REGULARITY OF FINITE-DIMENSIONAL REALIZATIONS FOR
EVOLUTION EQUATIONS

DAMIR FILIPOVIC AND JOSEF TEICHMANN

ABSTRACT. We show that a continuous local semiflow of C*-maps on a finite-
dimensional C*¥-manifold M with boundary is in fact a local C*-semiflow on M
and can be embedded into a local C*-flow around interior points of M under
some weak assumption. This result is applied to an open regularity problem
for finite-dimensional realizations of stochastic interest rate models.

1. INTRODUCTION

Let £ > 1 be given. We consider a Banach space X and a continuous local
semiflow Fl of C*-maps on an open subset V C X | i.e.

i) Thereis e > 0 and V C X open with Fi: [0,e[xV — X a continuous map.
ii) FI(0,z) = = and Fli(s,Fl(t,z)) = Fl(s + t,z) for s,t,s +¢ € [0,¢] and
z, Fl(t,z) e V.
iii) The map Fl; : V — X is C* for t € [0,¢].
To shorten terminology we say that “FI” is a continuous local semiflow of C*-
maps on X if for any x € X there is an open neighborhood V' C X of z and a
continuous local semiflow FI = FIV) of C*-maps on V, such that FI(V1) = FI(V2) on
V1 N Va. Continuous local semiflows of C*-maps appear naturally as mild solutions
of nonlinear evolution equations (see Appendix A). The continuous local semiflow
Fl is called C* or local C*-semiflow if FI: [0,e[xV — X is C*.

We assume that we are given a finite-dimensional C*-submanifold M with bound-
ary of X such that M is locally invariant for Fl, i.e. for every x € M NV there
is 8, €]0,¢[ such that Fi(t,x) € M for 0 <t < §,. In this case FI restricts in a
small open neighborhood of any point x € M NV to a continuous local semiflow
of C*-maps on M, see Lemma 1.3 below, where we make the restriction precise.
A continuous local semiflow of C*-maps on M is defined as above, the same for
local C*-semiflows: notice however that the manifold might have a boundary (for
the notions of analysis in this case see for example [6]). By T,M we denote the
(full) tangent space at € M, even at the boundary. By (T, M), we denote the
halfspace of inward pointing tangent vectors for x € M. The boundary subspace
of this halfspace is the tangent space of the C*-submanifold (without boundary)
OM, these are the tangent vectors parallel to the boundary.

We shall prove that the restriction of a continuous local semiflow of C*-maps
Fl to a C*-submanifold with boundary M is jointly C* and can in particular be
embedded in a local C*-flow around any interior point of M. We shall apply classical
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methods from [9] developed to solve the fifth Hilbert problem. Nevertheless we have
to face the difficulty that F is only a continuous local semiflow. We can prove the
result under a weak assumption, which will always be satisfied with respect to
our applications. This problem arises in several contexts, for example recently in
interest rate theory, see [2, 3].

We first cite the classical results from Dean Montgomery and Leo Zippin [9] and
draw a simple conclusion, which illustrates, what are going to do, namely proving
a non-linear version of Example 1.2.

Theorem 1.1. Let M be a finite-dimensional C*-manifold and FI1 : R x M — M
a continuous flow of C*-maps on M, then Fl is a C*-flow on M.

Example 1.2. Let S be a strongly continuous group on a Banach space X and
assume that M is a locally S-invariant finite-dimensional C*-submanifold of X.
Then M C D(AF), where A denotes the infinitesimal generator of S, and the
restriction of A to M is a C*~-vector field on M.

The paper is organized as follows. In Section 2 we prove the extension of The-
orem 1.1 for continuous local semiflows of C*-maps. In Section 3 we apply this
result to a problem that arises in connection with stochastic interest rate models
as it has been announced in [2]: finite-dimensional realizations are highly regular
objects, namely given by submanifolds with boundary of D(A*), where A is the
generator of a strongly continuous semigroup. The appendix contains a regularity
result for the dependence of solutions to evolution equations on the initial point.

We end this section by the announced lemma. Let M be a finite-dimensional
C*-submanifold with boundary and let M be locally invariant for FI, as defined
above. We denote by RZ, the halfspace {x € R"; x,, > 0}, consequently R>¢ is the
positive halfline including 0.

