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Abstract

We examine the action of the fundamental group I' of a Riemann
surface with m punctures on the middle dimensional homology of a
regular fiber in a Lefschetz fibration, and describe to what extent this
action can be recovered from the intersection numbers of vanishing
cycles. Basis changes for the vanishing cycles result in a nonlinear ac-
tion of the framed braid group B on m strings on a suitable space of
mxm matrices. This action is determined by a family of cohomologous
1-cocycles S. : B — GL,,,(Z[I']) parametrized by distinguished config-
urations ¢ of embedded paths from the regular value to the critical
values. In the case of the disc, we compare this family of cocycles with
the Magnus cocycles given by Fox calculus and consider some abelian
reductions giving rise to linear representations of braid groups. We also
prove that, still in the case of the disc, the intersection numbers along
straight lines, which conjecturally make sense in infinite dimensional
situations, carry all the relevant information.
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1 Introduction

Picard-Lefschetz theory can be viewed as a complexification of Morse theory
with the stable and unstable manifolds replaced by vanishing cycles and the
count of connecting orbits in the Morse-Witten complex replaced by the
intersection numbers of the vanishing cycles along suitable paths in the
base. Relevant topological information that can be recovered from these
data includes, in Morse theory, the homology of the underlying manifold
and, in Picard—Lefschetz theory, the monodromy action of the fundamental
group of the base on the middle dimensional homology of a regular fiber.
That the monodromy action on the vanishing cycles can be recovered from
the intersection numbers follows from the Picard—Lefschetz formula

(Yr)ea = a— (=1)"" D2 (L, q) L. (1)

Here X — X is a Lefschetz fibration over a Riemann surface X with fibers
of complex dimension n, meaning that X is a complex manifold and the
map X — X is holomorphic and has only nondegenerate critical points. We
assume moreover that each singular fiber contains exactly one critical point,
and denote by M a regular fiber over zp € ¥. In equation (1), L C M is
an oriented vanishing cycle associated to a curve from zy to a singular point
z € X, ¢, € Diff (M) is the Dehn-Arnold-Seidel twist about L obtained
from the (counterclockwise) monodromy around the singular fiber along
the same curve, (1), is the induced action on H, (M) and (-,-) denotes
the intersection form. Equation (1) continues to hold when X — ¥ is a
symplectic Lefschetz fibration as introduced by Donaldson [7, 8]. In either
case the vanishing cycles are embedded Lagrangian spheres and so their
self-intersection numbers are 2(—1)™2 when 7 is even and 0 when 7 is odd.
See [2, Chapter I] and [3, §2.1] for a detailed account of Picard—Lefschetz
theory and an exhaustive reference list.

The object of the present paper is to study an algebraic setting, based on
equation (1), which allows one to describe the monodromy action of the fun-
damental group in terms of intersection matrices. This requires the choice
of a distinguished basis of vanishing cycles and the ambiguity in this choice
leads to an action of the braid group on distinguished basis [2], which in
turn determines an action on a suitable space of matrices. In the case of the
disc, this action was previously considered by Bondal [5] in the context of
mirror symmetry. Our motivation is different and comes from an attempt
of two of the authors (A.O. and D.S.) to understand complexified Floer ho-
mology in the spirit of Donaldson-Thomas theory [9]. In this theory the



complex symplectic action or Chern—Simons functional is an infinite dimen-
sional analogue of a Lefschetz fibration. While there are no vanishing cycles,
one can (conjecturally) still make sense of their intersection numbers along
straight lines and build an intersection matrix whose orbit under the braid
group might then be viewed as an invariant. Another source of inspiration
for the present paper is the work of Seidel [20, 21] about vanishing cycles
and mutations.

