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The problem

of European options.

To give the highest model-based price and the cheapest
super-replicating strategy for an American claim, given the prices
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Figure: The space of possible paths, and the payoff of the American
claim. The labels at the nodes on the graph consist of a quadruple, the
elements of which are price level, time node probability and payoff of the

American option respectively.
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Figure: The space of possible paths, and the payoff of the American
claim. The labels at the nodes on the graph consist of a quadruple, the
elements of which are price level, time node probability and payoff of the
American option respectively.



LAn Example

The model-based price

Denote by (p, g, r) the transition probabilities of going from (1, 1)
to ((4,2),(2,2),(0,2)) respectively, and by (s, t, u) the transition
probabilities of going from (3,1) to ((4,2),(2,2),(0,2)).

We have 0 < p<1/4 and (q,r) = (#’ L4 p).
Similarly, 1/2 < s <3/4 and (t,u) = (3—24575 _ %)

We must have p + s = 4/5.
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continuation is 8p, so that it is optimal to continue if p > 1/8.

It is always optimal to continue at (3,1) and the value is 8s.
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The model-based price

Denote by (p, g, r) the transition probabilities of going from (1, 1)
to ((4,2),(2,2),(0,2)) respectively, and by (s, t, u) the transition
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We have 0 < p<1/4 and (q,r) = (#’ L4 p).
Similarly, 1/2 < s <3/4 and (t,u) = (3—24575 _ %)
We must have p + s = 4/5.

The value of immediate exercise at (1,1) is 1, and the value on
continuation is 8p, so that it is optimal to continue if p > 1/8.

It is always optimal to continue at (3,1) and the value is 8s.

The expected payoff of the American option is then
L[8(p +5) + (1 - 8p)*] = 16/5 + (3 — 4p)".
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The model-based price

Denote by (p, g, r) the transition probabilities of going from (1, 1)
to ((4,2),(2,2),(0,2)) respectively, and by (s, t, u) the transition
probabilities of going from (3,1) to ((4,2),(2,2),(0,2)).

We have 0 < p<1/4 and (q,r) = (#’ L4 p).
Similarly, 1/2 < s <3/4 and (t,u) = (3—24575 _ %)
We must have p + s = 4/5.

The value of immediate exercise at (1,1) is 1, and the value on
continuation is 8p, so that it is optimal to continue if p > 1/8.

It is always optimal to continue at (3,1) and the value is 8s.

The expected payoff of the American option is then
L8(p+5) + (1-8p)*] = 16/5 + (3 — 4p)".

Take p as small as possible, ie p = 1/20 to give a best model
based price of 7/2 = 35/10.
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A super-replicating strategy

Starting with 18/5, purchase 4 Arrow-Debreu securities paying 1 in
state (4,2) at total cost 8/5, leaving cash of 2.

Hold one unit of asset (forward) over the time-period (0, 1].

If the American option is not exercised at t = 1 again hold a unit

long (forward) position over (1, 2]; otherwise hold a null position in
the stock over (1,2].
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The super-replication property

At t = 0, the cash holdings are 2.
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At t = 0, the cash holdings are 2.

At t = 1 the cash holdings are 3 in state (3,1) and 1 in state (1, 1).
This is sufficient to cover the American option if it is exercised.
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At t = 0, the cash holdings are 2.

At t = 1 the cash holdings are 3 in state (3,1) and 1 in state (1, 1).
This is sufficient to cover the American option if it is exercised.

If the American option is not exercised at t = 1, and if X; =3
then including the payoff from the Arrow-Debreu security, at t = 2
the strategy realises (8,2,0) in the states ((4,2), (2, 2),(0,2))
respectively.
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The super-replication property

At t = 0, the cash holdings are 2.

At t = 1 the cash holdings are 3 in state (3,1) and 1 in state (1, 1).
This is sufficient to cover the American option if it is exercised.

If the American option is not exercised at t = 1, and if X; =3
then including the payoff from the Arrow-Debreu security, at t = 2
the strategy realises (8,2,0) in the states ((4,2), (2, 2),(0,2))
respectively.