Lemma 1.3. For every x € M NV there exists an open neighborhood V' C X of x
and € > 0, such that Fl(t,y) € M for all (t,y) € [0,'[x(V' N M).

Proof. Take z € M and a C*-submanifold chart u: U C X — X with w(UNM) =
{0} x W C {0} x RZ,, where U C U C V is open and z € U, W C RZ is
open, convex. Here n denotes the dimension of M. We may assume that u has a
continuous extension on U with u(UN M) = u(U N M) = {0} x W by restriction
of U. The closure of U N M is taken in M.

For y € U define the lifetime in U N M

T(y) =sup{0<t<e|VO<s<t: Fl(s,y) eUNM,}.

By continuity of Fl we have FI(T(y),y) € UNM\ (UnN M) if T(y) < e. We
claim that there exists an open neighborhood V/ C U of z in X and & > 0 such
that T(y) > &’ for all y € V'. Indeed, otherwise we could find a sequence (z,) in
UNM with z, — z and € > T(x,) — 0. But this means that u(FI(T(z,),z,)) €
{0} x (W\ W) converges to u(F1(0,z)) = u(z) € {0} x W, a contradiction. Whence
the claim, and the lemma follows. ([

2. THE CLASSICAL PROOF REVISITED

Since we are treating local questions as differentiability, we can — without any
restriction — assume that f : [0,e[xV — RY, is a given continuous local semiflow

of C*-maps, where V is open, convex in RY,. For the notion of differentiability
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on manifolds with boundary see for example [6]. We do not make a difference in
notation between right derivatives and derivatives, even though on the boundary
points in space or time, respectively, we only calculate right derivatives. We shall
always assume in this section that f is continuous and f(t,.) is C* for all ¢ € [0, €[,
for some k > 1. We shall write f(t,x) = (f1(t,x), ..., fu(t,x)) for (t,z) € [0,e[xV.

Assumption (crucial). We assume that for any © € V there is e, > 0 such that
D, f(t,z) is invertible for 0 <t < e, (D,f denotes the derivative with respect to

Lemma 2.1. The mapping (t,x) — D, f(t,x) is continuous.

Proof. For the proof we proceed from the Baire category Theorem and Lemma 2
of [9] on p. 198. We then have the following result:

Let Z be any compact interval, V' the open set in R%, and let F': Z x V — R
be a continuous real valued function, such that F(g,.) is C! for any g € Z. Given
a € Vand 1 <1 < n, the set of points gy € Z such that a%iF is continuous at
(g0, a) is dense in Z, even more, the set where it is not continuous is of first category
in Z.

Let now a € V be fixed, then the set of points ty € [0,¢[ such that f;; := aizifj
is continuous at (o, a), for all 1 < i,j < n, is everywhere dense in [0,[. We shall
denote this set by I,. In addition the determinant det(f;;) is continuous at these
points, too. We want to show now that for fixed a € V the mappings f;; are
continuous at (0,a). Notice that the determinant at any point of continuity (¢o, a),
with to € I, small enough, is bounded away from zero in a neighborhood.

We fix a € V, then for ¢y € [0, ¢]

flto+h,a+y) = flto, filh,a+y), ..., fu(h,a+y))
for h > 0 and y € R%, both sufficiently small, hence
Dy f(to +h,a+y) = Dyf(to, f(h,a+y)) - Dof(h,a+y).
There is ¢y € I, such that D, f(to, z) is invertible in a neighborhood of a, hence
Dy f(to, f(h,a+y))™" - Duf(to +h,a+y) = Dy f(h,a+y)
and therefore

Lo, -1 1
id = hllol,gl—%) DTf(th f(h7a + y)) DTf(tO + h7 a—+ y) hl%)l,gl—%) Drf(h7a + y)

by continuity of D, f at (o, a), continuity of f in both variables and the continuity
of the inversion of matrices. So 0 € I, for all a € V.
Now we can conclude for arbitrary ¢ €]0, e[ in the following way:

Dy f(t+h,a+y) =Dyf(t, f(h,a+y)) Duf(h,a+y)
for h > 0 and y € R%, sufficiently small, hence by continuity at (0,a)

hl}){g:o D, f(t+h,a+y)= m})lfgflo D, f(t, f(h,a+y)) - Dyf(h,a+y) =D, f(t a).

