CHAPTER 1: FINITE DIMENSIONAL REALIZATIONS

A FROBENIUS THEOREM ON CONVENIENT MANIFOLDS

JOSEF TEICHMANN

Abstract. A Frobenius Theorem for finite dimensional, involutive subbundles of the tangent bundle of a convenient manifold is proved. As first key applications Lie’s second fundamental theorem and Nelson’s theorem are treated in the convenient case.

1. Introduction

Frobenius theorems are a necessary and sufficient conditions for n-dimensional subbundles of the tangent bundle of a manifold to be the tangent bundle of a foliation. We prove a Frobenius theorem for finite dimensional subbundles of the tangent bundle of a convenient manifold. The difficulty was to navigate around the lack of an inverse function theorem on convenient manifolds. We provide two obvious applications of this theorem, Lie’s second fundamental theorem (see [Pal57]) and Nelson’s theorem in the theory of infinite dimensional representations (see [War72]). A Frobenius theorem beyond Banach spaces has been proved recently by Seppo Hiltunen in the case of co-Banach-bundles on convenient manifolds (see [Hil00]).

The proof of the theorem is based on convenient calculus and might be much more difficult without it. We resume the basic notions of convenient calculus (see [KM97] for all necessary details): A convenient vector space E is a locally convex vector space such that all Mackey-Cauchy sequences converge. In particular all sequentially complete locally convex vector spaces are convenient. We denote by E^′ the space of bounded linear functionals on E. On convenient vector spaces smooth curves, which are defined as usual, coincide with weakly smooth curves, i.e. c : R → E is smooth if and only if l ∘ c ∈ C^∞(R, R) for all l ∈ E^′. We define a new (in general finer) topology on E to overcome the difficulty that there are obviously well behaved candidates for smooth mappings, which are not continuous: The c^∞-topology is the final topology with respect to all smooth curves, so U ⊂ E is open if the inverse image under any smooth curve to E is open. A mapping f : U ⊂ E → F is called smooth if for all c ∈ C^∞(R, E) the composition f ∘ c is a smooth curve to the convenient space F . This is the foundation of a consistent

Key words and phrases. Infinite dimensional Geometry, Convenient Spaces, Frobenius Theorem, Foliations, (Semi-)Group of bounded linear Operators, Local Lie Group action, Nelson’s Theorem.

The author acknownledges the support of the FWF research grant ”Wittgenstein prize” awarded to Walter Schachermayer. The liberal atmosphere at his institut has made mathematical research a particular pleasure. 1

extension of classical analysis to the huge class of convenient vector spaces. Even on R^2 it is not obvious that this definition of smoothness coincides with the classical one (see [Bom67] for the proof). The main results are collected in the following theorem (for the proof see [KM97]).

Theorem 1. Let E, F, G be convenient vector spaces, U ⊂ E, V ⊂ F c^∞-open, then we obtain:

(1) Multilinear mappings are smooth if and only if they are bounded. (2) If f : U → F is smooth, then ^df : U × E → F and df : U → L(E, F ) are smooth, where

df(x)(v) := d dt |_{t=0}f(x + tv).

(3) The chain rule holds.

(4) The vector space C^∞(U, F ) of smooth mappings f : U → F is again a convenient vector space (inheritance property) with the following initial topology:

C^∞(U, F ) → � c∈C^∞(R,U)

C^∞(R, F ) → � c∈C^∞(R,U), λ∈F^′

C^∞(R, R).

(5) The exponential law holds, i.e. i : C^∞(U, C^∞(V, G)) ∼= C^∞(U × V, G) is a linear diffeomorphism of convenient vector spaces. Usually we write i(f) = f̂ and i^{−1}(f) = f̌.

(6) The smooth uniform boundedness principle is valid: A linear mapping f :

E → C^∞(V, G) is smooth (bounded) if and only if ev_v ∘f : E → G is smooth for v ∈ V , where ev_v : C^∞(V, G) → G denotes the evaluation at the point v ∈ V .

(7) The smooth detection principle is valid: f : U → L(F, G) is smooth if and only if ev_x ∘ f : U → G is smooth for x ∈ F (This is a reformulation of the smooth uniform boundedness principle by cartesian closedness).

