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Abstract

We study in detail the profinite group G arising as geometric étale iterated mono-
dromy group of an arbitrary quadratic polynomial over a field of characteristic differ-
ent from two. This is a self-similar closed subgroup of the group of automorphisms
of a regular rooted binary tree. (When the base field is C it is the closure of the
finitely generated iterated monodromy group for the usual topology which is also
often studied.) Among other things we prove that the conjugacy class and hence the
isomorphism class of G depends only on the combinatorial type of the postcritical
orbit of the polynomial.

We represent a chosen instance of G by explicit recursively defined generators.
The uniqueness up to conjugacy depends on a certain semirigidity property, which
ensures that arbitrary conjugates of these generators under the automorphism group
of the tree always generate a subgroup that is conjugate to G. We determine the
Hausdorff dimension, the maximal abelian factor group, and the normalizer of G
using further explicit generators. The description of the normalizer is then used to
describe the arithmetic étale iterated monodromy group of the quadratic polynomial.

The methods used are purely group theoretical and do not involve fundamental
groups over C at all.

MSC classification: 20E08 (20E18, 37P05, 11F80)
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0 Introduction

Let f be a polynomial of degree two in one variable with coefficients in a field k of charac-
teristic different from 2. For every integer n > 1 let f™ denote the n'® iterate of f, obtained
by substituting n copies of f into each other. The result is a polynomial of degree 2", which
we view as a finite morphism from the projective line P} over k to itself. Let S C P}, de-
note the (strictly) posteritical orbit of f, that is, the set of images under all iterates f"
of the critical points of f. Then each f" is a connected ramified covering of P} which is
unramified over P} \ S, As such it is determined up to isomorphism by the action of the
étale fundamental group 75 (PL . S) on a certaln set with 2" elements. Varying n, these
coverings form an infinite tower ... ——P} —)IP’1 —)IP’1 whose structure up to isomorphism
is determined by the action of the étale fundamental group on a regular rooted binary
tree T. The action corresponds to a homomorphism p: 7¢(P}L . S) — Aut(7T), whose
image is the iterated monodromy group associated to f which we study in this article.

By construction it is a profinite group. If k is the field of complex numbers one can
also define a discrete iterated monodromy group using the usual fundamental group of
P}(C) \. S, whose closure in the automorphism group of the tree is the profinite iterated
monodromy group defined above. In the present article we disregard that point of view
entirely and work purely algebraically and with profinite groups only.

In particular we do not require k to be algebraically closed In fact, if k& denotes a
separable closure of k, it is natural to compare the image of 7¢*(PL \ S) with the image of

m{"(P} \ S). We call the former the arithmetic iterated monodromy group G and the
latter the geometric iterated monodromy group G#*°™ associated to f. Then G5°™ is a
closed normal subgroup of G¥*" and the monodromy action induces a natural surjective
homomorphism p: Gal(k/k) — G&ith /Geeom - Among the main results in this article are
the explicit description of G&°™ and G**" and p.

Our ultimate motivation for this, though not developed at all in the present article, is to
understand the arithmetic properties of the tower of coverings which manifest themselves
in the iterated monodromy groups. We are intrigued by the analogy between the Galois
representation on the tree associated to f, and the linear (-adic Galois representation on
the Tate module of an abelian variety or a Drinfeld module or on the ¢-adic cohomology of
an algebraic variety. There are many deep results for the latter, and it would be delightful
if counterparts for iterated monodromy groups could be developed as well. Natural candi-
dates for study are for instance the images of Frobenius elements in the case that k is a
number field or a finite field.

'For example: It is not hard to show that the set of conjugacy classes in the automorphism group of
the tree has the cardinality of the continuum. On the other hand, the conjugacy class of the image of a
Frobenius element depends only on a quadratic polynomial over a finite field and an element of that finite
field. Thus the conjugacy classes arising from Frobenius elements form a countable set only. The images
of Frobenius elements must therefore satisfy some strong special properties. The question is: which?

Note that for a non-trivial linear ¢-adic Galois representation the set of conjugacy classes in GL,,(Qy)
likewise has the same cardinality as Qg, but the characteristic polynomials of Frobenius elements usually
have coefficients in a number field, which also leaves only countably many conjugacy classes for them.



Now we describe the methods and results of this article. Note that the monodromy
action is ramified at any point &; in the postcritical orbit S. Since G5°™ is a pro-2-group
and the base field has characteristic different from 2, the image of the inertia group at &; is
a quotient of the tame pro-2 inertia group and therefore topologically generated by a single
element. Let b; € G&°™ be the image of a chosen generator. Then G&°™ is topologically
generated by the set {b; | {; € S}. In particular, if S is finite, then G8*°™ is topologically
finitely generated. Moreover, the generator of inertia at co € S can be dropped, essentially
because A}C has no non-trivial connected unramified covering which is tame at co. For the
following discussion we therefore delete oo from S.

If we remove the bottom level from the tower of coverings ... —PL—5PLL3P! we
obtain the same tower again. From this we deduce that the monodromy representation and
the iterated monodromy groups are self-similar in the sense that a copy arises as a proper
subquotient. This implies a weak form of recursion relations for the generators b;. Namely,
on deleting the root, the tree T" decomposes into two rooted regular binary trees, each
related to the tower of coverings with the bottom level removed. Choosing an isomorphism
from T to each of these subtrees, it turns out that each b; is conjugate in Aut(7") to an
explicit element given in terms of certain other generators acting on the two half trees.
Specifically, let 0 € Aut(7") be an element of order 2 that interchanges the two half trees.
For any two elements u,v € Aut(T) let (u,v) denote the element of Aut(7") which acts by
w on the first half tree and by v on the second. Then b; is conjugate under Aut(7) to

o if f is ramified over & and &; & f(.9),
bj,1)o if f is ramified over & and f(§;) =&, for & € 5,
bj,1) if f is unramified over & and f(§;) = & for a unique &; € S,

1
R
bj, b)) if f(&) = f(&) = & for two distinct points &;, &, € S,

(

(0.1)
(
(

(see Proposition 1.7.14).

[t turns out that these relations suffice to determine G&°™ up to conjugacy in Aut(7),
which therefore depends only on the combinatorics of the postcritical orbit. This may
be somewhat surprising, because the relations seem so much weaker than the recursion

relations one usually has for the generators of discrete iterated monodromy groups over C,
which are definite equalities not just up to conjugacy. Nevertheless we prove:

Theorem 0.2 Any two closed subgroups of Aut(T') which are generated by elements b;
satisfying the relations (0.1) associated to the given postcritical orbit S are conjugate.

The analysis of G&°™ thus reduces to the study of the closed subgroup G C Aut(T") that
is topologically generated by any single choice of generators satisfying (0.1). We choose
the generators a; that are uniquely characterized by the recursion relations

o if f is ramified over &; and &; & f(S),

(a;,1)o if f is ramified over & and f(§;) = ¢ for & € S,

(a;,1) if f is unramified over & and f(&;) = ¢; for a unique &; € S,
(a;,ar) if f(&) = f(&) = & for two distinct points &, &, € S.
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To understand G is a purely group theoretical problem that is interesting in its own right.
Most of the article is actually devoted to it. The methods used are standard finite and
profinite group theory, and time and again the exploitation of the self-similarity properties
of G resulting from the recursion relations (0.3).

There is a marked difference in structure depending on the type of S. If S is infinite,
one can easily show that G = G&°™ = Garith = Aut(T'). So assume henceforth that S is
finite. Then the unique critical point # oo of f is called periodic if it is mapped to itself
under some iterate of f, otherwise it is called strictly pre-periodic. A precise description of
the different possibilities for S is given in 1.7.2. As many details differ between these two
cases, the main body of the paper is divided accordingly. Among other things:

We determine the maximal abelian factor group of G: see Theorems 2.2.7 and 3.1.6.
We calculate the Hausdorff dimension of G: see Theorems 2.3.2 and 3.3.4.

We prove Theorem 0.2. Actually we show that for any elements b; € Aut(7T’) satisfying
the weak recursion relations (0.1), on conjugating all b; by a single element of Aut(T")
we can achieve that all b; lie in (G, are conjugate to the respective a; under GG, and
topologically generate G. For this combine Proposition 2.4.1 or 3.4.1 with Theorem
2.4.3 or 3.4.3. We view this result as a kind of semirigidity property of the generators.

In one interesting case of a group with two generators, namely the closure of the
‘Basilica group’, we show a stronger rigidity property that on conjugating the b; by
a single element of Aut(7") we can make them equal to a;: see Theorem 2.5.1. This
rigidity property, and its failure whenever the number of generators is greater than
two, had in fact been the motivation for the author to search for a weaker version
that would still give G up to conjugacy in the general case, and that he found in the
semirigidity property described above.

We determine the normalizer N C Aut(7") of G and describe it using further explicit
generators. This result requires significantly more effort than the others. Let r
denote the number of generators of G, that is, the cardinality of S (without oo).
In the periodic case we establish an explicit isomorphism N/G = (Z;)", where Z,
denotes the ring of 2-adic integers: see Theorem 2.6.8. In the strictly pre-periodic
case with 7 = 2 the group G is infinite pro-dihedral isomorphic to Zs x {£1} and its
normalizer is isomorphic to Zy x Z5: see Subsection 3.5. In the strictly pre-periodic
case with r > 3 we construct an isomorphism between N/G and a countably infinite
product (F2)* of copies of the cyclic group of order 2. For technical reasons this
requires a further division into subcases: see Theorems 3.6.12, 3.7.18, and 3.8.27.

We study a particularly useful class of elements of G called odometers. We show
that their proportion in G is 27" > 0 and that they are all conjugate under N: see
Proposition 2.7.1 or 3.9.1 and Theorem 2.7.4 or 3.9.4. We describe how the normalizer
of any odometer in G sits inside N and how it maps to N/G: see Proposition 2.7.7
or 3.9.14. In the periodic case we can also strengthen the semirigidity theorem



mentioned above to include odometers in Theorem 2.7.6, but we do not know how
to achieve anything similar in the strictly pre-periodic case.

Let us now return to the iterated monodromy groups associated to a quadratic poly-
nomial. By Theorem 0.2, after conjugating everything by an automorphism of 7" we may
assume that G&°™ = (. Then G** is contained in the normalizer N, and describing it
is equivalent to describing the subgroup G*'*" /G of N/G. In fact, we give the composite
homomorphism p: Gal(k/k) — G*™ /G < N/G explicitly in terms of the description of
N/G mentioned above.

For this we look at the restriction of p to the decomposition group at a postcritical
point. The image of the corresponding inertia group is always cyclic or pro-cyclic, and
the decomposition group acts on it through the cyclotomic character. Using this we can
deduce that p always factors through the cyclotomic character. Moreover, the image of
the inertia group at oo is generated by an odometer, so our previously assembled results
on odometers in G easily determine p completely.

Namely, in the periodic case the homomorphism p: Gal(k/k) — N/G = (Z5)" is the
cyclotomic character Gal(k/k) — Z5 followed by the diagonal embedding: see Theorem
2.8.4. In the strictly pre-periodic case with 7 = 2 the homomorphism p: Gal(k/k) —
N/G = Zj5 /{+£1} is the cyclotomic character followed by the projection Z5 — Z5 /{£1}.
In these two cases, therefore, the index [G*™ : G&°™] is infinite if the ground field k is
finitely generated over its prime field.

In the strictly pre-periodic case with r > 3 the homomorphism p: Gal(k/k) — N/G =
(F3)> is the composite of the cyclotomic character with the projection Z5 — (Z/8Z)* and
a homomorphism (Z/8Z)* — (F3)> that is given precisely in Theorem 3.10.5. In this case
the group G**" /@ is elementary abelian of order dividing 4, and in fact dividing 2 except
in one particular case: see Corollary 3.10.6. Thus G**" depends only very mildly on the
field k. Moreover, in this case we have G = (¢ whenever k contains the eighth roots of
unity, in particular whenever k is finite and its order is a square. It is conceivable that this
state of affairs has some influence on the properties of the images of Frobenius elements.

Let us now point out the relation with existing results in the literature, without any
claim of completeness. Although most of those results concern discrete iterated monodromy
groups, some of them have a direct relation with the profinite iterated monodromy groups
arising as closures of the discrete ones. First, for generalities on self-similar groups acting
on regular rooted trees see for instance Nekrashevych [15] or Grigorchuk-Savchuk-Sunié
[11].

Next, much is already known in the following small cases: In the periodic case with
r = 1 the group G is pro-cyclic. In the periodic case with » = 2 the group G is the closure
of the so-called ‘Basilica’ group, studied for instance in Grigorchuk-Zuk [9]. In the periodic
case with r = 3 corresponding to the ‘Douady rabbit’ some of our results follow from
Nekrashevych [17, §8]. In the strictly pre-periodic case with s = 1 and r = 2 the group G
is infinite pro-dihedral. In the strictly pre-periodic case with s = 1 and r = 3 the group G is
the closure of the Grigorchuk group, introduced in Grigorchuk [7] and studied extensively,



among others in Grigorchuk [8, §§12-15], Bartholdi-Grigorchuk [1], Grigorchuk-Sidki [10],
Nekrashevych [17].

An important result related to ours is contained in the paper [2] by Bartholdi and
Nekrashevych. There the authors describe the discrete iterated monodromy group of an
arbitrary quadratic polynomial over C in terms of generators satisfying explicit recursion
relations similar to (0.3). In fact, the difference is only that some of the terms (a;, 1) may
be replaced by (1,q;), and (a;, a;) may be replaced by (ax,a;). This goes a large part of
the way towards our result that the closure G#*°™ is conjugate to our group G in all cases.

Finally, some arithmetic aspects of iterated monodromy groups associated to quadratic
polynomials are studied in Boston-Jones [3], [4], [14]. The author hopes that the results of
the present article might shed more light in these directions.

Here are several open questions that one might pursue next. Within the scope of the
present paper, can some of the many case distinctions be avoided using a different setup?
It would also be interesting to obtain more results about conjugacy of generators and
odometers in the strictly pre-periodic case, like an improvement of Proposition 3.4.4 and
analogues of Theorem 2.7.4 (b) and Theorem 2.7.6. Again, such results might show the
way towards a cleaner overall structure of the material.

Beyond that, a very natural problem is to generalize the results of this article to iterated
monodromy groups of rational quadratic morphisms instead of quadratic polynomials.
Since the classification of finite postcritical orbits of those involves tuples of four integers,
as opposed to two integers for quadratic polynomials, one can expect the complexity to
increase roughly by a factor of 2 on a logarithmic scale. ©

Finally there is the wide open field of applying the present results to the arithmetic
properties of iterated quadratic polynomials, especially over a number field or a finite field.
A starting point for this might be a study of Frobenius elements in G&ith,

At last, the author would like to thank Volodia Nekrashevych for introducing him to
important techniques in the area.



1 Generalities

1.1 Basics

Let T be the infinite tree whose vertices are the finite words over the alphabet {0, 1} and
where each vertex t is connnected by an edge to the vertices 0t and 1¢. The empty word is
called the root of T', making T" an infinite regular binary tree. For any integer n > 0 we let
T,, denote the finite rooted subtree whose vertices are all words of length < n. The words
of length n are precisely the vertices at distance n from the root; we call the set of these
the level n of T. Thus the level n consists of 2" points.

Unfortunately there do not seem to be established abbreviations for the automorphism
groups of T,, and 7. In this article we will write W, := Aut(7,,) and W := Aut(7"), based
on the vague justification that Aut(7},) is an iterated wreath product.

Namely, for any elements w,w’ € W let (w,w’) denote the element of W defined by
0t — Ow(t) and 1t — 1w'(t) for any word ¢. This defines an embedding of W x W into
W which we identify with its image. Let o € W denote the element of order 2 defined by
0t — 1t — 0t for any word ¢, and let (o) be the subgroup of W generated by it. Then we
can write W as the semidirect product

(1.1.1) W= (W xW)x (o).
For any integer n > 1 the same definitions define a semidirect product decomposition
(1.1.2) Wy, = Wyqg x Wy_q) % {(0).

Since Wy = 1, this describes W,, as an iterated wreath product. Calculating with this
decomposition requires only the basic relations

(w,w’) (v,v") = (wv,w'v")
(1.1.3) o(w,w) = (W' w)o
0?2 =1

for all w,w’,v,v' € W.

Every automorphism of T fixes the root and thus stabilizes T, for every n > 0.
The restriction of automorphisms therefore induces a natural homomorphism W — W,
w +— w|p,. This homomorphism is surjective and induces an isomorphism W = h&ln Wi,.
Since W, is finite, this description realizes W as a profinite topological group.

All subgroups G' C W that we study in this article are closed and hence again profinite.
Throughout we let G,, denote the image of G in W,,. Since G is closed, we obtain a natural
isomorphism G = h&ln Gp.

For any subset S of a group we write (S) for the subgroup generated by S and abbreviate
(wy, ..., w.) = {wy,...,w.}). If the ambient group is a topological group, the closures of
these subgroups are denoted ((S)) and ((wy, ..., w,)).



1.2 Size

For any integer n > 1 the decomposition (1.1.2) implies that |W,| = 2 - |[W,_1|>. Since
|Ws| = 1, by induction on n this easily implies that

(1.2.1) W,| = 227! for all n > 0.

In particular W, is a finite 2-group, and so W = 1<£nn W, is a pro-2-group.

The size of a closed subgroup G C W is measured by its Hausdorff dimension, which
is defined as

log, ‘Gn‘ o log, ‘Gn|

1.2.2 li —=— = [
(1.2.2) e, Wa A

if this limit exists. Its calculation usually requires some kind of recursive description of G.

1.3 Conjugacy

Lemma 1.3.1 Let G be a profinite group given as the inverse limit of a filtered system of
finite groups G; such that the projection maps G — G; are surjective. Then two elements
9,9 € G are conjugate if and only if their images in G; are conjugate for all i.

Proof. The ‘only if’ part is obvious. For the ‘if’ part assume that the images of ¢, ¢’ in
G; are conjugate for all 7. For each ¢ let U; denote the set of elements u € G for which
the images of ugu™! and ¢’ in G; coincide. Since U; is a union of cosets under the kernel
of G — G}, which is an open subgroup of G, it is a closed subset of G. By assumption
it is also non-empty. Moreover, for any transition morphism G; — G in the system we
have U; C U;. By the compactness of G it thus follows that the intersection U of all U; is

non-empty. Any element u € U then satisfies ugu™! = ¢', as desired. O

The following result uses only the basic relations (1.1.3) and is a good warm up exercise
for our later calculations (compare [6, Thm.3.1]).

Proposition 1.3.2 For any w € W and any k € Z5 the element w* is conjugate to w.

Proof. By Lemma 1.3.1 it suffices to prove the corresponding statement in W, for every
n > 0, which we will achieve by induction on n. The statement is trivial in Wy, so assume
that n > 0 and that it is true in W,,_;. Consider an element w € W,.

If w= (u,v) for u,v € W,,_1, by the induction hypothesis there exist x,y € W,,_; such
that zur~! = u* and yvy~! = v*. With z := (2,y) € W,, we then have

awz "t = (2,y) (u,0) (2,y) " = (zua yoy ') = (WF07) = Wk,

as desired. Otherwise we have w = (u,v)o for u,v € W,_1. After replacing w by its
conjugate
(Lo) " (o) o (Lv) = (Lo (o) (0,10 = (uw,1)o

9



we may without loss of generality assume that v =1 and w = (u, 1) 0. Then
w? = (u,1)o(u,1)o = (u,1)(1,u)o0 = (u,u).
Writing k = 2¢ 4+ 1 with ¢ € Z,, we deduce that
wh = (w)'w = (u,u) (u,1)o = W u')o.
On the other hand, the ansatz z = (z,y) with =,y € W,,_; yields
awz™h = (2,y) (w ) o(z,y)™ = (z,y) (w1)(y 27 )o = (zuy™,ya™')o.
Together it follows that

. . yr~t =4’ and y=u'r  and
2wzt =wh = - — .
TuT

zuy~! = ut 1 241 —
But by the induction hypothesis there exists x € W,_; with zuz™' = u*. Thus the
equations possess a common solution, as desired. (Compare Remark 1.6.5.) (]

1.4 Recursive construction of elements

Let a; be distinct new symbols for all 7 in a set I. For each ¢ € I suppose that we are
given finite words f; and g; over the alphabet {a;,a;' | j € I} UW as well as a number
v; € {0,1}. Here the empty word is permitted and represents the identity element 1 € W,
as usual. Then the recursion relations

a; = (fi, gi) 0" foralli eI

define unique elements of W. Indeed, the restrictions a;|z, are necessarily trivial, and if for
some n > 0 the restrictions a;|7, , are already known for all 4, then the recursion relations
uniquely describe the restrictions a;|7, for all i. By induction we therefore obtain unique
elements a;|r, for all n > 0, which combine to give the desired elements a; € .

Often f; and g; are words only over {a;, a;l | 7 € I}, in which case the recursion rela-
tions do not involve any previously known elements of W. Nevertheless one can construct
very interesting elements in this way, as in (1.6.1), (2.0.1), and (3.0.1). In general one
can construct elements with special properties with respect to given elements of W as in
Remark 1.6.5, Proposition 2.6.4, and in (3.8.13).

One must be aware that different recursive descriptions can determine the same ele-
ments of W. In particular:

Proposition 1.4.1 Assume that f; and g; are words over {aj,aj’1 | 7 € I} only and that
v; =0 forallveI. Then a; =1 for all € 1.

Proof. Trivially a;|z, = 1 for all 4, and if a;|7, , = 1 for all ¢, the recursion relations
imply that a;|7, = 1 for all ¢ as well. Induction on n thus shows that a; = 1 on the whole
tree T'. [

10



1.5 Signs

For any integer n > 0, any element w € W fixes the root and thus permutes the level n
of T. We let sgn,(w) denote the sign of the induced permutation of the level n, which
defines a homomorphism

(1.5.1) sgn,,: W — {£1}.

For any m > n this homomorphism factors through a homomorphism W,, — {£1}, which
we again denote by sgn,,. For n = 0 the homomorphism is trivial. For n > 1 the definition
of the embedding W x W — W implies that

(1.5.2) sgn,, ((w,w")) = sgn,,_;(w) - sgn,,_;(w’)

for all w,w’ € W. Also, for n > 1 the element o of order 2 has no fixed points on level n
and hence precisely 2"~ ! orbits of length 2. Therefore

1 ifn=1,

(1.5.3) 58 () = { 1 ifn# 1.

Together these formulas can be used to calculate the signs of any recursively described
elements of W.

Example 1.5.4 Consider the elements by, b, ... € W defined by the recursion relations

b1 =0
b, = (bz;l, 1) for all i > 1.

Then the formula (1.5.2) implies that sgn, (b;) = sgn,,_;(b;—1) for alln > 1 and i > 1. By
(1.5.3) and induction it follows that for all n,7 > 1 we have

1 ifn=1i,
sema(bi) =9 itn i

Proposition 1.5.5 For any n > 0 the homomorphism

W, = {£1}", w (sgn,,(w))r

m=1

induces an isomorphism from the maximal abelian factor group Wi, a1, to {£1}".