For left continuity we apply
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for h > 0 and y € R, sufficiently small, hence by continuity of D, f at (0,a) and
(0, f(t,a)), the continuity of D, f in the second variable and the existence of the
inverse for small h

1 P — 1 p— 71. =

Consequently the desired assertion holds. (I

In the next step we shall show that there is a derivative at 0.

Lemma 2.2. The right-hand derivative % f(t,z)|i—o exists for x € V, and for
small h > 0 we have the formula

h
flhna)=o = [ Dofieayit- (57(0.0).

Moreover, L f(t,.)|s=0 : V — R™ is continuous.

Proof. We may differentiate with respect to = under the integral sign by Lemma
2.1 und uniform convergence, so

h
T(h,x):= / f(t,x)dt
0
h
D,T(h,x) ::/ D, f(t,x)dt.
0
By the mean value theorem we obtain
T(h,y) = T(h,x) = D, T(h,z)(y — z),

where T € [z,y]. Now we take y = f(p, z), then
h+p h
T(hy) = T(ha) = [ flta)de [ ft,a)ie
p 0

h+p P
h 0

which finally yields

P P
([ st hayat - [ gt = DIGDL (f.2) - o).
P Jo 0 p
This equation can be solved by joint continuity of (h,z) — %foh D, f(t, z)dt: we
obtain for small A and a compact set in x that the expression is in a small neigh-
borhood of the identity matrix. So inversion leads to the desired result and then
to the given formula.
The formula asserts again by inversion, that the derivative is continuous with
respect to x. [
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By the semigroup-property and the chain rule, the result of Lemma 2.2 can be
extended for 0 < ¢ < €, and the derivative of f(-,x) exists for all ¢t € [0, ¢[. Indeed,

[ +pa) = f(ta) S 0) — fe) _ d

lim f(t,fE) — f(t_pvx) — lim f(pvf(t_pvx)) — f(t—p7l')
pl0 p pl0 p
.1, [P d
d
by Lemmas 2.1 and 2.2. Consequently for small » > 0
d d
4100 = 570,500 = ([ Deflen S () -0 @)

In particular (£, z) — 5 4 f(t,x) is continuous in both variables on the whole domain
of definition.

Lemma 2.3. The semiflow f is C* in both variables.
Proof. If f(t,.) is C* for t € [0, €[, then the r-jet

(f(t,x0), Daf(t, o) - 1, ..o, DL f(t,20) - @1 + o )
for (t,z0,21,...,2,) € [0,e[xV x R x ... x R™ is a local semiflow of C*~"-maps, for
0 <r <k—1. For r = 1, the 1-jet is a continuous, local semiflow of C*~!-maps, by
Lemma 2.1. Assume that for » < k the r-jet is a continuous, local semiflow then,
by Lemma 2.1 again, the (r + 1)-jet is continuous. By induction

(t,z) — Dy f(t, )
is continuous in both variables for 0 < r < k.
If we apply the above results to the r-jet for r < k, we conclude by equation (2.1)
that DZ f(t,x) can be (k—r) times differentiated with respect to the t-variable, and
these derivatives are continuous. Hence f is C* in both variables. O

Theorem 2.4. Let k > 1 be given and let Fl : [0,e[xU — M be a local semiflow
on a finite-dimensional C*-manifold M with boundary, which satisfies the following
conditions:

i) The semiflow F1 :[0,e[xU — M is continuous with U C M open.

ii) The mapping Fl(t,.) is C*.

ili) For fized x € U there exists €5 > 0 such that T, FI(t,.) is invertible for

0<t<e,.

Then Fl is C* and for any o € U\OM there is a local C*-flow FI :]—6,8[xV — M
with V.C U\ M open around o and § < ¢ such that Fl(y,t) = Fl(y,t) fory € V
and 0 <t < §. This also holds for the smooth case (k= o0).

Proof. By the previous lemmas the map FI : [0,e[xU — M is a Ck-semiflow
on M. We fix zg € U\ M, then there is 0 < § < ¢ and W C U open in
M \ OM, such that (t,z) — (t, Fi(t,x)) is C*-invertible on [0,5[xW by the C*-
inverse function theorem on manifolds with boundary (see [6]). We then choose an
open neighborhood V' C No<i<sFl(t, W) of zp in M \ OM. Therefore we can define
Fl(—t,y) == {FI(.,.)} " (t,y) for t € [0,6] and y € V. Since this is the unique
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solution in z of the C*-equation Fi(t,z) = y, we obtain a C*-map FI. The flow
property holds by uniqueness, too. Notice that V' can be chosen independent of
k. O

Remark 2.5. Remark that for evolutions (which correspond in the differentiable
case to time-dependent vector fields) we can pass to the extended phase space and
apply the results thereon.

