SMOOTH PERFECTNESS THROUGH DECOMPOSITION OF DIFFEOMORPHISMS INTO FIBER PRESERVING ONES

STEFAN HALLER AND JOSEF TEICHMANN

Abstract. We show that on a closed smooth manifold M equipped with k fiber bundle structures whose vertical distributions span the tangent bundle, every smooth diffeomorphism f of M sufficiently close to the identity can be written as a product f = f1 · · · f_k , where fi preserves the i^{th}-fiber. The factors fi can be chosen smoothly in f. We apply this result to show that on a certain class of closed smooth manifolds every diffeomorphism sufficiently close to the identity can be written as product of commutators and the factors can be chosen smoothly. Furthermore we get concrete estimates on how many commutators are necessary.

1. Introduction

We are concerned with the question of perfectness of diffeomorphism groups on compact manifolds. It is well known that the e-components of diffeomorphism groups on compact smooth manifolds are perfect by results of Herman [Her73], Thurston [Thu74], Mather [Mat74, Mat75] and Epstein [Eps84]. However, the questions, how many commutators are necessary to represent a given smooth diffeomorphism f via

f = [h_1, g_1] · · · [h_n, g_n]

and if these commutators can be chosen smoothly in f, remains open. Only in the case of the torus T^n the result of Herman provides the concrete, positive answer by a beautiful small denominator argument.

We shall provide concrete, positive answers for both questions in a subclass of all compact smooth manifolds by a decomposition theorem (section 3) and applications of some canonical exponential laws (“parameterization of diffeomorphisms”). In particular the diffeomorphism groups of odd dimensional spheres can be treated.

1991 Mathematics Subject Classification. 58D05.

The first author is supported by the “Fonds zur Förderung der wissenschaftlichen Forschung” (Austrian Science Fund), project number P14195-MAT. The second author acknowledges the former supports from the research project P14195-MAT and from the research grant “Wittgenstein prize for Prof. Walter Schachermayer” Z36-MAT. We also would like to thank the referee for her carefull report and for poiting out, that example 3 below holds for arbitrary semisimple Lie algebras. 1

2. Inverse Function Theorems

We shall apply Nash–Moser inverse function theorems in the spirit of Richard Hamilton. See [Ham82] for all necessary details, where the theory of tame spaces and the tame inverse function theorems are introduced.

Given graded Fréchet spaces E and F , i.e. we are additionally given an increasing sequence of seminorms {p_n}_{n≥0} on E and {q_n}_{n≥0} on F , a tame estimate for a linear map L : E → F is given by q_n(Le) ≤ C_np_{n+r}(e) for a fixed basis b, the (tame) degree r and for all n ≥ b, e ∈ E. In particular such a map is continuous. We shall call such maps tame linear. A linear isomorphism L : E → F is called a tame isomorphism if L and L^{−1} satisfy tame estimates. To prove the inverse function theorem we need to work on tame Fréchet spaces: a tame Fréchet space is a graded Fréchet space, which is a tame direct summand of a space Σ(B), the Fréchet space of all very fast falling sequences in a Banach space B, see [KM97, p. 558]. Let E and F be graded Fréchet spaces and P : E ⊇ U → F be a map. Then P satisfies a tame estimate if

q_n(P (e)) ≤ C_n(1 + p_{n+r}(e))

for a fixed basis b, the (tame) degree r and for all n ≥ b, e ∈ U. We shall call such maps tame maps. Clearly a mapping is tame linear if it is tame and linear. For mappings on products we can define tame degrees for any term in the product, which is useful in applications. We shall work in the category T , whose objects are open subsets of tame spaces and whose morphisms are smooth tame maps, i.e. mappings such that all derivatives are tame. The Nash–Moser inverse function theorems will be stated in this category. By means of the tame category we can define tame manifolds, bundles and geometric or algebraic structures.

The inverse function theorem finally reads as follows in its general version in T , see [Ham82] for both theorems and all necessary details.

