ = f constructed above by duality must be equal to

@; but this implies that @ = 4’ obeys the norm bound (6.23). Thus, the estimate (6.23)
holds for all @ for which both sides are finite.

e Part (2), full range of §. Let now 0 < § < % — &p + 2ay + p1. Extending the desired

forcing term f c Hi—bl,a/(Qg’p)*ﬂ to a slightly larger domain Qgﬂp’ Yvith d > 4, to a
distribution f’ with norm bounded by a fixed constant times that of f, then finding the
solution P*@' = f’ on the larger domain in the space Hgf(ﬂg, p)*" using the previous step
of the proof, subsequently using the propagation results in §4.2, and finally restricting back
to Qg o produces a solution of P*@ = f with the desired regularity, and gives a quantitative
estimate

o < C||P*al| (6.24)

¥l 0, - B g )

Propagation of regularity and uniqueness of solutions in H_| ];)O ’d(Qg p)_" of P*u = f implies,
as in the previous step, that (6.24) holds for all @ for which both sides are finite.

e Part (1), full range of s. Letting 5 = —s + 1 and (Go, 20,7) = (—0og, —2¢/,), this now
follows by duality from the a priori estimate (6.24). O

To state the forward version with higher b-regularity, we shall use the Sobolev spaces

H e(sl;ﬁg’a (Qg i B*E)®™ which are defined analogously to Definition 6.1.

Corollary 6.6 (Higher b-regularity). Let P be a special admissible operator, and let pi be
as in Definition 4.3. Let s,ap,ay € R and k € Ny, put o = (ap,2ay) and o' = a + (2,2),
and suppose that

1 1 1
S>§—Oéo+204]—]_91, ay<o¢0+§, ay<—§+]_91.

Let f € Hésbfé;k)’a/(ﬂo iB*E)* ™. Then the unique distributional forward solution u of

4,p?
Pu=fin Qgp N M® satisfies u € He(sfg’a(ﬁg B*E)*™, and

7p;
Fell sy oo mpe < Mot oy ey

where C' only depends on P, s, k, ag, oz, 6, p.
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Proof. For k = 0, this is Theorem 6.4(1). Suppose, by induction, that we have proved

the Corollary for some amount k£ € Ny of b-regularity, and let f € Hésbf;;k+l)’a/ C

Héfg;;l)_l;k)’a/. Then the inductive hypothesis gives u € Héi;)l;k)’a. Let X € Diff[lb}(M; E)
be a commutator b-operator (see Definition 5.4). Then

P(Xu) = Xf + [P, X]ue Hy 7

since [P, X] € A(2’2’2)Diﬂf’b(M ) by Lemma 5.5. Applying the inductive hypothesis again,

we find Xu € H ésfg’a(M ). Since X was arbitrary, this implies u € He(sfgr 1)’0‘(M ) by
Proposition 5.3. U

7. CONTROL OF EDGE-B-DECAY AT .71

v = L as laid out at the

We use the notation M, My,Y, the coordinates o = t%, i
beginning of §6, and we continue to work with an admissible operator P as in Definition 3.6.
In the previous section, we obtained full control of forward solutions of Pu = f near .# T\ 1"

on the scale of weighted edge-b-Sobolev spaces. We shall now work near I*; we use t, = t—r
and the coordinates p, = t*%T, Ty = # as in (3.6), where T' € R is arbitrary but

fixed. We drop the weight at I° from the notation, and also the vector bundle B*E — M
unless additional arguments are required in its presence.

As explained in §1, the behavior of waves—both regularity and decay—uniformly near
ZTNIT, cannot be analyzed locally, but rather depends on global information which is not
captured by Definition 3.6. In a situation where regularity is controlled globally near .#
however (see [Hin23b] for several classes of examples), growth/decay at .# T, as measured
in edge-b-Sobolev spaces, is controlled by the edge normal operator of P. In §7.1, we prove
a priori estimates and solvability results for the localization of the edge normal operator of
P near #+ NIT. These are used in §7.2 to prove a priori estimates for P near .# T N IT
which control a solution u of Pu = f in the sense of decay near .# " (though with a loss of
derivatives); see Theorem 7.3.

7.1. Analysis of the edge normal operator. Fixing yo € Y and writing p(‘{ wo =
pg‘f% € (€™ + A™)([o, 1)p, ;s End(Ey,y)), p1y, = pl’y?jo € (€™ + A)([o, 1)ps s End(Ey,)),
consider the edge normal operator of P at .#+,26

1 _1/m—1
Py, = 9 }Pi((-TJny -2 1( 9 +p1,y0)>(x]DIy - 2p+Dp+> + (:Cny)2 +p(J)r,y0)7

on TN.ZF near py =0 (cf. (3.16)), i.e. on the domain®’

N :=10,1),, x[0,00)q, X RZ‘l

and acting on sections of the trivial bundle Ey,; thus pj,, € (C*®+A%)([0,1),,;End(Ey,))
for j = 0,1. Here, we made a linear change of the y-coordinates so that d1,...,09,n-1 is an

26We write Py, := °N g+ ,,(P) for brevity.

2TWe are committing an minor abuse of notation here by writing x» for a fiber-linear coordinate on
TN J;g whose differential at the zero section we take to agree with the differential of the coordinate function
on M denoted s above.
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orthonormal basis for the metric %k(yo) € SQT;OY. Denote the underlying metric by

9 dz, _ dpy dpi | dy?
Gyo = 22,7 p}? (_2 ®s — =+ T)v
Ty P+ P+ Ly
119y 2
Gyy — §$jp+ (:L'Jaxy s (l'faxy - 2,0+8p+) + (:L‘Jay) )
. —2n —n—1{dzy d

On N, we moreover fix the volume density |dgy,| = 2z, p." 1|§—j%dy|, cf. (4.16).

Since Py, € Diffih ;(N)—i.e. it is invariant under dilations in (z,y) and translations
in y—its analysis will utilize the invariant edge-b-notions (Sobolev spaces, ps.d.o.s, wave
front sets) introduced in §2.5. For p € (0,1), let

Qp = {p+ <p} CN.

Proposition 7.1 (Invertibility of the edge normal operator near I1). Assume that P is
special admissible in the sense of Definition 6.2.

(1) (Forward problem.) Let s,ay,ar € R, and put @ = (2as,a4) and o/ = a + (2,2).
Suppose that

1 1
Oé++§<ay<—§ +]_)1 (71)

Let u € Hg:{il(ﬁp) be such that f := Pyu € Hj;}llal(ﬁp). Then
lull 2 0,y < CllfIIH:fble,a/(Qp), (7.2)

where C' only depends on P, s,oy, a4, p. Moreover, for any f € Hj_bll’a/ (2,), there
exists u satisfying the equation Pyyu = f and the estimate (7.2); this u is unique in
the sense that any other solution u' € He_b“}’a(Qp) of Pyyu' = f is equal to u.

(2) (Backward problem.) Let 3, ay,a4 € R, and put & = (207, a4) and &' = a+(2,2).

Suppose that

1 - - 1
T5 T hi<ar<agpto. (7.3)

Let u € Ffi’}i[(ﬁp) be such that f := Py e ﬁjg’l[’d/(()p). Then
Ul 75,4 < [ — .
Jill g ) < Ol g (74

where C' only depends on P,§,0y,04. Moreover, for any f € .F__[jglf’&,(ﬁp), there
exists 4 which satisfies the equation Py u = f and the estimate (7.4); this U is

unique in the sense that any solution u' € ﬁ;ﬁd(Qp) of Py = f is equal to .

Proof. e Restricted a priori estimate for Py,, s = 1; solvability for P; , § = 0. If we impose
slightly stronger conditions on the weights (see (7.7) and (7.8) below), this follows from a
variant of the proof of Theorem 6.4. Thus, we first prove part (1) for s = 1 using an energy

estimate, based on
2Im(Py,u, Zu) = (€u,u), C = i(Py,Z — Z"Py,).
Here, we let & = (2d,d4) = (2as,a4) + (1,1) and define
W =500, — 2+ )psdp,,  Vi=a VoW, Z=i'Vi (15)
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note that by (3.14), W is future timelike for ¢ > 0. Define
Q = a5pt (15 Dey —2p1 Dy, ) = Q7
KV =Ky + (pl,yo +p>{,y0)0-1(©) ®s Ul(i_lv)a

. 1, - ~ %
1= =5 Qi ~ PL)Z = 201~ 91)Q) + 5o (80,7 — 285,,)

€ w7 p 2 (Diffdy, (N Eyy) + A (Z)Difl} ), (N By, ).
Here, Ky is given by (6.11) for the metric g = g,,. We then have
¢ = (VEY'K;zVE + 4.
Indeed, this is proved like (6.14), except in the present invariant setting, there are no terms
which are of lower order in the sense of decay at zy = 0. (The various sign changes

compared to (6.14) and (6.16) are due to the difference of signs in front of the first terms
n (3.16).) We compute

(7.6)

Kz = a;;*“fpf"‘* ((—2@ + (PLyo +Ply) +5(-n+1— 261)) (2505, )?
+ (4 = 2(p1yy + D1 y) + 50— 1+ 4y — (D1yo + D1 y))) 22500, @5 p10p,
+ (24 ¢)(—4dy + 2(pry, + Piy,)) (P+0p,)°
+ (=2 +4ay — 4éy +c(—n+ 1 — 2d4)) (xyay)Q).

