Runge-Kutta solutions of stiff differential equations near stationary points

Ch. Lubich^1, K. Nipp^2, D. Stoffer^2

Abstract. Runge-Kutta methods applied to stiff systems in singular perturbation form are shown to give accurate approximations of phase portraits near hyperbolic stationary points. Over arbitrarily long time intervals, Runge-Kutta solutions shadow solutions of the differential equation and vice versa. Sharp error bounds are derived. The proof uses attractive invariant manifolds to reduce the problem to the nonstiff case which was previously studied by Beyn.

Key words. Long-time error bounds, implicit Runge-Kutta method, stiff ODE, singular perturbation problem, hyperbolic equilibrium, shadowing, invariant manifold.

Subject Classification. 65L05

April 1993

1Institut für Angewandte Mathematik und Statistik, Universität Würzburg, Am Hubland, D-W-8700 Würzburg, Germany 2Seminar für Angewandte Mathematik, ETH Zürich, CH-8092 Zürich, Switzerland

Runge-Kutta solutions of stiff differential equations near stationary points

Ch. Lubich, K. Nipp, D. Stoffer

1. Introduction

In the literature on the long-time behavior of numerical solutions of differential equations, there is a remarkable result of Beyn [2] which says that Runge-Kutta methods (and also other one-step methods and multistep methods) give accurate approximations of phase portraits near hyperbolic equilibria, such as saddle points. Stated in more detail: In a sufficiently small neighbourhood of the stationary point, every Runge-Kutta solution obtained with sufficiently small step size approximates some solution of the differential equation, and conversely, every solution in this neighbourhood is approximated by some Runge-Kutta solution, independently of the time interval which may be arbitrarily large. The approximation order is what one would expect for integration over bounded time intervals. The starting values of the solution and of its long-time approximant usually do not coincide. We also refer to the survey articles of Beyn [3] and Sanz-Serna and Larsson [17] which put this and related results into perspective. The result is meaningful in nonstiff situations: With increasing norm of the Jacobian, both the diameter of the neighbourhood and the maximum permitted stepsize shrink to zero in Beyn’s result, and the approximation properties deteriorate.

In the present paper we study Runge-Kutta solutions near hyperbolic stationary points of stiff problems in singular perturbation form. We prove a Beyn type result which is valid in a neighbourhood of the equilibrium and for stepsizes that are not restricted by the small stiffness parameter ϵ, and which gives optimal-order error estimates. In Hairer, Lubich, and Roche [7] precise error bounds were obtained for Runge-Kutta approximations of “smooth” solutions of singularly perturbed problems over bounded time intervals. We will show the same approximation order as in [7] for the present problem. In Nipp and Stoffer [15], techniques of [14] and [7] were combined to study the existence and properties of an attractive invariant manifold for Runge-Kutta solutions of singularly perturbed problems. The invariant manifold results permit us to handle the initial rapid change of general solutions and the associated difficulty that in stiff problems the local error is not small in a whole neighbourhood of the stationary point.

The technique of proof used here aims at reducing the discrete and continuous systems to their invariant manifolds, on which the dynamics are described by nonstiff equations. These techniques permit to infer also other long-time properties of numerical solutions of stiff systems from known results for the nonstiff case. Typical examples are the persistence of hyperbolic periodic orbits and the approximation of attracting sets, which were studied in the nonstiff case by Eirola [5] (among others) and Kloeden and Lorenz [9], respectively. A related idea was recently used by Stoffer [18], where the results of [5] and [9] were extended from one-step methods to general linear methods with the aid of attractive invariant manifolds.

Also related to the present paper are the articles of Alouges and Debussche [1] and Larsson and Sanz-Serna [11]. They are concerned with the behavior near a hyperbolic stationary point of time and space discretizations of semilinear parabolic partial differential equations, which is another “stiff” problem. Larsson and Sanz-Serna [11] obtained sharp estimates for piecewise linear finite element space discretizations. Alouges and Debussche [1] gave a (sub-optimal) extension of Beyn’s result for time discretization by the implicit Euler method. Their estimates can be improved to first-order error bounds by combining the techniques of [11] and [10]. However, better than first-order error estimates do not seem to be attainable for higher-order Runge-Kutta methods by using these arguments. One might expect that higher-order estimates require a study of existence and properties of (approximate) inertial manifolds, to be used in a way similar to the attractive invariant manifolds of the present paper.

