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Abstract

This paper is concerned with the following problem: given a Lagrangian L and
a Hamiltonian diffeomorphism ¢ such that ¢(L) is in a small neighbourhood U
of L, does there exist another Hamiltonian isotopy from L to ¢(L) supported in
U? On one side, we construct an irrational counterexample in any symplectic
manifold of dimension at least six. On the other side, we answer an a priori
weaker form of the question by the positive in many cases when L satisfies some
rationality condition. The techniques that we develop also have applications
for the Lagrangian counterpart of the C° flux conjecture. In turn, these results
have many applications, in particular, to understand CC-rigidity phenomena
of Hamiltonian diffeomorphisms and the space of Lagrangians with a given
rationality constant.

1 Introduction

Note: For the sake of conciseness, we will refer throughout the paper to a
closed connected Lagrangian submanifold of a connected symplectic manifold
without boundary as a “Lagrangian in a symplectic manifold.”

This paper aims to study the local topological properties of natural sets of
Lagrangians, most notably the Hamiltonian and symplectic orbits of a given
Lagrangian L, respectively

LHam(L) := Ham(M) - L = {¢(L)| ¢ € Ham(M)},
LSymp(L) := Symp,(M) - L = {¢p(L)| ¢ € Symp,(M)} .
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To do this, we first fix a metric g on the underlying manifold L. Recall that
the Weinstein neighbourhood theorem ensures that there exist r > 0 and a
symplectomorphism W : D;L — ‘W, (L) from the codisk bundle of L of radius
r to a neighbourhood W, (L) of L in M which maps the 0-section to L.

Therefore, understanding LHam(L) locally is intimately related to the
nearby Lagrangian conjecture (or NLC for short), which completely charac-
terizes Lagrangians which are in the Hamiltonian orbit of the O-section in T*L.
Indeed, it states that those are precisely the exact Lagrangians. It is known
to hold for S1, S2 [ 1, RP? [ , ], and T? [ ]. Without
restriction on the diffeomorphism type, the most advanced result in the di-
rection of the NLC states that the natural projection = : T*"L — L induces a
(simple) homotopy equivalence between any exact closed Lagrangian and the
O-section [ ]. This latter result will play a crucial role in our study of the
local structure of LHam(L)

Inspired by this conjecture, we propose that if L’ € LHam(L) is close to
L, then there is an accordingly small Hamiltonian isotopy from L to L’. More
precisely, we make the following conjecture.

Conjecture A (Strong conjecture) Let L be a Lagrangian in a symplectic manifold
M. There exists a neighbourhood U of L with the following property. If L’ is Hamilto-
nian isotopic to L in M and L" C U, then there exists a Hamiltonian isotopy {@; } te[0,1]
supported in U such that ¢1(L) = L.

That this conjecture holds would imply that the Hamiltonian orbit LHam(L)
of a Lagrangian L is locally path connected via Hamiltonian isotopies. Al-
though this statement is new in the Lagrangian context, there are some results
towards its Hamiltonian counterpart. More precisely, the group Ham (M) of
compactly supported Hamiltonian diffeomorphisms of a symplectic manifold
M is locally path connected in the C° topology (via Hamiltonian isotopies)
if M is a closed surface or the open ball B*'. The former case follows from
Fathi’s work on homeomorphisms preserving a volume form [ ] and the
folkloric fact that a path of such homeomorphisms on a closed surface can be
CY approximated by a path of symplectomorphisms (see [ ] for a proof).
The latter case was proved by Seyfaddini [ I

Note that the local path connectedness of Ham(M) implies Conjecture A for
graphs of symplectomorphisms of M. However, even if Conjecture A holds for
all graphs in M X M, it does not imply local path connectedness of Ham(M),
since the Hamiltonian isotopy given by the conjecture is not necessarily through
graphs.

In this work, we prove the existence of neighbourhoods of local exactness for
several classes of Lagrangians, by which we mean a Weinstein neighbourhood
W(L) of a Lagrangian L so that any Lagrangian Hamiltonian isotopic to L
included in this neighbourhood is exact in ‘W(L). When the NLC is known to
hold for L, we can then deduce that L satisfies the strong conjecture above.

This indicates that it is reasonable to believe that the strong conjecture is
extremely hard to prove in general. However, the following weaker form of the
conjecture holds and might be more easily provable in full generality.



Conjecture B (Weak conjecture) Let L be a displaceable Lagrangian in a symplectic
manifold M. There exists a neighbourhood U of L with the following property. If L' is
Hamiltonian isotopic to Lin M and L’ C U, then LN L' # @.

The Lagrangians which admit a neighbourhood of local exactness as de-
scribed above obviously satisfy the weak conjecture. In fact, such Lagrangians
must intersect in at least )/, Bi(L) > 2 points, where (L) is the i-th Betti
number of L.

Actually, our methods allow us to prove that a large class of Lagrangians
satisfy a slightly strengthened version of the weak conjecture, namely that if
L’ is the image of L under any symplectomorphism and L’ C U, then LN L’ #
@. Note that we do not conjecture that this always holds (since it obviously
does not). In what follows, we will refer to satisfying the weak conjecture
(respectively its symplectic version) as having a neighbourhood of Hamiltonian
nondisplacement (respectively of symplectic nondisplacement).

1.1 Main results

Our first result provides a counterexample to Conjectures A and B (and to
Conjecture C below, as well as its C! variant). This shows that there is no hope
to prove the above conjectures in full generality.

Theorem 1 Inany symplectic manifold of dimension 2n > 6, there exists a Lagrangian
torus whose Hamiltonian orbit

(i) is not closed in Hausdorff topology inside the set of Lagrangian tori,

(ii) admits arbitrarily Hausdorff-close disjoint elements.

Both claims actually hold for any reasonable notion of C! topology — see
Section 2 below.

The existence of such tori follows directly from the characterization of prod-
uct tori in the Hamiltonian orbit of a given product Lagrangian torus in C" by
Chekanov [ ] and in large enough balls by Chekanov and Schlenk [ ].
We give the details in Section 2 below.

We make the crucial observation that these Lagrangian tori are not rational,
and we turn to specific families of Lagrangians which do satisfy either one or
both of the conjectures above.

1.1.1 Existence of nondisplacement neighbourhoods

We start with a simple exercise, which inspires our approach to the above
conjectures.

Proposition 2 Conjecture A holds for any closed embedded curve L in an orientable
surface M.

Its proof, detailed in Appendix A, can be roughly summarized as follows.



Sketch of proof. Fix a Weinstein neighbourhood W : D;S! — W,(L) of L, and let
L’ = (L) € ‘W, (L) for some symplectomorphism ¢ of M. Define

T:=inf{fw(u) > 0| u € Hy(M, L;Z)} € [0, +0],

where we set T = +o0 if w(H(M, L; 7)) = 0.
If T > 0, the proof then follows in two steps.

(1) Show that, if r > 0 is such that ‘W, (L) has area smaller than 7, then L’
must be weakly exact in ‘W;(L).

(2) Show that if L’ is weakly exact in ‘W, (L), then it must in fact be exact.

Since the nearby Lagrangian conjecture is known to hold for the circle, this
yields Conjecture A when 7 > 0.

If 7 = 0, simple geometric considerations due to the low dimension of the
situation allow us to easily adapt the proof above. ]

Inspired by this simple case, we develop a criterion which should ensure the
existence of neighbourhoods of nondisplacement for Lagrangians in arbitrary
dimensions. Namely, we define a notion of homological rationality, or H-
rationality for short.

Definition Let L be a Lagrangian of a symplectic manifold (M, w). We say that L is
H-rational in (M, w) if w(H2(M, L; Z)) = tZ for some T > 0. We then call t the
H-rationality constant of L. When t = 0, we say that L is H-exact in (M, w).

Note that H-rationality (respectively H-exactness) is the homological ver-
sion of the usual notion of rationality (respectively weak exactness). In fact,
as we shall see in Section 3.2 below, those conditions are equivalent in many
important cases, e.g. when 111(M) = 0.

We denote by £(7) the space of all H-rational Lagrangian submanifolds of
M which have H-rationality constant 7 > 0, and by £L(L, ) its subspace formed
by those Lagrangians which have the same diffeomorphism type as L.

We now adapt the two steps of the 1-dimensional case to higher dimensions.
First, we prove the existence of neighbourhoods of homological exactness for
several classes of Lagrangians — this is Theorem 3 below. Second, we show
that such neighbourhoods lead to Weinstein neighbourhoods of exactness for
Hamiltonian isotopic Lagrangians. We also get such neighbourhoods for La-
grangians with a given H-rationality constant under an extra homological
condition — this is the content of Theorem 4.

Theorem 3 Suppose that L is a Lagrangian submanifold of (M, w) which satisfies
one of the following:

(a) the underlying manifold has Hi(L; R) = R and admits a Lagrangian embedding
in a Liouville domain W with SH(W) =0,

(b) L is a Klein bottle.

For every © > 0, there exists a Weinstein neighbourhood W (L) of L such that all
L' € L(L, 1) included in ‘W (L) is H-exact in ‘W (L).



Theorem 4 Let L be a H-rational Lagrangian submanifold of (M, ) and let L €
LHam(L) be a Lagrangian included in a Weinstein neighbourhood W, (L) of size
r > 0 such that L’ is H-exact in ‘W,(L). Then, for a maybe smaller r, L’ is exact in
W, (L).

Moreover, if the inclusion of L into M induces the 0-map H1(L; R) — H1(M; R),
then the same result holds with LHam(L) replaced by L(t), where T is the H-
rationality constant of L.

Remarks 1. In many instances, the constraints on L and L’ can actually be weakened.
We refer the interested reader to Section 3.2 for specifics.

Corollary 5 A H-rational Lagrangian L satisfying the assumptions of Theorem 3
admits a Hamiltonian non-displacement neighbourhood. If furthermore Hi(L;R) —
Hi(M;R) is zero, then it also admits a neighbourhood of symplectic non-displacement.

In other words, such a Lagrangian L satisfies Conjecture B (or its slightly
strengthened symplectic version). Furthermore, if the Nearby Lagrangian
Conjecture holds in T*L, we also get Conjecture A.

Remarks 2. Theorem 3 above also holds for n-dimensional Lagrangian tori. This can
be proven along the same lines as for case (a) by bounding our variant of the Cieliebak—
Mohnke capacities by the McDuff-Siegel higher capacities. However, the latter being
much harder to handle, the proof becomes much more involved and will appear in
further work.

Interestingly enough:

1. In dimension 2, we can prove that

(a) A displaceable rational Lagrangian 2-torus in a simply-connected Dar-
boux chart admits a neighbourhood of symplectic nondisplacement, i.e.
satisfies the symplectic version of Conjecture B.

(b) A nondisplaceable Lagrangian 2-torus L whose fundamental class [L]
does not vanish in Hy(M; Z.), satisfies Conjecture A.

Because the proofs of these results do not fit in the general framework developed
here, we prove them in Appendix B, where we also state them precisely.

2. In their work in progress on the C° flux conjecture for Hamiltonian diffeomor-
phisms, Atallah and Shelukhin | 1 get a similar result of local exactness for
graphs in M x M of C%-small Hamiltonian diffeomorphisms for M closed. In
this case, they do not require that M be rational, contrary to our setup.

3. Aswewere finalizing this paper, Atallah and Shelukhin also informed us [ ]
that they had results similar to Corollary 5. In particular, they established a
version of Theorem 4 whose proof is strikingly similar to ours. They also proved
a version of Theorem 3 for rational Lagrangians L of the form T" x Q, where
Q is simply connected, under the assumption that 71(L) — 11(M) is zero. It
appears that combining their methods and ours leads to the following fact: if L
and L’ satisfy the conclusion of Theorem 3, then so does L X L’. We want to
investigate this exciting direction together.



1.1.2 Lagrangian flux conjectures

We now move on to another conjecture about Lagrangian submanifolds.

Conjecture C (Lagrangian CY flux conjecture) Let L be a Lagrangian in a sym-
plectic manifold M. Its Hamiltonian orbit LHam(L) is Hausdorff-closed in the space
LLag(L) of all Lagrangians which are Lagrangian isotopic to L.

