Lecture 6

November 25, 2004
Notes by Charles Mitchell

8§14 Frobenius and Verschiebung

Definition. The absolute Frobenius morphism ox : X — X of a scheme over
[F, is the identity on points and the map a — a” on sections. Note that this
is functorial: for all morphisms ¢ : X — Y of schemes over F,, the diagram

X —>Y

ox oy
[
X—Y

commutes. Also, absolute Frobenius is compatible with products in the sense
that Oxxy =0x X Oy.

For the following we fix a field k of characteristic p. All tensor products
and fiber products are taken over k, unless explicitly stated.

Definition. For any scheme X over Spec k define X®) as the fiber product
and Fx as the induced morphism in the following commutative diagram:

X ox

BN
X (@ X
Spec k _ Topeck Spec k

Fx is called the relative Frobenius morphism of X over Spec k.
Proposition 14.1. (a) Fly is functorial in X: for all morphisms ¢ : X — Y
of schemes over k, the following diagram commutes:
Fx
X— =XV =X,k
@ lso(p) = p®id

Y Y(p) =Y ®k,o k

Y
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(b) Fx is compatible with products, i.e., the following diagram commutes:

FxXFy

X %, Y X®) %, y®

l
T

(X x, Y)®

(c) Fx is compatible with base extensions k — k', i.e., the following dia-
gram commutes:

k!

Xk./ —— (Xk-/)(p)
|

Corollary 14.2. For any group scheme G over k, the morphism Fg : G —
G®) is a homomorphism.

Now let GG be a finite commutative group scheme over k. Then the Frobe-
nius morphism of G* induces a homomorphism Fg- : G* — (G*)®) = (GP)*,

Definition. The homomorphism Vg : GP — G dual to Fg- is called the
Verschiebung of G.

Frobenius and Verschiebung are thus two morphisms going in opposite
directions. It seems natural to attempt

(a) to extend the definition of the Verschiebung to arbitrary affine group
schemes, and

(b) to determine the composites Vi o Fg and Fg o V.

To achieve (a), we write G = Spec A and let Sym” A denote the p-th
symmetric power of A over k. We can then expand the definition of Fz on
coordinate rings as the composite in the top line of the commutative diagram

r-aP<—2(a® - Ra))<——a®ux

A

Sym? A<—A Q. k

e |

A®p

We claim that the formula on the upper right defines a k-linear homomorph-
ism. Indeed, only the additivity needs to be checked. But the mixed terms
in the expansion

2(a+b)® - @(a+b)=z(@a® - -®a)+x(b®- - ®b)+ mixed terms
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can be grouped into orbits under the symmetric group S,, and since the
length of each orbit is a multiple of p, the corresponding sums vanish in
Sym” A, proving the claim.

If A is finite-dimensional over k, we can take the above diagram for A*
instead of A and dualize it over k to represent Verschiebung as the composite
in a commutative diagram

Aa

A (A®P)Sr

(kl

A@p

A ®k,0 k

Here A4 is the unique k-linear map taking any element z - (a ® -+ ® a) to
a ® x. One easily verifies that this map exists for any k-vector space A,
so the above diagram can be constructed for any affine commutative group
scheme GG = Spec A. It can be checked that the composite map A — A®y .k
is a homomorphism of k-algebras compatible with the comultiplication. It
therefore corresponds to a homomorphism of group schemes Vg : G®) — G.

Definition. This Vi is the Verschiebung for general G.
Proposition 14.3. (a) Vg is functorial in G, i.e., the following diagram
commutes:

¢(P)l %)

(b) Vg is compatible with products, i.e., the following diagram commutes:

(G x H)P = g x g®
m LVGXVH
GxH

(¢) Vg is compatible with base extensions, i.e., the following diagram com-
mutes:

(Gk,)(p) ~ (G(p))k,

‘m l(vc)k/

G
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We are now in a position to tackle the above question (b).
Theorem 14.4. For any affine commutative group scheme G,
(a) Vgo Fg =p-idg,
(b) FgoVg =p-idgw.