(8) Taylor’s formula is true, if one defines by applying cartesian closedness and obvious isomorphisms the multilinear-mapping-valued higher derivatives d^nf : U → L^n(E, F ) of a smooth function f ∈ C^∞(U, F ), more precisely for x ∈ U, y ∈ E so that [x, x + y] = {x + sy|0 ≤ s ≤ 1} ⊂ U we have the formula

f(y) = n� i=0 1 i! d^if(x)y^{(i)} +

�_1 0 (1 − t)^n n! d^{n+1}f(x + ty) (y^{(n+1)})dt

for all n ∈ N.

2. A convenient Frobenius Theorem

We prove first a simple lemma, an application of lemma 1.3. on p. 363 in [Lan93]:

Lemma 1. Let f : U × V ⊂ E × R^n → R^n be a smooth mapping, where E is a convenient vector space, U ⊂ E and V ⊂ R^n c^∞-open sets. Assume that f(x_0, y_0) = z_0 at some points (x_0, y_0) ∈ U × V , z_0 ∈ R^n and D_2f(x_0, y_0) is invertible. Then there is a smooth mapping g : U^′ × W → V , where U^′ × W is a small neighborhood of (x_0, z_0) and U^′ ⊂ U such that g(x_0, z_0) = y_0 and f(x, g(x, z)) = z for all (x, z) ∈ U^′ ×W . Furthermore for each x ∈ U^′ and z ∈ W the solution of f(x, y) = z is unique.

Proof. We can assume by translation and a coordinate transform in R^n that x_0 = 0 and y_0 = 0 and D_2f(x_0, y_0) = id. Since the derivative is a smooth mapping D_2f : U × V → L(R^n, R^n), so in particular continuous, we know that there is a small open neighborhood U^′ × B_r(0) of (x_0, y_0) such that

||D_2f(x_1, y_1) − D_2f(x_2, y_2)|| ≤ s

for (x_1, y_1), (x_2, y_2) ∈ U^′ × B_r(0) and a given s < 1. Then we know by the general theory of the inverse function theorem on Banach spaces that for any x ∈ U^′ and z ∈ B_{(1−s)r}(0) there is a unique y ∈ B_r(0) with f(x, y) = z. We denote g(x, z) = y and obtain by inserting smooth curves and by the classical implicit function theorem that this is a smooth mapping since

f(c(t), y) = z

can be solved smoothly and the solution coincides with g(c(t), z). However, a mapping g on a convenient space is smooth if the composition with smooth curves is smooth by convenient theory. □

Remark 1. We can replace R^n by a Banach space F if c^∞(E × F ) = c^∞E × c^∞F (see [KM97], chapter 1).

Theorem 2. Let M be a convenient manifold and S a n-dimensional subbundle of T M. If the subbundle is involutive and for any point m ∈ M there is an open neighborhood U and a local frame {A_i}_{i=1,...,n} such that A_i admit a local flow F l^{Ai}_t on U, then S is integrable, i.e. for any point m ∈ M there is a unique maximal connected manifold i : N_m → M with immersion i and T_xi(T_xN_m) = S_{i(x)} for x ∈ N_m. Furthermore we can construct the classical Frobenius chart.

Proof. Given a local basis A_1, ..., A_n around x_0, then [A_j , A_k] =

�_n k=1 f^i_{jk}A_i by involutivity for an S-valued smooth vector field Y . Remark that f^i_{jk} are smooth functions locally around x_0: Given n linear independent functionals l_m such that l_m(A_j (x_0)) = δ_{mj} , then

l_m([Y, A_k](x)) = n� k=1 f^i_{jk} · l_m(A_i(x))

Since the matrix M(x) := (l_m(A_k(x))) is invertible at x_0 and has smooth entries, it is invertible by a matrix with smooth entries on an open neighborhood of x_0. The smooth inverse matrix applied to the left hand vector proves the smoothness of f^i_{jk}. By this condition we can easily conclude that (F l^{Ak}_t )^∗Y is S-valued for any S-valued vector field Y given on the domain of definition of the local frame. d dt (F l^{Ak}_t )^∗A_j = d ds (F l^{Ak}_s )^∗(F l^{Ak}_t )^∗A_j |_{s=0}

= [A_k, (F l^{Ak}_t )^∗A_j ]

= (F l^{Ak}_t )^∗( n� i=1 f^i_{jk}A_i)

