MODULAR COCYCLES AND LINKING NUMBERS
W. DUKE, O. IMAMOGLU, AND A . TOTH

ABSTRACT. It is known that the 3-manifold SL(2,Z)\ SL(2,R) is diffeomorphic to the
complement of the trefoil knot in S3. E. Ghys showed that the linking number of this
trefoil knot with a modular knot is given by the Rademacher symbol, which is a homog-
enization of the classical Dedekind symbol. The Dedekind symbol arose historically in
the transformation formula of the logarithm of Dedekind’s eta function under SL(2,Z).
In this paper we give a generalization of the Dedekind symbol associated to a fixed mod-
ular knot. This symbol also arises in the transformation formula of a certain modular
function. It can be computed in terms of a special value of a certain Dirichlet series
and satisfies a reciprocity law. The homogenization of this symbol, which generalizes
the Rademacher symbol, gives the linking number between two distinct symmetric links
formed from modular knots.

1. INTRODUCTION

Let G = SL(2,R) and I' = SL(2,Z). The homogeneous space I'\G is diffeomorphic to
the 3-manifold M the complement of a trefoil knot in the 3-sphere S®. In [31] Milnor gives
a proof (that he attributes to Quillen) of this remarkable fact. The diagonal geodesic flow
on I'\G has arithmetically interesting periodic orbits. Suppose that v = (‘CL g) elisa
primitive hyperbolic element with an eigenvalue ¢ > 1. Fix a ¢ € G so that g7'vg =

(5 195)- Then
et 0
I'g—Tyg (O €t>

where t € [0,log €] gives a primitive oriented closed orbit in I'\G which depends only on
the conjugacy class of 7. The image of this orbit in M is a modular knot. Ghys [20]
gave the beautiful result that the linking number of this knot with the trefoil (with some
orientation) is given by the Rademacher symbol

(1.1) U(y) = ®(y) — 3sign(c(a + d)).
Here ®(7) is the Dedekind symbol defined for all v = (‘C’ g) el by

2 ife=0

b
1.2 (y) =144
(1.2) () {%l—HSignc-S(a,C) if ¢ #£ 0,

where s(a, ¢) is the Dedekind sum defined for ged(a,c) =1, ¢ # 0 by

(13 (0.0 =32 () (7))

As usual, ((z)) = 0 if 2 € Z and otherwise ((z)) =2 — |z] — 1/2.
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The Rademacher symbol defined for all v € I" by (1.1) is a conjugacy class invariant
[35] and, for v hyperbolic, it is the homogenization of the Dedekind symbol ®(v) [5] [9].
More precisely,

@ n
(1.4) B(y) = lim 20

n—00 n

In addition to its role here, the Dedekind sum s(a,c) occurs in surprisingly diverse
contexts (see e.g. [4], [35], [25]). Among its many properties we note here only the
famous reciprocity formula for a,c > 0

(1.5) s(a,c) — s(—c,a) = 15 (%) -1
The Dedekind symbol arose in Dedekind’s [11] evaluation of the transformation law for
the logarithm of

Alz)=q](1—g™*

m>1

where as usual ¢ = e(z) = €*™ for z € H. Thus for any v = (%) € I' we have
(1.6) log A(vz) — log A(2) = 6log(—(cz + d)?) + 2mi®(v),

where @ () is given by the formula (1.2) and where we choose arg(—(cz +d)?) € (—m, 7).
Sarnak [36] applied the modular forms connection to study the distribution of modular
knots with a given linking number by means of the trace formula. See also [32]. At the
end of his paper Ghys mentions the problem of interpreting the linking number between
two modular knots.

In this paper we approach this question from the modular point of view by giving an
appropriate generalization of the Dedekind symbol. Perhaps surprisingly this also leads
to a linking number; in this case that of two symmetric links. To outline our method
we first give an equivalent but slightly different approach to the above results about the
Dedekind symbol: it arises as a limiting value of the weight 0 cocycle whose derivative is
%‘ This limiting value is an integer and its homogenization is also an integer that gives
the linking number with the trefoil.

To put this into perspective, let P be the space of holomorphic functions f on H such
that f(z) < y* +y~* for some « depending on f. For any integer k € 2Z, v € I acts on
P by the usual slash action defined via f|py = (cz +d)™*f(vz). A 1-cocycle of weight k
for T with coefficients in P is a map [' — P given by v +— r(7, z) with

7”(0”7, Z) = ’I"(O', Z)|k”7 + 7"("7, Z)
for all 7,0 € I". Now given a 1-cocycle r(v, z) of weight 2 for I" there will be a unique
1-cocycle R(v, z) of weight 0 for I' such that

(.7 CR(1,2) = (7, 2),
the uniqueness following from the fact that H'(T',C) = {0}. We call R(v, z) the primitive
of r(v, 2).

The weight 2 cocycle relevant to the Dedekind sum is given for v = (2 %) by

12¢
cz+d
which, up to a constant, appears in the transformation formula of the weight 2 Eisenstein
series Ey(z) (a multiple of A’/A). It follows from (1.6) that the primitive for this cocycle
is

r(v,z) =

R(7,2) = 6log(—(cz + d)?) + 27mid(v),
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provided ¢ # 0, from which we have the limit formula for ®() in (1.2):
(1.8) ®(7) = 57 lim Im R(y, iy).

As an attempt to generalize the linking number formula of Ghys to two closed orbits,
we will associate to any conjugacy class C of hyperbolic ¢ € I" with tro > 2 the weight
two 1-cocycle defined for ¢ # 0 and v = (%) € ' by

(1.9) re(7, z) == ec Z . _1 s

where the sum is over the fixed points w’,w of o € C, satisfying w’ < —d/c < w and

(110 8(::{1 oot

2 ifo~ot

1

—w

IR

If ¢ = 0 we let 7¢(7, 2) = 0. We then have

Theorem 1. Let re(7y, z) be defined as in (1.9). Then re(v, 2) is a weight 2 cocycle for
I.

Let Re(v,2) be the unique primitive of r¢ (7, z). Next we define the Dedekind symbol
for C and any v € I' by

(1.11) Oc(y) = 2 lim Im Re(y, iy)
Y—>00
Then we have
Theorem 2. $¢(7) exists and is an integer.

