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1. WEIL’S THEOREM

The current work presents a proof of the Weil theorem on the bound on general character
sums over a finite field F,. Suppose for the moment that ¢ is prime. One example of such a
character sum is the Kloosterman sum
(1) Z e(ax +bx™t)

z€FY

27 1

with a,b € F,, where we denote e(z) = exp(<*z) and " is the inverse of z in F;. An
application that Kloosterman has derived from studying these sums is a theorem on the
representations of large positive integers in the form a;2? + asy® + azz? + a4t? in [4]. In the
proof of this theorem, a crucial building block was an estimate on Kloosterman sums.

This example elucidates the importance of general character sums over finite fields and their

upper bounds, and shall be the motivation of this thesis: As well as proving Weil’s theorem,

we will show a direct application of Weil’s theorem to deduce the Kloosterman bound

(2) Z elar 4+ bz~ )| < 24V

mEF;

The prerequisites to the understanding of this thesis are some basic knowledge on finite fields,

classical algebraic geometry [2], algebraic number theory [5], L-series [5, 3], and characters

3].

Theorem 1.1 (Weil). Let g be a prime power and x be a non-trivial multiplicative character
of order d of F,. Let 1 a non-trivial additive character of F,. Let m,n > 1 and let f and g
be polynomials in one variable over F, with the following properties:
(a) The polynomial f has m distinct roots in a fized algebraic closure IF_q.
(b) The polynomial g is of degree n.
(¢) The polynomials Y¢— f(X) € F [X][Y] and Z9—Z — g(X) € F,[X][Z] are absolutely
irreducible, i.e., irreducible over any algebraic closure of F,,.

Then,

(3) Yo X(f@)(g(x))] < (m+n—1)va.

z€lFy



4 MORITZ WINGER

The present work shows a proof for Theorem 1.1 following [6] and [3]. In the remainder
of the current section we shall give an outline of the proof.

Fix f,g € F,[X] satisfying the conditions of Theorem 1.1. We first assume that f is a
monic polynomial and g has zero constant term; restrictions which we will remove at the
end of the proof.

Let Fy /F, be a field extension of degree v. The norm Nmp, , r, and the trace Trg, r,
from Fy to F, are multiplicative, respectively additive characters [3] and therefore we find
that the compositions x, = x o Nmg_, 5, and ¢, = ¢ o Ty, /r, are also multiplicative,

respectively additive characters.
Definition 1.2.

(4) S = Y (@) (g(x))

SCE]FLIV

In Chapter 3 we show that for all ), there exist complex numbers wyqy 1, ..., Wyp,min—1

such that for all v

(5) way = _<w;¢,1 + ...+ w;w7m+n71).
Further, we find that for the trivial characters xo and 1y the sum S,y evaluates to ¢”.
Definition 1.3. N, = [{(z,y,2) € F3, 1 y? = f(z), 27— z=g(2)}|

It turns out that N, is related to S, via the formula

(6) N= Y Y S
X Y

of exponent d

a result which will be derived in Chapter 2.

Theorem 1.4. Suppose f € F,[X,Y] is absolutely irreducible and of total degree d > 0. Let
N be the number of zeros of f in ]Fg. If ¢ > 250d°, then

(7) N — gl < V2d*22,

Proof. This follows from the Riemann hypothesis for curves over finite fields, which is proved

in [7] and [1]. O
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In Chapter 4, using the bound
(8) [N, —¢"| < O(¢"?)
derived from Theorem 1.4, we will deduce
9) 1S,| < (m+n—1)¢"/?

and in particular

(10) S| < (m+n-1)yq

which proves Theorem 1.1.
As an application, we will apply Weil’s theorem to deduce an upper bound on Kloosterman

sums in Chapter 5.

2. RELATING CHARACTER SUMS TO THE NUMBERS OF SOLUTIONS OF POLYNOMIALS

Let x, ¢, x, and 1, as above. Let x( be the trivial multiplicative character and 1y the
trivial additive character.

We shall first study multiplicative character sums: Suppose that the polynomial f(z)
satisfies the conditions of Theorem 1.1 and is monic. Let

(11) Sewi= 3 xlf(@)).

CL‘E]FqV

We note that
(12) Syor =4".

Lemma 2.1 (Orthogonality Relation). Let G be a finite abelian group and 6y be the trivial

character G — C*.