3. APPLICATIONS

The following application has been announced in [2] in connection with finite-
dimensional realizations for stochastic models of the interest rates. Let X be a
Banach space, S a strongly continuous semigroup on X with infinitesimal generator
A:D(A) — X, and let P: X — X be a locally Lipschitz map. For z € D(A) we
write

p(z) = Az + P(x).
Proposition A.2 yields the existence of a continuous, local semiflow Fi* of mild
solutions to the evolution equation

9 2(t) = ua). (3.1)

That is, for every xg € X there exists a neighborhood U of zy in X and T' > 0 such
that FI* € C([0,T] x U, X) and

Fit(t,x) = Six + /t Si_sP(Fl*(s,x))ds, V(t,z) € [0,T] x U. (3.2)
0

Now let & > 1, and M be a finite-dimensional C*-submanifold with boundary in
X, which is locally invariant for FIl*. Hence, by Lemma 1.3, xy € M implies
Fl¥(t,x) € M for all (t,z) € [0,T] x (UN M), for some open neighborhood U of
xo in X and T > 0. By the methods of [1] (see also Remark 3.3 below) we obtain
that necessarily M C D(A) and

Vo € M : p(x) € T,M and Vo € OM : p(z) € (To M), (3.3)
since p has to be additionally inward pointing. We now can strengthen this result.
Theorem 3.1. Suppose

k
Pe () CH(X,D(A") (3.4)
r=0
and D¥P is locally Lipschitz continuous. Then M C D(A¥) and plp is a CF1-
vector field on M.

Proof. Let gy € M, and U, T as above. Hence FI*(t,x) € M for all (t,z) €
[0,T] x (UN M). By the assumptions we made, Theorem A.3 applies and we may
assume that Fi#(t,-) is C* on U for all t € [0,T]. Now let z € U N M. We claim
that there exists ¢, > 0 such that

D, Fl*(t,x) : ToM — Tpyn(s,5)M is invertible for 0 <t < e,. (3.5)

Indeed, let y € X. The directional derivative D, FI*(t,x)y is continuous in ¢ on
[0,T7, see (A.5). Hence (3.2) and dominated convergence imply that

t
D FlI*(t,x)y = Sy —|—/ Si—s DP(F1*(s,2))DyFl* (s, z)yds.
0
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By the bound (A.6) we conclude that

sup  ||DFI*(t,x)y -yl < sup  ||Siy —yl +O(1),
yeT, M, ||yl <1 yET M, |lyl|<1

where O(t) — 0 for t — 0. Since T, M is finite-dimensional, it is easy to see that

sup ISty —yl]] = 0 for ¢t — 0.
yET M, |ly[|<1

Hence there exists £, > 0 such that D, Fl* (¢, x) restricted to T, M is injective, and
hence invertible, for all ¢ € [0,e,]. This yields the claim (3.5).

Therefore Theorem 2.4 applies and FI* : [0,7] x (UN M) — M is C*. In
particular, since p(z) = 9, FI*(0, ), p|ar is a C*~Lvector field on M, and FI* (-, xo)
is C* on [0, T).

(From (3.2) we have

t
Sixo = FI*(t, ) —/ Si_sP(Fl"(s,x0))ds, te]0,T].
0

By (3.4), the integral on the right is C* in ¢ € [0,T]. Indeed, we obtain inductively
by dominated convergence

t
or / S, P(FI*(s, o)) ds = O~ P(FIM(t, z0)) + O 2AP(FI (£, o))
0

t
Fo b ATTLP(FIE(E 30)) + / Sy_sATP(FI"(s,z0)) ds,
0

for r < k. We conclude that S;zg is C* in t € [0,7]. But this means that

zg € D(AF) and the theorem is proved. O

We now consider a setup that is given in [2]. Let W be a connected open set in

X,d>1and 0 = (01,...,04) such that

(A1): P and o; are Banach maps from X into D(A>), for 1 <i < d.

