Abstract regularity structures

Definitions

Definition (Regularity structure)
A regularity structure 7 = (A, T, G) consists of the following elements:

» An index set A C R such that 0 € A, A is bounded from below, and A is
locally finite.

> A model space T, which is a graded vector space T = 4 Ta, with each
(Ta, || - ||o) a Banach space. Furthermore, Ty =~ R and its unit vector is
denoted by 1.

» A structure group G of linear operators acting on T such that, for every
[ € G, every a € A, and every a € T,, one has

Fa—aE@Tﬁ.
B<a

Furthermore, ['1 =1 for every [ € G.

Definition (Model)

Given a regularity structure .7 and an integer d > 1, a model for 7 on R
consists of maps

N:RY— £(T,S'(RY)) T:RIxR'—=G
x — [, (x,y) — T
such that 'y, 'y, = Iy, and ,I,, = 1,. Furthermore, given r > |inf A|, for

any compact set & C R? and constant v > 0, there exists a constant C such
that the bounds

[(Mxa)(20)] < Ca%lalla, [ITyalls < Clx = y|*~a]la

hold uniformly over all test functions ¢ : RY — R with support on the unit ball
satisfying ||¢llc, <1, (x,y) € R, d € (0,1], a € T, with @ <+, and § < «.
Here, for any test function ¢, ¢ is a shorthand for the rescaled function

AAy) = 0% (0 y — x)).




Modelled distributions

Definitions

Fix 7 = (A, T, G) and (I1,T) model with scaling s.
Definition (Modelled distributions)

For any v € R, the space D? consists of all f: R — T, such that, for every
compact set & C R?, one has

1F(x) = Ty F (W)l

Il ll4:2 = supsup || f(x)||s + sup sup —5— <00,
XER By (xy)eR  B<y HX — st
peA Ix=ylls<1 BEA

Definition (Generalized Holder spaces)

Let & < 0 and let r = —[a. We say that £ € S’ belongs to C{ if it belongs
to the dual of Cj and, for every compact set R, there exists a constant C such
that the bound

(€ Soxm) < CO°,
holds for all n € C" with ||n||l¢c- <1 and suppn C Bs(0,1), all 6 <1, and all

X € R.

For £ € C{' and R a compact set, we denote by ||£||,.q the seminorm given by

[€ o = sup sup sup =€, S, m)]| -
x€ERNEB, 5 0<1

Theorem (Reconstruction theorem, Part 1)

Let « = min A, and let r > |«|. Then, for every v € R, there exists a
continuous linear map R: D7 — C.* with the property that, for every compact
set A C RY,

[(Rf = T (x)) (Se,m)| S 67Nz 015 (1)

uniformly over all test functions n € Bgvo, all 6 € (0,1], all f € D7, and all
x € R. Ify >0, then the bound (1) defines Rf uniquely. Here, we denoted
by R the 1-fattening of K.



Modelled distributions

Reconstruction theorem

Let & = (A, T, G) be a regularity structure with scaling 5 and two models
(M, r)and (N,1). )
For f € D7(I') and f € D7(I') we introduce

|||f; ’Fm%ﬁ ::Hf - FHV;R

+ s 1) = 700 = D) + B Pl

NEL Beh |x — sz—ﬁ

Theorem (Reconstruction theorem, Part 2)

Let « = min A, and let r > |a.

1. If R is the reconstruction operator associated to (M,T) and R to (M,T),
then one has the bound

‘(Rf — Rf — N, f(x) + ﬁxf(x))(Sg’Xn)‘
S (I & N g + 10 = 0l aL L R),
uniformly over x and 1 as before.
2. Finally, for 0 < k < v/(y — «) and for every C > 0, one has the bound
‘(Rf—ﬁf: — M, f(x) + ﬁxf(x))(ngxn)‘
SO = FlIZ g+ 1IN =%+ T = T2 7).

where we set 7 := v — k(v — ), and where we assume that ||f||. 5,
|N,.z and ||T||.z are bounded by C, and similarly for f, M andT.



Modelled distributions

Elements of wavelet analysis

Theorem (Wavelet analysis)

One has (], %’,’”) = 0n.mOx, for every n,m € Z and every x € \,, y € Ap,.
Furthermore, (3, 1)) = 0 for every m > n and every x € \,, y € Ay,
Finally, for every n € 7, the set

{or - xeNJULYT - m>n, x €Ny},
forms an orthonormal basis of L*(R).

Extending the construction to R?
For any given scaling s of R? and any n € Z, we thus define

d
Aﬁ—{§:2%@q:@ez}cR%
j=1

For every x € A%, we then set

d
ox(y) =[5 ),
j=1

with

o (1) = 2720 (2%(y; — X)), j=1,....d.
Similarly, there exists a finite collection W of orthonormal compactly supported
functions such that, if we define V,, similarly as before, V- is given by

VE =span{y?® : p eV xc A},
In this expression, given a function 1) € W, we have set

wn,s _ 2—n|5]/28527;”w.

X

This collection forms an orthonormal basis of V:-.