(a) For any character 6 : G — C*

G if 6 = bo,
(13) > b(x) =
zelG 0 zf9 7& 60.
(b) For any x € G
Gl ifr=1,

(14) S 6(r) =
el 0 ofx#1,
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where G is the dual group of characters of the group G.

Proof. (a) If @ = 6, then

(15) Y bolz) =) 1=1G|

zeG zeG

If 0 # 6y, then there exists y € G such that 6(y) # 1. As x runs through G in the summation,
so does yx. Hence,

(16) D 0(x) =D 0yx) =0(y) > _0(x).

zeG zeG zeG

Since we have assumed that 6(y) # 1, it must be true that

(17) > 6(x) =0.

zeG

The proof of (b) is analogous to that of (a). O

Let d be an integer dividing ¢ — 1.

Lemma 2.2. For any given w € F, the number of y € Fp with y* = w equals
(18) Y xlw) =Y x(Nms,, sr, (w))
xd=1 x4=1
Proof. The characters of exponent d are precisely those which are trivial on the subgroup
* \d .__ d * .
(Fr)® = {w? | w € F;, }. Therefore, we may view them as characters on the factor group
F. /(F:, )% The orthogonality relation in Lemma 2.1 (b) becomes
[Fx, 2 (F5)9 if w e (F5)9,
(19) > xlw) = v !

xd=1 0 otherwise.

The characters of F}, /(F;, )¢ correspond to the characters of F, which are of order dividing

d by the composition

(20) Fy — Fp /(Fy)? — C*.

and since x is trivial in F}, /(F;,)? if and only if w = y?. Therefore, setting x,(0) = 0 if x,
is non-trivial and x,(0) = 1 if x, is trivial, we get that

d if w=y? for some y € Fo

(21) D xlw) =

0 otherwise
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and hence

(22) Y ww) =y € Fply! = w}l.

xg=1

O

We shall now look at additive character sums. Suppose that g(x) satisfies the conditions

given by Theorem 1.1.We define

(23) Spw = 3 Gulole)).

Q?EFqV
It follows that
(24) Swow = qV.
Lemma 2.3. For any y € F,» we have
q if Tre,r,(y) =0
(25) {z eFpla? —z =y} =

0 Zf TI']Fql, /¥, (y) # 0

Proof. Let a € F. Considering the Frobenius map o : a — a? we clearly have ¢”(a) = a.

The kernel of the map
0:Fp — Fp
z—=al—x=o0(x)—=z

is F, because the Frobenius automorphism only fixes the field F,. Hence, |Im(d)| = ¢"~'.

Further, Im(d) C Ker(Trp,, /r,) since for all x € Fy» we have

v=1

(26) Trr,, jr,(6(2)) = Trg,, jr,(0(2) — 7) = Z ot —o'(z) = o"(x) —x = 0.

i=0
However, since Trp,, /5, is a polynomial of degree ¢’~!, it cannot vanish at more than ¢“~!
points and hence Im(d§) = Ker(Trg,, /r,) and the result follows, since the equation has no

solution if y ¢ Ker(Trg,, /r,) and ¢ solutions otherwise. O

Lemma 2.4. For any given w € F,, the number of z € Fp with 27 — 2 = w equals

(27) D w) = (e e, (w))
o ¥
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Proof. By Lemma 2.3, if Trg,, r,(w) = 0, then we have ¢ solutions of 27 — 2 = w and by the
orthogonality relation from Lemma 2.1 our sum (27) equals ¢. If Trg,, /r, (w) # 0, then there

are no solutions by Lemma 2.3 and the sum is zero by Lemma 2.1 again. U

Lemma 2.5. The number N, of (x,y,2) € Fa, with y* = f(z) and 27 — z = g(x) is

(28) No=Y> S
¥

xi=1

Proof. Combining Lemmas 2.2 and 2.4 we write

N, = ’{(a:,y,z) € ng cyl = fz), 21—z= g(z)}|
= >y eFp iy = f@)}] - {z €Fpe 1 27— 2 = g(a)

IE]FqV

(29) =2 | 2 wi@ (Z zbu(g(ﬂf)))

l‘EFqV X,‘f =1 Yy #Po

= Y 3 Wl E))

xd = 1 %Yo o€F

=D D S

X‘i =1 "pu7é¢'0

Additionally, Equations (12) and (24) yield

(30) SXO"//’OV - qy’