We assume throughout this paper that the base X of our Lefschetz fibra-
tion is a compact Riemann surface, possibly with boundary, not diffeomor-
phic to the 2-sphere. (In particular, ¥ is oriented.) Let Z C ¥\ 0% be the
set of critical values and zy be a regular value. If ¥ is diffeomorphic to the
unit disc D = {z € C||z| < 1} we assume that zy € 9X. To assemble the in-
tersection numbers into algebraic data it is convenient to choose a collection
c¢=(c1,...,cn) of ordered embedded paths from a regular value zy € ¥ to
the critical values (see Figure 1). Following [2, 20] we call such a collection a
distinguished configuration and denote by C the set of homotopy classes

Figure 1: A distinguished configuration.

of distinguished configurations. Any distinguished configuration determines
an ordering {z1,...,2z,} of the set Z of critical values by z; := ¢;(1). It
also determines m vanishing cycles Lq,...,L,, C M as well as m special
elements of the fundamental group

G- gm ET:=m (X \ Z, 20)

(obtained by encircling z; counterclockwise along ¢;). The orientation of L;
is not determined by the path ¢; and can be chosen independently. How-
ever, when n is even, the monodromy along g; changes the orientation of L;.
Thus, to choose orientations consistently, we fix nonzero tangent vectors



v, € 1,3 for z € Z, choose orientations of the vanishing cycles in the direc-
tions of these vectors, and consider only distinguished configurations ¢ that
are tangent to the vectors —v, at their endpoints. We call these marked
distinguished configurations and denote by C the set of homotopy classes
of marked distinguished configurations. The oriented vanishing cycles de-
termine homology classes, still denoted by

Ly,...,Ly, € Hy(M).
These data give rise to a monodromy character NX : T' — Z™*™ via
NE(g) = (nig(9)) sy mijl9) = (L plg)Ly) (2)

Here p : T' — Aut(H,(M)) denotes the monodromy action of the fundamen-
tal group. Any such function N : I' — Z"™*™ satisfies the conditions

nig(g™!) = (=1)"njig),
0, if n is odd,
ni(l) = { 2(—1)™2, if n is even, (3)
nij(ggrh) = nij(gh) — (=" 204 (g)ny; (h)

for g,h € T and 4,5,k = 1,...,m. The last equation in (3) follows from (1).
Our convention for the composition is that gh € I' first traverses a represen-
tative of h, and then a representative of g.

The part of H,(M) that is generated by the vanishing cycles under the
action of I' can be recovered as the quotient

Hy := A/ ker N, A= Z[T™.

Here Z[I'] is the group ring of I', whose elements are thought of as maps
A I' = Z with finite support and whose multiplication is the convolu-
tion product (A1A2)(h) == >, A (hg~ ) A2(g); the map N : T — Zm*m
is regarded as an endomorphism N : A — A by the convolution product
A= (h — Zg N(hg_l))\(g)). The Z-module Hys is equipped with an in-
tersection pairing, a -action pnr : I' — Aut(Hy ), and special elements
Li,...,L,, € Hy, defined by

(A=Y W) N(hg™A),  pn(@ = [g:A], Li=[6] (4)
g,hel’

Here I acts on A by
(g+A)(h) := A(hg),



e; € Z™ denotes the standard basis, and §; : I' — Z™ is defined by §;(1) := ¢;
and 0;(g) := 0 for g # 1. With these structures Hys is isomorphic to the
submodule of H,,(M) generated by the vanishing cycles modulo the kernel of
the intersection form. The isomorphism is induced by the map that assigns
to every A € A the homology class >~ ; Ni(9)p(g~Y)L; € H,(M).

The monodromy character NX : I' — Z™ ™ depends on the choice of
a marked distinguished configuration ¢ and this dependence gives rise to an
action of the framed braid group B of \ {20} on m strings, based at Z,
on the space of monodromy characters. More precisely, our distinguished
configuration ¢ determines m special elements g; =: g;. € I' obtained by
encircling z; := ¢;(1) counterclockwise along ¢;. Denote by