In the basis dx—j, d;%, j—y and restricting to an eigenspace of p1 4, +p] 0 with eigenvalue 2\
(satisfying 2\ > 2p; — 2¢), the trace and determinant of the 2 x 2 minor of ac;a’ Jon “ K,y are
equal to 10(—ds + ) +O(c) and 8(—ds + ) (s — dy )e+O(c?), respectively, and therefore
positive for &y < p; (provided € > 0 is sufficiently small and we choose the fiber inner
product on E, near-optimally) and ¢ < d» (these are precisely the conditions (7.1)), and
then ¢ > 0 sufficiently small. (The term ¢ in (7.6) can at the same time be made arbitrarily
small by assumption on p; ,,.) However, the (2,0,)? term has a positive coefficient (for ¢

near 0) only under the stronger condition d4 < —% + dy, ie.

ar +1<ay. (7.7)

Let us write Vbeu = (V%u)jzlp_ﬂ]v, where Vi,...,Vn spans Ve, 1(N) over C3°(N).

An application of Cauchy—Schwarz and the invariant Poincaré inequality
E
lullzoe, < CIVE, pulzne
(proved via (6.19) with V; := xj p+2a+ (270, —2p4+0,, ) and using only that &4 < dz,
ie. oy + % < @), as in the proof of Theorem 6.4, then proves the a priori estimate (7.2)
for s = 1. By duality, defining @ = —a/ and § = —(s — 1), and under the strengthened
assumption
Qg < 04 (7.8)

(which is equivalent to (7.7)), we obtain the solvability of Py @ = f with the estimate (7.4)
for § = 0.

e A priori estimate for P, = 1; solvability for P,,, s = 0. One can also prove an en-

Vo’
ergy estimate for the adjoint problem, with extendible distributions at p; = p (which
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is a null hypersurface): with W as before, Z = i~'V, and V = 740‘“ pfa*W where
(25@, ay) = (267, 64) +(1,1), one now uses 1o, Z as a multiplier. The symmetric 2-tensor
K,z (with Y w00 PLyos Pl replaced by (po o) —P1 4> —Plyo) is then negative definite under
the assumptions qy > —P1 and a+ > &y; the condition for the negativity of the (270, )2

term of KZZ now reads oz+ > —5 + & .+, which now is automatic. The contribution from
differentiation of the cutoff 1o, at p; = p has the same (negative) sign since Vlg,, resp.
W is past, resp. future causal, and hence can be discarded. Thus, we obtain the a priori
estimate (7.4) under the assumptions (7.3).

By duality, this implies the solvability of Py u = f, as claimed in part (1), for s = 0 and
the full range of weights, together with the estimate (7.2).

o A priori estimate for Py, 5 > 1; solvability for Py,, s < 0. Let 5§ > 1. If we are given

yo’
ngI(Q ) with f = Py € Hjblla (92,), then we have the a priori estimate (7.4) for
5=1. Let now 0 < p/ < p. We claim that

jo < CUFlgasor )+l 23 0,): (7.9)

Indeed, this follows from variants of the microlocal regularity results in Lemmas 4.10(2)
and 4.11(4) in which wave front sets and function spaces are replaced by the invariant
versions WF. 1, r and H,, 7, and all localizations to neighborhoods of z, = 0 are omitted;?®
the proofs of these variants are the same upon removing cutoffs in x, and working with
symbols and operators which are homogeneous with respect to dilations and invariant under
translations on . Estimating the second term on the right in (7.9) using the already proved
a priori estimate for § = 1, we obtain

Iz 0, < Ol s (7.10)

ENeY
e,b,I

It remains to obtain a quantitative estimate of 4 € ng ;(£2,) on the full domain €, 2
Q. To this end, fix a cutoff ¢ € C*°(R) so that ¢ = 0 on (—o0,p'] and ¢ =1 on [p, o).
Then we have
1 (2a !, N+2) (

Fli= Py (60) = of + [P, dla € H,,

for any N since p, has a positive lower bound on supp f’ . Extend f’ to an element f” €
_ 5 & N . .
H j bll’(mj N+ (R27) where p"” > p, with norm bounded by a fixed constant times the norm

Q)

of f. Using the solvability of the adjoint problem stated after (7.8) above, we see that

upon taking N > &z, we can solve Py @ = " with @ € H, (QQJ’N)(qu) obeying a norm
bound

1 & <C Y B <Cl
I8 g sar gy < Oy siasyving o SOl sy vin g

28For example, the invariant version of Lemma 4.10(2) reads as follows. Suppose that &y < a4+ + % and
WFiE}&/(f)ﬁRin#,I = @, where, in the coordinates on N, we set Rin 1 = {(p+,20,y;(,&,n): py =0, £ =
2¢} (similarly to (4.10) but without localization to .y = 0). If WFiS‘I(ﬂ) N (C’bS:Fer:O}M \ Rin,+,1) = 0,
then WE'p (@) N Rin, 4,1 = 0.
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But then higher regularity on the smaller domain €2, C Q, follows as above, showing that
|, € He ézlaj’ )(Qp), with an estimate

: " , "
500y S O gioromy wem < € s

|a” 2 (7.11)

|Qp” j b o ebI

o ¥ (@)
Finally then, we note that @"|q, = ¢, since the difference w := @"|q, — ¢u € HGII?I(Q )
satisfies Py w = f'— f = 0 and thus w = 0 in view of the already proven a priori
estimate (7.4) in the case § = 1. Thus, combining the estimates (7.10) and (7.11) gives the
a priori estimate (7.4) for all § > 1.

By duality, we get the solvability statement in part (1) for all s < 0.

e Solvability for Py,, s € R; a priori estimate for Py, s € R. It remains to prove solv-

ability for s > 0. Given f € Hsblla (€2,), we have already proved that there exists a
solution u € Hgg ;(£2,). But then the invariant versions of the microlocal regularity results,

Lemmas 4.10(1) and 4.11(1), imply that in fact u € H>{ ;(€,), together with a quantitative
estimate for its norm in terms of the norm of f.

The a priori estimate (7.4) now follows by duality also for § = —(s — 1) < 1, and hence
is now proved for all §.

o A priori estimate for Py, s € R. Given u € Hj’gl(Qp) with f = Pju € HS 1 o (92,),

we have already shown that the equation P,u’ = f can be solved with v’ € H 20 (Qy)
obeying a bound

/
IS, < .
HU ”He,’b ( C”fHHS 10‘ Qp)

But then P, (u —u') = 0. Propagation of invariant edge—b—regularity shows that u — v/
has infinite edge-b-regularity; relaxing the weight at p; = 0, we can thus a fortiori regard

—u € H (2aﬂ’N) (,) for N < min(a4, ay —1). But then the energy estimate proved in

the first step of the proof applies (as N + 1 < ay, cf. (7.7)) and implies that u — v’ =
Therefore, we have u = u/, and the proof is complete. ([

Remark 7.2 (Alternative approach). The fact that one can directly prove an energy estimate
for Pj  in the full range (7.3) of weights allowed in the microlocal propagation estimates
is somewhat fortuitous. A conceptually cleaner approach which does not take advantage
of this fact starts with energy estimates with sharp weights at » = 0 but with very weak
weights at py = 0 (i.e. very negative for P, very positive for P, ), which can then be
improved by exploiting the invertibility properties of the normal operator of Py, at p; = 0.
We leave the implementation of this approach, which can be based on the (semiclassical)
0-analysis in the next section, to the interested reader.