3. WRITING CHARACTER SUMS AS SUMS OF COMPLEX NUMBERS

Fix f € F,[X] monic with m distinct roots over F,, a fixed algebraic closure of F,. In

F,[X] we have

(31) f@) =TT+

with distinct v, ..., Y-

Let G, be the multiplicative group of rational functions r(x) = Z;Eig with ho(x) # 0 and

hi(x) € Fp[X] monic. We define G, < G, as the subgroup consisting of rational functions
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with hy(7;)he(y:) # 0 for all i € {1,...,m}. For r(z) € G!,, we define

m

(32) =[] ).

=1

Proposition 3.1. {r} is an element of F}, .

Proof. 1t is easily seen that {r} is an algebraic element. To show that {r} € F, it suffices
to show that o({r}) = {r} for every automorphism o of the splitting field of f(X). Such
automorphisms, however, simply permute the roots 7; of f(X) and therefore permute the

factors of {r} and the result follows. O
Lemma 3.2. The character G!, — C*,r — x,({r}) is multiplicative.

Proof. Let ri(z) and 7 (x) be elements of G,. Then,

Xo({ri}{r2}) = x o Nmg,, p, ({r1}{r2})

(33) = x o Nmg,, s, ({r1})x © Nmg,, /v, ({r2})
= xo({r}) X ({r2})
using the fact that y, = y o Nm]FqV JF, is a multiplicative character. ]

Further, we define H < G/, as the subgroup consisting of r(z) = Z;—E;g with hy(y;) =
ha(vi) # 0 for all i € {1,...,m}.

Lemma 3.3. For all r € H] we have

(34) xv({r}) = 1.
Proof. The result follows from Lemma 3.2 and the definition of H). O

We now proceed similarly with the additive character ¢,: Fix a polynomial g € F,.[X] of
degree n with constant term zero. Let r := r(z) € G,. Define

H?:l (X + )

(3) =gl .+l —gB) ... —9lh) ifr == mss

Withal,...,au,ﬁl,...,@,EIF_q.

Proposition 3.4. [r] is an element of F,.
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Proof. The automorphisms o of the splitting field of ¢(X) permute the roots «; of
[Tio) (X + ;) and B of [[;_,(X + B;). Therefore o([r]) = [r] for all o. O

Lemma 3.5. The character G, — C*,r > ,([r]) is additive.

Proof. We observe that [r| € F and [rre] = [r1] + [r2]. Therefore, since 9, is an additive
character, ¥, ([ri17s]) = ¥, ([r1]) + o ([ra])- O

Let u,v > n. We define H, C G, as the subset of elements r(z) = Z;g; with hy(z) =
¢+ ax* + ...+ a, and hy(z) = 2V + bzt + ... + b, where a; = by,...,a, = b,. For
example, the polynomials z lie in H/, as well as the polynomials 2% + a,, 2% "1 + ...+ a,

with u > n.

Proposition 3.6. The subset H], is a subgroup of G,,.

Proof. It can easily be seen that the inverse and 1 lie in H],. Let h; = § and hy = % be

elements of H,, with

(36) p=a'4az* 4. ta, g=2"+bzx" .. +b,
and
(37) p=a"4+cz" +.  Fey, =2"+dix" . +d,

Then the coefficient of zf in hihy is a;c; in the numerator and b;d; in the
j j

itj=¢ itj=t

denominator. Since a; = b; and ¢; = d; for all i, j € {1,...,n}, we have that hhy, € H,. O
Lemma 3.7. Ifr € H),, then ¢,([r]) =1 .

Proof. The function g(oy) + ... + g(a,) viewed as a polynomial in Fy[ay, ..., a,] is a sym-
metric polynomial of degree n. Therefore it is a polynomial in the first n elementary sym-
metric polynomials in ay,...,qa,, which means it is also a polynomial in the coefficients
ai,...,a, of hy(z). We can write g(ay) + ... + g(a) = li(ay,...,a,). Similarly, we get
g(B1) + ...+ g(Bu) = la(by,...,b,). Recalling that g has constant term zero and that by
definition of H/, we have a; = b; for all 1 < i < n, we get that [y = l5. Hence, [r] = 0 and
therefore ¢([r]) = 1. O

We now define the subgroup H, = H/, N H.
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Proposition 3.8. Suppose that ¢ > 0. Then every coset of H, in G, contains precisely ¢°
polynomials of degree n + m + /.