Theorem 1. Let E and F be tame spaces and P : E ⊇ U → F be a smooth tame map. Suppose that the equation DP (e)h = f has a unique solution h = V P (e)f ∈ E for all e ∈ U and all f ∈ F and that the family of inverses V P : U ×F → E is smooth tame, then P is locally invertible and the inverse is a smooth tame map.

We shall apply the version for right inverses.

Theorem 2. Let E and F be tame spaces and P : E ⊇ U → F be a smooth tame map. Suppose that the equation DP (e)h = f has a solution h = V P (e)f ∈ E for all e ∈ U and all f ∈ F and that the family of right inverses V P : U × F → E is smooth tame, then P is locally surjective and admits a smooth tame local right inverse.

3. The Decomposition Theorem

In this section we shall prove the fundamental decomposition theorem, which allows a “smooth” decomposition of a small diffeomorphism on a compact manifold into more regular parts. This shall be applied in the following sections to obtain perfectness results on Fréchet–Lie groups such as Diff(S^{2n+1}).

Let M be a closed, connected manifold, such that there exist k fiber bundle structures S_i → M^{pi}−→ B_i for 1 ≤ i ≤ k with connected fibers S_i and (involutive) vertical distribution D_i, which is a subbundle of T M. We suppose that the distributions D_i span T M. We neither assume linear independence nor additional integrability conditions.^1 We denote the Lie subgroup of Diff(M) of bundle diffeomorphisms by Diff_i(M) for 1 ≤ i ≤ k. The Lie algebra of Diff(M) is given by smooth sections Γ(T M), the Lie algebra of Diff_i(M) by sections Γ(D_i). These Lie groups are tame manifolds, i.e. a smooth tame atlas exists and the structure maps are smooth tame. Remark in particular that the pullback, i.e. the adjoint action Ad : Diff(M)× Γ(T M) → Γ(T M), (f, X) → (f^{−1})^∗X is smooth tame as derivative of the conjugation. Furthermore the module structure on Γ(T M) is tame. See [KM97] for the general theory of Lie groups and [Ham82] for all assertions on tame Lie groups.

We shall apply the Nash–Moser Theorem in the following version: Given tame manifolds M and N and a smooth tame map P : M → N , then the existence of a local smooth tame right inverse of P is equivalent to the existence of a local smooth tame right inverse (vector bundle map) to ~T P : T M → P ∗T N , where T N denotes the (tame) tangent bundle and P^∗T N denotes the (tame) pullback bundle.

Theorem 3. The smooth tame mapping

P : Diff_1(M) × · · · × Diff_k(M) → Diff(M) (f_1, . . . , f_k) → f_1 ∘ · · · ∘ f_k admits a smooth tame local right inverse at the identity e ∈ Diff(M).

Proof. In the left trivialization of the tangent bundles of the respective Lie groups the tangent mapping of P is represented by ~T P : k∏ i=1 Diff_i(M) × k∏ i=1 Γ(D_i) → (_k ∏ i=1 Diff_i(M) ) × Γ(T M) (f_1, . . . , f_k; ξ_1, . . . , ξ_k) → (f_1, . . . , f_k; f^∗_k · · · f^∗_2 ξ_1 + f^∗_k · · · f^∗_3 ξ_2 + · · · + ξ_k).

In view of the implicit function theorem it suffices to construct a smooth tame right inverses of ~T P , linear in the variables ξ_i. We solve the problem

1Note, that if M appears as the total space of a fiber bundle S → M^p−→ B and

dim S ≥ 1, then one can always perturb p to obtain finitely many fiber bundles S → M^{pi}−→ B, such that the vertical distributions span T M.

locally: First we choose a covering U of open subsets of M such that for U ∈ U the bundles T M|_U and D_i|_U are trivial and that a compatible local frame (see below) exists. Second we choose a finite partition of unity {η_U }_{U∈U} subordinated to this covering. The associated projection p : Γ(T M) → ⨁ U∈U Γ_V (T M|_U )

p_U (X) = η_U X

where Γ_V denotes the sections with support in the closed set V and V is the support of η_U in U, is a right inverse of the sum.