As far as the authors know, this version of the conjecture has not been
studied previously — we will talk about its C L cousin, which has been studied,
below. The name that we give it here is in analogy to the famous C° flux conjec-
ture for Hamiltonian diffeomorphisms, which states that the group Ham(M) of
Hamiltonian diffeomorphisms of a closed manifold M is C° closed in the iden-
tity component Symp,(M) of the group of symplectomorphisms of M. This

conjecture is only known to hold in some fairly specific case [ 1.
This is in stark contrast with its C! cousin, which is known to hold in full
generality [ I

We note that, similarly to Conjecture A above, the Lagrangian C° flux
conjecture does not imply the one for Hamiltonian diffeomorphisms. Indeed,
suppose that {¢;} € Ham(M) C°-converges to i € Symp,(M). Then, all
that the Lagrangian flux conjecture ensures is that there is some Hamiltonian
diffeomorphism ® of M X M such that graph(y)) = ®(A), where A € M X M
is the diagonal. However, we cannot be sure that @ can be chosen of the form
1 x ¢ for some ¢ € Ham(M), which is what the flux conjecture for Hamiltonian
diffeomorphisms would require.

To study this conjecture, we can use the techniques developed to prove
Theorems 3 and 4. In fact, they imply the following continuity result.

Theorem 6 Let {L;} be a sequence of H-rational Lagrangians of a tame symplectic
manifold M such that

(i) {L;} Hausdorff-converges to a n-dimensional smooth submanifold L;
(ii) inft; > O, where 1; denotes the H-rationality constant of L;.

Then, L is itself Lagrangian.

Moreover, if L; is H-exact in a Weinstein neighbourhood ‘W (L) for i large, then
T; = T for larger i, and T is the H-rationality constant of L. This is in particular the
case if the L;’s respect the hypotheses of Theorem 3.

By tame, we mean that M admits an almost structure | making g7 := w(-, J*)
into a complete Riemannian metric whose sectional curvature is bounded and
whose injectivity radius is bounded away from zero.

The first part of the theorem is a fairly direct application of Lauden-
bach and Sikorav’s result on the displaceability of non-Lagrangian subman-

ifolds [ ] — we mostly write it here for the reader’s convenience. Fur-
thermore, the second part of the theorem is very reminiscent of Theorem 1
of [ ] — the proof is in fact very inspired by what appears in that paper.

The strength of our result is that it applies to sequences {L; = ¢;(L)} where
the sequence of Hamiltonian diffeomorphisms {¢;} need not C%-converge. See
Section 5.2 for more details.



Before moving on to corollaries of this result, note that, in the formulation
above, one could also ask for C%-closure of Ham(M) in larger groups than
Symp,(M), most notably in Symp(M) or Diff(M). Here, Symp(M) denotes the
group of symplectomorphisms of M and Diff(M), the group of its diffeomor-
phisms. For Symp (M), this is harder to prove, since it is not known if Symp (M)
is C%-closed in Symp(M). However, the celebrated result from Gromov [ ]
and Eliashberg [ ] shows that Symp(M) is C%-closed in Diff(M). Therefore,
the closure in Symp(M) is equivalent to that in Diff(M).

Following this logic, we can replace LLag(L) in the above with larger spaces.
Most notably, we will also be interested in the spaces SMan(L), of all subman-
ifolds of M with the same diffeomorphism type as L, and SMan,, of all n-
dimensional submanifolds of M?". By Theorem 6, closure of £LHam(L) in the
two latter spaces is equivalent to closure in the subspace formed by Lagrangian
submanifolds.

To address these many spaces, we will make use of the following weaker
form of Theorem 4.

Proposition 7 Let L be a H-rational Lagrangian submanifold of M with H-rationality
constant t. There is some 1o > 0 with the following property. Assume that L' € L(1)
is a Lagrangian included in a Weinstein neighbourhood ‘W, (L) of size v € (0, ro] such
that " is H-exact in ‘W, (L). Then, there is a symplectic isotopy {1t }te[o,1] of M such
that Y1(L’) is exact in ‘W,(L). Furthermore, the size of the isotopy is controlled by r.

The last sentence corresponds in actuality to a precise estimate on the flux
of the Lagrangian isotopy {¢; (L")}, but we do not want to get into all the details
here. We refer the interested reader to Section 5.3.

Combining Theorem 3, Theorem 4, and Proposition 7, we thus get the
following — again, the precise proof is in Section 5.3.

Corollary 8 Let L be a H-rational Lagrangian in a tame symplectic manifold M.
Suppose that

(i) L satisfies the hypotheses of Theorem 3 or Hi(L;R) = 0
(i1) and the nearby Lagrangian conjecture holds in T*L.
Then, LHam(L) and LSymp(L) are Hausdorff-closed in SMan(L).

Remarks 3. Note that the tameness condition on M can be dropped if one is only in-
terested in closedness in the subspace L(L) of SMan(L) consisting of the Lagrangians.
Indeed, tameness is only used to ensure that the limit of Lagrangians is still a La-
grangian.

Likewise, one can, in some contexts, upgrade from SMan(L) to SMan,,. For
example, if n = 2, this is the case. Indeed, any H-exact Lagrangian in the cotangent
bundle of a surface has the same diffeomorphism type as that surface (see Lemma 24
below). This is a nontrivial update: Polterovich [ ] constructed Lagrangian tori
in the cotangent bundle of any flat manifold; these tori can be made to be arbitrarily
close to the zero-section. We discuss these examples in more details at the very end of
Section 3.2.

We will explore in Section 1.2 below examples where these conditions are
all satisfied.



The Lagrangian C! flux conjecture A natural variant of Conjecture C is
obtained by replacing closedness in the Hausdorff metric with closedness in
the C! topology. We call this the Lagrangian C! flux conjecture.

By C! topology, we mean the one constructed as follows. Fix a Riemannian
metric ¢ on M. We say that a closed connected half-dimensional submanifold
N’ is e-C!-close to another one N if N’ is in a tubular neighbourhood of N and
there is a normal vector field v along N such that ||v|| < € and exp(v(N)) = N".
We then set

B(N,¢) := {N' | N'’is e-Cl-close to N & Vice—versa} .

The C! topology on SMan,, is then the topology generated by the B(N, ¢)’s. One
can easily check that this is independent of the choice of Riemannian metric.
With our methods, we get the following.

Corollary 9 Let L be a H-rational Lagrangian in a tame symplectic manifold M.
Then, LHam(L) and LSymp,(L) are C'-closed in SMan,.

The reason that we don’t need hypothesis (i) of Corollary 8 is because
Lagrangians with are C!-close of L are graphs of 1-forms in ‘W/(L), and graphs
are necessarily H-exact. Likewise, hypothesis (ii) is not needed since exact
graphs are Hamiltonian isotopic to the zero-section in ‘W(L). Note that C L
close Lagrangians are necessarily diffeomorphic so that closure in SMan,, is the
same as closure in SMan(L).

The Lagrangian C! flux conjecture has been studied previously by

Ono [ ] and Solomon [ ]in the case when M is closed or a cotangent
bundle. They proved that it holds when L has Maslov class zero and is un-
obstructed in the sense of [ ] and when the so-called Lagrangian flux

group of L is discrete, respectively. When L is H-rational, the Lagrangian flux
group is automatically discrete. Therefore, our improvement with regards to
Solomon’s result is that we allow M to be open — otherwise, we only have
proved a subcase. As for Ono’s, our condition is somewhat orthogonal to his:
he needs no bad disks, but we ask for a lot of them.

1.2 Examples

We give a few examples where Conjecture B follows from the results above.
Note that, as long as w(H2(M;Z)), an arbitrarily C Lsmall perturbation of a
Lagrangian will be H-rational. Therefore, we donot care if the precise examples
below are H-rational or not.

We start by giving a few examples of Lagrangians satisfying Case (a) of
Theorem 3 and natural situations when they are displaceable.

First of all, note that for any Liouville domain V, W = V x D is such that
SH(W) = 0, since that domain is displaceable in its completion. In particular,
Case (a) covers the case L = Q x S! with H{(Q;R) = 0. Note that these are
displaceable since D is displaceable in C.

If TQ ® C is additionally assumed to be trivial, then L embeds as a La-
grangian in C" by the Gromov-Lees h-principle [ , ] and a result
of Audin, Lalonde, and Polterovich [ ]. In particular, L = S"! x S1,



n > 3 is an example of such a manifold. In particular, we have examples of L
satisfying Case (a) in any symplectic manifold of dimension at least 6. In fact,
any symplectic manifold containing a displaceable Lagrangian 5", e.g. the full

flag manifold of €3 [ ], will contain such Lagrangians, because T*S" has
Lagrangians S"~! x S! arbitrarily close to the zero-section.
In another direction, Ekholm, Eliashberg, Murphy, and Smith [ ]

showed that, given any 3-manifold Q, L = Q#(S' X S?) embeds as a Lagrangian
in C3. But, by the van Kampen theorem, 7t1(L) = 111(Q) * 711 (S X S?), so that
Hi(L;R) = Hi(Q;R) ® R. Therefore, Case (i) covers L = Q#(S! x §?) with
Hi(Q;R) =0, e.g. Q can be a (connected sum of) lens spaces.

To resume the above discussion, we have the following.

Corollary 10 Conjecture B holds for displaceable H-rational Lagrangians of the form
Q x St or Q#(S! x S?) with H1(Q; R) = 0 and, in the latter case, dim Q = 3.

There are of course examples which do not fit within this pattern. For
example, it is well known that the Lagrangian Grassmannian A, admits a
Lagrangian embedding in Sym(C") = C""*1)/2 (see, for example, [ D).
This is an example of Case (1), since 7t1(Ay) = Z.

When it comes to Case (b) of Theorem 3, there is one main example: the
Lagrangian Klein bottle in S?XC. Itis obtained from the usual Lagrangian Klein
bottle in S x S? (see, for example, [ ]) by removing a point on the second
copy of S? and identifying S \ {pt} with D C C. Again, it is displaceable,
because D is. In fact, the Klein bottle can even be made to be monotone. To
resume, we have the following.

Corollary 11 Conjecture B holds for displaceable H-rational Lagrangian Klein bottles.
There exist such Lagrangians — and a monotone one — in S? X C.

To conclude with Conjecture B, we go back to Remark 2: using different
methods, we can prove that the conjecture holds for rational 2-tori in simply
connected Darboux charts. Using Theorem C of [ ], we, in particular, get
the following result.

Corollary 12 Conjecture B holds for displaceable rational 2-tori in C2, S* x S2, CP?,
and blow-ups of CP2.

We conclude with one additional case when we can establish Conjecture A:
when L is a 2-sphere or a projective plane. Indeed, any other such Lagrangian
in ‘W(L) is then automatically exact in that neighbourhood, so there is no need
for Theorems 3 or 4. Since the NLC is known to hold in T*S? [ ] and
T*RP? ], we thus directly get the following.

Corollary 13 Conjectures A and C hold for Lagrangian 2-spheres or projective planes.

1.3 Applications

We end this introduction with several applications of our results. These are
divided in four parts: additional rigidity results on Lagrangians with re-
gards to Hamiltonian diffeomorphisms, further study on the local topology
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of LHam(L), new results on the space of (H-)rational Lagrangians with a fixed
rationality constant, and some computations of numerical invariants. The
next to last part has further implications when it comes to the space of all
Lagrangians of a given symplectic manifold.

This last part of the introduction is intended to be almost completely self-
contained, using the results above as black boxes (except for a couple of refer-
ences to further results when finer technical variants are needed.)

CY rigidity of Hamiltonian diffeomorphisms There is a natural variant
of Conjecture B where we ask not that L’ be close to L, but rather that the
Hamiltonian diffeomorphism sending L to L’ be small. More precisely, we can
make the following conjecture.

Conjecture D Let L be a displaceable Lagrangian in a symplectic manifold M. There
exists 0 > 0 with the following property. If ¢ is a Hamiltonian diffeomorphism of M
and dco(1, @) < O, then LN @(L) # @.

In other words, any Hamiltonian diffeomorphism displacing L is uniformly
C%bounded away from 0.