Proof. Let r(z) € G. We need to show that there are precisely ¢‘ polynomials k(z) =
gt 4 by e with k() /r(z) € Hy,. If k(z)/r(z) € H, and if r(z) has

the expansion r(z) = 2% + a;2*~ ' + ..., then

(38) blzal,...,bn:an
and

Hence, the coefficients by, ..., b, are determined by Equation (38). Picking arbitrary values
for b,41, ..., bute, the equations (39) form a non-homogeneous linear system of equations in
the m remaining coefficients b, ¢11, ..., bp1etm. The corresponding matrix to this system is
the Vandermonde matrix in 7; and, since 7y, . . ., ¥, are distinct, its determinant is non-zero.
Hence, the system in Equation (39) can be solved uniquely and the freedom of choice consists

of picking by, 11, ..., byir, which gives ¢° possibilities. 0

Proposition 3.9. Suppose that the polynomial Y¢ — f(X) has coefficients in a field K.
Then, if Y¢ — ¢f(X) is absolutely irreducible for every ¢ with ¢ € K \ {0} it follows that if
f(X)=a(X —x))% - (X — 2,)% is the factorisation of f in any algebraic closure K with
x; # xj for i # j, then (d,dy,...,ds) = 1.
Proof. Suppose t :== (d,dy, ....ds) > 1. Then, by putting
(40) g(X) = (X — )W/t (X — )b/
we get that

1
(1) Y4 LX) = YO g(X)" = (Y (X)) (VD £y EDg(x) 4t g(X))

which shows that Y¢ — L f(X) is reducible over K, which is a contradiction. O

a

Definition 3.10. We define the character X, (r) := x,({r})¢,([r]) from G, to C*.

Proposition 3.11. (a) The character X, is a character on the group G/, and on the
subgroup H, := H] N H, we have X, (r) = 1.
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(b) Suppose that y # Yo is of exponent d and Y¢ — f(X) is absolutely irreducible, or
Y # g and Z9 — Z — g(X) is irreducible. Then, the character X, is not principal,
i.e., X, (k) # 1 for some k € G.,.

(c) Suppose the conditions of (b) hold and ¢ > 0. Then,

(42) > X(h)=0.
hea,
h monic
deg(h)=n+m+~
Proof. (a) The equality X, (r) = 1 follows immediately from the definition of the subgroup
H,, and the properties of y, and v, on H,.
(b) Suppose X, (k) = 1. Because x,({k}) is a d'* root of unity and v, ([k]) is a p'* root of

unity where (d,p) = 1 and with X, (k) = x,({k})¥.([k]), we have

(43) xv({k}) = ¢ ([k]) = L.

Therefore it suffices to find a k with x, ({k}) # 1 for the first case and a k where v, ([k]) # 1
for the second case.
Assume that y, is non-trivial of order e with e|d. Since Y¢— f(X) is absolutely irreducible,

not all the exponents in
(44) JX) = (X +7)" - (X A+ )™

are multiples of e by Proposition 3.9. Say, e does not divide a;. Given ¢y, ..., ¢, € Fy,
we can pick ¢; € F; with cf'---cim ¢ (F7)¢ and therefore with x,(c{*...cpm) # 1. By the

argument of Proposition 3.8, there exists a polynomial k(X) € G, with
(45) M= (i=1,...,m).

Then, {k} =ci*--- % and x, ({k}) # 1.
For the second case, considering a fixed non-trivial additive character 1, let Z9— 27— g(X)
be absolutely irreducible. Denoting by Tr,Trl,,Tr:/ the trace homomorphisms F, — I,

Fp — Iy, Fpo — Fp, respectively, the character 9, is of the type

(46) u(2) = e(Tr(az)/p)
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2ms

where e(z) = exp(*z) and for some a € F;. The polynomial Z9 — Z — ag(X) =

a((£)1—(£) — g(X)) is absolutely irreducible as well. Hence, the polynomial

(47) ZP — 7 —ag(x)

is absolutely irreducible, where p is the characteristic. This is true because if ¢ = p”, then
21— 7 = uw(Z)P —u(Z) with u(Z) = 2*"" 4+ 2P+ Z. Given z € Fp, if TY) (z) = 0,
by Lemma 2.3, there are p values of z € Fp with 2? — 2z — ag(z) = 0. If Tt (x) # 0, there
are no such z. By Theorem 1.4 we have that N, < pg” for large enough v. Therefore, there
will be some z € Fyv with Tt} (ag(x)) # 0. Let k(X) = (X + 1) - - (X 4+ z,) € F[X], where
T =11,...,, are the conjugates of = over F,. Then [k| = g(z1) + ...+ g(z,) = Tr,(z) and