7.2. Leading order control at .¥ *. Using Proposition 7.1, we now show how to control
solutions of Pu = f or P*i = f near £ to leading order in the sense of decay; this
complements the regularity results of §4. Since we already have full control near . \ I
by Theorem 6.4, we focus on a neighborhood of .# NI+, Fix a compact subset K C .# T\ I°,
and choose T' € R so that U4 (T") D K. Using the coordinates py, s on Uy (T) as in (3.6),
we can fix dp > 0 small and p; < py € (0,1) so that

Q;Cp = {l‘j < 6, P+ < p} CZ/{+(T) cM
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contains K when 0 < 0 < & and p € [p4,p4+]. We do not arrange for the boundary
hypersurfaces of Q; , to have any particular causal structure, as questions of regularity

and decay near I have a global character (i.e. answering them requires information about
the operator P far from .#71); we can therefore only prove a priori estimates here. As for
function spaces, we fix

o€ (0760)7 pe (E+’ﬁ+)7
and weights a = (2as, a), and work with the space

HS Q(Qép)
of extendible distributions and the space
sart Y- . s, )+ . ot
Hy (Q5,)5 = {u|96+ ueH? b (25, 5,): suppu C QF

of distributions with supported character at Z;’pin ={zy <0, p+ = p}. See Figure 7.1.

+
€Ty !

j-l—

+,in
X P+

FicUre 7.1. The domain Q;r , on which Theorem 7.3 takes place, and one
of its boundary hypersurfaces 2;;“.

Theorem 7.3 (A priori estimate for P near .#1). Under the same assumptions on P, s,
a = (2as,a4), §, and & = (2d,7,G4) as in Proposition 7.1, and defining o/ = a + (2,2),
&' = a+(2,2), the following estimates hold for some constant C.

(1) (Forward problem.) For all € > 0, there exists C¢ so that

Il o < ClIPUlyeset o o+ Cellull sy

W )
+ EHUHH:I)L&(QIP).’,
for all uw for which all norms are finite.
(2) (Backward problem.) For all € > 0, there exists Ce so that
ezgiag,) = N elaponey, * Cltllzpacrogy,

+ GHuHI_{ﬁ;l’&(Q;p)
for all @ for which all norms are finite.

Thus, if one ignores the edge-b-differential order, the right hand sides of (7.12) and
(7.13) involve norms on u and @ which either feature a weaker weight at £+ or have a
small prefactor e. The loss in the edge-b-differential order is acceptable in applications,
since regularity is already controlled by the results in §4 (if supplemented by propagation
estimates that are global near future timelike infinity and thus not covered by our .# *-local
theory here); see the discussion following (9.5) for an example. This loss arises from the
fact that the edge normal operators of P are nonelliptic and lose one order of regularity
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upon inversion, whereas the difference of P and any of its normal operators is typically a
second order operator still.

Remark 7.4 (Better error term under stronger assumptions). If s > 1 and a; + 1 < ay,

we may replace u and s + 1 in the final term on the right hand side of (7.12) by (1 — x)u

and s, where x is identically 1 near #* and supported in x, < § for sufficiently small

8" € (0,8). This follows by writing v = yu + (1 — x)u and using an energy estimate to
s—1,a/

estimate yu in terms of P(yu) = xyPu+ [P, x]u € H S p) using the multiplier vector
field Z from (7.5); see also (7.7).

The idea behind the proof of Theorem 7.3 is to split u into a sum of pieces localized near
individual fibers .#,f of #*, use the estimates for P,, provided by Proposition 7.1, and
estimating the error terms arising from P — P, and commutators of P with the localizers.
In order to implement this, we need to relate norms on edge-b-Sobolev spaces to norms of
localizations.?? We first do this in a collar neighborhood [0,1),., x £+ of all of .#7; we set

Q:=1[0,2),, x It

and shall only consider distributions with support in Q. Denote the projection [0, 1), ;X
It — T by m. Cover the (compact) base Y of the fibration ¢: .#T — Y by a finite
number of coordinate charts 11, ...,¢yx: B(0,2) — Y (where B(0,R) C R"! is the open
R-ball) so that Y = [N, 4;(B(0,1)); let x € C°(B(0,2)) be identically 1 on B(0, 1), and
define x; € C*°(M) to be equal to m*¢*(x o), 1) on w1 (¢~ (1;(B(0,2)))) and 0 otherwise.
Since ZZ]\; 1 Xi has a positive lower bound in the collar neighborhood, we immediately obtain:

Lemma 7.5 (Localization to coordinate patches on V). Let s € R and o € R3. Then there
exists a constant C > 1 so that for all distributions u with suppu C €2,
N N
-1
C Z ||XiU||Hj;§(M) < HUHH;’S(M) < CZ ||XiuHH;’§‘(M)'
i=1 i=1

Passing to local coordinates y € B(0,2) C R™! on 9;(B(0,2)) C Y, we now work in

Q; =10, %)xy x B(0,2) x Z C [0,1)s, % ]Rg_l X 7,
where Z = [—1,1] is the typical fiber of #*. Since @is compact, edge-b-Sobolev spaces
of distributions on [0,1) x R"~! x Z with support in Q; are well-defined; here, denoting a
smooth positive b-density on Z by uz, we fix the volume density

o= panflm}anjrnfwdedy /«LZ| (714)

Ty
on €);, mirroring the earlier choice (4.16). For j € N, put
Ij:={k277: keZ, —3-22 <k<3 2},
and denote the K (j) = (6 -27)"~! points in I]T-L*l c R™ ! by
Yj 15 Y5 K ()

29We expect that one can drop the O(e) error terms in (7.12) and (7.13) by combining the normal operator
inverses controlled by Proposition 7.1 into a single operator on the edge-b-double space. This would however
require analyzing the regularity of Py_o1 in the parameter yo. We do not pursue this further, as the O(e)

error terms are easily absorbed in applications; see the discussion after equation (9.5), or [Hin23b, Step (i)
in the proof of Proposition 5.19].
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Fix cutoff functions
X0 € Cgo([ov 1))a X0 = 1 on [07 %]7 )21 € C(?O(R)7 >~(1 =1lon [_17 1]a
and define y; € CSO(R”A) by x1(y) = X1(¥1) - - X1(Yn—1). For j € Nand 1 < k < K(j),
we then set
' ' K(4)
Xk @) = x0@z )1 (2w —yin), XMW =D Xiww)-
k=1

Thus, x; x localizes to a size ~ 277 neighborhood of {0} x {yjr}x Z C Q, and X;ot localizes
to a size ~ 277 neighborhood of {0} x [-3,3]""! x Z.

Lemma 7.6 (Properties of x; 1, and edge-b-Sobolev norms). Let s € R. There exists a con-
stant C, only depending on s, the choice of the cutoffs xo0, X1, and the volume density (7.14),
so that the following statements hold for all j € N.

(1) Foru e H(fb(Qz) with 212y < 3 on suppu, we have

K(j) K(j5)
O Y Ingaulhe, < luld, <€ Iaule, (7.15)
k=1 k=1

(2) Let f € C°(]0,00) x R*1). Then
1 (22,2 (= )l s < Clluliz,,-

Analogous estimates hold for weighted edge-b-Sobolev spaces, as well as for spaces consisting
of distributions with supported or extendible character on [0,6),, x B(0,2) x [0, p),, C €.

Proof. We note the following three key properties of x;x: there exist constants C, L, and
Cm, m € Ny, all independent of j, so that

(1) for all m € Ny, we have

sup (24D, ) (25 Dy) xjk| < Cons (7.16)
I+[y|<m

(2) whenever ki,...,k;, € {1,...,K(j)} are distinct, we have (), supp x1(2/(y —

Yiky)) = 0;
(8) C71 < x'(y) < C for y € B(0,2) C R,

This implies uniform bounds

> ’(wa)l(fL"ﬂDy)7 (XO(QJM)‘ <C'., meN,.

tot
L4y |<m X (y)

tot
. . ‘7

u € H$, () with suppu C {27z, < 3}: for s € Ny, this follows from the Leibniz rule, and

then for general s € R by duality and interpolation. The proof of part (2) of the Lemma is

completely analogous.

Thus, multiplication by x0(2/2,)/x%*(y) is a uniformly bounded map on the space of
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Turning to part (1), consider first the case s = 0. Then

2 K(7)
; xo(27 5Uf
ull72 = lIxo(22zp)ull7. = ” ot § Xk (W) u(zs,y) ) < CRe E (XU X, W) 12
L kk'=1

But for each k, there are at most L — 1 values of k¥’ besides &’ = k for which the inner
product is nonzero; thus, we can apply Cauchy—Schwarz and bound the right hand side by

C(1+ (L -1)) ijl [xjkull72. More generally, for s € Ny, similar arguments together
with the Leibniz rule imply HuHHs <CY kuHHs , with C' depending on s but not on

7; interpolation then implies this 1nequahty for all real s> 0.