(A2): p,01,...,04 are pointwise linearly independent on W N D(A°).
For the definition of a Banach map see [2, 4]. The Banach map principle ([4,
Theorem 5.6.3]) yields that each o; generates a local flow FI° on X with the
following property: for every xy € X there exists an open neighborhood V of zq in
X and T > 0 such that

FI% € C(| =T, T[xV,X) and FI% € C%(]—T,T[xV’, D(A™)),

where V' := V N D(A®) is considered as an open set in D(A°), and FI7(-,x) is
the unique solution of

d
@I(t) :O'z(x(t))a I(O) =Z, (t,ﬂ?) E} 7TaT[XV
Local invariance for F1°¢ is defined as for FI* above.

Theorem 3.2. Let M C W be a (d+ 1)-dimensional C* -submanifold with bound-
ary of X. If M s locally invariant for FI¥*, FI°t ... Fl°¢, then M is a C*°-
submanifold with boundary of D(A>).

Proof. Theorem 3.1 implies that M C D(A>) and plps is a C*-vector field on M
with respect to the given differentiable structure as submanifold with boundary of
X. Furthermore o1, . . ., o4 restrict to smooth vector fields on M and o;(z) € T,0M
for x € OM, since o;(x) and —o;(x) have to be inward pointing by local invariance.
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We do also have integral curves for p and o1, ...,04 on D(A*) which coincide with
the respective integral curves on X on the intersection of the domains of definition
if they start from the same point.

We have to construct submanifold charts for M, such that M is also a sub-
manifold with boundary of D(A*). We shall do this by constructing smooth
parametrizations « : U — D(A®) for any point 2o € M, then we apply [2, Lemma
3.1].

Let xg € M\OM. From [2, Section 2] we know that the vector field p generates a
smooth local semiflow on D(A*), which coincides locally by uniqueness of integral
curves with the local C*°-flow FI#™ of u|ys on a neighborhood of 5. This means in
particular that ¢ — FI#M (t,x9) is smooth with respect to the topology of D(A>).
As in the proof of [2, Theorem 3.9] it follows, by (A2), that

a(u, o) == Flj} oo Flgt o FUM (x0) : U — D(A™),
where U is an open, convex (sufficiently small) neighborhood of 0 in R¥*!, is a dif-
feomorphism (it has maximal rank) to an open submanifold N C M with respect
to the differentiable structure as submanifold with boundary of X. But « is addi-
tionally a smooth parametrization of a submanifold N C M C D(A%), therefore
we constructed for the open subset N of M an appropriate chart as submanifold of
D(A>) by [2, Lemma 3.1].

For the boundary points xg € OM the argument is simpler: first we observe that
o;(x) are parallel to the boundary for x € M. In this case it is sufficient to define «
on an open, convex subset U C R%x R>¢. Again a is a smooth diffeomorphism to an
open submanifold with boundary N C M with respect to the original differentiable
structure, but by [2, Lemma 3.1] this is also a smooth parametrization of a N as a
submanifold of D(A°).

Whence we have constructed submanifold charts with respect to D(A™), so
M C D(A®) is also a submanifold with boundary of D(A). O

Remark 3.3. The Nagumo type consistency results in [1] have been derived for
submanifolds without boundary. These results can be extended to submanifolds with
boundary. There are two key points. First, any submanifold with boundary M
can be smoothly embedded in a submanifold without boundary, say M, of the same
dimension. Then the main arguments in [1] carry over: to derive the Nagumo type
consistency conditions at a point x € M it is enough to have local viability of the
process with initial point x € M in M (and hence in M) Consequently we obtain
the Nagumo type conditions for the whole of M (including the boundary!). Second,
the coefficients of a diffusion process (i.e. the coordinate process) viable in a half
space have to satisfy the appropriate inward pointing conditions at the boundary.
We refer to [7] for the rigorous analysis.

APPENDIX A. REGULAR DEPENDENCE ON THE INITIAL POINT

Let X be a Banach space, S a strongly continuous semigroup on X with infini-
tesimal generator A, and P : R>¢ x X — X a continuous map. In this section we
shall provide the basic existence, uniqueness and regularity results for the evolution
equation

d

Zo(t) = Au(t) + P(t, (1)), (A1)
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We first recall a classical existence and uniqueness result (see [8, Theorem 1.2,
Chapter 6]).