On U ∈ U we can solve the equation locally. We choose a local frame X^1, . . . , X^n, where n = dim M, compatible with the distribution on U, i.e. there are integers 0 = m_0 ≤ m_1 ≤ · · · ≤ m_k = n, such that D_i(x) ⊃ ⟨X^{ni} (x), . . . , X^{mi} (x)⟩ for all x ∈ U, where we set n_i := m_{i−1} + 1, i = 1, . . . , k. We assume furthermore that the vector fields X^j are globally defined on M. We then choose an open neighborhood V_i of e ∈ Diff_i(M) such that for all f_i ∈ V_i the condition f_1 ∘ · · · ∘ f_k(V ) ⊂ U holds and such that

F_{(f1,...,fk)} := (f^∗_k · · · f^∗_2 X_{n1} , . . . , f^∗_k · · · f^∗_2 X_{m1} , f^∗_k · · · f^∗_3 X_{n2} , . . . , X_n)

is a frame for T M on V . Given Y ∈ Γ_V (T M|_U ), we define a section s_{i,U} via the decomposition on the frame F_{(f1,...,fk)} by the following formula

s_{i,U} (Y ) := (f^∗_k · · · f^∗_{i+1})^{−1} m_i∑

j=n_i a_j(Y )f^∗_k · · · f^∗_{i+1}X_j

where Y = k∑ i=1 m_i∑

j=n_i a_j (Y )f^∗_k · · · f^∗_{i+1}X_j .

The functions a_j are smooth with support in V , so s_{i,U} (Y ) has support in U and consequently the section defines an element of Γ(D_i) by construction. The pullbacks depend tamely on the diffeomorphism and the module structure is tame, hence the functions a_j depend tamely on the diffeomorphisms f_{i+1}, . . . , f_k and the vector field Y . Consequently the mapping (^k∏ i=1 V_i ) × Γ(T M) → k∏ i=1 Diff_i(M) × k∏ i=1 Γ(D_i) (f_1, . . . , f_k; X) → (f_1, . . . , f_k; ∑ U∈U s_{1,U} (η_U X), . . . , ∑ U∈U s_{k,U} (η_U X)) is the desired smooth tame right inverse of ~T P . □

4. Perfectness of fiber-preserving Diffeomorphisms

In this section we introduce three notions of perfectness on regular Lie groups. These notions are finally applied to “parametrized” families of diffeomorphisms, which is an application of cartesian closedness, see for example [KM97].

All manifolds, Lie groups and Lie algebras are supposed to be smooth and modeled on convenient vector spaces. This includes all Fréchet manifolds, Fréchet–Lie groups and Fréchet–Lie algebras. We moreover assume, that the Lie groups are regular, in particular they admit a smooth exponential mapping. This is not too much a restriction, since “all known convenient Lie groups are regular”. Notice, that convenient Lie groups are not necessarily topological groups, however Fréchet–Lie groups are. For convenient calculus and regular Lie groups see [KM97, Ch. I and Ch. VIII]. Conditions for regularity of convenient Lie groups can be found in [Omo97], [Tei01].

Definition 1. For a Lie group G with non-trivial e-component we define N_G ∈ N to be the smallest integer N, such that for every open neighborhood e ∈ U ⊆ G their exist h_i = exp(Y_i) ∈ U, i = 1, . . . , N, an open neighborhood e ∈ V ⊆ G and smooth mappings S_i : V → G with S_i(e) = e and

[S_1(g), h_1] · · · [S_N (g), h_N ] = g, for all g ∈ V .

Equivalently, N_G is the smallest integer N, such that for every open neighborhood e ∈ U ⊆ G there exist h = exp(Y ) ∈ U^N , such that the map

κ_h : G^N → G, (g_1, . . . , g_N ) → [g_1, h_1] · · · [g_N , h_N ]

has a smooth local right inverse S with S(e) = (e, . . . , e). If such an integer does not exist we set N_G := ∞. We call the Lie group G locally smoothly perfect if N_G < ∞.