The paper is organized as follows: In Section 2 we state our main result (Theorem 1) on the behavior of Runge-Kutta solutions of singularly perturbed problems near a hyperbolic equilibrium point. To prepare for the proof, we review the essentials of Beyn’s result for the nonstiff case in Section 3. In Section 4 we discuss some aspects of attractive invariant manifolds for singularly perturbed problems. In Sections 5 and 6 we prove Theorem 1. To make the proof more transparent, we first derive a slightly weakened bound in Section 5, and we improve it in Section 6.

2. Statement of the result

We consider the singularly perturbed problem dy dt = f(y, z)

ϵ dz dt = g(y, z) , 0 < ϵ ≪ 1 , (2.1)

in the neighbourhood of a stationary point, which we may assume to be situated at the origin. Thus f(0, 0) = 0 and g(0, 0) = 0. The functions f and g are assumed to be sufficiently differentiable. As usual in singular perturbation theory, we impose the following condition for Eq.(2.1):

All eigenvalues of g_z(0, 0) have negative real part. (2.2)

Further we assume that for small ϵ the stationary point is hyperbolic, that is, the Jacobian of the system (2.1) at the stationary point, ( f_y f_z ϵ�^1g_y ϵ�^1g_z ) (0, 0), has no eigenvalues on the imaginary axis. A similarity transformation with the matrix ( I ϵB 0 I ) , where B = f_zg�^1_z (0, 0), shows that for small ϵ the hyperbolicity condition is equivalent to the following condition:

(f_y − f_zg�^1_z g_y)(0, 0) has no eigenvalues on the imaginary axis. (2.3)

We are interested in the behavior of Runge-Kutta methods applied to (2.1) with step size h ≥ ϵ : y_{n+1} = y_n + h s∑ j=1 b_jY 0_{nj} , z_{n+1} = z_n + h s∑ j=1 b_jZ0_{nj} , (2.4a) with internal stages (i = 1, . . . , s)

Y_{ni} = y_n + h s∑ j=1 a_{ij}Y 0_{nj} , Z_{ni} = z_n + h s∑ j=1 a_{ij}Z0_{nj} (2.4b) satisfying relations of the form of (2.1): Y 0_{ni} = f(Y_{ni}, Z_{ni}) ϵ Z0_{ni} = g(Y_{ni}, Z_{ni}) . (2.4c)

We will make the method assumptions of [7]: The Runge-Kutta method is A-stable, i.e., the stability function R(w) = 1 + wb^T (I − wOι)�^11l , (2.5) (where b^T = (b_1, . . . , b_s), Oι = (a_{ij})^s_{i,j=1}, 1l = (1, . . . , 1)^T ) satisfies |R(w)| ≤ 1 for Re w ≤ 0 . (2.6) We further assume that all eigenvalues of the Runge-Kutta matrix Oι = (a_{ij})^s_{i,j=1} have positive real part, and that R(∞) = 1 − b^T Oι�^11l satisfies |R(∞)| < 1 . (2.7) If one restricts the attention to ϵ ≪ h, then only the invertibility of Oι and condition (2.7) are needed. The method has stage order q, if s∑ j=1 a_{ij}c^k�^1_j = c^k_i k for k = 1, . . . , q and all i . (2.8)

Here c_i is defined by (2.8) with k = 1. We assume that the order p of the method when applied to nonstiff ordinary differential equations satisfies p ≥ q + 1. (If p = q, this is achieved by reducing q by 1.)

We will show the following result in this article.

Theorem 1. Under the above assumptions, there are positive constants r and h_0 such that the following holds for 0 < ϵ ≤ h ≤ h_0.

First assertion: For every Runge-Kutta solution (2.4) with ‖(y_n, z_n)‖ ≤ r for 0 ≤ n ≤ N, there exists a solution (y(t), z(t)) of (2.1) for 0 ≤ t ≤ T = Nh, such that for 0 ≤ n ≤ N ‖y_n − y(nh)‖ ≤ C · (h^p + ϵh^{q+1} + ϵρ^n) ‖z_n − z(nh)‖ ≤ { C · (h^p + ϵh^q + ρ^n) if a_{sj} = b_j for j = 1, . . . , s , C · (h^{q+1} + ρ^n) else .

(2.9)

Here ρ < 1 and C depend only on f, g, r and h_0, and in particular are independent of ϵ, h, and N. Moreover, for ϵ ≪ h we have ρ = |R(∞)| + O(ϵ/h).

Second assertion: Conversely, for every solution of (2.1) with ‖(y(t), z(t))‖ ≤ r for 0 ≤ t ≤ T = Nh, there exists a Runge-Kutta solution (y_n, z_n), 0 ≤ n ≤ N, satisfying (2.9) with ρ = e�^{κh/ϵ}, with C and κ > 0 independent of ϵ, h, and N.