The converse estimate for s = 0 follows from the j-independent bound Zf:@l) ij’ L <,
which implies

K(j)
S [euduan < ¢ [P ap = ulis
k=1

For s € N one uses the Leibniz rule, and for real s > 0 interpolation. Having proved (7.15)
for real s > 0, the result for s < 0 follows by duality. (]

Proof of Theorem 7.3. We use the edge normal operator in a spirit somewhat similar to how
the b-normal operator is used for example in [HV15, §2.1.2], namely by means of estimating
the localization of w in terms of the edge normal operators of P, and bounding the error
terms arising from localization and passing between P and its normal operators. Rather
than assembling the inverses of all edge normal operators® into a single object—which in
our non-elliptic setting would be technically rather delicate (unlike in the elliptic setting
[Maz91])—we only use estimates for the edge normal operators at an e-dense collection
of fibers of .1, with the estimates applied to a localization of u to e-neighborhoods of
individual fibers. Thus, the final error term in (7.12) bounds the difference between P and
this finite collection of normal operators. An important point is that the commutators of
(the edge normal operators of) P with cutoffs to such e-neighborhoods gain a power of x.
The relevant local coordinate calculation is [z, x(y/€)] = e 1ax/(y/€); the large constant
¢! leads to the second term on the right in (7.12)

We now turn to the details. Assume first that u is supported in some Q;. For j € N to
be specified below, and putting xo,;(zs) := x0(2/12+), we have

el o o = 20 (0(0) = 0@ ) ulfpme o o+ 2002 2l g oo
K(3)
2
< Ol ven g o € kzl o sl ap o

for any N, with C independent of j. We estimate each term in the sum individually using
Proposition 7.1, to wit,

10,55kl 7.0
e,b

< CHPyj,k (XO,ij,kU) H2H‘:;l,a/

30This is a key difference to the b-setting, where a single normal operator governs the behavior of a
b-operator globally near the whole boundary.
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< C(H[Pyj,wXO:ij’k]uHifggl’“’ + HXO,JXJ}’?(P - Pyj,k)uHZj;m’ + HXO,ij,kPUHiI:;La’)-
’ ’ (7.17)

Recall that xo,j(2s)X;jk(Ts,Y) = X0,4(2s)Xx1(27(y — yjx)). The commutator of P, , with
Xo,; is uniformly bounded in j, k as an element of A(2’2)Diﬂéyb (since sup |(2.70,, )'x0,| has
a j-independent upper bound for all ), with coefficients supported in x, > 27772 > 0.
Therefore, for all N there exists Cl ; so that

K(j)

; 2
> Py, 4 x0,4x1 (27 (y — yj,k))UHHs;W < CN,j||UI|f{s,<zN,a+>-
k=1 o ob

On the other hand, if we define Xg',k = Xo(?“xy)x%(?(y — yjx)) where X% € C®(R™ 1)
is identically 1 on suppx; (thus Lemma 7.6 applies with Xg‘,k in place of xj), then
X0, [Pyj,k,X1(2j(y —yjk))] = XO,jX?ij%ﬂQj,k where the operators Q) € A(2’2)Diﬂ?é,b are

uniformly bounded in j, k (as follows from (7.16)); the factor 2724 here arises via differen-
tiation of 27(y — y;x) along terms of P, , involving x,3,; thus,

K(7)

. 2 .
Z (X0, [Py,.00 x1 (27 (y — Z/j,k))]“HH;;M’ < C2% ”UHZS,S—(LW
P ’ e

We now turn to the second term in (7.17). The definition of P, , via freezing the

coefficients of Py = P — P (see Definition 3.6(2)) at (z.,y) = (0,y;x) as an edge-b-operator
implies that we can write

n—1
I
Xik(Po — Py, ,) = X5k (HZﬂQ},k + Z(y - yj,k)lQE'}f) 7
=1

]1.7k,x}2p;2@% € A(Ovo)Diﬂ%,b are bounded independently of j, k upon ap-

plication of any fixed number of edge-b- (or even b-)derivatives. We can thus estimate

-2 -2
where x,°p7°Q

K(j)
Z HXO,J'XJ‘,WUle',kqusﬂ,a/ < CHuHiI&Fl»a*(l;O)'
k—1 e,b e,b
Moreover, in view of x;x - 2/ (y — yj )i obeying uniform (in j, k) L>-bounds (together with
any finite number of edge-b-derivatives), we also have
K(j) ‘ ' ‘
> 27 Ix0xk2 (y — yj,k)ng',kuHiIs;La’ < 272]0”U\|i,st1,a
k=1 © ©

The contribution from the lower order (in the sense of decay) contribution P to P is
estimated simply by

> IxogxinPull, 1o < Clull? oo
& e,b e,b
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Altogether, we have now proved that
K(j)
o2
; HXOJX‘%kuHHj:S(Q;:p).,f

< (Cnj + C2)ul? _+ 027 |ul}

+1l,a—(2£4,0 s+la o+ -
SheT GO qf e H L0 (Q5,)"

2
+ CHPU”H:;,LQI(QIP).’i’
with C' independent of j. Upon choosing j large enough so that 2721C < €2, this proves
the estimate (7.12) for u with suppu C ;.

For general u, we apply Lemma 7.5 and note that the arguments given so far apply to
¢iu, i = 1,...,N; we then only need to observe that P(¢;u) = ¢;Pu + [P, ¢;Ju, where the
commutator [P, ¢;] gains a power of z, and loses a differential order (relative to P) as an
edge-b-differential operator, so ||[P, qb,-]uHHs;l,a/ < C”“HH&S*(LUW

The proof of the a priori estimate (7.13) is completely analogous. O

8. MICROLOCAL ESTIMATES FOR THE I T-NORMAL OPERATOR

We let P, M, My,Y be as in the beginning of §6, and use the coordinates py,zs on
U+(T) (T € R arbitrary) as in (3.6); thus, replacing I for simplicity of notation by a
collar neighborhood

I+:[0,€j)zﬂ XY, eg >0,
of ITN.#* C I, we work in a collar neighborhood
[0,1),, x I

of I'" inside M, and hence in a trivialization [0,00),, x I of TNIt (where we abuse
notation by writing the fiber-linear coordinate dpy as p4 simply). We only record weights
at #1 and I'", and drop the weight at I° from the notation; we shall also drop the bundle
(*E — M from the notation unless it makes a technical difference.

In this section, we demonstrate that the information on P captured by Definition 3.6 is
sufficient to obtain some control of the Mellin-transformed normal operator of P at It (see
Definition 2.5). Concretely, in the decomposition P = Py + P as in (3.15), only the first
term of P is of leading order in the sense of decay at I™. We shall analyze the rescaled
normal operator of Fy:

Definition 8.1 (Rescaled normal operator at I*). Denote by m: TNIT — I the projec-
tion to the base. We then set

P+ = N]+ (ZE}ZP_T_QP) = ]\/}7L (.T}QP_T_QP())

€ Diff2y, (T NI™;7*E) = Diff2, ;([0,00),, x I";7*E),
where the subscript ‘I’ indicates the dilation-invariance of P in the factor [0,00),, , and
the edge structure is associated with the fibration [0,00),, x 9IT = [0,00),, x Y — Y.

The Mellin-transformed normal operator is denoted

Pr(\) = pPypl € DIff§(It; 7 E).
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We recall that the principal symbol G of P is the dual metric function G : @ +— ¢~ (@, ).
But by Definition 3.2 (see also (3.12)), we have

g—l = gal mod A2+2€V¢,2+f+(M;S2 e’bTM),
1 —
9% = x]er( Ty0p, Qs (70p, —2040,,) +k 1(y,xf8y)> mod 2% p2 C>(M; S *PT M);

thus, the principal symbol of Py is the quadratic form associated with the dilation-invariant
extension of x_}prgo_thr € C>®(I+;8%2ePT . M). Concretely, this means that

“Po?(Py) (@) =: Goep(®) i= Gi(w) + Gy (w) (8.1)
with G (w) = ¢} '(w, @) € PE(*PT}, M) and G (w) = §; ' (w, @) € ay PPI(*PT}, M),
where

_ 1 _
g+1 = 5@]&51 Rs (xfaxy - 2p+ap+) +k l(y,xjay), (8.2)

while g, is a linear combination of symmetric 2-tensors built out of 2,0,,, p+0,,, and
7470,;, with coefficients lying in 2,C*([0, € )y, X Y).

We shall work with the b-density
d
= ‘%dk’ € C=(I*;PQIT) (8.3)
74

on I*. On the level of L?-spaces on [0, 00) . X I't, the relationship of w, with the density
x, M p " V|doz 4o+ g (see (4.16)) used in §§4-7 is

Ty Pt
2a9 it 12 + ,.—2n _—n—1 day dpy Mg Y+ 712 + d
x, 7 p, L ([0 oo) x I, x " py ‘ dk‘) =a,pl L <[O,oo) x I, —‘ub),
Ty P+ +
n n+1
= ast g, e
(8.4)

Thus, by Plancherel’s Theorem, the Mellin transform in p;, defined as in (2.20), gives an
isometric isomorphism

dz s d
M: Q;afpi+L2<[0,m) x It x}Q”pI” 1‘ i ﬁdy‘)
Ly P+

= L*({Im A = —y; 25 (I, ).