Definition 2. For a Lie group G with Lie algebra g ≠ 0 we define N^{Ad}_G ∈ N to be the smallest integer N, such that for every open neighborhood e ∈ U ⊆ G their exist h_i = exp(Y_i) ∈ U, i = 1, . . . , N, and bounded linear^2 maps s_i : g → g with

(id − Ad_{h1} )s_1(X) + · · · + (id − Ad_{hN} )s_N (X) = X for all X ∈ g.

Equivalently, N^{Ad}_G is the smallest integer N, such that for every open neighborhood e ∈ U ⊆ G there exist h = exp(Y ) ∈ U^N and a bounded linear right inverse s : g → g^N of the map T_{(e,...,e)}κ_h : g^N → g. If such an integer does not exist we set N^{Ad}_G := ∞.

Remark 1. It would be more natural to claim existence of arbitrary, small h_i, not only those which are exponentials, however, in this general case we do not get the desired “natural” inequalities, cf. Lemma 1 below.

2Note, that in convenient calculus the smooth linear mappings coincide with the

bounded linear ones.

Definition 3. For a Lie algebra g ≠ 0 we define N_g ∈ N to be the smallest integer N, such that there exist Y_i ∈ g, i = 1, . . . , N, and bounded linear maps σ_i : g → g with

[σ_1(X), Y_1] + · · · + [σ_N (X), Y_N ] = X, for all X ∈ g.

Equivalently N_g is the smallest integer N, such that there exist Y ∈ g^N and a bounded linear right inverse σ : g → g^N of the mapping

K_Y : g^N → g, K_Y (X_1, . . . , X_N ) := [X_1, Y_1] + · · · + [X_N , Y_N ].

If such an integer does not exist we set N_g := ∞.

Lemma 1. For any Lie group G with Lie algebra g one has N_g ≤ N^{Ad}_G ≤ N_G. If G is a Banach–Lie group one even has N_g = N^{Ad}_G = N_G.

Proof. N^{Ad}_G ≤ N_G follows immediately from differentiating κ_h ∘ S = id at e ∈ G, i.e. one can take s = T_eS. If G is a Banach–Lie group then the implicit function theorem shows N^{Ad}_G ≥ N_G. Notice, that every h sufficiently close to the identity is in the image of the exponential map, for the latter is a local diffeomorphism on Banach–Lie groups.

Next we show N_g ≤ N^{Ad}_G . For Y ∈ g we have^∂_{∂t} Ad_{exp(tY )} = ad_Y ∘ Ad_{exp(tY )}. Integration immediately yields

id − Ad_h = −ad_Y ∘

∫_1 0 Ad_{exp(tY )} dt,

where h = exp(Y ). Inserting the bounded linear right inverse s for T_{(e,...,e)}κ_h, we obtain a bounded linear right inverse σ = (

∫_1 0 Ad_{exp(tY )} dt ∘ s_i)_{i=1,...,Ng} for K_Y .

Suppose G is a Banach–Lie group. We want to show N_g ≥ N^{Ad}_G . Choose Y ∈ g^{Ng} , such that K_Y has a bounded linear right inverse and choose a smooth curve h_t ∈ U^{Ng} with h_0 = (e, . . . , e) and ḣ_0 = Y . For t > 0 consider the maps K_t :=^1_t T_{(e,...,e)}κ_{ht} and note, that lim_{t→0} K_t = K_Y . Since g is a Banach space, the space of bounded linear mappings g^{Ng} → g which admit a bounded linear right inverse is open, hence for t sufficiently small K_t has a bounded linear right inverse and thus T_{(e,...,e)}κ_{ht} = tK_t as well, i.e. N_g ≥ N^{Ad}_G . □

Example 1. For any finite dimensional Lie algebra g ≠ 0 one has N_g > 1, since ad_Y : g → g can’t be surjective, for it has a non-trivial kernel. Moreover obviously N_g ≤ dim g, for every perfect Lie algebra g. Thus for a finite dimensional perfect Lie group G with non-trivial e-component one has 1 < N_G ≤ dim G.