This extends Theorem 3.1 of Beyn [2] to the stiff case. Apart from the rapidly changing initial phase, the approximation order is the same as that established by Hairer, Lubich, and Roche [7] for Runge-Kutta approximations of “smooth” solutions of (2.1) on bounded time intervals. An essential aspect of Theorem 1 is the fact that the estimates remain uniform as the integration interval becomes large. It is again possible to infer the existence of stable and unstable manifolds of the Runge-Kutta scheme which are close to those of the differential equation, similarly to Beyn [2] for the nonstiff case, cf. also Nipp and Stoffer [14].

3. A review of the nonstiff case

Consider the (nonstiff) differential equation dx dt = f(x) , (3.1)

with x = 0 being a hyperbolic equilibrium. Beyn [2], Thm. 3.1, has shown the following for numerical solutions obtained by applying a Runge-Kutta method of order p to Eq. (3.1): For every RK-solution (x_n), 0 ≤ n ≤ N, which stays in a sufficiently small neighbourhood U of the stationary point, there is a solution x(t) of Eq. (3.1) satisfying ‖x_n − x(nh)‖ ≤ Ch^p. Conversely, for every solution x(t) in U, 0 ≤ t ≤ T = Nh, there is a RK-solution (x_n) with ‖x_n − x(nh)‖ ≤ Ch^p. The constant C is independent of h and N. This result of Beyn can be viewed as a consequence of the stability lemma stated below. Lemma 2 will also be used in the proof of Theorem 1.

Let A be a square matrix which has no eigenvalues on the imaginary axis. We blockdiagonalize A = V ( A^+ 0 0 A� ) V �^1 (3.2)

where all eigenvalues of A^+ (A�) have positive (negative) real part. We use the corresponding spectral projections

P^+ = V Π^+V �^1 , P � = V Π�V �^1 , (3.3)

where Π^+v = ( v^+ 0 ) , Π�v = ( 0 v� ) for v = ( v^+ v� ) .

A Runge-Kutta method applied to the differential equation dx/dt = Ax + φ(x) gives a recursion x_{n+1} = R(hA)x_n + hϕ(x_n) , (3.4)

where R(w) is the stability function (2.5), and ϕ is some h-dependent function related to φ, with Lipschitz constant L_ϕ = ( ∑s i=1 |b_i| + O(h)) L_φ. We also consider a perturbed variant ~x_{n+1} = R(hA)~x_n + hϕ(~x_n) + hδ_n . (3.5) Note that if we take ~x_n = x(nh), where x(t) is a solution of dx/dt = Ax+φ(x), then hδ_n is the local error, which is O(h^{p+1}) uniformly in bounded neighbourhoods of the stationary point.

Lemma 2. Assume ϕ(0) = 0 and ‖ϕ0(x)‖ ≤ ℓ for ‖x‖ ≤ 2r. Let (~x_n) with ‖~x_n‖ ≤ r for 0 ≤ n ≤ N satisfy (3.5). Let δ and β denote bounds ‖δ_n‖ ≤ δ for 0 ≤ n ≤ N ‖P �(x_0 − ~x_0)‖ + ‖P^+(x_N − ~x_N )‖ ≤ β .

If ℓ, δ, β, and h are sufficiently small, then equation (3.4) has a unique solution (x_n) with prescribed boundary values P �x_0 and P^+x_N , which satisfies ‖x_n − ~x_n‖ ≤ C · (β + δ) for 0 ≤ n ≤ N . The constant C is independent of h and N.

Proof. Since R(w) is an approximation of the exponential function, we have the bounds ‖R(hA�)^n‖ ≤ C · e�^{αhn} , ‖R(hA^+)�^n‖ ≤ C · e�^{αhn} , n ≥ 0 , with some α > 0 which depends on A and the maximum permitted step size h_0. Using the discrete variation of constants formula forwards and backwards, we have with x_n = V ( x^+_n x�_n ) and ϕ = V ( ϕ^+ ϕ� )

x�_n = R(hA�)^nx�_0 + h n�1_∑ j=0 R(hA�)^n�^j�^1ϕ�(x_j) ,

x^+_n = R(hA^+)^n�^N x^+_N − h N�1_∑ j=n R(hA^+)^n�^j�^1ϕ^+(x_j) ,

and similarly for ~x_n. As the Lipschitz constant of ϕ can be kept as small as we please, the result follows from the Banach contraction principle (cf. also [11]).