Proof. Example 1.5.4 implies that the homomorphism is surjective; hence it induces a
surjective homomorphism W), ., = {£1}". It remains to show that this is an isomorphism.
For n = 0 that is obvious, so assume that n > 0 and that it is an isomorphism for W,,_;.
Then the decomposition W, = (W,,_1 x W,,_1) x (o) implies that W,, ., is also the maximal
abelian factor group of (W,_1.p X Wi—1ap) % (o). By the induction hypothesis this is
isomorphic to the maximal abelian factor group of ({£1}"~1 x {41}"71) x (o), where o acts

11



by interchanging the two factors {#1}"~!. The commutators of o with {£1}"~1 x {£1}"!
form the diagonally embedded subgroup diag({#+1}""1), so that the maximal abelian factor
group is isomorphic to {+1}""! x (¢) and hence to {£1}". For reasons of cardinality the
surjective homomorphism W, ., — {£1}" is therefore an isomorphism. By induction this
now follows for all n > 0. O

Proposition 1.5.6 (a) For any subgroup G,, C W,, we have G,, = W, if and only if the
combined homomorphism G, — {£1}", g — (sgn,,(9))r_, is surjective.

(b) For any closed subgroup G C W we have G = W if and only if the combined homo-
morphism G — {£1}*>°, g — (sgn,,(9))_, is surjective.

m=1

Proof. (This is essentially in Stoll [20, p. 241 Thm.].) Since W, is a finite 2-group, it is
nilpotent, and hence a subgroup G,, C W, is equal to W, if and only if it surjects to the
maximal abelian factor group of W,,. Thus part (a) follows from Proposition 1.5.5. Part
(b) follows from (a) by taking inverse limits. O

1.6 Odometers

As another useful preparation for the main part of the article (and for fun) we look at the
conjugacy class of a certain special element of W called the odometer [12, Ex.1] or adding
machine [18; 2.5.1]. This is the element a € W defined by the recursion relation

(1.6.1) a=(a,1)o.

More generally we will call any element of W that is conjugate to a an odometer. For a
part of the following result compare [12, Prop.3.3]:

Proposition 1.6.2 For any w € W the following are equivalent:
(a) w is conjugate to a.
(b) w is conjugate to (w,1)o.
(c) w acts transitively on level n for all n > 0.
(d) sgn,(w) = —1 for alln > 1.

Proof. If w is conjugate to a, choose x € W such that w = zaz~!. Then

1

w = zax~ ' = x(a,1) ot = x(z!

wr,)oxr™! = z(z,z) H(w,1) o (z,z) 2z

hence w is conjugate to (w, 1) 0. This proves the implication (a)=-(b).
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Next assume that w is conjugate to (w,1)o. It is trivial that w acts transitively on
level 0, so assume that n > 1 and that w acts transitively on level n — 1. Using the basic
relations (1.1.3) we find that w? is conjugate to

(w,1)o(w,1)o = (w,1)(l,w)oco = (w,w).

Since w acts transitively on level n — 1, that is, on the set of words of length n — 1, the
element (w,w) € W acts transitively on the set of words of length n beginning with 0, and
transitively on the set of words of length n beginning with 1. Its conjugate w? then has
the same property. But since w is conjugate to (w, 1) o, it interchanges the two vertices
on level 1 and thus the two subtrees emanating from them. Together it follows that w
acts transitively on the set of all words of length n over {0,1}, that is, on level n. The
implication (b)=-(c) now follows by induction on n.

Next, if w acts transitively on a level n > 1, it acts by a cycle of length 2" which has
sign —1. This directly yields the implication (c¢)=(d).

The remaining implication (d)=-(a) results from Lemma 1.3.1 and the following lemma.

O

Lemma 1.6.3 For any w € W satisfying (d), the restriction w|r, is conjugate to alr,
in W, for everyn > 1.

Proof. Since W is cyclic of order 2, the assumption sgn,(w) = —1 implies that w|y, =
o|lr, = a|r,, from which the lemma follows in the case n = 1. So assume that n > 1 and
that the lemma holds for n — 1 in place of n. Take any w € W satisfying (d). From w|p,
we already know that w = (u,v) o for some u,v € W. Then for all n > 1 the formulas
(1.5.2) and (1.5.3) imply that

sgn,,(uv) = sgn,(u) - sgn,(v) - sgn,41(0) = sgu,yq(w) = —1.

By the induction hypothesis applied to wv in place of w it follows that uv|r, , is conjugate
to alr,_, in W,,_1. Write uv|z,_, = zaz™t|p,_, for some x € W, and set y := (x,vx) € W.
Then

yay~ ' = (z,vx)(a,1) 0 (z,v2)" = (2,v2)(a,1) (2 v 2 Do = (zaz v 0v)0o
and hence
yay~'|r, = (vaz"v7 g, ol )0 = (wouT g, vl )0 = (wv)o)ln, = win,
proving the lemma for n. By induction the lemma follows for all n > 1. O

Proposition 1.6.4 For any odometer w € W we have:

(a) The subgroup {(w)) of W is isomorphic to Zs.
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(b) It is its own centralizer.

(¢) Its normalizer is isomorphic to Ze X 7 .

Proof. The implication (a)=(c) in Proposition 1.6.2 shows that w acts transitively on
each level n through a cycle of length 2. For n — oo this shows that w has infinite order,
which implies (a). Assertion (b) results from the fact that in any symmetric group on m
letters, any m-cycle generates its own centralizer. For (c) observe that Aut(Z,) = Z;.
Moreover, for any k € Z5 the element w* € W still has the same properties (c) or (d) from
Proposition 1.6.2, and is therefore conjugate to w. This shows that the normalizer of (w))
in W surjects to Aut({(w))) = Z;. Since the centralizer is ((w)) = Zs, this implies (¢). O

Remark 1.6.5 For any k£ € Z; we can construct an explicit element z € W satisfying
zaz"! = a¥, as follows. We repeat the calculation from the second part of the proof of
Proposition 1.3.2 in the special case w = v = a. Writing k = 2¢ + 1 with ¢ € Z, and using

the ansatz z = (z,y) we deduce that

. . y = a‘x and
zaz "t =a" =
zar~t = a2l =gk |

Thus = must satisfy the same condition as z, which suggests that the ansatz might work
with x = z. Thus consider the recursion relation

z=(z,a"2),

which yields a well-defined element of W by the construction in Subsection 1.4. To show
that it really does have the desired property set v := zaz~'a=*. Repeating the calculation
with this choice of z yields the recursion relation v = (v,1). By Proposition 1.4.1 this
implies that v = 1 and hence that zaz~! = a”, as desired.

Moreover, if we write z; for the element thus constructed to indicate its dependence
on k, one can prove in the same fashion that z;, 2y = 2y for all k, &’ € Z5. The construction
therefore yields an explicit isomorphism Zy x Z5 = Normyy, (((a))).

1.7 TIterated monodromy groups

Let k£ be a field of characteristic different from 2. Let f(X) € k[X] be a polynomial of
degree two, which we view as a morphism from the projective line P} over k to itself. For
any integer n > 1 we let f" denote the composite of n copies of f.

The morphism f has precisely two critical points, namely oo and, say, £ € k. The first
of these is mapped to itself under f. For the other we abbreviate &, := () for all n > 1,
so that the (strictly) posteritical orbit of f is the set

(1.7.1) S = {oo}U{&, | n>1}.
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This is precisely the set of points of P} over which some iterate f™: Pj — P} is ramified.
We view it as the set of vertices of a directed graph with an edge from any point to its
image under f. The ‘entry points’ co and &; will be specially marked. We distinguish the
following three cases:

Cases 1.7.2 (a) Infinite case: Here all {,, are distinct:

(b) Periodic case: Here the critical point £ is periodic, that is, equal to &, for some
r > 1. We let r be the smallest such integer, so that the postcritical orbit looks like
this:

gl §2 57"

®©—e—...— 0

(0. 9]

®

(c) Strictly pre-periodic case: Here the critical point £ is not periodic, but it is pre-
periodic, that is, it satisfies an equation of the form &, = &1 for some r > s > 0.
We let s and r be the smallest such integers. Then s cannot be 0, because that would
imply & =¢&. Thus r > s > 1 and the postcritical orbit looks like this:

fl gs £s+1 gr

@ —...—e—0—...—>e

N

o0

®D)

Fix an algebraically closed overfield L of k and a geometric point xg € P1(L) \ S. For
instance, any L-valued point that is not algebraic over k is in order. For any n > 0 let
f7"(xo) denote the set of 2" points z,, € P'(L) with f"(z,) = xo. Let T}, denote the
infinite graph whose set of vertices is the external disjoint union [, ., f~"(zo), where any
vertex x, € f~"(xo) for n > 0 is connected by an edge towards f(z,) € f~" Y (x0). By
construction this is a regular rooted binary tree with root zq € f~%(zy) and level n set
f™(xo) for every n.
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For any n > 1 the morphism f": P} — P. defines a connected unramified covering
of P} . S, for the finite set S, := {00,&1,...,&,}. Up to isomorphism this covering is
determined by the associated monodromy action on f~"(z) of the étale fundamental group
78 (PL NS, 2). Varying n, these actions combine to a natural continuous homomorphism

(1.7.3) p: mH(PL NS, mp) = lim 7 Py Sy, 1) — Aut(Ty,),

which encodes the Galois theoretic properties of the whole tower of ramified coverings f™.
Let k£ denote the separable closure of £ in L. Then there is a natural short exact

sequence

(1.7.4) 1 — 7{"(PL N S, 20) — 7 (P}, N\ S, 29) — Gal(k/k) — 1.
We are interested in the images

7.5) GEo™ = p(af'(Pr N S,20)) C Aut(Ty,),
G = p(at" (P, N S, 20)) C Aut(Ty,),

which are called the geometric, respectively arithmetic, iterated monodromy group associ-
ated to f. By construction G&°™ is a closed normal subgroup of G and the short exact
sequence (1.7.4) induces a surjective homomorphism

(1.7.7) Gal(k/k) — Garith /Geeom,

These groups are independent of the choice of L and z( in the sense that they do not
change when L is replaced by any algebraically closed overfield, and for a different choice
of xy there exists an isomorphism between the two resulting trees which is equivariant for
the monodromy action. Thus if we identify 7}, with any other regular rooted binary tree,
the resulting monodromy groups will be unique up to conjugacy there. Throughout the
following we will identify 7}, with the standard tree 7" from Subsection 1.1.

The group G*&*°™ also does not change under extending k. Thus in principle it can be
calculated over any field of definition of the quadratic polynomial f. In particular, if k
has characteristic zero, then G#*°™ can be calculated over C. It is then the closure of the
image of the topological fundamental group m; (P*(C) \. S, x¢). The latter can be described
by explicit generators as a self-similar subgroup of Aut(7) as, say, in Nekrashevych [15],
[16, Ch.5], [18], Bartholdi-Nekrashevych [2], Dau [5], Grigorchuk et al. [11]. Moreover, in
[19] we showed how this in turn can be used to describe G&°™ in positive characteristic as
well by lifting the given quadratic polynomial to characteristic zero.

In the present article, however, we are only interested in the profinite monodromy
groups, and we will determine them using only the self-similarity of the monodromy rep-
resentation and the combinatorics of the postcritical orbit, as follows.

Let x; and 2 denote the two points in f~(z). Then f~"(zy) = f~"(z;) U f7(z})
for all n > 0, so after deleting the root xy the tree T,, decomposes into the two regular
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rooted binary trees T}, and T}, with roots z; and a7, respectively. Abbreviate S = f49)
C P}. Then by functoriality f: P} — P} induces a homomorphism

(1.7.8) for (P~ S, x1) — m(P) NS, 20).

Its image is the subgroup of index 2 of w{* (P} \. S, 7¢) which fixes x; € f~*(zg). It therefore
fixes both x; and 7 and acts on each of the subtrees T, and T,;.

To describe the action on these subtrees note that the inclusion f(S) C .S implies that
S c S and hence P}~ S C PL~ S. Thus there is a natural surjective homomorphism

(1.7.9) id,: 7 (PN S, m) —» (PN S, 1),

The action of ¢t (IP’}f N xl) on T, through f, is the same as that obtained by composing
(1.7.9) with the natural action of 7$*(PL \. .S, x;) on T,,. On the other hand let 7 denote
the non-trivial covering automorphism of f: Pi — P}, so that f = 7(x1). Then 7 induces
a natural isomorphism

(1.7.10) 7 mPLN S 1) = m(PLNS, ).

The action of 7t (IP’]%C N S,:pl) on T,. through f, is the same as that obtained by com-
posing (1.7.10) with the surjection (1.7.9) for z in place of z; and the natural action of
TPy N S, 2) on Ty

Now recall that except for the change of base point, the actions of 7¢*(P: . S, x) on T,
for z = zg, 1, 7} all describe the same inverse system of ramified coverings f": Pi — P;.
Choose isomorphisms T}, = T,, = T, and corresponding identifications of the respective
fundamental groups (which over C usually involves choosing paths from x to z; and z}).
Then the above statements say that the monodromy actions po f, and (p o id,, p o id, o 7)
of M (P~ S, o) on Ty~ {zo} = Ty, UT, coincide. In particular, with the identifications
T, =T and Aut(T,,) = W we obtain a commutative diagram:

T(PLN S, ) —F—— Aut(T},) ——=——=W

4

TPLN S, 21) — Aut(Ty,) x Aut(Ty ) === W x W

(1.7.11) z \ Pry pry
T (PL S, z0) Aut(T,,) ——=W
id*l \ |
T(PLN S, o) — s Aut(T},) ——=—ru W

This shows that the monodromy representation p is fractal or self-similar in that a copy
of p occurs in a proper subquotient. The analysis of p and of its geometric and arithmetic
monodromy groups therefore lends itself to recursive arguments.
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By the construction of G the diagram (1.7.11) induces a commutative diagram:

¢ (PL S, xp) P sq@withe W

fr
(1.7.12) T(PL 5, 21) —» GH A (W x W) s W X W
idx pry pry
e (PL \ S, z0) ! G;“th( W

Here the lower middle vertical arrow is surjective, because the others in the lower left square
are surjective. Thus G is self-similar in that it is isomorphic to a proper subquotient
of itself. With k in place of k, the same remarks apply to G&°™ and the commutative
diagram:

T (PE N S, wo) SEE—T S

S+
1.7.13 TP~ G, 2y) — GEOm (O (W x W) s W X W
1 k
id« pry pry

Tt (PL N S, ) ———» GEOM Y

Note that the groups G and G&*°™ and several of the maps in these diagrams depend
on the chosen identifications of trees and are therefore unique only up to conjugacy by W.

Now we can describe generators of G8°°™. Suppose first that S is finite. Let A denote
the maximal pro-2 factor group of the group 7{'(PL \. S, x0). Since the characteristic of k
is different from 2, by Grothendieck’s description of the tame fundamental group [13, exp.
XIII, Cor. 2.12] there exist generators ds, d¢,, - - - , d¢, of the respective pro-2 inertia groups
at suitable geometric points above 0o, &1, ..., &, such that A is the quotient of the free
pro-2 group on these elements by the single relation 0 d¢,- - - d¢, = 1.

For every 1 < i < 7 set b; := p(d;) € G5°™. Then by, := p(ds0) = (b1 -+ b)), s0 we
can drop it from the list of generators and obtain

GEo™ = ((by, ..., b,)).

If S is infinite, we can apply the same argument to m{*(PL \ S, zo) for every n > 1, which
naturally acts on the finite tree T, of level < n. If b;,, € W,, = Aut(T,,) denotes the image
of a suitable generator of an inertia group above &;, we deduce that G&°™ = (b1 ,,, ..., b, ).
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Passing to the limit over n we obtain elements b; € W representing the inertia above z;
for all © > 1, such that
Ggeom - «bl, bg, bg, . >>

In this case we have by, := p(0s) = (b1by--+)~', where the infinite product converges in
the profinite group because b; — 1 for i — oo.

According to the cases in 1.7.2 the generators enjoy the following recursion relations
up to conjugacy:

Proposition 1.7.14 The following elements are conjugate under W :

( by is conjugate to o in the cases (a) and (c).

by is conjugate to (b.,1) o in the case (b).
b; is conjugate to (b;_1,1) if i > 1, except if i = s+ 1 in the case (c).
bsy1 s congugate to (bs,b,.) in the case (c).

beo is conjugate to (b, 1) 0. )
Proof. First consider the point &; for any ¢+ > 1. Then the morphism f is unramified
over &, and f~1(&;) consists of &_; and precisely one other point, say, . The unramifiedness
means that the inertia group above &; acts trivially on the covering f: Pi — Pi, and hence
that b; acts trivially on level 1 of the tree T'. Thus b; = (¢, d) for certain elements ¢, d € W.
Also, under the functoriality of the fundamental group f, sends a generator of an inertia
group above &;_1 to a generator of an inertia group above &;. This means that T" with the
action of d¢, , is isomorphic to one half subtree of 7" with the action of J¢,, or equivalently,
that ¢ or d is conjugate to b;_1. The other of the two entries ¢, d arises in the same way
from the inertia at 7. For this there are two possibilities.

If i = s+ 1 in the case 1.7.2 (c), the diagram there shows that n = &,.. In this case the
same argument as above shows that the other entry among c, d is conjugate to b,.. Thus
b; = bsy1 is conjugate to (bs,b.) or to (b, bs). As these two elements of W are already
conjugate to each other under o € W it follows that anyway bs,; is conjugate to (bs, b, ).

In all other cases with ¢ > 1 we have n € S. Then the whole tower of coverings is
unramified above 7, and so the other entry is 1. In that case we find that b; is conjugate
to (b;i—1,1) or (1,b;,_1), and hence anyway to (b;_1,1).

Next consider the point &;. Here the morphism f is ramified over &, so that f~1(&;)
consists of one point only, say, of 7. The ramifiedness means that the inertia group above
&, acts non-trivially on the covering f: P} — P}, and hence that b; acts non-trivially on
level 1 of the tree T. Thus by = (c¢,d) o for certain elements ¢,d € W. Also, since f
has ramification degree 2 at n, under the functoriality of the fundamental group f. sends
a generator of an inertia group above 7 to the square of a generator of an inertia group
above &;. Since b? = (¢,d) o (¢,d) 0 = (cd, dc), we deduce that the image of a generator of
an inertia group above 7 is conjugate to cd. Again there are now two possibilities.
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In the case 1.7.2 (b) we have n = &,.. The same argument as above then shows that cd
is conjugate to b,.. Writing cd = wb,w™! for some w € W, we then find that

b= (e.d)o = (whw'd ' d)o
= (w,dw) (b, 1) (wd w o
= (w,dw) (b, 1) o (w,dw)™",

Thus by is conjugate to (b, 1) o in this case.
In the cases 1.7.2 (a) and (c) we have n € S; hence the same argument as above now
shows that c¢d = 1. Thus

by = (c,d)o = (c,c Vo = (¢,1)o(c, 1),

and so by is conjugate to o in this case.

Finally consider the point oo, which is ramified and mapped to itself under f. The
ramifiedness means that by, = (¢, d) o for some ¢,d € W. Also, under the functoriality of
the fundamental group f, sends a generator of an inertia group above oo to the square of a
generator of an inertia group above co. Since V2, = (¢,d) o (¢,d) o0 = (cd, dc), we find that
cd is conjugate to b,,. The same calculation as above thus shows that b, is conjugate to
(bso, 1) . We have therefore proved the proposition in all cases. O

The determination of G&°™ will be based solely on the recursion relations from Propo-
sition 1.7.14. The results in the respective cases are Theorems 1.8.2, 2.8.2, and 3.10.2. For
the description of G#*™ see Theorems 1.8.2, 2.8.4, 3.10.5, and Corollary 3.10.6.

Also note that by Proposition 1.6.2, the last line of Proposition 1.7.14 means that b,
is an odometer. This fact will be exploited in Sections 2.8 and 3.10.

1.8 Infinite case

This is the case where f has an infinite postcritical orbit. Thus G&°™ = (b, by, bs, .. .)),
where by Proposition 1.7.14 the generators satisfy:

(1.8.1) o .
b; is conjugate to (b;_1,1) under W for any ¢ > 1.

{ by is conjugate to o under W, and }
Theorem 1.8.2 In this case G&°™ = Gaith — 1}/

Proof. The same calculation as in Example 1.5.4 shows that for all n,7 > 1 we have

~1 ifn=1,

sen (b:) = { 1 ifn£i

Thus Proposition 1.5.6 (b) implies that G&°™ = /. Since G&°™ C G¥ith W, both
inclusions must be equalities. O]
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2 Periodic case

Throughout this section we fix an integer r > 1. Using the construction from Subsection
1.4 we define elements ay, ..., a, € W by the recursion relations

{ a = (ar,1) 0,

2.0.1
( ) a; = (a;_1,1) for2<i<r. }

We will study the subgroup G := ((ay,...,a,) C W and its images G,, C W, for all n.
The recursion relations are only one choice encoding the qualitative recursive behavior of
the generators described by the diagram

(2.0.2) a a9 a,
@®©—e—...—e

where the vertices are now marked by the generators and the superfluous generator corre-
sponding to the critical point oo is dropped: see Subsection 1.7. In Subsection 2.4 we will
show that many other choices yield the same group G up to conjugacy in W.

2.1 Basic properties

Proposition 2.1.1 Foralln >1 and all 1 < i < r we have

—1 ifn=imodr,

et (i) = { 1 ifn#imodr.

Proof. The definition of a; implies that sgn,(a;) = —1 and sgn,(a;) = 1 for all 2 < i < r;
hence the proposition holds for n = 1. For n > 1 the formulas (1.5.2) and (1.5.3) imply that
sgn, (a1) = sgn,_4(a,) and sgn, (a;) = sgn,_;(a;_1) for all 2 < i < r. Thus the proposition
for n — 1 implies the proposition for n, and so we are done by induction. O]

Proposition 2.1.2 For any n > 0 we have G,, = W, if and only if n < r.

Proof. Direct consequence of Propositions 1.5.6 (a) and 2.1.1. U

Proposition 2.1.3 The group G acts transitively on the level n of T for every n = 0.

Proof. Consider the element w := a; - --a, € G. Proposition 2.1.1 implies that sgn,,(w) =
—1 for all n > 1; hence w already acts transitively on every level by Proposition 1.6.2. [

Proposition 2.1.4 Fach generator a; has infinite order.
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Proof. If not, there exist 1 < ¢ < r and n > 0 with a?n = 1. Among all such pairs
(7,n) select one for which i + rn is minimal. If i > 1, the recursion relation implies that
(a?",,1) = a?" = 1 and hence a?", = 1, contradicting the minimality of i + rn. Thus we
must have ¢ = 1. Since a; # 1, we then have n > 1. We can therefore calculate

n—1 2n71

1=a¥ = (a%)zn_1 = ((ar, 1)o(ay, 1)cr)2 = ((ar,ar))

2n—1

and deduce that a2 = 1. Since r +r(n — 1) = rn < 1 4 rn, this again contradicts the
minimality of ¢ + rn. Thus we have a contradiction in all cases, as desired. U

_ ( zn—l 2n—1)

» T

Lemma 2.1.5 For any 1 <i <1 andn > 0 we have a;|7, = 1 if and only if n < i.
Proof. Direct consequence of the recursion relations (2.0.1). U

More precise statements about the generators are given in Lemma 2.2.5 (a) below.

2.2 Useful subgroups
First we consider the subgroup of index 2 which acts trivially on level 1:
(2.2.1) G' = GN(W x W).

Let pr; and pry: W x W — W denote the two projections. We have the following self-
similarity properties:

Proposition 2.2.2 (a) G C (G x G) x (o).
(b) G* C (G x G).
(c) pry(Gh) =pry(G') = G.