Example 2. For a complex semisimple Lie algebra g we have N_g = 2. Indeed, choose H to be a regular element in the Cartan subalgebra h and set ρ := ∑ α E_α, where the sum is over all simple roots and E_α denotes a non-zero element of the root space of α. Then ad_H (g) = h^⊥ and ad_ρ(g) ⊇ h, hence ad_H + ad_ρ : g × g → g is onto.

Example 3. For a real semisimple Lie algebra g we have N_g = 2 and hence N_G = 2 for every real semisimple Lie group G. Indeed, suppose conversely [X, g] + [Y, g] ≠ g for all X, Y ∈ g. Then all dim(g)-minors of ad_X + ad_Y : g × g → g vanish. Complexifying the whole picture we see, that for all Z_1, Z_2 ∈ g^C , all dim(g)-minors of ad_{Z1} + ad_{Z2} : g^C × g^C → g^C vanish, and hence [Z_1, g^C ] + [Z_2, g^C ] ≠ g^C . So N_gC > 2, a contradiction to example 2. Thus we must have N_g = 2.

The first non-trivial example is an immediate consequence of a theorem due to Herman, cf. [Her73].

Example 4. For the torus T^n one has N_{Diff(T} n_) ≤ 3. Indeed, Herman proves the statement with one commutator up to multiplication by an element in T^n. Since T^n ⊆ PSL(2, R)^n ⊆ Diff(T^n) and PSL(2, R)^n is real semisimple example 3 shows that N_{Diff(T} n_) ≤ 3.

The base of all bundles we shall consider below is understood to be a compact, smooth and finite dimensional manifold, but the fiber might be infinite dimensional.

Definition 4. Let π : E → B be a fiber bundle with typical fiber F , whose structure group is reduced to K ⊆ Diff(F ), i.e. we have given a fiber bundle atlas whose transition functions take values in K ⊆ Diff(F ), where K is an arbitrary subgroup of Diff(F ). We define C_E = C^K_E to be the smallest integer, such that there exists an open covering {U_1, . . . , U_{CE} } of B and a fiber bundle atlas φ_i : E|_{Ui} → U_i × F , whose transition functions take values in K ⊆ Diff(F ).

Remark 2. Note, that we do not assume the U_i to be connected. Since every manifold B can be covered by dim B + 1 open sets each of which is a disjoint union of disks one gets C_E ≤ dim B + 1 for any bundle E → B. Such a covering can be constructed as follows: Choose a triangulation and consider its barycentric subdivision. Now let U_i be the union over all simplices of the subdivision whose closure intersect an i-dimensional simplex of the original triangulation.

Suppose we have a bundle of Lie groups E → B with typical fiber G, i.e. the structure group is reduced to Aut(G) ⊆ Diff(G). Then the space of smooth sections Γ(E) is again a manifold, which becomes a Lie group under pointwise multiplication.

Proposition 1. Suppose π : E → B is a bundle of Lie groups with typical fiber G. Then N_{Γ(E)} ≤ C^{Aut(G)}_E N_G.

The proposition will follow immediately from the following two lemmas.

Lemma 2. Let E → B be a bundle of Lie groups with typical fiber G and suppose {V_1, . . . , V_N } is an open covering of B, such that E|_{Vi} is trivial. Then there exist an open neighborhood e ∈ V ⊆ Γ(E) and smooth mappings F_i : V → Γ¯_{Vi} (E) with F_i(e) = e and F_1(s) · · · F_N (s) = s, for all s ∈ V.

Lemma 3. Suppose W is a finite dimensional manifold which need not be compact, G a Lie group, N_G < ∞, V ⊆ U ⊆ W open, such that V̄ ⊆ U and such that Ū is compact. Then for every open neighborhood of e ∈ U ⊆ C^∞_Ū (W, G) there exist h^j = exp(Y^j ) ∈ U, an open neighborhood e ∈ V ⊆ C^∞_{V̄} (W, G) and smooth mappings S^j : V → C^∞_{V̄} (W, G) with S^j (e) = e and [S^1(f), h^1] · · · [S^{NG} (f), h^{NG} ] = f, for all f ∈ V.