4. Attractive invariant manifolds

One difficulty in extending Beyn’s result to the stiff problem (2.1), is that the local error is not small for arbitrary starting values near the stationary point. The reason is that general solutions of (2.1) undergo rapid initial changes as is shown in the socalled Tikhonov-Levinson theory of singularly perturbed systems. A description of this theory may be found e.g. in the text-books [19], [16] and also [8]. As is known from [4], [6], [12], [13], there is a smooth attractive invariant manifold M_ϵ = {(y, z)| z = s_ϵ(y)} (locally near the stationary point, which itself is on M_ϵ). Solutions of (2.1) starting on M_ϵ remain on M_ϵ and are “smooth” in the sense that arbitrarily many derivatives are bounded independently of ϵ. An arbitrary solution (y(t), z(t)) of (2.1) near (0, 0) quickly approaches a solution on M_ϵ: There is a solution (~y(t), ~z(t)) on M_ϵ such that ‖y(t) − ~y(t)‖ + ϵ · ‖z(t) − ~z(t)‖ ≤ C · ϵe�^{κt/ϵ} , 0 ≤ t ≤ T , (4.1) with some constants C and κ > 0 which do not depend on ϵ and T (“property of asymptotic phase”). If (y(t), z(t)) = (y(t), s_ϵ(y(t))) is a solution of Eq. (2.1) on M_ϵ then y(t) is a solution of the (nonstiff) differential equation dy dt = f(y, s_ϵ(y)) , (4.2)

which has y = 0 as an equilibrium. The function s_ϵ depends smoothly on ϵ ≥ 0. For ϵ = 0 we denote by s_0(y) = z the locally unique solution of the “reduced system” 0 = g(y, z). In particular, we have s0_ϵ(0) = s0(0) + O(ϵ) = −(g�^1_z g_y)(0, 0) + O(ϵ). Hence, the Jacobian of Eq. (4.2) at y = 0 is (f_y − f_zg�^1_z g_y)(0, 0) + O(ϵ) .

By condition (2.3), this matrix has no eigenvalues on the imaginary axis for small ϵ.

Not only the continuous system (2.1), but also its RK-discretisation admits an invariant manifold. This was recently studied by Nipp and Stoffer [15]. Let us summarize their findings: For 0 < ϵ ≤ h ≤ h_0, there is a local attractive invariant manifold M_{ϵ,h} = {(y, z)| z = s_{ϵ,h}(y)} for the Runge-Kutta solutions (2.4). M_{ϵ,h} is close to M_ϵ: ‖s_{ϵ,h}(y) − s_ϵ(y)‖ ≤ { C ϵ h^q if b_i = a_{si} for all i , C h^{q+1} else .

(4.3)

Again, the property of asymptotic phase states that for every (y_0, z_0) in an h- and ϵindependent neighbourhood of M_{ϵ,h}, there exists (~y_0, ~z_0) ∈ M_{ϵ,h} such that the corresponding Runge-Kutta solutions satisfy ‖y_n − ~y_n‖ + ϵ · ‖z_n − ~z_n‖ ≤ C · ϵρ^n , 0 ≤ n ≤ N , (4.4) where ρ < 1 and C do not depend on ϵ, h, and N. For ϵ ≪ h we have ρ = |R(∞)|+O(ϵ/h).

Remark. The result in [15] is formulated for ϵ ≪ h, but it extends to ϵ ≤ h under the stronger method assumptions that we have imposed. This can be shown using the estimates in Section 5 of [7].

5. Proof of Theorem 1 (slightly weakened estimate)

The basic idea is to reduce the stiff case to the nonstiff case by means of the invariant manifolds M_{ϵ,h} and M_ϵ. Reducing the discrete and continuous systems to the corresponding invariant manifolds, the dynamics only depend on the nonstiff y-equation. More precisely, we proceed as follows to prove the first assertion of Theorem 1: Let (y_n, z_n), 0 ≤ n ≤ N, be a given RK-solution of Eq.(2.1) staying in an r-neighbourhood of (0, 0), r sufficiently small. We first take the RK-solution (~y_n, ~z_n) on M_{ϵ,h} with the same “asymptotic phase” (see (4.4)). Then, using M_ϵ we construct a RK-solution (η_n) of the nonstiff system (4.2) “shadowing” (~y_n). In a third step, we apply Beyn’s result to Eq.(4.2) in order to establish the claimed solution (y(t), z(t)) = (y(t), s_ϵ(y(t)), 0 ≤ t ≤ T = Nh, of Eq.(2.1). Conversely, for the second assertion of Theorem 1: Given a solution (y(t), z(t)) of Eq.(2.1), we first take the solution (~y(t), ~z(t)) on M_ϵ with the same “asymptotic phase” (see (4.1)). Then, by means of Beyn’s result there is a RK-solution (η_n) of Eq.(4.2) staying close to (~y(nh)). Finally, we construct a RK-solution (y_n, z_n) = (y_n, s_{ϵ,h}(y_n)) of Eq.(2.1) on M_{ϵ,h} “shadowing” (η_n, s_ϵ(η_n)). Hence, in both cases the shadowing solutions lie on the (continuous or discrete) attractive invariant manifolds. We remark that accurate approximation of the rapid initial transient is not possible with step sizes h ≫ ϵ, as can be seen already from the example ϵz0 = −z. Proof of the first assertion: We estimate ‖y_n − y(nh)‖ ≤ ‖y_n − ~y_n‖ + ‖~y_n − η_n‖ + ‖η_n − y(nh)‖ (5.1) in three steps.

