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1 Introduction

Let G be a connected reductive algebraic group over an algebraically closed field,
P and P’ two parabolic subgroups of G with Levi factors L and L’ respectively.
Let ¢: L — L' be an isogeny. Consider the algebraic group

Z:=(RuP xR,P')x L,

where ¢ € L acts on R, P by conjugation with ¢ and on R, P’ by conjugation
with ¢(£). The group Z acts on G from the left by

(u’ulvf) g = ulsa(g)ggiluil'

We call such a datum (G, P, P, L, L', p) an algebraic zip datum. In this paper
we study the orbit structure of such an action.

Let W be the Weyl group of G with respect to a maximal torus T of G
contained in L and pick a Borel subgroup B of P containing 7. This defines
a set of simple reflections S. There exists a subset I of S such that the Weyl
group W (L) of L is generated by the elements of I. On W there is a natural
partial order, the Bruhat order, which we denote by <. In W there exists a
natural set of representatives for W/W (L), namely

WI:{w€W|w§wsforalls€I}.

To each w € W' we associate a locally closed subset G* of G' such that:

Theorem 1.1 (see 5.19).

¢= ] &

weWw!

Theorem 1.2 (see 6.12). The closure of G* is given by
Gv=][c".

where w' ranges over the w' € W for which there exists v € W(L) such that
p)wvt <w.

If P and P’ are Borel subgroups of G and L = L’ is a common maximal
torus our decomposition is the Bruhat decomposition of G into double cosets
P'wP for we W.

The orbits in each G" correspond to the orbits of the action of a certain
reductive group on itself by twisted conjugation (see Section 5). Of particular
interest is the case that there are only finitely many orbits in G. We call
algebraic zip data having this property Frobenius zip data. Using the Lang-
Steinberg Theorem, we deduce a criterion for a zip datum to be Frobenius. It
is satisfied in particular if the differential of ¢ vanishes, for example if ¢ is a
Frobenius morphism (see Section 8).



Theorem 1.3. For Frobenius zip data, the pieces G* are the orbits of Z. In
particular there is a bijection between the set of orbits in G and WT.

We also obtain a description of the stabilizers:

Theorem 1.4 (see Theorem 8.8). The stabilizer of an element of G under the
action of a Frobenius zip datum is the semidirect product of a finite group of Lie
type and a connected unipotent algebraic group.

In Section 9 we determine which elements of W lie in the same orbits under
the action of a Frobenius zip datum. In order to do this, we introduce the notion
of an abstract zip datum. This is a datum (W, X, X', ¢), where W is an abstract
group with subgroups X and X’ and ¢: X — X’ is a homomorphism. Each
algebraic zip datum gives rise to an abstract zip datum (W, W (L), W (L"),v),
where 1 is induced by ¢. For each abstract zip datum we define an equivalence
relation on W, which is the equivalence relation defined by intersecting the
orbits in G with W in case the abstract zip datum comes from a Frobenius zip
datum. We give an inductive and an explicit characterization of this relation.

The main tool we use to deduce our results is the following: For each w € W,
the Bruhat cell P'wP is Z-invariant, and we show that the orbits in P'wP
correspond to the orbits in L’ under the action defined by another algebraic
zip datum. This allows us to prove statements inductively, starting from the
case L' = L = G. In this case, we simply have the group G acting on itself by
conjugation twisted with ¢.

In order to study the closure of a piece G, we show that G is the minimal
Z-invariant subset of G containing the Bruhat cell BwB. Then we use the fact
that the closure order between the Bruhat cells is the Bruhat order to deduce
our result about the closure of G.

An important application is the classification of F-zips. Let k be a field of
characteristic p > 0. An F-zip over k is a datum (M, C®, D,, ¢e) consisting of
a finite-dimensional vector space M over k, a descending filtration C*® of M,
an ascending filtration Do of M and Frobenius-linear isomorphisms ¢, between
the graded pieces of these filtrations (see 10.2). This notion was introduced by
Moonen and Wedhorn in [4]. There, they classify the F-zips over an algebraically
closed field as follows:

The type 7 of an F-zip is the function Z — Z>( sending ¢ € Z to the
dimension of the i-th graded piece of C*.

Theorem 1.5. Let k be an algebraically closed field of characteristic p > 0. Let
T:Z — Z>o be a function with finite support i1 > ... > i,. Let n; = 7(i;) and
n=mny+...+n,.. Then there is a bijection

{isomorphism classes of F-zips of type T over k} <— (Sp, X -+ X Sp.)\Sn

To prove this, they define a variety X, with an action of G = GL,, such that
the orbits on X correspond to the isomorphism classes of F-zips of type 7 and
classify the G-orbits on X.



In [4], Moonen and Wedhorn use F-zips to define stratifications on certain
moduli spaces. For this application, it is also important to know the closure
order between the orbits in X;. This order was determined by Wedhorn in [9].

In Section 10, we show that these results also follow from our theory of alge-
braic zip data. We show that for a certain Frobenius zip datum (G, P, P/, L, L', )
there exists a morphism G — X, which induces a bijection between the orbits
of Z in G and the orbits of G in X, preserving the closure order. This L satisfies
W(L) =85,, X+ xSy, forny,...,n, as in Theorem 1.5, hence Theorem 1.5
follows from our classification of the orbits in G. Furthermore, our result on
the closure order of the orbits in G implies the result of Wedhorn. Although we
work in a different setting than Moonen and Wedhorn, our proof of the closure
order uses methods similar to those of Wedhorn in [9].

Theorem 1.4 yields a similar statement about the automorphism group of
an F-zip (see 10.16). We also define certain universal constructions for F-zips,
namely direct sums and tensor products, and show how they can be realized as
morphisms of the algebraic zip data which classify the F-zips of a certain type.

2 Reductive Groups

Except for the beginning of Section 10, we shall use the language of varieties
over a fixed algebraically closed field k. By an algebraic group we shall always
mean a linear algebraic group over k.

For any algebraic group G, we denote by R, G its unipotent radical. For any
w € G, we shall denote the conjugation map G — G, g — wgw ™! by int(w) or
g+— "g. Let G be a connected reductive algebraic group.

Lemma 2.1 ([7], 8.4.6 (ii)). Let P and @ be parabolic subgroups of G. Then
(PNQ)RLP is a parabolic subgroup of G with unipotent radical (PNR,Q)RyP.

Lemma 2.2. Let H be a Levi factor of a parabolic subgroup of G and let T
be a maximal torus of H. If P is a parabolic subgroup of G also containing T,
then H N P is a parabolic subgroup of H with unipotent radical H N R, P. If
P =L xRyP is a Levi decomposition of P with T C L, then

HNP=(HNL)x (HNR,P)
1s a Levi decomposition of H N P.
Proof. This follows from [3], I1.1.8. O

3 Algebraic Zip Data

An isogeny between two connected algebraic groups is a surjective homomor-
phism with finite kernel.

Definition 3.1. An algebraic zip datum is a tuple (G, P, P', L, L’ ¢) consisting
of a connected reductive algebraic group G, two parabolic subgroups P and P’
of G, Levi components L and L’ of P and P’ and an isogeny ¢: L — L’.



For each algebraic zip datum Z := (G, P, P', L, L', ), we consider the alge-
braic group
(RyP x R P") x L,

where ¢ € L acts on R, P by conjugation and on R, P’ by conjugation with
©(¢). This group acts on G from the left by

(' u, €): g u'o(0)gl u~t.
We call this the action of Z on G.
Definition 3.2. A morphism between two algebraic zip data (G, P, P',L, L', )

and (G,]?P’,i,i’,@ is a homomorphism f: G — G such that f(P) C P,
f(PYcC P, f(L)cCL, f(L') C L' and the diagram

L
Jw
, S
L —
commutes.

The composition of two morphisms of algebraic zip data is the obvious one,
and in this way we obtain the category of algebraic zip data.

@

et

/

~

A different choice of Levi component L of P would differ from the given one
only by conjugation by an element of R, P, and, for any u € R, P, the orbits
of the action of the algebraic zip datum (G, P, P',“L, L, o int(u~!)) are the
same as the orbits of the action of (G, P,P’,L,L’,p). The same is true for a
different choice for L', hence the orbit structure of the action of an algebraic zip
datum only depends on the isogeny P/R,P — P’'/R, P’ induced by ¢.

There exists a maximal torus of G contained in P NP’ and Levi components
of P and P’ containing this torus. Since we are only interested in the orbit
structure, we can take L and L’ to be these Levi components. So we will
assume from now on that L N L’ contains a maximal torus of G.

We pick a maximal torus T of G contained in LNL’. Let N be the normalizer
of T and W = N/T the Weyl group of G with respect to T. We denote by ®
the root system of G with respect to T. For any o € ®, we denote by U, the
associated root subgroup of G. For all w € W, we fix a representative w in N.

The algebraic group P’ x P acts on G from the left by

(p/,p): x— papt.
Lemma 3.3. For anyn € N, the Bruhat cell P'nP is a locally closed subvariety
of G that is invariant under the action of Z.

Proof. Since P'nP is an orbit under the action of P’ x P, it is locally closed
(see [7], Lemma 2.3.3). The second part of the claim follows directly from the
definition of the action of Z. O



We first show how to relate the orbits in P'nP to the orbits in the reductive
group L’ under the action of another algebraic zip datum.

Construction 3.4. For each n € N, we construct a new zip datum Z,, as
follows: Let

. n"t
QO=Ln" P,
Q =L'Nn"P,
M:i=Ln" I
M :=1'n"L.

By Lemma 2.2, Q and Q' are parabolic subgroups of the reductive groups L
and L', and M and M’ are Levi factors of @ and Q’. The group ¢(Q) is a
parabolic subgroup of L' and ¢(M) is a Levi factor of ¢(Q). Hence, if we set
@ :=point(n=1): M’ — ¢(M), we obtain an algebraic zip datum

Zn = (Lla Qla @(QL Mla (p(M)7 95)

If H and H' are two algebraic groups acting on varieties X and X’ respec-
tively we say that a morphism f: X — X’ is equivariant with respect to a
homomorphism g: H — H' if for all x € X and h € H

f(h-x) =g(h)- f(z).