Modelled distributions

A convergence criterion in Cg

Fix 7 = (A, T, G) and (N,I) model with scaling s.
Proposition (Characterising C{' by wavelet coefficients)

Let o« < 0 and £ € S'(R?). Consider a wavelet analysis with a compactly
supported scaling function ¢ € C" for some r > |c|.

Then, £ € C¢' iff ¢ belongs to the dual of C§ and, for every compact set
R C RY, the bounds

n sl e
(e S22, [(&epl ST,

hold uniformly over n > 0, every 1 € WV, every x € N, N K, and every
y e N\gN K.

Theorem (Convergence criterion in C{')

Let s be a scaling of RY, let « < 0 < =y, and fix a wavelet basis with regularity
r > |a|. Forevery n >0, let x — A? be a function on R? satisfying the
bounds

AL < JAl7= 7, OAY S (Al

for some constant ||Al|, uniformly over n > 0 and x € R?
Then, the sequence {f,}n>0 given by f, =) p« AL pi° converges in Cg' for
every & < « and its limit f belongs to C¢'. Furthermore, the bounds

If = folla STAI7D", [ Pof = filla S [1A277,

Y Y

hold for & € (o — v, ), where P, is given by
Paf = Z(fv D) Px-

xEN,



Modelled distributions

Proof of the reconstruction theorem

Suppose there exists a family x — ¢, € S’(R?) of distributions such that the

sequence f, is given by
fo=> Alpr®,
xENS
with A7 = (p2° ().
Proposition

In the above situation, assume that the family . is such that, for some
constants K1 and K, and exponents o < 0 < -y, the bounds

sl
[{0%%, G = Gl < Kallx = ylls™*272 7,

n om—L
|<90x’57 X>‘ < K22 )

hold uniformly over all x,y such that 27" < ||x — y||s < 1. Here, as before, ¢
is the scaling function for a wavelet basis of regularity r > |a.

Then, the lim,_, f, = f exists and the limit distribution f € C_' satisfies the
bound

(f = C(Sem)| S K107,

uniformly over n) € I3 . Here, the proportionality constant only depends on
the choice of wavelet basis, but not on K.



Multiplication

Overview

Classical multiplication

» C* x CP — C" continuous for o + 3 > 0.
» Not continuous for o + 5 < 0, ¢ N.

Multiplication of modelled distributions

» Algebraic structure: need product on T.
» Get D)} x D)2 — Dgfaofmwﬁal) continuous.

» Note: (Rf)(Rf) # R(fif) in general, even when this makes sense in the

classical way.

» However, the formalism is flexible enough for products that encode some
renormalisation procedure.

Constructing products on T

» Constructing products on Hopf algebras T.
» Example: Polynomial regularity structure.

» Example: Regularity structure of rough paths.

Composition of functions

»GofeDV(V)if G:R"— R"is smooth, f € DV(V),and V C T is
function-like.



Multiplication

Definitions of distributions and modelled distributions

Definition (27)
Given a regularity structure .7 equipped with a model (I1,T) over RY, the

space 27 is given by the set of functions f: RY — @O{Q T, such that, for
every compact set K and every o < -y, the exists a constant C with

I (x) = Ty f()lla < Clx =y '™
uniformly over x,y € R.
Definition (Z))
9] denotes those elements f € 27 such that
fx)eT, =€ Ts  wx
B>
Definition (C?)

Let (A, T, G) be the polynomial regularity structure. A function f: R? — R is
of class C* with a > 0 if and only if the Taylor expansion

Flx)= ) %Dkf(x) .

is of class .

Definition (C™%)

For each oz > 0, we denote by C™“ the space of all Schwartz distributions 7
such that 7 belongs to the dual of C" with r = [«] and such that

n(eR)] S A,

uniformly over all ¢: R? — R with [|o]||c- < 1 supported in the unit ball
around the origin, and A € (0, 1], and locally uniformly in x.




Multiplication

The main theorems and definitions

Theorem (Classical multiplication)

If B > «, then there is a continuous bilinear map B: C~* x C? — S'(RY)
such that B(f, g) = fg for any two continuous functions f and g.

Definition (Sector)

Given a regularity structure (T, A, G) we say that a subspace V C T is a
sector if it is invariant under the action of the structure group G and if it can
furthermore be written as V = @4 Vo, with V,, C T,.

Definition (Multiplication in T)
Given a regularity structure (T, A, G) and two sectors V, V C T, a product
on (V, V) is a bilinear map x: V x V — T such that, for any 7 € V, and

T € Vﬁ, one has T x T € T, and such that, for any element [ € G, one has
[(7+x7) =T7xT7. Furthermore, x : V,, x V3 — T, 3 is continuous.

Theorem (Multiplication of modeled distributions)

Let i € Z1(V), f, € 222(V), and let x be a product on (V/, V). Then, the
function f given by f(x) = fi(x) x fa(x) belongs to 2. with

a=ar+ay, y=Mm+a)A(r+a).

Remark
If 1,7 happens to be a continuous function for every 7 € T and the product

satisfies [1,(a x b) = MM, (a)l,(b) we also have
R(fixfz)(x) = Me(A(x)xh(x)) (x) = Me(A(x)) ()N« (f(x)) (x) = RA(x) Rf(x).