The existence of such a bound is not at all trivial: if L is a displaceable
n-dimensional submanifold which is not Lagrangian, then it can be displaced
by an arbitrarily C%-small Hamiltonian diffeomorphism [ ]. Moreover, this
does not follow from the fact that Lagrangians have positive displacement
energy, since there are Hamiltonian diffeomorphisms which are arbitrarily C°-
small, but arbitrarily Hofer-large.

However, this is not expected to be the case for the spectral metric, that
is, C%-small Hamiltonian diffeomorphisms should also have small spectral
norm. More precisely, Conjecture D follows from the fact that Lagrangians have
positive spectral displacement energy [ ] in the cases where it is known
that the spectral metric is C%continuous, i.e. when M is C" [ ], a closed
surface [ ], closed and symplectically aspherical [ ], CP" [ ], or
closed and negative monotone [

In the context of this paper, Conjecture D is implied by Conjecture A or
by the Hamiltonian version of Conjecture B above when it holds. However, it
turns out to be much easier to prove than either one of these conjectures. More
precisely, we have the following lemma.

Lemma 14 For every Lagrangian L, there exists 6 > 0 with the following property.
Suppose that ¢ : M — M is a map such that dco(1, ) < 6 and (L) is Lagrangian.
Then, y(L) is H-exact in some ‘W(L).

Proor. Take a Riemannian metric ¢ on M which corresponds to a Sasaki metric
on T”L on a Weinstein neighbourhood “W(L). With such a metric, the geodesics
starting at L and going to L” = 1(L) stay in ‘W(L) (see Lemma A.4 of | ]
for example). Therefore, if we assume that 0 is smaller than the injectivity
radius rinj(TM]|L) of the Riemannian exponential of g restricted to TM|., we
get for every x € L a unique geodesic yy : [0,1] — M such that y.(0) = x,
yx(1) = ¥(x), and y«([0,1]) € W(L). Moreover, y, smoothly depends on
x. Therefore, (x,t) — yx(t) defines a smooth homotopy in ‘W(L) from the
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inclusion ¢ : L < W(L) to ¢t. Since ¢ is a homotopy equivalence, then so must
be @t. In particular, Ho(‘W(L), L’) = 0, and L’ is H-exact. O

Then, it suffices to use Theorem 4 to get the following.
Corollary 15 Conjecture D holds for H-rational Lagrangians.

Likewise, we get a rigidity result for sequences of Hamiltonian or symplectic
diffeomorphisms from Theorem 6 and Corollary 8.

Corollary 16 Let {i;} be a sequence of symplectomorphisms with (weak) C° limit
Y € COM, M), and let L € L(7). If (L) is a smooth n-submanifold, then (L) €
L(7).

If, furthermore, the NLC holds on T*L and

(a) if {i} € Ham(M), then ¢(L) € LHam(L);
(b) if {ii} € Symp,(M), then (L) € LSympy(L).

Note that a similar result about the continuity of the area spectrum under
CY limits was shown by Membrez and Opshtein [ 1.

Local contractibility of LZHam(L) Even though we need the NLC in all
cases where we can prove Conjecture A, its implication that LHam(L) is locally
path connected turns out to be easier to prove. More precisely, we get the
following.

Corollary 17 Suppose that L is H-rational and respects the hypotheses of Theorem 3.
Then LHam(L) is locally contractible in the Hausdor{f metric.

Note that this is not quite the type of results we mentioned earlier in the
introduction. Indeed, we do not claim that the Hausdorff-continuous path from
L’ to L in a small neighbourhood of L is generated by an actual Hamiltonian
isotopy, simply that it stays at all time in LHam(L).

Proor. Note that it suffices to prove this statement at L. Fix a Weinstein neigh-
bourhood W : D;L — “W(L) as given by the conclusions of Theorems 3 and 4.
Then, every L’ € LHam(L) which is in ‘W/(L) is exact in that neighbourhood.
We can thus take

(L', 1) = WP (L))

to be the contraction. Indeed, exactness in “W(L) ensures that this is a Hamil-
tonian isotopy for all t > 0. But exactness also implies that the projection
W-Y(L) - T°'L — L is a homotopy equivalence [ ]. In particular, that
projection must be surjective, otherwise H, (L) — H,(L) # 0 would be zero.
Therefore, L’ being close to L implies that L is close to L’. This mean that the
Hausdorff limit of W(tW~1(L")) as t — 0is precisely L, i.e. the above contraction
is indeed continuous. O
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Spaces of Lagrangians with fixed H-rationality constant We now turn
our attention to the space L(L, 7) of all Lagrangians of M with the diffeomor-
phism type of L and H-rationality constant 7.

From Theorems 3 and 4, we get the following.

Corollary 18 Let L be a H-rational Lagrangian in a tame symplectic manifold, and
denote by t its H-rationality constant. Then, LSymp,(L) is open in L(L, ) in the
C! topology. If moreover L respects the hypotheses of Theorem 3 or Hy(L; R) = 0 and
the NLC holds on T*L, then the same holds in the Hausdor{f topology.

Proor. Note that it suffices to prove that there is an open neighbourhood of
L in L(L,7) which is fully in £Symp,(L). Let thus W : D;L — W,(L) be
the Weinstein neighbourhood given by Proposition 7. Then, every graph in
W(L) must be, up to a global symplectic isotopy, exact. Since exact graphs
are Hamiltonian isotopic to the zero-section, such a graph must thus be in
LSymp,(L). This proves the C! case.

For the Hausdorff case, suppose that r is also small enough so that The-
orem 3 and Proposition 7 hold in ‘W;(L). Then, any L’ € L(L, 7) such that
L’ € W(L) must be, up to some global symplectic isotopy, exact in W(L) —
we still denote by L’ its image under the isotopy. As in the proof of Corol-
lary 17, we note that the path t — W(tW~Y(L")), t € [0,1], is continuous in the
Hausdorff metric. Furthermore, it is a Hamiltonian isotopy for all t > 0. In
particular, L must be in the Hausdorff closure of LHam(L’) € LSymp,(L’).
But LSymp,(L’) is Hausdorff closed by Corollary 8 and the hypotheses on L.
Therefore, L’ € LSymp(L). ]

Putting this result with the Lagrangian flux conjecture, we get the following
result.

Corollary 19 Let L and t be as above. The (path) connected components of L(L, T)
in the C* topology are precisely the orbits of Sympy(M). In particular, the quotient
L(L, 7)/Symp,(M) is discrete in the induced topology. If moreover L respects the
hypotheses of Theorem 3 or H1(L; R) = 0 and the NLC holds on T*L, then the same
holds in the Hausdorff metric.

For example, this means that a p-monotone Clifford torus can never be
reached from a Chekanov torus (or any monotone special torus) by a C!-
continuous path in £(T?,2p). Contrast this with the fact that all these tori are
Lagrangian isotopic [ I

Proor. Combining Corollaries 9 and 18, we get that forall L € £(L, 7), the orbit
LSymp, (L) is both closed and open in L (L, 7) with the C! topology. Therefore,
LSymp,(L) must be a union of connected components of L € £L(L, 7) by point-
set topology. Since LSymp(L) is obviously path connected, it must be both
a connected component and a path connected component of L € £L(L, 7). The
proof in the Hausdorff setting is completely analogous. o

Note that, when Hi(L;R) — Hi(M;R) is zero, the role of LSymp,(L) in
the above proof can be replaced by LHam(L). In particular, both £LSymp(L)
and L£Ham(L) are the connected component of £(7) containing L in the C!

topology, so they must be equal. This can be seen as a generalization that
Symp,(M) = Ham(M) for closed manifolds with Hy(M;R) = 0.
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Corollary 20 Let L be H-rational and such that Hi(L;R) — Hi(M;R) is zero.
There is a symplectic isotopy {+} of M such that Y1(L) = L' if and only if there is
a Hamiltonian isotopy {¢;} such that @1(L) = L’. In other words, LSymp(L) =
LHam(L).

We also have the following.

Corollary 21 The space Ur>0L(L, T)/Symp,(M) is Hausdorff in the topology in-
duced by the C! topology. In particular, the quotient LLag(L)/Symp,(M) can only
be non-Hausdor{f at orbits corresponding to H-irrational Lagrangians. The same holds
for Symp,(M) replaced by Ham(M).

The part on Symp,(M) follows directly from Corollary 19. The part with
Ham(M) is a finer result that also makes use of the local description of L in
L(L, 7) given by Corollary 43 below.

It has been proven by Ono [ ] and Solomon [ ] that the quotient
L1Lag(L)/Ham(M) is Hausdorff in the C! topology in different settings. Most
notably, they both ask that Hi(L;R) — Hi(M;R) be injective, which makes
L automatically H-exact. Corollary 21 shows the difficulty of relaxing the
condition that H1(L; R) — Hi(M; R) be injective: H-irrational Lagrangians can
create non-Hausdorff points in the quotient. In fact, Theorem 1 shows that in
dimension 2n > 6, this always happens. That this is a problem was already
mentioned by Ono in his work on the subject.

Quantitative symplectic topology When Theorem 3 holds, it allows for
a new measurement associated with a Lagrangian embedding Q < M with
image L and a Riemannian metric ¢ on Q:

ch,L)(Q,g) = sup {r >0 | all L’ € LHam(L) in W#(L) are exact} .

By writing ‘W (L), we want to underline that it is the image of a Weinstein
neighbourhood W : D;Q — ‘W, (L), where the radius r of the codisk bundle
is computed using g. We write C(EM L)(Q, g) = 0if L has no neighbourhood of

local exactness, e.g. for the example given by Theorem 1.
Note that C(EM L)(Q, g) is invariant under symplectomorphisms, so it is truly

a symplectic quantity. Furthermore, ch,L)(Q, g) is bounded from above by

the size of the largest Weinstein neighbourhood of L in M, i.e. by the relative
capacity

c;‘;\VA,L)(Q, g) :=sup {r >0 | L admits a neighbourhood ’W,,g(L)} .

This can in turn be bounded in terms of Poisson bracket invariants of L in
M| 1.

Going through the proof of Proposition 2 (see Appendix A for details) gives
the following quantitative counterpart.

Corollary 22 Let L be a closed curve in a surface M. If L bounds an embedded disk,
let A be the smallest area of such a disk. If there are no such disks, we set A = +oco. We
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have that
¢’ (8!, g0) = min al W (S, o)
(M,L) /gO - 2/ (M,L) /gO 7

where g is the flat metric so that S' has length 1.

Note that % is precisely half the radius of the largest Weinstein neigh-
bourhood of the circle T(A) enclosing area A in C, i.e. Cfc,sl ( A))(Sl, g0) =
1w
3051y (Sr 80

In general, however, it is hard to get an estimate on ch L)(Q/ Q), asitis hard
to get one on the neighbourhood for which Theorem 3 holds. One exception
to this is when Q = K is the Klein bottle: in this case, the theorem holds on
every Weinstein neighbourhood (see Theorem 39 below). Therefore, the bound
comes only from the proof of Theorem 4 — more precisely, from Lemma 40
and Proposition 41. In particular, we have the following bound.

Corollary 23 Let L be a H-rational Lagrangian Klein bottle with H-rationality con-
stant T. We have that

T
¢t (K,g)=miny ———,cW (K, g)¢,
(M,L) {gémn(ﬁ) (M,L)

where é’gﬁn(ﬁ) denotes the minimal length in g of a curve representing the generator f
of the free factor of H1(K; Z) = Z & Z.

Remarks 4. There are of course many variations of c(eM/L)(Q, Q) that one could take.

For example, one could be interested in C{I‘VLL)(Q, g)or C&IL)(Q, ), the largest neigh-

bourhood on which Conjecture A or Conjecture B, respectively, holds. However, if one
believes in the NLC, then we should always have ¢ = c®. Moreover, we have not found
an example where c® # cW. Therefore, c® seems to be the more fruitful version of the
relative capacity.

Acknowledgements We would like to thank Marcelo Atallah for the ques-
tion that eventually became Conjecture B and explaining, together with Egor
Shelukhin, their result for tori [ ]. We would also like to extend our
gratitude to Frol Zapolsky for indirectly giving the idea for the proof of Propo-
sition 41. Finally, the first and second authors would like to thank Paul Biran
and Sobhan Seyfaddini, respectively, for fruitful discussions throughout the
writing process.