If the option is not exercised at t = 1, and if X; =1 then at t =2
the strategy again realises (8,2,0) in the states

((4,2),(2,2),(0,2)).
Hence, the given strategy is a super-replicating strategy.

There is a super-replicating strategy for 18/5 = 36/10 > 35/10.



|—An Example

The most expensive model

Suppose (

A A A A

Consider a pair of models M and M.

A

(1/4,0,3/4,3/4,0,1/4) and
(p.4,7,5,td)=(0,1/2,1/2,3/4,0,1/4).
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The most expensive model

Consider a pair of models M and M.

Suppose (p, 4, 7,3,t,d) = (1/4,0,3/4,3/4,0,1/4) and
(p,q,7.5 ¢ d)=(0,1/2,1/2,3/4,0,1/4).

Note that both of these models are martingale models; neither
model satisfies the constraint p +s = 4/5.
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Consider a pair of models M and M.

Suppose (p, 4, f, 5, &, 0) = (1/4,0,3/4,3/4,0,1/4) and
(B4, 7,5t i) =(0,1/2,1/2,3/4,0,1/4).

Note that both of these models are martingale models; neither
model satisfies the constraint p +s = 4/5.

However, the mixture %I\?I + %I\?I does match call prices.
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The most expensive model

Consider a pair of models M and M.

Suppose (p. 4, 7,3, £, 4) = (1/4,0,3/4,3/4,0,1/4) and

(ﬁa g,f,s, Ev ﬁ) = (Ov 1/2’ 1/27 3/47 0, 1/4)'

Note that both of these models are martingale models; neither
model satisfies the constraint p +s = 4/5.

However, the mixture %/\;I + %I\?l does match call prices.

Assume that the hoINder of the option learns whether the world is
described by M or M at t = 1 before he is required to decide
whether to exercise the option. Call this model M.

We will show that the price of the American option is maximised
over consistent models by the model M.



LAn Example

Optimal exercise under the best model

Under M it is optimal to exercise the American option at t = 2,
and the value of the option is 4.

Under M it is optimal to exercise at (1,1) and the value of the
American option is 7/2.

Provided the model uncertainty is resolved by t = 1, the price
under the mixed model is



LAn Example

The message

‘The obvious approach consists in considering as admissible
martingale measures, all probability measures in which the
co-ordinate process is a martingale in its own filtration’

When valuing American claims this it is not sufficient.



LAn Example

The message

‘The obvious approach consists in considering as admissible
martingale measures, all probability measures in which the
co-ordinate process is a martingale in its own filtration’

When valuing American claims this it is not sufficient.

The full value of American claims reflects the ability of the holder
to choose an exercise time which depends on new information.

This is especially valuable when there is event risk (battles for
corporate control, currencies under speculative attack)



LProcesses on a bounded lattice

Processes on a bounded lattice

Assume constant deterministic rates and dividends and no
transaction costs. Work with discounted prices throughout.

Let X denote the price of the stock.
Set of traded securities includes European call options on stock.

In particular, it is possible to buy or sell a call on X with strike K
and maturity t for a finite set of traded strikes and maturities.
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Processes on a bounded lattice

Assume constant deterministic rates and dividends and no
transaction costs. Work with discounted prices throughout.

Let X denote the price of the stock.
Set of traded securities includes European call options on stock.

In particular, it is possible to buy or sell a call on X with strike K
and maturity t for a finite set of traded strikes and maturities.

We assume that time is discrete, and that the time parameter is
restricted to lieinaset To={tp=0<t1 <...<ty= T}

We assume for each maturity t, € 7 the set of traded strikes is K
where
K ={x1,x,...xy}

and 0 < x3 < xp...< xJ.



LProcesses on a bounded lattice

Since holding a call with strike zero is equivalent to holding the
stock, and since the stock is traded, it is useful to consider O to be
a traded strike.

(Note: the price of a zero-strike call must equal Xo = sp.)

Let X = {0,x1,x2,...x5}.

We identify X with a set of levels for the price process X and build
processes which live on the lattice X x 7.

We assume that the option can only be exercised at a date

Te€T =To\{0} ={ts,..., tn}.