In this case, f induces a map from the orbits in X to the orbits in X".
By direct calculation, the morphism

in: L' = P'nP
U 'n
is equivariant with respect to the homomorphism

(RuQ' x Rup(Q)) ¥ M" — (RyP x Ry P') x L

_ —1
(v,0',m’) = ("o, ).

We will show that 4,, induces a bijection between the orbits of the action Z, on
L’ and the orbits of the action of Z on P'nP.
The stabilizer of n is

Stabpyp(n) = {(p',p) € P’ x P | p'np~ 1:n}
{pn Yp'n) | p' € P'n "P}. (1)
This implies in particular
Lemma 3.5. The dimension of P'nP is dim P 4+ dim P’ — dim(P' N"P).

Let H,, be the image of Stabp,« p(n) under the projection P’ x P — L' x L.



Lemma 3.6. H, = {(v'm/,on"Im/n) | m' € M’ v/ € R,Q',v € R,Q}.
Proof. By definition,
H,={(l',{)e L' x L |3 € R,P,ue€R,P:n W'un="lu}.

Let (¢',¢) € H,. Choose u' € R,P' and u € R, P such that n=*'u/n = fu.
~ ~ -1
Let P = (P"N"P)R,P and P = (" P'NP)R,P. By Lemma 2.1 these
are parabolic subgroups of G. From the Levi decomposition P = L x R, P it
follows that

~ -1

LNP=LN" P =Q

and analogously we find ~
L'nP =qQ.

Since {'v/ € P'N"P this implies £’ € Q’, so we can write £/ = v'm/ for uniquely
determined m’ € M’ and v' € R,Q’, and we have

= (n"Y'n)(n"tm/n)(n" tu'n)ut.

From v’ € R,P' N (P'N"P) we get n~lu'n € nilRuP’ N P. Lemma 2.2
implies v € R,Q" = L' N R, ("P), so we get n~1v'n € R, P. Also,

nlmne™ M =Mc L.
This implies
le n_lm'n(nilRuP’ NP)R,P.
By Lemma 2.1, we have (" RyP' N PYRyP = R, P. Hence
ten tm'n(R,PNL).

Finally, again by Lemma 2.2, we have R,PNL = R,(PNL) = R,Q, so we can
write £ = vn~'m'n for some v € R, Q.
On the other hand, let (¢,¢) = (v'm/,vn~tm'n) for some m’ € M’ v €

R.Q andve R,Q=LnN "HRUP’. From
1 1
n il = (n i T n) (n M T ) u(n T imn) € (" L' RGP LN RLP)
" R,P -R,P

it follows that there exist u € R, P and v’ € R, P’ such that n="¢'u'n = fu.
This shows (¢, ¢) € H,,. O

Lemma 3.7. The morphism i, induces a bijection between the orbits of the
action of Z, on L' and the orbits of the action of Z on P'nP.



Proof. Any g € P'nP can be written as u'¢/nfu for certain v € R, P,u’ €
RyP',¢ € L and ¢ € L'. Since such a g lies in the same orbit as ¢(£)¢'n, the
map induced by i, on the orbits is surjective.

Let ¢',¢" € L' such that i, (¢') and i,(¢") lie in the same orbit. Then there
exist u € R, P,u' € R,P' and ¢ € L such that

Un=u' (00" eyt
This implies
(0 to)", 0) € Hy,.
By Lemma 3.6 the exist m’ € M’,v € R,Q and v € R,Q’ such that

g/—l(p(g)z/l — ,U/m/

¢ =uvn"'m'n.

Together, this yields
nt 1,1
=)t m)m e
so ¢ and ¢” lie in the same orbit under the action of Z,,. O

Since Lemma 3.7 relates the action of an algebraic zip datum on an algebraic
group with the action of another zip datum on a group of smaller dimension,
it will allow us to prove facts about such actions inductively. The base case of
such an induction will always be the case where the above construction does
not yield a smaller group, that is the case where G = L'.

The following two lemmas will be needed later.

Lemma 3.8. The morphism
m: P'x P— P'nP
(¥, p) = p'np
1s separable. In particular the differential of ™ at any point is surjective.

Proof. The claim is equivalent to the fact that the multiplication map P’ x" P —
P’ .™P is separable. To prove this, it is sufficient to show that

Lie(P' N"P) = Lie(P') N Lie("P),

where Lie denotes the Lie algebra functor. Since P’ and "P both contain T,
both sides of the equation are the direct sum of Lie(T) and the Lie(U,,) for all
o € ® such that U, C P'N"P.

Since 7 is a P’ x P-equivariant morphism of homogenous P’ x P-spaces, the
last point follows from [7], Theorem 4.3.7(ii). O



For any variety X and any point « on X, we denote the tangent space of X
at x by T, X. If Y and Z are non-singular subvarieties of a non-singular variety
X, we say that Y and Z intersect transversally in X if for any x € Y N Z, the
space T, X is spanned by the subspaces T,Y and T,Z.

The varieties L'n, P'nP and any orbit of Z in G are non-singular, because
they are orbits of certain group actions (see [7], Theorem 4.3.7(i)).

Lemma 3.9. Any orbit o of Z in P'nP intersects L'n transversally in P'nP.

Proof. Let x € oN L'n. We need to show that T,,(P'nP) is the sum of T;(0)
and T, (L'n). Write z = ¢'n for some ¢/ € L'. In P’ X P we consider X = L' x 1
and

Y = {(uo@)l,ul) | ¢ € Liu e R, Pu € R,P'},

which map onto L'n and o respectively under w: P’ x P — P'nP. By Lemma
3.8, the differential of m at (¢',1) is surjective, so it is sufficient to show that
T, 1)X and Ty 1)Y span Ty 1y (P’ x P) 2 Ty P’ x T P. Since X = L'#’ x 1 and
(RuP")¥ x 1 CY, the sum of the two vector spaces contains Ty P’ x 1. Since
this sum also contains 1 x T7 (R, P), it suffices to show that the differential at
(¢, 1) of the projection Y — L, (u'o(£)¢', ul) — £ is surjective. But this follows
from the existence of the section L — Y, ¢ — (p(£)¢',£). O

4 Coset Representatives in Coxeter Groups

We collect some facts about Coxeter groups which we shall need in the sequel.
These can be found in [2], sections 2.3 and 2.7.

Let (W, S) be a finite Coxeter group, i.e. W is a group with a set of generators
S ={s1,...,8,} such that W has a presentation

W =<s1...,8, | (838;)"7" =1>

for certain m;; € N such that m;; = 1 for all 1 <7 < n and m;; = m;; for all
1 <i# j <n. Let £ denote the length function on W, i.e. for w € W the length
£(w) of w is the smallest number r such that w is the product of r elements of
S. An expression of w as the product of £(w) elements of S is called reduced.
Let I be a subset of S. We denote by W; the subgroup of W generated
by I and by W' (respectively ‘W) the set of elements w of W which have
minimal length in their coset wW; (respectively Wjw). Then every w € W can
be written uniquely as w = w! - w; = Wy - Tw with wr, w; € Wi, w! € W and
Ly e "W, and £(w) = L(wr) +(w") = (7)) +£(Tw) (see [2], Proposition 2.3.3).
In particular, W and {W are systems of representatives for W/Wy and W \W
respectively. The fact that £(w) = £(w™!) for all w € W implies W/ = (W)=,
Furthermore, if J is a second subset of S, let W' be set of w € W which
have minimal length in the double coset W wW;. Then W =W N W' and
W1 is a system of representatives for W;\W/W7 (see [2], Proposition 2.7.3).



Theorem 4.1 (Kilmoyer, [2], Theorem 2.7.4). If w € "W, then
W;NYWr = Wk,
where K = JN"I.

Proposition 4.2 (Howlett, [2], Proposition 2.7.5). Let "w! € "W and K =
JNYI C S. Then every element w of the double coset Wy w! Wy is uniquely
expressible in the form w = wjy Twlw; where wy € Wy N WE and wy € Wy.

Moreover, this decomposition satisfies
Uwy Twlwr) = L(wy) + (W) + L(wr).

Lemma 4.3. The set W' is the set of elements w for which in the decomposition
of Proposition 4.2 the factor wy is 1.

Proof. Let Yw! € 7W! and K = J N KA wy € Wy N WX then for any
wy € Wy the decomposition w; “w!w; is the unique decomposition given by

Proposition 4.2. So we get
wy wlwr) = Cwy) + 007w + €(wr) > Lwy) + £(Tw!) = b(wy w?),

which shows that wy Jw! € W,
Now let w € W! and w = wy “w!w; the decomposition from Proposition
4.2. Since by the preceding paragraph w; “w! € W! we must have w; = 1. [

On W there exists a natural partial order, the Bruhat order, which we shall
denote by <. It is characterized by the following property: For z,w € W we
have z < w if and only if for some (or, equivalently, any) reduced expression
w = 8, --- 8i, as a product of simple reflections , one gets a reduced expression
for x by removing certain s;; from this product. More information about the
Bruhat order can be found in [1], Chapter 2.

Using this order, the set W/ can be described as

Wl={weW |w<wsforall scI}

(see [1], Definition 2.4.2 and Corollary 2.4.5).

Assume that in addition W is the Weyl group of a root system ®, with S
corresponding to a basis of ®. Denote the set of positive roots with respect to
the given basis by ® and the set of negative roots by ®~. For I C S, let ®;
be the root system spanned by the basis elements corresponding to I, and let
®F := &; N d*. Then

W!={weW |wd] c o} (2)

(see [2], Proposition 2.3.3).
Also, for w € W, the length of w is the cardinality of the set

{a € ®t |wa e ®7} (3)

(see [2], Proposition 2.2.7).



5 The Orbits of an Algebraic Zip Datum

Definition 5.1. A zip datum Z = (G, P, P, L, L, ¢) is nice with respect to a
maximal torus T C LN L’ and a Borel subgroup B of G, if o(T) =T,

TcBcPnP

and
o(LNB)=LNB.