JVC = {N: (TLZ]) =z ‘ (3)}

the space of monodromy characters on (I', g1 ¢, ..., gm,). The framed braid
group BN, interpreted as the mapping class group of diffeomorphisms in
Diffg(X, z0) that preserve the set Z and the collection of vectors {v.}.cz,
acts freely and transitively on the space C of homotopy classes of marked
distinguished configurations (see Sections 3 and 4). Here Diff(X, zp) de-
notes the identity component of the group of diffeomorphisms of ¥ that fix
zg. The framed braid group also acts on the fundamental group I' and, for
every T € B and every c € 5, the isomorphism 7, : I' = I" maps g; . to gi r.c-
This action actually determines the (unframed) braid 7 (see Section 4).
Our first theorem asserts that there is a canonical family of isomorphisms

%,C:JVC—)J%-*C

which extends the geometric correspondence N:X — N, between mono-
dromy characters associated to different choices of the distinguished config-
uration. It is an open question if every element A € .4, can be realized by
a (symplectic) Lefschetz fibration X — ¥ with critical fibers over Z. This
question is a refinement of the Hurwitz problem of finding a branched cover
with given combinatorial data. The isomorphisms .7; . are determined by a
family of cocycles

S. : B — GLp(Z[I))

with values in the group of invertible matrices over the group ring. To
describe them we denote by 7. € &,, the permutation associated to the
action of o on the ordering determined by c¢. Then the (i,j) entry of the
matrix is

sjc(0) :=c; ' ouc; €T



(first o.cj, second c; 1) for i = m,.(j) and it is zero for i # 7, .(j). We
emphasize that 0.gjc = 8jc(0) 7 gicsjc(0) for i :== 75.(j). See Figure 2
below for some examples.

In the next theorem we think of an element M € GL,,,(Z[I']) as a func-
tion M : T' — Z™*™ with finite support, denote M'(g) := M(g~1)7, and
multiply matrices using the convolution product (see Section 2).
Theorem A. (i) The maps S. : B — GLy(Z[T)) are injective and satisfy
the cocycle and coboundary conditions

Sc(o7) = Sc(0)0.Sc(7), Sro(0) = Se(1)71S.(0) 0. Se (7). (5)
(ii) The maps S. in (i) determine bijections
Tooi Moo Mo N o> Su(r)NS(7).
(iii) Given a Lefschetz fibration X — ¥ and elements c € C, 7 € B, we have

NZe = Se(T)'NESe(7). (6)

In terms of Serre’s definition of non-abelian cohomology [22, Appendix
to Chapter VII] the first equation in (5) asserts that S. is a cocycle for
every ¢ € C. The second equation in (5) asserts that the cocycles S, are all

cohomologous and hence define a canonical 1-cohomology class
[S.] € HY(B, GL,,(Z[I)).

We call it the Picard—Lefschetz monodromy class.
In the case X = D there is another well known cocycle arising from a
topological context, namely the Magnus cocycle

M. : B — GL,,,(Z[I)), ceC.

Here B denotes the usual braid group (with no framing), which we view as a
subgroup of B using the framing determined by a vector field v on ¥ whose
only singularity is an attractive point at zy and such that v(z) = v, for all
z € Z (see Section 6). The Magnus cocycle is also related to an intersec-
tion pairing [26, 19] and its dependence on the choice of the distinguished
configuration ¢ € C is similar to the dependence of the Picard-Lefschetz
cocycle. The cohomology classes [M.] and [S.|g] are distinct and nontriv-
ial in H'(B,GL,,(Z[I])). After reduction of T' to the infinite cyclic group,
both cocycles define linear representations of the braid group with coeffi-
cients in Z[t,t~!]. In the case of the Magnus cocycle, this is the famous



Burau representation [4, 17]. In the case of the Picard—Lefschetz cocycle,
this representation was first discovered by Tong—Yang—Ma [25] and is a key
ingredient in the classification of m-dimensional representations of the braid
group B on m strings [23]. For pure braids, i.e. braids which do not per-
mute the elements of Z, the Tong—Yang—Ma representation is determined
by linking numbers (see Section 6).