2 An example to counter them all (but one)

We now explain the construction of the Lagrangian tori from Theorem 1. These
tori support the fact that we need in general to require some type of rationality
condition on our Lagrangians for Conjectures A, B or C to hold.
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We start with the case when M = C3. Consider the product torus L =
T(1,2,1+a) :=T(1)xT(2) X T(1 + a), where a > 0 is an irrational number
and T(A) € C denotes the round circle enclosing area A > 0. By work of
Chekanov | ], another product torus T(a,b + a,c + a) with a,b,c > 0
is Hamiltonian isotopic to L in C® if and only if a = 1 and span,{b,c} =
span,{1,a} =: G.

Since a is irrational, Dirichlet’s approximation theorem ensures that there
exist relatively prime integers p and g such that |p + ga| < ¢ for any ¢ > 0. This
shows that span, {1, a} is dense in R. We now want to show that we may take
b and c arbitrarily small and still have them generate G. Fix ¢ > 0, and take
b =p +qa as above.

Note that ¢ = r + sa will be such that span,{b, c} = G if and only if the

matrix
pr
qg s

has determinant +1. Pick rg and s¢ such that the corresponding matrix has
determinant +1 — it exists since p and g are relatively prime. Without loss of
generality, we may suppose that p + ga and rg + spa are positive. Note that if
r and s are of the form r = rg — ip and s = sg — ig for some i € Z, then the
corresponding matrix also has determinant +1. But we have that

. . _Totspa
r+sal =(rg +soa) —i(p + ga Vi< ——.
| | = (ro +soa) —i(p + qa) e
Therefore, if we take i = L%J,then we have that

lel < (p+qa) <,

which proves that b and c may be taken arbitrarily small and still generate G.

This means that we can take T(1,1 + b, 1 + ¢) which are all in the Hamil-
tonian orbit of L but are arbitrarily C!-close to the monotone torus T(1,1,1).
Therefore, without the H-rational hypothesis on L, not even the Lagrangian C!
flux conjecture is true in C3.

Note that a similar argument as above actually implies that the setof b, ¢ > 0
such that T(1,1 + b,1 + ¢) is Hamiltonian isotopic to L is dense in Rio. This
means that any neighbourhood U of such a torus T(1,1 + b,1 + ¢) contains
infinitely many T(1,1 +b’,1 + ¢’) in the same Hamiltonian orbit. But T(1,1 +
b,1+c)NTA,1+b",1+c") =0 if b # b’ or ¢ # ¢’. Therefore, without the
H-rational hypothesis on L, not even Conjecture B is true in C°.

We now explain how to generalize the result to any manifold of dimension
2n > 6. First note that by taking a product with T(1)"~%, we get a coun-
terexample to our conjectures in C" whenever n > 3. Furthermore, by Theo-
rem 1.1(ii) of [ ], the Hamiltonian isotopy from T'(1,...,1,1+b,1+¢c) to
T(1,...,1,1+b’,1+ c’) can be taken to be fully supported in the ball B>"(A) of

capacity A = n+1+max{b+c, b’+c’},i.e. of radius \/g. In particular, for b, b’, c,

and ¢’ small enough, it can be supported in the ball of capacity n +2. Therefore,
we get a counterexample in M = B?"(n + 2) But then, by simply rescaling the
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ball, we get a counterexample in the ball B>*(A) for any A > 0. By the Darboux
theorem, any symplectic manifold M?" admits a symplectic embedding of the
ball B%*(A) for A small enough, which gives the counterexample for every M
with dim M > 6.

Remarks 5. Interestingly enough, the above counterexample does not work in dimension
4. Indeed, Chekanov’s classification of product tori implies that every product torus
L in C? has a C! neighbourhood U such that LHam(L) N U = {L}. In particular,
the C! version of Conjecture A holds for L, and if its Hamiltonian orbit is not closed,
then the limit cannot be a product or a Chekanov torus. By Theorem 1.3 of [ 1, the
same holds for product tori in small enough Darboux balls in subtame symplectically
aspherical symplectic 4-manifolds.

However, we can use Theorem 1.5 of | ] to construct — in a similar fashion as
above — a counterexample to Conjecture B in any (spherically) irrational symplectic
4-fold.

3 Relations between homological rationality and
exactness and their standard counterparts

In this section, we discuss relations between standard rationality /exactness
and H-rationality/ H-exactness. In Section 3.1, we prove the general following
fact: for a closed Lagrangian of the cotangent bundle, being H-exact is equiv-
alent to being isotopic to an exact Lagrangian. In Section 3.2, we first explain
some specific situations in which H-rationality reduces to rationality. We then
however give an example which illustrates why we generally work with the
H-rationality condition rather than the standard rationality one.

3.1 The central lemma

The following lemma will prove to be quite useful in order to prove the main
results of this work.

Lemma 24 Let L be a closed Lagrangian in T*Q, the following are equivalent:
(i) L is isotopic to an exact Lagrangian via Lagrangian submanifolds;
(ii) L is symplectically isotopic to an exact Lagrangian;

(iii) L is H-exact;

(iv) the composition L — T*Q — Q is a homotopy equivalence.

Proof. Leti*: H(T*Q;R) — H(L;R) be induced by the inclusion i : L — T*Q.
H-exactness of L ensures that the form i*A is closed so that it defines a class
[i*A] € HY(L; R). Because the canonical projection 7t : T*Q — Q is a homotopy
equivalence, there exists a closed 1-form ¢ € Q!(Q) such that [i*A] = [i*(7*0)].

Now, ¢ induces a fibrewise symplectomorphism 1, of T*Q which satisfies
[p5(i*A)] = 0 so that 1, maps L to an exact Lagrangian. This shows that (iii)
yields (ii), which obviously yields (i).
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Note also that (i) implies that the inclusion L — T*Q is homotopic to
the inclusion of an exact Lagrangian. But, when L is exact, the composition
L — T*Q — Q is a (simple) homotopy equivalence [ ], i.e. (iv) holds.

Finally, if (iv) holds, then Hy(T*Q, L) = 0, and we have (iii). ]

3.2 From rationality to H-rationality

Obviously, H-rationality implies usual rationality, i.e. w(H(M, L)) being dis-
crete implies that w(m2(M, L)) also is. Furthermore, in many cases, these con-
ditions are equivalent. This is the case, for example, when ;1 (M) = 0. Indeed,
in this case, the relative Hurewicz morphism ny(M, L) — Hy(M, L; Z) can be
shown to be surjective. Expanding on this idea, we get the following.

Lemma 25 Suppose that [1(M), 71(M)] is finite. Then, we have that
Nw(Hx(M, L; Z)) € w(n2(M, L)) + w(Ha(M; Z)),

where N is the order of [1t1(M), m1(M)]. In particular, if 711(M) is abelian, then we
have equality.

Proor. We consider the following commutative diagram.

ta(M) — ma(M, L) —2 my(L) —— my(M)

I

Ha(M) ——5 Hy(M,L) —2 Hy(L) —— Hy(M)

Here, the rows are the long exact sequences of the pair (M, L) in homotopy
and homology with integer coefficients, respectively, and the columns are the
various Hurewicz morphisms; it commutes by naturality of the Hurewicz map.
We make the abuse of notation of using the same symbols for morphisms in
homotopy and homology, since it will be clear from the context which one we
are using when.

The proof follows from a straightforward diagram chasing argument, but
we still give the details. Let A € Hy(M,L). Since hj is surjective — the
Hurewicz morphism in first degree is simply the abelianization morphism —
there is some a € 1(L) such that d(A) = hj(a). But note that

hii(a) = ihj(a) = id(A) =0

by exactness at Hi(L). Therefore, i(a) € Ker hy = [rt1(M), m1(M)]. By hypothe-
sis, the order N of [7t1(M), t1(M)] is finite, so that i(Na) = 0. Therefore, there
is some u € 72(M, L) such that d(u) = Na. But note that

I(NA - 1}(u)) = W, (Na) — k(du) = 0.

By exactness at Hy(M, L), there is thus some B € Hy(M) such that NA = j(B) +
7 (u). To conclude, we only note that w(j(B)) = w(B) and w(h] (1)) = w(u). O

From the above lemma, we directly get the following result.
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Corollary 26 If[11(M), m1(M)] is finite and w(H2(M; Z)) € w(ma(M)), then every
rational Lagrangian with rationality constant T is H-rational with rationality constant
ﬁ’( for some k € IN. Moreover, if t1(M) is abelian, we have k = N = 1. In particular,
in all those cases, every weakly exact Lagrangian is H-exact.

Note that this corollary recovers the statement at the start of the subsection
that H-rationality and rationality are the same when 711 (M) = 0. However, what
is perhaps most interesting is the case M = D;L. In that case, the condition on
w(Hy(M; Z)) is automatically satisfied, since w is exact, and the condition on
the commutator subgroup of 711(M) becomes that [7t1(L), 1(L)] be finite. We
thus get a new version of Theorem 4.

Corollary 27 Let L be a rational Lagrangian submanifold of (M, w) such that
[mt1(L), m1(L)] is finite, and let L’ € LHam(L) be a Lagrangian included in a Wein-
stein neighbourhood ‘W, (L) of size v > 0 such that L’ is weakly exact in ‘W, (L). Then,
for a maybe smaller v, L' is exact in ‘W,(L).

Since H-exactness implies weak exactness, Theorem 3 also gives a neigh-
bourhood of weak exactness. However, one could also work directly with
rationality (see Remark 6 below). Furthermore, there is also a version of Theo-
rem 6 in terms of usual rationality. Therefore, we also have a rational version
of the weak Lagrangian C flux conjecture.

Corollary 28 Let L be a rational Lagrangian in a symplectic manifold M such that
[rt1(L), m1(L)] is finite. Suppose that

(i) L satisfies the hypotheses of Theorem 3 or H1(L; R) = 0,
(ii) and the nearby Lagrangian conjecture holds in T*L.
Then, LHam(L) and LSymp(L) is Hausdorff-closed in SMan(L).

We end this subsection with an example which showcases the need for
[rt1(L), m1(L)] to be finite. This also exemplifies why we are working with
H-rational Lagrangians and not just rational Lagrangians.

Example. In [ 1, Polterovich constructs for any vector v € R" and any flat
manifold Q a Lagrangian torus L, in T*Q. This torus has the property that

(i) fora contractible open U € Q, L, N T*Qly = U x {v} € U X R";
(if) the map L, — Q given by restriction of m : T*Q — Q is a covering.

We concentrate our efforts on the simplest case: n = 2 and Q = K is the Klein bottle.
In that case, L, — K is the 2:1 cover.

First note that L, is weakly exact in T*K. To see this, denote by p : T?> — K the
2:1 cover and take p : T*T? — T*K to be its lift using the flat metrics on T? and
K. Point (i) gives that p~(L,) = T? x {v} € T*T? = T? x R%. But any disk u
with boundary along L, admits a lift u in T*T? with boundary along T? X {v}. Since
T2 x {v} < T*T? is a homotopy equivalence, o(T*T?, T2 x {v}) = 0, and the lift
is contractible. But then, so must be u, and we have that 71,(T*K, L,) = 0.

On the other hand, L, is not H-exact. Indeed, let y : S' — K be a loop admitting
a lift to Ly, that is, [y] € p«(rt1(T?)). Since L, — K is a 2:1 cover, there are two
lifts y1 and y, of y. Furthermore, each lift y; defines a cylinder C; in T*K by taking
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Ci(s, t) = t7i(s), (s, t) € S' x [0, 1]. Note that IC; = y; U —y, where the minus sign
denotes the reversal of orientation. Therefore, C := C1 U, —Cy is a cylinder in T*K
with boundary along L,. Furthermore, it has area

() = AolF) = al=7) =2 [ (0,706

where -, -) denotes the Euclidean scalar product. In particular, if we take y to be a
simple loop corresponding to a straight line in the fundamental domain of R? defining
K = R?/n1(K) and v to be positively proportional to y, then wo(C) = 2|v| > 0.
Therefore, such an Ly, is indeed not H-exact.