If there exist such T" and B, we shall also just say that Z is nice.
Proposition 5.2. Let Z = (G, P,P', L, L', ) be an algebraic zip datum. Then

there exists a nice algebraic zip datum Z = (G,P,Is’,L,f/,gé) and an isomor-
phism of varietes ¥: G — G which maps each orbit of Z in G bijectively onto
an orbit of Z in G.

Such Z and 1 can be obtained as follows: There exist a Borel subgroup B of
G, weW and z € L such that

B C P,
Yo((LNB)="L'NB
and
Yo(*T) =T.
For any such B,w and z the algebraic zip datum
Z=(G,P,"P,L," L, int(1) o p o int(2))

is mice with respect to T and B and the morphism ¢: G — G,g — wgz is
equivariant with respect to the isomorphism

(RuP x RyP') % L = (RyP x Ry("P)) x L
(', 0) = ("7,

Proof. Let T be a maximal torus of G contained in L N L’. There exists w € W
such that P and P’ both contain a Borel subgroup B of G which contains 7.
Since int(w)oy: L — “ L’ is an isogeny and “ L’ N B is a Borel subgroup of “L’,
its preimage B’ := (int(w) o ) ~}(*"L' N B) is a Borel subgroup of L. Similarly,
the subgroup T := (int(w) o ) ~1(T) is a maximal torus of L.

Since the action of L by inner automorphisms on pairs consisting of a Borel
subgroup and a maximal torus contained in the Borel subgroup is transitive,
there exists z € L such that *(L N B) = B’ and *T = T, that is such that

Yo(*(LNB)="L'NB

10



and
Yo(*T) =T.

Hence the algebraic zip datum Z := (G, P, P', L," L’ ,int(w) o point(z)) is nice
with respect to B and T

Let ¢: G — G be the isormorphism of varieties sending g € G to wgz. For
(u,u/,0) € (RyP xRyP')xLandge G

1 1 -1

Y p(0)gt " ut) =" (int(h) o point(2)(* Ov(g) (O uh),
This shows that 1 is equivariant with respect to the isomorphism

(RuP x RyP') % L = (RyP x Ry(“P)) x L

(u,u'€) — (211@“)1/,2_16)7

which implies that 1) maps each orbit of Z in G bijectively to an orbit of Z
in G. U

This allows us to reduce to the case of a nice algebraic zip datum for many
questions, so we will only consider such data in the following.

Solet Z = (G,P,P',L,L', ) be nice with respect to T' and B. The Borel
subgroup B defines a set of simple reflections S of W. Let I and J be the
subsets of S such that P and P’ are the standard parabolics of type I and
J respectively. Then W(L) = Wy and W(L') = W;. Since o(T) = T, the
isogeny ¢ induces an isomorphism W; — W which we also denote by ¢. Since
©(LNB) = ¢(L' N B), this isomorphism maps I bijectively to J, and so it is an
isomorphism of Coxeter groups (Wr,I) — (W, J).

We denote by ® be the root system of G with respect to T, and for any
closed subgroup H of G which is normalized by T, we denote by ®y the root
system of H. Also, we denote by ®T the set of positive roots with respect to
B, by &~ the set of negative roots, and we let @ﬁ =&y NOE.

Definition 5.3. For w € W, let K* :=JNYI.

Lemma 5.4. Let "w! € "W!. Let Zsy = (I',Q",¢(Q), M', M, () be the
algebraic zip datum from 3.4. Then:

(a) The algebraic zip datum Z i1 is nice with respect to T and L' N B.
(b) The type of Q' is K™

(c) The elements w € Wy w!W; N W are ezactly the elements of the form
w = wyw! for some w; € Wy having minimal length in w;W (M'). For
such w,wy and "w! we have {(w) = £(wy) + £( ‘w!).

Proof. First we show:

Claim. (i) Ln""")"'B=LnB.

11



(i) I'n "' B=1L'nB.
Proof. By assumption on “w! we have Jw’@t C ®T. This implies leéz =
Jwl®,N®* or equivalently ®F = &, N (w!)~1®+. Since @} is the root system

of LN B and &1 N (Yw!)~™1®7 is the root system of L N (le)_lB, we get (i).
The second part can be shown similarly. O

Now (i) shows L' N B = (LN B) = p(LN (le)_lB) C ¢(Q) and from (ii)
weget L'NB=LnN g e Q'
Using (i) again we get

M’ NB) = (") BAM) C (M) B.

Because both ¢(M’'NB) and ¢(M )N B are Borel subgroups of ¢(M), they must
be equal. Since ¢(T") = T this shows (a).
JoI
Theorem 4.1 implies WX © = W(M’), which shows (b). Then (c) is just a
restatement of Lemma 4.3. O

Definition 5.5. Let w € W. For any collection of subsets of I which are
mapped into themselves under the homomorphism int(w=1) o ¢: W; — W, the
union of these sets is also mapped into itself under int(w~=!) o ¢. Hence there
exists a unique maximal subset of I having this property, which we denote by
L.

Lemma 5.6. For w € W, the map int(w™1) o ¢: I, — I, is a bijection.

Proof. Since int(w™!): W — W and ¢: W; — W are bijective, the composite
int(w~1) o ¢ is injective. Since I,, is finite, this implies the claim. O

We give an inductive description of I,, for w € W:

Lemma 5.7. Let w € W! and w = wj "w! the decomposition from Lemma 5.4
and Zayr = (L, Q,0(Q), M', M, ) be the algebraic zip datum from 8.4. Let
K;Z” be the largest subset ofKJ“’I invariant under int(w}l) o@. Then

J, I J, T
w. _ Cw
K, =",

Proof. The definition of Kwilfl implies

(le)fl JwI (.IwI)—l JwI

[(int(w,) " o o int(Pw’) )K" K.

J, Iy—1

This shows that the subset ) K{UIZ"I of I is invariant under int(w=1!) o ¢, so

that Tty
w

J, T
Kw;“ C I,.

12



Lemma 5.6 implies

Twl ¢ . . Tl Tl . . . 1y

hence I, is contained in K =JnN * I and invariant under int(w} ") o @.
. J, I J, I

This shows * I,, C K" . O

For any set of simple reflections R, there exists a unique parabolic subgroup
of type R of G containing B, which is called the standard parabolic subgroup of
type R. This pararabolic subgroup has a unique Levi factor containing 7', which
is called the standard Levi subgroup of type R.

Definition 5.8. For w € W, let L,, be the standard Levi subgroup of G of
type I

Lemma 5.9. For w € W, the morphism int(w=1) o p: L — G maps Ly, into
itself.

Proof. Since the group L,, is generated by T and the U, for a« € @5, it is
sufficient to show that these subgroups are mapped into L, by int(w~!) o .
For T this is clear and for the U, it follows from the definition of I,,. O

We give an inductive description of L,, for w € w.

Lemma 5.10. Let w € W and w = wy *w! the decomposition from Lemma
5.4 and Z 1 = (L', Q',p(Q), M', M, @) be the algebraic zip datum from 3.4.
Let M, , be the standard Levi subgroup of Q" of type KJ?’I. Then

J I
M, =" Ly.
Proof. This follows directly from Lemma 5.7. O

Remark 5.11. Using the inductive description of L,, in the preceding Lemma,
one can show that L, is the unique maximal subgroup of L which is mapped
into itself by int(w~!) o p: L — G. But we shall not need this.

For any X C G, we denote the union of the orbits of all elements of X by
o(X).

Lemma 5.12. If X is a constructible subset of G, then o(X) is constructible.

Proof. This follows from the fact that o(X) is the image of the constructible
subset (RyP X RyP’) x L) x X of (RyP x RyP’) x L) x G under the mult-
plication morphism to G. O

Definition 5.13. For w € W/, let G¥ := o(wL,,).

Lemma 5.14. For w € W/, the Z-stable piece G does not depend on the
choice of representative w.

13



Proof. By definition the group L,, contains 7. Hence wL,, does not depend on
the choice of w, which implies the claim. O

This justifies the following definition:
Definition 5.15. For w € W/, let G¥ = G*.

Remark 5.16. A priori the G* for w € W are only constructible subsets of G.
However we shall see later (Corollary 6.15) that they are in fact locally closed
in G.

Definition 5.17. For w € W/ let j,; be the continuous map

L, — GY
{— Wl

Lemma 5.18. Let w € W' and w = wy *w! the decomposition from Lemma
5.4. Let Zoyr = (L', Q,0(Q), M', M, p) be the algebraic zip datum from 3.4.
Assume b = 1wy il .

(i) We have M, = JmILw and the diagram

Lo —2% prpp

int( Jzi}’)IT TZ T

;g
My, —— L’

commutes.

(i) The morphism i, maps (L") into G* and induces a bijection between
the Z syr-orbits in (L')*7 and the Z-orbits in G*. In particular

(L/)’u),] J,u')I — Gw N L/ JwI'

Proof. The first part of (i) follows from Lemma 5.10, and the second statement
in (i) can be directly verified. Then (ii) follows from (i), the definition of (L)~
and G* and Lemma 3.7. O

Theorem 5.19. (i) The G* for w € W form a disjoint decomposition of
G.

(ii) For all w € W, the continuous map jy: L, — GY induces a bijection
between the orbits on L,, of the action of L., on itself by

—1

(6,g) = (7 (0)gl™!

and the orbits of Z in G*.
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Proof. We prove everything by induction on dim G. If L’ = G, we have W = {1}
and L = L; = L'. Since in this case the action of Z is just the action of L on
itself given in (ii), both claims are true.

Assume dim L’ < dim G. For “w! € /W' it follows from Lemmas 3.7, 5.4
and 5.18 and the induction hypothesis applied to the nice algebraic zip datum
Z 11 that P’ /! P is the disjoint union of the G* for the w € W' of the form
w = wy *w! with wy; € W;. Since G = I oprerp: P’ Tiw! P this proves (i).