The homogenization of ®¢ possesses a linking number interpretation. Even though
our point of view is two dimensional this is not unexpected as this symbol is closely
related to a Green function. (See (3.2) and the paragraph that follows.) In order to
define the linking number of two cycles in a manifold we must assume that they are each
homologous to 0 and that they don’t intersect. For two orbits as above one can either
fill in the trefoil appropriately to get S3, as is done in [21], or restrict attention to orbits
that are null-homologous as in [12]. It is not immediately clear how modular forms may
enter in the first approach. We follow the second course and use a theorem that goes back
to Birkhoff that shows that the link determined by a primitive hyperbolic element and
its inverse is null-homologous and the linking number of two such links is given by the
number of unsigned intersections (with appropriate multiplicities) of their porojection on
SLy(Z)\H. Based on this and properties of our new symbol we show that for two such
distinct symmetric links, denoted also by C,, and C,, their linking number Lk(C,,C,) is
given by the homogenization of ®¢_ . More precisely;

Theorem 3. Let C, and C, denote also the links associated to two different primitive
conjugacy classes and let
(b n
Ue () = lim M

n—00 n

Then
Lk(cmc’y) - \cha (7)

Of course it is desirable to have a simple closed form expression for ®¢(7) like that for
®(y) in (1.2). While it seems unlikely that such a simple sum can be given in general,
we are able to express ®¢(7) in terms of a special value of a certain Dirichlet series
that has some properties analogous to the Dedekind sum s(a, ¢) from (1.3), including the
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reciprocity formula (1.5). That something like this might be possible is indicated by the
fact that for the Dirichlet series

L(s,a/c) = Z a(n)e(4n)n”?,

where o(n) is the usual divisor sum, we have the limit formula (proven below in Corol-
lary 2.2)

(1.12) s(a,¢) = 5= lim [L(s, %) + 7255,

2 e 25—2

assuming ¢ > 0.

The Dirichlet series associated to the cocycles of Theorem 1 are given explicitly as
follows. For each m > 0 let j,,, be the unique modular function holomorphic on H whose
Fourier expansion begins

Jjm(2) = ¢ ™+ O(q)
and define for a € QQ the Dirichlet series
(1.13) Le(s,a) = Z ac(n)e(na)n™?,
n>1
where the coefficient ac(n) is given by the cycle integral
oz0
(1.14) aelm) = VD' [ ine)
20
Here 0 = (9 %) € C is primitive and we set Q,(2) = 2* + (d' — ')z — ¥/ and D’ =
(a' +d")? — 4. The path of integration can be taken as any path from zy to 0z9. Note that
the integral is independent of the choice o € C and zy. In particular, if A is the eigenvalue
> 1 of 02 then
a’C(()) = IOg /\7

assuming that tro > 2.

Our next theorem gives the connection of this Dirichlet series to ®¢(7).

Theorem 4. Let v = (24) € T with ¢ # 0 and and Le(s,a/c) be the Dirichlet series as
in (1.13). Then L¢(s,a/c) converges for Re(s) > 9/4, has a meromorphic continuation
to s > 0 and is holomorphic at s = 1. Moreover

(1.15) Pe(y) = =5 ReLe(1,a/c).

It is interesting that ®¢(v) depends only on a/c mod1. Furthermore, we have the
following reciprocity formula, which will be proved in Theorem 4.3:
For z; € CU {oo}, let [z1, 20, 23, 24) = w denote the cross ratio. We assume

T (z1—22) (232
that (a,c) = 1 and ac # 0. Then

Le(l,a/) = Le(l,—c/a)] = =2 (454 Y log A +ec ) log[2,w,w',—¢]

w' <0<w

(1.16) — [
Here we interpret the imaginary part of the logarithm of a negative real number to be .
Note that (1.16) is in some sense analogous to (1.5) and allows for a fast calculation of
Le(1,a/c) and hence also of ®¢ (7).

The rest of the paper is organized as follows. First in section 2 we define the Dirichlet
series associated to a general modular integral, prove its analytic properties and express
the weight 0 cocycle in terms of it. In section 3 we prove Theorem 1 that the function
re(7, z) defined by (1.9) is a weight 2 parabolic cocycle for I' and introduce the modular
integral Fp(z) associated to the rational period function r¢(7, z). In the next section we
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give a formula for the unique weight zero cocycle Re(7,z) in terms of special values
of the Dirichlet series L¢(s,a/c) associated to Fe(z). In this section we also give two
applications of the cocycle relation for Re(7, z). The first one gives the reciprocity formula
for Le(1, a/c) where as the second one provides a geometric interpretation for L¢ (1, a/c) +
Le(1,—d/c). In section 5 we turn our attention to the analog of the Dedekind symbol,
®c(v) and establish that ®c(7y) is an intersection number, hence an integer. In the last
section we review some properties of I'\SLy(R) that are used in the paper. To make the
paper self-contained we also give here an elementary demonstration of the important result
of Birkhoff that identifies linking numbers of modular knots with intersection numbers
of closed geodesics. We finish section 6 by proving that homogenization of ®. gives
the linking number of two symmetric links formed from modular knots. Finally for the
convenience of the reader, in Appendix A we give Ghys’ argument for the identification
of the Rademacher symbol with the linking number.

Duke and Toth thank the FIM at ETH Zurich for generous ongoing support of our joint
research, including this project. We especially thank Marc Burger for numerous inspiring
conversations. We also thank Pierre Dehornoy for providing us a detailed history of
Birkhoft’s theorem. This paper was motivated by Ghys’ beautiful exposition at ICM 2006.
The relation of our results to Ghys’ problem on modular knots was clarified by helpful
exchanges with the referees. We thank them for their careful reading of the manuscript
and for several remarks which further clarified and improved our exposition.

2. DIRICHLET SERIES ASSOCIATED TO WEIGHT 2 COCYCLES

Recall that a (strongly) parabolic cocycle of weight k for I" with coefficients in P is a
map [' — P given by v +— r(v, z) with

r(ov,2) = (o, 2) kv +7(7, 2)

for all 7,0 € T which also satisfies (T, z) = 0.
It follows from a more general result of Knopp [29] that given a parabolic cocycle r(v, z)
for T' there is F(2) = }_, . ane®™ with a, < n¢ for some C' > 0 such that Vy € T,

Flivy(2) = F(2) +r(7, 2).

The function F'(z) is called the modular integral associated to r(7,z). We now restrict
ourselves to the case of k = 2 and let r(v, z) be a cocycle of weight 2. We associate to
(7, z) and its modular integral a Dirichlet series

L(F,s,a/c) = Zan cm n-.

n>1

In this section we will first prove a general theorem giving the relation of the special value
of L(F,1,a/c) to the unique weight 0 cocycle R(v, z) which satisfies R'(7, z) = (7, 2).