(8.5)

8.1. Bounded frequency estimates. The principal symbol of P+()\) is an element of
PR(OT*IT). Recall that for @ € OT*I*, we have Ooq(Py(\))(w) = *P0o2(Py)(w) where
we recall the 1nclus,10n 0T*I  cePT M. (In local coordinates, every @ € T*I* is of the

form w = gd“ + 7]3 Y. ) In view of (8.1)-(8.2), this means

—~ 1 i - dz dy?
2Py N)(@) = 5& + kI mmy + G (@), w =67 45T

and hence 151()\) is elliptic near £y = 0. Its refined analysis also requires control of its
normal operator, which is the conjugation of the edge normal operator of P, (i.e. the
normal operator at * Ny;+ 1) by the Mellin transform in p.; but the edge normal operator
(at I™N.71) of the b-normal operator (at 1) Py of Py is equal to the b-normal operator (at
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JTNI7T) of the edge normal operator (at .#,!) of Py, and is thus fixed by Definition 3.6(3).
To wit, for yp € Y,

_ 1 B g
ONyo (P+ (X)) = 5(90117@1; — 2" qyy) (3 Dary — 20) + kY (90) (25 Dyi ) (.5 Dy ) + 1§y

n—1
Ay "= 5 +p1|y;5m[+ € End(E),), p(J)r,yO = p(J)r|jy'Em[+ € End(Ey,).
Recalling the definition of p; 4 from Definition 4.3, we let
n—1
Q4 =5 Pt (8.6)

Theorem 8.2 (Estimates for ]/31()\) and J/DE()\) for bounded A). If pd | s+nr+ # 0, assume
that P is special admissible in the sense of Definition 6.2; otherwise assume only that P is
admissible. Let x1,x2 € C°(IT), with x1 = 1 near I, x2 = 1 near supp x1, and so that
OT;I+ is spacelike (i.e. Goep in (8.1) is positive definite on OT;I+) for p € supp x1. Use
the b-density (8.3) on I to define Sobolev spaces.

(1) (Direct problem.) Let s,y € R, and suppose that
—ImA <y < q1,+- (87&)
Then for all N € R, there exists a constant C so that

Il s oy < C(IxePrOul ooz oy + Ixaull v ey ). (8.7b)

Moreover, for all u with xou € Hy *® (I') and xoPy (M\)u = 0, we have x1u €

A2@+=) (1Y for all € > 0.
(2) (Adjoint problem.) Let 5,57 € R, and suppose that

—qiy <Ay < —ImA (8.82)

Then for all N € R, there exists a constant C' so that
Ixaall oz g < C<||X2Pi()\)ﬂHHg—2,W ary T HX271HH(;N,7N(I+)>- (8.8b)
Remark 8.3 (Weights). Identifying —Im A with the weight v = —Im A (cf. (8.5)) and

relating v, v+ to az, ay via (8.4), the conditions in (8.7a) are equivalent to a4 < —% +ay
and ay < —% + p1, except for the use of p;  (determined from p; only at .#+NIT) instead
of p1 (determined from p; along all of .#7). In this sense, Theorem 8.2(1) applies in the
full range of weights allowed in all previous estimates near #+ N I (Lemmas 4.10, 4.11,
Proposition 7.1, Theorem 7.3). A similar comment applies to Theorem 8.2(2).

Remark 8.4 (Restriction on Im A and continuation of the resolvent). The condition (8.7a)
Ellovides a lower bound Im A > —v, of Mellin dual frequencies A for which one can analyze
Py ()\) as a O-operator in a straightforward manner. Upon inspection of the proof below,
one sees that allowing A to cross the line Im A = —~ is closely related to considering the
spectral family on an asymptotically hyperbolic space at or across the continuous spectrum,
the analysis of which is more delicate; see e.g. [MM87, Gui05, SBW16].

Proof of Theorem 8.2. The proof is based on a standard elliptic parametrix construction
in the 0O-calculus [MMS87, Hin21], hence we shall be rather brief. By assumption, P (\) is
elliptic near supp x1.
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If q1,4, is diagonalizable and paryo = 0, then acting on the individual eigenspaces of g1 y,

the operator "N, (]/31()\)) is related to the spectral family of (n — 1)-dimensional hyperbolic
space via conjugation by a suitable power of z» (which also appears in the proof of the
invertibility of the reduced normal operator below, cf. (8.10a)-(8.10b)); its inverse is thus
explicit [MMS87, §6]. This can easily be generalized to the case that ¢, has nontrivial
Jordan blocks. (In this manner, one can prove (8.7b) for general \ except for an explicitly
computable discrete set.)

We analyze ONyO(]/DJ\r()\)) here (for Im A > —7) instead in a more conceptual manner,
using the general machinery of the O-calculus. Thus, exploiting the translation invariance of
9Ny, (P+ (X)) by passing to the Fourier transform in y, and then introducing = := z4|n|;-1,
n= m'il, we obtain the reduced normal operator in the terminology of [Lau03], given by

o

1 1 2
Py, = i(xDm — 20" quy,)(@Dy —20) + o —i—pa:yO.
Considered as an operator on the radial compactification [0, 0o}, of [0, 00), it is a b-operator
near z = 0 with normal operator No(Py,) = 3(zDy — 20~ q1,y,) (xDy — 2X) + pa“’yo, and a
weighted scattering operator near R := 2~! = 0 with principal part R_z(%(RQDR)2 +1),
which is elliptic. The Mellin-transformed normal operator of Py, at x = 0 is

No(Pyy, €) = (¢ — 20 q1,50)(C = 2X) + p .

which is thus invertible for all { € C except for those lying in the boundary spectrum
{2X} Uspec(2i~1q1 4,). (For payo = 0, this is clear; for p({yo = 0 on the other hand, one uses
the lower triangular, resp. strictly lower triangular nature of gy y,, resp. pa yo coming from
the special admissibility assumption on P to obtain the same conclusion.) In particular,
the line Im { = —2~, does not intersect the boundary spectrum provided vy # —Im A and
1 ¢ Respecqi y,, which in particular allows for 74 in the range (8.7a).

Define the b-scattering Sobolev spaces

5,(277,0 s, dz
Hb,ic’yj )([07 OO]QC) = {u: Xu € Hb 2vs ([0, OO), ?‘

). (1=xJu e (@) H (R, |da)) |,

where x € C°([0,00)) is identically 1 near 0. Then we claim that for v~ in the range (8.7a),
the operator

Pyo: Hy 700, 00)) — Hy 237072 ([0, o)) (8.9)

,SC

is not merely Fredholm (which follows at once from elliptic theory in the b-setting near
s = 0 and in the scattering setting near s~! = 0), but invertible. For the proof, we first
assume that pafyo = 0. Passing to the Jordan block decomposition of ¢i 4, it is sufficient (by
exploiting the upper triangular nature of Jordan blocks) to consider the case that ¢1 4, € C

is scalar; and the assumption on s reads —Im A < vy < Reqiy,. If u € HS’(QW’&([O, o<l)

sc

satisfies Py,u = 0, then u € HOO’(QW’OO)([O,OO]) by elliptic regularity in the scattering

b,sc
calculus, so in particular u is rapidly decaying (together with all x-derivatives) as x — co.
Moreover,

ai= oty e BP0 (0,00]), A =

(277 +ImA —Requy,),  (8.10a)

N =
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satisfies the simpler equation

(%(wx)? A2y :r2>ﬂ =0, A=A tiquy. (8.10b)
Note that ImA = Im\ + Re Qlyo > 0 and 29, > —Im 5\; therefore we in fact have
i, |xDyi| < Cx™A for x < 1. We can therefore multiply equation (8.10b) by @ and
integrate by parts. If Re A # 0, taking imaginary parts then gives 0 = 2(Re A)(Im \)||@/|?,
whereas when Re A = 0 one directly obtains 0 = ||z|> + e Dyal* + [|A|@)|?; in both
cases, we conclude that @ = 0 and hence v = 0. This proves the injectivity of P,,. The
surjectivity follows from the injectivity of the adjoint Py , which is proved in the same
manner. If paf " # 0, then upon passing to the bundle splitting of E in which ¢; 4, and
pa o are (strictly) lower triangular, these arguments apply step by step as one considers
the projection of Py, onto the first, second, etc. summand of the splitting of .