The induction step for (ii) follows from Lemma 5.18. O

6 Closure

In this section, we will show that for w € W, the closure of G* is the union of
other Z-stable pieces G for certain w’ € W7.
We shall need the following lemma (see [8, Lemma 7.3]):

Lemma 6.1. Let G be a connected linear algebraic group and ¢ a surjective
endomorphism of G which leaves a Borel subgroup B of G invariant. Then the
morphism G x B — G, (z,b) — @(z)bz~! is surjective.

Proposition 6.2. For w € W', we have G* = o(BwB).

Proof. We proceed by induction on dim G. In the base case we have G = L/,
and the claim follows from Lemma 6.1.

Assume dim L’ < dim G and let b, € B. We can decompose b and b’ as
b=fuand ¥ =u'¢ with¢{ e BNL, ¢ € BNL' ue€ R,P and v' € R, P'.
Since o(b'wb) = o(p(£)¢'w) with p(£)¢' € L' N B we get

o(BwB) = o((BN L')w).

Hence it will be sufficient to prove that G* = o((B N L")w).

Let w = wy/w! € “W! be the decomposition given by Lemma 5.4. The
morphism i sy : L' — P'wP maps (L' N B)w;s onto (L' N B)w. Since by Lemma
5.4 the zip datum Zs,;: is nice with respect to T and B N L', the claim now
follows from the induction hypothesis applied to Z ., and Lemma 3.7. O

Corollary 6.3. If P is a Borel subgroup of G, then G* = BwB for allw € W.

The group B x B acts on G by (b/,b) - g =1gb~!. The set {w | w € W} is
a set of representatives for this action, and for w,w’ € W

w < w' if and only if BwB C Bu'B.

Proposition 6.2 will allow us to use the closure order of this action to determine
the closure order of the action of Z. For this, we shall need the following lemma
(see [9, 5.3]):

Lemma 6.4. Let H be any algebraic group acting on a variety Z and let P C H
be an algebraic subgroup such that H/P is proper. Then for any P-invariant
subvariety Y C Z we have

H-Y=HY.
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Lemma 6.5. For w € W, we have

Proof. We let L act on G by £*g = p(£)g¢~!. Since BB = R, P'(BwB)R,P,
it follows from Proposition 6.2 that

GY = L x BuwB.

This together with Lemma 6.4, applied to H = L, P = LN B, Z = G and
Y = BwB yields
G"=LxBuB = | LxBiB.
r<w
Because again for each such x we have R, P'(BzB)R,P = BB, this implies
the lemma. 0

Lemma 6.6. For all x,z € W and b € B there exists v € W such that v < z
and

bt € BviB.

Proof. We prove the statement by induction on ¢(z). If z = 1, we may take
v = 1. For the induction step write z = sz’ for some simple reflection s such
that £(2') = £(z) — 1. By the induction hypothesis there exists v’ < 2z’ such that
Z'bx € Bv'tB. Hence zbw € $Bv'tB C Bstv'tB U Bu'©B, so either v = sv’ or
v = v’ will have the required property. O

Lemma 6.7. Let w € W!, b,b' € B and x € W such that o(bw) = o(V').
Then there exists y € W such that o(y)wy~! < .

Proof. We proceed by induction on dim G. In the base case we have G = L, so
w must be 1 and we may take y = 1.

So assume that dim L’ < dim G. We also may and do assume that b, b’ €
LNB. Let = z; "z’ be the decomposition of = given by Proposition 4.2, so
we have z; € Wy, 7 € W; and ‘2! € JWI. Tt follows from Lemma 4.3 that
el i=a; 02t e WL

By Lemma 6.6, there exists v € W such that v < (x;) and ()bl €
Bii! B. Hence there exists b’ € L' N B such that ¢(i7)bw! lies in the same
orbit as b”04!. Altogether we get

o(bw) = o(b'i'ir) = o(p(i)b'i!) = o(b"vi!) = o(b" vy 'iT).
Let Zs = (I,Q,0(Q), M',o(M),p). By Lemma 5.4 we can decompose
w = wy w! with wy € W; minimal in w;W(M') and ‘w! € JW!. From

o(bw) = o(b'&) we get

P; 7wl P = PybwP; = Py iPr = Py /it Py,
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which implies “z! = Jw!.
Now Lemma 5.4 implies that bw; and 9% ; lie in the same orbit under
the action of Zs;r on L. Hence, by the induction hypothesis, there exists a

y' € W(M') such that
Gy wyy' ™" <oz
Since both sides lie in W and since “z! € YW, this implies

I I

=Ll < wr g Tt = vat.

2= gy )wry
Since ¢ = point((“w!)~1), if we let § = (Yw!) "'y *w! € W; we can write z as
p(Glwyg~.

Because of the Bruhat relation z < vz! we can write z = v’z for certain
v 2’ € W with v’ <wvand 2’ < z!. Since p(I) = J, we get ¢~ 1(v) < ¢~ 1(v) <
x7, where ¢! is the inverse of the isomorphism ¢: W; — W induced by .
Since 2! € W, we get

I

VTl (W) = 2l (V) < 2l (v) < 2l =

So y := ¢~ }(v') 1§ has the required property. O

For w € W, the set Tw is independent of the choice of representative w.
This justifies the following definition:

Definition 6.8. For w € W/ let G¥ := o(Tw) C G*.

We shall show that G* is dense in G*. The crucial case is the following
lemma. The proof we give is a slight modification of the proof of Lemma 6.1
given in [8].

Lemma 6.9. Let G be a reductive algebraic group and ¢ a surjective endomor-
phism of G leaving invariant a Borel subgroup B of G and a maximal torus T
of B. Then the morphism a: G x T — G, (g,t) — ©(g)tg~! has dense image.

Proof. Equivalently we may show that for some ¢y € T, the image of the mor-
phism &: G x T — G, (g,t) = top(g)ty 't 1g~" is dense. It will be enough to
show that the differential of & at 1 is surjective. This differential is the linear
map

L(G) x L(T) — L(G)
(X,Y)— T+ L(int(tg) o 9)(X) — X.

This linear map has image
Lie(T) + (L(int(tg) o ¢) — 1) Lie(G).

Let ¢y, = int(to) o . Let B~ be the Borel subgroup opposite to B with respect
to T. Since ¢(B) = B, the differential of ¢;, at 1 preserves L(R,B) and
L(R,B™). If we find a to such that L(ps,) has no fixed points on L(R,B) and
L(R,B~) we will be done.
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For each o € ®, let z, be a basis vector of L(U,). The isogeny ¢ induces
a bijection ¢: ® — & such that p(Us) = Uy(q). For each a € @ there ex-
ists a c(a) € k such that L(p)(za) = c(a)rp). This implies L(ps,)(Ta) =
afto)c(@)rs(ay. Since gy, fixes R, B and R,B~, its differential permutes &+
and ®~. Hence L(p¢,) can only have a fixed point in L(R,B) or L(R,B™) if
there exists a cycle (g, - , ) of the permutation ¢ in T or &~ such that

H a;(to)c(ai) = 1.

This shows that for ¢y in some non-empty open subset of T, the differential
L(¢¢,) has no fixed points on L(R,B) and L(R,B~). O

Lemma 6.10. For each w € W', the set Gv is dense in G¥.

Proof. By Theorem 5.19, the continuous map j;: Ly — GY gives a bijection
between the orbits in Ly, under the action of L!; on itself by twisted conjugation
and the orbits of Z in G*. By Lemma 6.9, the orbit of T is dense in L,,. Since
Jw 18 continous we get

Ly = ji(o(T)) C ju(o(T)) € Gv.

Since G is Z-invariant, this implies Gw =G, O

Definition 6.11. For w and w’ in W' we let w < w’ if and only if there exists
y € W such that p(y)wy~! < w'.

Theorem 6.12. For w € W'

Proof. First, consider w’ € W' such that Gv' intersects G*. Then by Proposi-
tion 6.2 and Lemma 6.5 there exist b,b’ € B and x € W such that x < w and
o(bw") = o(b'x). Hence Lemma 6.7 implies w’ < w and this shows ” C 7.

For 7 7 let w' € W! with w’ < w. By definition there exists y € W such
that p(y)w'y~! < w. Since by Lemma 6.10 the orbit of T4’ is dense in GY', in
order to show G¥ C G it is sufficient to show TW' C G®. For t € T

o(ti') = o((y)ti'y ") = o((e(H)te( ) (e(H)i'y)).

Hence, since ¢(9)to(y~t) € T and o(y)w'y~! < w, Lemma 6.5 shows tu' €
Gv. O

Remark 6.13. This theorem was motivated by a similar result of Wedhorn in
a different setting in [9]. Also, the proof we give here was inspired by Wedhorn’s
proof in [9].
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Corollary 6.14. The relation < is a partial order on W'.

This was previously proved by Wedhorn directly for arbitrary isomorphisms
of Coxeter groups @: (Wy,I) = (Wy,J) in [9, section 4].

Corollary 6.15. For w € W, the set G¥ is a locally closed subset of G.

Proof. 1t follows from Theorem 6.12 that the boundary of G* in G is
[Te
w/

where the disjoint union ranges over all w’ € W such that w # w’ and w’ < w.
It follows from Theorem 6.12 that the boundary contains the closure of each
such G | hence it is closed. O

In particular, each G now has the structure of a variety.

Lemma 6.16. For w e W<,
((w) = dim(L' N P) + dim(R, P') — dim(P' N ¥ P).

Proof. Denote the right hand side by m. Let P = (P’ n wP)RuR’ . By Lemma
2.1 this is a parabolic subgroup of G. We can write P as (L' N"“P)R, P’ and
the decomposition P’ = L' x R, P’ implies

P=(L'N"P)R,P = (L'N"P)x R, P
From this we find that the product morphism

(PPN"P)yx X Uy — P

is a bijection, where the product ranges over the set
{aed "\ oy |wlagdp}
taken in any fixed order. Hence m is the cardinality of this set. Since w € JW,
by (2) )
w e}, C ®T C Pp,

hence the above set can be written as

{ac® |wlag dp}.
Since w € W, by (2) we have w®, C ®~, so m is the cardinality of the set

{acd" |wlacd }.
By (3), this is ¢(w), so we are done. O
Theorem 6.17. For w € W', the dimension of G is dim P + ((w).