Proof. By the recursion relations (2.0.1), the generators of G lie in (G x G) x (o),
hence so does G, proving (a). Also, (a) directly implies (b). In particular G' contains the
elements a? = (a,,1) o (a,,1) o = (a,,a,) as well as a; = (a;_1,1) for all 2 < i < r. Thus
prl(Gl) contains the elements a, as well as a;_; for all 2 < < r, that is, all the generators
of G, proving that pr,(G') = G. Finally, conjugation by the element a; = (a,,1)0 € G
interchanges the two factors of W x W and normalizes G*; hence also pry(G') = G, and
we are done. 0

Next, for every 1 < i < r we consider the subgroup

(2.2.3) O . { closure of the subgroup of G generated }

by all G-conjugates of a; for all j # i.
By construction this is a normal subgroup of G, and G is the product H® - {{a;)).
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Lemma 2.2.4 (a) HY = H" x H"),
(b) For any i > 1 we have HY N (W x W) c (H"Y x HEUY - (a1, a;Y)).

Proof. By definition H® is the closure of the subgroup generated by the conjugates
za;jz7t for all 2 < j < r and z € G. In the case z = (z,y) € G these conjugates are

zajzil = (l’,y) (ajflv 1) (xv y)il = (xajflxilv 1)'

Here Proposition 2.2.2 (¢) shows that  runs through all of GG, so the closure of the subgroup
generated by the G'-conjugates only is H x 1. Conjugating this by a; = (a,, 1) ¢ yields
the subgroup 1 x H). Thus all G-conjugates together yield the subgroup H™ x H),
proving (a).

Now consider the case i > 1. Then H(~Y x HOY is a closed normal subgroup of
(G x G) % (o), and the group ({(a;_1)) x {a;_1))) % (o) surjects to the associated factor
group. Also, the subgroup {((a;_1,a; ")) is normal in ({(a;_1)) x {a;_1)) x (o) and the
factor group is abelian. Therefore K := (H~1) x HO=V). ((a;_1,a; ")) is a closed normal
subgroup of (G x G) x (o) with an abelian factor group.

For all 2 < j < r with j # i we have a;_; € HV and hence a; = (a;_1,1) € K.
Also, we have a, € H'™Y and hence af = ((a,,1) 0)* = (a,,a,) € K. Moreover, since the
factor group ((G x G) x (0))/K is abelian, the subgroup K := K - (ay) is again normal
in (G x G) x (¢). In particular Proposition 2.2.2 (a) implies that K is normalized by G.
As we have just seen that a; € K forall 1 < j < r with 7 # 4, from the definition of
H® we deduce that H® ¢ K. Since a; ¢ W x W, but a? € K, we can conclude that
HON (W xW)c Kn(W x W) =K, as desired. O

Lemma 2.2.5 Foranyn >0 and 1 <@ < r let HY) denote the image of H in W,,.

n+'r7iJ

(a) The element a;|p, of G, has order 2L+
(b) We have a semidirect product G, = HY x {a;|r,).

Proof. The assertions are trivially true for n = 0, so assume that n > 0 and that they
hold for n — 1 and all 1.

Since a; acts non-trivially on level 1, its restriction a;|r, has order > 1. From the in-
duction hypothesis we can deduce that (a1|z,)? = (a,|7,_,,a.|7,_,) has order ==t =
2L"7). Together this implies that a;|z, has order 2 - 271 = 21" proving (a) for
i = 1. Also, Lemma 2.2.4 (a) implies that HY = H(r_)1 x H")

n n—1»

which in particular shows

that a;|7, ¢ HLY. Since we have Hr(Ql N {ar|r,_,) = 1 by the induction hypothesis, we can
deduce that

HY O alr,) = HE O {(aln)?) = (B2 x H2) 0 (e, el ) = 1
Thus the product G, = H" - (ay|r,) is semidirect, proving (b) for i = 1.
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Now consider ¢ > 1. Then the induction hypothesis shows that a;|7, = (ai—1|7, ,, 1)
n+r—1i

has order 2l =52 = ol I as desired in (a). Moreover, Lemma 2.2.4 (b) implies
that HY N (W,_1 x 1) ¢ H) x 1, and since H') N (a;_1|1,_,) = 1 by the induction
hypothesis, it follows that HY) N (a;|,) = 1. Thus the product G, = HY . (a;|1,) is
semidirect, as desired in (b).

This proves the assertions for the given n and all 7, and so they follow in general by

induction. O

Proposition 2.2.6 For any 1 < i < r we have a semidirect product G = H" x (a;)),
where ((a;)) = Zs.

Proof. Take the limit over n in Lemma 2.2.5. 0
Theorem 2.2.7 The closure of the commutator subgroup of G is HY N ...N H™ and
the maximal profinite abelian factor group of G is

Ga = G/HYN...nHY) = G/HY x...x G/H" = 7

Proof. The isomorphisms in the middle and on the right hand side are direct consequences
of Proposition 2.2.6 and the fact that a; € H® whenever j # i. On the other hand, since
G is topologically generated by aq, ..., a,, its maximal abelian factor group is topologically
generated by the images of a1,...,a,. As their images form a basis of Zj, this is already
the maximal profinite abelian factor group of GG, as desired. O

In the following we abbreviate
(2.2.8) H:=H"

which by definition is the closure of the subgroup generated by all G-conjugates of a; for
all 1 < j <r. We let H,, denote its image in W, and G the image of G' in W,,.

Lemma 2.2.9 We have the semidirect product decompositions:

(a) G, = H, » (a,|1,) where a,|r, has order 2L+).

n+'r71J

(b) Gp = (H,_1 x H,_1) x {ai|7,) where a|r, has order 21+

(¢c) G = (Hp_y x Hy 1) % (a7, arlz,_,)) where a,|r, | has order 2"+

Proof. Part (a) is the special case i = r of Lemma 2.2.5, and (b) is the special case i = 1
of Lemma 2.2.5 combined with Lemma 2.2.4 (a). Part (c) follows from (b) and the fact
that a;|r, € G and has square (a,|7,_,,a,|7,_,) € GL. O

In the limit over n this implies the following more specific self-similarity properties of G

Proposition 2.2.10 We have the semidirect product decompositions:

(a) G =H x (a,).
(b) G = (H x H) x {ar).
(¢) G' = (H x H) > ((ar, a)).
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2.3 Size
Proposition 2.3.1 For alln > 0 we have

n—1

logy |G| = 2" —1=) 2ntmm.|m |,

m=0

Proof. For n > 0 Lemma 2.2.9 (a) and (b) imply that

logy |Gpoi1| = logy |Hyoi| + [2=2]  and

T

log, |G| = 2-logy |Hy—q] + |21

Together this yields the recursion formula

log, |G| = 2+ (logy |Groa| = [=2]) + |22 | = 2-logy [Ga| +1— [ =1

T s

Since log, |Go| = 1, a direct induction on n yields the desired formula. O

Theorem 2.3.2 The Hausdorff dimension of G exists and is 1 — ﬁ

Proof. Proposition 2.3.1 implies that

g Gl _ ) 2" i (m
1 T ;::02 7]

By (1.2.2) the Hausdorff dimension is its limit for n — oo, which comes out as

o0 r—1 oo
1 - Z 2717m . L%J — 1 o Z ZQ*l*(H’Tj) . LH%J

m=0 =0 j=0

r—1 00

— 1_22—1—i.2j.2—m’
=0 j=0
. 27" B B 1
as desired. O

2.4 Conjugacy of generators

The recursion relations (2.0.1) are only one choice among many describing the same qual-
itative recursive behavior of the generators, and besides their simplicity there is nothing
inherently better in them to set them apart from similar choices (for instance, compare [2,
§3]). In this subsection we show in a precise sense that up to conjugacy in W the group G
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is actually the same for all recursion relations that are conjugate to the given ones. We can
thus say that G really depends only on the combinatorics of the diagram (2.0.2), perhaps in
the same way as a symplectic group of matrices of a given size n depends up to conjugacy
only on n but not on the alternating form, even though the choice of an alternating form
cannot be avoided.

Proposition 2.4.1 For any elements by,...,b. € W the following are equivalent:
(a) b; is conjugate to a; under W for each i.
) { by is conjugate to (b.,1) o under W, and }
b; is conjugate to (b;_1,1) under W for all2 <i <r
Proof. Assume (a) and choose z; € W such that b; = x;a;7; ! for all 1 <i < 7. Then
by = mayr; = wi(a,, ) oay = 2y (2, b2, 1) 007t = 21 (2, 2,) 1 (b, 1) 0 (2, 20) 27

hence by is conjugate to (b, 1) o. Likewise, for all 2 < ¢ < r we have
) 1

by = ziar; ' = xi(ai, 1) a7 = ai(x;  bioawig, V) oyt = xy(1, 1) 7 (0o, 1) (w1, 1) 277

hence b; is conjugate to (b;_1, 1) 0. This proves the implication (a)=-(b).

Conversely assume (b). To deduce (a), by Lemma 1.3.1 it suffices to show that b;|r, is
conjugate to a;|r, in W, for all ¢ and n. This is trivial for n = 0, so assume that n > 0
and that it holds for n — 1 and all i. Choose z; € W with b;|r,_, = za;2; |7, for all 4.
Then by assumption b;|z, is conjugate to

((bﬁ 1) J) }Tn - (bT|Tn—17 1) o = (xrar |Tn 1) 1) o = ((xra”’xr 1’ J) }Tn
= ((@r2) (@ Do (zr,2) )|y = (@) ar (@, 20) )|,
and hence to aq|r,. Similarly, for all 2 < ¢ < r by assumption b;|r, is conjugate to

(bie, V7, = (bicalris 1) = (wiciaaz; |, 1) = (wiai3 ), 1),

= ((a:i,l, 1) (ai1,1) (w1, 1)*1) ‘Tn = ((372;1, 1) a; (z-1, 1)71) ‘Tn

and hence to a;|7,. Thus the desired assertion holds for n and all i; and so it follows for
all n > 0 by induction. This proves the implication (b)=-(a). O

Proposition 2.4.2 Consider any elements by, ..., b, € G such that b; is conjugate to a;
under W for every i. Then G = (by,...,b.).
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Proof. Let ®(G) denote the Frattini subgroup of G, that is, the intersection of all
maximal proper closed subgroups of GG. Since G is a pro-2 group, the quotient G/®(G) is
abelian of exponent 2. The description of the maximal abelian quotient of G from Theorem
2.2.7 therefore implies that G/®(G) is an elementary abelian 2-group for which the images
of ay,...,a, form a basis. Moreover, since sgn;(a;) = (—1)%7 (Kronecker delta) for all
1 <i,j <r, we find that (sgn;)7_; induces an isomorphism G/®(G) = {£1}".

Since each b; is conjugate to a; under W, we have sgn,(b;) = sgn,(a;) = (—1)% for
all 1 < 4,5 < r. Thus the images of by,...,b, generate {+1}" and hence G/®(G). By
the fundamental property of the Frattini subgroup this implies that (b1,...,b,) = G, as
desired. O

1)

Theorem 2.4.3 Consider any elements by, ..., b. € W such that b; is conjugate to a; un-
der W for eachi. Then there existw € W and 1, ..., x, € G such that b; = (wx;)a;(wz;) ™"
for each i, and we then have ((by,... b)) = wGw™!

Proof. The second assertion is a direct consequence of the first and Proposition 2.4.2.
The first follows by taking the limit over n from the following assertion for all n > 0: For
any elements by, ...,b. € W, such that b; is conjugate to a;|7, under W, for each i, there
exist w € W, and zy,...,7, € G, such that b; = (wx;)(a;|7,)(wz;)~" for each i. This
assertion is trivial for n = 0, so assume that n > 0 and that the assertion is universally
true for n — 1. Take elements by, ...,b. € W, such that b; is conjugate to a;|7, under W,
for each 1.

Since a; = (a,,1)o and a; = (a;_1,1) for all i > 1, the b; have the form by = (x,*) o
and b; = (x,1) or (1,%) for i > 1, where  stands for some elements of W,,_. Set

o b; ifi=1orb = (1),
L by tiby if i > 1 and b = (1,%),

i

which in either case is conjugate to a;|7, under W,. Suppose that the desired assertion
is true for b7,...,V, so that there exist w € W, and 2},...,2. € G, such that b =

(wah)(a;]7, ) (wal) =t for each i. Set

o if i =1orb = (1),
€Xr; =
2y (ailr,) 2l if i > 1and b; = (1, %),

which always lies in G,,. Then if i = 1 or b; = (x, 1), we have b; = U, = (wx;)(a;|7, ) (wz;) ™!

otherwise we have
bl' = blbibfl
= (wx’l)(alln)(wxi) - (waf) (ailr,) (wa)) ™" - (wah) (a| 7, ) (w))
= wffﬁ(aﬂTn)% (a |T,) - ; $'1(@1|Tn)$'1 fp !

= (wx;) (alen)(wa) L

-1
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Thus the desired assertion holds for by, ...,b, with xy,...,x, in place of z/,...,z/. On
replacing by, ..., b, by b}, ..., b we have thus reduced ourselves to the case that b; = (x,1)

for all 7 > 1.

For each i > 0 write b; = (¢;_1,1) with ¢;_1 € W, ;. The fact that b; is conjugate
to a;|7, = (ai—1|1,_,, 1) under W, implies that ¢;_; is conjugate to a;_1|r,_, under W,,_;.
Also, choose an element f € W, such that b, = f(ai|p,)f~!. If f acts non-trivially on
level 1, we can replace it by f(ai|r,) without changing the conjugate by = f(ay|z,)f .
Afterwards f has the form f = (d,e) for some elements d,e € W,,_;. We then have

by = flailp)f™ = (d,e) (a7, ,,1)o(d,e)™ = (d(ar|Tn,1)€_1,€d_1)U

Set ¢, == d(a,|r,_,)d* € W,_1. Then for every 1 < i < r the element ¢; is conjugate
to a;|r,_, under W, _;. By the induction hypothesis there therefore exist u € W, _; and
z; € G,y such that ¢; = (uz;)(a;|r,_,)(uz;)~! for each i. Put w := (ux,,ed ‘uz, )€ W,,.
Then

wihw = u 1de’l) (d(ar\Tn_l)e’l,ed’I) o (uxr,edfluxr)

U 1 ar|Tn e ’ledfluxr,x;lu’lde’ledflux,,)g

G
G
= (x; utd(ay |7, )d_lu:pr,l)a
( ;u 1cuxr,1)a

( ; U 1(u;1:r Va7, ) (uz,)” 1u:cr,1)a
= (ay|r,_,,1)o
aylr, .

Also, for each i > 1 we have

wthw = (x; u o, x, Yutde )(ci_l,l) (ux,n,edfluxr)
= (x; U 1cZ 1uxr,1)
= (z; v (uwisr) (@i |7, ) (uziy) " tuz,, 1)

= (27 w1 )(aialm, ) (2, i) 74 1),

Since x, 'z;_; € G,_1, by Proposition 2.2.2 (c) we can find y;_; € W,_; such that z; :=
(z;'w;_1,yi 1) lies in G,,. Then

wbw = (2, w1, yio1) (aia|r s 1) (2 2y, yin) 7!

= zi(ailn, )z

With z; := 1 we have thus shown that w™'bw = z;(as|7,)z; ' or equivalently that b; =
(wz;)(ailr, ) (wz;) 7! for all 1 <4 < r, where w € W, and z; € G,,. This proves the desired
assertion for n, and so we are done by induction. O]

Proposition 2.4.4 For any single 1 < i < r and any b; € G that is conjugate to a;
under W, there exists k € Z5 such that b; is conjugate to a¥ under G.
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Proof. By Lemma 1.3.1 it suffices to show that for any n > 0, any 1 < i < r, and any
b; € G, that is conjugate to a;|7, under W, there exists k € ZJ such that b; is conjugate
to af|y, under G,,. This is trivial for n = 0, so assume that n > 0 and that the statement
is universally true for n — 1 in place of n. Consider an element b; € GG, that is conjugate
to a;|7, under W, and choose an element w € W,, such that b; = w (a;|7,) w™'.

Suppose first that ¢ > 2. If w acts non-trivially on level 1, we replace b; by its G-
conjugate (ai|z,) b; (a1|r,)~* and w by (ai|z,) w, which does not change the desired asser-
tion. Afterwards w has the form w = (u,v) for some elements uw,v € W, _;. Then the
recursion relation yields

bi =w (ai‘Tn) wil = (uv U) (ai*I‘Tn—17 1) (uv U>71 = (u<ai*1|Tn—1>uil7 1)'

By assumption b; lies in G,,, so Proposition 2.2.2 shows that b;_; := u(a;_1|7,_,)u" lies
in G,,_1. Thus b;_; is an element of GG,,_; that is conjugate to a;_1|7,_, under W,,_1; hence by
the induction hypothesis there exist k € Z5 and z € G,,_; such that b;_; = x(a¥ ||, )o~!
By Proposition 2.2.2 (¢) we can choose an element y € G,,_; for which 2z := (z,y) lies in G,,.
Then

bi = (bi_h 1) = (x(a’f—1|Tn71)x_17 1) = (:L‘,y) (a'f‘—1|Tn717 1) (xay)_l =z (aﬂTn) 2_17

which proves that b; is conjugate to af|z, under G,,, as desired.

Now suppose that i = 1. If w acts non-trivially on level 1, we can replace it by w (aq]|7,)
without changing the conjugate by = w (a1|z,) w™!. Afterwards w has the form w = (u, v)
for some elements u,v € W,,_;. Then the recursion relation yields

1

b% =w (aﬂTn) W= (U, U) (a’r|Tn717 a7"|Tn71) (U, 'U)il = (u(ar|Tn71)u717 U(aT|Tn—1)'U71)'

By assumption b; and hence 2 lie in G,,, so Proposition 2.2.2 shows that b, := u(a,|r,_,)u™"
lies in G,,_1. Thus b, is an element of GG,,_; that is conjugate to a,|7,_, under W,,_1; hence
by the induction hypothesis there exist k € Z5 and x € G,,_; such that b, = z(a®|7,_, )z~ L.
By Proposition 2.2.2 (c) we can choose an element y € G,_; for which z := (z,y) lies
in G,,. Then b? = z (a,|r,_,,*)¥ 271, where * represents an element of W,_; that we do not
care about for the moment. Set ¢; := 271 b 2, so that ¢ = (a,|r,_,,*). Since b; and z
lie in G, so does ¢;. Moreover, Proposition 1.3.2 implies that b; is conjugate to b{Fl and
hence to ¢; under W,,. Thus ¢; is again conjugate to a;|p, under W,,. Since b; = 2kt
with z € G, the desired assertion for b; now reduces to that for ¢;. We can therefore
replace by by ¢y, after which we are reduced to the special case that b? = (a, |7, ,, *).
Now we begin again by choosing a (new) element w € W,, such that b; = w (a;|7,) w
If w acts non-trivially on level 1, we replace it by w (a7, ) without changing the conjugate
by = w (ay]r,) w™t. Afterwards w has the form w = (u, v) for some elements u,v € W,,_;.
Then the same calculation as before shows that (a,|7, ,,*) = 02 = (u(a,|r, ,)u", *); hence

-1
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u commutes with a,|r, _,. Therefore

b= w(alr,)w™" = (u0) (ar|Tn 1,1)0'(u,v)’1

(w(ar|r, v~ ou™") o
= ((ar|p,_ )uwv " ou™") o
(@l 1) o (0 uu) — (@il (ot u),
Since b lies in G, by assumption, this shows that (vu™' uv™') lies in G}. By Lemma
2.2.9 (c) this means that vu™' = h(a,|r, ,)™ for some h € H, ; and m € Z such that
(arl7,_,)~™ = (ar|7,_,)™. Therefore

alr,) (vu™t, uv ™)
a1 |Tn)( (ar|Tn Jm (arlr, - 1) "h)
el 151 (ar|z, )™, (ar|z,_)™) (1,R7)
|7,y )( )U(a |7, 1aar|Tn 1) (1,n)7"
Jh) (arlz, 1, 1) o (ar|z,)*™ (1,h)7

(1,

Jh) (alz,) (1 R)

Since (1, k) € G,, by Lemma 2.2.9 (b), this shows that b; is conjugate to a;"*"|z, under G,,,
therefly finishing the proof. 0

b1:
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2.5 Small cases

In the case r = 1 the element a, is the odometer from Subsection 1.6, and G' = {(a1)) = Z,.
In all other cases the group G has positive Hausdorff dimension and is very non-abelian.
The next smallest case r = 2 is the closure of the so-called ‘Basilica group’; see Grigorchuk-
Zuk [9]. For the case r = 3 corresponding to the ‘Douady rabbit’ some of the results of
the preceding subsection were obtained by Nekrashevych [17, §8].

The case r = 2 stands out among the others by the following rigidity property, which
is stronger than the semirigidity from Theorem 2.4.3. The analogous statement does not
hold for any r > 2.

Theorem 2.5.1 Assume that r = 2. Consider any element by € W which is conjugate
to ay under W, and any element by € W which is conjugate to ay under W. Then there
exists an element w € W such that by = wa,w™" and by = wasw™".

Proof. We will prove a similar statement in W,, by induction on n. Let Conjy, (as|z,)
denote the conjugacy class of a;|7, in W,.

Lemma 2.5.2 For every n > 1 we have

|Conjyy, (a1]7,) x Conjy, (az]z,)| = 2772
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Proof. Abbreviate v, ,, := logQICoann(aATn)’. Since log, [W,| = 2" — 1 by (1.2.1), we
have log,|Centy, (a;|7,)| = 2" — 1 — 7;,,. For n = 1 observe that W, is abelian; hence
71 = 0 for both ¢ = 1,2. For n > 1 note first that as|r, = (a1|n, ,,1) with a1z, ,
non-trivial; hence

(2.5.3) Centyy, (as|7,) = Centw,_,(a1|r,_,) X Wy_1.
Therefore

o 1 Yo = ]ogQ‘Centh <a2|Tn)‘
= 10g2‘centwn,l(a1|Tn71)} + 2n—1 —1
21171 _ 1 _ 71777,—1 + 2”*1 J— ]_’

and so va,, = Vi1 + 1.
Next the element a;|7, is contained in its own centralizer and acts non-trivially on
level 1; hence

‘Centwn(aﬂTn)‘ = 2- ‘Centwn_lan_l(@ﬂn)‘-

Also, an element w = (u,v) € W,,_1 x W,,_; commutes with a;|r, if and only if

(ai|n,)w = (aslr, ., Do (u,0) = ((aglz, v, u)o
I

w(ailr,) = (u,v)(a2lr,,,1)o = (u(aslr,_,),v)0,
that is, if and only if v = v and u commutes with as|z,_,. Thus
(254) Centwnflanfl(aﬂTn) = diag(Centhfl(aﬂTnfl)).

Therefore

2" —1—m, = logy|Centw,(ailr,)]
1+ 10g2 }Centh—l (a2‘Tn—1)‘
1+ 2n—1 -1 V2,n—1,
and so Y1, = Yon-1 + P
Finally, set 7, := 71.n + V2., Then 77 = 0, and the above formulas imply that v, =

Y1 + 277! for all n > 1. By induction on n it follows that 7, = 2" — 2 for all n > 1, as
desired. 0

Lemma 2.5.5 For everyn > 1 the centralizer of G,, in W,, has order 2.