As shown in [Maz91] (see also [Hin21, §3.2], [Alb08, §5.5] for detailed expositions, and
also [Lau03]), the invertibility of P,, implies the existence of a parametrix for P, (\) acting
on x5 L2(I't) in the large O-calculus with bounds,

Q € wyHlew =)ty QPL(N) = T+ Ry, Ry € g 000,

Here, ﬁlé’(alb’a“’a“’)([ T) is the space of operators whose Schwartz kernels are conormal
distributions on the 0-double space (I7)3 := [(I7)?; diagy;+] where diagy;+ C (917)? is the
diagonal, valued in (the pullback to (I7)2 of) the right b-density bundle on (1), which
are conormal to the lift of the diagonal diag;+ C (I1)?, and which are conormal also at the
left boundary (the lift of I x I'") with decay rate oy, (the power to which a boundary
defining function of the left boundary is raised), at the right boundary (the lift of It x 9I™)
with decay rate a1, and at the front face with decay rate ag; the shift by (n — 1) of the
weight at the front face is due to the fact that we work with a b-density here, rather than
with a 0-density—which is x;("fl) times a b-density on the n-dimensional manifold IT.
Concretely, the computation of the boundary spectrum of the O-normal operator above
implies that we can take

o, = 2414+ — €, arp > 2Im A — €,

for any ¢ > 0. We conclude that

X1t = x1(xau) = x1QPy (\)(xau) + x1 Rz (x2u)
= 1Q(x2Pr (M) + x1 R (xau) — x1Q[Pr(V), xalu.

Taking the norm in HS’2W (I") gives the estimate (8.7b) since the operators x1 Ry x2 and
X1Q[P+ (M), x2] (noting that supp x1 N suppdys = () are bounded maps HofN’fN(I*) —
HP*¥ (I't) for all N.

The proof of the adjoint estimate (8.8b) is similar. The adjoint ]/D:L(/\)* = 7/3?;(;\) satis-
fies (8.8b) when (5§ — 2,274) = —(s,27y) (the dual orders of the left hand side of (8.7b)),
which leads to the requirement —Im A < —3, < ¢1 4. Passing from X to X switches the
sign of Im A and thus leads to the condition (8.8a). (]
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8.2. High frequency estimates. We now prove analogues of the estimates of Theorem 8.2
when | Re A\| = oco. In the notation of Theorem 8.2, let v, < ¢ 4, and fix 74 < 7s; we shall

from now on only consider A € C with ImA = —y;. As |Re\| — oo, the operator ﬁ;(}\)
can be regarded as a (uniformly degenerate) differential operator with large parameter A
(see [Shu87, §9] for the case of manifolds without boundary). For present purposes, it
is sufficient to ignore the symbolic behavior in A and instead consider the semiclassical
rescaling

o~ 1 ) . B . A
Py 5 = B*Pi(h™'\) € Diffg ,(I;7*E),  h:=(\)"", A= o (8.11)

We apply the general considerations of §2.6 to the operator Py € Difféb([O, 00)p, x IT)
from Definition 8.1. With A restricted to the line ImA = —v,, we have, as |Re A\| — o
(and thus h = |Re \|™t + O(J]Re A\|72) — 0),

A = (sgnRe \) — ihyy + O(h?). (8.12)
Let x1,x2 be as in the statement of Theorem 8.2, so in particular OT;I T is spacelike
for p € supp x1. This implies that P, 5 is elliptic (as a semiclassical 0-operator) outside
a compact subset of 9T I, in particular at fiber infinity; in other words, writing

Supp x1
P = a&h(Ph, 5), the characteristic set

085 == p;1(0) C OTMIT

has compact intersection with OTS”Lpp Wl *. As noted after Lemma 2.10, the Hamiltonian

vector field H,,, has a critical point at @ € °S4; if and only if Hg,.,, (see (8.1)) is radial
at :t% +w (which lies in the characteristic set of Py). In a sufficiently small neighborhood
of £y = 0, this is equivalent to the membership in one of the two sets
"Rin =@y &)y =0, £=£2, =0},

"Row = {(zs,y;6,m): 2y =0, £ =0, n=0}.

by Lemma 4.1. This can of course also be checked directly by noting that, at ( = £+1 (in
the coordinates (4.4) and using (4.5a)), we have

Hegr =26 F 1) (1500, +n0y) — 2[0|*0¢ + 2.7 (4K 10,5 — 2(0ym k" )0in;Oy,,),  (8.14)

(8.13)

while H is a lower order contribution, cf. (4.5b); that is, the expression (8.14) is equal
+

to Hp,, up to an error term of class ., Vo(°T*I*). Thus, R is a source, and *RZ,, is a
sink for the flow of £H,, , inside 0%,

Theorem 8.5 (Semiclassical regularity for ]/3:()\)) Let s,74,v1 € R. Consider A € C with
ImA=—vy,, and leth=(\)"1, A = &; thus A = £1 —ihvy, + O(h?) when =Re A > 0 (see
equation (8.12)). Let** u, f € h_NH(;}]LVl’ng(I“‘) and P, su = f in the notation of (8.11).
Then WFG (u) € WFg 297 (f) Uy

Moreover, recalling the quantity ¢i + € R from (8.6), we have:

31The subscript ‘loc’ means membership in the space b~V HO_, ,iv 2 upon multiplication by any function

in C°(I™). This is merely a technical detail; we are only interested in local (but uniform down to 9I")
semiclassical regularity here, for which the noncompact nature of I is irrelevant.
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(1) (Propagation out of “R:E.) Suppose that v4 < yy. If WFSTEMW (W /) NORE =0,
then WFg2 " (u) NORE = .52

(2) (Propagation into ORout ) Suppose that vy < q1,4. Let U C OT*I+ denote an open
neighborhood of *Ri,. If WEg,2*% (W71 f) N ORE, = 0 and WFG™ (u) N0 (U \

out” out

Rot) = 0, then WESE (1) 1 Row 0.

Theorem 8.6 (Semiclassical regularity for J/DE()\)) Let 5,797,7+ € R. Consider A\ € C

with Im\ = =5y, and let h = (N7, X = &5 Let PTA .= W2PF(h1A). Let @, f €

h=NHy 2 (1) and P}iﬂﬂ: f. Then WFg7 (i) C WFS 22 (FuOs,.
Moreover, we have:
(1) (Propagation into ORi.) Suppose that 74 > Ay. Let U C OT* I denote an open
neighborhood of "R, If W, %% (h™1f) = 0 and WFg? ¥ (@) N (U \ *RiE) = 0,
then WFg’QWC) ORi = 0.
(2) (Propagation out of “RE ) Suppose that 3y > —q+ If WFS 227’( RN
ORE. =0, then W7 () N "RE, = 0.

out

Mirroring Remark 8.3, we recall the relationships ay = v, — 5, ay =94 — ”TH, P14+ =
q1,4+— "5 L from (8.4) and (8.6); then the conditions on v, vy, ¢1,+ in Theorem 8.5(1), resp.
(2) are premsely those on a4, o, p1 in Lemmas 4.10(1), resp. 4.11(1) upon replacing p; by
P1,4+- A similar comment applies to Theorem 8.6 and Lemmas 4.10(2) and 4.11(3).

Proof of Theorems 8.5 and 8.6. These results follow again from positive commutator argu-
ments. One can in fact simply copy the arguments from the proofs of Lemmas 4.8-4.11 but
factor out the overall weights of the differential operators under study (cf. Definition 8.1),
and drop localizations in p4 and its dual momentum ¢ in the commutator constructions and
calculations. We omit the details here, but point out that the subprincipal terms which
enter in threshold conditions for radial point estimates for Ph,ﬁ\ can be computed from

those of P via the formula (2.23) where m —v4+ + O(h). The upshot is that the term

ImAP+1HpP+ = —v4p5 Hpps + O(h) has premsely the same effect as the weight p:r%* of
~2

a* in the positive commutator proof of, for example, Lemma 4.10 (where we are using &
in place of ~4). O

As in §4.2, the positive commutator proofs give quantitative estimates. We state this
for Theorem 8.5(2): suppose B,W € \Ilg’h(l *) have Schwartz kernels supported inside
(supp x1)? where x; € C2°(I) is identically 1 near I, and their operator wave front sets
are compact subsets of °T* It (thus, differential orders are irrelevant below). Furthermore,
suppose that

e all backward (for the ‘4’ sign), resp. forward (for the ‘—’ sign) null-bicharacteristics
starting at WFy, ;,(B) N X4 tend to ORZE . while remaining inside Ellg’h(W);
o W is elliptic on WF{, ;,(B) and at ORE

out*

32Recall that since ORi C %T*I*" is disjoint from fiber infinity, the wave front set conditions here are in
fact independent of the differential orders.
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Then for all N € R, and under the assumptions of Theorem 8.5(2), there exists a constant
C so that

—1 N
1Bulyszir gy < C(RTHIWE, sl ez oy + Y xull oo 1))

We leave the statements of estimates corresponding to the wave front set statements of
the remaining parts of the above two Theorems to the reader.