1) By the bound (4.4) we have ‖y_n − ~y_n‖ ≤ Cϵρ^n for 0 ≤ n ≤ N.

2) To simplify this step we show first that ~y_n − η_n = O(ϵh^q). The stronger estimate O(ϵh^{q+1}) will be obtained in the following section.

In order to apply Lemma 2 we need the estimate given in the following lemma. Lemma 3. Let y_0 be in an r-neighbourhood of 0. Apply one step of the RK-method to Eq. (4.2) taking η_0 = y_0 to η_1. Let (y_1, z_1) denote the result of one step of the RK-method applied to Eq. (2.1) with starting value (y_0, z_0) = (y_0, s_{ϵ,h}(y_0)) ∈ M_{ϵ,h}. Then y_1 − η_1 = O(ϵh^{q+1}) holds for 0 < ϵ ≤ h ≤ h_0, uniformly for ‖y_0‖ ≤ r.

Proof. (a) Let ^Y_i (i = 1, . . . , s) denote the internal stages of the RK-method applied to Eq. (4.2). Putting ^Z_i = s_ϵ( ^Y_i) , we then have

η_1 = η_0 + h s∑ j=1 b_jf( ^Y_j , ^Z_j ) , ^Y_i = η_0 + h s∑ j=1 a_{ij}f( ^Y_j , ^Z_j ) . We will show in part (b) of the proof that we have, with ζ_0 = s_ϵ(η_0),

ϵ( ^Z_i − ζ_0) = h s∑ j=1 a_{ij}g( ^Y_j , ^Z_j) + O(ϵh^{q+1}) . (5.2) On the other hand, the internal stages Y_i, Z_i of the RK-method applied to Eq. (2.1) satisfy (2.4). The starting values are η_0 = y_0, and ζ_0 = z_0 + O(h^{q+1}) by (4.3). We next apply Lemma 6 of [7]. This perturbation lemma says that the difference between the internal stages Y_i, Z_i (i = 1, . . . , m) and those of a perturbed scheme

^Y_i = y_0 + h s∑ j=1 a_{ij}f( ^Y_j , ^Z_j ) + hδ_i , ϵ( ^Z_i − z_0) = h s∑ j=1 a_{ij}g( ^Y_j , ^Z_j ) + hθ_i

are bounded by ‖ ^Y_i − Y_i‖ ≤ Ch(‖δ‖ + ‖θ‖), ‖ ^Z_i − Z_i‖ ≤ C(h‖δ‖ + ‖θ‖). In the present situation, we have defects δ_i = 0 and hθ_i = O(ϵh^{q+1}). This gives us the bounds ^Y_i − Y_i = O(ϵh^{q+1}) , ^Z_i − Z_i = O(ϵh^q) . Using η_0 = y_0 and the Lipschitz boundedness of f in the equation defining η_1, we thus get the estimate stated in Lemma 3.

(b) The key to proving (5.2) is the identity ϵs0_ϵ(y)f(y, s_ϵ(y)) = g(y, s_ϵ(y)) for all y (near 0), which is obtained from the second equation in (2.1) restricted to the invariant manifold M_ϵ : z = s_ϵ(y).

Let y(t) be the solution of Eq. (4.2) with starting value y(0) = η_0, and let z(t) = s_ϵ(y(t)). Since the stage order is q, we have ^Y_i − y(c_ih) = O(h^{q+1}) , ^Z_i − z(c_ih) = O(h^{q+1}) .