= n� i=1 f^i_{jk} ∘ F l^{Ak}_t · (F l^{Ak}_t )^∗A_i

Defining at a fixed point x ∈ M for fixed 1 ≤ k ≤ n g_i(t) = (F l^{Ak}_t )^∗A_i(x) f^i_j (t) = f^i_{jk}(F l^{Ak}_t (x)) we see that on the convenient vector space (T_xM)^n we are given the following linear non-autonomous differential equation d dt g_j (t) = n� i=1 f^i_j (t)g_i(t)

with initial values in S^n_x ⊂ (T_xM)^n admitting a non-autonomous flow. If a nonautonomous linear equation admits a (non-autonomous) flow, the solutions are unique and depend smoothly and linearly on the initial values. Furthermore the restriction of the vector field to the subspace S^n_x admits a flow, too, which is consequently the restriction of the flow on T_xM by uniqueness. So g_i(t) ∈ S_x by application of the linear flow to the initial values g_i(0) = A_i(x) of this differential equation for all times where it exists.

We fix a point m ∈ M, vector fields A_i with flows F l^{Ai}_t on the chart (u, u(U)) around m with u(m) = 0, then there are n linearly independent bounded functionals l_j on the model space E such that l_j (u_∗A_i(0)) = δ_{ij} , so we get a splitting by appropriate shrinking of the chart domain u(U) = U^′ × U^{′′} with U^′ ⊂ R^n and U^{′′} ⊂ E^{′′}. We define a smooth map on an appropriate open subset of U^′ × U^{′′} denoted without loss of generality by U^′ × U^{′′}to R^n × E^{′′} ϕ(u, y) = u(F l^{A1}_{u1} ∘ ... ∘ F l^{An}_{un} )(u^{−1}(0, y)) The inverse can be obtained by the following simple implicit function construction. We define a smooth map from U^′ × U^′ × U^{′′} to R^n ψ(u, v, z) := u(F l^{An}_{−un} ∘ ... ∘ F l^{A1}_{−u1} )(u^{−1}(v, z)) ψ_1(u, v, z) := pr_1 ∘ u(F l^{An}_{−un} ∘ ... ∘ F l^{A1}_{−u1} )(u^{−1}(v, z)) The derivative in the first variable D_1ψ_1(u, v, z) is given by

(pr_1u_∗(F l^{An}_{−un} )_∗...(F l^{A1}_{−u1} )_∗A_1, ..., pr_1u_∗(F l^{An}_{−un} )_∗A_n)(ψ(u, v, z)) which is an invertible matrix and satisfies the condition of Lemma 1 on an appropriate neighborhood denoted again by U^′ × U^′ × U^{′′}. So we obtain an open subset V around 0 and a smooth mapping η : U^′ × U^{′′} × V → U^′ inverting ψ_1 for fixed second and third variable. u(v, z) := η((v, z), 0), so ψ_1(u(v, z), v, z) = 0 Consequently we get an inverse for the mapping ϕ on appropriate domains of definition given by ϕ^{−1}(v, z) = (u(v, z), pr_2 ∘ ψ(u(v, z), v, z)) satisfying the desired relations by going into the definition of ϕ, ϕ^{−1} and ψ:

ϕ ∘ ϕ^{−1}(v, z) = ϕ(u(v, z), pr_2 ∘ ψ(u(v, z), v, z))^{(0,pr2 ∘ψ(u(v,z),v,z))=ψ(u(v,z),v,z)} = = u(F l^{A1}_{u1(v,z)} ∘ ... ∘ F l^{An}_{un(v,z)})(u^{−1}(ψ(u(v, z), v, z))) = = u ∘ u^{−1}(v, z) = (v, z) ϕ^{−1} ∘ ϕ(u, y) = ϕ^{−1}(u(F l^{A1}_{u1} ∘ ... ∘ F l^{An}_{un} )(u^{−1}(0, y))) = (u, y)

So we can define a submanifold charts for the plaques u^{−1}(ϕ(., y)) via ϕ^{−1} ∘ u. The given vector fields are tangent to these plaques, since

((F l^{A1}_{u1} )_∗A_1, ...., (F l^{A1}_{u1} )_∗...(F l^{An}_{un} )_∗A_n)

form a local frame for S by the above formula at the point u^{−1}(ϕ(., y)). The global formulation of the Frobenius theorem follows by gluing together in the classical way! □

We only have integrability for some directions, however, we obtain integrability in all directions! Even the linear case is not trivial on convenient vector spaces E: Given a_1, ..., a_n ∈ L(E) in involution such that smooth groups exist for all of them, then the nonlinear (sic!) differential equation d dt g(t) = n� i=1 ψ_i(g(t)) · a_i[g(t)]

admits a maximal local flow for given smooth functions ψ_i ∈ C^∞(E, R).