The American claim is characterized by a function a: X x 7 — R™
which is typically decreasing in time and convex in x.



I—Processes on a bounded lattice

Assumption

1. The set of call option prices has the following properties:
» For1<n<N,sy=con>Cn>Cpn>--2>¢Cyp>0.
» Forl1<n<N,1> c°’";lcl’"

> Cn=Cn _> . o

- X2 —X1

» For1<n<N-—1,and for 0 < j < J, ¢jnt1 2> Gjn.
2. In addition ¢; y = 0.

Cj— —cC
> > J—1,n J,n

XJ—XJ—1




LProcesses on a bounded lattice

Assumption

1. The set of call option prices has the following properties:

» For1<n<N,sg=¢Con>Cln>Cpn=>--2>Cjn>0.
> Forl<n< N, 1> 2t > Sa-e >

X2 —X1 -

» For1<n<N-1,and for 0 <j<J, ¢jpp1 >
2. In addition ¢; y = 0.

V

XJ—XJ—1

Gn-

Let C be the (J + 1) x N matrix with elements ¢; .
Define the (J + 1) x N matrix P via its entries p; ,

S0—C1,n c N
1= J=0
Ci_1.n—Ci Cjn—Cjt1.n .
L j—1,n—CS,n __ S,n—Gj+1, < .
Pin =9 g omaoy LSI<S
CJ—1,n—Cn s
Xj=Xj-1 j=J

CJ—1,n—Cun



LProcesses on a bounded lattice

Definition
MET = M¥T(C) is the set of models (i.e. a filtration
F = (Fo, Ft,- .- Fty) and a probability measure P supporting a
stochastic process X = (Xt,)o<n<n taking values in X) such that
Xo = sg, and

1. the process X is consistent with C in the sense that

E[(Xt, — xj)T] = ¢j.n or equivalently P(Xz, = xj) = pj.n;
2. Xis a (P,F)-martingale.
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Definition

MET = M¥T(C) is the set of models (i.e. a filtration

F = (Fo, Ft,- .- Fty) and a probability measure P supporting a
stochastic process X = (Xt,)o<n<n taking values in X) such that
Xo = sg, and

1. the process X is consistent with C in the sense that
E[(Xt, — xj)T] = ¢j.n or equivalently P(Xz, = xj) = pj.n;
2. Xis a (P,F)-martingale.

M defines a model based price for the American option:
p(M) = ¢*(M) = sup, EM[a(X;, 7)].
Define the highest model-based price
PY7T(a,C) = supperx.7(c) ¢ (M).



I—Processes on a bounded lattice
:
Definition

A semi-static trading strategy (B, © = (81, ©2)) on (X, T) is a composition of
1.

The payoff/cost of such a strategy is

Arrow-Debreu style European options with payoff (b; ,) if X is in state x; at time t, (for 1 < n < N)
B
g7 2 binlixy, -}

1<n<NO<<J

Hc(B) = > bjnpin
1<nSNO<j<J
2. A dynamic hedging position of ©¢, units held over (t,, t,11]. Here ©¢, = Gl(xtl 5+« . Xt,) if the option
has not yet been exercised and O, = @Z(th, Ce Xty tj) if the option was exercised at ti with j < n. If
exercise occurs at p € T then the payoff along a price path (sp = xp, Xtyy oo XtN) is
o N(p)—1 N—1
1 2
GF = 3 04 (xeys s xtn) Xty — Xta) D Op (Xeps e Xens P)(Xeppy — Xt ),
n=1 n=N(p)
where N'(p) = min{n : t, > p}. The cost is zero.
. _ .B© .
The time-T payoff G = QT /total cost is

Grlxey, - xep,p) = Q?— + Q?»

He(B,©) = H(B) = > > bjapjn

1<n<NO< <

=




R

LProcesses on a bounded lattice

Definition

A semi-static trading strategy (B, © = (0%, ©2?)) super-replicates
the American claim if G1(xt,, ... Xz, p) > a(x,, p) for all

(Xty, - - - Xt ) With x;, € X and all p. Let S = S*7(a) be the set of

super-replicating semi-static strategies.