19



Proof. We proceed by induction on dimG. If G = L we have w = 1 and
G" = G = P, so the claim is true.

Assume dim L < dim G. Let w = w; “w! be the decomposition from Lemma
5.4. The induction hypothesis applied to the algebraic zip datum Z s, yields

dim(L)"7 = dim(L' N "' P) + f(wy),
where (L')"7 is the Z s,;:-stable piece of L’ associated to w;. By Lemma 5.18
(L/)'LUJ J’lbI =Gvn L/ J,u-)I.

The set of nonsingular points of G is Z-invariant, hence there exists a non-
singular point x of G* in (L/)®’ “w!. Since o(x) C G™, Lemma 3.9 im-
plies T, (P 'w!'P) = T,(G") + T,(L' "w'). Hence z is a nonsingular point
of (L')*’ ! and

dim T, ((L)*7 "!) = dim(G™) + dim(L’ "w!) — dim(P’ ! P).

Because (L')“7 is irreducible, this is also the dimension of (L")*7. By Lemma
3.5
dim(P' /i P) = dim P’ + dim P — dim(P' n "' P).

Altogether we get
dim(G*) = dim(L' 1 """ P) + ¢(w,) + dim P+ dim(R, P') — dim(P' 0 "' P).

Since {(w) = £(wy) + £( 7w!), the claim now follows from Lemma 6.16. O

7 Stabilizers

In this section we consider the stabilizers of the action of an algebraic zip datum.
For an element g € G we denote the stabilizer of g by Stabz(g).
First we give an inductive description of the stabilizer of an element of G.

Lemma 7.1. Let Z be any algebraic zip datum. Letn € N and ¢’ € L'. Let
Zn = (L', Q" ,p(Q),M',o(M),p) as in 3.4. Then for

(u,u',0) € (RyP X RyP') x L
the following are equivalent:
(i) (u,u’,€) € Stabz(¢'n).

(ii) There exist m' € M', v € R,Q, v' € RuQ" and i € R,P N "R, P such
that

(v, o(v),m’) € Staby_(¢)
(= v(n_lm')

u= (n_lv’)ﬂ

r_ l'v'n(av)

u
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Proof. Let (u,u,£) € Stabz(¢'). Then
o)l ut = 0'n. (4)

Hence (¢~1u'o(0)¢',ul) € Stabp/yp(n), where we let P’ x P act on G as in
Section 3. This implies (¢'~tp(€)¢',¢) € H,, so Lemma 3.6 shows that there
exist m' € M', v € R,Q and v' € R, Q' such that

(=v" m (5)
and
o)l =v'm/. (6)
Plugging (5) into (6) yields

—1

(P(v)so(n m’)f’m’flv'fl :y,

so we get (v, p(v),m') € Stabg, (¢).
Plugging (5) and (6) into (4) yields

' (O O (T im T ) T = O,
which simplifies to
u =0 (" ()L (7)
We can decompose u as u = ujus with u; € RuPﬁnilL’ and ug € R PN "71RUP’.

Since v € R,Q =LnN "_1RUP’ and v’ € R,Q' = L' N"R,P’, decomposing the
right side of (7) into it components in L' and R, P’ yields

n”t ’
Uy = v

and
! !
ul _ o) nu2.

Hence, if we let & = us, we have shown that (i) implies (ii). That (ii) also
implies (i) can be directly verified. O

Now let Z be an algebraic zip datum which is nice with respect to 7" and B.

Definition 7.2. For w € W', let P, be the standard parabolic subgroup of G
of type I,.

By definition L, is a Levi factor of P,,. For p € P, if p = uf with u € R, P,
and ¢ € L,, is its Levi decomposition, we call £ the component of p in Ly,.

Definition 7.3. For w € WY, let L] be the set of fixed points of the endomor-
phism int(w~1!) o ¢ of L,,. This is a closed subgroup of L,,.

Lemma 7.4. Let w € W' and (u,u,¢) € Stabz(w). Then ¢ € LN P, and the
component of £ in L., lies in L.
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Proof. We proceed by induction on dimG. If G = L'/, we have w = 1 and
.1
L=G="P,s0leLNP,. Since” ¢(f) ={is equivalent to p({)wl~! =

we have Stabz(1) = L{. Hence in this case the claim is true.

Assume dim I/ < dim G. Decompose w = wy “w! as in Lemma 5.4. We

may and do choose the representative 1 so that w = wy “w!. Let (£,u,u’) €
Stabz(w). Let Zu,r = (L', Q,0(Q), M',o(M),p). Applying Lemma 7.1 to
n = Y’ and ¢ = w; shows that there exist m’ € M’, v € R,Q, v' € R,Q’ and

ieR,PN ' R,P such that

(v, (v),m) € Stabgz, , (1)
E — 'U( Jw[)flm/ J'lbI
U= (Jw[)—lv/ Jw[ﬂ
1 J. I

/Wy w(

u av).

By Lemma 5.4 Wy s, = W(M'). Let K&f[ be the largest subset of K "'
invariant under int(w;l) o ¢ and let @), be the standard parabolic subgroup

of L' of type K;@I. Since Z s, is nice with respect to T and L' N B, the
induction hypothesis applied to Z ;1 shows that m’ can be written as m’ = vm

: ~ / Wy (Tt~ ~ ~ / /
with m € M, such that o m) = m and o € M'NR,.Q,,. By
J. I ~ Jo Iy—1

Lemma 5.10 we have M{DJ = " L,. Hence £ = ()7 lies in L,, and since
wt ~

¢(0) = 7 we find 7 € L. From Lemma 5.7 we get K, = "*'I,,, which
implies (le)il’RuQ;bJ C R.P,;. Hence the identity

0= g7

shows that £ € P,, and that £ € L{ is its component in L,,. O

The preceding lemma yields a morphism 7: Stabz(w) — LI, which sends
(u,u,£) € Stabz(w) to the component of ¢ in L,,. We denote the kernel of 7
by K. Then we get:

Theorem 7.5. There is a split short exact sequence
1— K, Stabz () — Lf —— 1,

where K,, 1s a connected unipotent group.

Proof. The morphism Lf — Stabz(w): £ — (0,0, £) is section of 7, which shows

that 7 is onto and that the sequence is split. It remains to show that K,, is
unipotent and connected.
Because of Lemma 7.4 we have a homomorphism
Ky — Ry Py
(u,u’, £) — ul,
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which is injective This shows that K, is unipotent.
Let (u, v, ¢) € Stabz(w ) Then £ € LNRy Py C LNR,, B, hence ¢(£) € R, B

and, since w € W', also “¢~! € R,B. This shows that “u = u'p(¢)"¢! €
R.B. Hence we have a morphism

pry: Ky — RPN B
(u,u', £) = .
To show that K, is connected it will be sufficient to prove that pry is bijective.
We prove this by induction on dim G. If G = L’ both K, and R, P are trivial,
so the claim is true.
T 1

Assume dim L’ < dimG. We decompose w = wy“w! as in Lemma 5.4.

Let (u,u,0), (u,@,0) € Staby (). Let Zuy: = (L, Q,0(Q), M, (M), ).

Applying Lemma 7.1 to n = ! and ¢/ = s shows that there exist m/, 7’ €

M, 0,8 € RuQ, v/, 9 € RuQ' and @, 4 € RyP N " Ry P’ such that
(U/a QD(U), m/) € Stabyz T I (wJ)

0= U( J,U')I)—lm/ Jw[

w= (") il
o = B ()
and
(0", (0),m") € Stabz,, (1)
¢ =o(Twh) "t Tt
— (M) Tt
= Gy,
Since v/, 9" € L' and leﬂ, Jw[ﬁ € R, P’ the identity
(") Tl d = (il Tl

implies v = ¢ and @ = u. Hence the induction hypothesis applied to the nice
algebraic zip datum Z.s;: shows that m’ = m/ and ¢(v) = p(9). Since the
kernel of the isogeny ¢ must be contained in T', we also get v = ©. Hence we
have ¢ = /. This also implies v’ = @/, which shows that pr, is injective.

Now let u € R, PN %" B Then we have "'« € P’, so we can decompose
u = w4 for certain u; € R, PN ()™ and @ € R, PN (J“.JI)ARUP’. Let

J . I\—1
)

o = "'y e LN JwIRuP = R.Q' so that u = (¥
hypothesis there exist m’ € M’ and v € R, Q such that

('Ulv @(U)’ ml) € Stabz T (’U)J)

va/ J’li)I (~

v'@. By the induction

Hence, if we let £ = v(/w!)~tm’ %! and v’ = ), by Lemma 7.1 we
have (u,u’,¢) € Stabz(w). After multpliying ¢ by the inverse of its component
in L,, we may assume that (u,u’,¢) € K,,. This shows that pr, is surjective. [
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Remark 7.6. If one considers the scheme-theoretic stabilizer and not just the
associated variety, the group K,, may be nonreduced.

8 Frobenius Zip Data

Let Z be nice with respect to T and B. In Theorem 5.19 we showed that we
have a decomposition of GG into Z-stable pieces G such that the orbits in each
piece Gv correspond to the orbits in the reductive group L,, under the action
of that group on itself by twisted conjugation. The Lang-Steinberg Theorem
gives a good criterion for such an action to be transitive:

Theorem 8.1 ([8], Theorem 10.1). Let G be a connected linear group and ¢
a surjective endomorphism of G with a finite number of fixed points. Then the
morphism

G—dG
g e(9)g™
18 surjective.

Definition 8.2. A Frobenius zip datum is a nice algebraic zip datum such that
for every w € W, the endomorphism int(w =) o of L,, has finitely many fixed
points.

Example 8.3. If the differential of ¢ at 1 vanishes, then Z is a Frobenius zip
datum.