Proof. (a) By the above constructions, Frobenius and Verschiebung corre-
spond to the maps F4 and V4 in the following diagram:

Va
A (A®P)Sp W) Rk k
A®P — A

The definition of A4 implies that the right hand square commutes. In terms
of group schemes, this diagram becomes

Va

G G )
\ p-idg TFG
mult
G7 diag G

where the composite is by definition p - idg.
(b) As Verschiebung is compatible with base change, we have (Vg)® =
Vi . The functoriality of Frobenius thus implies that the diagram

Fow) )

G(p) E—— G

)
VGl )
G

(p
l(VG P) = Ve (p)
—FG> G(p)

commutes; its diagonal is already known by (a) to be p - idgw) . O

Examples. o [ and Vi are zero for G = ay .

e [ is zero and Vi an isomorphism for G = p, 1.

e [ is an isomorphism for G = Z/ nZk.
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8§15 The canonical decomposition

Let G be a finite commutative group scheme over k.
Proposition 15.1. The following are equivalent:
(i) Gyser is constant.
(ii) G is étale.
(iii) Fg is an isomorphism.

Proof. The equivalence (i) < (ii) has already been shown in Proposition 12.1.
To show (ii) < (iii), note that the group scheme G is étale iff its tangent
space at 0 is trivial. As the absolute and relative Frobenius morphisms are
zero on this tangent space, the étaleness of GG is equivalent to F being an
infinitesimal isomorphism, which — as Fg is a bijection on points — is in
turn equivalent to Fg being an isomorphism as such. O

Dualizing Proposition 15.1 yields:

Proposition 15.2. The following are equivalent:
(1) Gpser is a direct sum of p,, gseo for suitable n,;.
(i) G* is étale.

(iii) Vg is an isomorphism.

Proposition 15.3. The connected component G of the zero section in G is
a closed subgroup scheme, and G/G° is étale.

Proof. Since the unique point in G° is defined over the base field k, the
product G° x G° over k is connected. It is also open in G x G; therefore it is
the connected component of zero in G x G. Thus the restriction to G° x G°
of the multiplication morphism G x G — G factors through G, showing that
GY is a (closed) subgroup scheme of G.

To show that G/GP is étale, we may assume without loss of generality
that k is algebraically closed. Then G decomposes as [ ]| 9EG (k) G° - g and we
can infer that

G/G° = H Spec k,

g€G(k)

which is the constant group scheme (k;)k, and therefore étale. O

From now on we impose the standing
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Assumption. The field k is perfect.

Proposition 15.4. The reduced closed subscheme G C G with the same
support as G is a closed subgroup scheme, and the map (g,¢') — g + ¢
defines an isomorphism G° @ G™¢ = @.

Proof. As k is perfect, all residue fields of G™¢ are separable over k, implying
that G*d x G*! C @ x @ is again reduced. Therefore the restriction to
G4 x G*4 of the multiplication morphism G x G — G factors through G*4,
showing that G is a (closed) subgroup scheme of G.

To prove the second assertion it suffices to show that the morphism
G4 — G/G° is an isomorphism. Since the formation of both sides is com-
patible with base extension, we may assume that & is separably closed. Then
G4 — G/GY is a bijective homomorphism between constant group schemes
and hence an isomorphism. O

Example. Regard an inseparable field extension k' = k(¢/u) 2 k. Set
G = Speck[t]/(t” — u’) and define a group operation on G := [[*—, G; by

Gix Gy — Gy, (LUt ifidj<p,
Gix Gy = Gy (1) >t [u it 2.

Then G° = G, = My, 1, and we have a short exact sequence
This sequence is non-split, because G; = Spec k' 2 G for i # 0.

Example. With £'/k as above, set G; := Speck[t]/(t* — iu) and define a
group operation on G := ]_[f;ol G, by

Gi X Gj — G/L'+j, (t,tl) — {4+ t.
Then G° = Gy 2 @y, and we have a short exact sequence
This sequence is non-split, because G; = Spec k' 22 G for i # 0.

Definition. A finite commutative group scheme G is called local if G = G°
and reduced if G = G™4. 1t is called of x-y type if G is x and G* is v.

Theorem 15.5. There is a unique and functorial decomposition of G as
G=Gp @G ®Geo ® Gy

where the direct summands are of reduced-reduced, reduced-local, local-
reduced, and local-local type, respectively.
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Proof. The decomposition G = G° @ G™¢ is functorial in G, as both G° and
G™ are. Applying this functoriality in turn to G* and dualizing back using
the equality (G @ H)* = G* @ H* completes the proof. O

Remark. The functoriality includes the fact that any homomorphism be-
tween groups of different types is zero. The decomposition is also invariant
under base extension.