Proof of Lemma 2. Choose bump functions λ_i : B → [0, 1] with supp λ_i ⊆ V_i and such that U_i := {x ∈ B : λ_i(x) = 1} still cover B. Using trivializations of E|_{Vi} and a chart of G centered at e which has a convex image in g one defines a smooth map given by “multiplication with λ_i” ϕ_i : Γ(E) ⊇ V → Γ¯_{Vi} (E), 1 ≤ i ≤ N, where V is an open neighborhood of the identical section. Obviously that map has the property, that ϕ_i(s) = s on U_i and supp(ϕ_i(s)) ⊆ supp(s). Now set F_1(s) := ϕ_1(s) and

F_i(s) := ϕ_i(F_{i−1}(s)^{−1} · · · F_1(s)^{−1}s), 1 ≤ i ≤ N.

Shrinking V we may assume that everything is defined without ambiguity. An easy inductive argument shows F_1(s) · · · F_i(s) = s on U_1 ∪ · · · ∪ U_i, for all s ∈ V and all 1 ≤ i ≤ N. □

Proof of Lemma 3. Choose a bump function μ : W → R with supp(μ) ⊆ U and μ = 1 on V . Let Ũ be an open neighborhood of e ∈ G, such that the maps x → exp(μ(x)Ỹ ) are contained U for all exp(Ỹ ) ∈ Ũ. Let Ṽ , h̃_i = exp(Ỹ_i) and S̃_i : Ṽ → G, 1 ≤ i ≤ N_G, be the data we get from N_G < ∞ and the open neighborhood Ũ of e ∈ G. Set V := {f ∈ C^∞_{V̄} (W, G) : f(V̄ ) ⊆ Ṽ }, h^i(x) := exp(μ(x)Ỹ_i) and S^i := (S̃_i)_∗. □

Proof of Proposition 1. Choose open sets V_i ⊆ V̄_i ⊆ U_i ⊆ Ū_i ⊆ W_i, 1 ≤ i ≤ N_E , such that E|_{Wi} are trivial and such that {V_i} is an open covering of B. Suppose we have given any open neighborhood e ∈ U ⊆ Γ(E). For every 1 ≤ i ≤ N_E Lemma 3 provides, via trivializations of E|_{Wi} , h^j_i ∈ U, an open neighborhood e ∈ V_i ⊆ Γ¯_{Vi} (E) and smooth mappings S^j_i : V_i → Γ(E), 1 ≤ j ≤ N_G, with S^j_i (e) = e and [S^1_i (s), h^1_i ] · · · [S^{NG}_i (s), h^{NG}_i ] = s, for all s ∈ V_i. Let e ∈ V ⊆ Γ(E) be the open neighborhood from Lemma 2 and assume, that F_i : V → V_i. Then S^j_i ∘ F_i : V → Γ(E), (S^j_i ∘ F_i)(e) = e and ∏ 1≤i≤N_E ∏ 1≤j≤N_G [(S^j_i ∘ F_i)(s), h^j_i ] = s,

for all s ∈ V. □

Example 5. Suppose M → B is a finite dimensional principal bundle with perfect structure group G. Let Gau(M) denote the group of gauge transformations. It is well known the Gau(M) = Γ(E), where E is the associated bundle of groups with typical fiber G. So Proposition 1 implies, that Gau(M) is a locally smoothly perfect group, even gives concrete estimates, e.g. at least N_{Gau(M)} ≤ (dim B + 1)(dim G).

Similarly one can treat other examples, such as the group of automorphisms on a finite dimensional vector bundle preserving a fiber metric (fiber volume, fiber symplectic form), or the group of automorphisms on a finite dimensional bundle of groups (those which are fiber wise group isomorphisms), or the group of automorphisms on a finite dimensional bundle of Lie algebras.