LProcesses on a bounded lattice

Definition
A semi-static trading strategy (B,© = (©!,02)) super-replicates

the American claim if G7(xy,, ... Xey, p) > a(x,, p) for all
(Xty, - - - Xt ) With x;, € X and all p. Let S = S*7(a) be the set of

super-replicating semi-static strategies.

Define the cost of the cheapest super-replicating semi-static
strategy: HY7(a,C) = inf(B,@)cs¥ 7 (s) Hc(B, ©).



|—Processes on a bounded lattice

Theorem

%7 (a,C)

sup EM[a(XTA, Ta)] =
MeM;T(C)

sup »?(M)
MeM;T(C)
=P*7(a,C)=H" 7 (a,C)

inf Hc(B,©
(B,0)eSy " (a) ( )

= w7 (a,Q).



LProcesses on a bounded lattice

Definition

M;V’T(C) C M¥T(C) is the set of models (i.e. a filtration

F = (Fo, Ft,- .. Fty) a probability measure P supporting a
bivariate, discrete-time, stochastic process

(X, A) = (Xt,, At )o<n<n taking values in X x {1,2} for n > 1)
such that (Xp, Ag) = (so,1) and

1. (X, A) is Markov with respect to price, so that
P(Xtm = xk|Ft,) = IP’(thH = x| Xt,, At, ).
2. A is non-decreasing, with A, = 2.

3. the probability that A, = 2, conditional on A; =1
depends on n and X;, , only.

TA = min{t, : Ay, = 2}.



LProcesses on a bounded lattice

A process (X, A) in /\/l;m— can be characterized by a pair of

(J+1) x (J+1) x (N — 1) matrices G and G2 (with entries
gﬁk’n) specifying the joint probability of successive states:

8 kn =P(Xe, = xj, Xe,., = X, Dy, = 0)




LProcesses on a bounded lattice

A process (X, A) in Mg(’T can be characterized by a pair of
(J+1) x (J+1) x (N — 1) matrices G and G2 (with entries
gjffkm) specifying the joint probability of successive states:

gﬁk,n = ]P)(Xt" = Xj’ th+1 = Xk, Atn = 5)

Mass entering a node must equal the mass at the node must equal
the mass leaving the node. Thus

1 2 o 1 2
Z (8ijn-1t & jn-1)=Pin= Z (8.kn + &kon)
0<i<J 0<k<J

X is a martingale:



LProcesses on a bounded lattice

By hypothesis the process A is non-decreasing. It is convenient to
introduce an auxiliary (J + 1) x N matrix F which records the
probability of arriving at node (j,2) at time n having been in
regime 1 at time n— 1.

Let F = (f ,) where fj , > 0 is given by the joint probability
Gvn = ]P)(th :J7Atn_1 - 17Atn — 2) Then

2 _
Zogng & k1 n=1
Sockes &ln — Sosics
0<k<J 8j k,n 10§/§J 8ijn—1 .
=2 0<i<s8ijn-1" 20<k<s8jkn L<n<N
2 1
Pj,N ZO<1<J gl_] N—-1 " ZO<1<J gl_] N—1 = N

<h
3
Il

We set gﬁk’o =0and gﬁk’,\, = pjnlj=ky. The equation for F

. - 2 2
simplifies to f; , = ZOSkSJ 8 kn — ZogigJ &ijn—1



LProcesses on a bounded lattice

Linear Program

The pricing problem Liy'” is to find the value &7 = ®¥7(a, C):
i.e. to find the (J 4+ 1) x N matrix F and the two
(J+1) x (J+1) x (N —1) matrices G! and G which maximise

Z Z Xjatn j.n

1<n<N 0<j<J
subject to F >0, G! >0, G2 > 0, and
() Yo<k<s(&hnt gj2k n) = Pjn-

(b) ZO<I<J(gI,_j n—1 + g/,J n— 1) =

(c) ZO<k<J(Xk Xj)gj,k,n =0.
(d) ZO<k<J(X/< Xj)gjzk n =0
(e) f

e Zo<k<1gj kot 20<i<y g,J n—1=0



LProcesses on a bounded lattice

Linear Program
The hedging problem LX T is to:
find the three (J + 1) x N matrices E1, E? and V and the two