U([k]) = e(Tr(a Tr,(g(2)))/p)
(48) = e(Tr(Tr,)(ag(x))/p)
= e(Tr, (ag(x))/p) # 1.

By the freedom of choice of z, one may ensure that k € G.,.

(c) By (a) and (b), the character X, induces a non-principal character on the finite factor
group G /H,. By Proposition 3.8, the polynomial h will lie precisely ¢* times in every given
coset of G!,/H,,. Then the result follows from the orthogonality property of characters x on
finite abelian groups G, namely that 3 _. x(z) = 0 if x is nontrivial (see Theorem 2.1). [

We shall extend the definition of X, by setting X, (h) = 0, if h is a polynomial not in G.,.

Consider the formal power series

(49) L,(X,,U)= > X, (hu*=" cc[U]).

heF v [X]
monic

Proposition 3.12 (Product Formula).

(50) L(X,U)= [[  (Q-X/(nusd)

h irreducible, monic
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Proof. Since every polynomial can be written uniquely as a product of powers of irreducible
polynomials, we get in analogy to the Euler product formula for Zeta-functions

X, (h) | X,(h?)

vdeg(h) __ C.
Z Xy (h)U" T = H (1+ [/ deg(h) + [/ 2deg(h) + )
heF v [X] h irreducible, monic
(51) monic

= [I a-=x,(nuiet)-

h irreducible, monic

O

Now let xo the trivial multiplicative character and 1 the trivial additive character. In
accordance to the conditions of Weil’s theorem, suppose now that x # xo is of exponent
d and Y? — f(X) is absolutely irreducible, or ¢ # 1y and Z9 — Z — g(X) is irreducible.

Equation (5) is a corollary of Proposition 3.14 on the properties of the series L, .

Proposition 3.13. Let ¢ be a v-th root of unity and m be a positive integer. Then we have
the polynomial identity
(52) ] -¢mo) = (1—ur/em)=m,

¢v=1
Proof. In the case where (v, m) = 1, the identity reduces to
(53) [[a-¢v)y=1-v",

¢v=1

which in this case is a true statement, since both sides are polynomials of degree v with
constant term 1 and with roots (~". For the general case, let v = vy (v, m) and m = my (v, m).
As the summation runs through a residue system modulo v, it runs (v, m) times a residue

system modulo v;. Therefore, the result is obtained by raising

(54) I a-¢guy=1-v~
(=1
to the (v,m)-th power. Equation 54 is correct by the first case, since (14, m;) = 1. O

Proposition 3.14. The series L, can be written as

(55) L,(X,,U) = [] Li(X1.¢U),

cv=1

where ( is a root of unity.



A PROOF OF WEIL’S BOUND ON GENERAL CHARACTER SUMS 15

Proof. By Proposition 3.12, for all v

(56) L,(X,,U) = [T a-xmuriet)

h G]Fqu [X ]
irreducible,monic

All irreducible, monic polynomials h € F,[X] of degree d split into k := (d, v) distinct monic

irreducible polynomials of degree e := d/k:

(57) h(X) = hi(X) - hyy(X)
with h; € F[X] for all i € {1,...,k}. By definition,

(58) X (hi) = xo({hi}) e ([a])

with

Xo({hi}) = x [ Nmg,, /s, (H ﬂz’(%‘)”))

(59)

and

(60)

i,J
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Therefore for all i € {1,...,k}

(61) X, (hi) = Xa(h)"/.

It follows that

(62) X, (hs)UY* = (X1 (R)U)*,

Now, by Proposition 3.13, setting m = d and X = X;(h)U? we can write

L= I -xmue)™

heF v [X]
irreducible,monic

- I TII0-¢xmuoy

heF v [X] v=1
(63) irreducible,monic

=11 (1= ¢ Xy (m)U?) ™
¢r=1 heF v [X]
irreducible,monic

=[] 2a(x1,¢0)

cv=1

which is the desired result.