Proof. Since W is abelian of order 2, the assertion holds for n = 1. For n > 1 observe
that since ay|7, and as|7, generate G,,, the equations (2.5.3) and (2.5.4) from the preceding
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proof imply that

Centw, (G) = Centy, (a1|1,) N Centyw, (as|7,)

(Centw,_, (a1]7,_,) x Wy—1) Ndiag(Centyw,_, (az|r,_,))
= diag(Centhﬂ(aﬂTnﬂ) N Centhfl(a2|Tn71))

= diag(Centyw,_,(Gy_1)).

Thus the order of the centralizer is independent of n and hence is always equal to 2. [

Now we let W, act on Conjy, (a1|r,) x Conjy, (az|r,) by joint conjugation. Lemma
2.5.5 means that the stabilizer of the pair (ai|r,,az2|7,) has order 2; hence its orbit has
length [W,|/2 = 2?"~2. From Lemma 2.5.2 it thus follows that this orbit fills out all of
Conjyy. (a1|r,) x Conjy. (as|r,); in other words the action of W), is transitive.

Finally, taking the inverse limit over n implies that the action of W on Conjy, (a;) X
Conjyy (az) is transitive, which is precisely Theorem 2.5.1, and we are done. O

2.6 Normalizer

In this subsection we determine the normalizer
(2.6.1) N := Normy (G).

Recall from Theorem 2.2.7 that K := HM n...N H" is the closure of the commutator
subgroup of G' and that we have a natural isomorphism G,, = G/K = Z}. Let m: G — Gy
denote the natural projection, so that the elements 7(a;) for 1 < i < r form a basis of G,
as a module over Zs,.

Lemma 2.6.2 For any w € N and any 1 < i < r there exists k; € Z5 such that
m(waw™t) = w(ak).

Proof. Since wa;w™" lies in G, by Proposition 2.4.4 there exists k; € Z; such that waw™?
is conjugate to a¥ under G. Thus m(waw™") = w(a), as desired. O
Lemma 2.6.3 For any tuple (k;) € (Z5)" there exists w € N such that m(wa;w™') =
m(ak) for each 1 <i <r.

Proof. By Proposition 1.3.2 the element afi is conjugate to a; under W for each <. Thus
by Theorem 2.4.3 there exist w € W and y,...,2, € G such that o = (wz;)a;(wx;) ™"
for each i and (%, ... a*) = wGw='. But {(da**,... a*) = (ai,...,a,) = G; hence w
lies in N. Also m(wa;w™") = n((wz;)a;(wz;) ") = m(a¥) for each 4, as desired. O

We can actually construct explicit elements with the property in Lemma 2.6.3, as
follows.
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Proposition 2.6.4 For any tuple (k;) € (Z3 )" write k; = 1+ 2¢; with {; € Zs. Define ele-
ments w; € W by the recursion relations w; = (w;_1, afl_iwi_l) for all integers i modulo r.
Then for all i and j modulo r we have wiajwi_l = afj’i. In particular the element w = w,

has the property in Lemma 2.6.35.

Proof. For all ¢ and j set y; ; := wiajw?aj—kj_i. Then for > 1 we have
Yig = (e @ ws 1)((1]» 1, 1) <wi*17af~17iwif1)7l<ajf1,1)716“
(wi—1a;_yw;_ 1‘1 1 1)
= (%—1,;—1,1),

and for 7 = 1 we have

yin = wiaw; ay(a) T
- (wz 1’a£1_iwi 1) (ara U(wz 15 rl sz—l)_lo'_l(ara1)_1(ar>(lr)_£1_i

S ) o 1) (a0 a0

- w;_ 1a’r

(wi
= (wz 1a,w; :
(

Yi— 1,7 )

These recursion relations for the y, ; satisfy the conditions of Proposition 1.4.1; hence
y;; = 1 for all 4, j. U

Now let M denote the kernel of the natural homomorphism N — Aut(Glp).

Lemma 2.6.5 M C (M x M) -G.

Proof. Take any element w € M. If w acts non-trivially on level 1 of T, we can replace
it by way, after which we have w = (u,v) for certain u,v € W. Then (u,v) normalizes
G!' = GN (W x W); hence u normalizes pr;(G') = G by Proposition 2.2.2 (c), in other
words we have u € N. We claim that v € M.

For this consider first any 1 < ¢ < r. Then, since w € M, the commutator

-1

[az‘ >w] = (ai—17 1)_1(u7 'U) (ai_la 1) (’LL, 'U)_l = (ai_—lluai—lu_la 1) = ([az‘_—lla u]? 1)

lies in K. By Theorem 2.2.7 it therefore lies in H) for all 1 < j < r. In particular it lies in

HWY = H" x H") by Lemma 2.2.4 (a); hence [a; '}, u] lies in H™. Also, for any 1 < j <7

the element ([a; ", u],1) lies in HY N (W x W) c (HU=Y x H(j ) ((aj-1,a;4)) by

Lemma 2.2.4 (b), where the product is semidirect by Proposition 2.2.6. This implies that

[a; !, u] lies in HU™Y. Together this shows that [a; ", u] liesin HV N ...NnH" = K.
Next, since w € M, the commutator

la;t,w] = o(ay, 1) (u,v) (ay,1)o (u,v)?
(1,0, (v,u) (1,0,) (w07
(vu™t, a tua,vt)
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also lies in K, and hence in HY) for all 1 < j < r. In particular it lies in H® = H® x )
by Lemma 2.2.4 (a); hence

(2.6.6) a; tua,v™" and vu! lie in H™,

and so their product a; 'ua,u™" = [a; !, u] lies in H™. Also, for any 1 < j < 7 the element

(vu™!, a; tua,vt) lies in HO) N (W x W) € (HU=Y x HU-D). (((aj_l,aj_fl)» by Lemma
2.2.4 (b). Thus there exists m € Zy such that

a; tua,o™t € HU7Y a2 and
,qul & H(]fl) - Qa . H(]fl)

Therefore their product a;'ua,u™! = [a !, u] lies in HU~Y. Together this shows that
[a' u] liesin HVN...NnH" = K.

We have thus shown that the commutator [a; !, u] lies in K for every 1 < i < r. This
means that u € M, as claimed.

Finally, the same arguments applied to the element

a;tway = o (a,, 1) u,v) (ar, 1) 0 = (1,a. 1) (v,u) (1,a,) = (v,a; 'ua,)

in place of w show that v € M. Thus w = (u,v) € M x M, and we are done. O

Lemma 2.6.7 M =(.

Proof. It suffices to prove that for any n > 0 and any element w € M the restriction
w|r, lies in Gy,. This is trivial for n = 0, so assume that n > 0 and that the assertion holds
universally for n — 1. We will then prove it for n and any w € M.

By Lemma 2.6.5 we can write w = (u,v)g with u,v € M and g € G. By the induction
hypothesis applied to v there exists an element y € G such that v|r,_, = y|r,_,. By
Proposition 2.2.2 (c) we can choose an element x € G such that z := (z,y) € G. Then
w = (uz™, vyt zg with (vy=!)|p,_, =1 and zg € G. To prove the desired assertion we
may replace w by w(zg)~'. Afterwards we have w = (u,v) with new elements u,v € M
such that v|p,_, = 1.

Now recall from (2.6.6) that vu~' lies in H). Since v|s,_, = 1, this implies that

w7, , and hence ul|p, , lies in Hr(Qr Thus w|r, = (u|r,_,,v|7,_,) = (ulr,_,,1) lies in

H'”, x 1 and hence, by Lemma 2.2.9 (b), in G,. This proves the desired assertion for n.
By induction it therefore follows for all n > 0. O

Theorem 2.6.8 The natural homomorphism N — Aut(G,p) induces an isomorphism
N/G —= (Z3)" C Aut(Zy) = Aut(Gap).

Proof. Lemma 2.6.7 shows that the homomorphism factors through an injection N/G —
Aut(G,p), and Lemmas 2.6.2 and 2.6.3 describe its image. O
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2.7 Odometers

In this subsection we study the set of odometers in G, in particular concerning conjugacy.
First we show that odometers are abundant in GG. By the proportion of a measurable subset
X C G we mean the ratio p(X)/u(G) for any Haar measure p on G.

Proposition 2.7.1 (a) For any W-conjugates b; of a; and any permutation p of {1,...,r}
the product b,y - - - by, s an odometer.

(b) The set of odometers in G is open and closed in G and has proportion 27".

Proof. Consider the continuous homomorphism v := (sgn;)i_,: G — {£1}". Proposition
2.1.1 implies that 1) is surjective and that ¢)~1((—1,...,—1)) is the set of elements z € G
satisfying sgn,(z) = —1 for all > 1. Thus by Proposition 1.6.2 it is the set of odometers
in G, and (b) follows. Proposition 2.1.1 also implies that this subset contains the element
by1 -+ by in (a), which is therefore an odometer. O

In particular the (somewhat arbitrarily chosen) element
(2.7.2) ag:=ap---a,
is an odometer in G. From (2.0.1) we deduce the recursion relation
(2.7.3) a;tagar = ag---ara; = (ay,1)---(a,_1,1) (ay, 1) 0 = (ag,1) 0.
Theorem 2.7.4 (a) All odometers in G are conjugate under N.
(b) Any two odometers in G with the same image in Gy, are conjugate under G.

Proof. Let [|G, G]] denote the closure of the commutator subgroup of G. Then Proposition
2.2.6 and Theorem 2.2.7 show that G is the disjoint union of the cosets [[G, G]] - at* - - - akr
for all (ki,...,k.) € Z. Moreover, by the same argument as in the proof of Proposition
2.7.1 the set of odometers in G is the union of those cosets with (ky,...,k.) € (Z5)". As N
permutes these cosets transitively by Theorem 2.6.8, assertion (a) reduces to assertion (b),
and assertion (b) reduces to the special case (ki,...,k.) = (1,...,1). In view of (2.7.2) we
must therefore prove that any element of the coset [[G, G]] - ag is conjugate to ag under G.
As a preparation we show:

Lemma 2.7.5 Any element ¢ € [[G,G]] - ag is conjugate under G to an element of the
form (d,1) o for some d € [|G,G]] - ap.

Proof. From (2.7.3) we deduce that

[G.G]] a0 = [|G,G]] - ay " agax = [[G, G] - (a0, 1) 0.
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Also, by Theorem 2.2.7 and Lemma 2.2.4 (a) we have [[G,G]] ¢ HY = H x H with
H = H™. Taken together we therefore find that ¢ = (hag, h’) ¢ for some h,h' € H. Then
(W', 1) lies in G, so that we can replace ¢ by its conjugate

(R, 1) e (W, 1) = (W hao, 1) 0.

Thus we may without loss of generality assume that ¢ € (W x 1) - (ag, 1) o. On the other
hand Lemma 2.2.4 (b) implies that H® N (W x 1) € HY x 1 for all 1 < i < r. Thus
from Theorem 2.2.7 we deduce that

[G.GINW x1)=HYn...nHYN(W x1)c (HYN...nHM) x 1 =[G, G]] x 1,
and so ¢ € ([[G,G]] x 1) - (ao, 1) 0, as desired. O

To prove Theorem 2.7.4, by Lemma 1.3.1 it suffices to show that for any n > 0 and any
element ¢ € [[G, G]] - ao, the restriction |z, is conjugate to ag|r, under G,. This is trivial
for n = 0, so assume that n > 0 and that the statement is universally true for n — 1 in
place of n.

Consider any element ¢ € [[G, G]]-ag. Since we may replace ¢ by an arbitrary conjugate
under G, by Lemma 2.7.5 we may assume that ¢ = (d, 1) o for some d € [[G,G]] - ap. By
the induction hypothesis there then exists an element z € G with (zagz™)|r,_, = d|1,_,.
Next observe that by the definitions (2.2.8) and (2.7.2) of H and ag we have Ha, = Hay.
Thus Proposition 2.2.10 (a) implies that G = H - {(a,)) = H - {ap)). Therefore x € Ha} for
some / € Zs, and after replacing by zag‘, which does not change the conjugate ragz ™",
we may without loss of generality assume that z € H. Then z := (z,7)a; ' is an element
of G, which by the recursion relation (2.7.3) satisfies

zagz = (r,x)a; agay (z,2)"t = (2,2) (ap, 1) o (x,2)"" = (zagz™*,1)0.
Thus
(za027 N, = ((ragz™ Y|z, 1) 0 = (g, ,,1)o = c|r,
proving the desired assertion for n. By induction it follows for all n > 0. U

Now we can extend Theorem 2.4.3 as follows:

Theorem 2.7.6 Consider any elements by,...,b, € W such that b; is conjugate to a;
under W for each i, and set by = by ---b,.. Then:

(a) There exist w € W and xg, ...,z € G such that b; = (wx;)a;(wz;)~" for each i.
(b) For any w as in (a) we have {(bo,...,b.) = {b1,...,b.)) = wGw™'.

(¢) The coset wG for w as in (a) is uniquely determined.
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Proof. By Theorem 2.4.3 we find w € W and x4, ..., x, € G such that b; = (wz;)a;(ww;) ™
for all 1 <i < 7. Then ¢ := w'hyw = (v1a127") - - - (w,a,271) is an element of G with the
same image in Gy, as ag = ag - - - a, and is therefore an odometer. So by Theorem 2.7.4
there exists 2o € G with ¢ = mpapzy ' and hence by = (wzg)ag(wzy)~t. This proves (a).
Again (b) follows from Proposition 2.4.2.

For (c) consider two elements w,w’ € W with the properties in (a). Then there exist
zg, zh € G with by = (wxg)ag(wze) ™ = (w'z})ag(w'zy) ™. The element (wzg) ! (w'zy) €
W then commutes with ag, and so by Proposition 1.6.4 (b) it lies in {(a¢)) and hence in G.
Therefore w'G = w'z)G = wreG = wG, proving (c). (Note that in (a) we can always
replace w, xg, . .., T, by wy,y ‘xg, ...,y 1z, for an arbitrary element y € G, so that (c) is
optimal.) O

We can also describe how the normalizer of any odometer in G sits inside N:

Proposition 2.7.7 Consider any odometer c € G and any ¢ € Z; .

(a) There exists an element w € N with wew™' = ¢*.

(b) Every element w € W with wew ™ = ¢t lies in N.
(¢c) For any such w, the image of the coset wG under the isomorphism N/G — (Z5)"

of Theorem 2.6.8 is ({,...,0).

Proof. Since ¢ is another odometer in G, part (a) follows from Theorem 2.7.4 (a). Next

consider two elements w, w’ € W with wew™" = w'cw'™" = ¢!/. Then w™'w’ € W commutes
with ¢. By Proposition 1.6.4 (b) it therefore lies in ((¢)) and hence in G. Thus wG = w'G.
Since w € N for some choice of w, it follows that w € N for every choice, proving (b).
Recall from the proof of Theorem 2.7.4 that the image of ¢ under the isomorphism
Gap = Z5 of Theorem 2.2.7 is an element of the form (ky,...,k,) € (Z5)". The image of
wew ™! = ¢ is then equal to (¢ky,. .., ¢k,); hence the image of w under the isomorphism of
Theorem 2.6.8 is (¢, ..., (). O]

2.8 Iterated monodromy groups

Now let G&e™ C Gth W be the geometric and arithmetic fundamental groups associ-
ated to a quadratic polynomial over k, as described in Subsection 1.7, and assume that we
are in the periodic case 1.7.2 (b). Then G&*°™ = ((by,...,b,)), where by Proposition 1.7.14
the generators satisfy the recursion relations

(2.8.1) { by is conjugate to (b,,1) o under W, and }

b; is conjugate to (b;_1,1) under W for all 2 < i < 7.

By combining Proposition 2.4.1 and Theorem 2.4.3 we deduce:
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Theorem 2.8.2 There exists w € W such that G&™ = wGw™! and b; is conjugate to
wa;w™t under G&°™ for every 1 <i < r.

For the following we change the identification of trees used in Subsection 1.7 by the
automorphism w, after which we have G#*°™ = (G, and b; is conjugate to a; under G for
every 1 < ¢ < r. Then G is contained in the normalizer N, and to describe it it
suffices to describe the factor group G¥ith /G C N/G. More precisely we will determine
the composite homomorphism

(2.8.3) p: Gal(k/k) - G™™ /G c N/G = (Z5)"
obtained from (1.7.7) and Theorem 2.6.8.

Theorem 2.8.4 (a) The homomorphism p is the cyclotomic character Gal(k/k) — 73
followed by the diagonal embedding Z5 — (Z3)".

(b) If k is finitely generated over its prime field, then G /G is a subgroup of finite
index of diag(Zy) C (Z3)".

Proof. For any 1 < i < rlet Iy, C De, C 7¥(PL \ S,x0) denote the inertia group,
respectively the decomposition group at a point above &;. Since §; is a k-rational point, we
have a commutative diagram with exact rows

1 Igi Dgi Gal k’//{? —1

| [ |

1 —— ' (Py N S, 20) — 7' (Ph N S, wg) — Gal(k/k) — 1

|

1 G Garith Garith/G 1.

Since the target of the homomorphism p is a pro-2 group, the restriction pl;, factors
through the maximal pro-2 quotient of I¢,. As the characteristic of £ is dlfferent from 2,
this quotient is the pro-2 tame inertia group above &; and hence isomorphic Zy. Moreover,
D, /Ie; = Gal(k/k) acts on it through the cyclotomic character. Thus Gal(k/k) acts on
the subgroup ((7(b;))) C G through the cyclotomic character. But since b; is conjugate
to a; under G, we have 7(b;) = m(a;), and by Theorem 2.2.7 these elements for all ¢ form
a basis of G, as a module over Z,. Thus Gal(k/k) acts on G, diagonally through the
cyclotomic character, proving (a).

(An alternative argument uses only the image of the inertia group at oo, a generator
of which is by, = (by---b,)~! by Subsection 1.7 and therefore an odometer. The homo-
morphism D, — N/G can then be determined directly using Proposition 2.7.7. Compare
Subsection 3.10.)

For (b) let F denote the prime field of k and consider the cyclotomic character Gal(F/F)
— Z5 . In the case F = Q this is surjective. Otherwise F =, for an odd prime p, and the
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cyclotomic character sends Frob, to p € Z5. Since p # =£1, it topologically generates an
open subgroup of ZJ. Thus in both cases the cyclotomic character has an open image. As
k is a finitely generated extension of I, the natural homomorphism Gal(k/k) — Gal(F/F)
also has an open image. Thus (b) follows from (a). O
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3 Strictly pre-periodic case

Throughout this section we fix integers r > s > 1. Using the construction from Subsection

1.4 we define elements ay, ..., a, € W by the recursion relations
aq = 0,
(301) aerl = (a37a7’)7

a; = (a;_1,1) fori#1,s+1.

We will study the subgroup G := ((ay,...,a,)) C W and its images G,, C W, for all n.
The recursion relations are only one choice encoding the qualitative recursive behavior of
the generators described by the diagram

(3.0.2) ay s Ggiq a,

@®—...— e ° °

~_

where the vertices are now marked by the generators and the superfluous generator corre-
sponding to the critical point oo is dropped: see Subsection 1.7. In Subsection 3.4 we will
show that many other choices yield the same group G up to conjugacy in W.

3.1 Basic properties

Proposition 3.1.1 Foralln >1 and all 1 < i < r we have

—1 ifn=1<s,
sgn,(a;)) = ¢ =1 ifn>i>sandn =imod (r —s),

1 otherwise.

Proof. The definition of a; implies that sgn,(a;) = —1 and sgn,(a;) = 1 for all 2 <7 < r;
hence the formula holds for n = 1. Assume that n > 1 and that the formula holds for n —1
in place of n. Then the formulas (1.5.2) and (1.5.3) imply the recursion relations

Sgnn<a1) = Sgnn<0) =1
Sgnn<as+1) = Sgnn71<as) ’ Sgnn71<a7")
sgn,(a1) = sgn,_q(a;_1) fori#1,s+ 1.

Using these one directly verifies by case distinction that the formula is correct for n. Thus
the proposition follows by induction on n. O]

Proposition 3.1.2 For any n > 0 we have G, = W, if and only if n < r.

Proof. Direct consequence of Propositions 1.5.6 (a) and 3.1.1. O
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Proposition 3.1.3 The group G acts transitively on the level n of T for every n = 0.

Proof. Consider the element w := a; - --a, € G. Proposition 3.1.1 implies that sgn,,(w) =
—1 for all n > 1; hence w already acts transitively on every level by Proposition 1.6.2. [

Proposition 3.1.4 Fach generator a; has order 2.

Proof. By Proposition 3.1.1 we have sgn,(a;) = —1 and hence a; # 1 for every 1 < i < r.
On the other hand the elements b; := a? satisfy the recursion relations

bl = CT2 = ]_,
bs+1 = (bmbr)a
bi = (bi_l,l) fOI"L.# ]_,$+]_.

By Proposition 1.4.1 we therefore have b; = 1 for all 7. Thus each a; has precise order 2. [

Lemma 3.1.5 For any 1 <i <1 andn > 0 we have a;|7, = 1 if and only if n < i.

Proof. Direct consequence of the recursion relations (3.0.1) and Proposition 3.1.1. [

Theorem 3.1.6 Let G, denote the mazimal profinite abelian factor group of G. Then
the homomorphism (sgn;)’_,|c induces an isomorphism G, — {+1}".

Proof. As the elements aq,...,a, topologically generate GG, their images topologically
generate the abelian group G, and since the generators have order 2, we find that G,y is a
finite elementary abelian 2-group generated by r elements. On the other hand the contin-
uous homomorphism (sgn,)’_,: G — {£1}" has an abelian group as target and therefore
factors through Gy,. Since sgn,(a;) = (—1)%7 (Kronecker delta) for all 1 <i,j <r by
Proposition 3.1.1, the generators aq, ..., a, map to a basis of {£1}". Together we deduce
that G, — {£1}" is an isomorphism. O

Remark 3.1.7 Any two distinct indices 1 < 4,5 < r yield distinct elements a; and
a; of order two; hence the subgroup generated by them is dihedral (including infinite
pro-dihedral) of order at least 4. Specifically, we have ((a;,a;)) = ((a;a;)) » (a;) with
ai(a;a;)a;t = (a;a;)~' = aja;. The order of this dihedral group is determined by the order
of its cyclic part:

Lemma 3.1.8 For any distinct 1 < 1,5 < r we have

((%4%‘—1)27 1) if i, # 1,
(aiaj)2 = (aj,l,aj,l) ZfZ =1 Cbndj 7£ s+ 1,
(aras, asa,) ifi=1andj=s+1.
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Proof. If bothi,j are # 1, s+ 1, we have (aza]) = ((a;-1,1) (a1, 1))2 = ((ai—1a;-1)1).
Ifi # 1,s+1but j =s+ 1, we have (a;a;)? ( a;_1,1 aj_l,a,n))2 = ((aj_1a;-1)* a?),

which is again equal to ((al_la]_l) ,1) because a? = 1. A snmlar calculation applies when
1=s+1and j # 1,s+ 1. This proves the first formula.

For j # 1,s+ 1 we calculate (a1a;)* = o (aj-1,1) o (aj_1,1) = (a;-1,a;-1), proving the
second formula. Finally (ajas41)* = 0 (as, a,) 0 (as, a,) = (a,as, asa,), proving the last. [

Proposition 3.1.9 For any 1 <i < j < r we have
4 ifj#i+s,
ord(a;a;) = ord(a;a;) = ¢ 8 ifj=1i+s andr # 2s,
oo ifj=1i+s andr =2s.