This holds for example if f; € 2, (V) with v > 0. Note however, that even if
both Rf; and Rf, happen to be continuous functions, this does not in general

imply that R(A x £)(x) = (Rf)(x) (RA)(x)!



Multiplication

Composition with smooth functions

Definition (Composition with smooth functions)

Let V be a function-like sector (i.e., V,, =0 if @« < 0 and V4, = R) endowed
with a product x: V x V — V. For any smooth function G: R — R and any
f e 27(V) with v > 0, we can then define G(f) to be the V-valued function
given by

R (F(x)) -
o= Dy

where we have set
f(x) = (1, f(x)) f(x) = f(x) — f(x)1.

Here, G(¥) denotes the kth derivative of G and 7** denotes the k-fold product
T %-+-%7. We also used the usual conventions G© = G and 70 = 1.

Proposition (Regularity of composition with smooth function)

In the same setting as above, provided that G is of class C* with k > /v,
the map f — G o f is continuous from 27(V) into itself. If k > v/ + 1,
then it is locally Lipschitz continuous.



Multiplication

Hopf algebras

Definition
» Algebra (T,V,e) over R: unital, associative, commutative.
» Coalgebra (T, A, €) over R: counital, coassociative.

» Compatibility: for all p,g € T,

A(pq) = (Ap)(Aq), Ae=e®e, ¢(pq)=-¢c(p)e(q), e(e)=1.
» Grading: T = @kezi T, with dim T, < oo such that

V: Ty x T — Tk+g, AT — @ Ty ® T,.
{+m=k

» Connectedness: Ty = spang{e}.
» Antipode: linear mapping A : T, — T such that

T®T+$>T®T
N v)

I ——R——T

Constructing a group acting on T

» Dual Hopf algebra (T, V*, e*, A* €*, A*).

» Primitive elements P(T*) ={f € T": A"f =e*® f + f ® e*} form a Lie
algebra with universal enveloping algebra T* (Milnor-Moore Theorem).

» Define G = exp(P(T*)) C T*. Then A*g = g ® g holds, for all g € G.

» Group action 1: (f,[,p) = (fg,p), forall f € T*, g € G,pe T.

» Group action 2: (f . [,p) = (A*g)f,p), forall f € T*. g G,pe T.

Properties of the group action

»Ifpe T, thenTgp—pe T .
» Multiplication on T is regular.

[g(pq) =Tg(p)Tg(q), Vgeq,

as a consequence of A*g = g ® g.



Multiplication

Polynomial regularity structure as a Hopf algebra

Definition
s A=No, T =R[Xi,..., X,], G = RY.
» Group action (Izp)(X) = p(X + g).

Hopf algebra structure on T

» Multiplication V as usual; unit e = 1.

» Comultiplication A is the unique homomorphism satisfying
AX;i=1® X;+ X; ® 1 (“divided powers”); counit € is evaluation at zero.

» Antipode A is the unique antihomomorphism satisfying AX; = —X;.

Dual structure on T*

» T* identified with formal differential operators ) -, a,-lw.’,-nm with
constant coefficients.

» Pairing with T given by differentiation and evaluation at zero.
» Multiplication V* is composition of differential operators.

» Comultiplication A* is the unique homomorphism satisfying
x 0 _ 0 : : 0
A*5 = 55 @ id +id @55

Group and group action

» Primitive elements P(T*) are first order differential operators because
ANf=e"@f+fRe < (f,pg) = p0)f,q) + (f,p)q(0).

» G = exp(P(T7)) are translations.

» This is group action 1: (f,[zp) = (fg, p).

Standard model

> (MeXi) () = (v — )"
> er =x—yeG



Multiplication

Regularity structure of rough paths as a Hopf algebra

Definition
»~v >0 E=RC
» A= Ny, T = @~ , Tk with Ty = (E*)®*, G = exp(Lie(E)).
> Group action (f,Tzp) = (g71f, p), forall f € [[; o  E®*,g € G,pe T.

Hopf algebra structure on T

» Multiplication V = LU is the shuffle product; unit e =1 € R.

» Comultiplication A obtained by duality from multiplication on T, i.e.,
(f ® g, Ap) = (fg, p); counit € extracts the R-component.

» Antipode A is the unique antihomomorphism satisfying Ax = —x,Vx € E*,

Dual structure on T~
» T = [1o2, E®¥ is the (pre-)dual of T.
» Multiplication V* is concatenation (alias tensorisation); unit e* =1 € R.

» Comultiplication A* obtained by duality from multiplication on T, i.e.,
(A*f,p® q) = (f, p LI q); counit €" extracts the R-component.

Group and group action
» Primitive elements P(T*) = Lie(E) C T*.
» G = exp(P(T*)) C T* has the property Ag =g 1,Vg € G.
» This is group action 2: (f,.Tzp) = ((Ag)f,p) = (g 'f,p).

Standard model

> (Msa)(t) = (Xst, a)
> rst = Xst cG