Finally, note that, as v — 0, L, — K in the Hausdorff metric. Therefore, however
small we take a neighbourhood of the zero-section of T*K, there is a weakly exact
Lagrangian in that neighbourhood which is not exact. Therefore, unlike in Theorem 4,
there is not an equivalent to Corollary 27 with LHam(L) replaced by the space of all -
rational Lagrangians if [111(L), m1(L)] is not finite. In particular, most applications in
the introduction do not have equivalents in spaces of T-rational Lagrangians. That being
said, it is entirely possible that Corollary 27 holds in LHam(L) without the hypothesis
on [r1(L), m1(L)] — it is however beyond the scope of the techniques presented in this
paper. In other words, with the present techniques, it is unclear whether Conjecture B
is true for rational Lagrangians in general, even if we restrict to those diffeomorphism
types covered by Theorem 3.

4 Proof of Theorem 3

We now turn our attention to Theorem 3. To obtain a proof, we introduce
some capacities inspired by work of Cieliebak and Mohnke [ ] (Section 4.1
below), and we explain how their finiteness implies the theorem (Section 4.2).
We conclude by an explicit proof of Theorem 3 in the case of Klein bottles
which gives a better estimate in that case (Section 4.3). Note that the methods
developed here will also be central to the proof of Theorem 6.

4.1 Some capacities d la Cieliebak-Mohnke

In[ ], Cieliebak and Mohnke introduce — and compute in some cases —
a capacity which measures, in a given domain, the largest possible area of a
minimal disk with boundary along a Lagrangian torus. We start by introducing
a small tweak in their definition, which will turn out to be quite useful in our
setting.

Let Q be a closed connected n-manifold. For any 2n-dimensional symplectic
manifold (X, w), we define two classes of Lagrangians:

Lo(X):={L=Im(f: Q = X)| f'w =0, w(HxA(X, L; Z)) # 0}
Zo(X) = {L = f(Q) € Zo(X) | Hi(/)® R = 0},

where H;(f) ® R is the map induced by f on first homology with real coeffi-
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cients. In turn, this defines two capacities:
co(X) = sup{Aflm(L, X)|Le Zy(X)} €[0,+c0] and
COQ(X) =sup{AfL. (L, X)|Le fzg (X)} € [0, +00],
where
AL (L, X) = inflo(u) | u € Hy(X, L; Z), w(u) > 0}.

We take the convention that co(X) = 0 (respectively COQ(X )=0)if Zp(X) =0
(respectively 38 (X) = ©). Obviously, we have that COQ < cq. Finally, we set

can(X) :=supco(X) and

ch(X) = sup cOQ(X),

where the supremum runs over all closed connected n-dimensional manifolds.

Remarks 6. The main differences between our definition and Cieliebak-Mohnke’s are
that we work with homology instead of homotopy, we allow any Q and not only tori, and
we only look at Lagrangians which do bound some homology class with nonvanishing
area. The latter is central to our arqument, as we will mainly be interested in the case
X = D*Q, but such a manifold obviously admits an exact Lagrangian Q. Therefore,
without this restriction, co(D*Q) would be infinite for trivial reasons, which runs
counter to our purpose here.

However, we could develop an entirely analogous theory using homotopy. With it,
we would get a version of Theorem 3 for rational Lagrangians, i.e. a neighbourhood
of weak exactness. However, this is in general not enough to get a neighbourhood of
exactness as in Theorem 4 — see Section 3.2 for a discussion as to when that is the case.

The following properties follow directly from the definition of the capacities.

Lemma 29 Let ¢ denote cq, cg, Call, OF cgu. We have the two following properties.

(i) Forall & # 0, we have that c¢(X, aw) = |a|c(X, w).

(if) If there is a O-codimensional symplectic embedding 1 : X < X’ such that
Hy(X’, u(X); R) =0, then c(X) < ¢(X’).

The problem with the monotonicity property (ii) when Hy(X’, ((X); R) # 0
is that there could then be homology classes in X’ with smaller area than those
in X — thus inverting the expected direction of the inequality. However, the
capacity c% partially goes around that issue.

Lemma 30 If there exists a O-codimensional symplectic embedding 1 : X — X’ and
X' is exact, then COQ(X) < BCOQ(X’), where B > 1 only depends on the torsion part of

Hi(X; Z).

Proor. Let A’ be a primitive of the symplectic form of @’ on X’. Then, A = *A’
is a primitive of w on X. Fix L = f(Q) € gg(X). Since Hi(f) ® R = 0, we must
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have that f.(H1(Q; Z)) is a torsion subgroup of Hi(X; Z). Take B to be the order
of the torsion of H1(X; Z) if it is nonzero, i.e. if

H(X,Z)=7"0Z & - ®Z 4,
Pq Py

then B = p;q .. .p?". If H1(X; Z) has no torsion, then we simply set B = 1. We
thus have B- £.(H1(Q; Z)) = 0. By the homology long exact sequence of the pair
(X, L), this is equivalent to saying that dH»(X, L; Z) 2 B - Hi(L; Z). Therefore,
we have that

AR (L, X)=  inf
min ) ueHzl(r)l(,L;Z)w(u)

w(u)>0

inf Aa)
a€dH,(X,L;7Z)
Aa)>0

inf  Aa)
aeB-Hi(L;Z)
Ala)>0
=B- inf A(a)
acHy(L;Z)
A(a)>0
=B- inf A(a)
a’eH(«(L);Z)
A(a")>0
<B- inf A(a')
a’€dHr (X’ ,((L);Z)
M(a)>0

=B- AR ((L), X").

IA

Since L(S’S(X )) C 38 (X’), this gives the desired inequality. O

We note that cg(X) and c%(X) are equal whenever Hy(X; R) = 0. However,
there is another important case where they also coincide.

Lemma 31 If dim H1(Q; R) = 1 and X is exact, we have that co(X) = COQ(X).

Proor. We fix Q and X as above. We can assume that there is a Lagrangian
embedding f : Q < X; otherwise both capacities are equal to 0. Since
dim H1(Q; R) = 1, Hi(f) ® R is either 0 or injective. Suppose that it is injective.
By the long exact sequence in homology, we then get that the boundary map
d: Hy(X,L;R) — Hi(L;R) is zero, where L = f(Q). Since w(H2(X,L;R)) =
A(@(H2(M, L;R))) whenever w = dA, we then conclude that L is H-exact. In
particular, L ¢ Zo(X). Therefore, we have that Z5(X) = 35 (X), which implies
the result. m]

We end this short list of properties of our capacities by proving that they
behave relatively well under products.

Lemma 32 Suppose that Q' admits a H-exact Lagrangian embedding in X’. Then,
co(X) < coxg/ (X x X'). In particular, cai(X) < can(X x X’) as soon as X’ admits
a H-exact Lagrangian.
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If Q' admits any Lagrangian embedding in an exact X’ and H1(Q’; R) = 0, then
we have that C%(X) < COQXQ’(X x X’). In particular, cgu(X) < cgll(X X X') as soon
as X' admits a Lagrangian with vanishing first Betti number.

Proor. Let L be the image of a Lagrangian embedding of Q in X, and let
L’ be the image of a H-exact Lagrangian embedding in X’. Note that we
can suppose that L bounds some homology class, otherwise the inequality is
trivial. Let thus v : (£, dZ) — (X x X’, L x L’) for some compact surface X with
boundary. Projecting on each component gives maps u : (£, dX) — (X, L) and
u’: (X,0X) — (X’, L’). Furthermore, if w is the symplectic form of X and w’ of
X’, we then have that

(@@ )(v) = wu) + o) = wu),
since L’ is H-exact. Taking infima over all v, we thus get

cox@(X X X) 2 A (LX L, X x X') = inf w(u) > Ay, (L, X).

w(u)>0

We then get the inequality by taking the supremum over all possible L’s.

The case H1(Q’; R) = 0is proven in much the same way. Indeed, exactness of
X’ along with H1(Q’; R) = 0 ensures that we also have (v ® «’)(v) = w(u). Fur-
thermore, the vanishing of the first Betti number ensures that H; (Q X Q";R) —
Hi(X x X’; R) vanishes if and only if H1(Q; R) — Hi(X;R) does. O

4.2 Finiteness of the capacities

Having enunciated the main properties of our capacities, we now explain how
one can get Theorem 3 from their finiteness. To do this, we first formulate a
meta result.

Proposition 33 Let L be a Lagrangian in a symplectic manifold M. Suppose that
cq(DyL) is finite for some R > 0. For every T > 0, there exists a Weinstein neigh-
bourhood ‘W (L) of L in M, such that all L’ € L(Q, 7) included in ‘W (L) is H-exact
in W(L).

If can(DyL) is finite for some R > 0, then the same holds for all L" € L(1).

We recall that £(7) denotes the space of 7-H-rational Lagrangians of M;
L(Q, 1) is the subspace of those Lagrangians which have the diffeomorphism

type of Q.

Proor. We only prove the case co(DiL) < oo, as the case cai(DiL) < oo is
completely analogous. To do so, we make the following two observations.
(1) If co(DRL) < oo, then lina co(D;L) = 0.
(2) IfL" € L(Q,1)and L’ € ‘W, (L), then co(D;L) > T whenever we have that
w(Ha (Wi (L), L)) # 0.

Obviously, the theorem follows directly from these two observations.
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The first observation follows directly from Property (i) of Lemma 29. In-
deed, we have that

. T *TY
}Eré co(D;L) = }1_r>r6 RCQ(DRL) =0.

Here, we have made use of the fact that (D;L, wo) is symplectomorphic to
(D:/aL, awg) via the map (g, p) — (9, ap). Note that Property (ii) of Lemma 29
implies that our capacity is invariant under symplectomorphisms.

For the second observation, take L’ € £(Q, 7) such that L’ € ‘W, (L), and
suppose there is some class u € Hy(‘W,(L), L’) such that w(u) # 0. Without loss
of generality, we may suppose that w(u) > 0. By definition of H-rationality,
there is some k € Z such that w(A) = kt. Since w(u) > 0, k > 1. Therefore,
w(u) > 1. Taking the infimum over all possible u’s, we get

< AR (L', W, (L)) < co(W,(L)) = co(D;L).

min
Again, we have made use of the fact that cg is invariant under symplectomor-
phisms. O

Therefore, proving Theorem 3 reduces to proving finiteness of some capac-
ity in cotangent bundles. In general, this turns out to be nontrivial, since even
cn(X) — the best-behaved version of our capacities — is only well understood
when X is a convex or concave toric domain, which is far from the case we
need. We will explore this further down, but we already note some interesting
cases where finiteness is achievable.

Proposition 34 If coxg (D (Q X Q")) < oo, then we have that cq(DyQ) < oo and
cq(DxQ’) < o0.
Proor. It follows from Lemma 32 that

CQ(D;{Q) < CQXQ’(D;{Q X D;{Q,)
But D}, QXD Q’ embeds symplectically in D}, (QxQ’) and that embedding is a
homotopy equivalence. The proposition then follows directly from Property (ii)

of Lemma 29, since finiteness for some R > 0 implies finiteness for every R > 0
by Property (i) of that lemma. m]

Note that if L is a displaceable Lagrangian in a tame symplectic manifold,
AR (L) is a lower bound for its displacement energy — this follows from
Chekanov’s famous estimate [ ]. In particular, can(B?") is bounded by the
displacement energy of B?", and thus it is finite. Zhou [ ] proved a broad
generalization of this result using a truncated version of Viterbo’s transfer map.

Theorem 35 ([ 1) Let X be a Liouville domain with SH(X) = 0. We have that
Can(X) < oo.

Note that SH(D}L) # 0 because of Viterbo’s isomorphism [ ]. There-
fore, Zhou's theorem never directly implies Theorem 3. However, in some
cases, we still manage to compare co(D*L) to cai(X) as we shall see below.

Remarks 7. Zhou actually works with homotopy — not homology like us — and allows
for the possibility of weakly exact Lagrangians. He also allows some nonexact Liouville
domains, but it will not be needed here. Therefore, his result is actually more general
than what is cited here.
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Case dimHi(Q;R) = 1. We now turn our attention to the capacity COQ.
Recall that from Lemma 31, COQ(X) = cg(X) whenever dim H1(Q; R) = 1and X

is exact. However, studying directly COQ allows us to show the following general
result.