Theorem A.1. Let T > 0. Suppose P : [0,T] x X — X is uniformly Lipschitz
continuous (with constant C') on X. Then for every x € X there exists a unique
mild solution x(t), t € [0,T], to (A.1) with z(0) = x. If x(t) and y(t) are two mild
solutions of (A.1) with x(0) = z and y(0) =y then

sup ||lz(t) — y(t)]| < MMM ||z —y]], (A.2)
t€[0,T]
where
M := sup [|St|. (A.3)
t€[0,T]

There is an immediate local version of Theorem A.1. We say that P : R>oxX —
X is locally Lipschitz continuous on X if for every T' > 0 and K > 0 there exists
C = C(T, K) such that

1P(t, ) = P(t,y)ll < Clle -yl
for all t € [0,T], and z,y € X with ||z|| <k and |ly|| < k.

Proposition A.2. Suppose P : R>q x X — X is locally Lipschitz continuous on
X. Let xg € X. Then there exist a neighborhood U of x¢g and T > 0 such that,
for every x € U, equation (A.1) has a unigque mild solution x(t), t € [0,T], with
x(0) = z. If x(t) and y(t) are two mild solutions of (A.1) with 2(0) =z € U and
y(0) =y € U then (A.2) holds, for M as in (A.3) and some C = C(T,U).

Proof. Set K := 2||z¢|| and fix 77 > 0. Define

Plta) = P(t, z), %f lz] € K,
P(t, Ka/|l2l)), if o] > K.
Then P : [0,7]x X — X is uniformly Lipschitz continuous on X with constant C' =
C(T',K). Hence Theorem A.1 yields existence and uniqueness of mild solutions for
equation (A.1) where P is replace by P. By (A.2) there exists 0 < T'< T" and a
neighborhood U of gy such that supcp 7 [|2(t)|| < K for every mild solution x(t)
with z(0) € U. It is now easy to see that T and U satisfy the assertions of the
proposition. O

Here is the announced regularity result.

Theorem A.3. Let k > 1. Suppose P : Rsg x X — X is C* in x, and DEP
s continuous on Rx>qg x X and locally Lipschitz continuous on X. Let xg € X.
Then there exists an open meighborhood U of xo and T > 0, and a map F €
C([0,T) x U, H) such that, for every x € U, F(-,x) is the unique mild solution of
(A.1) with F(0,z) = z. Moreover F(t,-) € C*(U,X) for allt € [0,T].

Proof. By assumption, D] P is continuous on R>¢ x X and locally Lipschitz con-
tinuous on X, for all » < k. Hence Proposition A.2 yields the existence of U, T' and
F e C([0,T] x U, H) such that F(-,z) € C([0,T], H) is the unique mild solution of
(A.1) with F(0,2) = z, for all x € U. It remains to show regularity of F'(¢,-).
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Let x € U and y € X. The candidate, say (¢, z,y), for the Gateaux directional
derivative D, F(t,z)y is given by the linear evolution equation

d
%w(t, z,y) = Ap(t,x,y) + D P(t, F(t,2))0(t, x,y)

P(0,2,y) =y
Since C1 = C1(x) = supseo, ) [P P(t, F(t,2))|| < oo, Theorem A.1 yields the

existence of a unique mild solution

¥ a,y) € C([0,T], X) (A.5)

(A4)

to (A.4), and by (A.2)

sup |[|v(t, z,y)|| < MeMATy]. (A.6)
te[0,T)

Now let ¢ € [0,T] and (z,,) be a sequence in U converging to z. We claim that

sup Hw(tvgjﬂny) - 11[}(t5 I,y)” - 0? for n — oo. (A7)
yeX, |lylI<1

Indeed, A, (t) := ¥(t, 2n,y) — ¥ (t, z,y) satisfies

t
Anlt) = / Sos (DaP (5, F(s,2))i(s, 2msy) — DaPls, F(s, 2))i(s, 2, )) ds.
0
Hence
t
1AL (1)]] < MC, / 1A (5)]] ds + M2CyeMCorOOT [y, — ],
0

where Cy and C5 are local Lipschitz constants of P and D, P, respectively, and
Cy = sup,, sup,cpo 7] || Dz P (s, F (s, 75))||. By Gronwall’s inequality
1AL (D) < MPC3eM CFAFERIT |y ||z, — ],

whence (A.7).
Next, we claim that

Dy F(t,x)y = ¢(t, z,y). (A.8)
Let €9 > 0 be such that z + ey € U for all ¢ € [0,g09]. For such £ we write
0(t,e) :=F(t,x +ey) — F(t,x) — e(t,x,y), and obtain
¢
5(t,) = [ Si-u(Pls. Fs,+ 29) — P(s,F(s.2))) ds
0
t
~ 2 [ St DaP(s, ()50, ds
0