3. Lie’s second fundamental Theorem

Theorem 3. Given a finite dimensional Lie algebra and a left action on a convenient manifold M, l : g → X(M) such that for one given linear basis A_1, ..., A_n of g the fundamental vector fields l(A_i) admit a local flow, then there is a unique local left action L of the connected simply connected Lie group G with Lie algebra g on M such that for m ∈ M and X ∈ g d dt |_{t=0}L(exp(tX), m) = l(X)(m)

Proof. The subbundle of T (G×M) generated by the frame (g, m) → (A_i(g), l(A_i)(m)) is involutive by definition, so there is a foliation of G × M. We denote the leaf through (g, m) by N_{(g,m)}. Given m_0 ∈ M there are open neighborhoods U of e in G, V of m_0 in M and W of (e, m_0) in N_{(e,m0)} such that proj_1|_{N(e,m0)} : W ⊂ N_{(e,m0)} → U ⊂ G is a local diffeomorphism with inverse (proj_1|_{N(e,m)} )^{−1} : U × V ⊂ G × M → N_{(e,m)} ⊂ G × M depending smoothly in m. We define for m ∈ V and g ∈ U L(g, m) := proj_2[(proj_1|_{N(e,m0 )} )^{−1}(g)]

By uniqueness of the leafs we obtain that L(g, L(h, m)) = L(gh, m) if all of them are defined. The rest is given by standard constructions as in [Pal57]. □

4. Representation Theory

Given a real finite dimensional Lie group G with Lie algebra g. Then we get the following result, which shall be applied to strongly continuous representations on Fréchet spaces: Let E be a convenient vector space and ρ : G → GL(E) a smooth representation, then there is a smooth representation ρ^′ : g → L(E).

ρ^′(A)x = d dt |_{t=0}ρ(exp(tA))x

for all x ∈ E. Theory in the direction of smooth and strongly continuous semigroups on locally convex spaces was developed in [LS93], [Ouc73], [Tei01a] and [Tei01b] .

Theorem 4. Let ρ^′ : g → L(E) be a smooth Lie algebra representation, such that for a given basis of g denoted by {A_k}_{k=1,...,n} there are smooth groups S^{ρ′ (Ak )} of bounded linear operators on E with generator A_k. If G is connected and simply connected, then there is unique smooth representation ρ : G → GL(E) integrating ρ^′.

Proof. Apply Lie’s second fundamental theorem and extend the local action to a global one by linearity of the flows. □

The situation is getting more involved if we investigate strongly continuous representations on Fréchet spaces. Given a representation ρ : G → GL(E), such that g → ρ(g)x is a continuous function from G to E for all x ∈ E, then we get by classical theory that the Gårding-domain E^∞ is a dense subspace of E, where the universal enveloping algebra U(g) acts on. The Gårding-domain E^∞ is defined to be the set of all x ∈ E such that g → ρ(g)x is smooth. With respect to the initial topology induced by operators from U(g) via ρ^′ the vector space E^∞ becomes a Fréchet space: E^{∞ ρ′ (A)}→ E^∞ → E for A ∈ U(g) (see [War72] and [KM97] for details).

Theorem 5. Given a Fréchet space E, a connected, simply connected Lie group G with Lie algebra g and a dense subspace F of E, where the universal enveloping algebra acts on by a representation ρ^′, such that F with respect to the initial structure induced by operators from U(g) is a Fréchet space. If there is a basis {A_k}_{k=1,...,n} in g, such that there are strongly continuous groups S^{ρ′ (Ak )} on E with infinitesimal generator ρ^′(A_k) and such that the restriction of S^{ρ′ (Ak )} to F is a smooth group, then there is a unique representation ρ : G → L(E) integrating ρ^′ : g → L(F ). Proof. First we look at the Fréchet space F , where we get immediately a solution of the problem by the previous theorem: There is smooth representation ~ρ : G → L(F ) integrating ρ^′ : g → L(F ). Since locally this representation is given by S^{ρ′(A1)}

u_1 ...S ρ^′(A_m) u_m with Ai ∈ g and S ρ^′(A_i) can be extended to strongly continuous

groups on E, hence the whole expression can be extended to E. The extension to E is strongly continuous. □