This is based on the fact the function G(2) = agz + 3, 522-€*™"* is a primitive of

F(z) and satisfies - (G(yz) — G(z)) = r(7, ). This gives a relation between R(7, z) and
vz
J (F(w)—ag)dw, which in turn expresses lim,_,, R(7,iy) in terms of the “period-integral”

/ (F(w) — ag)dw. If F were a weight 2 cusp form, it is well known that this period
a/c
integral is expressible in terms of the central value of a twisted Dirichlet series of F'. The

next theorem shows the case of modular integrals is similar. More precisely we have the
following theorem.
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Theorem 2.1. Let r(v,2) € P be a cocycle of weight 2 and F(z) = > oqanq" be its
modular integral. Assume that a, < n® for some a > 0. For v = (‘é g), let

(21) A5, %) = A(F.s,2) = (%) "T() D ane(=)n "
and _
(2.2) H(s,%) = A(s,2) + /1 r(vy, —d/c+it/e)t' —*dt + % — 26? "

Then H (s, %) is entire and satisfies the functional equation H(s, %) = H(2—s,=%). More-
over if

(23) RO = 2L+ [ e+ a (229

d i
ete

Then R(7, z) is the weight zero cocycle such that R'(v,z) = r(7, 2).
Proof. Let z; = _—Cd + é so that yz; = ¢ + % and cz; +d =i/t. Then

A(s,a/c) = /OOO(F(yzt) —ap)t*tdt

:/0 (F(y2) — ao)t* dt + /100(F(’yzt) — ag)t*dt

Qa o N — _s > s—
Z—?O—/ F(yz1y) (it) 2t dt+/ (F(yz) — ao)t*"dt
1 1
a o >
== [P+l [ (FOm) - ae
1 1
a a o
=— ?0 +5 —03 — /1 (v, z10)t' dt

- [P —aoiat [P - ae

Hence
Qg
2—s

7 ¢

H(s,2) =A(s,2) + / (v, —d/c+it/c)t'5dt + %
] s

(2.4) =— /100(F(21/t) — ap)t'Sdt + /100(F(fyzt) — ap)t*tdt

Both integrals in (2.4) converge for all s € C due to the exponential decay of the
integrands proving the analytic continuation of H(s, ¢) to the whole complex plane. The
functional equation H(s,a/c) = H(2 — s, —d/c) also follows easily from (2.4) since 2/, =
=4+ % and yz =24+ L.

We next take the limit s — 1 to get
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where G(2) = aoz + 3,51 5

q". Since G'(z) = F(z2),

27rm

Gr2) -G = [ ey, w)dw + B(7)

with (7) = (G(y21) — Gl=1)).
Hence

R(.2) = / “r(y, w)dw + (Glya) — Glar)) = Glyz) — G(2)

21
is a cocycle being the boundary of a function G. This finishes the proof of the theorem
since clearly R'(v, z) = r(v, 2). O

As an immediate corollary of Theorem 2.1 we prove the limit formula (1.12) for the
classical Dedekind sums defined as in (1.3).

Corollary 2.2. Let s(a,c) be the Dedekind sum and
L(s,a/c) = Z a(n)e(n)n™*,

n>1

Then

lim [L(s, &) + 5,55] -

s(a,¢) = s—1

Qm
Proof. We apply Theorem 2.1 in the case of Eisenstein series F(z) = Fy(z) = 1 —
2437 0(n)g" and its cocycle r(vy,z) = &—t- so that L(F,s,a/c) = —24L(s,a/c). For
simplicity assume ¢ > 0. As a primitive of (7, 2z) we choose f log (Cz+d). Using (2.2)

and (2.3) we have

(25)  R(y,z) =lim [—22—4L(s a/c>_£ 1 }Jrg/z o +<a+d)

s—1 g} mis—1 dfctife cw+d c
12 cz+d
2.6 =—1 o
(2. Zaog S e
where
12 6 1 a+d
O(y) =lim |[——L - —
) = SI_I;I}|: ) (s,a/c) ms—l}—i_( c )
The limit formula (1.12) now follows from Dedekind’s formula (1.2) for ®(v). O

3. WEIGHT 2 RATIONAL COCYCLES FOR THE MODULAR GROUP

In this section we restrict ourselves to cocycles of weight 2 which are rational functions.
The simplest example is r(7, z) = 12¢/(cz + d) whose poles are in Q. In the case 7(7, 2)
is a rational cocycle whose poles are not rational it is known that (.S, z) can be written
as a finite linear combination of functions of the form

ign A
(3.1) VD el
A;o A2+ Bz+C
where Q(X,Y) = AX? + BXY + CY? runs over quadratic forms in the class C (see
[3, 10, 33]). Rational period functions were introduced by Knopp in the 1970s [27, 28]
who showed using results from [26] that they have modular integrals. His construction
arises from a meromorphic Poincaré series formed out of cocycles and is very difficult
to compute (see also [16]). On the other hand in [14] and [15] certain explicit modular
integrals were constructed whose Fourier coefficients are given by cycle integrals of weakly
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holomorphic forms. These functions are parametrized by classes of indefinite quadratic
forms C and are given by the Fourier expansion

(3.2) Fe(z) = Z ac(m)e(mz).

m>0

with

(33) aclm) =D [ i)

Here j,, is the unique modular function whose Fourier expansion has the form ¢=™+O(q),
@ is any quadratic form in the class C, o = o0 is a distinguished generator of the group
of automorphs of ). The value of the integral is independent of the path and the point
2o € H. In [14] it is shown that the function F¢ arises from the cycle integral of the Green
function j(zélfj.)(w). The cycle integral of this Green function is modular but with jump
singularities along the geodesic. F¢ is then the analytic continuation from the connected
component of the cusp. It is holomorphic, but no longer invariant.

The association () — o0¢ sets up a bijection between elements of the class C of the
quadratic form () and the conjugacy class of og, which by abuse of notation will also
be denoted by C. Since it is more convenient for us to express our results in terms
of the hyperbolic conjugacy class, we briefly recall this correspondence. If Q(X,Y) =
AX? + BXY + CY? has discriminant D = B? — 4AC, and t,u are the smallest positive
solutions of Pell’s equation t?> — Du? = 4 then

t+Bu Cu
7Q = <_f4u @) :

2

Conversely if o = (‘;,/ gﬁ) € C is a primitive hyperbolic element and we set Q,(z) =

(X2 + (d — )XY = VY?), and Q = =1Q, with u = ged(/,d' — V') then og = 0. It
follows that with D’ = (a’ + d')? — 4 we also have

ozo
ac(m) =V D// jm(z)fofz)
20

as in (1.14).
As in [14] one can show that ac(m) < m®/4*€ for any € > 0 and F, satisfies the
transformation property

(3.4) P Fe(—1/2) = Fe(z) =ec Y . - .