Definition. The n-th iterates of Frobenius and Verschiebung are the com-
posite homomorphisms

Fr. G e w Te®) L aem)
vrs GP S g Ve, g
We call Fg nilpotent if 7 = 0 for some n > 0, and similarly for V.
Proposition 15.6. We have the following equivalences:
G is reduced-reduced < both F; and Vg are isomorphisms.

a

(a)

(b) G is reduced-local < Fg is an isomorphism and Vj is nilpotent.

(¢) G is local-reduced < Fy is nilpotent and Vi is an isomorphism.
)

(d) G is local-local < both Fg and Vi are nilpotent.

Proof. Consider the decomposition G = G° @ G* from Proposition 15.4.
Since the maximal ideal at the unit element of G° is nilpotent, it is annihilated
by some power of the absolute Frobenius, and hence by the same power of the
relative Frobenius. Thus Frobenius is nilpotent on G°, while by Proposition
15.1 it is an isomorphism on G™. From this it follows formally that G is
reduced, resp. local, if and only if Fg is an isomorphism, resp. nilpotent.
Applying this to G* as well finishes the proof. O

Note. By §12 we already understand G, and G,,, and by duality also Gy,.
So the goal now is to understand Gy,. The problem is the complicated ex-
tension structure of such groups!

8§16 Split local-local group schemes

(This section was actually presented on December 16, but logically belongs here.)

Proposition 16.1. There is a natural isomorphism End(ay, ;) = k.
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Proof. There are natural homomorphisms & — End(ay, ;) — k, the first rep-
resenting the multiplication action of k, the second the action on the tangent
space of ay, . Clearly their composite is the identity, so the second map is
surjective. On the other hand, consider an endomorphism ¢ € End(ay, ) with
dp = 0. Then ker ¢ has a non-zero tangent space, so it is a non-zero sub-
group scheme of av, ;. Since a, ;, is simple by Proposition 13.3, it follows that
ker ¢ = @y, and hence ¢ = 0. This shows that the second map is injective.
We conclude that the two maps are mutually inverse isomorphisms. O

Proposition 16.2. Any finite commutative group scheme G with Fg = 0
and Vi = 0 is isomorphic to a direct sum of copies of ay, .

Proof. In fact we will prove that G = az;fz for n := dimy, T 0. For this write
G = Spec A and A = k @ I, where [ is the augmentation ideal. Then the
isomorphy T = (I/1%)* implies that I is generated by n elements. On the
other hand, since Fz = 0, we have & = 0 for every £ € I. In particular
I is nilpotent; hence its n generators generate A as a k-algebra. (This is
a standard result from commutative algebra, and a nice exercise!) Write
A=Fk[Xq,...,X,]/Jand I = (Xy,...,X,)/J for some ideal J. Then X' € J
for all 1 <4 < n, and therefore A is a quotient of k[ X1, ..., X,,]/ (X7, ..., XP).
In particular |G| = dim; A < p™.

Next note that for any homomorphism ¢ : G* — G, 4, the functoriality
of Frobenius and the assumption Vi = 0 imply that

Fg,, 00 = ¢® o Fg. =P o (Vo) =0.

Thus ¢ factors through the kernel of Fg,_,, that is, through ay,;. Taking
Proposition 13.1 into account, we find that

n = dimy, T o = dimy Hom(G*, G, 1) = dimy, Hom(G*, ay, 1,).

We claim that there exists an epimorphism G* —» W}?Z- Indeed, suppose that
an epimorphism ¢ : G* —» ag?fﬁ has been constructed for some 0 < 7 < n.
Then the induced linear map k' = Hom(a;%,a%k) — Hom(G*,a, ;) is a
proper embedding. Any homomorphism ¢ : G* — @, not in the image
has a non-trivial restriction to ker ¢, and since ay,, is simple, the combined
homomorphism (¢, ¢) : G* — a;% @ a,; is again an epimorphism. Thus
the claim follows by induction on i. Finally, by Cartier duality the claim

yields a monomorphism agfz — (. By the above inequality |G| < p", this
monomorphism must be an isomorphism, finishing the proof. O

Theorem 16.3. Every simple finite commutative group scheme of local-local
type is isomorphic to ay, .

Proof. Combine Propositions 15.6 (d) and 16.2. O
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