Theorem 36 Let L be a Lagrangian submanifold of M. Suppose that, as an abstract
manifold, L admits a Lagrangian embedding in a Liouville domain W with SH(W) = 0.
For every T > 0, there exists a Weinstein neighbourhood ‘W (L) of L in M, such that if
L' € L(7) is included in ‘W (L), then the map

Hi(L;R) — Hi(L;R)
induced by the projection v : L’ — L is nonzero.

In turn, this follows from a variant of Proposition 33 and a proof of the
finiteness of cgu(D;{L) for L as in the theorem. More precisely, we need the
following two results.

Proposition 37 Let L be a Lagrangian in a symplectic manifold M. Suppose that
COQ(D;{L) is finite for some R > 0. For every T > 0, there exists a Weinstein neighbour-
hood W (L) of L in M, such that all L’ € L(Q, 7) included in ‘W (L) has nontrivial
morphism 1, : H1(L"; R) — Hy(L;R) if H1(L; R) # 0.

Ifcgu(D;{L) is finite for some R > 0, then the same holds for all L’ € L(7).

Proor. The proof is essentially that of Proposition 33, except that Observa-
tion (2) is replaced with the following.
2) If L’ € L(Q,7), L’ € W, (L), and H1(L;R) — Hi(‘W(L); R) is zero, then
cOQ(DjL) > 7 whenever we have that w(Ha(‘W,(L),L’)) # 0.

Therefore, for v small enough, all L’ € L(Q, 1) such that L’ € ‘W, (L) must be
either H-exact or induce a nonzero map Hi(L; R) — Hi(W:(L); R).

By the central lemma 24, H-exactness in ‘W, (L) implies that the projection
n: L’ — L is a homotopy equivalence. Therefore, it also implies that the map
Hy(L’;R) — Hi(‘W,(L);R) is nonzero whenever Hi(‘W;(L); R) # 0. Since the
projection ‘W, (L) — L is a homotopy equivalence, this implies the result. O

Lemma 38 Let L be a manifold which admits a Lagrangian embedding in W with
SH(W) =0. Then,

Cgll(D;zL) < 00
for some R > 0.

Proor. By the Weinstein neighbourhood theorem, there is some R > 0 such
that D} L embeds symplectically in W. Therefore, we have that

) (DRL) < Bl (W) < o0

where B = B(L) is the constant of Lemma 30. The latter finiteness is that of
Theorem 35 above. O
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We now get pretty directly proofs of Theorems 36 and 3, Case (a).

Proof of Theorem 36. Combining Proposition 37 and Lemma 38 gives the exis-
tence of a neighbourhood “W(L) such that whenever L’ € £(7) is in ‘W(L), then
Hi(L’;R) — Hi(L;R) is nonzero if Hi(L;R) # 0. But by the Viterbo transfer
morphism, Hi(L; R) # 0 since it embeds as a Lagrangian in a Liouville domain
with SH(W) =0 (see [ 1. O

Proof of Theorem 3, Case (a). Whenever dim H1(Q;R) = 1 and L admits a La-
grangian embedding in W with SH(W) = 0, then

cq(DL) = ¢, (DRL) < ¢y (DRL) < oo,

where the first equality is Lemma 31 and the last inequality is Lemma 38.
Case (a) of Theorem 3 then follows from Proposition 33. ]

Remarks 8. In view of Lemma 32, it actually suffices to prove finiteness of c° for Q X Q’
admitting an embedding in W with SH(W) = 0, where H1(Q’; R) = 0. However, we
cannot find an example of a Q with H1(Q; R) = R such that Q X Q’ admits such an
embedding but not Q by itself.

4.3 Lagrangian Klein bottles in cotangent bundles

We now focus our efforts on proving Case (c) of Theorem 3, i.e. the case of
the Klein bottle K. The proof is fairly different from previous cases, as it relies
on the classification of Lagrangian Klein bottles in T*K, which turns out to be
doable by a direct computation. It does however rely on the deep fact that there
is no Lagrangian Klein bottle in C? [ 1.

Theorem 39 Every Lagrangian Klein bottle in T*K is H-exact. In other words,
CK(T*K) =0.

Proor. Let L be a Lagrangian Klein bottle in T*K. We equip K and the 2-torus
T? with the flat metric, so that the covering p : T> — K is a local isometry.
By rescaling if necessary, we can suppose that L C D;K for r arbitrarily small.
In particular, we may choose r small enough so that there exists a Weinstein
neighbourhood W : D;T? — C? of the standard Clifford torus S! x S1.

Using the flat metric on T? and K, the 2:1 covering p : T? — K lifts
to another 2:1 covering p : T*T? — T*K which is also a local isometry and
symplectomorphism. Therefore, L := p~!(L) must be a (possibly disconnected)
Lagrangian submanifold of D;T?. Since p|7 is also a 2:1 covering, L must either
be two disconnected copies of a Klein bottle or a 2-torus. However, if the former
was the case, then each connected component of W(L) would be a Lagrangian
Klein bottle in €2, which does not exist [ ]. Therefore, L must be a 2-torus.
In other words, the composition

T 2y [ <Ly K

admits a lift to T*T?, but the composition
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K — L —> TK
does not.

We now interpret these statements in algebraic terms. To do so, we first look
at the fundamental groups 711(T*K) = (a, blab = b='a) and 711 (L) = {(a’, b’|a’b’ =
(b")71a’). With these presentations, the subgroups associated to the coverings
T*T? — T*K and T? — L are those generated by {a?, b} and {(a’)?,b'}, respec-
tively. Denote i.(a’) = a*b’ and i.(b’) = a™b". Here, we have made use of the
presentation above to conclude that any element of 711(T*K) can be written in
that way. Given the lifting criterion for coverings, the fact that the composition
T? — L — T*K admits a lift is equivalent to m being even. Indeed, we have
that

i ((a/)Z) — (i*(ﬂ/))z — a2kb(1+(—1)k)€,

so that this element always admits a lift to T*T2. In turn, this forces k to
be odd, since the composition K — L — T*K does not admit a lift. In
particular, k is nonzero. But a generates the free factor and b the torsion
factor of H1(T°K;Z) = Z & Z; under the Hurewicz morphism (and anal-
ogously for a’ and b’ in Hy(L;Z)). Therefore, i induces a monomorphism
i. : Hi(L; Z)*¢ — Hy(T*K; Z)r between the free part of the homologies. But
then i. : Hi(L;R) — H1(T*K; R) is also injective. By the long exact sequence in
homology, this implies that the boundary map d : Hy(T*K, L; R) — H1(L; R) is
zero. Since wo(H2(T*K, L)) = Ag(d(H2(T*K, L))), L must be H-exact. O

5 Theorem 4 and the C° Lagrangian flux conjecture

In this section, we first prove Theorem 4 (Section 5.1). We then give a short
proof of Theorem 6 (Section 5.2), which follows almost directly from the proof
of Theorem 4. Finally, we prove a refined version of Proposition 7 and use it to
properly show Corollary 8 (Section 5.3).

5.1 Proof of Theorem 4

We consider a H-rational Lagrangian submanifold L of (M, w) of rationality
constant 7 > 0. We fix a Riemannian metric ¢ on L and a Weinstein neigh-
bourhood W, (L) in M of size r > 0. Let L’ € L(7) be a Lagrangian entirely
contained and H-exact in “W,(L).

We want to prove that there exists ' > 0, such that L’ is exact in “W,-(L)
whenever one of the following conditions hold:
(a) L’ € LHam(L), or
(b) the map Hi(i) ® R induced by the inclusion i : L’ < M vanishes.

To do so, we first claim that under any of these assumptions, the rationality
constant of L’ in ‘W, (L), seen as a subset of T*L, is a fraction of that of L’ in M.

Lemma 40 Let L and L’ be as above, and denote by VY : D;L — ‘W, (L) a Weinstein
neighbourhood of L. There exists an integer k = k(M, L) such that Ao(H1(W~1(L"))) C
T

7.

k
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This lemma, whose proof we postpone to § 5.1.2 below, directly shows that,
when 1 = 0, H-exactness yields exactness.

When 7 > 0, we conclude by using the following additional estimate.

Proposition 41 Let L < (D;L, dAo) be a Lagrangian embedding whose image L’ is
H-exact. We have that

VB e Hi(l)),  [Ao(B)l < €™ (1.p')

where l’g‘m(ﬁ) denotes the length of the shortest geodesic loop for g in L representing
the class B.

Indeed, we choose a basis {f], ... f;,} of Hi(L") and we fix v’ < 7 where
0 = max{€"(m.p)| 1< i <m}.

The proposition above gives that, forall i, [Ao(8/)| < r’¢ < f. Because of Lemma
40, we then get that A vanishes on Hi(L’), which proves the exactness of L’.

It only remains to prove the lemma and proposition above to conclude the
proof of Theorem 4.

5.1.1 Proof of Proposition 41

We start with the proposition. First, let us remark that when L = T", the
estimate follows directly from Eliashberg’s result on the shape of subsets of
| ]. With the additional hypothesis that L is also contained in a We-
instein neighbourhood of L, this is a result of Membrez and Opshtein [ 1.
However, as they themselves point out, there should be a proof of this result
without their additional constraint using the theory of graph selectors — they
even sketch out a proof, which we mostly follow here.

Proof of Proposition 41. In Theorem 6.1 of [ ], Paternain, Polterovich, and
Siburg show that, for every Lagrangian submanifold L’ C T*L Lagrangian
isotopic to the zero-section and every fiberwise-convex neighbourhood W of
L’, there is a closed 1-form ¢ of L such that graph(c) € W and [c] = [Ao|r/].
However, inspecting the proof of that statement, we see that all that is truly
required is the existence of a symplectic isotopy preserving fibres sending L’
to an exact Lagrangian submanifold admitting a graph selector — we refer to
that paper for the definition of a graph selector. On the one hand, we have
shown in Lemma 24 that H-exact Lagrangians in T*L indeed have associated
symplectic isotopies preserving fibres which send them to exact ones. On the
other hand, it is now known that every exact Lagrangian submanifold of T*L
admits a graph selector. This was proven using Floer theory by Amorim, Oh,
and Dos Santos [ ] and using microlocal sheaves by Guillermou [ ].
Therefore, the result applies as is in our case.
But it follows from this that

{[L"Ao] | t:L<— DiLis H—exact} = {[a] € HY(L;R) | lo| < r}.
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In particular, for every H-exact Lagrangian embedding ¢ : L < D;L and every
loop y : S! — L, we have that

[Ao(top)| < rle(y),

where {; denotes the length in the metric ¢. By taking the infimum over all
loops representing a class § = 7.8’, we get the desired inequality. m]

5.1.2 Proof of Lemma 40

Recall that L is a H-rational Lagrangian with rationality constant 7 > 0, that
W : D;L — W,(L) is a Weinstein neighbourhood of L in M of size r > 0, and
that L’ € £(7) is a Lagrangian entirely contained and H-exact in W, (L). The
lemma states that, under one of the following conditions,

(@) L’ € LHam(L), or
(b) the map H1(i) ® R induced by the inclusion i : L’ < M vanishes

there exists an integer k = k(M, L) such that Ao(H1(W~1(L"))) € 2.
For convenience, we denote by X the object in T*L corresponding to X via
vl eg W) = L.

Proof of Lemma 40. Fix a representative § : S' — L of a class in Hy(L). Since L’
is H-exact in D;L, the projection L’ < T*L — L is a homotopy equivalence by
Lemma 24. Therefore, there exist a loop g’ in L’ and a cylinder C in D;L such
that 7.(8’) = p and dC = B’ U (-B). By Stokes Theorem and exactness of the
0-section L in T*L, we thus have that

@(C) = dAo(C) = Ao(B") — Ao(B) = Ao(B").

In case (a), take a Hamiltonian isotopy {@;}c[o,1] starting at identity and
such that @1(L) = L’. Then C’(s, t) := ¢;(B'(s)) defines a cylinder in M and
C” := C Ug C’ represents a class in Hy(M, L). In particular, o(C) + w(C’) =
w(C") € 17. But note that, since {got‘l} is Hamiltonian,

o(C") = Flux({g; ' })(B) = 0.

Therefore, w(C) = /\O(F) € 17, and we can take k = 1.