Proof. If the differential of ¢ vanishes, then so does the differential of
int(w™') o @: Ly — Ly

for allw € W. Hence it suffices to show that an endomorphism ¢ of an algebraic
group H with vanishing differential has only finitely many fixed points. Let H/
be set set of fixed points of ¢, this is a closed subgroup of H. The restriction of
¢ to H' is the identity, but by assumption its differential is zero. This is only
possible if H/ has dimension zero, i.e. if H7 is finite. U

Proposition 8.4. For a nice algebraic zip datum Z the following are equivalent:
(i) The algebraic zip datum Z is a Frobenius zip datum.
(i) There are only finitely many orbits under the action of Z on G.

(iii) Each Z-stable piece G* for w € W' is a single orbit.

Proof. (i) == (i4i) follows from Theorems 5.19 and 8.1. (i15) == (1) is
trivial.

Assume (74) holds. Let w € W!. Since are finitely many orbits in G, there
exists a dense orbit in L,,, where L,, acts on itself by conjugation twisted with
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int(w~!) o . Let £ be an element of the dense orbit. Then the stabilizer of ¢
must be finite, which is equivalent to saying that int(¢’~!) o int(w 1) o ¢ has
finitely many fixed points. Hence the Lang-Steinberg Theorem implies that the
orbit of ¢ is all of L,,. But then the stabilizer of 1 € L,, must also be finite,
which shows that Z is Frobenius. O

Let Z be a Frobenius zip datum. Since then the Z-stable pieces G" are just
the orbits of w, Theorems 5.19, 6.12, 6.17 and 7.5 can be rephrased as follows:

Theorem 8.5. The set {w | w € W1} is a set of representatives for the action
of Z on G.

Theorem 8.6. For w,w’ € W' the following are equivalent:

(i) o(w’) C o(w).
(i) w < w.
Theorem 8.7. For w € W' the dimension of o(w) is dim P + £(w).

Theorem 8.8. For w € W, the stabilizer of W is the semidirect product of L,
and a connected unipotent algebraic group. In particular, the group of connected
components of Staby (i) is isomorphic to L.

Furthermore, Lemma 5.14 implies

Lemma 8.9. For w € W, the orbit of w does not depend on the choice of
representative w € N.

Let W =W(G), X = W(L) and X' = W(L') and ¢: X — X’ the homo-
morphism induced by . By Lemma 8.9 the orbits in G induce a well-defined
equivalence relation on W which, by Lemma 3.7 and Theorem 8.1, can be char-
acterized as follows:

Two elements w and w’ of W are equivalent if and only if: Either X = W,
or there exist x € X and 2’ € X’ such that w’ = z’wx and ¥ (x)2z" ~ 1 under the
equivalence relation on X’ obtained analogously from the algebraic zip datum
Zy as in Lemma 3.7. In the following section, we shall consider such equivalence
relations in a more general context.

9 Abstract Zip Data

Definition 9.1. An abstract zip datum is a tuple (W, X, X’ ), where W is a
group with subgroups X and X’ and ¢ : X — X' is a group homomorphism.

Fix such an abstract zip datum A.

Definition 9.2. Let w € W. If two subgroups of X are left invariant by the
homomorphism int(w~=1) ot: X — W so is the subgroup they generate. Hence
there exists a unique maximal subgroup with this property, which we denote by
Xw-
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Definition 9.3. To each abstract zip datum we associate a relation on W as
follows: For w and w’ in W we let w ~ w’ if and only if there exist x € X and
u € X,, such that w' = ¥ (z)wuz 1.

Lemma 9.4. This is an equivalence relation.

Proof. Reflexivity is clear. To prove symmetry, let w’ = (z)wuz~! as above.

From int(w'~%) 0 ¢ = int(zu" w™!) oy oint(z~!) we get X, = “X,,. Hence
the identity
w =Yz (zu" e
shows w' ~ w.
Now let w ~ w’ and w’ ~ w”, that is w’ = ¥ (x)wuz ! and w” = Y (T)w' 4~
for some z,7 € X, u € X, and @ € X,». Since again X, = *X,, we get
w ~ w” from

1

w” = p(Fx)wu(z o) () L.

O

Construction 9.5. Analogously to 3.4, we define a new abstract zip datum
A, for each w € W as

Aw = (X, X' 0" X, (" X 0 X), 6o int(w™)).

Theorem 9.6. The equivalence relation is uniquely characterized by the follow-
ing property:

Two elements w and w' of W are equivalent if and only if:

Either W = X or there exist x € X and 2’ € X' such that w' = 2'wz and
Y(x)x' € X' is equivalent to 1 under the equivalence relation on X' defined by
Ay

Proof. Since this property allows to determine wheter any two elements w, w’ of
W are equivalent, it characterizes the equivalence relation uniquely if it holds.
It remains to show that the equivalence relation has this property.

If W = X, we have X, = W for all w € W, so all elements of W are
equivalent and the claim is true. So we may assume that X is not equal to
W. Let w' ~ w, that is w’ = 9(Z)wuz~! for some & € X and u € X,,. Let
r=ui"! € X and 2/ = ¢(z) € X'. To show ¢(z)z’ = 1(u) ~ 1 under the
equivalence relation defined by A, it is enough to show that (X, ) is contained
in (X’N"X);. But this follows from the fact that (X,) is a subgroup of
X’ N"™X which is mapped to itself by 1 o int(w™!). This proves the “only if”
part of the claim.

For the other direction, let w’ = a’wx as above. Since ¥ (z)a’ ~ 1 in X' we
can write i(x)z’ = w(wfly)uy_l for some y € X’ N"“X and v € (X' N"“X);.
Since the subgroup * ' (X' N"™X); of X is mapped to itself by int(w=!) o, it
lies in X,,. Hence the identity

shows w’ ~ w. O
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Proposition 9.7. Assume that X is finite. Fach equivalence class in W has
cardinality | X|. In particular, there are [W : X| equivalence classes.

Proof. Let Hy = X and define inductively H; = {z € X | lz/J(a:) € H;,_,} for
) > 1. Then Xw = mzZOHz

Pick w € W and let o be the equivalence class of w. Then we have a
surjective map

T:X x Xy =0
1

(z,u) — Y(x)wuz™".

Let (z,u) and (Z,u) € X x X, have the same image z under 1, that is

2 = Y(z)wur™" = p(F)waz L.

1

If we let y =z~ 'Z, we get

—1

w 1

U(y) = uyu~.
From this it follows inductively that y € H; for all i« > 0, hence y € X,,. This
implies
w ! _
V() = {(zy, " Dy Nuy) |y € X}

Hence each fiber of ¥ has cardinality |X,,|, so the image of ¥ must have cardi-
nality | X|. O

Definition 9.8. An abstract zip datum (W, X, X' ) is of Cozeter type if W
is a finite Coxeter group with set of simple reflections S such that X = W; and
X' = Wjy for certain I,J C S and ¢: (Wy,I) — (W, J) is an isomorphism of
Coxeter groups.

Example 9.9. Any algebraic zip datum Z = (G, P, P, L, L’, ) for which there
exists a maximal torus T of G which is left invariant by ¢ gives rise to an
abstract zip datum (W, W (L), W (L'),¢). If Z is nice with respect to T and a
Borel subgroup B of G, this abstract zip datum is of Coxeter type.

In case an abstract zip datum (W, X, X’ 1) arises from a nice algebraic zip
datum, Theorem 8.5 implies that W' is a system of representatives for the
equivalence relation on W. In fact this holds for any abstract zip datum of
Coxeter type:

Proposition 9.10. Let (W, X, X’ 1)) be of Coxeter type. Then the set W is
a set of representatives for the equivalence relation on W.

Proof. We prove this by induction on |W|. The base case is the case W = X'.
In this case W1 = {1} and there is exactly one equivalence class in W, so the
claim is true.

Assume |X'| < |[W|. Since |W!| = [W : W] it follows from Proposition
9.7 that it is enough to show that if w € W' and @ € W' are equivalent
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they are equal. Decompose w = wy 'w! and @ = s J%! as in Lemma 4.3.

Since the equivalence class of any w € W is contained in X’wX, we must have
Jw! = !, Hence, by Theorem 9.6, the elements w; and w; are equivalent
under the equivalence relation defined on X’ by A 1.

Let K = JN " Tand K = ("7 K. Theorem 4.1 implies X'N ™" X = Wy
and (le)ilX’ NX = Wg. Since 7 is an isomorphism of Coxeter groups, this

I

J,o Iy—1
also implies (' ™) X' N X) = W (k). Hence A, is of Coxeter type. Since
wy,w; € WX, the induction hypothesis applied to Z s,r implies w; = W, so
we get w = w. U

10 F-Zips

We define the notion of an F-zip as in [4]. Let p be a prime number and ¢ a
power of p. Let S be a scheme over IF;. We denote by Fs: S — S the morphism
which is the identity on the underlying topological space and the homomorphism
x + 2% on the structure sheaf. For an Og-module M, we set M@ = FEM.
Let S be a scheme and M a locally free Og-module sheaf of finite rank.

Definition 10.1. A descending filtration C* of M is a sequence of (C*);cz of
Og-submodules of M such that C? is locally on S a direct summand of C*~!
and such that C* = M for i < 0 and C* =0 for i > 0. We set gri, = C?/C*1.
We have an analogous definition of an ascending filtration Do with associated
graded modules gr? = D;/D;_;.

Let C* be a descending filtration of M. If there exists a function 7: Z — Zx>g
such that 7(i) = dimy(,)(gre ®k(s)) for all s € S we say that C* is of type 7.
There is a similar definition for an ascending filtration.

Definition 10.2. Let S be a scheme over ;. An F-zip over S is a tuple
M = (M7 C.7D.7 SO.), Where

(i) M is a locally free Og-module of finite rank,
(ii) C* is a descending filtration of M,
(iii) D, is an ascending filtration of M,

)

(iv) e is a family of Og-linear isomorphisms

pit (g10)\ 9 = gr?
for i € Z.
An F-zip is of type T if C* is of type 7.