5. Applications

Applications are given by a combination of the decomposition theorem and the fact that Diff(M, S) = Γ(E),

where M is a compact fiber bundle S → M → B, Diff(M, S) denotes the fiber preserving diffeomorphisms of M and E denotes the associated bundle of Lie groups over B with typical fiber Diff(S), see [KM97, Ch. VIII]. So Proposition 1 shows, that Diff(M, S) is smoothly perfect as soon as Diff(S) is smoothly perfect. See also [Ryb95], where it is shown, that the group of leaf preserving diffeomorphisms on any foliated manifold is perfect. From Theorem 3 and Proposition 1 we immediately get the following

Corollary 1. Suppose M is a closed manifold which admits k fiber bundles S_i → M^{pi}−→ B_i such that the corresponding vertical distributions span T M. Then

N_{Diff(M)} ≤ k∑ i=1 C_{pi} N_{Diff(Si)}. In particular Diff(M) is locally smoothly perfect if all Diff(S_i) are locally smoothly perfect.

Note, that if M appears as a total space of one fiber bundle S → M^p−→ B with dim(S) ≥ 1, one can always perturb p and find finitely many fiber bundles S → M^{pi}−→ B, whose vertical distributions span T M. Moreover we always have the estimate C_p ≤ dim B + 1 ≤ dim M.

Example 6. Since every odd dimensional sphere appears as the total space of an S^1-bundle via the Hopf fibration Example 4 implies, that Diff(S^{2n+1}) is locally smoothly perfect. For example one easily derives N_{Diff(S}3_) ≤ 18. Indeed S^3 carries three Hopf fibrations, which satisfy the assumptions of the decomposition theorem and hence

N_{Diff(S}3_) ≤ 3∑ i=1 C_{pi} N_{Diff(S}1_) ≤ 3∑ i=1 2 · 3 = 18.

Example 7. Since every compact Lie group G has a torus as subgroup it appears as total space in an S^1-bundle and hence Diff(G) is locally smoothly perfect. We even get the estimate N_{Diff(G)} ≤ 3(dim G)^2, for there are always dim G many S^1-bundle structures on G which span T G.

References

[Eps84] D.B.A. Epstein, Commutators of C^∞-diffeomorphisms. Appendix to “A curious remark concerning the geometric transfer map” by John N. Mather, Comment. Math. Helv. 59 (1984), 111–122.

[Ham82] Richard S. Hamilton, The inverse function theorem of Nash and Moser, Bulletin (New Series) of the American Mathematical Society 7 (1982), no. 1, 65–222.

[Her73] Michael R. Herman, Sur le groupe des difféomorphismes du tore, Ann. Inst.

Fourier 23 (1973), no. 2, 75–86.

[KM97] Andreas Kriegl and Peter W. Michor, The convenient setting of Global Analysis, Mathematical Surveys and Monographs 53, American Mathematical Society, 1997.

[Mat74] John N. Mather, Commutators of diffeomorphisms, Comment. Math. Helv. 49 (1974), 512–528.

[Mat75] John N. Mather, Commutators of diffeomorphisms. II, Comment. Math. Helv.

50 (1975), 33–40.

[Omo97] Hideki Omori, Infinite-dimensional Lie groups, Translations of Mathematical Monographs 158, American Mathematical Society, Providence, RI, 1997.

[Ryb95] Tomasz Rybicki, The identity component of the leaf preserving diffeomorphism group is perfect, Monatsh. Math. 120 (1995), no. 3–4, 289–305.

[Tei01] Josef Teichmann, Regularity of infinte dimensional Lie groups by metric space methods, Tokyo J. Math. 24 (2001), no. 1, 39–58.

[Thu74] William Thurston, Foliations and groups of diffeomorphisms, Bull. Am. Math.

Soc. 80 (1974), 304–307.

Stefan Haller, University of Vienna, Strudlhofgasse 4, A-1090 Vienna, Austria.

E-mail address: stefan@mat.univie.ac.at

Josef Teichmann, Institute of financial and actuarial mathematics, Technical University of Vienna, Wiedner Hauptstrasse 8–10, A-1040 Vienna, Austria.

E-mail address: josef.teichmann@fam.tuwien.ac.at