Remark 2. The assumption that F is a Fréchet space with respect to the initial topology induced by U(g) can be weakened to the following smoothness assumptions:

(1) There is a dense subspace D of E, a representation of algebras ρ^′ : U(g) → Lin(D) and a linear basis {A_k}_{k=1,...,n} of g such that ρ^′(A_k ) are generators of strongly continuous groups on E.

(2) D is a S^{ρ′ (Ak )}-invariant for k = 1, ..., n and for any element x ∈ D the mapping (u_1, ..., u_n) → S^{ρ′(A1 )}_{u1} ...S^{ρ′(An)}_{un} x is smooth in E.

Then the closure of D under the initial topology induced by U(g) is a Fréchet space F embedded in E and the strongly continuous groups S^{ρ′(Ak )} restrict to smooth groups on this closure: First we shall look at the partial derivatives of the above mapping generating the elements of the universal enveloping algebra under ρ^′. Given an element A ∈ U(g), we know that ρ^′(A)x should be defined by derivation for any x ∈ D. For A = A^{m1}_1 ...A^{mn}_n we obtain ∂^{m1+...+mn} ∂^{m1} u_1∂^{m2} u_2...∂^{mn} u_n

S^{ρ′ (A1)}

u_1 ...S ρ^′ (A_n) u_n x|u=0 =: ρ

′(A)x which provides a linear basis and a grading of U(g) by the Poincaré-Birkhoff-Witt theorem. Furthermore we can repeat the argument from the proof of the Frobenius theorem, which is possible by invariance of D under ρ^′(A) and S^{ρ′ (Ak )}: d du S^{ρ′ (Ak )} u ρ^′(A_i)S^{ρ′ (Ak )}_{−u} (x) = [ρ^′(A_k ), S^{ρ′ (Ak )}_u ρ^′(A_i)S^{ρ′ (Ak )}_{−u} ](x)

= S^{ρ′ (Ak )} u [ρ^′(A_k ), ρ^′(A_i)]S^{ρ′ (Ak )}_{−u} (x) = n� j=1 c^j_{ki}S^{ρ′ (Ak )} u ρ^′(A_j )S^{ρ′ (Ak )}_{−u} (x).

This is an autonomous system of linear differential equation producing the following commutation relation for x ∈ D: � � � � S^{ρ′(Ak )} u ρ^′(A_1) . . S^{ρ′(Ak )} u ρ^′(A_n)

� � � � (x) = exp((c^jki)^{i,j=1,...,n}u) � � � � ρ^′(A_1)S^{ρ′ (Ak )}_u . . ρ^′(A_n)S^{ρ′ (Ak )}_u

� � � � (x)

Calculating the derivative at an arbitrary point (u_1, ..., u_n) we obtain: ∂^{m1+...+mn} ∂^{m1} u_1∂^{m2} u_2...∂^{mn} u_n

S^{ρ′(A1 )}

u_1 ...S ρ^′ (A_n) u_n x =

= S^{ρ′(A1 )}

u_1 ρ

′(A^{m1}_1 )S^{ρ′ (A1)}_{−u1} · ... · S^{ρ′ (A1)}_{u1} ...S^{ρ′ (An)}_{un} ρ^′(A^{mn}_n )S^{ρ′ (An)}_{−un} ...S^{ρ′ (A1)}_{−u1} ·

·S^{ρ′ (A1)}

u_1 ...S ρ^′ (A_n) u_n x

which leads to the following expressions with m = (m_1, ..., m_n)

∂^{m1+...+mn} ∂^{m1} u_1∂^{m2} u_2...∂^{mn} u_n

S^{ρ′(A1)}

u_1 ...S ρ^′(A_n) u_n x = ρ

′(A^m(u_1, ..., u_n)) · S^{ρ′(A1 )}_{u1} ...S^{ρ′(An)}_{un} x

∂^{m1+...+mn} ∂^{m1} u_1∂^{m2} u_2...∂^{mn} u_n

S^{ρ′(A1)}

u_1 ...S ρ^′(A_n) u_n x = S ρ^′ (A_1) u_1 ...S ρ^′ (A_n) u_n · ρ

′(B^m(u_1, ..., u_n))

with the obvious meaning that A^m(.) and B^m(.) are linear combination of elements in ρ^′(g) of order less or equal k := m_1 + ... + m_n = |m| with smooth coefficients defined on R^n. Integration yields