Definition 10.3. An isomorphism between two F-zips (M, C*, D,,p.) and
(M, C*®, Dy, @) is an isomorphism between the Og-modules M and M which is
compatible with the filtrations and the ¢; and ;.
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Let S and S be two schemes over F, and f: S — S’ a morphism over
F,. For an F-zip M = (M,C*®,D,,p,) on S, we get an F-zip f*M on S by
[rM = (f*M, f*C*, f*Da, f*ps).

Let 7: Z — Zxo be a function with finite support and let n =}, _, 7(i).
Let V' be an n-dimensional vector space over F,. For a scheme S over F, let
Vs =V ®0Ogs. Let XY be the scheme over F, whose S-valued points are F-zips
(Vs,C*®, D, @a) of type 7 and such that for two schemes S and S” over F, and
for any f: S — S’ the induced map X, (5") — X, (S) is f*.

The group G = GL(V) acts on X as follows: For a scheme S over F,, the
action of G(S) on S-valued points is given by

g- (V5'7C.aD07<)00) = (VS,gc.agth')v

where 1; is the composition

(g)"

(g(Ci)/g(Oi+1))(q) = (Ci/CiJrl)(Q)
4 D;/D;_y E 9(Di)/g(Di-1).

The F-zips corresponding to two points of XV are isomorphic if and only if
they are conjugate under the G-action. Any F-zip of type 7 is Zariski-locally
isomorphic to the F-zip corresponding to a point of XV. Hence in order to
classify F-zips, we need to classify the orbits in XV .

Let V = ®;czV; be a decomposition into subspaces V; of V such that
dim V; = 7(¢). Such a decomposition defines a descending filtration C%, of type
T on V by Cl = @>;Vk, and an ascending filtration DY of type T by D}/ =
®k<;Vi. For a scheme S over Fy let Cy ¢ = Cy © Og and DJ"° = D} @ Os.
Let P C G and P~ C G be the stabilizers of Cy and DY respectively. They
are parabolic subgroups of G, whose intersection L, which is the stabilizer of the
grading (V;);ez, is a common Levi factor. The submodules V; ® Og map isomor-
phically onto the graded pieces gricv,s and grP " under the projections. This
gives rise to a bijective correspondence between elements of L(S) and families

. . i ~ Dy s
of isomorphisms (grzc*v,s)(Q) — gr; 7.

Let T be a maximal torus of L and B a parabolic subgroup of G contained
in P*. This defines a set of simple reflections. Let I and J be the types of P™
and P~ respectively.

Lemma 10.4. Let S be scheme over Fy and C* any descending filtration of
type T on Vg. Then the stabilizer Stabg(C*®) of C® is a parabolic subgroup of
Ggs of type I.

Proof. 1t suffices to show that this is true locally on S. Hence we may assume
that S = Spec(A) for some F,-algebra A. By localizing further, we may assume
that each C' is a free summand of Vg. Then there exists a basis (v1,...,v,)
of V.® A such that for all i € Z the module C? has basis (v1,...,vq,) for
suitable d; € Z. Similarly there exists a basis (wq,...,w,) of V ® A such that
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(w1, ..., wgq,) is a basis of C%/,S for all ¢ € Z. Then the linear map V®A - V®A
sending v; to w; defines an element g € G(S) such that gC* = (V- Hence
Stabg (C*®) and Stabg (CY, ¢) = ?Stabg(C*®) have the same type. O

We call I the parabolic type associated to 7. Let wg be the unique element
of W of maximal length and let J = “°I. Since P~ is opposite to P* it has
type J. Hence by an argument similar to Lemma 10.4, the set J is the type
of Stabg(D,.) for any ascending filtration D, of type 7. For any set of simple
reflections K we denote by Pk the variety classifying the parabolic subgroups
of G of type K.

By the arguments in the preceding paragraph, there is a G-equivariant mor-
phism

T XX — Pr x Py
(Vs,C®, D, pe) — (Stabg(C*), Stabg(Ds,)).

Let XY be the fiber over Pt of the G-equivariant morphism XY — P; obtained
by composing 7 with the projection Py xP; — P;. This is the closed subscheme
of XY whose S-valued points are the F-zips (Vs, C®, D, ps) with C* = Cy s
The group PT stabilizes XY and we shall see that determining the orbits of G
on X" is the same as determining the orbits of Pt on XV

For a scheme S over F,; and g € G(S5), let

M, = (Vs,Cy.5,9D)%, ¢3) € X7 ()
be the F-zip defined by
° ~ V.5 v,s
Pl (erey, )@ S el Sard?

where the first maps form the family of isomorphisms (grg, S)(‘Z) = gr?v's

corresponding to 1 € L(S). This defines a morphism f: G — XX

Let k be an algebraic closure of ;. From now on we return to the language
of varieties, so we consider G as variety over k and we replace X and XX by
the varieties over k corresponding to the associated reduced schemes. We also
consider f to be a morphism of these varieties.

For any algebraic group G, any subgroup H of G and any H-variety X we
denote by G x X the quotient of G x X by the left action of H defined by
h-(g,x) = (gh=1, h-x). It exists for example if the variety X is quasi-projective
(see [5], Section 3.2). The action of G on G x X by multplication on the left on
the first factor induces a left action of G on G xH X.

Lemma 10.5. Let G,H and X be as above and assume that G x™ X exists.
Then the morphism q: X — G x™ X which sends x € X to the class of (z,1)
induces a bijection between the orbits of H in X and the orbits of G in G xH X
which preserves the closure order.
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Proof. The morphism ¢ is the composite of the inclusion

i: X —>GxX
x— (1,z)

and the projection pr: G x X — G x” X. We let G x H act on G x X from
the left by
(9:h): (g, 2) = (99'h ™" - ).

Then the G x H-orbits in G x X are of the subvarieties G x o for all H-orbits o
in X. Hence 7 induces a bijection between the orbits of H in X and the orbits
of G x H in G x X preserving the closure order. Furthermore, it follows from
the definition of G xH X and the properties of the quotient morphism pr that
pr induces a bijection between the orbits of G x H in G x X and the orbits of G
in G xH X preserving the closure order. Altogether this proves the claim about
q. O

Lemma 10.6 (sece [6], Lemma 3.7.4). Let G be an algebraic group and H a
subgroup. Let X be a variety with a left action of G. Let ®: X — G/H be a G-
equivariant morphism from X to the homogenous space G/H, and let E C X be

the fiber ®~1(H). Then E is stabilized by H, and the map G x E — X sending
the equivalence class of (g,e) to g - e defines an isomorphism of G-varieties.

Applying this to H = PT and the morphism XY — P; from above shows:

Proposition 10.7. XV =G xfﬁ XY
In particular, the inclusion XYV — XV induces a bijection between the orbits
of Pt in XV and the orbits of G in XV which preserves the closure order.

Lemma 10.8. The morphism f is surjective. The fibers of f are the left cosets
of R, P~.

Proof. Let (Vi, CY, 1., De, p) € XV There exists g € G such that Dy = gDV*.

By composing the inverse of the family of isomorphisms (gr'CVk)(Q) = gr?v‘k

corresponding to 1 € L with o, we obtain a family of isomorphisms

- D Dy

Do gre F — gry vk

After multiplying g with a suitable element of L, we may assume that this is
the same as the family of isomorphisms

gr.Dv,k _q> grgDv,k
used to define ¢J. Then we have M, = (
tivity.

Now let g,g" € G such that M, = M. Then gDVF = ¢'DVF in}plies
that there exists A € P~ such that ¢’ = gA. Furthermore, since ¢J = ¢? , the
family of automorphisms of gr?” “* induced by A must be trivial. This implies
AERLP.

On the other hand, if A € R, P~, then reading the preceding paragraph in
reverse shows that Mg = Mg/\ for all g € G. O

Vie; OV s D, ) which shows surjec-
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Let P* act on G as follows: Forp € P*, let p = ul with/ € Land u € R, P*
be its Levi decomposition. Then for g € G

p-g=ulg(?)"".
Lemma 10.9. The morphism f is PT-equivariant.

Proof. Let p € PT and p = u/ its Levi decomposition. Let g € G. Let
D Mg =p- (Vka C\./,k7gDY7k7 @g) = (VkH C\./7k7pgDY7kawt)'

Since L C Stab(DY™), we have pgDy™* = wlg(¢(@)=1DY*. By definition, the
family 1) is the composite

)@

° ° = Vik
(gre, )9 = (gre, )9 S el

g Vik p V,k
Ly grgP " By grpeD T

Since the map induced by p on the graded pieces are the same as the maps
(0)y—1
induced by £, we get 1, = (p;z:g(@ )77 This shows p-M,=M,,. O

Consider the algebraic group (R,Pt x R,P~) x L, where £ € L acts on
R.P* by conjugation and on R,P~ by conjugation with ¢(2. We have an
action of R, P~ on G by multiplication on the right and an action of P* on G.
These fit together to a left action of (R, P+ x R,P~) x L on G which is given
by

(u,u/,0) - g = ulg((D)~ /1,

Proposition 10.10. The morphism f induces a bijection between the orbits of
(RyPT xR P~)x L on G and the orbits of Pt on XY . This bijection preserves
the closure order.

Proof. By Lemma 10.9, the morphism f induces a map between the orbits in
G and the orbits in X/. Lemma 10.8 implies that this map is surjective. Let
9,9 € G such that f(g) and f(¢’) lie in the same orbit under PT. Then
there exists p € P™ such that M,=p-M, =M,,. Then, by Lemma 10.8
there exists v/ € R, P~ such that (p-¢)u'~' = g. Let p = ul be the Levi
decomposition of p. Then ulg’(¢D)~1u/~' = g. This shows that the map
induced by f is injective.