We continue our discussion of the planar case > = D. The group I'
is then isomorphic to the free group I',, generated by g1,...,gm, and it is
convenient to switch from the geometric picture in Theorem A to generators
and relations. We denote by B, the abstract group generated by oo, ..., 0m,
€1,...,&m with relations

0304104 = 041070441, ;05 = 04&i—1, €i—10; = 04&;. (7)

All other pairs of generators commute. The choice of an element ¢ € C
determines an isomorphism By, — B obtained by identifying the generators
0i, €; with the moves depicted in Figure 2 ([18], see also Section 4). This

oix(ciz1) Si—1,c(04) :g,-__ch

Ci—1 Ci

20

20
Figure 2: The generators of B

gives rise to a contravariant free and transitive action of By, on C denoted
by By, x C — C : (0,¢) — o*¢, and to an action of By, on Iy, via

-1
. 9i—1 — Gi-19i9; 1,
Oi)x ¢ 8
( Z) { 9i 7 9i—1, ( )



(0i)sgj = g5 for j #i—1,i, and (g;), = Id.

The third equation in (3) shows that, in the case of the disc, we can
switch from matrix valued functions to actual matrices. More precisely, a
monodromy character N : T';;, — Z™*™ is uniquely determined by the single
matrix N := N(1). The latter satisfies

0, if n is odd,

nij = (=1)"ngi,  ni = { 2(—1)"/2, (9)

if n is even.
We denote by .47, the space of matrices satisfying (9). The map N is
explicitly given by N'(g) = Npn(g), the homomorphism py : Ty, = GL,,(Z)
being defined on generators by

pn(gi) = 1= (=1)" " D2EN. (10)

Here F; € Z™*™ is the matrix with the i-th entry on the diagonal equal to
one and zeroes elsewhere. The representation py induces an action of I'y, on
the quotient module Hy := Z™/ ker N which preserves the intersection form
(\, i) == AT N . Moreover, the triple (Hy, pw, (-, -)) becomes isomorphic to
(Har, pary (- +)): see Section 2. The next result rephrases Theorem A for the
particular case of the disc, and strengthens it with an additional uniqueness
statement. The first part of (ii) has been already proved by Bondal [5,
Proposition 2.1] for upper triangular matrices instead of (skew-)symmetric
ones. For k£ = 2,...,m we denote by ¥j; the permutation matrix of the
transposition (k — 1,k) and, for i = 1,...,m, we denote by D; the diagonal
matrix with i-th entry on the diagonal equal to (—1)"*! and the other
diagonal entries equal to 1.

Theorem B. (i) There is a unique function S : By, X Ny — GLy(Z)
satisfying the following conditions.
(Cocycle) For all N € A;, and 0,7 € By, we have

S(or,N) = S(o,N)S(r,5(c, N)T' NS(c, N)). (11)
(Normalization) For all N € A, we have S(1,N) = 1 and

S(op, N) = Sy, — (=)™ 2y p By, k=2,...,m, (1)
S(&Z’,N):Di, i:1,...,m.

(ii) The function S in (i) determines a contravariant group action of By,
on Ny, via

o*N := S(o, NI NS(o,N)



for N € Ay, and o € Byn. This action is compatible with the action of B,
on the space of marked distinguished configurations in the sense that, for
every Lefschetz fibration X — D with singular fibers over Z, every o € BNm,
and every ¢ € 5, we have

NO')S;C = O-*NC)(7

where NX := NX(1).
(iii) For every o € By, and every N € Ny, the matriz S(o, N) induces an
1somorphism from Hy+n to Hpy which preserves the bilinear pairings and

satisfies
porn(g) = S(o,N) " pn(0.9)S(0, N). (13)

By Theorem B every symplectic Lefschetz fibration f : X — D with
critical fibers over Z determines a B,,-equivariant map

5—>¢/Vm:cHNCX

which can be viewed as an algebraic invariant of X. Our next theorem
asserts that this invariant is uniquely determined by the matrix

QX ZxZ—7Z

of intersection numbers of vanishing cycles along straight lines. Here we
assume that no straight line connecting two points in Z contains another
element of Z; such a set Z is called admissible. Denote by .47 the space
of matrices Q) : Z x Z — 7 satisfying