In particular we have

4 if r # 2s,

oo if r=2s.

ord(asa,) = ord(a,as) = {

Proof. The first formula in Lemma 3.1.8 shows that ord(a;a;) = ord(a;_ja;_;) if 7,5 > 1.
By induction on ¢ this implies that

(3.1.10) ord(a;a;) = ord(araj_;41) forall 1 <i<j<r.

For j # s+ 1 the second formula in Lemma 3.1.8 shows that ord(a,a;) = 2-ord(a;_;) = 4.
This together with (3.1.10) implies the desired formula in the case j # i + s.

The third formula in Lemma 3.1.8 shows that ord(ajasy1) = 2-ord(asa,). If r # 2s, by
the case already proved this implies that ord(ajasy1) = 2 -4 = 8. With (3.1.10) we thus
obtain the desired formula in the case j =i+ s and r # 2s. On the other hand, if r = 2s,
using (3.1.10) we find that ord(ajas41) = 2-ord(asa,) = 2-ord(aa,—s4+1) = 2-ord(aias11).
Thus ord(ajas+1) = oo in this case, and with (3.1.10) we deduce the desired formula in the
last case. 0

3.2 Useful subgroups

First we consider the subgroup of index 2 which acts trivially on level 1:
(3.2.1) G' = Gn(W x W).

Let pry and pry: W x W — W denote the two projections. We have the following self-
similarity properties:
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Proposition 3.2.2 (a) G C (G x G) x (o).
(b) G' C (G x Q).
(c) pri(G') = pry(G') = G.
Proof. Essentially the same as that of Proposition 2.2.2. 0

Next we consider the following normal subgroup of G:

(3.2.3) o { closure of the subgroup of G generated }

by all G-conjugates of a; for all i # s, 7.
Proposition 3.2.4 We have:

(a) G=H - (asa)).

(b) G=(H x H) (o, (as,a,)).

(c) Gt = (H x H) (a5, ar), (ar, as))-

Proof. Assertion (a) is a direct consequence of the definition of H.

For (b) let H" denote the closure of the subgroup of G generated by all G-conjugates of a;
for all i # 1, s+1. Then by the same token we have G = H'- (a1, as:1) = H'- (o, (a5, a,))).
On the other hand, the generators of H' are precisely the G-conjugates of a; = (a;_1,1) for
all 2 < i <r with i # s+ 1, or in other words the G-conjugates of (a;,1) for all 1 < j <r
with j # s,7. Proposition 3.2.2 implies that the conjugates of these elements under G*
alone form the set of all (z,1) where  runs through all G-conjugates of a; for all j # s, 7.
These elements topologically generate the subgroup H x 1 C G. Its conjugate by o is
1 x H; hence together we find that H' = H x H. This proves (b).

Finally, since o(as,a,)0™! = (a,,as), the intersection of (o, (as,a,)) with W x W is
{((as, a.), (a, as))); hence (b) implies (c). O

Next we consider the following closed normal subgroup of G:
(3.2.5) K = H- (asa,).

As the index of ((asa,)) in (as, a,)) is 2, Proposition 3.2.4 (a) implies that the index of K
in G is at most 2. On the other hand, Proposition 3.1.1 shows that the signs sgn, and sgn,
are trivial on all generators of H, and the product sgn,sgn, is also trivial on asa,. Thus K
is contained in the subgroup Ker(sgn, sgn, |¢) of index 2 of G. Together this shows that

(3.2.6) K = Ker(sgn, sgn, |¢) and has index 2 in G.

Lemma 3.2.7 The set {zy™' | (z,y) € G'} is equal to K.
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Proof. Using Remark 3.1.7 we can write Proposition 3.2.4 (c) in the form
G = (H x H) - {(asa,, a,05))) - ((as, a,)).
Thus an arbitrary element of G! has the form
(z,y) = (b, 1) (asar, aras)Mas, a.)* = (h(asa,)a, b (a,as) al)
for arbitrary h,h' € H and \ € Zy and p € {0,1}. Then
vy~ = h(asa,) a"a(aya) W = hasa,)Masa,)"(asa,) W' = h(aga, ) H L

Here 2\ + p runs through all of Z,, and since H is normal in G and h,h’ are arbitrary
elements of H, the set of elements obtained is precisely H - (asa,) = K, as desired. [

Lemma 3.2.8 For any u € W we have (u,u™') € G if and only if u € K.

Proof. If the element lies in G, it must already lie in G*. But by Proposition 3.2.4 (c)
we have

G'=(H x H)-((as,a,), (ar, a5))) = (H x H) - ((asa,, a,a))) - {(as, a,)).
Thus (u,u™!') lies in G* if and only if there exist A € Zy and p € {0, 1} such that

(w,u™) € (H x H) - (asa,,ara,)* - (as, a,)"

u € H(asa, ) a* and
<~ 1 A\
u~t € H(ayas)*at
= u € H(asa,)*a" 0 a*(aya,)  H.
Since sgn, is trivial on H and a,, but not on as, the last condition requires that A\+p = —A\

modulo 2, in other words that u = 0. Since already (asa,)* = (a,a,)~", the condition is
therefore equivalent to u € H (asar))‘ for some \ € Z,, and thus to u € K, as desired. [

Next we consider the following closed normal subgroup of G:

(3.2.9) I { closure of the subgroup of G generated }

by all G-conjugates of a; = o.

Lemma 3.2.10 Let [[K, K]] denote the closure of the commutator subgroup of K. Let
anti: W — W x W denote the ‘antidiagonal’ map w — (w,w™') (which is not a homo-
morphism!). Then

L= (([[K, K] x [[K, K])) -anti(K)) ().
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Proof. The definition of L means equivalently that L is the closure of the subgroup
generated by ¢ and the commutators [g,0] for all ¢ € G. Since G = G' x (o), these
commutators are the same as those for all g € G'. For (z,y) € G' we have

(z,9) o (z,y) 'o™" = (zy~ ', ya™") = anti(zy ™),

hence by Lemma 3.2.7 the set of these commutators is precisely anti(K). For any u,v € K
we calculate

1

anti(u) anti(v) anti(u o) = (u,u) (v,0™ ) (o vu) = (wou o 1),

Thus the closure of the subgroup generated by anti(K) contains [[K, K]] x 1. Using this
and its conjugate under o we deduce that [[K, K]] x [[K, K]] C L. Now the composite map

anti: K < K x K — K/[[K, K]] x K/[[K, K]]

is a homomorphism, because the target group is abelian. Thus ([[K, K] x[[K, K]])-anti(K)
is already a subgroup, and since K is closed and hence compact, it is also already closed.
Thus this product is the closure of the subgroup generated by anti(K’). Recombining this
with ¢ we deduce the desired formula in the lemma. OJ

Lemma 3.2.11 (a) For any i,j # s,r we have (a;a;)* € [[K, K]].
(b) For anyi,j# 1,5+ 1 we have (a;a;)* € L.

Proof. In (a) the assumption 4, j # s, implies that a; and a; lie in H and hence in K.
They also have order 2, so that (a;a;)? = [a;, ;] € [[K, K]], as desired.

In (b) the assumption 7, j # 1, s+ 1 shows that i—1,7—1 # s, 7 and hence (a;_1a;_1)* €
[[K,K]] by (a). Thus (a;a;)* = ((a;-1a;-1)* 1) € [[K,K]] x 1 C L by Lemma 3.2.10,
proving (b). O

Proposition 3.2.12 Ifs > 2 and r > 4, then (asa,)* € H.

Proof. If s >2and r > s+ 1, Lemma 3.2.11 (b) directly shows that (asa,)* € L. But as
s > 1, the definitions of L and H imply that L C H, whence the proposition in this case.

If r = s+1, we first note that (asa,)* = ((as_1as)?,1) by Lemma 3.1.8. The assumption
r > 4 now implies that s > 3 and therefore s — 1,s # 1,s + 1. Thus (a,_1as)*> € L by
Lemma 3.2.11 (b). The fact that s > 3 also implies that all G-conjugates of as = (ay,1)
are among the generators of H. Using Proposition 3.2.2 we find that the G'-conjugates of
(ay, 1) are precisely the elements (z, 1) for all G-conjugates = of a; = o. Thus by definition
of L implies that Lx1 C H. Together this shows that (asa,)* = ((as_1as)%, 1) € Lx1 C H,
as desired. OJ

We will also need some results on finite levels. As before, for any subgroup X C W we
let X,, denote its image in W,.
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Lemma 3.2.13 For any n > r we have
(a) Hy, C Ker(sgn,|q,) N Ker(sgn, |¢,).
(b) HnN(aslr,, arlr,) € ((asar)|z,).

(¢) [(aslg, arlr,) : {(@a)?,)] = 4.

Proof. For n > r both sgn, and sgn, factor through W, and are trivial on all generators
of H; hence they are trivial on H,,. This proves (a). On the other hand sgn,(as|r,) =
sgn,.(a.|1,) = —1 and sgn,(a.|r,) = sgn,(as|r,) = 1. Since {(aq|r,,a.|7,) is a dihedral
group, this and the assertion (a) implies (b) and (c). O

Proposition 3.2.14 If s = 2 and r = 3, then (asa,)?|r, € H,, whereas (asa,)?|r, € H,
foralln>r+1=4.

Proof. Since s = 2 and r = 3, Lemma 3.1.8 implies that (asa,)? = (aza3)? = ((a1as)? 1) =
((ay,a1),1) = ((0,0),1). By the definitions of H and L the assumptions s = 2 and r = 3
also imply that H = L. Thus Lemma 3.2.10 shows that

Hn N (anl X Wn71> - ([anlu anl] X [anlu anl]) : anti<Kn71)
where [K,,_1, K,_1] denotes the commutator subgroup of K,,_;. This in turn implies that
Hn N (Wn,1 X 1) = [anhanl] x 1.

Therefore (asa,)?|r, € H, if and only if (0,0) € [K,_1, K,_1].

Suppose first that n = 3. Then n — 1 = 2, and ag|y, = 1. Thus K,,_; = K, contains
the elements a1|r, = o and (agas3)|r, = (a1,1)|n, = (0,1); in particular we have Ky = Ws.
It follows that (0,0) = [0, (0,1)] € [Ks, K3, and so (asa,)?|r, € Hs, as desired.

Suppose next that n = 4. Then [W3 : K3] = 2 and a straightforward finite calculation,
left to the gracious reader, shows that [K3, K3] is the subgroup of order 8 generated by

((0,0),1) and (1,(o,0)) and ((o,1)0,(0,1)0).
It follows that (0,0) & [K3, K3], and so (asa,)?|r, € H,.

Finally, since K4 is the image of K, in Wy for any n > 4, this also implies that
(asa,)?|r, € H, for any n > 4, as desired. O

Lemma 3.2.15 If s > 2, then:

(a) H, = Ker(sgn, |w,) N Ker(sgn, |w,) and has index 4 in W,.
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(b) H,.xH, is a normal subgroup of W11 = (W, xW,)x (o), and there is an isomorphism
Wi /(H, x H,) == (W,/H, x W,/H,) x (o) == Matay({£1}) (0},

A sgn,(u) sn,(v) ) . A
(UHT‘7UHT) g (sgnr(u) sgnT(U)) g

where o acts on a 2 X 2-matrix by interchanging the columns.

(¢c) The image of G,1/(H, x H,) under this isomorphism is the subgroup
11 1 -1
(1) (L)) = (o,
(d) The normalizer of this last subgroup in Mataxo({£1}) x (o) is

(1) ) G ) o)
In particular, the index of G,11 in its normalizer in W44 is 2.

Proof. By Propositions 3.2.12 and 3.2.14 we have (asa,)?|r, € H, whenever s > 2. Thus
the inclusion in Lemma 3.2.13 (b) is an equality. On the other hand, by Propositions 3.1.2
and 3.2.4 (a) we have G, = W, = H, - (as|7., a,|r.). Combining this with the remaining
information in Lemma 3.2.13 implies (a).

From (a) we readily obtain the isomorphism in (b). Next Proposition 3.2.4 implies that
Gry1 = Gly % (o) with G}, = (H, x H,) - ((as|r,, ar|1,), (ar|1,, as|7,.)), which directly
implies (c). The last part (d) is an easy direct calculation that is left to the reader. O

Proposition 3.2.16 If s =1, then (asa,)?|r, & H, for alln >r.

Proof. Ifr =2, then H = 1 by definition and the assertion holds trivially. So assume that
s = 3. Then by definition H is the closure of the subgroup generated by all G-conjugates
of a; = (a;_1,1) for all i # 1,s 4+ 1,7 and of asy 1 = (as,a,). In other words it is the
closure of the subgroup generated by all G-conjugates of (a;, 1) for all j # s,7 — 1,r and
of (as,a,) = (ay,a,). Thus if H' denotes the closure of the subgroup generated by all
G-conjugates of a; for all ¢ £ r — 1, from Proposition 3.2.2 we deduce that H C H' x H'.
This in turn implies that H, C H)_, x H]_;.

Now (asa,)* = (a1a,)* = (a,_1,a,_1) by Lemma 3.1.8, because r > 2 = s + 1. Thus
(asa;)?|, = (ar_1|1,_,>ar—1|1,_,), and so to prove the proposition it suffices to show that
a"”*l‘Tn—l ¢ H;Lfl'

For this recall from Proposition 3.1.1 that sgn,_,(a,—1) = —1, while sgn,_;(a;) =1 for
all i # r—1. Thus sgn,_, is trivial on all the generators of H’ and hence on H'. Moreover,
the assumption n > r implies that n —1 > r —1; hence sgn, _; factors through W,,_;. Thus
the resulting function W,,_; — {£1} is identically 1 on H] ; but not on a,_1|r,_,; hence
ar_1|r,_, & H.,_,, as desired. O
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Proposition 3.2.17 For any n > 0 we have

1 ifn<r,
1 if s=1,

H, N {as|r,,a:|r,) = 1 if s=2andr =3 andn >4,
{(asa,)?|7,) ifs=2andr =3 and n =3,
((asa,)?|7,) ifs=2andr >4 andn >r.

Proof. If n < s then a4y, = a,|r, = 1 and the assertion holds trivially. If s <n <7r
then a,|r, = 1, and so the question concerns H,, N {(as|7,). But then sgn, factors through
W, and is trivial on all generators of H; hence sgn, is trivial on H,,. On the other hand
sgn,(as|r,) = —1, and a,|r, is an element of order 2; hence the intersection is trivial, as
desired.

For the rest of the proof assume that n > r. Then by Lemma 3.2.13 (b) we have
H, 0 {ad|r,, arlr,) C {(asa,)?|z,).

If s > 2 and r > 4, then Proposition 3.2.12 implies that this inclusion is an equality, as
desired. If s =2 and r = 3 and n = r = 3, the same follows from Proposition 3.2.14.

Ifs=2andr =3andn > r+1 =4, then (asa,)?|r, ¢ H, by Proposition 3.2.14. Since
(asa,)* = 1 by Proposition 3.1.9 in this case, it follows that the intersection is trivial, as
desired.

Finally, if s = 1, then (asa,)?|r, € H, by Proposition 3.2.16. If in addition r > 3, then
(asa,)* = 1 by Proposition 3.1.9; hence the intersection is trivial, as desired. If r = 2, then
already H = 1 by construction and hence H,, = 1 and the intersection is again trivial.
This finishes the proof in all cases. O

3.3 Size

Lemma 3.3.1 For anyn > r > 3 we have

if s =1,

ifs=2andr =3 andn > 4,
4 ifs=2andr =3 andn =3,
4 ifs>2 andr > 4.

co ©o

G, : H,| =

Proof. In all cases, Proposition 3.2.4 (a) implies that G,, = H,, - {(as|r,, ar|1,) and hence

[Gn : Hn] = |:<a’5|Tn7a7"|Tn> cH, N <a3|Tn7aT|Tn>]'

If s = 1, the assumption 7 > 3 and Lemma 3.1.8 show that (a.a,)?|7, = (a,_1|7,_,, ar—1lT,_,),
where a,_1|7,_, has order 2 by Lemma 3.1.5. Thus (as|r,, a.|7;,) has order 8 in this case,
and the desired assertion follows from the case s = 1 of Proposition 3.2.17.

If s =2 and r = 3, then Lemma 3.1.8 implies that (asa,)?|r, = ((a1a2)?|7,_,,1) and
that (ajas)?|7,_, = (ai|7,_,,a1|7,_,). Since n > 3, the element a;|7, _, = o|r,_, has order 2;
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hence so does (asa,)?|r,. Thus (as|r,,a.|r,) has order 8 in this case. Again the desired
assertions follows from the corresponding cases of Proposition 3.2.17.

Finally, from Lemma 3.2.13 (c) we already know that [{(as|r,,a,|r,) : ((asa,)?|r,)] =4
in all cases. Thus the last case is a direct consequence of the corresponding case in Propo-
sition 3.2.17. O]

Lemma 3.3.2 For any n > r we have
Gpi1: Hy x Hy] = 2-[G, : Hy).

Proof. By Proposition 3.2.4 (¢) we have G}, = (H, x H,,) - ((as|r,, ar|1,), (ar|T,, aslz,))-

Here ((as|r,, a,|1, ), (a:|1,, as|r,)) is a dihedral group which maps isomorphically to the di-
hedral group (as|r, , a.|7,) under both projections. From Lemma 3.2.13 (b) we already know

that H,N{as|z,, a,|r,) is contained in ((asa,)?|r,). Since moreover ((as|r, . ar|z,) (ar|r, as|Tn))2 =
((asar)?|z,,. (aras)?|r,), where the second entry is the inverse of the first, we deduce that

(H, x H,) N {(as|z,,ar|T,), (ar|1,, as|z,)) maps isomorphically to H, N (as|z,, a,|r,) under

both projections. Thus

[Gi-i-l : Hy, X Hn] = [<(a8|Tnv ar|Tn)v (ar|Tn> a5|Tn)> : (HnXHn) N <(a5|Tn7 a7"|Tn)7 (a7"|Tn7 a5|Tn)>j|
= |:<a’3|Tn7 ar|r,) + Ho 0 ((as|T,, aT‘Tn>]
=[G, : H,].

Finally, since n+ 1 > 0 we have [G,,41 : G;,,1] = 2, and the proposition follows. O

Proposition 3.3.3 For alln > 0 we have

;

2" —1 ifn<r

n+1 ifs=1andr =2 andn > 2,
log, |G| =1 2" =3-2""4+2 ifs=1andr >3 andn>r,

2 —5.2"4 42 fs=2andr =3 andn > 4,

2n —n b 41 ifs>2andr >4 andn >,

\

Proof. The first case n > r results from Proposition 3.1.2 and the formula (1.2.1).

In the case s = 1 and r = 2 we have G,, = (a|r, , a.|7,) and will calculate directly. Here
ajay = o (ay,ay) is non-trivial on level 1 and hence on T,, for every n > 1. This and the
fact that (a1as)® = (asai, ajay) implies that ord(ajas|z,) = 2 - ord(ajas|z, ) for all n > 1.
By induction on n we deduce that ord(ajas|r,) = 2" for allm > 0. For alln > r = 2 it
follows that G, & Dyn and hence |G, | = 2", as desired.

In the other cases, for all n > r Lemma 3.3.2 implies that

|Gri1| = 2-[Gn: Hy - |Hp? = |Gul*-2-[Gn: Hy]
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From this and Lemma 3.3.1 we deduce that

if s=1,

if s=2andr=3andn >4,
ifs=2andr=3andn=3,
if s >2andr>4.

logy |Gry1| = 2-log, |G| —

=N N

We use this recursion relation to deduce the remaining formulas by induction on n.

In the case s = 1 and r > 3 observe first that 2" —3-2""" +2 = 2" — 1 for n = r; hence
log, |G| = 2" —3-2""+2 for n = r. If the same formula holds for some n > r, the above
recursion relation implies that log, |G| = 2+ (2" —3-2"7" +2) —2 = 2" — 3. 9717 4 9.
hence the same formula holds for n + 1 in place of n. The formula therefore holds for all
n > r, as desired.

In the case s = 2 and r = 3 we already know that log, |G| = 23 — 1 = 7. Thus the
recursion relation implies that log, |G4| = 2-7 — 1 = 13. This coincides with the value
of 2" —5.2"4 42 for n = 4. If log, |G| = 2" — 5 -2"~% + 2 for some n > r, the above
recursion relation implies that log, |G, 1] = 2- (2" —5-2""4+2) —2 = 2l —5.9n+1=4 4 9.
hence the same formula holds for n + 1 in place of n. The formula therefore holds for all
n > 4, as desired.

Finally, in the case s > 2 and r > 4 we already have log, |G, | =2"—1 =2"—-2""T1 41
in the case n = r. If log, |G, | = 2" —2"""*14+1 for some n > r, the above recursion relation
implies that log, |Gpi1| =2+ (2" — 277"+ 4 1) — 1 = 27+t — 27—+l 4 1: hence the same
formula holds for n + 1 in place of n. The formula therefore holds for all n > r, as desired.
This finishes the proof in all cases. O

Theorem 3.3.4 The Hausdorff dimension of G exists and is

0 ifs=1andr =2,
1—-3-27" ifs=1andr > 3,
1-5-27% ifs=2andr =3,
12" fs>2andr > 4.

Proof. By (1.2.2) the Hausdorff dimension of G is the limit of logfl‘(’;” for n — oo. Thus

the given formulas follow directly from Proposition 3.3.3. U

3.4 Conjugacy of generators

The same remarks as in Subsection 2.4 apply here to the recursion relations (3.0.1). Essen-
tially the same proof as for Proposition 2.4.1 yields:

Proposition 3.4.1 For any elements by, ..., b. € W the following are equivalent:

(a) b; is conjugate to a; under W for each i.
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by is conjugate to o under W,
(b) < bsyq is conjugate to (bs,b.) under W, and
b; is conjugate to (b;_1,1) under W for all i # 1,s+ 1.

Likewise the same proof as for Proposition 2.4.2 yields:

Proposition 3.4.2 Consider any elements by, ..., b, € G such that b; is conjugate to a;
under W for every i. Then G = ((by,...,b)).

Theorem 3.4.3 Consider any elements by, ..., b. € W such that b; is conjugate to a; un-
der W for eachi. Then there existw € W and xy, ..., x, € G such that b; = (wx;)a;(wz;) ™!
for each i, and we then have (b, ... b)) = wGw™'.

Proof. The second assertion is a direct consequence of the first and Proposition 3.4.2.
The first follows by taking the limit over n from the following assertion for all n > 0: For
any elements by, ...,b. € W, such that b; is conjugate to a;|7, under W, for each i, there
exist w € W, and x1,...,7, € G, such that b; = (wz;)(a;|z,)(wx;)~! for each i. This is
trivial for n = 0, so assume that n > 0 and that the assertion is universally true for n — 1.
Take elements by, ...,b. € W, such that b; is conjugate to a;|r, under W, for each i.

Since by is conjugate to ai|r, = o|r,, after conjugating everything by a single element
of W,, we may assume that b; = o|r,.

For each i # 1,5+ 1 the element b; is conjugate to a;|r, = (a;—1|7,_,,1) under W,.
Thus it is conjugate to (a;—1|r, ,,1) or (1,a;—1|r, ,) under the subgroup W, 1 x W, _;.
In the second case we can replace b; by its conjugate bbby ', which, as in the proof of
Theorem 2.4.3, does not change the assertion to be proved. Thus without loss of generality
we may assume that b; is conjugate to (a;_1|7,_,, 1) under W,,_; x W,,_;. This means that
b; = (¢;_1, 1) for some ¢;_1 € W,,_; which is conjugate to a;_1|r,_, under W,_;.