In case (b), note that Hi(L;R) — Hi(M;R) being zero is equivalent to
Hi(L) — Hi(M) being finite, since Hi(-;R) = Hi(-) ® R. By the long exact
sequence of the pair (M, L), this is in turn equivalent to Hy(M,L) — Hi(L)
having finite cokernel, whose size we denote by k. Then, kf bounds some
u € Hy(M, L), and we have that

kAo(B’) = kaw(C) = w(u#kC) — w(u) € 17,

because u#kC € Hy(M,L’), and L and L’ belong to L(7). Therefore, Ao|r; must
take values in £ Z. O
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5.2 Proof of Theorem 6

We now turn our attention to Theorem 6 on limits of H-rational Lagrangians.
As we shall see, the theorem follows pretty directly from the techniques that
we developed to prove Theorem 3 and 4.

Proof of Theorem 6. We start with the first part of the statement: if L; converges
to L with L smooth and n-dimensional and L; € £(t;) with inf 7; > 0, then L is
Lagrangian. This follows pretty directly from Laudenbach and Sikorav’s result
on displacement of non-Lagrangians [ I

Indeed, suppose L is not Lagrangian. Then, L x S! € M X T*S! is also
not Lagrangian and its normal bundle admits a nowhere vanishing section.
Therefore, it follows from [ ] that, for every ¢ > 0, there is a Hamiltonian
diffeomorphism ¢ of M X T*S! such that ¢(L x S')N L x S! = @ and with Hofer
norm ||¢||g < &. But then, there is a neighbourhood U of L X S! such that
pU)NU = @. In particular, for i large enough, @(L; x S') N (L; x S') = @.
Therefore, if e(L; x S!) is the displacement energy of L; X S!, we have that

¢ > limsupe(L; x S!) > limsup 7; > inf7; > 0,

where the second inequality follows from Chekanov’s estimate on displace-
ment energy [ ]. We get a contradiction by taking the limit ¢ — 0.

The second part — that is, for when we know that the L;’s are H-exact in
W(L) for i large — follows from the proof of Theorem 4. Indeed, the proof of
Lemma 40 gives that Ag|r; takes values in 7;Z on the image of the boundary
morphism d; : Hy(M, L;) — Hi(L;). Here, we identify L; with its preimage in
T*L under a Weinstein neighbourhood of L. Just like in Theorem 4, we can thus
use Proposition 41 to conclude that A¢(d;(H2(M, L;))) = 0if L; € W,(L) for r
small enough, i.e. for 7 large enough. Note that r may be taken independently
of i since inf 7; > 0. But then, this means that, for all A € H>(M, L;),

w(A) = W(A#C) — 0(C) = w(A#C) — Ao(IC) = w(A#C) € w(Ha(M, L)),

where C is the usual (union of) cylinder in T*L from JA to m(dA) and = :
T*L — L the canonical projection. Therefore, we have that w(Hz(M, L;)) C
w(Hy(M,L)). But H-exactness implies that L; — T°L — L is a homotopy
equivalence by Lemma 24. Therefore, for every A € Hy(M, L), dA admits a lift
a € Hy(L;). We can then again create a cylinder C from JA to a and run the
above argument to get w(H2(M, L)) € w(H2(M, L;)) for i large. Therefore, we
have that

w(Hx(M, L)) = w(Hx(M, L)) = ©; Z

for large i. This is only possible if 7; is independent of i for i large. m|

5.3 Proof of Proposition 7

We now turn to the proof of Proposition 7, i.e. the partial result one gets instead
of Theorem 4 when one does not know that Hi(L; R) — H1(M;R) is zero. In
fact, we prove the following stronger statement.
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Proposition42 Let L bea H-rational Lagrangian submanifold of M with H-rationality
constant T. There is some ro > 0 and some C > 0 with the following property. Assume
that L' € L(7) is a Lagrangian included in a Weinstein neighbourhood W, (L) of size
r € (0,ro] such that L’ is H-exact in “W,(L). Then, there is a symplectic isotopy
{¥t}tefo) of M with |Flux({1+(L")})| < Cr such that 11(L’) is exact in ‘W, (L).

By Flux({L:}) € H!(L; R), we mean the Lagrangian flux of the Lagrangian
isotopy {L;}; it is defined as follow. Take F : L x [0,1] — M such that F(L, t) =
Li. Then, FFfw = a; A dt for some time-dependent 1-form a; on L, and we

set Flux({L¢})(y) := /01 a;(y)dt for any loop y : S' — L. This is precisely the
area swept by y through the isotopy — in particular, it is independent of the
parametrization F of {L;}.

Proor. Denote by V the image of the boundary map Hy(M, L’; R) — H;(L’; R).
Pick a complement W of V in Hi(L’;R), and take loops {y1,..., yx} which
induce a basis of W. Similarly to Section 5.2 above, the proof of Theorem 4
still implies that Ag|r/(V) = 0 for r small enough. Therefore, we can take g to
ensure this is true for all < rg.

We divide our isotopy in two parts. First, we consider the Lagrangian
isotopy F : t = [(@ — 1)t + 1] - L’ induced by the multiplication along the fibers
of T*L, where a € [0, 1]. A direct computation gives that F*w = (a—1)Ag|r Adt,
so that the flux associated to the isotopy is (& —1)[A¢|1-]. Note that, by the above
paragraph, this cohomology class is in the annihilator V° of V, which we can
identify with the dual W* of W in H'(L’; R) = Hom(H;(L’; R), R).

Second, take a closed 1-form ¢ on L such that 6(V) = 0 and o(rtoy;) = Ao(yi)
for all 7. It exists, since the projection L’ — L is a homotopy equivalence by
Lemma 24. Consider the symplectic isotopy {1;} of T*L generated by X such
that txwo = —nt"0, where 7t : T"L — L is the canonical projection. It is easy to
check that

(i) Pi(L')is exactin T*L,
(it) if L’ € D;L, thenyj(L") € D? , Lforallt € [0,1],

r+|o|
(iii) Flux({¢{(L")}) = (') Flux({y;}) = =()'n*[o] = —[Aolr/]-

We have made here the slight abuse of notation of identifying L’ with its
preimage in T*L via the Weinstein neighbourhood. Again, (iii) implies that the
flux of the isotopy is in W*.

The Lagrangian isotopy {L;} from L’ to an exact Lagrangian L” that we are
interested in is the (smoothing of the) concatenation of Lagrangian isotopies as
above. More precisely, start with L’ € D;L and o as above. Then, the first half of
theisotopy is given by the scaling from L’ to L’ for a = 1= Note that then, ao
is a closed 1-form on L having the same properties as above for the Lagrangian
aL’. We thus get from it a symplectic isotopy {1} with properties (i)—(iii) for
al’. In particular, ¢j(aLl’) € D* L = D;L and Flux({¢j(L")}) = —a[Ao|r].

ar+|aa|
Therefore,

Flux({L{}) = (a — D[

vl =alAolr] = —[Aolr] € W7,
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where we have made use of the additivity of the flux under concatenation.
Furthermore, Proposition 41 then implies that [Flux({L}})| < r max; Zg,“in(yi),
and it suffices to take C := max; €§“in()/i).

We now show how {L;} comes from a symplectic isotopy of M — this is es-
sentially Lemma 6.6 of [ ]. Note thatin the splitting HY(L’; R) = V*@W*, W*
corresponds to the image of the restriction homomorphism W* : H'(M; R) —
HY(W,(L); R) under the restriction isomorphism H!(W,(L);R) — H(L’;R).
Here, we make use of the fact that L’ is isotopic to an exact Lagrangian of T*L,
so that the inclusion L’ — ‘W/(L) induces an isomorphism on cohomology. In
particular, since [Ag|1/] belongs to W*, there is a closed 1-form 6’ of M such
that 8’|, = Ag|rs + dF for some function F : L’ — R. We then pick an extension
F':M — Rof F and set 0 := 0’ — dF’. Taking {¢;} generated by 6 gives the
desired symplectic isotopy in M. m]

Corollary 43 By taking ro smaller if necessary, we have the following. If we have that
Flux({y+(L")}) # O, then L’ and y1(L’) are in different Hamiltonian isotopy class in
M.

Moreover, if the NLC holds on T*L, then L', L” € L(t) with L’,L” € W,(L),
r < ro, are Hamitlonian isotopic in M if and only if their associated isotopy to an exact
Lagrangian has the same flux.

Proor. Suppose that there is a Hamiltonian isotopy {¢:} of M sending L’ to
Y1(L’). Then, the concatenation {L}'} of {{;(L")} and {(p;l(L/q(L/))} is a loop,
so that Flux({L/’}) € H(L’; tZ). Indeed, for every loop y of L', Flux({L/'})(y) €
17, since it is the area of a cylinder with boundary in L’. If we take ry < %, then
this is only possible if Flux({L;'}) = 0. Since the flux of a Hamiltonian isotopy
is zero, this implies the first result.

If the NLC holds on T*L, we get an extension {1; } 1¢[0,2] of {{t } t[0,1] to @ sym-
plecticisotopy with ¢2(L’) = L and same flux. Let {1} }c[0 2] be the correspond-
ing isotopy for L”. If L” and L” are Hamiltonian isotopic, we can construct a loop
similarly to above using that Hamiltonian isotopy, {1; } and {1} }. We then again
get that the flux of this loop is zero, so that Flux({1:(L")}) = Flux({1;(L")}).
If the fluxes are the same, then extension and concatenation as above give a
symplectic isotopy in T*L from L’ to L” with zero flux. By Proposition 2.3
of [ ] or Lemma 6.7 of | ], that isotopy must be Hamiltonian. O

We now give a proper proof of the Lagrangian C° flux conjecture, i.e.
Corollary 8.

Proor. The closedness of LSymp (L) follows directly from Proposition 42 to-
gether with Theorems 3 and 6. For the closedness of LHam(L), take a sequence
{L;} in that space with limit Ly € SMan(L). By Theorem 6, Ly is a H-rational
Lagrangian with same rationality constant as the L;'s — the L;’s respect the
hypotheses of Theorem 3, so that they are H-exact in ‘W(Lo) for i large. Since
all the L;’s are Hamiltonian isotopic to each other, their associated symplectic
isotopy from Proposition 42 must all have the same flux by Corollary 43. But
by that proposition, that flux must tend to 0 as L; — Lg. Therefore, for i large,
there is a symplectic isotopy in T* Ly sending L; to Ly with zero flux; again, we
suppose that the NLC holds here. By Proposition 2.3 of [ ] or Lemma 6.7
of [ ], that isotopy must be Hamiltonian, and we have closure. m]
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Remarks 9. If NLC holds for T*L, Corollary 43 actually allows us to identify a Haus-
dorff neighbourhood of L in L(t) with a neighbourhood of (L,0) in LHam(L) X
W*, where we recall that W is a complement of the image of the boundary map
Hy(M, L;R) — Hi(L; R). We do not know how much this extends to a global homeo-
morphism.

A Closed embedded loops satisfy Conjecture A

Let L be a closed embedded loop in a symplectic surface and define
T:=inf{w(u) > 0| u € Hy(M, L;Z)} € [0, +0],

where we set T = +o0 if w(H(M, L; 7)) = 0.

Remarks 10. Note that L is H-rational but not H-exact if and only if T € (0, 4+0)
and that, in this case, T as defined above coincides with its H-rationality constant.
However, L is H-exact when t = +o0, and non-H-rational when © = 0. In particular,
T € (0, +00] ensures that w(Hy(M, L; Z)) is discrete, and that it is generated by T
whenever T is finite.

We fix a metric on L and a Weinstein neighbourhood W : D;S' — W, (L) of
L. Let L’ = (L) € ‘W, (L) for some Hamiltonian diffeomorphism ¢ of M.

We start with the case 7 € (0, +00]. In this case, we prove that L’ is necessarily
exact in ‘W, (L) for a small enough r > 0 thanks to the two steps below. The
conclusion then follows from the nearby Lagrangian conjecture.

Step 1: H-exactness. Fix r > 0 such that Area(‘W,(L)) < 1, and suppose that
L’ bounds a surface u whose image is contained in ‘W, (L). Since W, (L) is a
cylinder, # must be a disk. Without loss of generality, the boundary of u is
mapped with degree 1 to L’. Since ‘W;(L) is exact, we necessarily have that
w(u) = |Ap(L")|, which is precisely the area of the contractible region bounded
by L’ in ‘W, (L). Hence, w(u) < Area(W,(L)) < 1. Because ¢ preserves the
area, we get that w(u) = 0 by definition of 7. Hence, L’ is H-exact in ‘W;(L).