, B , if n is odd,
Q) = (11D QA ={ et (8

We define a map C x N = Nz 2 (e, N) = QN by
Qe,N (205 77) = (Npn(9))ij (15)
where z1, ..., zy, is the ordering of Z given by ¢, I';, is identified with I", and
g::cil-sij cc; el

Here the right hand side denotes the based loop obtained by first traversing
¢;, then moving clockwise near z; until reaching the straight line s;; from z;
to z;, then following s;;, then moving counterclockwise near z; until reaching
¢;, and finally traversing ¢; in the opposite direction (see Figure 3). Geo-
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Figure 3: Intersection numbers along straight lines.

metrically, this means that the intersection matrix QX := Q nx assigns
to a pair (z,2') € Z x Z the intersection number of the vanishing cycles
along the straight line from z to 2/, where the orientations at the endpoints
are determined by moving the oriented vanishing cycles in the directions v,
and v, clockwise towards the straight line. (Given a marked distinguished
configuration ¢ and the loop g as above, the straight line s;; from z; to z;
corresponds to the curve ¢j - g~ - c{l.)

Theorem C. The map (¢, N) — Q. n defined by (15) is invariant under
the diagonal action of By, on C X . Moreover, for every Q € ANz, there
1S a unique equivariant map

C — Ny i e N,
such that
C)c,Nc = Q
for every ¢ € C.

Let f : X — D be asymplectic Lefschetz fibration with critical fibers over
an admissible set Z C int(D). Let z,2' € Z and = € f~1(2), 2’ € f~1(2)
be the associated critical points of f. Then the number QX (z,2') is the
algebraic count of negative gradient flow lines

w+Vflu) =0, f%:=cos(@)Ref+sin(@)Imf, 60:=arg(z' —z2), (16)

from o/ = limg, o u(s) to x = lims_,ocu(s). According to Donaldson—
Thomas [9] this count of gradient flow lines is (conjecturally) still meaningful
in suitable infinite dimensional settings. It thus gives rise to an intersection

10



matrix @ and hence, by Theorem C, also to an equivariant map ¢ — N.. A
case in point, analogous to symplectic Floer theory, is where f is the complex
symplectic action on the loop space of a complex symplectic manifold.

The paper is organized as follows. In Section 2 we explain an algebraic
setting for monodromy representations, Section 3 discusses the framed braid
group g, and in Section 4 we prove that B acts freely and transitively on
the space C of distinguished configurations. Theorem A is contained in The-
orem 5.5 from Section 5. We compare in Section 6 the Picard-Lefschetz
cocycle with the Magnus cocycle, and discuss some related linear represen-
tations of the braid group. Theorem B is proved in Section 7, in Section 8
we introduce monodromy groupoids, in Section 9 we prove Theorem C, and
Section 10 illustrates the monodromy representation by an example. We
include a brief discussion of some basic properties of Lefschetz fibrations in
Appendix A, summarizing relevant facts from [2, Chapter IJ.

Acknowledgements. We are grateful to Theo Biihler for pointing out to us
Serre’s definition of a non-abelian cocycle, and to Ivan Marin for indicating
to us the references [24, 25].

2 Monodromy representations

We examine algebraic structures that are relevant in the study of mon-
odromy representations associated to Lefschetz fibrations.

Definition 2.1. Fiz a positive integer n. Let I' be a group and g1, ..., gm
be pairwise distinct elements of T'\ {1}. A monodromy character on

(T, 91, .., 9m) is a matriz valued function N' = (n;;) : T' — Z™*™ satisfying
nij(g~") = (=1)"nji(9), (17)

0, if n is odd,
mii(1) = { 2(—=1)™2, if n is even, (18)

nij(ggih) = nij(gh) — (=120, (9)ng; () (19)

for all g,h € T and i,j,k € {1,...,m}. A monodromy representation
of (Tyg1,...,9m) is a tuple (H,p,L1,...,Ly) consisting of a Z-module H
with a nondegenerate bilinear pairing, a representation p : I' — Aut(H) that
preserves the bilinear pairing, and elements L1, ..., L, € H, satisfying

(£, = ("L, L), (20)

11



(o, if n is odd,
<E2,£Z> = { 2(_1)"/2’ if n is even, (21)
o) = € - (PR gy @)

for all L,L' € H and i € {1,...,m}. The automorphisms p(g;) are called
Dehn twists and the L; are called vanishing cycles.