9. APPLICATION TO LINEAR WAVES ON ASYMPTOTICALLY FLAT SPACETIMES

We now sketch how to use the black box results proved in §§4-8 to obtain a Fredholm
and solvability theory for linear wave operators on a simple class of (future geodesically
complete) asymptotically Minkowskian spacetimes. The setting we consider here is closely
related to that by Baskin—Vasy—Wunsch [BVW15, BVW18], in that the metrics and wave
operators are asymptotically homogeneous of degree +2 with respect to dilations in the
forward timelike cone. Compared to the reference, we do allow here for significantly more
general behavior near the null infinity, in that the light cone at infinity (in the terminology
of [BVW15]) is blown up here to resolve the metric and operator coefficients. On the
flipside, we shall only record basic (functional analytic) results here and do not extract
sharp asymptotics of solutions of wave equations.

We work on R"*" =R, x RZ. Denote by Y = {# =1, r~! =0} C 9R"+! the light cone
at infinity, and let M denote the square root blow-up of M = [R7+1: Y] at the front face
g+ (as in §3.1.1; see also Figure 3.1). Denote by po,zs, py+ € C°(M) defining functions
of the boundary hypersurfaces IV (the closure of £ < 1, 7=! = 0), #" (the front face of

the square root blow-up, i.e. the closure of [t — r| < co, 7=t = 0), IT C M (the closure of
<1, t~1 = 0).33 We shall consider forcing problems in the domain

Q:={t>0}C M.

Let then g be a smooth Lorentzian metric on R**! (with signature (—, +,...,+)) with the
following properties:

(1) the conformal rescaling gep := pg:c}p%r g is a nondegenerate edge-b-metric on M,
o € (COO + A(z072£j7£+))(M;S2 e’bT*M), 9;1[1) c (Coo + A(Z0,2€y,€+))(M;SZ e’bTM),

where ¢y € (0,1] and £, € (0, %], and moreover g is an (lo, 20y, ¢, )-admissible
metric (Definition 3.2);

(2) the level sets of ¢ are timelike, with d¢ past timelike;

(3) there exists a smooth function 7 € C°(M \ (#* U I'")) which is equal to t/r near
19, and so that 7 > 0 has past timelike differential in Q°;

(4) the b-normal (or scaling) vector field** p,0,, is past timelike for ge}, at (I7)° =
I\ 7+

33Thus, one can, for example, take p; = t~'int > 1, r/t < ¢o < 1, further po = v~ in r > 1,
0 < t/r < co < 1; and possible choices near .# 1 are given in (3.5) and (3.6).

34This is defined in any collar neighborhood of I™ C M, and its restriction to I as a b-vector field is
independent of choices.
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(5) ¢ is non-trapping in the following sense: every past null-bicharacteristic (i.e. lift
of a past causal null-geodesic) of g}, starting over a point in Q N (I°)° (where
(I°)° = 1Y\ #T) reaches the closure of t71(0); and any past null-bicharacteristic
of ge starting over a point in QN (I1)° tends to the radially compactified edge-b-
cotangent bundle over .# 1.

Moreover, we consider a wave type operator P € Diff?(R"*!) with the following proper-
ties:

(5) P is a weighted edge-b-operator, P € piz%p? (C> + A(ZO’%%“))Diﬂ“z’b(M) whose
principal symbol is equal to the dual metric function ¢ — g=1(¢,¢) of g;

(6) P is g-admissible (Definition 3.6). Define p; and p; 4 in terms of p; from Defini-
tion 3.6(3) as in Definition 4.3;

(7) the Mellin-transformed normal operator family ]/31(/\) of the b-normal operator
Nr+(z,°p72P) € Diff2y, ;(* NIT) (see Definition 8.1) has trivial kernel on A% (IT)
for all A € C, 7y € R with —Im A < v, < ¢ for some fixed ¢ < py 4 + "T_l

One can also consider special admissible operators P (see Definition 6.2) acting on sec-
tions of a vector bundle over M which is the pullback of a bundle & — R**+1; we leave the
required notational modifications to the reader.

Ezample 9.1 (The model example). The Minkowski metric (3.1) satisfies assumptions (1)—
(5). Indeed, it served as the motivating example for admissible metrics near . in §3.1.
Also, the non-trapping condition is satisfied, since the backward null-bicharacteristics of ge 1,
are limits of appropriate reparameterizations of backwards null-geodesics (lifted to T*R"*1)
at OR? 1 which indeed have the required property; note here that differently (near 1)
rescaled maximally extended backwards null-geodesics on R”*1 start at the light cone at
future infinity and tend to the light cone at past infinity, and on their journey cross the
light cone at future infinity, or the closure of t=1(0), or both. Furthermore, the scalar wave
operator on Minkowski space satisfies assumptions (5)—(6) with py = p14+ = 0 as shown

in Example 3.9. Furthermore, the operator family ﬁ(A) is a conjugation of the spectral
family on hyperbolic n-space; see [BVW15, §§7 and 10.1]. Using this, one can then show

that (7) is satisfied for g = 251, (See also [Vasl4, BM19).)

Theorem 9.2 (Solving wave-type equations). Let Q C M, P, and g be as above. Define
edge-b-Sobolev spaces on M with respect to the volume density |dg|. Let s,ap, s, ar € R
and k € Ny, and suppose that

o4 —I—% <oy < min(ao + %,—% +p1), s> —(ag—ay) — (—% +p1 — a]).
Then the operator
P:{uc H(E:Sb?ﬁz:(ozoﬂay,a-&-)(g): Pu c Héfb—;bl;k),(ao+2,2ay+2,o¢++2)(Q)}
N He(:gb_;bl§k),(ao+2,2ay+2,a++2) )

is invertible, where He(sfg’(ao’hy’a”(ﬁ) is the subspace of He(sg@’(ao’mf’m’)(M) consisting

of those elements with support contained in Q. In other words,® for each forcing term

35The equivalence of this statement with the invertibility of P follows from the uniqueness of (distribu-
tional) forward solutions of Pu = f.
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1 ik 2205 +2,00 +2 . . .

fe H s—Lik),(a0+2 205 42,04+ )(Q), the unique forward solution u of Pu = f satisfies u €
H(s k), (ao,2ay,oc+) (Q)

e,b;b

Proof. We first consider the case k = 0.

e (1) Solution up to a cross section of I*. Let f € Hsgl’(aow’myw’a*”)(Q). Using
the timelike nature of ¢t and 7, one can solve Pug = f in the region ¢t > 0, 7 < 71 for any
fixed 79 < 1, with the solution wug lying in H;**® near I°N{t > 0, 7 < 79}. (For s = 1,

this follows from an energy estimate with multiplier e/ 7p, 2(a°+1)8T for large F > 1; for

s > 1 one uses real principal type propagation of regularity in the b-setting, and to get the
full range of s € R, one uses duality arguments completely analogous to those the proof of
Theorem 6.4.)

Choosing 19 close enough to 1, Theorem 6.4 can be used to extend ug as a solution of
Pug = f to a neighborhood of 1N .#%, i.e. to a domain Qgp for suitable d, p. Indeed, for

a cutoff x which is 0 for 7 < 79 and 1 for 7 > (1 + 79), Theorem 6.4 produces a forward
solution u; of Pu1 fi:= P(xuo) = xf + [P XJuo, which thus has supported character
(i.e. vanishes) at £

5 ": and necessarily ug = (1—x)up+u1, with the right hand side defining

the desired extension of ug of class H ° (a0,20¢y ) (

omitting the weight at I for now).

Fix now a smooth function t on M° Whose level sets t~1(c) for ¢ € [~1, 1] are spacelike and
intersect .# " in its interior; we further arrange that dt is past timelike, with t an increasing
function of ¢ except in a neighborhood of .1 where we demand t = pg — (p + C’migy ) near
J for some p € (0,1) and large C (cf. Lemma 3.5). Thus, the level sets of t interpolate
between the level sets of ¢t and the surfaces Eg;gm, see (6.2) and Figure 6.1. Let now
X € C*(M) denote a cutoff which is 0 in the causal past of t = 0, and 1 in the closure of
the causal future Q* C M of t > % Then the global forward solution u of Pu = f can be
written as u = (1 — x)ug + v where «’ is the forward solution of

Pu' = f':= xf + [P, xJug € HJ @022 t2e452) (). (9.1)

Since (1 — x)ug € Hj’éao’gay’O‘*)(Q) (with the weight at I in fact arbitrary), we need to

show that the forward solution v’ lies in this space as well (now with the weight at I°
arbitrary).

e (2) Solution near I'". Dropping the weight at I° from the notation, we shall show that

P:{ue Hj’émf’o‘”(ﬁﬂ Pu e HS L(20s+2,04+2) QhH} — HS L(2ost2,042) oh)
’ (9.2)
is invertible, i.e. that the equation (9.1) has a solution in He éa°+2 20s+2, O‘*JFQ)(Q). We shall
in fact show the stronger statement that (9.2) is invertible for all s € R. (This is possible

since the only microlocal propagation result placing a restriction on s is the radial point
estimate at R.—Lemma 4.8—, which lies outside of Q7.)