we<0<wg

Note that the rational function on the right hand side above is the same as in (3.1).
Here for Q € C, wy < wq are the two roots of Q(¢,1) = 0. If 0 = 0 then these are
also the fixed points w! < w, of o, and e¢ is defined as in (1.10).
If C denotes the class of @) or the class of the hyperbolic element oy we let

(3.5) We = {(wg,wq) : Q € C} = {(w,,w,) : 0 € C}

the ordered pairs of roots of () € C or equivalently the fixed points of o.
For a fixed v € SLy(Z), we let as in (1.9),

1 1
re(7, 2) 3:€czz_w—z_w,

where the sum is over (w',w) € W, satisfying w’ < —d/c < w if ¢ # 0 and r¢(7y,2) =0
otherwise.
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Remark 3.1. Although the set W is infinite, the sum defining rc(7, z) is finite. To see
this note that in the case that —d/c is an integer the number of terms is the same as
the number of quadratic forms [A, B,C| for which AC < 0. Otherwise consider a form

[A, B, C] satisfying %ﬁ < _—Cd < _B%@, then the form [A, cB, c*C| has discriminant

c2D and its roots are separated by —d, and integer.

For later use we give another description of re(y,z). For ¢ € C a fixed hyperbolic
element, let w,,w! be its two fixed points, [y = {g € T : g~log = o}, and S, be the
semicircle whose endpoints are w, and w’,. Let 0H = R U ico and H = H U 9H.

For 2z, 2, € H we denote the geodesic segment joining z; and z, by . - Let

(3.6) Ie(z1,20) ={a € T'/T, : aS, intersects ¢, ., }.

and let |I¢(z1, z2)| denote the cardinality of I¢(z1, 22).
Note that if we define the net of o, NV, as the preimage of the closed geodesic associated
to o in H so that

(37) Na = U 95, = U Sg—laga
gel gel
then |I¢(a, 5)| counts the number of intersections of the geodesic segment ¢, 3 with the
semicircles in V,,, the net of o. Moreover W, is simply the set of end points of the geodesics
in the net N.
With the above notation we also have

(3.8) re(r,2) = 30 sign(ozwg—&wf,)( 1 )

, Z—ow, Z—ow
a€le(—d/cico)

Theorem 3.2. For any v,0 € I', with v = (24)

(3.9) re(o7,2) = re(o,v2)(cz + d) 2 + ey, 2)

Proof. To ease the notation the dependence on C, which is fixed, is suppressed. As usual
let T and S denote the two generators of I' corresponding to the translation z — 2 4+ 1
and the inversion z — —1/z respectively. First note that r(T7y, z) = r(v, z). Hence if we
prove

(3.10) r(Sy, 2) = 7(S,v2)(cz + d) % + (v, 2)

the proposition follows by induction on the word length expressing ¢ in terms of the
generators S and 7. Recall that for z,w € Cand vy € T’

w—w ,y—lw _ "}/_111)/
(72 —w)(yz —w') (z =y~ tw)(z =~ 1w)
Since Sy = (¢ %) to prove (3.10), using (3.11) we have to prove that

(3.11) (cz+d) 2=

(3.12)
1 1 1 1 1 1
Z (z—w_z—w’)_ Z <z—w_z—w’>— Z <z—7—1w_z—7—1w’)
w'<—b/a<w w' <—d/c<w w'<0<w

all sums over pairs (w',w) € W.
Assume first that ac > 0 so that —d/c < —b/a. On the left hand side of (3.12) we have

s Y () Y ()

—d/c<w'<—=b/a<w w'<—d/c<w<—b/a
On the other hand we can write for the right hand side of (3.12)
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Y () -
2—ylw -yl )

w! <0<w

1 1 1 1
3.14 — —
( ) Z (Z _ 7—1w o — 7—1w/> + Z (Z _ 7_1w o — ’7_1’LU’)

w'<0<w<a/c w'<0<a/c<w

Now note that

1 d 1
Z=—— ==
7 c A(z—ale)
and the function z — —¢ — m is monotonic for x € (—oo,a/c) and also for z €

(a/c,0).
It follows that for v’ < 0 < w < a/c,

(3.15) —dje <y 'w' < =bla <~y w

and similarly that for ' < 0 < a/c < w

(3.16) vy lw < —dfe <y < —b/a.
Using (3.15) and (3.16) in (3.14) we get that

317) Y (Z - i—lw T - 71‘111)’)

w!' <0<w

1 1 1 1
-2 (z—vlw_z—vlw/)Jr 2 (Z—'ylw_z—’ylw’>

w'<0<w<a/c w'<0<a/c<w

B Z (z—lw_z—lw’)_ Z (z—lw_z_lw’)

—d/c<w'<—=b/a<w w'<—d/c<w<—b/a

This proves (3.12) when ac > 0. The case ac < 0 follows in the same manner. The case
ac = 0 can be checked easily since ¢ = 0 corresponds to v = T™ whereas a = 0 rises from
v =S5T™.

This proves Theorem 3.2 and hence also Theorem 1 from the introduction. U

Extending our earlier work we show that

Theorem 3.3. For any hyperbolic conjugacy class C the function Fe(z) is holomorphic
on H and satisfies

(3.18) (cz+d) 2 Fe(vyz) = Fe(2) +re(7, 2)

Proof. The claim is trivial for 7" and has been established for the generator S = ({ ') in

[15]. It is possible to give a proof of the general case along the lines of the proof of (3.4)
given in [15]. However the algebraic proof above already established that the rational
function r¢(7, z) defined in (1.9) is a weight 2 cocycle. Since it agrees with the cocycle
associated to Fg(z) for the generators v = S = (Y ') and T'= (} 1) the difference is a

1-cocycle that vanishes on both S and 7" and so must vanish identically. U
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4. THE DIRICHLET SERIES ASSOCIATED TO Fp(2)

Guided by the example of the Eisenstein series Fa(z) and its primitive log A(z), it is
natural to study a primitive of a general modular integral, and the associated weight zero
cocycle that appears in its transformation property.

We look at this problem in the case of the function Fp(z) and determine the unique
weight 0 primitive Re(7,z) of the cocycles re(7, z) in terms of the special values of the
Dirichlet series L(Fg,s,a/c).

The next theorem and its corollary, which are based on Theorem 2.1, proves Theorem 4
from the introduction.

Theorem 4.1. Let F¢(2) be the modular integral in (3.2) and L¢(s,a/c) := L(Fe, s,a/c)
be its associated Dirichlet series. Then L¢(s,a/c) converges for Re(s) > 9/4, has a
meromorphic continuation to s > 0 and is holomorphic at s = 1. Moreover if Re(7, z) is
the unique weight 0 cocycle such that Rp(vy,z) = r¢(7, 2) then

(41) Re(y.z)=cc Y log(z —w) —log(z —w') + 55 Le(1, a/e) + ac(0) (a Jcr d)

w<_7d<w’

Proof. The convergence of L¢(s,a/c) for Re(s) > 9/4 follows from the bound ac(m) <
m®/4+¢ which was proved in Proposition 6 of [14].