Hence, h ∑s j=1 a_{ij} g( ^Y_j , ^Z_j) = ϵh ∑s j=1 a_{ij} s0_ϵ( ^Y_j )f( ^Y_j, s_ϵ( ^Y_j)) = ϵ (∫ c_i h

0 s0_ϵ(y(t)) f(y(t), s_ϵ(y(t))) dt + O(h^{q+1}) ) = ϵ (∫ c_ih 0 dz dt (t) dt + O(h^{q+1}) )

= ϵ ( z(c_ih) − z(0) + O(h^{q+1}) ) = ϵ ( ^Z_i − ζ_0 + O(h^{q+1}) ) , which gives the desired relation (5.2).

As shown in Section 4, Eq.(4.2) may be written as dy dt = Ay + φ(y) where A = (f_y − f_zg�^1_z g_y)(0, 0) is hyperbolic and φ has Lipschitz constant O(r) + O(ϵ) = O(r) (assuming ϵ < r). Hence, applying the RK-method to Eq.(4.2) yields a recursion of the form η_{n+1} = R(hA)η_n + hϕ(η_n) , (5.3) where the Lipschitz constant of ϕ is again O(r). We now use Lemma 3 with ~y_n in the role of η_0 = y_0. The result of a RK-step for Eq. (4.2) starting from ~y_n is R(hA)~y_n + hϕ(~y_n), and hence Lemma 3 shows that the RK-solution (~y_n, ~z_n) = (~y_n, s_{ϵ,h}(~y_n)) ∈ M_{ϵ,h} of the singularly perturbed system (2.1) satisfies ~y_{n+1} = R(hA)~y_n + hϕ(~y_n) + O(ϵh^{q+1}) . We may thus apply Lemma 2 with η_n in the role of x_n, with ~y_n in the role of ~x_n and with hδ_n = O(ϵh^{q+1}). With boundary values chosen as P �η_0 = P � ~y_0 , P^+η_N = P^+ ~y_N , Lemma 2 gives us a RK-solution (η_n) of Eq.(4.2) which satisfies ‖~y_n − η_n‖ ≤ C ϵ h^q for 0 ≤ n ≤ N . (5.4)

3) Beyn’s result applied to Eq. (4.2) now yields: There is a solution y(t) satisfying ‖η_n − y(nh)‖ ≤ C h^p for 0 ≤ n ≤ N .

The constant C is again independent of ϵ, because the right-hand side of Eq. (4.2) depends smoothly on ϵ ≥ 0.

¿From the steps 1), 2) and 3) it follows with (5.1) that ‖y_n − y(nh)‖ ≤ C(ϵ ρ^n + ϵ h^q + h^p) .

It remains to estimate the z-components. We have ‖z_n − z(nh)‖ ≤ ‖z_n − ~z_n‖ + ‖~z_n − z(nh)‖ , 0 ≤ n ≤ N , where (~y_n, ~z_n) ∈ M_{ϵ,h} , (y(t), z(t)) ∈ M_ϵ . We thus get ‖z_n − z(nh)‖ ≤ ‖z_n − ~z_n‖ + ‖s_{ϵ,h}(~y_n) − s_{ϵ,h}(y(nh))‖ + ‖s_{ϵ,h}(y(nh)) − s_ϵ(y(nh))‖ . The property of asymptotic phase (4.4) yields ‖z_n − ~z_n‖ ≤ C ρ^n; steps 2), 3) imply ‖s_{ϵ,h}(~y_n) − s_{ϵ,h}(y(nh))‖ ≤ C(ϵ h^q + h^p), and the last term is bounded by (4.3). Combining these estimates we obtain ‖z_n − z(nh)‖ ≤ { C (ρ^n + ϵ h^q + h^p) if b_i = a_{si} , C (ρ^n + h^{q+1}) else .

This completes the proof of the first assertion of Theorem 1, except that the O(ϵh^q) term in the error estimate of the y-component is not yet optimal. This term will be improved to O(ϵh^{q+1}) in the following section.

Proof of the second assertion: The three steps to construct a RK-solution (y_n, z_n) on M_{ϵ,h} are sketched in the beginning of Section 5. We do not give the details, since they are almost the same as in the proof of the first assertion.

6. Proof of Theorem 1 (refined estimate)

To complete the proof of Theorem 1, we show that the difference between the sequences (~y_n) and (η_n) constructed in Section 5 is O(ϵh^{q+1}). From (5.4) we know already that the difference is O(ϵh^q). To improve this estimate, we need a refined version of Lemma 3. In the situation of Lemma 3, we would of course have y_1 = η_1 if the function f were independent of z, i.e., if f_z ≡ 0. For f_z(y_0, s_ϵ(y_0)) = O(h), tracing the proof of Lemma 3 shows that we still have y_1 − η_1 = O(ϵh^{q+2}) which improves the estimate of Lemma 3 by the missing factor h. The idea for improving the estimate in the general case now consists in transforming variables u = y − ϵBz , v = z where the constant matrix B is chosen such that Eq. (2.1) written in the variables (u, v), du dt = f(u + ϵBv, v) − Bg(u + ϵBv, v) =: F (u, v)

ϵ dv dt = g(u + ϵBv, v) =: G(u, v) (6.1)

has a small derivative F_v. Since F_v = f_z − Bg_z + O(ϵ), we choose B close to (f_zg�^1_z )(y, z). This procedure leads to the following.