∂^{m1+...+(mi−1)+mn} ∂^{m1} u_1∂^{m2} u_2...∂^{mn} u_n

S^{ρ′(A1 )}

u_1 ...S ρ^′ (A_n) u_n x − ρ

′(A^{m1}_1 ...A^{mi −1}_i ...A_n)x = = �_{ui} 0 S^{ρ′ (A1)}

u_1 ...S ρ^′ (A_i) v_i ...S ρ^′ (A_n) u_n · ρ

′(B^m(u_1, ..., v_i, ..., u_n))xdv_i

Given a sequence x_n → 0 in D with ρ^′(C)x_n → 0 for C ∈ U(g) with degree strictly smaller than k and ρ^′(A)x_n → y_A for all A ∈ U(g) of degree k, then we obtain: 0 = �_{ui} 0 S^{ρ′ (A1)}

u_1 ...S ρ^′ (A_i) v_i ...S ρ^′ (A_n) u_n · yB^m(u1 ,...,un)dvi

and hence y_A = 0 by derivation. We consequently observe that the closure of D under the initial topology induced by U(g) via ρ^′ is a Fréchet space F and that the operators ρ^′(A) are well defined continuous operators there by extension, since the values are uniquely given and they are continuous by definition of the topology. On F the well-defined groups S^{ρ′(Ak )} are smooth groups of bounded operators by the above fundamental commutation relation. So we are back to the assumptions of the last theorem.

Remark 3. Given the situation treated by Nelson of a connected and simply connected Lie group G and a dense subspace D of a Hilbert space H, with a representation of U(g). The fact that the Casimir element A =

�_n i=1 A^2_i is essentially self adjoint means in particular, that this operator is closeable and that all ρ^′(A_i) are essentially self-adjoint. So there is a S^{ρ′(Ak )}_t -invariant Fréchet space F , where the semigroups are smooth: It is given by looking at the initial topology with respect to A^n for n ≥ 0 on D and completing this space (see [War72] for details).

Acknowledgement 1. I would like to thank the referee for helpful remarks on the paper and especially I would like to thank Prof. Richard Sharpe for his careful proofreading and useful remarks after the presentation of results at the Srni Winter School 2001.

References

[Bom67] Jan Boman, Differentiability of a function and of its compositions with functions of one variable, Math. Scand. 20 (1967), 249–268.

[Hil00] Seppo Hiltunen, A Frobenius theorem for locally convex global analysis, Monatshefte für Mathematik 129 (2000), no. 2, 109–117.

[KM97] Andreas Kriegl and Peter W. Michor, The convenient setting for global analysis, ‘Surveys and Monographs 53’, AMS, Providence, 1997.

[Lan93] Serge Lang, Real and Functional Analysis, Graduate Texts in Mathematics 142, Springer, 1993.

[LS93] S. G. Lobanov and O. G. Smolyanov, Ordinary differential equations in locally convex spaces, Russian Mathematical Surveys (1993), 97–175.

[Ouc73] Sunao Ouchi, Semigroups of operators in locally convex spaces, J. Math. Soc. Japan 25 (1973), no. 2, 265–276.

[Pal57] Richard S. Palais, A global formulation of the Lie theory of transformation groups, Mem.

AMS 22 (1957).

[Tei01a] Josef Teichmann, A convenient approach to Trotter’s formula, Journal of Lie Theory 11, no. 2, 427–440 (2001).

[Tei01b] Josef Teichmann, Convenient Hille-Yosida Theory, Revista Mathemática Complutense, submitted.

[War72] Garth Warner, Harmonic analysis on semisimple Lie groups, volume I, Springer-Verlag, New York, 1972.

Institute for financial and actuarial mathematics, Technical University of Vienna E105, Wiedner Hauptstraße 8-10, A-1040 Vienna, Austria

E-mail address: josef.teichmann@fam.tuwien.ac.at