We give an argument in the spirit of [HV20, §§4.2 and 5.3], where we first prove surjectiv-
ity for s = 1 and very negative weights at It (i.e. allowing for fast polynomial growth) using
a global (near I'") energy estimate, which we upgrade to s > 1 using propagation estimates;
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to improve the IT-weight to .y, we use the invertibility properties of the I-normal opera-
tor. The full range of s is then obtained using an approximation argument. See Remark 9.3
for an alternative argument which avoids the use of a global energy estimate.

(2.1) Solution for s > 1 and very negative I'*-weight. When s = 1 and if one replaces
ay by o < aq with o sufficiently negative, a solution can be shown to exist via an

energy estimate on Q% in which one exploits the timelike nature of p49,, near I\ #+

—2(c/, +1
by using a vector field multiplier which transitions between —p (o4 )p+8p L and 2470, —

(24 ¢)p+0,, near LT NI (cf. (7.5)); see [HV20, Proposition 4.11] for such an argument.
Higher regularity s > 1 then follows by propagating edge-b-regularity through .#* using
Theorem 4.5(1) (or indeed just Lemma 4.10), then along the characteristic set of P in the
b-cotangent bundle over (I7)°, and then into .#* using Theorem 4.5(2) (or indeed just
Lemma 4.11(2)); the control of u in a punctured neighborhood of the outgoing radial set
Rout required for this final step uses the non-trapping assumption. (If one constructs the
solution u via a duality argument, one can cover all s > 0 in this fashion.)

(2.ii) Solution for s > 1 and the I -weight ay. We have so far obtained a solution

. b 2 b ! . . . .
u € Hjé i a+)(Q+), and improve its decay using a standard normal operator, Mellin
transform, and contour shifting argument near I™. The key ingredient is the fact that

Py (N7 Hy 22 () — Hy ™ (') (9.3)

(where 7y = ay + § as in (8.4), and the Sobolev spaces are defined with respect to a
positive b-density on 1) is an analytic family of bounded operators for —Im\ < v, < ¢,
which moreover satisfies high energy estimates

< Ch—lua(A)UHHg;g,W a+ h= (N1 (9.4)

HUHHS:}ZL’YJ(IJF) )2
when —Im A = vy, with v4 € (—00,7s) contained in a compact subinterval. To begin the
proof of (9.3), one combines Theorem 8.2(1) and elliptic estimates for P () in (I1)°; the
ellipticity of Py ()) (as a differential operator on (I7)°) follows from assumption (4) above.
This gives the estimate

ol ez gy < C(IPE A0l gr-2ns gy + 0l v ) )-

Moreover, an application of the parametrix used in the proof of Theorem 8.2 shows that
every v € HS’QW (I™) with ﬁ(}\)v = 0 automatically satisfies v € A% (I1); since by
assumption (7) this implies v = 0, we can drop the compact error term in this estimate
upon increasing C. (One can choose C' uniformly when A € C is restricted to a compact
set.) In order to get (9.3), one also needs the surjectivity of ﬁr()\); this is a consequence of

—~

the invertibility of Py () for large | Re A| (when Im A is contained in a compact subinterval
of (—00,7y)), to which we turn now.

To wit, the estimate (9.4) follows by applying Theorem 8.5(1) to control semiclassical
O-regularity at OR?; (the sign corresponding to the sign of Re\), which due to the non-
trapping assumption on P can be propagated into a full punctured neighborhood of R

out*
There, Theorem 8.5(2) applies. Thus, one gets (9.4) with an error term C’hNHUHwa,QW )
0,h

for any fixed N, which for sufficiently small h can be absorbed into the left hand side.
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By analogous means, but propagating in the reverse direction using Theorem 8.6, one
can prove the adjoint estimate

H'UHHO*;?L+2,72’Y] (I+) S Ch_lHP_t(A)UH h = <)\>_17

Hy 0 1ty

which in particular implies the triviality of the cokernel of ]/31()\) for sufficiently large
|Re A|. Since the Fredholm index of Py (\): HY® (I1) — HS >*7 (I't) is constant in X,
this completes the proof of (9.3).

. . . - 8,(200 0/ .
Returning to the task of improving the decay of u € Hjé i a+)(Q+), one writes

Np+(py’a,* Pyu = pi*a,*f = (P = Np+(py 2, P))u,

727(205.] 7ailr +£+)

with the second term on the right lying in Hesb (Q). Inverting N+ (p3%z,°P)

using the Mellin transform (see Lemma 2.9) and its inverse gives

= H;;l,@ay,min(a_‘_,aﬁr—&-ﬁ_‘_))(Q+)’
which improves on the weight of u at T, at the expense of 1 edge-b-derivative. The edge-
b-regularity can then be improved to s again using the microlocal propagation results as
before (note that the propagation results near .#* N I do not require any conditions on
s). This improves the decay of u at I by £, until the decay rate a is obtained after a
finite number of steps. This proves the Theorem for s > 1 and k = 0.

(2.iii) Full range of s. Consider now the remaining case that s < 1. The microlocal
propagation estimates imply an a priori estimate for P,

om0 gy S QNP s s gy 0l g 0 ). (99)

where we fix N so that —N < s — 2. We then apply Theorem 7.3(1) to the second term
on the right, with € in (7.13) chosen so small that Ce < 1, and therefore the error term
from (7.12) can be absorbed into the left hand side of (9.5). This im-

6||'U/||H—N+1,(2aﬂ,a+)

e,b

(@)

plies that (9.5) holds (for a different constant) with the error term HUHH—N-Q»l,(Qay—2[],&+)(Q+)
e,b

which is improved (i.e. weaker) at .# . One next estimates u, localized to a collar neighbor-
hood of I, in terms of the I T-normal operator of pf:ﬁ}2P applied to u using the (inverse)
Mellin transform. Since pjr?x}QP differs from its IT-normal operator by an element of

Since

AOLIDIfF2, | this improves the error term further to HuHHq\urz,(zay72ey,a+7e+>(ﬂ+).
e,b

8,205 ,004)
Hsv( T X
e,b

(Q1) embeds compactly into this space, this now implies that P, as a map (9.2),

has closed range. But we have already shown that the range includes Hg,}gmy ’a+)(§2+),

which is a dense subspace. Therefore, P in (9.2) is surjective. The proof is complete in the
case k = 0.

e (3) Higher b-regularity. The proof of the Theorem for k& € N follows from the same
inductive argument as in the proof of Corollary 6.6. ([l

Remark 9.3 (Alternative proof of solvability). An alternative proof of the invertibility
of (9.2) proceeds as follows. First, one shows that P in (9.2) is Fredholm (which again
uses the IT-normal operator and the Mellin transform as in step (2.iii) of the above proof).
The I™-normal operator is surjective on the spaces (9.2) since solutions can be written
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down using the (inverse) Mellin transform (using the Paley-Wiener theorem for the sup-
port condition). But the localization of the difference of P and its I*-normal operator to
a neighborhood {p; < €} of I tends to 0 in a;%piA(O";)Diffib as € N\, 0 for any fixed
5 € (0,44), and one can then upgrade the Fredholm property of P to invertibility on
{p+ < €} for small enough e. The finite time solvability of P on the remaining region
QT \ {py+ < €} is clear, and thus one obtains the invertibility of (9.2). For a detailed
implementation of this approach, see [Hin23b, Proof of Theorem 5.23, and Appendix A].

Remark 9.4 (Conormal regularity and pointwise decay). If we work with k£ > "T“ degrees

. . . . . ag+3 0‘++nT+1
of b-regularity, the pointwise bound on u provided by Theorem 9.2 is O(p,, Py )

(cf. (8.4)) by Sobolev embedding (for b-Sobolev spaces). In Example 9.1, the strongest
possible bound arises by taking ay = —% — ¢ and ay = —1 — 2¢, and hence one gets
almost (namely, up to an ¢ loss for any € > 0) the sharp (’)(rianl) decay towards .# 1, and
almost O((t — r)_nT_l) decay towards future timelike infinity (which is far from the sharp
(t— r)_(”_l) bound on Minkowski spacetimes with odd spacetime dimension, but matches
what simple vector field methods give, see e.g. [K1a85]). Improved decay at I' requires
estimates on the meromorphic continuation of I/Djr()\)_l across the line —Im A = py 4 + ”T_l,
which is a delicate problem, cf. Remark 8.4.
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