Likewise the element byyq is conjugate to asy1|n, = (as|r,_,,ar|r,_,) under W,. By
the same argument as above, after possibly replacing b,,; by its conjugate bibyy by " we
may without loss of generality assume that b,y; is conjugate to (as|r, ,,a.|7,_,) under
W,,—1 x Wy,_1. This means that bs,1 = (cs,¢.), where ¢s € W, is conjugate to as|r,_,
under W,,_1, and ¢, € W,,_; is conjugate to a,|r, , under W,,_;.

Thus for every 1 < ¢ < r we have found an element ¢; € W,,_; which is conjugate
to a;|r, , under W,_;. By the induction hypothesis there therefore exist u € W, _; and
T1,..., 7, € G,y such that ¢; = (uz;)(a;|7,_, ) (ux;) " for every i.

Now observe that the definition (3.2.5) of K implies that G = K - (a,). Using this and
Lemma 3.2.7, we can write the element z;'x, € G, in the form z 'z, = xy~'(a%|r,_,)
for some (x,y) € G} and v € {0,1}. Set v := uz,xz € W,_4, so that ur, = ve~! and
ux, = urszy H(a%|r, ) = vy t(a%|r,_,). Then

bst1 = ( (ul‘s)(a,8|Tn71)(ul‘s)_1 ) (uxr)(ar|Tn71)(uxr)_1 )
= ((va™)(aslr, ) (0x™ ")~ (vy™ Narlz, ) vy ™) 7).
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Thus with w := (v,v) € W,, and 2,4, := (x71,y~ 1) € GL C G,, we find that

bsrr = (Wrei1) (aslz, @l ) (Wesin) T = (W2si1) (41| To) (W2er1) ™

Also, the element w = (v,v) commutes with o|r, ; hence with z; := 1 € G,, we have

by = olr, = (wz) (a1|T},) (wz)

1 1

Furthermore, for any ¢ # 1,s + 1 we have ux; 1 = ve 'z z; ; with x 'o] 'z, € G, ;.
By Proposition 3.2.2 we can therefore find an element y;, 1 € G,_; such that z; :=
(x7 Yo7tz 1, y;1) lies in G,,. Then

b = ( (uwia)(@ia|r, ) (uwia) ™" ; 1 )
(™o wimn) (@], ) (e e i)™ (vyaea) (0gi-1) )
= (wz) (ai-1|m, 1, 1) ()~

(

= (wz) (a;|p,) (wz) ™t

Altogether we have thus found an element w € W, and elements z; € G, such that
bi = (wz;)(a;|r, ) (wz;) ™t for all 1 <4 < r. This proves the desired assertion for n, and so
we are done by induction. ([l

Proposition 3.4.4 Consider any 1 < i < r. Assume that i < s or s = 1. Then any
element b; € G that is conjugate to a; under W is conjugate to a; under G.

The author does not know whether the proposition holds without the extra assumptions
on ¢ and s.

Proof. First we consider the case i = 1. An arbitrary W-conjugate of a; = o has the
form by = (u,v) o (u,v)™' = (v~ vu™t) o for u,v € W. Thus it lies in G if and only if
(uwv™t vut) lies in G. By Lemmas 3.2.8 and Lemma 3.2.7 this is equivalent to uv ™! = zy~!
for some (z,y) € G'. But then b; is equal to (zy~',yz™!) = (z,y) o (z,y)"' and hence
conjugate to o under G, as desired.

Next we consider the case 2 < ¢ < s. By induction on ¢ we may assume that the
proposition holds for i — 1 in place of 7. Take any element w € W such that b; := wa;w ™"
lies in G. If w acts non-trivially on level 1, we replace b; by its G-conjugate a;b;a;' and
w by ajw, which does not change the desired assertion. Afterwards we have w = (u,v) for
some elements u,v € W. Then the recursion relation yields

b; = wa;w = (u,v) (a;-1,1) (u, v)’l = (uai,lu’l, 1).

Since b; lies in G, Proposition 3.2.2 (b) implies that b;_; := ua;_ju~! lies in G. By the
induction hypothesis we therefore have b;_; = xa;_;x~! for some element x € G. By
Proposition 3.2.2 (c¢) we can choose an element y € G for which z := (x,y) lies in G. Then

bi - (bi—lv ]') - ("L‘ai—lx_la 1) - ("L‘ay) (a'i—la ]-) (:an)_l - Za'iz_la

52



which proves that b; is conjugate to a; under G, as desired.

The remaining cases require an infinite recursion, which we realize as an induction over
finite levels of the tree T'. By Lemma 1.3.1 it suffices to show that for any n > 0 and any
s+ 1 < i< r,any element b; € GG, that is conjugate to a;|7;, under W, is conjugate to
a;|7, under G,. This is trivial for n = 0, so assume that n > 0 and that the statement is
universally true for n — 1 in place of n. Consider an element b; € G,, that is conjugate to
a;|7, under W, and choose an element w € W,, such that b; = w (a;|7,) w™'.

If © > s+ 1, the same argument as in the induction step above reduces the statement
for ¢ and n to that for i — 1 and n — 1, as in the proof of Proposition 2.4.4. So it remains
to deal with the case ¢ = s 4+ 1. This is where the extra assumption on s is used.

First, if w acts non-trivially on level 1, we replace w by (aq|r,) w and bsyq by its G-
conjugate (ai|r,) bsy1 (ai]z,)t, which does not change the desired assertion. Afterwards
we have w = (u,v) for some elements u,v € W,,_;. Next the recursion relation yields

b8+1 =w (a5+1|Tn) w_l = (ua U) (a5|Tn717 a7"|Tn71) (uv U)_l = (u(a5|Tn71)u_1, U(ar|Tnf1)v_1)'

Since by lies in G,,, Proposition 3.2.2 (b) shows that v(a,|r,_,)v™! lies in G,_;. By the
induction hypothesis we therefore have v(a,|r,_,)v™' = y(a,|z,_,)y~" for some y € G,_;.
By Proposition 3.2.2 (c¢) we can choose an element = € G,_; for which z := (z,y) lies
in G,,. After replacing b,y by its G,-conjugate 2 'b,,1z and w by 2 'w, and hence u by
271w, which does not change the desired assertion, we may therefore assume that

bs-‘,—l - (u(a5|Tn71)u_1va'7’|Tn—1)'

Next, since by, lies in G,,, Proposition 3.2.2 (b) shows that u(as|r,_,)u™! lies in G, _.
By the induction hypothesis we can therefore find a new element x € G,_; such that
u(as|r, )u™' = x(ay|r,_,)z~'. By Proposition 3.2.4 we can write this in the form x =
h((asa,)*a)|r,_, for some h € H,,_; and A\ € Z and p € {0,1}. Then

bsy1 = (h((asar))\agasa;%asar)i)\)|Tn—1h717ar‘Tn—1)

= (h((asaT)QAasﬂTn—lhilvaT‘Tn—l)

€ (Hn—l X 1) : (((asar)m”Tnfn 1) : (a87a7")|Tn-
The fact that by lies in G, thus implies that (((asa,)*)|n,_,,1) lies in G,,, and hence
in G1. Now, and only now, we use the assumption s = 1. By it and Proposition 3.2.17, we
then have H,_1 N {(as|z, ,,a.|r,_,) = 1. By Proposition 3.2.4 (c) this implies that

Giz = (anl X Hn*1> X <(a3|Tn—l7a7"Tn—1>7 (aT‘Tn—17as‘Tn—1>>'

The fact that (((asa,)*)|r,_,,1) lies in G, is therefore equivalent to ((asa,)*")|r, , = 1.
By the above calculation this means that

b8+1 = (h(a8|Tnf1)h_1> a7"|Tn71) = (hv 1) (a5|Tn717 a7"|Tn71) (hv 1)_1 = (hv 1) (a5+1|Tn) (h> 1)_1'

Since (h, 1) € H,_1 x 1 lies in G,, by Proposition 3.2.4 (b), this proves that b, is conjugate
to asy1|7, under G, as desired. Thus finishes the induction step and thus proves the
required statement for all n > 0. O
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3.5 Small cases

In the smallest possible case
(3.5.1) s=1 and r=2

we have G = ((ay, as)), where both generators have order two. Thus G = {(a1az)) % {(a1) is
infinite dihedral by Proposition 3.1.9. Moreover ajas is an odometer by Proposition 3.9.1
below. Thus by Proposition 1.6.4 the normalizer of ((ajas)) in W is isomorphic to Zg x Z5 .
Since G is contained in it, we deduce that this is also the normalizer of G. This provides
all the information that we will need in this case.

The case s = 1 and r = 2 is also the only one among the strictly pre-periodic cases
where the strong rigidity in the sense of Theorem 2.5.1 holds. In fact, the rigidity is easy
to verify directly in this case using the structure of G as a dihedral group.

The next smallest case s = 1 and r = 3 is the closure of the Grigorchuk group, first
introduced by Grigorchuk [7]. Grigorchuk [8, §§12-15] and Grigorchuk-Sidki [10] obtain
results for the Grigorchuk group similar to the ones we obtain for its closure, for instance
a description of the normalizer. Also, the results of Nekrashevych [17] imply some of the
results of the preceding subsection in this case.

3.6 Normalizer, subcase (a)

Next we will determine the normalizer
(3.6.1) N := Normy (G).
Throughout this subsection we assume:
(3.6.2) s>2 and r > 4.

Lemma 3.6.3 In this case we have:

(a) HN (as, a.)) = {(asa,)?)
(b) G/H ‘s of order 4 and generated by the images of as and a,.

(¢) H = Ker(sgn, |¢) N Ker(sgn, |¢).

Proof. Part (a) follows from Proposition 3.2.12 and Lemma 3.2.13, and it implies (b).
For (c) observe that the proof of Lemma 3.2.13, without restriction to T,,, shows that H
is contained in the subgroup Ker(sgn, |¢) N Ker(sgn, |¢) of index 4 of G. Since H already
has index 4 in the present case, it is therefore equal to that subgroup. O

Lemma 3.6.4 The group N normalizes H and acts trivially on G/H .
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Proof. Direct consequence of Lemma 3.6.3 (c) and the fact that sgn, and sgn, are defined
on all of W. U

As before, let diag: W — W x W, w — (w,w) denote the diagonal embedding.
Lemma 3.6.5 We have N = G - diag(N).

Proof. Consider any element w € W and write it in the form o* (u,v) with A\ € {0, 1}
and u,v € W. Since 0 € G, we have w € N if and only if (u,v) € N. If that is so, then
(u,v) normalizes G* = G N (W x W); so by Proposition 3.2.2 both u and v normalize
pr,(G') = pry(G') = G. Thus a necessary condition is that u,v € N.

Conversely assume that u,v € N. Then (u,v) already normalizes H x H by Lemma
3.6.4. Tt also acts trivially on (G'x G)/(H x H), and so the conjugate (u, v) (as, a,) (u,v) ™!
lies in (H x H) - (as, a,). From Proposition 3.2.4 (b) it thus follows that (u,v) normalizes
G if and only if the conjugate (u,v) o (u,v)~! lies in G. Since o € G, this is so if and only
if the commutator (u,v)o (u,v) o™ = (v vu™!) lies in G. By Lemma 3.2.8 this is
equivalent to uv™! € K, and hence by Lemma 3.2.7 to the existence of (z,y) € G* such
that uv~! = zy~!. But that last equality is equivalent to

w = o*(u,w) = ot (zy o) = oM (z,y) (y o,y ),
or equivalently to w € zdiag(N) for z := o (z,y) € G. O

Now we recursively define elements

{w1 = (as,a,),

3.6.6
( ) Wit = (wg,w;) for all i > 1. }

Since a, € G C N, by induction Lemma 3.6.5 implies that w; € N for all 7« > 1. Also, since
as has order two, by induction the same follows for all w;. Moreover, by induction we find
that the restriction w;|r, is trivial for all i > n; hence the sequence wy, wy, ... converges to
1 within N. Thus the following map is well-defined:

(3.6.7) p: [IFa — N, (ki ko, .. ) = wiwg? - -
i=1

By construction it is continuous, but not a homomorphism. Note that it satisfies the basic
formula

(3.6.8) o(ky, ko, ..) = wh - diag(p(ka, ks, ...)).

Lemma 3.6.9 The map ¢ induces a homomorphism ¢: [[;=, Fa — N/G.
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Proof. It suffices to show that for all 1 < ¢ < j the images of w; and w; in N/G commute
with each other, or in other words that the commutator [w;,w;] lies in G. We will prove
this by induction on .

If © = 1, we have [wy,w;] = diag([as, w;_1]). By Lemma 3.6.4 the element w;_; nor-
malizes H and acts trivially on G/H; hence [ay, w;_4] lies in H. Therefore [wy, w;] lies in
H x H C (G, as desired.

For i > 1 we have [w;, w;] = diag([w;—1,w;_1]), and by the induction hypothesis we
already know that [w;_1,w;_1] € G. On the other hand, as a commutator in W, the
element [w;_1,w;_1] lies in the kernel of both sgn, and sgn,. By Lemma 3.6.3 (c) it
therefore lies in H, and so [w;, w;| lies in H x H C G, as desired. O

Lemma 3.6.10 The homomorphism ¢ s injective.

Proof. Let (ky,ks,...) be an element of the kernel of ¢. Then w := @(ky, ko, ...) lies
in GG. We first prove that k; = 0.

Suppose to the contrary that ky = 1. Then the definition of ¢ implies that w =
wy - diag(u) for some element u € diag(N). Thus w = (asu, asu) actually lies in G'. By
Proposition 3.2.4 (¢) and Lemma 3.6.3 there therefore exist A, u € {0, 1} such that

(asu,asu) € (H x H) - (as, ar))‘ (a, ag)”
> asu € Hala" N Ha)a",

By the structure of G/H the last condition requires that A = p and is therefore equivalent
to

au € Hala).
Now the fact that v = (v,v) for some v € W implies that sgn,(u) = sgn,(u) = 1. Since
sgn, is also trivial on H and on a,., but not on as, the condition implies that A = 1. On the
other hand, since sgn, is also trivial on H and on a,, but not on a,, the condition implies
that A = 0. We have thus reached a contradiction and thereby proved that &y = 0.

Since k; = 0, the formula (3.6.8) shows that w = diag(w’) for w’ := ¢(ks, ks, ...). Thus
w = (w',w) actually lies in G', and so w’ lies in G by Proposition 3.2.2 (¢). This means
that (ko, ks, ...) also lies in the kernel of .

For every element (ki, ks, ...) of the kernel of @ we have thus proved that k; = 0 and
that (ko, ks, ...) again lies in the kernel of ¢. By an induction on i we can deduce from
this that for every 7 > 1 and every element (kq, ks, ...) of the kernel of ¢ we have k; = 0.
This means that the kernel of ¢ is trivial, and so the homomorphism ¢ is injective, as
desired. OJ

Lemma 3.6.11 The homomorphism ¢ is surjective.

Proof. We first claim that G -diag(G) = G- (w;). To see this, recall that G = H - {(as, a,))
with H <G of index 4. This implies that

(H x H) -diag(G) = (H x H) - {((as,as), (ar, ar)))
= (H x H) - ((asa,, asa,))) - (w1).
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Since (asa,)? € H in the present case, we have asa, € Ha,a, and hence
(H x H) - diag(G) = (H x H) - {(asar, ara,)) - ().
As (asa,, aras) = (as, a.) (ar, as) € G, it follows that
G -diag(G) = G- ((asar,aras))) - (wy) = G- (wy),

as claimed.

For the surjectivity we must prove that N = G - cp(Hfing). For this it suffices to
show that N,, = G,, - @(Hfil IFQ) |7, for all n > 0. This is trivial for n = 0, so assume that
n > 0 and that the equality holds for n — 1. Using, in turn, Lemma 3.6.5, the induction
hypothesis, the above claim, and the formula (3.6.8) we deduce that

N, = G, -diag(N,_1)
= G, -diag(Goor - o(I13%, Fo)lr,._,)
= Gy (wrlr,) - diag(o(T132, F2)r,._,)
= G, (wi]7,) '90({0} o F2)‘Tn
= Gy SO(H?; F2) 7,05

so the equality holds for n. Thus it follows for all n > 0 by induction, and we are done. [

Combining Lemmas 3.6.9 through 3.6.11 now implies:

Theorem 3.6.12 In the case (3.6.2) the map ¢ induces an isomorphism

i=1
3.7 Normalizer, subcase (b)
Throughout this subsection we assume:

(3.7.1) s=1 and r > 3.

Lemma 3.7.2 In this case we have:
(a) {as,a,) is a finite dihedral group of order 8 with center ((asa,)?).
(b) G=H x {as,a,).
(¢) G=(H x H) x (o, (as,a,)).

(d) H" := H % {(asa,)?) = Ker(sgn, |¢) N Ker(sgn, |¢).
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Proof. Part (a) follows from Proposition 3.1.9, part (b) from Proposition 3.2.17, and part
(c) from Proposition 3.2.4 (b). Part (d) follows by the same arguments as in the proof of
Lemma 3.6.3. O

Lemma 3.7.3 The group N normalizes H and induces only inner automorphisms on
G/H.

Proof. Recall from (3.2.3) that H is the closure of the subgroup of G generated by all
G-conjugates of a; for all © # s, r. By Proposition 3.4.4 these G-conjugates are precisely the
W-conjugates of a; which lie in G. The set of these is therefore preserved under conjugation
by N; hence H is normalized by N, as desired.

Next, the same argument as in the proof of Lemmas 3.6.3 (c¢) and 3.6.4 shows that
N normalizes H™ and acts trivially on G/H™. This means that the action of N on the
dihedral group G/H = D, is trivial modulo the center of D,. But every automorphism of
D, which is trivial modulo its center is inner. OJ

Let M denote the subgroup of all elements of N which induce the identity on G/H.

Lemma 3.7.4 We have diag(M) C N.

Proof. Consider any element v € M. Then diag(u) = (u,u) normalizes H X H by Lemma
3.7.3, and it evidently centralizes 0. Moreover, since u acts trivially on G/H, the conjugate
(u,u) (as, a,) (u,u) ™t = (uasu™t, ua,u") lies in Hay, x Ha, = (H x H) - (as,a,) and hence
in G. By Lemma 3.7.2 (c¢) the element (u,u) therefore conjugates G into itself and thus

lies in N, as desired. ]

Lemma 3.7.5 We have NN (1 xW)=1x HT.

Proof. We take any element v € W and ask under which conditions (1, v) normalizes G.

First the conjugate (1,v)o (1,v)™! = o (v,v™!) must lie in G. This is equivalent to
(v,v7!) € G, and hence by Lemma 3.2.8 to v € K. By the definition (3.2.5) of K this
means that v € H - (asa,)* for some \ € Zy. Granting this, we in particular have v € G
hence (1,v) normalizes H x H. We also have

va,o”t € H-(asa.)ar(asa,) = H-a.(asa,)"*
and hence

(1,v) (as, ay) (1,0)' = (as,va,v™) € (1 x H)-(as,a,) - (1, (asar)_Q)‘).

By Lemma 3.7.2 (c¢) the last condition is that this conjugate lies in G, which therefore
means that (1, (asa,)"?*) lies in G. By Lemma 3.7.2 this is equivalent to (asa,) ™ =1
and hence to 2\ = 0mod 4. Thus A must be even, and so (1,v) normalizes G if and only
if ve H-{(asa,)*) = HT, as desired. O
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Lemma 3.7.6 We have N = G - (1, (asa,)?)) - diag(M).

Proof. By Lemma 3.7.4 we have diag(M) C N, and by Lemma 3.7.5 we in particular
have ((1, (asa,)?)) C N. Together this implies the inclusion “D2”.

To prove the inclusion “C” consider an arbitrary element w € N. Write it in the form
w = o (u,v) for some A € {0,1} and u,v € W. Then (u,v) normalizes G and hence
G' =GN (W x W), and so Proposition 3.2.2 shows that u normalizes pr,(G') = G. Thus
u lies in V.

By Lemma 3.7.3 the element u therefore induces an inner automorphism on the dihedral
group G/H. Choose u,v € {0, 1} such that a”a’ induces the same inner automorphism
on G/H. Then (as,a, )" (a,,as)” lies in G, and so we can write w = o> (as, a,)" (a,, a,)” w'
for another element w’ = (u/,v") € N, where now u induces the trivial automorphism on
G/H. By the definition of M this means that v" € M.

By Lemma 3.7.4 we therefore have (u’,v') € N, and so w’ = w" (v, v’) for some element
w” € NN (1 x W). By Lemma 3.7.5 this means that w” € 1 x H" = 1 x (H - {(asa,)?)).
Altogether we therefore have

w e

’ (1 X (H ' <(asa7")2>)) ’ dlag(M)
(1, (asa,)?)) - diag(M)

as desired. 0

Lemma 3.7.7 We have diag(H") C H*.
Proof. Since (asa,)?* = (a,as)?*, we have

diag(HT) = diag(H . <(a5ar)2)) = diag(H) - {((asa,)?, (a,as)?))
= diag(H) - (((as, a,) (ar,0a5))?) C G.

On the other hand, both sgn, and sgn, are trivial on all elements of the form (u,u). Thus
Lemma 3.7.2 (d) implies that diag(H*) C H", as desired. O

Lemma 3.7.8 We have ((1, (asa,)?)) C M.

Proof. From Lemma 3.7.6 we already know that (1, (asa,)?) normalizes G. By Lemma
3.7.3 it therefore normalizes H, and it remains to show that conjugation by it induces the
identity on G//H. For this it suffices to show that the commutators [(1, (asa,)?), as] and
(1, (asa,)?),a,] lie in H. Since r > 3 > 2 = s+ 1 and therefore a, = (a,_1, 1), the second
commutator is trivial. Since ay = a; = o, the first commutator is

((a1a,) 7% (ma)?) = ((aa)? (@a)?) = ((ar a1) (a1,0,))" = (0ayo " ay)™.
As ay and o ayo! lie in H by the definition of H, it follows that this commutator lies
in H, as desired. 0
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Lemma 3.7.9 We have diag(M) C M.

Proof. Consider any element v € M. From Lemma 3.7.4 we already know that (u,u)
normalizes G. By Lemma 3.7.3 it therefore normalizes H, and it remains to show that con-
jugation by it induces the identity on G/H. For this we must show that the commutators
[(u,u),as] and [(u,u),a,] lie in H.

Since s = 1, we have a, = a1 = o, and the first commutator is trivial. Since r > s+ 1,
the second commutator is equal to [(u,u), (a,—1,1)] = ([u, a,_1],1). From Lemma 3.7.3 we
know that (u,w) induces an inner automorphism on G/H. Thus the commutator already
lies in H - {(asa,)?). As (asa,)* = (0 (a,-1,1))*> = (ay_1,a,_1), which is of order 2, we
therefore have

(3.7.10) ([w,ar_1],1) € H - (a,_1,a,_,)"  for some A € {0,1}.