Lemma 4. Let the situation of Lemma 3 be given, except that the initial condition y_0 = η_0 is replaced by y_0 − ϵBs_{ϵ,h}(y_0) = η_0 − ϵBs_ϵ(η_0) ,

with B = (f_zg�^1_z )(y_0, z_0) + O(h). Then,

y_1 − ϵBs_{ϵ,h}(y_1) = η_1 − ϵBs_ϵ(η_1) + O(ϵh^{q+2}) + O(h^{p+1}) .

Proof. Since the RK-method is invariant under linear transformations of variables, we have that (u_1, v_1) := (y_1 − ϵBz_1, z_1) is the result of one step of the RK-method applied to Eq. (6.1) with starting value (u_0, v_0) := (y_0 − ϵBz_0, z_0).

The invariant manifold of the singularly perturbed system (6.1) is parametrized by v = S_ϵ(u) with S_ϵ defined by S_ϵ(u) = s_ϵ(y) for u = y − ϵBs_ϵ(y). Let μ_1 denote the result of the RK-method applied to the differential equation (which is the u-version of Eq. (4.2)) du dt = F (u, S_ϵ(u)) (6.2)

with starting value μ_0 = η_0 − ϵBs_ϵ(η_0). By our assumptions, we have u_0 = μ_0 and F_v(u_0, v_0) = O(h). By the arguments in the beginning of this section we thus have

u_1 − μ_1 = O(ϵh^{q+2}) .

Both μ_1 and η_1 − ϵBs_ϵ(η_1) approximate the solution u(t) = y(t) − ϵBs_ϵ(y(t)) of Eq. (6.2) with initial value u(0) = μ_0 at t = h with an error of size O(h^{p+1}). Hence we have

μ_1 = η_1 − ϵBs_ϵ(η_1) + O(h^{p+1}) .

Since u_1 = y_1 − ϵBs_{ϵ,h}(y_1), the result follows.

Remark. A more detailed study (using trees and elementary differentials) reveals that the difference between μ_1 and η_1 − ϵBs_ϵ(η_1) is actually O(ϵh^{p+1}). Hence the O(h^{p+1}) term in Lemma 4 can be omitted. We have not carried this out, because Lemma 4 as stated above is sufficient for our needs.

Let (~y_n) and (η_n) be the sequences constructed in Section 5. We put B_n = (f_zg�^1_z )(η_n, s_ϵ(η_n)) and introduce ~u_n = ~y_n − ϵB_ns_{ϵ,h}(~y_n) , μ_n = η_n − ϵB_ns_ϵ(η_n) . (6.3) We recall that by (5.4) and (4.3) s_{ϵ,h}(~y_n) − s_ϵ(η_n) = O(h^{q+1}) . (6.4) We now formulate recursions for μ_n and ~u_n. To this end, we set ϕ_n(μ) = ϕ(η) + h�^1{R(hA) · ϵB_ns_ϵ(η) − ϵB_ns_ϵ(^η)} where η is defined as a function of μ by μ = η − ϵB_ns_ϵ(η) (as in (6.3)), and ^η = R(hA)η + hϕ(η) is the result of an RK-step for Eq. (4.2) with starting value η. We note that ϕ_n has a Lipschitz constant of size O(r) + O(ϵ) uniformly for all n. Inserting the recursion (5.3) for η_n into (6.3), we get a recursion for μ_n: μ_{n+1} = R(hA)μ_n + hϕ_n(μ_n) + c_n , where c_n = −ϵ(B_{n+1} − B_n)s_ϵ(η_{n+1}). We define ~η_n by ~u_n = ~η_n − ϵB_ns_ϵ(~η_n) and let ^η_{n+1} = R(hA)~η_n + hϕ(~η_n). Lemma 4 applied with ~y_n and ~η_n in the roles of y_0 and η_0 now gives

~y_{n+1} − ϵB_ns_{ϵ,h}(~y_{n+1}) = ^η_{n+1} − ϵB_ns_ϵ(^η_{n+1}) + O(ϵh^{q+2}) + O(h^{p+1}) = R(hA)~u_n + hϕ_n(~u_n) + O(ϵh^{q+2}) + O(h^{p+1}) .