Step 2: exactness. Now, L’ being H-exact in ‘W, (L) ensures that the projection
L" - W,(L) — L is a homotopy equivalence. Therefore, there is a cylinder
C in ‘W,(L) such that JC = LU L’ and |w(C)| < Area(‘W,(L)). Butif {¢;} is
a Hamiltonian isotopy sending L’ to L, C’ = U;@¢(L’) defines a cylinder with
boundary dC’ = L’ U L. On the one hand, we have that w(C Uy C’) € 1Z,
where we make the abuse of notation that +c0Z = 0. But on the other hand,
w(C’) = Flux(g¢)([L']) = 0, since {@;} is Hamiltonian, and w(C) = Ap(L’) —
Ao(L) = Ap(L’). Therefore, we have that |Ag(L’)| < 7 and Ag(L’) € 1%, i.e. L' is
exact in W, (L).

For the non-H-rational case T = 0, note that M is necessarily closed, since
H>(M;Z) = 0 for open M, and thus 7 > 0. Likewise, we can suppose that L
separates M, since we have T = +oco otherwise. Then, the two regions A and B
of M\ L generates Hy(M, L; Z). Therefore, the result follows as above by taking
Area(W, (L)) < min{w(A), w(B)}.
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B The case of Lagrangian 2-tori

B.1 Displaceable Lagrangian 2-tori satisfy Conjecture B

Theorem 44 Let L be a displaceable rational Lagrangian torus in a 4-dimensional
symplectic manifold (M, w) without boundary. Suppose that L is included in a simply
connected Darboux chart U.

If L’ € LSymp(L) is contained in a small enough Weinstein neighbourhood of L,
then L N L' # @. Moreover, if L and L’ intersect transversely, then #{L N L) > 4.

The structure of the proof may be divided into four steps.

(1) We first construct an exact symplectomorphism W from an open V of
C? to a neighborhood W of L in U sending the standard product torus
S1(r1) x S'(r2) to L for some r1, 12 > 0.

(2) Using the hypotheses on U, we show that whenever L’ is Hamiltonian

isotopic to L and contained in W, we may take 1 = r, = r and the
symplectic action class [Ag] of W~1(L’) then takes values nir2Z.

(3) We use a result of Dimitroglou Rizell [ ] to conclude that W~1(L)
and W~!(L’) are Hamiltonian isotopic with an isotopy supported in an
appropriate Euclidean ball.

(4) Finally, we make use of the fact that a large monotone product torus is not
displaceable in the Euclidean ball to conclude that W~!(L’) must intersect
w-I(L) = S(r) x SX(r).

We now begin with the proof of Theorem 44. The first step consists of
proving the following lemma.

Lemma 45 Let L be a Lagrangian torus of a 4-manifold M without boundary, and
let U be an open neighbourhood of L such that w|y = dA. Take a basis {b1, by} of
n1(L) = Z2 and r1, 1y > 0 such that A(b;) = r?, and consider the product torus

S'(r1) x S'(r2) := {(z1,22) € C?| |zi| = 1}

There exist open neighborhoods V of S'(r1) x S'(rp) in C*> and W of L in U,
a symplectomorphism W : V. — W sending S'(r1) x S(r2) to L, and a function
F :V — R such that

WA = Ao + dF,
where A is the standard Liouville form of C2.

Proor. Take Weinstein neighborhoods Wy : D;O’JI’2 — 2and ¥y : D;l’lfz - Uu
of S1(r1) X S'(rp) and L, respectively. We then get a symplectomorphism W’ :=
WioW!: V) — W’ from some open neighborhood V' of 5!(r1) x S*(r7) to some
open neighborhood W’ of L. Recall that every diffeomorphism of T? lifts to a
symplectomorphism of T*T2. Therefore, by precomposing W by such a lift if

necessary, we may suppose that W’ sends S'(r1) x {1} to by and {1} x S'(r2) to
by. It then follows directly that (W’)*[A] = [A¢] in H(T?; R).
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Therefore, there is a function f : S'(r;) x S'(r,) — R which satisfies
(W) Als1y)xS1(r2) = Aolsi(ry)xsi(ry) + df - We now wish to extend f to a func-
tion F : C?> — R so that this equality stands on TU| S1(r1)xSl(r)- 1O do s0, take
an orthonormal frame (X1, X5) of T(S'(r1) X S!(r,)) which exists because the
tangent bundle of the torus is trivial. Then, (Y1 = JoX1,Y> = JoX») is an or-
thonormal frame of the normal bundle of S!(r1) x S'(r2) in C2. We take on a
small enough tubular neighborhood of S!(r1) x S1(r2)

2 2
F (x + Z y,-Yl-) = fx) + Z yi (P)'A = Ao) (Yi(x))
ps)

i=1

and extend F to C2. In is then easy to see that F extends f and has the right
differential along S'(r1) x S1(r2).

We then conclude using Moser’s trick. More precisely, take {¢;} to be the
flow of the vector field X on V' defined via txwo = Ao — (¥/)*A + dF. Note that
X = 0 along S'(r1) X S!(r2) by construction, so that ¢; is the identity on that
torus for all t and is well defined up to time ¢ = 1 on some neighborhood V' of
it. By making V smaller if necessary, we may suppose that ¢;(V) C V’ for all
t €[0,1]. If we set a; := t(W')*'A + (1 — £)Ag, we get that

d * * ~
a(ptat = @idixa; +dF.

Therefore, integrating from 0 to 1, we get
1 ~
P YA -Ag=d (/ @i (txay)dt + F) ,
0

i.e. the proposition holds for ¥ := W' o ¢; and F := /01 @;(txar)dt + L. m]

We start with the second step. We begin by showing that if L is rational and
@ : U — M is as in Theorem 44, then there exists a basis {b1, b2} of n(L) such
that A(b1) = A(b2) > 0, where A := @.A¢. To do so, first consider the homotopy
long exact sequence of the pair (p(U), L):

a(p(U)) — mpU),L) — m(L) —= m(pU) — -
1
Since U is simply connected and ¢ is an embedding, 71(@(U)) = 0. Therefore,
the boundary operator m>(@(U), L) — m1(L) is surjective. Since w(u) = A(du)
for all disks u in @(U) and L is rational, this implies that A(7t1(L)) € TZ, where
T is the rationality constant of L. Because every subgroup of a cyclic group
is itself cyclic, either L is A-exact or there exists a positive integer n such that
A(m1(L)) = ntZ. However, L cannot be exact, otherwise ¢ ~!(L) would be an
exact Lagrangian torus in C?, which does not exist [ I
Now fix an identification m11(L) = Z2, and take b; = (by1,b12) to be any
element such that A(b;) = nt. Note that gcd(b11,b12) = 1. Otherwise, there
would be some integer k > 2 such that %bl e 7Z?and 0 < /\(%bl) < nt, which
is of course not possible. Therefore, there exists integers m; and m; such that
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m1b11 + mabyp = 1. In particular, {b1, (m1, m2)} is a basis of Z?*. Let m be such
that A(my, mp) = mnt, and take by := (mq, my) + (1 — m)by.

We now fix 7 > 0 such that nt = r? and take ¥ given by the basis {b1, by}
through Lemma 45. We also suppose that the Lagrangian submanifold L’ is in
W and fix a symplectomorphism 1) of M sending L to L".

It is now time to show that [A¢] € H'(W~!(L’); R) takes value in the cyclic
group ntr27. To see this, note that if by, by, 11, and uy are as above, then we
have that

/\(1,[}*171‘) = cu(z,b*u,-) = a)(ui) = )\(bl‘) = 711’2.

Here, we have made use of the fact that i) preserves w and that d and . com-
mute, so that di.u; = ¢.b;. However, ¢, : m1(L) — m1(L’) is an isomorphism.
Therefore, {1.b1, .by} is a basis of 11(L’). In particular, it follows that [A|r/]
takes values r?2Z. However, [A|1/] and [Aolw-1(1)] take the same values by
Lemma 45. This completes the second step.

For the third step, we first recall the precise theorem of Dimitroglou Rizell
we will need — we only rephrase it for a Euclidean ball of arbitrary radius.

Theorem (Theorem 1.1(1) of [ 1) Let L’ € B*(R) be a Lagrangian torus inside
the open Euclidean ball of radius R whose symplectic action class takes the values rr*Z,
on H'(L), where R < \3r. There exists a Hamiltonian isotopy inside the ball which
takes L to the standard monotone product torus S'(r) x S'(r) if and only if it is disjoint

from the interior of some symplectic embedding of the closed 4-ball D4(\/g R)in B4(R).

But note that if we pick R € (V2r, V3r), then W~(L) = S'(r)xS(r) is disjoint
from the closed Euclidean ball D4(\/§R), because |z1|? + |z2|? = 2r? > %RQ for

all (z1, z2) € S'(r) x S!(r). Furthermore, by making the open W of Lemma 45 —
and thus also the open V — smaller if necessary, we can assume that W=!(L’)
is also disjoint from that closed ball. Therefore, by Rizell’s theorem, w-L(L)is
Hamiltonian isotopic to S!(r) X S!(r) in B4(R).

To conclude the proof, just note that S(r) x S!(r) is not displaceable in B*(R)

ifr > % This follows from the result of Biran—Entov—Polterovich [ ] that
S 1(\/%) xS 1(\/%) is not displaceable in B(1) — and thus a fortiori not displaceable

in B4(s) for s < 1 — by rescaling.

Likewise, the estimate on the number of intersection points between L and
L’ follows from the fact that W~1(L’) is Hamiltonian isotopic to S!(r) x S(r) in
B*(R) and from the computation of the Floer cohomology of S! x S! in CP? by
Cho [ ].

Remarks 11. We only have made use of the fact that U’ = @(U) is symplectomorphic
to an open of C* to make sure that L is not exact in U’. In fact, a bit more work allows
us to conclude that Theorem 44 holds for any rational Lagrangian tori L in a U’ such
that

(i) wlur =dA;

(1) L € U’ is not A-exact;
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(iii) m1(U’) is finite.
Likewise, if M is itself exact and 1 is Hamiltonian, then the second step follows
quite directly. Since it is the only place where we make use of the fact that L is in a nice
Darboux chart, it follows that the theorem also holds in this case.

In particular, Conjecture B holds for displaceable rational Lagrangian tori for
slightly more general U or in exact symplectic 4-manifolds.

B.2 Non-displaceable Lagrangian 2-tori satisfy Conjecture A

Proposition 46 Let L be a Lagrangian 2-torus with [L] # 0 € Hy(M;Z). Suppose
furthermore that

(a) either L is nondisplaceable;
(b) L is H-rational.
Then, Conjecture A holds for L.

Remarks 12. It has been proven by Albers | , ] for K = Zy and by Entov
and Polterovich [ ] for K = C that [L] = 0 € Hy(M;K) when L is monotone
and displaceable. Therefore, in a lot of examples — probably all — nondisplaceability
follows from [L] # 0.

Proor. Theresult follows Dimitroglou Rizell’s version of the nearby Lagrangian
conjecture [ ]. Indeed, if L’ = @(L) € W,(L) for some Hamiltonian dif-
feomorphism, we then have that [L’] = @.[L] # 0. Therefore, that L’ must
represent a nonzero homology class in D;L. From the above-mentioned ver-
sion of the nearby Lagrangian conjecture, there is thus a Hamiltonian isotopy
supported in D;L from L’ to the graph of a 1-form o.

To conclude in Case (a), note that we could suppose that ¢ had no zeroes
if it were not exact. But then, we would have displaced L from itself, which
would be in contradiction with the nondisplaceability hypothesis. Therefore,
o must be exact, and we have a Hamiltonian isotopy supported in ‘W(L) from
L' to L.

In Case (b), note that being isotopic to the graph of a 1-form ensures that
L’ is H-exact in ‘W(L). Therefore, it suffices to take r small enough so that
Theorem 4 applies. Then, one concludes using the NLC [ , ] ]
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