Now recall that H is the closure of the subgroup generated by all G-conjugates of a; for all
i # s,r, in other words for all 2 < i < r—1. Here a; = (a;_1,1) for i > 2 and ay = (ay, a,).
Thus all generators have the form (x,y) € W x W with sgn,_,(z) = sgn,_,(y) = 1, and so
all elements of H have the same property. Since the element ([u, a,_1],1) does so, too, the
relation (3.7.10) implies that (a,_1,a,_1)* does as well, and hence that A\ = 0. Thus the
commutator lies in H, as desired. O]

Now we recursively define elements

{ wy = (1, (asa,)?),

3.7.11
( ) Wil = (wl,wl) for all 4 2 1. }

Since w; € M by Lemma 3.7.8, by induction Lemma 3.7.9 implies that w; € M foralli > 1.
Also, since (asa,)? has order two, so does wy, and by induction the same follows for all w;.
Moreover, by induction we find that the restriction w;|z, is trivial for all i > n; hence the
sequence wi, Ws, . .. converges to 1 within N. Thus the following map is well-defined:

(3_7_12) p: H Fy — M, (kl,kg, .. ) — wlflw§2 .

i=1

By construction it is continuous, but not a homomorphism. Note that it satisfies the basic
formula

(3.7.13) o(ky, ko, ..) = wh - diag(p(ka, ks, ...)).
Lemma 3.7.14 The map ¢ induces a homomorphism @: [[2,Fs — N/G.

Proof. It suffices to show that for all 1 < ¢ < j the images of w; and w; in N/G commute
with each other; in other words that the commutator [w;,w;] lies in G. We will prove this
by induction on ¢. If ¢ = 1, we have

[wi,w] = [(1, (asar)?), (w1, wi-1)] = (1, [(asar)?, w-1]).
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Since (asa,)? € G and w;_; € M, the commutator [(asa,)?, w;_;] lies in H, and so [wy, w;]
liesin 1 x H C G, as desired. For ¢ > 1 we have [w;, w;] = diag([w;—1,w;_1]), and by the
induction hypothesis we already know that [w;_1,w,;_1] € G. But being a commutator, it
also lies in the kernel of both sgn, and sgn,; hence we have [w;_1,w;_1] € H" by Lemma
3.7.2 (d). Thus Lemma 3.7.7 implies that [w;, w;] € HT C G, as desired. O

Lemma 3.7.15 The homomorphism ¢ s injective.

Proof. Let (ki,ks,...) be an element of the kernel of ¢. Then w := @(ky, ko, ...) lies
in GG. We first prove that k; = 0.

Suppose to the contrary that ky = 1. Then the definition of ¢ implies that w =
w; - diag(u) for some element v € M. Thus w = (u, (asa,)?u) actually lies in G'. By
Proposition 3.2.4 (c¢) and Lemma 3.7.2 there therefore exist A € Z and p € {0, 1} such that

(u, (asa,)’u) € (H x H) - (asay, aras) - (ag, a,)*

u € H(asa,)*a# and
<~
(asa,)’u € H(aqa,)*a"
= u € H(asa,)*a" 0 (asa,) 2 H(aqa,) ak.

In particular v € G and therefore u € GN M = HY = H x ((asa,)?). Therefore u = 0
and \ is even, and H(asa,)* = (asa,) 2H(a,a,)*. But this contradicts the fact that
(asa,)* = (aqas)® ¢ H. We have thus reached a contradiction and thereby proved that
ki = 0.

Since k; = 0, the formula (3.7.13) shows that w = diag(w’) for w’ := p(ke, k3,...) € M.
Thus w = (w',w') € G actually lies in G', and so w’ lies in G by Proposition 3.2.2 (c).
This means that (k, ks, ...) also lies in the kernel of ¢.

For every element (kq,ko,...) of the kernel of ¢ we have thus proved that k; = 0 and
that (ko, ks, ...) again lies in the kernel of ¢. By an induction on ¢ we can deduce from
this that for every 7 > 1 and every element (kq, ks, ...) of the kernel of ¢ we have k; = 0.
This means that the kernel of ¢ is trivial, and so the homomorphism ¢ is injective, as
desired. O

Lemma 3.7.16 The homomorphism ¢ s surjective.

Proof. We must prove that N = G - go(H?il Fg). For this it suffices to show the equality
N, =G, - @(H;’il Fg) |7, for all n > 0, which we will achieve by induction on n. If n < r,
Proposition 3.1.2 implies that G, = N,,, from which the equality follows. Thus we may
assume that n > r and that N, = G, - cp(Hfil IFQ) 7,

Since gp(Hioil IFQ) C M by construction, the induction hypothesis implies that M, ; =
(G N M) - go(H?il Fg) |7,_,. We claim that G,,_; N M,,_; = H,” , and consequently

n

(3.7.17) My =H; - @(1:[1 IE‘2)|Tnfl-
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To show the claim observe that under the given assumptions on s, r, n, Proposition 3.2.16
implies that G,y = H,_1 X (as|7,_,,ar|7,_,) and that restriction to 7,,_; induces an
isomorphism (a,,a,) — {(as|r,_,,a|7,_,). Thus the restriction induces an isomorphism
G/H = G,_1/H, . It follows that M is the subgroup of all elements of N which induce
the identity on G,,_1/H,_1. Consequently G,_; N M,_; is the subgroup of all elements
of G,_1 which induce the identity on G, _1/H,_1, which by the same semidirect product
decomposition is H | = H, 1 x ((asa,)?|r,_,). Thus G,y N M, = H |, as claimed.

Now we can perform the induction step. Using, in turn, Lemma 3.7.6, the equality
(3.7.17), Lemma 3.7.7, and the formula (3.7.13) we deduce that

N, = G, {(w]|p,) - diag(M,,_1)

n e (wilr,) - diag(H,y - o (TTZ, Fo) |, )
(wilz,) - diag (o (T2, F2)) I,
(Hizl FZ) |Tna

so the desired equality holds for n, and we are done. O

Q2D
3

3

Combining Lemmas 3.7.14 through 3.7.16 now implies:

Theorem 3.7.18 In the case (3.7.1) the map ¢ induces an isomorphism

i=1

3.8 Normalizer, subcase (c)
Throughout this subsection we assume:

(3.8.1) s=2 and r=3.

Thus we have G = (a1, ag, a3)) with a; = o and ay = (a1, 1) and a3 = (a2, a3), and the def-
initions (3.2.3) and (3.2.9) of H and L imply that H = L. Surprisingly, the determination
of the normalizer requires more work in this case than in any of the other cases. Perhaps
it is a kind of mixture of the cases in the two preceding subsections.

Lemma 3.8.2 In this case we have:
(a) {as,a,) is a finite dihedral group of order 8 with center ((asa,)?).
(b) G=H x {as,a,).
(c) G = (H x H) » (0, (as, ).
(d) H* = H x {(a5a,)?) = Ker(sgn, |¢) N Ker(sgn, |a).

Proof. Same as that of Lemma 3.7.2. L]
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Lemma 3.8.3 The group N normalizes H and induces only inner automorphisms on

G/H.

Proof. By definition H is the closure of the subgroup of GG generated by all G-conjugates
of a;. By Proposition 3.4.4 these generators are precisely the W-conjugates of a; which
lie in G. The set of these is therefore preserved under conjugation by N, and hence H is
normalized by N. The rest of the proof proceeds as that of Lemma 3.7.3. O

Let M denote the subgroup of all elements of N which induce the identity on G/H.
The same proofs as those of Lemmas 3.7.4 through 3.7.7 yield the next four lemmas:

Lemma 3.8.4 We have diag(M) C N.
Lemma 3.8.5 We have NN (1 xW)=1x HT.
Lemma 3.8.6 We have N = G - {(1, (asa,)?)) - diag(M).

Lemma 3.8.7 We have diag(H") C H*.

At this point things begin to differ with respect to Subsection 3.7. First we recall the
relation between the subgroups H, C H; C G, which, as usual, denote the images of
HCH"CGinW,.

Lemma 3.8.8 For all n > 4 we have:
(a) G, = H, ¥ {as|r,,a|r,) with {(as|r,,ar|7,) = {as,a,) = G/H dihedral of order 8.
(b) Hf = H, x ((asa,)?|7,) with ((asa,)?|7,) = {(asa,)?) cyclic of order 2.
(¢) But (asa,)|r, € Hs.

Proof. Since (asa,)? has order 2, so does its restriction (asa,)?|r, for all n > 4 by
Proposition 3.2.14. Using this, Lemma 3.8.2 implies both (a) and (b). Assertion (c) is part
of Proposition 3.2.14. O

Lemma 3.8.9 We have {(1, (asa,)?)) C M.

Proof. From Lemma 3.8.6 we already know that (1, (asa,)?) normalizes G. By Lemma
3.8.3 it therefore normalizes H, and it remains to show that conjugation by it induces the
identity on G//H. For this it suffices to show that the commutators [(1, (asa,)?), as] and
(1, (asa,)?), a,] lie in H. Since a; = ay = (ay, 1) in this case, the first commutator is trivial.
Since a, = a3 = (as, a,), and (asa,)®> commutes with a, by Lemma 3.8.2 (a), the second
commutator is trivial as well, and we are done. (]

Lemma 3.8.10 For any w € M with u|lr, = 1 we have diag(u) € M.
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Proof. From Lemma 3.8.4 we already know that (u,u) normalizes G. By Lemma 3.8.3
it therefore normalizes H. On the other hand the assumption implies that (u,u)|r, = 1;
hence conjugation by it induces the identity on G4/ H4. Thus Lemma 3.8.8 (a) implies that
conjugation by (u,u) induces the identity on G/H; hence (u,u) € M, as desired. O

As in Subsection 3.7 we recursively define elements

wy = (1, (asa,)?),
(3.8.11) ' (1, (asar)%) ,
Wiy = (wy, wy;) for all 4 > 1.
Lemma 3.8.12 (a) For alli > 1 we have w; € M.

(b) For alli > 1 we have w;|r, € Gy.
Proof. First observe that (ajas)?|r, = 1 because it is a square. Therefore (asas)?|r, =
((ay,1)(az,a3))?|r, = ((a1a2)* 1)|7, = 1, and hence w;|p, = 1. By induction on i it follows
that w;|p, = 1 for all i > 1 and that w;|7, = 1 for all i > 2.
Since w; € M by Lemma 3.8.9, by induction Lemma 3.8.10 now implies that w; € M
for all i > 1, proving (a). Also, from Lemma 3.8.8 (¢) we deduce that w1 |7, = (1, (asa,)?|z)

lies in 1 x Hs, and hence in G4 by Lemma 3.8.2 (¢). For ¢ > 2 the element w;|r, = 1 trivially
lies in G4. This proves (b). O

To describe N we will need one more element wy € W, defined by the recursion relation
(3.8.13) wy = (agwo, azwy) = asz (wo,wp).
Lemma 3.8.14 We have [wo, as] = [[as, a1],as] € H.
Proof. The fact that (wg,wp) commutes with a; = o implies that
[agwy, a1] = [azas(wg, wy), 0| = [asas, a;].
From this we deduce that
[wo, az] = [(agwy, agwy), (a1,1)] = ([aswo, a1],1) = ([azas, a1], 1) = [(azas, azas), (a1, 1)].

Since
(azas, agas) = (ag, as) (a3,a2)’1 = [(ag, as), o] = [as, a1},

it follows that [wg, as] = [[as, a1],as]. But by definition a; lies in H, and H is a normal
subgroup of G; hence [[az, a1],as] € H, as desired. O

Lemma 3.8.15 We have [wo, a3] € H.
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Proof. Set z := [wo, ag]. Then

7 = [(aywo, azwy), (az, az)] = ([agwo, az], [azwo, as]) = (ag[wo, as)ay ', azfwo, aslaz ),
which using Lemma 3.8.14 implies that
(3.8.16) z = (as[las, m1], aslay ', aswaz™).

This recursion relation determines x uniquely and independently of wy. Thus we must show
that the element x € W characterized by (3.8.16) lies in H. We will show by induction
that x|p, lies in H,, for all n > 0.

As a preparation for this we calculate

[ayaza;’, as) = [0' (a,as) o, (ay, 1)} = [(as, az), (a1, 1)] = ([as, a1], 1),

whence
asllarazar’, as), aslaz’t = (az,a3) [([a?,,al], 1), (a2,a3)] (a2, az)™"
= (ag,as) ([[@37611],&2], 1) (az,az)™"
= (ag[[ag,al],ag]agl,l).
Now observe that, since as|n, = 1, we also have (as|[as, a1], as)a; )|, = 1, and hence

x|7, = 1. This and the above calculation together imply that

zlr, = (asllas, a1], az)ay "), 1)|n, = (asllarasa;’, as), aslaz’)|z,.

But [ajasa;’, as] lies in the commutator group of G and hence in H*. Since H*/H is
the center of G/H, we have [H*,G] C H, and therefore as[[ajaza;’, as], aslaz’ lies in H.
Together this shows that z|r, lies in Hy.

To finish the proof by induction, assume that n > 4 and that x|y, , lies in H,,_;. Then

|1, = ((az[[asaal]aaz]QEI)\Tn_17 (a35€a§1)|Tn_1)7

where the first entry lies in H,,_; by Lemma 3.8.14, and the second entry lies in H,_;
by the induction hypothesis. Thus x|, lies in H, 1 x H, 1 and hence in G,. On the
other hand, Lemma 3.8.8 (a) implies that the restriction to 7 induces an isomorphism
G,/H, = G4/H,, and we already know that x|y, lies in H,. Together this implies that
x|r, lies in H,,, as desired. O

Lemma 3.8.17 We have wy € M.

Proof. Lemmas 3.8.14 and 3.8.15 already imply that woaQwal and woagwal lie in G.
Moreover, the definition (3.8.13) of wy shows that

woalwal = (agwo, agwy)o(aswy, agwo)’1 = (ag, az)o(as, ag)’1 = agalagl e q.

Since G = (a1, as, as)), it follows that woGw,* C G and hence wyGw, ' = G. Thus wy lies
in N. From Lemmas 3.8.14 and 3.8.15 it now follows that wq lies in M. O]
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Lemma 3.8.18 We have wi € G.

Proof. It suffices to show that w8|Tn lies in G, for all n > 0. For n < 3 this follows from
the fact that G,, = W,,. So assume that n > 3 and that w3|z,_, lies in G,_;. Since wi|r,_,
is a square, it lies in the kernel of sgn, and sgn;, and therefore already in H” ;. By Lemma
3.8.7 this implies that (w, w?d)|r, lies in H C G,,. But by the construction (3.8.13) of wy
we have

wi = (aywoaswo, azwoazwy) = (a2[w0,ag]a§1wg,a3[wo,ag]aglw?]).
Since [wg, as] and [wy, a3] lie in H by Lemmas 3.8.14 and 3.8.15, it follows that wi €

(H x H)- (w3, w3) C G- (wk,wd). Therefore wi|r, € G, - (wi, w3)|r,, = Gy, as desired. O

Lemma 3.8.19 We have [wy,w;| € G for alli > 1.
Proof. The constructions (3.8.11) and (3.8.13) of wy and w; imply that

[wo, wy] = [(aQwo, aswy), (1, (a2a3)2)] = (1, [azwy, (a2a3)2]).

Since wy lies in M, conjugation by it fixes the image of (aa3)? in G/H. Since a3 commutes
with (agaz)?, it follows that conjugation by azwy also fixes the image of (asaz)? in G/H.
Therefore [azwy, (asaz)?] lies in H, and hence [wy, w;] lies in 1 x H C G. This proves the
desired assertion for i = 1.

Assume that ¢ > 1 and that [wg, w;_1] lies in G. Being a commutator, this element lies
in the kernel of sgn, and sgn,, and therefore already in H*. By Lemma 3.8.7 this implies

that [(wo,wo),w;] = ([wo, w;_1], [wo, w;—1]) lies in H™ C G. Since ag lies in G, and G is
normalized by wy and w;, it follows that [wg, w;] = [as(wg, wp), w;] lies in G as well. Thus
the lemma follows for all 7+ > 1 by induction on . O

Lemma 3.8.20 We have Ny = Gy - (wo|r,) and [Ny : G4| = 2.

Proof. The defining relation wg = (aswy, azwy) recursively implies that

Sg14 (wo) =1,
sgny(wg) = sgn,(aswy) - sgny (aswp) = 1, and
sgng(wy) = sgny(aswy) - sgny(azwy) = —1.

Thus the image of the residue class of wg|r, under the isomorphism from Lemma 3.2.15

(b) is the matrix
<sgn2(a2w0) sgn2(a3w0)) _ <—1 1)
sgng(azwo) sgng(aswo) -1 1)
By Lemma 3.2.15 (c) this does not lie in the image of Gy4; hence wy|r, & G4. Also, since N
normalizes G, its restriction Ny normalizes Gy4; and hence Lemma 3.2.15 (d) implies that
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[Ny : G4] < 2. Since we already have wg|r, € Ny by Lemma 3.8.17, this leaves only the
possibility [Ny : G4] = 2 with Ny = G4 - (wglr,), as desired. O

Now we can put everything together. Lemmas 3.8.12 (a) and 3.8.17 imply that w; € M
for all ¢ > 0. By induction on i we find that the restriction w;|r, is trivial for all i > n;
hence the sequence wy, wy, ws, ... converges to 1 within M. Moreover, although in fact
wg # 1, let us by abuse of notation for all i > 0 and k € Fy define

i

. _{ 1 ifk=0inT,,

wr =
w; if k=1inT,.

Then the following map is well-defined:

(3821) Q: I:IOFQ — ]\47 (l{?o, kh kg, .. ) — wgowlfleQ e

By construction it is continuous, but not a homomorphism. By the construction (3.8.11)
of wy, ws, ... it satisfies the basic formula

(3.8.22) (ko ki, ko, ..) = wi - (0, k1, ka,...) = who - wh' - diag(p(0, ko, ks, .. ).
Lemma 3.8.23 The map ¢ induces a homomorphism ¢: [[:2,Fs — N/G.

Proof. It suffices to show that the images of all w; in N/G have order dividing 2 and
commute with each other; in other words that w? and [w;, w,] lie in G for all i, j > 0. Since
(asa,)? has order 2, the construction (3.8.11) implies that w? = 1 and hence w? = 1 for
all @ > 1. Also, the same proof as that of Lemma 3.7.14 shows that |[w;, w;] € G for all
i,j = 1. On the other hand, by Lemmas 3.8.18 and 3.8.19 the elements w? and [wp, w;] lie
in G for all # > 1. Thus all cases are covered. O

Lemma 3.8.24 The homomorphism ¢ s injective.

Proof. Let (ko, ki, ko,...) be an element of the kernel of . Then w := ¢(ko, k1, k2, .. .)
lies in G. In particular w|y, lies in G4. But by Lemma 3.8.12 (b), the definition of ¢ implies
that w|r, = w§°|T4. Since wy|r, ¢ G4 by Lemma 3.8.20, it follows that kg = 0. The same
arguments as in the proof of Lemma 3.7.16 now show that k; = 0 and that (0, ko, k3, .. .)
also lies in the kernel of ¢. By an induction on ¢ we can deduce from this that for every
i > 0 and every element (kg, k1, ko, .. .) of the kernel of ¢ we have k; = 0. This means that
the kernel of ¢ is trivial, and so the homomorphism ¢ is injective, as desired. 0

Lemma 3.8.25 The homomorphism ¢ is surjective.
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Proof. We must prove that N = G - go(Hfio IFQ). For this it suffices to show the equality
N, =G, - QO(HZ.OZO F2)|Tn for all n > 0. For n < 4 this follows from Lemma 3.8.20. So
assume that n > 4 and that N,,_; = G,,_1 - ‘P(H@io Fz) 7.,

Since n —1 > 4, the same argument as in the proof of Lemma 3.7.15 with Lemma 3.8.8
in place of Proposition 3.2.16 shows that G,y N M,y = H' ,. As ‘P(H;ﬁo IFQ) C M by
Lemmas 3.8.12 (a) and 3.8.17, the induction hypothesis implies that

(3826) Mn,1 = (anl N Mnfl) . QO(H F2)‘Tn—1 = H:Lil . (p(H Fg)‘Tn_l.
=0 1=0

Using Lemma 3.8.6, the equality (3.8.26), the formula (3.8.22), Lemma 3.8.7, the fact that

wo = az(wop, wy), and rearranging factors because N, /G, is commutative, we deduce that
N, o (wr|p,) - diag(M,,—1)

(wilr,) - diag(Hyi_y - o (1172 Fa) |7, )

(wi|r,) - diag(Hy_y) - {1, (wo, wo) |z, } - diag (o ({0} x [T, F2)l7,,,)

~diag(H,_y) - {1, (wo, wo)|r, } - (wilr,) - ¢ ({0} x TI7Z, F2) |,

{1 wolr, } - ({0} x T2, Fa) |z,

= G o(I[Z Fo)lm.,

so the desired equality holds for n. By induction it therefore follows for all n > 0, as
desired. 0

Q

3

3

|
QO 0N

3

Combining Lemmas 3.8.23 through 3.8.25 now implies:
Theorem 3.8.27 In the case (3.8.1) the map ¢ induces an isomorphism

1=0

3.9 Odometers

In this subsection we study the set of odometers in GG, in particular concerning conjugacy.
First we show that odometers are abundant in GG. By the proportion of a measurable subset
X C G we mean the ratio p(X)/u(G) for any Haar measure p on G.

Proposition 3.9.1 (a) For any W-conjugates b; of a; and any permutation p of {1,...,r}
the product b,y - - - b,y 1s an odometer.

(b) The set of odometers in G is open and closed in G and has proportion 27".
Proof. Same as for Proposition 2.7.1, using Proposition 3.1.1 instead of 2.1.1. U

In the special case s = 1 and r = 2 recall that G = ((a1a2)) % (a1) = Zy x {£1} where
ajay is an odometer. Thus the odometers in G are precisely the elements (ajaz)* for all
k € Z5, and they are all conjugate to ajas by an element of N = Zy x Z5. This directly
implies Theorem 3.9.4 and Proposition 3.9.14 below in this case. For the rest of this
subsection we therefore exclude the case (s,7) = (1,2), except where explicitly mentioned.
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Lemma 3.9.2 Any odometer in G is conjugate under N to an element of (Has % {a,}) 0.

Proof. Any odometer ¢ in G acts non-trivially on 7} and is therefore equal to (z,y) o for
some (z,y) € G'. Recall from Proposition 3.2.4 (c) that G* = (H x H) - ({(as, a,), (a,, as))).
Since sgn,(zy) = sgn,,,(c) = —1 and sgn, |H = 1, it follows that (z,y) is an element of
H x H times an odd number of factors (as,a,) and/or (a,,as). After possibly replacing
¢ by its conjugate under 0 = a; € G, we may without loss of generality assume that the
factor (as,a,) occurs an odd number of times and the factor (a,,as) an even number of
times. Then (x,y) (as,a,)”" is a product of an even number of each kind of factors. Since
both a, and a, have order two, we deduce that

(z,y) (a&ar)_l = ((asvar) (aHGS))Z}\ = ((asar)mv(ar%)%) = (UAvv_)\)

for some A\ € Z,, where for brevity we write v := (a,a,)?. Thus
c € (HxH)-(vas,va,)- 0.

Next, if s > 2 and > 4, then v = (asa,)? € H by Proposition 3.2.12, and so c already lies
in (H x H) - (as,a,) - 0. Otherwise, the element (1,v) = (1, (asa,)?) lies in N by Lemma
3.7.6 or 3.8.6, and so we may replace ¢ by its conjugate
(L,vMe(L,v™) € (1,0 (H x H)- (v as, v a,) -0 (1L,v™?)
= (Hx H)  (vaow™a,) 0
= (H x H)- (v*a,,a,) - 0.