(J+1) x (N — 1) matrices D' and D? which minimise

1 2
Z (€0 + € n)Pjn + Z Vi,NPj,N

0<j<J,1<n<N 0<j<J
subject to V >

(i) vin = alx;, tn):

(il) & o+ € pp1 + O = x7)d}, > 0;
(iii) e , + € pi1 + (% = X)d2, = Vin + Viont1 > 0;
and e 1 =0.

Let the optimum value be given by W7 = w*.T (3, C).



LProcesses on a bounded lattice

Definition
Given three (J 4 1) x N matrices E!, E2 and V and two
(J+1) x (N — 1) matrices D! and D?, the quintuple
(E',E2, D!, D?,V) can be interpreted as a semi-static trading
strategy for the agent in the following sense:
1. Letbj,,—( +e2)for1<n<N—1and
bjn = (J/v+ N+VJN)

2. Let G%H(th,...,xtn)ZQ]' (th):d;l ithn :Xj
3. Let 02 (xgy, - - ., Xt,, 0) = 02 (x¢,) = dj o if X, = X;.
Proposition

If the quintuple (E', E2, D, D2, V) is feasible for Lif’T and if
xt, € X for 1 < n < N then the semi-static trading strategy in the
Definition super-replicates the American claim.



LProcesses on a bounded lattice

hn(x) = D o< j< s hinlix=xys N(t) = min{t, : t, > t}.
Suppose that X follows the path (sg,y1,...,yn) with y; € X. The
terminal payoff Gt = Gr(y1,...,¥n,T) is

N N(r)-1
Gr = > (exyn)+€2ya)) +vwlyw) + Y (Vas1 — ya)da(vn)
n=1 1

N—1
+ D (Ynr1 — ¥a)d2(yn)
N(7)

This can be rewritten as
a(y- )+ et (y1) + en(yn) + {vw(ry(vr) — alyr, 7)}
N(T)-1
+ > {en(yn) + €1 (Vnr1) + Va1 — va)dh(va) }
1

N—-1

+ Z {efly(}/n) + er21+1(}/n+1) + ()/n+1 - Yn)dg(}/n) - Vn()/n) + Vn+1(}’n+1)}
N(T)



|—Processes on a bounded lattice

The main result repeated

Theorem

%7 (a,C)

sup IEM[a(XTA, 7)) = sup »?(M)
MeM;T(C) MeM;T(C)
=P%7T(a,C)=H" 7 (a,C)

inf Hc(B, ©
(B,0)es;7 (a) (8,8)

= w7 (a,Q).



LE><tensions

Extension to processes on R* x T .

Assumption

Time is discrete and takes values in the finite set Ty. The price
process X = (X;)teT, takes values in RT. a is defined on R x T
and in addition to being positive, a is convex in its first argument
and limyoo a(x, ty)/x < R.

Theorem
®YT(a,C) = PR T (a,C) = HR"T(a,C) = WX T (a,C).

The most expensive model-based price amongst models which are
consistent with the observed call prices is attained by a
price/regime model in which the price only takes values in X — an
element of ./\/(;(’T(C).



L Extensions

Extension to processes on T = [0, T].

Assumption

Time is continuous and takes values in the set T = [0, T]. The
price process X = (X;)ter takes values in R*. The American
option payoff A: Rt x T — R is positive, convex in its first
argument with limy A(x, t)/x < R for each t € [0, T] and
decreasing in its second argument.

Theorem
Define a(x, ty) = limyy,_, A(x, t) = A(x, tyk—1+). Then

oY 7T(a,C)=  sup (M) = inf Hc(B) = w7 (a,C).
MEMR+'T(C) (B,@)ESRJrvT(A)



L Extensions

Extension to call price sets with no call of zero price
Return to the discrete time setting.
Assume the American option payoff a : R™ x 7 + R is positive,
convex and has at most linear growth.