Together with the estimate ϵ(B_{n+1} − B_n)(s_{ϵ,h}(~y_{n+1}) − s_ϵ(η_{n+1})) = O(ϵh^{q+2}), see (6.4), this yields ~u_{n+1} = R(hA)~u_n + hϕ_n(~u_n) + c_n + O(ϵh^{q+2}) + O(h^{p+1}) .

Moreover, the boundary values satisfy P � ~u_0 − P �μ_0 = − P � ϵB_0 ( s_{ϵ,h}(~y_0) − s_ϵ(η_0) ) = O(ϵh^{q+1}) where we used again (6.4), and similarly also P^+ ~u_N − P^+μ_N = O(ϵh^{q+1}) .

Lemma 2 generalizes trivially to the situation where the nonlinearity ϕ depends on n, provided that the condition ‖ϕ0_n(x)‖ ≤ ℓ with small ℓ for ‖x‖ ≤ 2r holds uniformly in n, as is the case for the ϕ_n considered here. This extended version of Lemma 2 now implies ~u_n − μ_n = O(ϵh^{q+1}) + O(h^p) , 0 ≤ n ≤ N . Together with (6.3) and (6.4) this gives ~y_n − η_n = O(ϵh^{q+1}) + O(h^p) , 0 ≤ n ≤ N . Using this improved estimate in (5.1) completes the proof of Theorem 1.

References

[1] F. Alouges, A. Debussche, On the qualitative behavior of the orbits of a parabolic partial differential equation and its discretization in the neighborhood of a hyperbolic fixed point. Numer. Funct. Anal. Optimiz. 12 (1991), 253-269.

[2] W.J. Beyn, On the numerical approximation of phase portraits near stationary points.

SIAM J. Numer. Anal. 24 (1987), 1095-1113.

[3] W.J. Beyn, Numerical methods for dynamical systems. In: W. Light (ed.), Advances in Numerical Analysis, Vol. I, Nonlinear partial differential equations and dynamical systems. Clarendon Press, Oxford, 1991, 175-236.

[4] J. Carr, Applications of Centre Manifold Theory. Springer-Verlag, New York, 1981.

[5] T. Eirola, Invariant curves of one-step methods. BIT 28 (1988), 113-122.

[6] N. Fenichel, Geometric singular perturbation theory for ordinary differential equations. J. Diff. Eq. 31 (1979), 53-98.

[7] E. Hairer, Ch. Lubich, M. Roche, Error of Runge-Kutta methods for stiff problems studied via differential-algebraic equations. BIT 28 (1988), 678-700.

[8] E. Hairer, G. Wanner, Solving Ordinary Differential Equations II. Stiff and Differential-Algebraic Problems. Springer-Verlag, 1991.

[9] P.E. Kloeden, J. Lorenz, Stable attracting sets in dynamical systems and in their one-step discretizations. SIAM J. Numer. Anal. 23 (1986), 986-995.

[10] S. Larsson, Nonsmooth data error estimates with applications to the long-time behavior of finite element solutions of semilinear parabolic problems. Report 1992-36, Dept. of Math., Chalmers Univ., Göteborg, 1992.

[11] S. Larsson, J.M. Sanz-Serna, The behavior of finite element solutions of semilinear parabolic problems near stationary points. SIAM J. Numer. Anal., to appear.

[12] K. Nipp, Invariant manifolds of singularly perturbed ordinary differential equations.

ZAMP 36 (1985), 309-320.

[13] K. Nipp, Smooth attractive invariant manifolds of singularly perturbed ODE’s. Report 92-13, SAM, ETH Zürich, 1992.

[14] K. Nipp, D. Stoffer, Attractive invariant manifolds for maps: Existence, smoothness and continuous dependence on the map. Report 92-11, SAM, ETH Zürich, 1992.

[15] K. Nipp, D. Stoffer, Invariant manifolds of numerical integration schemes applied to stiff systems of singular perturbation type – Part I: RK-methods. Submitted to Numer. Math. (1993)

[16] R.E. O’Malley, Jr., Singular Perturbation Methods for Ordinary Differential Equations. Springer-Verlag, 1991.

[17] J.M. Sanz-Serna, S. Larsson, Shadows, chaos and saddles. Appl. Numer. Math., to appear.

[18] D. Stoffer, General linear methods: connection to one-step methods and invariant curves. Numer. Math. 64 (1993), 395-408.

[19] A.N. Tikhonov, A.B. Vasil’eva, A.G. Sveshnikov, Differential Equations. Springer- Verlag, 1985.