To prove (4.1), in Theorem 2.1 we let 7(v,2) = 7c(7, 2) = €D e —g/ecuw
As a primitive of 7¢ (7, z) we choose

ec Z log(z — w) — log(z — w').

w'<—d/c<w

11
z—w z—w'"’

Once again using (2.2) and (2.3) we have

(42)  Re(y,2) =— lim [(2—”> L) Le (s, a/c) + /1 " ey, —dje + it /o)t

C

+/Z re(y, w)dw + ac(0) (“ i d)

zZ1 c

where z; = —d/c+i/ec.
Contrary to the case of Ey, the Dirichlet series L¢(s, a/c) has no pole at s = 1. This is
due to the fact that at s = 1 the first integral in (4.2) has the finite value

ec Z log(z1 — w) — log(z; — w').

w'<—d/e<w
To finish the proof of Theorem 4.1 we combine the two integrals in (4.2) to get
(4.3)
1 i a+d
Rel,2) =peaLelLafo) + [ rely. 2w +acl0) (“27)

2mi o c

:LLC(L ajc) +ec Z log(z — w) —log(z — w') + ac(0) (a —Z d) :

2me
w'<—d/c<w

Since ac(0) = log A is real, the following corollary easily follows from (4.1)



12 W. DUKE, O.IMAMOGLU, AND A . TOTH

Corollary 4.2. Let ®¢(y) = 2limy_,o Im Re(7,4y). Then

®c(y) = =5 ReLe(1,a/c).
In the rest of the section we will give two applications of Theorem 4.1 and the cocycle
relation
Re(o7y,2) = Re(o,vz) + Re(y, 2).
The first one is an analog of the Dedekind’s reciprocity formula (1.5) for the Dirichlet

series L¢(1,a/c). More precisely we have

Theorem 4.3. For z; € CU{oo}, let [z1, 22, 23, 24] = % denote the cross ratio.
We assume that (a,c) =1 and ac # 0. Then

1 2 2
(44)  —[Le(1,0/0) = Le(1,—¢/a)] = =2 (Z£2H Y log A 4 ec Y log[2,w,u/, —¢]

1T
w' <0<w

Here we interpret the imaginary part of the logarithm of a negative real number to be .

Proof. Let v =(2%) and S = (! '). From (4.3) we have

C

z

Re(r, 2) = %Lc(l,a/c) +/

100

re(y, w)dw + ac(0) (a ’ d)

Since Re(7, z) is a cocycle it satisfies

(45) RC(‘Srva) :RC(5772>+RC</77 Z)'
Hence
1 z b—c
(4.6) Re(S7, 2) :%LC(L —c/a) +/ re(Sy, w)dw + ac(0) ( - )
1

vz
~ L0+ / re(S, w)duw

2mi oo

+LLC(1, a/c) + / re(y, w)dw + ac(0) (a . d)

2mi o &

We let 2z — i00 to get

A7) o Lell—e/a) — Lol afe] =ac0) ()
a/c
(48) +%LC(1,O) +/ Tc(S, w)dw
Hence
(4.9) % [Le(1,—c/a) — Le(1, a/c)]

— 4c(0) (M) + L o1, 0)

ac 271

a a
tee Y, log(- —w) —log(- —w)

w! <0<w
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Now replacing the roles of —c¢ with a and a with ¢ gives

(4.10) [Le(1,a/c) — Le(1, —a/c)]

— e (0) (M)

ac

2mi

1
— Lo(1.0
tom e(1,0)

—c —c ,
+ec Y log(— —w) —log(— —w)
w! <0<w
Finally noting that ac(0) = log A and taking the difference of the last two equations prove
(4.4). O

As a second application we have the following geometric interpretation of the special
value of the Dirichlet series L¢(s, a/c).

Theorem 4.4. Let Le(s,a/c) be the Dirichlet series associated to Fe(z). Then

(411) E [LC(l,CL/C)“‘LC(l,—d/C)]
(4.12) = —¢¢ Z log(_—cd —w) — log(%d —w')
w’<%ﬂl<w
(4.13) =—¢cc | 2log tan b +m 1
2
w'<=4<w w'<=4<w

where the sum and the product runs over elements (w',w) € We that are separated by _—cd.
0., 1s the angle of intersection of the vertical line (—d/c, —d/c + ico) with the semicircle
with end points w' and w. Here 0, is the angle containing the line segment connecting
this intersection to w'.

Proof. Let v = (¢ %) . Using the cocycle relation 0 = Re(7,7 '2)+ Re(y71, 2), the formula
(4.1) and taking the limit as z — ioco leads to the first equality (4.12). Since —d/c, w,w’
all lie on the real axis, the argument of each logarithm term in the sum in (4.12) is 7.
Here we interpret the imaginary part of the logarithm of a negative real number to be .
This proves that the imaginary part of (4.12) is indeed given by 73" ,_ =iy 1.

The fact that the real part (4.12) is given as in (4.13) follows easily using elementary

geometry. (See also [6] p.116.)
U

5. INTERSECTION NUMBERS

In this section we restrict ourselves to the imaginary part of Re(7, z). Recall from (4.2)
that

(I)C(PY) = %yh_glolmRC(’Yazy) = _#RGLC(LG’/C»

Our first goal is to prove that ®¢(y) is an intersection number, hence an integer.
We start by noting that Theorem 4.4 gives

De(r) + ey =2 3 1
w’<_7fl<w

and hence as a simple corollary we have
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Proposition 5.1. Let C be the conjugacy class of a hyperbolic element o, v = (275)
another hyperbolic element in T and Ic(y7'(ic0),ic0) = Ie(—d/c,ic0) be as defined in
(3.6). Then

De(y) + Pe(v7") = —2|le(—d/c, ic0)]

The next result shows that ®¢(7) is already an integer.

Theorem 5.2. Let v € ' be a hyperbolic element. Then ®c(vy) = —|Ic(—d/c,ic0)| and
hence ®¢(7y) € Z.

Proof. For v; = (a1 b ), Y2 = (“2 b2 ), two not necessarily hyperbolic elements of T, let

c1 di co do
dc(11,72) = Pe(n172) — Pe(n1) — Pe(2)-
Note that Ic(—d;/c1,i00) = I¢(yy tioo, ioo). We will show that

(5.1) dc(m1:72) = He(y tioo, i00)| + e (vy tico, i00)| — [e((7172) ™ ico, ioc)|.