Assumption
The set of option prices has the following properties:

> For1§n§N,SoZCo,n>C1’n>C27n>C_/7n>0.

» For1<n<N,

€0,n—Cl,n Cl,n—C2,n CJ—1,n—CJn
1> Dafhn > St o L SELnSn s
X1 X2 —X1 XJ—=XJ—1

» For1<n<N-—1,andforl1 <j<J, ¢nt1> G-

Theorem
dYo0T (5, C) = 73]R+,T(a7 C) = HR+,T(3’ C) = w¥:.T (5 C).



- Extensions

Introduce the (J + 2) x N matrix P via Pjn=pjnfor0<j<J
and pyi1.0 = Cyn-
Linear Program

The pricing problem L;(’OO’T is to find (J + 2) x N matrix F and
(J+2) x (J+2) x (N —1) matrices G and G? which maximise

Yo D Al ta)fit Y fJ+1,n)|<iTTO a(x),(t,,)

0<j<J1<n<N 1<n<N

subject to F > 0, Gl >0, G2>0, and

(a) Zogng(gﬁk,n + gﬁk,n) = Pj.n; 0<,<,
Zogng+1(gJ1+1,k,n + gJ2+1,k,n) = PJt1,n/
(b) ...

Let the optimum value be given by T = X207 (5, C).



R

L Extensions

There is no consistent model in Mf’T(C) for which the model
price equals %7 (a, C).

Instead, we give a sequence of consistent models for which the
model based price converges to &7,

u]
o)
I
i
it




LAn Example

An Example

The current price of the underlying is 100. 7 = {t1,...,ty = T},
K = {50,100, 150}.

Let (gm)1<m<n be a set of probabilities which sum to 1.

Define the set of call option prices by C = ¢; , where for 1 < n < N

100 j=0
o = 50 Jj=1
in=3 2550 g j=2
0 j=3

Consider now an American option which has payoff

a(x, tp) = (b — x)™ where (by)nenr={1,...,ny is decreasing with
100 < by < 150. The option must be exercised at one of the dates
{t1,...tn}. Set ajn = a(xj, tn).



LAn Example

For the primal pricing problem define G and G2 via

1 dn+1 1 1 Qn+1
&,1,n = Itn<n* —1} 800 =2 0 83,0 = Itn<n* —1
2 n+2
1 N
2 2 ‘7n+1 2
8,10 = 5 > am & 1,0 = Itn>n*y 82,0 = > am
m<n (n*+1)V(n+2)
2 qn+1 2
83,0 = Itn>n*y 8330 = = Z am
2 m<n

all other entries being zero. The entries of F are given by

N
q q
fin = Tn/{ngn*} fo,n = <Z q,'> l{n=1} fin= é’/{ngn*}

n*+1

The model based price of the American call (using the stopping
time 7 = inf{t, € T : Ay, =2}) is

o — Z — (b — 100) Zq,—l—zqnb—SO



LAn Example

Set D! = 0, E2 = 0 and define V, D? and E! by

Vo, n max{ b, 3(b1 — 100)}
Vin = (bn — 50)/{n§n*} —+ 2(b1 — 100)’{n>n*}
von = (b —100)
Vin = 0
e},n = (Vj,n - Vj,n+1)
for0<j <3, djzn = (Vj+1,n41 — Vj,nt+1)/50 with din =0




LAn Example

Set D! = 0, E2 = 0 and define V, D? and E! by

Vo,n = max{bn, 3(b1 - 100)}

Vin = (bn—50){n<pey +2(b1 — 100)/ps ney
v, = (b —100)

V3,n = 0

ejl,n = (VL" - V.I':”Jrl)
for0<j <3, dfn = (Vj41,n4+1 — Vj,nt1)/50 with din =0
The feasibility conditions of the dual problem are satisfied.

Further, ¥ = Zj,n(ejlﬂ7 + ejz’n)pjm +>_j Vj,nPj,N is given by

n* N
Z dn
1 n*+1
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bn«11

b 1 — 50

by — 50

(bl — 100)




	An Example
	Processes on a bounded lattice
	Extensions
	An Example