Since in this case v* = (asa,)* = 1 by Lemma 3.7.2 (a) or 3.8.2 (a), we can then drop the
term v?}. In either case have may thus without loss of generality assume that

c € (HxH)-(as,a,)- 0.

Now write ¢ = (h'ag, ha,) o with ', h € H. Then (1,h) € G; hence we may replace ¢ by
its conjugate
(1,n)" " (Wag, ha,) o (1,h) = (Kash,a,)o.

Since h'a,h € Hag, the element ¢ then has the required form. O

Lemma 3.9.3 For any u € N we have (1, [a,,u]) € N.

Proof. Since u normalizes GG, the commutator [a,,u] lies in G. Being a commutator, all
its signs are +1. If s > 2 and r > 4, by Lemma 3.6.3 (c) this implies that [a,,u] € H;
hence (1, [a,,u]) lies in G C N, as desired. Otherwise Lemma 3.7.2 (d) or 3.8.2 (d) implies
that [a,,u] € H - {(asa,)?), and hence

(L [ar,u)) € (1x H)-((1, (asar)*)).

(asa;)?) € N by Lemma 3.7.6 or 3.8.6, and since 1 x H C G C N, we
1, [a,,u]) € N, as desired. O

But in this case (1,
again deduce that (
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Theorem 3.9.4 All odometers in G are conjugate under N.

Proof. (At the beginning of this subsection this was already shown for (s,r) = (1,2), so
the following proof concerns the remaining cases.) By Lemma 1.3.1 it suffices to show that
for any n > 0 and any odometers ¢, € G, there exists w € N with wew ™|, = d|r,. For
n < r this is a direct consequence of the fact that G, = W,. So assume that n > r and
that the assertion is universally true for n — 1 in place of n.

Consider any odometers ¢, ¢ € G. By Lemma 3.9.2 we may without loss of generality
assume that ¢ = (hag, a,) o and ¢ = (Wag, a,) o for some h,h' € H. Then

¢ = (ha, a,) o (hag, a,) ¢ = (hasa,,a.hay) € G,

and so d := hasa, is again an odometer, which lies in G by Proposition 3.2.2. Likewise the
element d’' := h'a,a, is an odometer in G. Thus by the induction hypothesis we can choose
an element v € N with udu™'|7,_, = d'|1,_,. For later use observe that we can replace u
by ud* for any \ € Z, without losing the equality. But for the moment we fix v and set
w = (u,a,ua; ') € W. Since ¢ = (da; ', a,) o and ¢ = (d'a; !, a,) o, we find that

wew™t = (u,a.ua ) (da b a) o (utau e t) = (uduta)ta,) o

and deduce that
wew g, = ((udu’la;l)m_l, ar\Tn_l) o = ((d’a;l)\Tn_l,aATn_l) o= d|r,.
It remains to show that we can choose © € N such that w lies in N. For this observe that
w = (u,aua ) = (1,[a,,u)]) - (u,u).

By Lemma 3.9.3 the first factor always lies in IV, so we must choose u such that (u,u) € N.
If s > 2 and r > 4, this already follows from Lemma 3.6.5, and we are done. For the rest
of the proof we therefore assume that s =1 or r = 3.

Since n > r, we have n — 1 > r. Let us postpone the case (s,7,n) = (2,3,4) to the
end of the proof and exclude it for now. Then Lemma 3.7.2 and Proposition 3.2.16 if
s = 1, respectively Lemma 3.8.2 and Proposition 3.2.14 if s = 2, imply that that G,,_; =
H, 1 x {as|r,_,,a:|7,_,) and that restriction to T;,_; induces an isomorphism (as,a,) —
{as|r, ., a7, ,). Thus the restriction induces an isomorphism G/H = G, _1/H, ;.

Recall that M was defined as the subgroup of all elements of N which induce the identity
on G/H, and that N = MG by Lemma 3.7.3 or 3.8.3. Recall also that uhasa,u™!|7, , =
udu™|p,  =d'|r,_, = Wasa,|r, ,. It follows that H, i (uva.a,u)|r, . = H,_1(asa,)|r,_,,
in other words, the action of uw on G,,_1/H,_; induced by conjugation fixes the image of
asa,. The same is therefore true for the action of uw on G/H. As G/H is dihedral with
cyclic part (asa,) of order 4, this action is also induced by an element of (asa,). Since
u € N = MG, it follows that v € M({asa,). But the fact that d € Hasa, implies that
M{asa,) = M{d). After replacing u by ud* for a suitable A\ € Zy we can therefore assume
that w € M. Then (u,u) € N by Lemma 3.7.4 or 3.8.4, and we are done.
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It remains to finish the induction step in the case (s,7,n) = (2,3,4). For this we use
the description of G, /(H, x H,) C W41 /(H, x H,) = Matayo({£1}) x (o) from Lemma
3.2.15. Since ¢ = (has, a,) o and ¢ = (h'a,, a,) o with h, h' € H, the image of both elements
under the map from 3.2.15 (b) is

-1 1
(1 1) o

Since any two odometers are conjugate under W, we can choose an element v € W with
vev™ = . Then the image of v in Matay2({£1}) x () commutes with (7} 1) 0. By
direct calculation the centralizer of this element is

() G ) o
From 3.2.15 (d) we see that this centralizer is contained in the normalizer of the image
of G,y1. Moreover, Lemma 3.8.20 implies that this normalizer is equal to the image of
N,i1 in Matayo({£1}) % (o). Thus the image of N, ; contains the image of v. Since
r+ 1 =4 = n, this is equivalent to v|y, € N,. But this in turn means that there exists

a new element w € N with w|r, = v|r,. The equation vev™' = ¢ then implies that
wew Yy, =vev g, = |1, as desired. This finishes the proof of Theorem 3.9.4. O

The author does not know which analogues of Theorem 2.7.4 (b) and Theorem 2.7.6,
if any, might hold in the strictly pre-periodic case. However, we can describe how the
normalizer of any odometer in G sits inside V.

Proposition 3.9.5 Consider any odometer ¢ € G and any k € Z5 .

(a) There exists an element w € N with wew ™" = c*.

(b) Every element w € W with wew ™ = c* lies in N.

(¢) For any such w the coset wG depends only on k.

Proof. AscF is another odometer in G, part (a) follows from Theorem 3.9.4. Next consider
two elements w,w’ € W with wew™ = w'cw’™! = ¢*. Then w™'w’ € W commutes with c.
By Proposition 1.6.4 (b) it therefore lies in {(¢)) and hence in G. Thus wG = w'G. Since
w € N for some choice of w, it follows that w € N for every choice, proving (b). It also
follows that the coset wG' is independent of w. Moreover, as all odometers are conjugate
under N by Theorem 3.9.4, the conjugacy class of wG in N/G is independent of ¢. Since
N/G is abelian, it follows that the coset wG itself is independent of ¢, proving (c). (The
statement and proof also applies when (s,7) = (1, 2).) O

For the rest of this subsection we fix elements ¢, k, w as in Proposition 3.9.5. Like
the description of N itself, the determination of the coset wG depends on the respective
subcases. Recall that since (s,r) # (1,2), Theorem 3.6.12, 3.7.18, or 3.8.27 yields an
isomorphism ¢ between N/G and [[2, Fy or [[2,Fs. Let

{ (k1, ks, ...) € [1:2,Fo, resp. }
(ko, k1, ko, . ..) € [1:2 Fa,
be the tuple corresponding to the coset wG.

(3.9.6)
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Lemma 3.9.7 The elements k; fori > 1 are all equal.

Proof. After possibly replacing w by we we may without loss of generality assume that

w = (u,u') € W x W. Write ¢® = (d,d'). Then d is another odometer in G, and the

equation wew ™! = ¢* implies that udu~! = d*. By Proposition 3.9.5 we therefore have

u € N and uG = w(q.

Suppose first that (s,7) # (2,3). Since w € W x W, the choice (3.9.6) then means
that w € G - ¢(ky, ks, ...). Note that by the definition (3.6.6) or (3.7.11) of w; we have
w; € W x W and

pry(wi) = {

pry((as, as)) = as if s >2andr >4, c G
pry((1, (asa,)?)) =1 if s=1and r > 3. '

Using the functional equation (3.6.8) or (3.7.13) and the fact that pr,(G') = G by Propo-
sition 3.2.2 (d), we deduce that

G- (ki ke, ...) = Guw = Gu = G- pry(w)
= G -pry(G"- wi - diag(¢(ka, ks, . . )))
= G- (P(kQ, ]{Zg, .. )
Therefore k1 = ko = k3 = .. ., as desired.

Suppose now that (s,r) = (2,3). Then (3.9.6) means that w € G' - p(ko, k1, ko, .. .).
Also, by the definitions (3.8.11) and (3.8.13) of w; and wy we have wy,wg € W x W and

{ pry(wy) = pry((1, (asa,)®)) = 1, and
pry (wg) = pr; ((agwo, azwy)) = aswy € Guy.

Using the functional equation (3.8.22) and the fact that pr;(G') = G, we deduce that
G- p(ko, k1, ke,...) = Gw = Gu = G -pry(w)
G- pry (G- w - wy - diag((0, ko, ks, .. )))

= G- w90, ky, ks, .. )
= G'@(ko,kﬁg,kﬁg,...).

Therefore again k1 = ky = k3 = ..., as desired. OJ

By Lemma 3.9.7 it remains to determine kq, respectively k; and ky. The first tool for
this is a closer look at the subgroups G,+1 C N,4+; C W,4; in the next two lemmas:

Lemma 3.9.8 (a) If s =2 and r = 3, we have Ny = G4 - (wo|r,) and [Ny : G4] =2 and
wilr, € Gy for alli > 1.

(b) If s > 2 and r > 4, we have N,11 = Griq - (wilr,,,) and [Nyy1 @ Grya] = 2 and
wil 7., € Grgr for alli > 2.
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Proof. Part (a) is just a repetition of Lemmas 3.8.12 (b) and 3.8.20. For (b) recall from
the construction (3.6.6) that wy = (as, a,); hence the image of the residue class of wy|, .,
under the isomorphism from Lemma 3.2.15 (b) is the matrix

sgng(as) sgng(as) ) (-1 —1
<Sgnr(a8) Sgnr(a’s) ) a ( 1 1)
By Lemma 3.2.15 (c) this matrix does not lie in the image of G, 1, which proves that
wo|7,,, & Gry1. Also, since N normalizes G, its restriction NV, normalizes G, 1; and hence
Lemma 3.2.15 (d) implies that [N,4; : G41] < 2. Since wy|r,,, already lies in N,1q, but
not in G,41, this leaves only the possibility [N,11 : G,41] = 2 with Nyuy = Gy - (w1, ,)-
Finally, for all ¢ > 2 the construction (3.6.6) implies that w; = (w;_1,w;_1) with w;_; €
diag(WW) and hence sgn (w;_1) = sgn,(w;_1) = 1. Thus the image of the residue class of

w;|7,,, under the isomorphism from Lemma 3.2.15 (b) is the trivial matrix, which shows
that wy|7,,, lies in G,4q. All parts of (b) are now proved. O

Lemma 3.9.9 Ifs > 2, then w|y,,, € G,41 if and only if % s even.

Proof. Abbreviate ¢ := % € Zo. As a preparation let a € W be the standard odometer
from (1.6.1) and z € W the element satisfying zaz~! = a* from Remark 1.6.5. Recall that
2 was characterized by the recursion relation z = (2,a‘z). Thus we have sgn,(z) = 1, and
for all n > 2 we can calculate

Sgnn(z) = Sgnnfl(z) ' Sgnnfl(aez) = Sgnnfl(a)e = (_1)€
Since r > s > 2, the image of z|r,
3.2.15 (b) is therefore the matrix

(s =)= (0o )

The conjugacy class of this element in Matoyo({31}) X (o) is the subset

¢
<= o) (o)
(=D )7\ (=1)f
Now recall that a is conjugate to ¢ under W. Proposition 1.6.4 therefore implies that z
is conjugate to wc™ under W for some m € Z,. It follows that the image of wc™|r,,, in
Matoywo({£1}) x (o) is contained in X. Using the description of the image of G, from
Lemma 3.2.15 (c), we find that X is a subset of the image of G, if £ is even, and disjoint
from it if ¢ is odd. Thus the image of wc™|r,,, is contained in the image of G,y if and

only if ¢ is even. This means that wc™|r, ., € G,y if and only if £ is even. As |y, ., itself
lies in G41, it follows that w|r,,, € G,41 if and only if £ is even, as desired. OJ

in Matoyo({£1}) x (o) under the map from Lemma

+1

The second tool is a closer study of G/(H x H) in the following two lemmas:
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Lemma 3.9.10 Assume that either s=1 andr >3, or s =2 and r = 3. Then:

(a) G = (H x H) x (0, (as, a,)) where (o, (as,a,)) is a dihedral group with the maximal
cyclic subgroup (o(as,a,)) of order 8.

(b) The subgroup H x H is normalized by N .

(c) Conjgugation by wy induces the automorphism x — z° on the cyclic subgroup of order 8

of G/(H x H).
(d) For every i > 2, conjugation by w; induces the trivial automorphism on G/(H x H).

(e) If s =2 andr = 3, conjugation by wy induces an inner automorphism on G/(H x H).

Proof. The semidirect product decomposition in (a) is a reminder from Lemmas 3.7.2
(c) and 3.8.2 (c), and the element o (as, a,) = ajasy1 has order 8 by Proposition 3.1.9 in
both cases, proving (a).

Next, by (3.7.11) and (3.8.11) we have w; = (1, (asa,)?) in both cases. Since (asa,)* =
(a,as)? generates the center of {(a,,a,) by Lemma 3.7.2 (a) or 3.8.2 (a), it follows that w,
commutes with (as, a,). On the other hand we calculate

(o (as, ar))4 = (a,as, asar)z = ((aras)z, (asar)z) = ((asar)2> (asar)z) = [wy, o).

Together this implies that

1 1 _—-1

= wiow; o

wy - o (ag,a,) - wy -0 (as,a,) = (0 (as,a,))* o (as, a,) = (0 (as, a))’.

2 normalizes H, the element w; normalizes H x H, and together this

Also, since (asa,.)
shows (c).

By (3.7.11) and (3.8.11) in both cases we also have w; = (w;_1,w;_1) for all i > 2. This
element trivially commutes with o, and since conjugation by w; 1 € M normalizes H and
acts trivially on G/H, it follows that conjugation by w; normalizes H x H and fixes the
coset (as,a,)(H x H). This implies (d).

In the case s = 2 and r = 3 we have wy = a3 (wy, wy) by the construction (3.8.13). Also
since wy € M by Lemma 3.8.17, conjugation by wg normalizes H and acts trivially on G/H.
Thus conjugation by (wp, wy) normalizes H x H and fixes the coset (as, a,.)(H x H). Since
(wp, wp) also commutes with o, it follows that conjugation by it induces the trivial auto-
morphism of G/(H x H). This implies that wy = a3 (wg, wy) normalizes H x H and induces
the same inner automorphism of G/(H x H) as as, proving (e).

Finally, since NV is generated by G and all the elements w; considered, and all these
elements normalize H x H, this implies (b). O

Lemma 3.9.11 In the situation of Lemma 3.9.10, the image of ¢ in the dihedral group
G/(H x H) generates the mazimal cyclic subgroup of order 8.
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Proof. Since all odometers in G are conjugate under N by Theorem 3.9.4, and N
normalizes H X H by Lemma 3.9.10 (b), it suffices to prove this for any one choice of c¢. We
will prove it for ¢ = a; - - - a,, which is an odometer in G' by Proposition 3.9.1 (a). Recall
that a; = (a;_1,1) € H x 1 for all i # 1, s + 1. Thus the image of a;---a, in G/(H x H)
is equal to the image of ajasy1 = o0 (as, a,). By Lemma 3.9.10 (a) this image generates the
maximal cyclic subgroup of G/(H x H), as desired. O

Now we can reap the fruits of the preceding efforts:

Lemma 3.9.12
(a) If s =2 and r >4, we have k; = 551 mod 2.

(b) If s=1 andr > 3, wehaveklzkg_lmodZ

(c) If s =2 and r = 3, we have kg = 55! mod 2.
(d) If s=2 and r = 3, we have k; = %mon.
Proof. If s > 2 and r > 4, the definition (3.6.7) of ¢ implies that
we G-k, ky,...)=Guwiwk. ..

By Lemma 3.9.8 (b) it follows that w|r,,, € Gyi1- (wl\T )R with wyr,,, € Gr+1 But by
Lemma 3.9.9 we have wl|r,,, € G, if and only if £ = 0mod2. Thus k; = £ mod?2,

proving (a).
If s =1 and r > 3, the definition (3.7.12) of ¢ again implies that

we G-k, kg, ...)=Guwhwk ...

From Lemma 3.9.10 (¢-d) we find that conjugation by w{'w)®--- induces the automor-

phism z +— 2!7#*1 on the maximal cyclic subgroup of order 8 of G/(H x H). Moreover,
as G/(H x H) is a dihedral group, the automorphism of the maximal cyclic subgroup
induced by any element of G has the form z + z*!. On the other hand, by Lemma
3.9.11 this subgroup is generated by the image of ¢, and so conjugation by w induces the
automorphism z — z* on it. Together this implies that z=(1+%1) = 2% or equivalently
1 + 4k; = +kmod8. Therefore k; = =L mod 2, proving (b).

If s =2 and r = 3, the definition (3.8.21) of ¢ implies that
w e G ' g@(k’o, kla kQ, .. ) = ngowlflwé:Q .

By Lemma 3.9.8 (a) it follows that w|z, € Gy - (wo|r,)* with wo|T4 gZ G4. But by Lemma

3.9.9 we have w|y, € G4 if and only if ** = 0mod 2. Thus kg = 55! mod 2, proving (c).
Moreover, from Lemma 3.9.10 (c— d) we find that conjugatlon by wj w§2 .-+ induces

the automorphism z +— 21+ on the maximal cyclic subgroup of order 8 of G/(H x H).
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With Lemma 3.9.10 (e) we also deduce that the automorphism induced by any element of
Gwe® has the form 2 — 2*'. Continuing exactly as in the proof of (b) now shows (d). [

To combine everything consider the two homomorphisms

Y ZF — Fy, k— ELlmod?2,
(3.9.13) { e 2 }

Oy: 75 — Fa, k= E=lmod 2.

Reincluding the case (s,7) = (1,2), recall that Theorem 3.6.12, 3.7.18, or 3.8.27, respec-
tively Proposition 1.6.4 yields an isomorphism between N/G and [[2, Fy or [[2,Fo,
respectively Z5 /{£1}.

Proposition 3.9.14 Consider any odometer ¢ € G and any element w € N with wew ™! =

c* for some k € Zy. Then the coset wG € N/G corresponds to the element
(V1,01,...)(k) € [[2,F, = N/G ifs>2andr

(U2,09,...)(k) € [[2,F = N/G ifs=1andr
(’191,192,’[92,...)(]{3) c H,?iOIFQ %JN/G Zf$:2 cmdr:?),

k mod {£1} € Z;/{x1l} = N/G ifs=1 andr =2.

2

Proof. The first three cases follow by combining the formula (3.9.6) with Lemmas 3.9.7
and 3.9.12, the last case from the remarks at the beginning of this subsection. U

3.10 Iterated monodromy groups

Now let G&©°™ C G¥ith ¢ W be the geometric and arithmetic fundamental groups asso-
ciated to a quadratic polynomial over k, as described in Subsection 1.7, and assume that
we are in the strictly pre-periodic case 1.7.2 (¢). Then G&°™ = ((b,...,b,)), where by
Proposition 1.7.14 the generators satisfy the recursion relations

by is conjugate to o under W,
(3.10.1) bst1 is conjugate to (bs,b,) under W, and
b; is conjugate to (b;_1,1) under W for all 2 < i < r with ¢ # s + 1.

By combining Proposition 3.4.1 and Theorem 3.4.3 we deduce:

Theorem 3.10.2 There exists w € W such that G&™ = wGw™! and b; is conjugate to
wa;w™t under G&°™ for every 1 < i < r.

For the following we change the identification of trees used in Subsection 1.7 by the
automorphism w, after which we have G#*°™ = (, and b; is conjugate to a; under G for
every 1 < i < r. Then G** is contained in the normalizer N, and to describe it it
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suffices to describe the factor group G** /G C N/G. More precisely we will determine
the composite homomorphism

(3.10.3) p: Gal(k/k) - G™™ /G — N/G
obtained from (1.7.7). Consider the cyclotomic character
cycl: Gal(k/k) — Z5, 7 — cycl(7).

Lemma 3.10.4 The element by, := (by---b.)"' is an odometer in G, and for any T €
Gal(k/k) we have p(t) = wG for some element w € N which satisfies whyw ™ = bl

Proof. Recall from Subsection 1.7 that b, is a generator of the image of an inertia group
Io C 7{"(Pr NS, o) above 0o € P;. Let Dy be the associated decomposition group. Since
oo is a k-rational point, we have a commutative diagram with exact rows

1 I Da Gal(k/k) — 1

| | |

1 —— a8t (PL N S, 20) —— S (PL N S, 29) — Gal(k/k) — 1

|

1 G Garith Garith/G 1.

Since the target of the homomorphism p is a pro-2 group, the restriction p|;. factors
through the maximal pro-2 quotient of I,. As the characteristic of k is different from 2, this
quotient is the pro-2 tame inertia group above oo and hence isomorphic Z, and generated
by be. Moreover, Dy, /I, = Gal(k/k) acts on it through the cyclotomic character. Thus
for any 0 € D, with image 7 € Gal(k/k) the element w := p(J) € G C N satisfies

-1 _ ngCI(T)

Wheow . Since by, is an odometer by Proposition 3.9.1, the lemma follows. [

Finally recall that Theorem 3.6.12, 3.7.18, or 3.8.27, respectively Proposition 1.6.4
yields an isomorphism between N/G and [[°, Fs or [[2, Fa, respectively Z5 /{£1}. By
combining Lemma 3.10.4 with Proposition 3.9.14 we deduce:

Theorem 3.10.5 The homomorphism p: Gal(k/k) — N/G has the form

\

(91,4,...) ocycl : Gal(k/k) < N/G = [[°,Fy  ifs>2 andr > 4,
(99, 0,,...) ocycl : Gal(k/k) - N/G = [[°,Fy  ifs=1andr >3,
(91,02, 95,...) ocycl : Gal(k/k) = N/G = [[°,Fy  ifs =2 andr =3,

\ cycl mod{#1} : Gal(k/k) SN N/G = Z; {+1} ifs=1andr=2. |
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Corollary 3.10.6

(a) If s > 2 and r > 4, the order of G /G divides 2.

b) If s > 2 and r > 4 and k contains the fourth roots of unity, then G = G.
( y

(c) If s=1 and r > 3, the order of G*™/G divides 2.

d) If s=1 andr >3 and k contains a square root of 2, then G¥th = G.
(d) q ,

(e) If s =2 and r = 3, the order of G*' /G divides 4.

If s=2 and r = 3 and k contains the eighth roots of unity, then G?ith = G

(f) If g Y,

(9) If s =1 and r = 2 and k is finitely generated over its prime field, then G*'*/G q
subgroup of finite index of 75 /{£1}.

Proof. Parts (a—f) are direct consequences of Theorem 3.10.5; part (g) follows by the
same argument as in the proof of Theorem 2.8.4 (b). O
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