This will prove the theorem since this then v — ®¢ () + |[Io(y oo, i00)| is a homomor-
phism of I" into C and so is identically 0.

First note that if either v, or v is T™ for some n € Z then d¢(7y1,72) = 0 and the
identity holds trivially. So we assume that 7, v, are not parabolic.

To prove (5.1) note that from definition (1.11) of ®¢(y) and the cocycle property we
have

2ec .. ) )
56(71;72) = 761}520 Im(Rc(717’722y) - RC(%, zy))
which by (4.3) equals

2ec .. Yol — W iy — w
— lim arg | — | — ar
T y—00 [Z & <fygz'y —w' Z & 1y —w'
the sums are over (w',w) € We, w' < —d;/c; < w . The second sum in the limit clearly
goes to zero. Since Y91y — ag/cy when y — 00

(5.2) 56(”71772) = 256”(71_1a’>’2)

where n(y;',72) is the number of (w',w) € We, for which w' < —d;/c;,az/c; < w. By
the definition (3.6) we have

een(y1 ' 72) = ey oo, i00) N Ie (Y2100, i00)]

Any geodesic that does not go through the vertices of an ideal hyperbolic triangle
intersects exactly two sides of the triangle if it intersects the triangle at all. Applying this
fact to the ideal hyperbolic triangle with vertices ico, as/co = Yoico and —d;/c; = 71 Lico
shows that the sets

I (77 Yoo, i0o) N Ie(7yai00, i00),
Ie (5 Yoo, i00) N Ie(yai00, 7; tico) and
Ie(yai00, 4y tioo) N I (7y2i00, i00)
are mutually disjoint. A standard inclusion exclusion argument then gives
dc(m1,72) = [e(y1 Hi00, i00)| + [Ie(12i00, i00)| — |Ie(y1'i00, 72i00)|

Finally we use that |[Ic(29,21)| = |[Ic(21, 22)| = |Ic(v21,722)] for all 4 € T to establish
that

(5-3) de(1,72) = |Ie(vy ioo, i00)| + |Ie(y tico, i00)| — |Ie(vy 1 tico, ico)].
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Note that formula (5.2) for the co-boundary dc of @, allows one to calculate ®¢(7)
successively by writing v in terms of some set of generators of the group I'. We give an
alternative approach for establishing that ® takes integer values. This method does not
identify ®¢ geometrically but also gives a fast algorithm to compute it.

Note that since L¢(1,a/c) depends only on a/c mod1, so does ®¢(7) and hence for
¢ # 0 we can write ®¢(a/c) = Pe(y). The following is a simple corollary of Theorem 4.4
and Corollary 4.2.

Lemma 5.3. Let S = (Y '). Then

The following theorem is an analogue of Dedekind’s reciprocity formula. It allows for,
via Euclid’s algorithm, a quick computation of ®¢ (7).

Theorem 5.4. Let C be a hyperbolic conjugacy class and v = (25). For ac # 0 we have

(5.4) Dc(a/c) = De(—c/a) + %C Z (1 —sign[2,w,w', —£])

w!' <0<w

Proof. The formula follows from Theorem 4.3 and Corollary 4.2. Note that our definition
of the argument gives Imlogz = 0 for a positive real number x, and Imlogz = 7 for a
negative real number x. 0

Remark 5.5. Note that

1
5 Z (1_Sign[%7w7w/7_§]>

w! <0<w

counts those w' < 0 < w for which exactly one of {2, =%} is in the open interval (—w', w).
Therefore once all the conjugates of o € C whose fized points are separated by 0 are listed
(an easy task, see Remark 3.1) the right hand side in the above theorem is an easily
computable elementary function of 2. This in turn allows a fast calculation of ®c(a/c)
in view of ®c(2) = Pe(¥E1) for any n € Z. Since P¢(0) is an integer, it also establishes

[

that ®¢(%) is an integer.

We finish this section by collecting some results about the hyperbolic geometry that will
be needed to prove Theorem 3 from the introduction, In particular it will be important
for us to compare |I¢, (720, 20)| and |I¢, (v 'ico,ic0)|. We start with a simple lemma
about hyperbolic quadrangles. Recall that for z;, z, € H the geodesic segment connecting
21 and 2, is denoted by £, .,.

Lemma 5.6. Let 21,20 € H and x1, 29 € OH. If ¢ is a geodesic that intersects neither the
geodesic half line £,, ,, nor the geodesic half line ¢, ., then { intersects either both {,, .,
and l, ., or it intersects neither of them.

Proof. By applying a hyperbolic isometry if necessary we may assume that ¢ = ¢; ;. The
geodesic arc from z; to z; does not intersect ¢ = (0,i00), so 21 and Re(z;) have the same
sign. Similarly the geodesic arc from z; to 23 does not intersect (0,i00), so x2 and Re(zz)
have the same sign. Finally the arc from z; to zy intersects (0,i0c0) if and only if their
real parts have opposite signs. This proves that ¢ either intersects both the arc from z;

to 29 and the geodesic from x; to x5 or that intersects neither of them.
O
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Proposition 5.7. Let 0,7 be hyperbolic elements, and fix a point zy € S,. Then
(5.5) | e, (™ 20, 20)| = e, (7™ Voo, i00)| | < 2|e, (20, i00)).
Note that we do not assume ~ to be primitive.

Proof. Let v = (%). Consider the geodesic circular arc L; connecting v~ 'zo to v tico =
—d/c and the half-line Ly connecting zy to ico. Assume that a.S, intersects neither L,
nor Ls. Then it follows from Lemma 5.6 that either oS, intersects both the arc from 2z,
to 7712 and the line from —d/c to ico or a.S, intersects neither of them.

Hence we have shown that the symmetric difference of the sets I¢(—d/c,ic0) and
Ic(20,7 '20) is a subset of I¢(zg,i00) U Ie(—d/c, v 20);

Te(—dfe,io0) Ale(z0,7~20) € Te(z0,i00) U Le(~d /e,y 20,)
Since
| |Ic(zo,’y_1z[))| —|Ie(—=d/c,ic0)| | < [Ie(—d/e, iw)A]c(z0,7_120)|

and I¢(29,700) and I¢(—d/c, v '29) have the same cardinality |I¢, (20, 700)| this proves the
proposition.
U

6. LINKING NUMBERS IN '\ SLy(R)

In this section we prove Theorem 3. This is based on results of the previous section
and a theorem of Birkhoff [7].

If v is a primitive hyperbolic element such that trvy > 2 there is an associated closed
periodic orbit of the geodesic flow whose linking number with the trefoil is given by the
Rademacher symbol (see [4], [5],[20]).