_ /Ot Sy (DyP(s, F(s,2))5(s,€) + As,e)) ds,

where
A(s,e) := P(s,F(s,z+ey))—P(s, F(s,z))—DyP(s, F(s,2))(F(s,x+ey)—F(s,1)).
By regularity of P and in view of (A.2) there exists Cy = C4(T,U) such that

sup ||A(t,e)]] < Cye.
te[0,T]
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Hence, writing Cs := sup,c(o, 7 [| D P(¢, F(t, 7)),

t
15(t, &) < C5MT/ 16(s, &)|| ds + CaMTe,
0

and by Gronwall’s inequality lim._.¢ ||6(¢,€)|| = 0, whence (A.8).

By (A.8) it follows that D, F(t,x)y is well defined for all x € U and y € X, and
by (A.7) the mapping D, F(t,-) : U — L(X) is continuous, hence F(t,-) € C*(U, X)
for all t € [0,T7.

Higher order regularity is shown by induction of the above argument. We only
sketch the case C2. Let x € U and yi,y2 € X, and write 92(z,y1,y2) for the
candidate of D2F(t,x)(y1,y2), which solves the inhomogeneous linear evolution
equation

d
@7/’2(15750’91#2) = Ai/)g(t, ‘Tvylva) + DQfP(tv F(t?x))d}Q(ta ‘Tvylva)
+ D2P(t, F(t,2))(DaF(t, 2)y1, Da P (t,2)y:) (4.9)
¢2(07$7y1»y2) - 0

Notice that the inhomogeneous part, D2P(t, F(t,x))(D.F(t,z)y1, D F(t,z)y2), is
continuous in ¢ € [0,7] by induction. Hence ¥s(-, x,y1,y2) € C([0,T],X) is the
unique mild solution of (A.9) by Theorem A.1. Now let ¢ € [0,7]. One shows first
that o (t,,y1,y2) : U — X is continuous, uniformly in y;,y2 € X with ||y < 1,
lly2]l <1 (see (A.7)). Then the identity D2F(t,z)(y1,y2) = ¥a(t, z,y1, y2) is proved
(see (A.8)), whence F(t,-) € C*(U, X). O

REFERENCES

(1] D. Filipovié¢, Invariant manifolds for weak solutions to stochastic equations, Prob. Theory
Relat. Fields 118 (2000), no. 3, 323-341.

[2] D. Filipovi¢, J. Teichmann, Ezistence of invariant submanifolds for stochastic differential
equations in infinite dimension, forthcoming in J. Funct. Anal.

[3] D. Filipovié¢, J. Teichmann, On finite-dimensional term structure models, working paper, 2001.

[4] Richard S. Hamilton, The inverse function theorem of Nash and Moser, Bull. Am. Math. Soc.
7 (1982), 65—222.

[5] Andreas Kriegl and Peter W. Michor, The convenient setting for global analysis, ‘Surveys and
Monographs 53’, AMS, Providence, 1997.

[6] Serge Lang, Fundamentals of differential geometry, Graduate Texts in Mathematics 191,
Springer, 1999.

[7] Anna Milian, Invariance for stochastic equations with regular coefficients, Stochastic Anal.
Appl. 15 (1997), 91-101.

[8] A.Pazy, Semigroups of linear operators and applications to partial differential equations, Appl.
Math. Sci., vol. 44, Springer-Verlag, 1983.

[9] D. Montgomery and L. Zippin, Topological transformation groups, Interscience, 1957.

DaMmirR FiLipovié, DEPARTMENT OF OPERATIONS RESEARCH AND FINANCIAL ENGINEERING,
PRINCETON UNIVERSITY, PRINCETON, NJ 08544-5263, USA. JOSEF TEICHMANN, INSTITUTE OF
FINANCIAL AND ACTUARIAL MATHEMATICS, TU VIENNA, WIEDNER HAUPTSTRASSE 8-10, A-1040
VIENNA, AUSTRIA

E-mail address: dfilipov@princeton.edu, josef.teichmann@fam.tuwien.ac.at