Remark 2.2. Every monodromy character N : ' — Z™*"™ satisfies

nij (99 ") = nij(gh) — (=1)" (=)D 2y (g (), (23)
nij(9ig) = nij(995) = (=1)" ni;(g)- (24)
Every monodromy representation (%, p, L1, .. ., Lm) satisfies
plgi L = L — (=1)"(=1)"" V2 (L 1) £, (25)
plg)Li = (=1)"1L;. (26)

Equation (23) follows from (17) and (19) by replacing g, h with h=!, g~ and
interchanging ¢ and j. To prove the second equation in (24) use equation (19)
with k = j and h = 1; then use (18). The proofs of (25) and (26) are similar.

Every monodromy representation gives rise to a monodromy character
and vice versa. If (H,p,Ly,...,L,,) is a monodromy representation then
the associated monodromy character N, : I' — Z™*™ assigns to every g € T’
the intersection matrix

nij(g) == (Li, p(9)L;) - (27)

Conversely, every monodromy character N gives rise to a monodromy rep-
resentation (Has, par, L1, ..., L;,) as follows.

Denote by Z[I'] the group ring of I". One can think of an element A € Z[T']
either as a function A : I' — Z with finite support or as a formal linear
combination A = > - A(g)g. With the first viewpoint, the multiplication
in Z[I'] is the convolution product

Aw)(R) = > Ng)u(g'h).

gel’

The group I' acts on the group ring by the formula (g.\)(h) := A(hg) for
A € Z[I'l and g,h € T'. In the formal sum notation we have

g A=Y Ahg)h=>_ Ah)hg™" =rg™".
h h

12



For any function N : I' = Z™*™ we introduce the Z-module
Hp :=A/{\ € AN =0}, A =7, (28)

where (WA)(h) =3, N (hg=')A(g) is the convolution product. This abelian
group is equipped with a bilinear pairing

(A= D n)"N(hg™"A(g) = D ()T (NA)(h) (29)

g,hel hel’

and a group action pyr: I' = Aut(Hr) defined by

PN (9)A] = [g:A], (30)

which preserves the bilinear pairing. The special elements L, ...,L,, € Hx
are given by

s o oen ifg=1,
Lo=bl a0 ={ 5 0oy (31)

These structures are well defined for any function N : I' — Z™*™. The
next lemma asserts that the tuple (Hus, par,L1,...,L;,) is a monodromy
representation whenever N is a monodromy character.

Lemma 2.3. (i) Let N : T' — Z™*™ be a monodromy character. Then the
tuple (Hpry pars La, ..., Lyy,) defined by (28-31) is a monodromy representa-
tion whose associated character is N

(i) Let (H,p,L1,...,Ly) be a monodromy representation and N be its
character (27). Then the map

A=A DY N(gplg DL (32)

gel’ i=1

induces an isomorphism of monodromy representations from Hy to V/W,
where YV C H denotes the submodule generated by the vanishing cycles p(g)L;
and W C V is the kernel of the intersection form.

Proof. The Z-module H s is isomorphic to the image of the homomorphism
A — N and hence is torsion free. That the bilinear pairing in (29) is
nondegenerate follows directly from the definition. That it satisfies (20)
follows from (17) and that it satisfies (21) follows from (18) and the identity
(Li, L;) = ni(1). To prove (22) fix an index ¢ and an element A\ € A.
Abbreviate

g = (_1)n(n+1)/2

13



and define \' € A by
)\/ = (gl)*)\ —Ate <5i, )\> 52‘.
Then
N(h) = A(hg;) — e Y efN(g™h) 8i(h)
gel
and hence

WK = SN (kR (A(hg» AWy e?Mg-l)A(g)ai(h))

h

= Z(N(kgih_l) —~N(kh™b) + eN(k)EiN(h_1)> A(h)
h
= 0.