U(v) = ®(y) — 3signe(a + d) = lim M
n—00 n
For the convenience of the reader we sketch Ghys’ argument for the identification of
the Rademacher symbol with the linking number with the trefoil in the Appendix.
Our goal in this section is to provide the background for a similar interpretation for the
homogenization of ®¢(7) of Theorem 3,

Ue(y) ;= lim Pc(")

n—oo n

as a linking number.

As alluded above this is based on Theorem 6.3, originally due to Birkhoff, (cf. [7])
which relates this linking number to the geometry of the net N, of a primitive hyperbolic
element o € C. Birkhoft’s theorem [7, Section 27] which proves the existence of a certain
surface bounding symmetric curves which is a surface of section of the geodesic flow,
is more general than what is needed for us. This theorem was popularized by Fried
[17] who named them Birkhoff sections. The theorem holds in even more generality
as shown in [1, 2, 22, 24]. As is clear from this rich history there are a number of
proofs of this theorem especially for compact hyperbolic surfaces (see e.g. [8] and the
references therein, also [12] and esp. section 3 of [13]). For the convenience of the reader
we also give one which is self contained and very elementary; it is based on a simple
computation of the sign of the triple product of three vectors in the Lie-algebra sly(R),
(Proposition 6.2). The relation to the invariant W¢(7) follows from a careful book-keeping
of potential multiplicities (Lemmas 6.5, 6.6, and 6.7).
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To make this explicit note that if v € I has try > 2 and fixed points w’ < w then both

~ and y~! are diagonalized by M = \/ﬁ (w="). By replacing v with 4! if necessary

we may assume that
e 0
M =M (0 1/5)

where € > 1. When a + d > 2 this is equivalent to signc > 0. Both
5.(t) = Mo(t) and 5_(t) = MSg(1)
are periodic orbits of the geodesic flow g — go(t) on I'\SLy(R). Here ¢(t) = (¢ 9,).

e
0e

We now move on to interpret linking numbers combinatorially as intersection numbers.
Let [¥4] and [§_] be the homology class of the curves t — Mae(t), t € [0,loge] and
t — MSo¢(t), t € [0,loge], respectively. Note that 4, (t)i, t € [0loge] maps into a
geodesic arc in H connecting Mi to yMi on the semicircle with endpoints w and w’. On
the quotient space I'\H this is a closed geodesic, and 7_(t)i simply travels this closed
geodesic backwards. The natural Seifert surface bounding [¥,] and [y_] is just formed by
the collection of unit tangent vectors rotating counterclockwise continuously through 180
degrees from the one orientation of the circle to the other. This is the geometric content
of the following

Lemma 6.1. [y, + [y-] is null-homologous in I'\SLs(R).
Proof. In fact we even have that M¢(t) and M S¢(—t) are homotopic via
h: [0,loge]l x [0,7/2] — G
(¢,0) = Mo(t)k(0)

cos —sinf
k(0) = (sinH cos ) ’
O

Note the image of h is an immersed sub-manifold X, in the quotient space I'\SLy(R).
This follows readily from the fact that ¢(t1)k(61) = ¢(t2)k(0s), for 6; € [0,7/2] implies
t1 = to, 01 = 05 and so the image of h when viewed in S Ly(R) is an embedded submanifold.

Now assume that C, and C, are two (different) primitive conjugacy classes. The above
construction of the null-homologous chains associated to o,y have a well-defined linking
number [19], [30] which we denote by Lk(C,,C,). (This is well defined as the chains
themselves depend only on the conjugacy class.) A geometric interpretation of this linking
number between the trivial homology class [y1] + [7-] and [64] + [6-] is given as the
number of signed intersections of X, (the surface defined above by the homotopy map h)
and ¢ (s) and 6_(s), s € [0,log A], the closed orbits associated to o. The geodesic flow
has the interesting property that all intersections of X, and ¢, have the same sign.

We fix the sign by fixing an orientation as follows. We think of SLy(R) as a subspace
of the space of real 2 x 2 matrices. The tangent space at the identity is the set of 2 x 2
real matrices with trace 0 where we fix the basis (see [23] pg 27)

01 00 10
(o)1) man=o %)

and we say the orientation of three tangent vectors tangent to SLs(R) at g is positive,
i.e. three matrices v, vy, v3 are positively oriented if g~'vy, g~ tve, g lvs, are positively
oriented at the identity. We then have the following proposition.

where as usual
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Proposition 6.2. Let N = m (“’1" “’13) , where wy, w! are the two fized points of o.

Assume that the trajectory N¢(s) is disjoint from [y4]+ [J—] and intersects X5 at a point
g. Then the sign of the intersection is negative.

Proof. Let

g = Mo(t)k(0) = No(s).
To compute the sign of the intersection we have to compute the determinant of the
coefficient matrix of the tangent vectors

g M (t)k(0), g Me(t)x'(0) and g~ N/ (s).
Since ¢'(t) = ¢(t)h and «/'(0) = k(0)(y — x) we have
g~ M (1)k(0) = K(—0)hk(6),
g MK (0) = (v —x),
and
g 'N¢'(s) = h.

Since k(—0) (§ %) k(0) = (%2, Z5n%0) = —sin 26x — sin 20y + cos 26h the value of
the determinant we need to compute is —2sin 26, always negative since 6 € (0, 7/2).

OJ
An immediate consequence of Proposition 6.2 is the following theorem.
Theorem 6.3. Let M = m (1‘? uﬁ) , N = m (wl" wfl’) , with {w,,w.} and

{wy,w! }, the fixed points of v and o respectively so that
e 0 A0
7M_M(o 1/5)’ "N_N(o 1/)\)
and let

(6.1) A={(st,0) €0,logA) x [0,loge) x [0,7/2) : o € T, Mp(t)k(0) = aN¢p(s)}
and

(6.2) B={(s,t,0) €[0,log ) x [0,loge) x [0,7/2) : Fa € T, Mo(t)k(0) = aNSH(s)}.