Proposition 3.15. The L-series is a polynomial in the variable U that is of the form
(64) Li(X,,U) =1+ U + ... + o U™

and if x # xo or if x = xo and f(X) = 1, then

(65) =Y X(f(@)(g(x)).

z€lF,

Proof. We write Ly(X,,Up,) =1+ Uy, + ... with

(66) a= Y  X(h):

heq,,
polynomial
of degree t
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for all . By Proposition 3.11 (c), we have ¢, = 0 if ¢ > n + m. Thus L;(X,,U,) is a
polynomial in U, of degree less than n + m. Using the definition of X, we get

c1 = Z X, (h) = Z X, (X + )

’ T
hed, Vi: z+7y;#0

polynomial

of degree 1

= > w{X +h (X +2)

Vi: x4v;7#0

(67) = Z X,/<(l’ + 71>a1 s (13 + f}/m)am)wu(g(x))

Vi: x4v;7#0

= 3 @) (o)

f(x)#0

=3 (@) (g(a)).

Proposition 3.16. There exist £ € N and wy, ...,wy € C such that for all v
(68) L,(X,,U)=(1—-w/U")--- (1 —=wiU").

Proof. By Proposition 3.15 we can write Ly (X,U) = 1+ iU + ... + Cpypm 1 U™ Y e it

is a polynomial in U with constant term 1. Therefore we can write
(69) Ll(X,Uh) = (1—w1U)...(1—wkU)

for complex wy, ..., wi. With Proposition 3.14 we can write

L,(X,,U) = [] Li(X.¢U)
(70) o
= (1= w/U")...(1 — w}U")

which is the desired result. O

The next proposition is the main result of this chapter and yields Equation (5).

Proposition 3.17. Suppose that Y # Yo is of exponent d and Y¢ — f(X) is absolutely
irreducible, or that ¢ # 1y and Z?— Z — g(X) is irreducible. Suppose that x # xo or x = xo
with f(X) = 1. Then, for all v

(71) Sy = _(%Vaz;,l + ..+ w>y<¢,m+n—1)'
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Proof. We apply Proposition 3.15 to F,» and with Proposition 3.16 we have
L,(X,U) =14 ¢, U" + ... 4 Cppom U1
(72)
=(1—-w/U")...(1 —wU")

Comparing coefficients and, since by Proposition 3.15 ¢,,; = Sy, we deduce

(73) Sy = Cu1 = _(w;¢,1 + ..t W;w,ern—l)-

4. PROOF OF WEIL'S THEOREM: PUTTING IT ALL TOGETHER

The goal of this section is to use the results from the previous chapters to prove Theorem
1.1. Let f,g € Fy[z] satisfy the hypotheses of Theorem 1.1. We first impose the condition

that f is monic and that g has constant term zero. We recall the definition

(74) Sypw = Z X (leFqV/Fq(f(ﬂU))) -1 (TrFqu/IFq (9(95))) .

z€lfy

By Proposition 3.17 we can write

(75) Sypw = _(w;¢,1 +..+ w;w,m—i-n—l)

with the following bound on the absolute values of wy,, 1, ..., w7, in_1:

Proposition 4.1. For all 7,

(76) |wxwil < V4

Proof. By Lemma 2.5 and Theorem 1.4 applied to Fy» we can write

(77) > ) S =N, =¢"+0(q").
X P

of exponent
dividing d

Applying Lemma 4.2 on Equation (77) together with Proposition 3.17 and using the fact
that S,y = ¢” yields the desired result. U

Lemma 4.2. Ifw;, ..., w; are complex numbers and for a B > 0 such that w{+...4w; = O(B")

for all v, then |w;j| < B for all j € {1,...,1}.
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Proof. We consider the expansion

1 1
(78) —log(1 —wz) = wzx + 2w 22+ 3w3z3 -
Then
=1
(79) —log((1 —wy2) - (1 —w2)) Z; w2t
v=1

By assumption, the sum on the right hand side converges and therefore the function on the
left hand side is analytic for |z| < B~'. We get that 1 — w;z # 0 if 2| < B~ and hence
|a@¢ f;lg. O

With Equation (75) , we obtain
(80) Syl < (m+n—1)g"?

and in particular the statement of Theorem 1.1.