The last equation follows from (19). Hence the equivalence class of X van-
ishes and so the tuple (Hnr, par,Lq,...,L,,) satisfies (22). Thus we have
proved that (Hu, par, L1, ...,L;,) is a monodromy representation. Its char-

acter is
Zag* 26 TN kh~ ) (hg) = nl](g)

This proves (i).

We prove (ii). The homomorphism (32) is obviously surjective. That the
preimage of W under (32) is the subspace {\ € A | N\ = 0} follows from the
identity

(p(h™1) L3, Dpr(N) an (hg™")X;(g) = (N A)i(h),

where

) = Z Ai(g)plg™

Hence (32) induces an isomorphism ® s : Hpy — V/W and it follows directly
from the definitions that it satisfies the requirements of the lemma. O

Remark 2.4. Our geometric motivation for Lemma 2.3 is the following. Let
N = NX : T — Z™ ™ be the function associated to a Lefschetz fibration
X — ¥ and a distinguished configuration ¢ via (2). Let V C H,(M) be
the submodule generated by the vanishing cycles p(g)L; and W C V be the

14



kernel of the intersection form on V. Then the homomorphism A — V : A —
> i Ai(9)p(g~1)L; descends to a I'-equivariant isomorphism of Z-modules
O, Hy — V/W that identifies the pairing in (4) with the intersection form
and maps the element IL; defined by (4) to the equivalence class [L;] € V/W.

Example 2.5. Assume that I' is generated freely by ¢1,..., gm. In this case
the function N : I' — Z™*™ in Definition 2.1 is completely determined by
N := N (1). This matrix satisfies

0, if n is odd,

2(—1)™2, if n is even.

NT = (—1)”N, ni; = {

It determines a monodromy representation
Hy := Z™/ ker N, (, \) == pT N,

with special elements associated to the standard basis of Z™ and the I"-action
pn : T'— Aut(Hy) uniquely determined by

pn(gi) = 1 — (=" D2E N, (33)

Here E; € Z™*™ denotes the matrix with the i-th entry on the diagonal
equal to 1 and zeroes elsewhere. The function A/ can be recovered from the
matrix N via

N(g) = Npn(g),

where py : I' = GL,,,(Z) is defined by equation (33). Moreover, the mon-
odromy representations Hy and Hpas are isomorphic. The isomorphism
Hpy — Hy assigns to each [v] € Hpy the equivalence class of the function
Ay ' = Z™ with value v at 1 and zero elsewhere. Its inverse is induced by
the map Z[L'|™ = Z™: A= >, pn (g HA(g).

The Z-module M,,(Z[I']) of m x m-matrices with entries in the group
ring is naturally an algebra over the group ring. One can think of an element
M € M, (Z]I']) also as a function M : I' — Z"™*™ with finite support. Then
the product is given by

MN(g) =Y M(gh™ "N (h)

hel’

and this formula continues to be meaningful when only one of the factors
has finite support. The group ring Z[I'] is equipped with an involution
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A X given by A(g) := A(¢g~!). The conjugate transpose of a matrix
M € M,,(Z]T']) is defined by

M (g) == M(g)" = M(g~")"

and it satisfies (MN)! = NTM.

Let B be a group that acts covariantly on I' and denote the action by
BxT' —T:(0,g)+ o.9.In the intended application I" is the fundamental
group of a Riemann surface with m punctures and B is the braid group on
m strings in the same Riemann surface with one puncture. The action of B
on I' extends linearly to an action on Z[I'] by algebra automorphisms given

by

T\ = Z(J*A)(g)g = Z Ag)owg, (@A) (9) = (™ ").9).

gerl’ gel’

This action extends to the Z-module Z[[[']] of formal sums of elements of
I" with integer coefficients. These correspond to arbitrary integer valued
functions on I'. So B acts on M,,(Z[I']) componentwise, or equivalently by

oM = Mo (o7, : T — z™™, (34)
We then have
ox(MN) = (6.M) (0 N), o (MY = (. M)} (35)

for M,N € M,,(Z|I']). The action of B on M,,(Z[I']) induces an action on
the group GL,,(Z[I']) of invertible elements of M,,(Z[I']).