For the linking number we have

Lk(C,.C,) = —|A] - |B|

Proof. By definition each point in the set A corresponds to an intersection of the surface
X, with the curve [6%] and similarly points in B correspond to intersections of X, with
the curve [¢~]. Hence for the linking number, using Proposition 6.2, we have

Lk(Co,Cy) = —|Al - |B]
which proves Theorem 6.3. 0

Note that it is natural to interpret (see for example [12]) the elements of A as values
{(s,t) € [0,log A\) x [0,loge) : Mp(t)i = No(s)i € I'\H}, i.e. the number of intersections
of the closed geodesics in I'\H associated to 7, o, and similarly for B, since each time the
underlying path of ¢ in H crosses the underlying curve of v, precisely one of its two lifts
will intersect the Seifert surface. The proper interpretation of this geometric idea requires
care due to both multiplicities arising from self-intersections and the presence of elliptic
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elements in I' = SLy(Z). To avoid these complications we go directly to |l¢(zo,7v20)|
which counts the group elements in I¢(29,v20). In this notation Birkhoff’s theorem takes
the following form:

Theorem 6.4 (Birkhoff). If we let zg = Mi € S, then

Lk(Cy,Cy) = —|Ic, (20,720)]
The theorem will follow from a series lemmas relating |A| + |B] to |I¢, (20, 720)|-
Lemma 6.5. For A, B as in (6.1), (6.2) we have AN B = (.

Proof. Recall that each point in A, (resp in B) corresponds to an intersection of X, with
the curve 6, (resp d_).

Assume that (s,t,0) € ANB with M¢(t)k(0) = aN¢(s) and Mo(t)k(0) = BN SH(s) for
some a, 3 € I'. Tt follows that S~'a = NSN~!. Recall that N = \/wl—w/ (v “’13) , where
wy,w, are the two fixed points of . Now a simple matrix multiplication shows that
the matrix NSN~! cannot have integer entries, contradicting 3~ 'a € SL(2,Z). Hence

ANB=0. O

Lemma 6.6. There is a bijection between B in (6.2) and
B = {(s,t,0) € [0,log\) x [0,loge) x [7/2,7) : Ja € T, Mo(t)k(0) = aNo(s)}
gien by for s # 0
(s,t,0) — (log\ —s,t,0 + 7/2).
and for s =0 by
(0,t,0) — (0,t,0 4+ 7/2)
Proof. Assume (s,t,0) € B. The case s = 0 is trivial and otherwise Ja € I" such that
Mo(t)k(0) = aNSo(s).
Since o N = N¢(log \)
Mo(t)k(0) = ac ' No(log X — 5)8S.
This gives the claim since S™! = —k(7/2). O

Lemma 6.7. There is a bijection between the set AU B' and I¢,(20,720) and hence
|[AU B'| = [Ic(20,720)]-

Proof. We define a map

(6.3) f:AUB —=T/I,
(6.4) (s,t,0) — al',.
Here « is the unique element in I' given by

(6.5) Mot)k(0)p(—s)N~ ' = a.

To see that f is injective let f(s,t,0) = f(s',t',0") with M¢p(t)k(0)p(—s)N~! = a and
Mot k(0 )p(—s")N~1 = 5. Then ac® = 3 for some k € Z. Hence

P(B)k(0)(—s)NT1o" N = ¢(t)k(0)p(—5).
Since N™'o*N = ¢(klog \) we have

ot — t)k(0)d(klog A — s + ') = k(¢).
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Now a simple matrix multiplication shows that this equality holds only if (s,t,6) =
(s',t',0"), proving the injectivity of f.
To show that f(s,t,0) € Ic(z0,720), let (s,t,0),a be such that

Mo(t)k(6) = aN(s).

Now M¢(t)i is in A,, the geodesic arc connecting 2y = Mi and vz, where as N¢(s)i is
in S, and hence al', € I¢(20,720)-

Finally to see that this map is onto I¢, (20,720), let @ be such that al', € I¢, (20, 7v20)
so that there is 7 € S, for which ar € A,, and so at = M¢(t)i for some ¢ € [0,loge), and
also 7 = 0" N¢(s)i for some s € [0,log\). Since the stabilizer of i in SLy(R) is SO(2),
there exists 6 € [0, 27), such that

Mo(t)k(0) = ac®Neo(s).

Replacing « by —a if necessary we may assume that 6 € [0, ) proving surjectivity.
0

Proof of the Theorem 6.4.
By Birkhoft’s theorem for the linking number we have
LK(C,.C,) = —|A| - |B|.

By Lemma 6.5, AN B = () and we have Lk(C,,C,) = —|AU B|. Finally by Lemma 6.6
and Lemma 6.7, |[AU B| = |I¢, (20, 720)|-
This finishes the proof of the Theorem 6.4. 0

We are now ready to prove
Theorem 6.8. Let C, and C, be different primitive conjugacy classes. Then
Lk(Cy,Cy) = ¥e, (7)
Proof. By Theorem 6.4 we have
LE(Co, Cyn) = —|Ic(20,7"20)
and by Theorem 5.2

Pc(v") = —[e(y oo, i00)|
Clearly Ic(z0,7 "20) = Ic(20,7"20) and hence

[nLk(Co, Cy) — e, (7")| = [ He(20,7"20)| = He(y"i00, ic0)] |

Now using Proposition 5.7 we have

P " 2|1 ]
|Lk(CU,C~/) o CU(’V )| S ’ C<ZO7ZOO)|
n n
Since |I¢(2o,700)| is independent of n this proves
o P, (V)
Lk(C5,Cy) = lim — =Y (7)-
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APPENDIX A. GHYS' THEOREM

We sketch Ghys” argument for the identification of the Rademacher symbol with the
linking number. Let
Alz)=q [ —qm*

and define A : SLy(R) — C by

A(g) = A(gi)jr2(g,79)
where for g = (29) € SLy(R)

j12(g,2) = (cz + d) "

Similar lifts F,, Eg of the classical Eisenstein series Fy; and Eg give an embedding of
['\SLy(R) into C2. The 3-manifold {(F,(g), Es(g) : g € SLy(R)} is disjoint from the
hypersurface ¥V = {(z,w) : 2*> = w?} and is easily seen to be homeomorphic to the
complement of ¥V N S3, the trefoil knot, in S®. Let v € SLy(R) be hyperbolic, with

try > 2. We are looking for the linking number of the closed periodic orbit 7, with
the trefoil (after the above identification). Since E43 — E62 — A, a general topological

argument shows that this linking number is the same as the winding number of A(,(t))
around 0. This in turn can be computed as follows

omiind(A (7, (1)), 0) = A :/ da - @.
s A i Ay e
The first integral can be evaluated from the transformation formula of log A from
4+(0)i = Mi = zy to 44 (loge)i = vz

log A(vz9) — log A(z) = 12log (isignc

with ®() as in (1.2). (See [35] equation (60) on page 49.)
Similarly the value of the second integral is 12log(czg + d) and the linking number of
the closed orbit of a hyperbolic v is given by

Ll (log (CZO + d) — log(czo + d)> +®(y)

g) 1signc

Finally for Im z5 > 0

6 d
— (log (CZO + > — log(czo + d)) = —3signc
i isignc
leading to Ghys’ theorem.
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