Lemma 10.8 implies that f factors through a morphism f: G/R,P~ — XY
which must be bijective and hence a homeomorphism. Hence XY carries the
quotient topology induced by f. This implies that the bijection preserves the
closure order. O

Together, Propositions 10.7 and 10.10 show that the composite

G—JP»XX%XV

T
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induces a bijection between the orbits of the action of (R, Pt x R,P~) x L on
G and the orbits of G on XV which preserves the closure order.

Let Z(V+) be the algebraic zip datum (G,PT,P~,L,L,p), where ¢: £ — (@)
is the Frobenius homomorphism. The isomorphism of varieties G — G, g+ g~ !
is equivariant with respect to the action of Z(\) on the domain and the action
of (RyPT x RyP~) x L defined above on the codomain. This, together with
Propositions 10.7 and 10.10 shows

Theorem 10.11. The morphism ¥V?) sending g € G to M, € XV induces

a bijective correspondence between the orbits of Z\V?) on G and the orbits of G
on XY which preserves the closure order.

Corollary 10.12. (i) Every F-zip over k is isomorphic to M, for some g €
G.

(i) For g,g' € G, the F-zips M, and M, are isomorphic if and only if there
exist ut € RyPt, u= € RyP~ and { € L such that ¢ = ulg(4=) Dy,

Theorem 10.11 allows us to apply our results about the orbits of the action
of an algebraic zip datum to the classification of F-zips. Let V = Fj and
(e1,...,€,) the standard basis of V. For i € Z let d; = -, 7(i) and V; the
span of (eq;, ;+1,---,€4;)- Then dimV; = 7(i) and V is the direct sum of the
V;. We get an algebraic zip datum Z := Z(V4) = (G, P*,P~,L, L, ). In order
to apply our results to classify the orbits of the action of Z, we use Proposition
5.2 to find a nice algebraic zip datum Z having isomorphic orbit structure.

Let B be the group of upper triangular matrices and T' be the group of
diagonal matrices in G = GL,. Then B is a Borel subgroup of P*. Let
i1 > ... > i, be the support of 7 and let n; = 7(i;) for 1 < j < r. The Weyl
group W can be identified with S, such that W (L) corresponds to Sy, x-S, .
For w € W, let w € GL, (k) be the representative of w having only entries 0 and
1. Let wo,; be the longest element in W; = W(L). Let w = wy and z = wo ;.
Then

Yo*(LNB))=LNB
and
Yo(°T) =T,
so by Proposition 5.2 the algebraic zip datum
Z = (G, P, P~ L,"L,int(wowo,r) o ©)

is nice with respect to 7" and B and the morphism ¢: G — G, g — wogwo, s
maps the orbits of Z bijectively to the orbits of Z. Since ¢ is a Frobenius
morphism, the algebraic zip datum Z is Frobenius.

Let © = wowo 1.
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Theorem 10.13. (i) The set

{M |we W}

wWo, 1 WWo
s a set of representatives for the action of G on X, .

(i) For w,w’ € 'W, the orbit of M
orbit of M

o g 15 contained in the closure of the
if and only if there exists u € Wy such that

tig, 1inio
/ —1y,.—1
ww'zp(u” )T < w.

Proof. By Theorem 8.5, the set
{w|we W'}

is a set of representatives for the action of Z on G. Both wy and wo,; are
idempotent. Hence applying ¢ shows that the set

{wouinig s | w e W}
is a set of representatives for the action of Z. Hence by Theorem 10.11 the set

{M |we W'}

o, 1~ Lo
is a set of representatives for the action of G on XV'. Now (i) follows from
(WI>—1 _ IW

Since 1 is an isomorphism of varieties, it preserves the closure order. Hence,
by Theorem 10.11, for w,w’ € TW, the orbit of M is contained in the

closure of the orbit of M, ..,
contained in the closure of the orbit of w™! under Z. By Theorem 8.6 this is
the case if and only if there exists u € Wy such that

’U'JOYI’LZ)/’LZ)Q

if and only if the orbit of @'~! under Z is

zo(w)z w' "l <w

Since the Bruhat order satisfies
y <y if and only if 5y~ <g/7!
for all y and y’ in W, this proves (ii). O

Remark 10.14. (i) was proven by Moonen and Wedhorn in [4] and (ii) was
proven by Wedhorn in [9].

The automorphism group of a zip datum M € XY is its stabilizer in G.
Hence we can get a description of this group using Theorem 8.8. For this, we
need the following lemma.
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Lemma 10.15. For g € G, the homomorphism

v (RyPT X RyP )xL—G
(u,u', £) > ul

restricts to an isomorphism
Stab(r, p+x®r,P-)xL(g9) = Stabg(M,).
Proof. That ~y restricts to a morphism

e Stab(RuPJr XR,‘,P*)NL(Q) — StabG(Mg)

follows from Lemma 10.9 and the definition of the action of (R, Pt xR, P~)x L.
If (u,u',£) € Stabr, p+xr,P-)xr(9) and (u,@’,f) € Stabr, p+x®r,P-)xr(9),
then «' = @'. This implies the injectivity of 7.

Let p € Stabg(M ) Since pC"'/JC = C’"‘k, the element p must be in Pt.
Since M, , =p- M = M,, Lemma 10.8 shows that there exists u € R,P~
such that (p-g)u'~* = g¢g. If p = ul is the Levi decomposition of p, this shows

(u,u’,€) € Stab(r, p+ xR, P-)xL(9)-
Hence v, is surjective. O

Theorem 10.16. Let w € 'W. Let N, be the unique mazimal subgroup of
L invariant under ¢,, = int(wwowo 1) © ¢ and let NI be the group of fized
points of ., which is finite. Then the automorphism group of M., 1s the

wWo, 1 WWo
semidirect product of N and a connected unipotent group.

Proof. Since w € T'w ., its inverse w=! is in W' and by definition N,, = L1
and NJ = Li,l. It follows from Proposition 5.2 that there is an isomorphism
Stabyz (wow g 1) — Stabz(w™'). This, together with the preceding Lemma
shows that the automorphlsm group of M ., 18 isomorphic to Stab; Z(w™1).
Hence the claim follows from Theorem 8.8. O

Remark 10.17. That a result like Theorem 10.16 should hold was conjectured
by Wedhorn in a conversation with the author.

Now we describe certain universal constructions for F-zips, and how these
universal constructions can be realized as morphisms of the algebraic zip data
which classify the F-zips of a certain type.

Definition 10.18. Let S be a scheme over F, and M = (M,C*®, Ds,¢,) and
M= (M C*,D*, Pe) two F-zips over S. Then we get filtrations (C' @ C)* and

(D® D)y on M@ M by (CaC) = C“@C“and(DEBD) D; & D; for i € Z.

coc = 810 ®erg and grP®P = gD @ grl

This allows to define an F-zip M ® M = QM@M, (CeC)*, (D& D)., (90@90).),
which we call the direct sum of M and M.

There are natural isomorphisms gr®
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Definition 10.19. For two algebraic zip data Z = (G, P, P', L, L', ) and 7=
(G,P,P',L,L', ¢) we define their direct product to be the algebraic zip datum

ZxZ:=(GxG,PxP,P xP LxLL xL,px¢).

Now let 7 and 7 be two function Z — Z>o with finite support and let
n = |r| and 7 = |7]. Let V and V be two vector spaces of dimension n and
n respectively and let V' = @;czV; and V = @;ezV; be decompositions of V'
and V such that dimV; = 7(i) and dimV; = 7(i) for i € Z. Then as above
we get algebraic zip data Z(Y) and ZWV) and morphisms ¢(V4): GL(V) — XV
and 1/)(‘71'): GL(V) — Xy inducing bijections on the sets of orbits under the
respective actions. ~

Since for two filtrations C'* and C*® of Vj of type 7 and 7 respectively, the
type of (C @ C)* is 7 + 7, the formation of direct sums gives a morphism
@ XY x XY - XVEV,

The decompositions of V' and V choosen above induce a decomposition of
VoVas VeV =a.ulVd V) from which we get an algebraic zip datum
Z(Vi®V) and a morphism ¢(Vi®Vi) ; GL(V ®V) — X, > which induces a bijec-
tion between the orbits of Z(Vi®V) on GL(V @ V) and the orbits of GL(V @ V')
on XVGBV

There is also the morphism ©: GL(V') x GL(V) — GL(V @ V), which sends
(g,9) to the automorphism g ® § of V @ V which maps (v, ?) to (gv, §0). From

Cy @ C = (Y, and DY & DY = DY®V it follows that @ is a morphism of

zip data Z(V) ZWV) 5 z(Vi®Vi) and that for g € GL(V) and § € GL(V)
M, &Mz;=M

==g®g>

that is the diagram

GL(V) x GL(G) —— GL(V & V)

lw(vi)xw(‘}i) lw(viﬂ?‘./i)

XV x XV ——— xV&

commutes.

Definition 10.20. Let S be a scheme over F, and M = (M, C*, D,, ¢,.) and
M = (M,C*,D*,$,) two F-zips over S. The tensor product of C* and C* i
defined to be the descending filtration on M ® M given by

Cal)y= Y cracm.
n+n’=1

The ascending filtration (D ® D), is defined similarly. There are natural iso-
morphisms

n

. ’
i n n
grc®é @n—i-n’:i gro @ gré 5
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and similarly for (D ® D),. Hence if we let

(90 & 35)1 = Bntn'=iPn @ Pn: (gric(@é)(q) = grzD®Da
we get an F-zip

M®M:=M&M (CoC)" (D@ D) (9@ @),
which we call the tensor product of M and M.

Let V = ®;ezV; and V = ®,czV; as above. Then we get a grading on V@V
by VQV = @;czW,; with

Wi = @71+71/:ivn ® Vn“

Let T® 7: Z = Z>p,% — dim W;. Then analogously to the construction for
direct sums above we get a morphism

®: XY x XY = XxV2Y

which sends two F-zips to their tensor product and a morphism of zip data
@: 72V x zVi) _y z(Wi)
such that the diagram

GL(V) x GL(G) —— GL(V @ V)

lw(Vi) x (Vi) lw(wi)

. ® _
14 v _ - Vev
XV x X} xVe)

commutes.
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