It remains to remove the restrictions on the polynomials f and g. So far, we have used that f
is monic and ¢ has zero constant term. However, since x(af(x)) = x(a)x(f(x)) our estimate
for the multiplicative character still holds in general. Further, since ¥(g(z)+b) = 1(g(x))1(b)
we find that the absolute value of the character sum does not change.

This concludes the proof of Weil’s Theorem.

5. APPLICATION OF WEIL’'S THEOREM: A BOUND ON KLOOSTERMAN SUMS

We consider a non-trivial additive character 1) and the Kloosterman sums

(81) Z Y(ax + bz

where a,b € I} and x~1 is the inverse of z in F,.

Theorem 5.1. Let v a non-trivial character of F,. Then

(82) Z Y(ax +bx )| < 24/q.

z€lFYy

In the following, we present a proof of the theorem for the case when ¢ is odd. In order
to be able to directly apply Weil’s Theorem, we apply the following Lemma to the given

Kloosterman sum.
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Lemma 5.2. Let ¢ # 1o and x be any quadratic character of F,. Then,

(83) D Wlaz+ba) = w(y)x(y® — 4ab).

z€lFy IS

Proof. The sum on the left hand side can be written as

(84) > () Z(y)

y€El,

with Z(y) the number of x € F; with y = ar + br~1. Solving for z yields

1
(85) x:2—:t\/y2—4ab
a

which may or may not be an element of F,. If y* — 4ab # 0 is a square, then Z(y) = 2. If
y* — 4ab # 0 is not a square, then Z(y) = 0. If y*> — 4ab = 0, then Z(y) = 1. Now, since x
is the quadratic character of I, we have that x(z) =1 or x(z) = —1 if 2z # 0 is a square or

a non-square in F,. We get
(86) Z(y) = x(y* — 4ab) + 1.

With this we can write

D dlaz+br) = v(y)Z(y)

(87) =) DX —4ab) + > ¥(y)
= Z Y(z)x(2? — 4ab).

U

The polynomials Y? — (X? —4ab) and Z%— Z — X are absolutely irreducible and therefore
the conditions of Weil’s theorem are satisfied and we deduce that the sum on the right hand
side of Lemma 5.2 has absolute value < (m +n — 1),/q = 2,/q, which proves Theorem 5.1.

Theorem 5.1 also holds when ¢ is even and we shall now sketch a proof for this case. Let G

hi(X)
ha(X)

be the group of rational functions where hy(X) and hy(X) are monic polynomials. Let

G be the subgroup of functions whose numerators and denominators have non-zero constant
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term. For r(z) € G, let
(88)

1 1 1 1 ; _ e (X +ay)

0, if r(X)=1

)

with ay, ..., B1,...,8, € F,. Then [r] € F, and [ryry] = [r1] + [ra] and the function
X(r) = ¢([r]) is a character on G. We let H be the subset of G consisting of r(X) = )

ha2(X)

where

Ri(X) = X"+ a; X"+ 4 a1 X +ay,
(89)

Ro(X) = X"+ b0, X" .. 4 b1 X + b,
with

—— by—

(90) a; = bl, Gu—l = !

ay by,

We find that H is a subgroup of G and as an analogue to Lemma 3.7 we have
Lemma 5.3. Ifr € H, then X(r) = 1.

Proof. 1f r € H, then

(91) a1+...+au—...—ﬂvza1—b1:0
and
1 1 1 1
02 ===
62 y a, B By
which yields [r] =0 and X (r) = ¢([r]) = 1. O

The analogue to Proposition 3.8 is

Proposition 5.4. Let ¢ > 0. Then every coset of H in G contains precisely ¢‘(q — 1)
polynomials of degree ¢ + 3.

By carrying out the analogue of the argument in Chapter 3, we find that the L-function
L(X,U) is a polynomial of the type

(93) LX,U) =1+ c1U + cU? = (1 — w;)(1 — wyU)
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with

(94) = Z Y(ax + ba™h).

z€FY
The result follows immediately from |w;| < ¢'/? which is deduced by showing that the numer
N, z,zin Fp of ¢ # 0, 27—z = ax + bz~ satisfies Equation (7). This follows from
Theorem 1.4 , since aX? — (Z9 — Z)X + b is absolutely irreducible.
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