The following notion plays a crucial role in this paper. In our intended
application G is the braid group, or the framed braid group, and A is the
group GL,,(Z[I']) of invertible matrices with entries in the group ring of T".

Definition 2.6 (Serre [22]). Let G and A be groups. Suppose that G acts
covariantly on A and denote the action by GXx A — A : (g,a) — g.a. A map
s: G — A is called a cocycle if

s(gh) = s(9)gxs(h). (36)

Two cocycles sg,s1 : G — A are called cohomologous if there is an element
a € A such that

s1(9) = a” 's0(g)gxa. (37)
The set of equivalence classes of cocycles is denoted by H'(G, A).
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Remark 2.7. The semidirect product G x A is equipped with the group
operation

(9,a) - (h,b) := (gh, ag.b).
A map s : G — A is a cocycle if and only if the map G — G x A :
g — (g,8(g)) is a homomorphism (and the homomorphisms associated to
two cohomologous cocycles are conjugate by the element (1,a) € G x A).
Observe that the cocycle condition implies s(1) = 1.

Lemma 2.8. Every cocycle S : B — GLy,(Z[I]) induces a contravariant
action of B on the space of all functions N : T' — Z™*™ wviaq

o*N = (8(0)'N'S(0)) o 0, (38)
Moreover, two cohomologous cocycles induce conjugate actions.
Proof. For o,7 € B we have
(or)'N = (S(o7)'NS(o7)) o (7).
= (0.(8(1))" - S(0)'NS(0) - 0.(S(7))) 0 0s 0 7
= (S()'-0*N-8(1)) o1 = T N.

Here we have used the cocycle condition and (35).
Assume two cocycles S and 8" are cohomologous, i.e. there is a matrix

A € GL,,,(Z[I']) such that S'(0) = A71S(0)o.A for all o € B. Denote by
o* and o* the actions defined by S and S’ respectively, and denote

C 4 : Map(T, Z™ ™) — Map(L', Z™™), N — AN A. (39)
A straightforward verification shows that we have o = C400* o C’jl. U

Proposition 2.9. Let S : B — GL,,,(Z[']) be a cocycle. For every o € B
and every function N : T' — Z™*™  the isomorphism

A= A: A= S(0)(0xN)
descends to an isomorphism
Sy : Hps pr — Hpr (40)
which preserves the bilinear pairings and fits into a commutative diagram

[ — 27N Aut(Hye ) (41)



with the second vertical arrow given by ¢ — S,¢S; . Moreover, two coho-
mologous cocycles induce equivalent isomorphisms (40).

Proof. For any o € B and any function M : T' — Z™*™ the isomorphism
o« : A — A descends to an isomorphism R, : Haqes, — Haq because
(Moo )X = (671)u(M - 0,)). That R, preserves the bilinear pairings
follows from the identity (o.u)!M(oxA) = o, (u! (M o o.))) and the formula
(A, 1) = (A!Mp)(1) for the pairing (29) on H .

For any o € B we also have an isomorphism @, : Hsy)tnrse) — Hy
induced by the map A — S(o)\. This follows from the associativity of
the convolution product (SINS)A = SYNSN) and the fact that S(o) is
invertible. That @, preserves the bilinear pairing follows from the identity
(Sp)IN(SN) = pt(SINS) .

The isomorphism S, : Hy«pn — Hps is the composition S, = Q, o R,
with M := S(0)!N'S(c). By what we have already proved, this isomorphism
preserves the bilinear pairings. The commutativity of the diagram (41) is
equivalent to the equation

PN (049) ©Se =S5 0 pon(9), g €T, (42)
To prove (42) note that

(px(029) ©55)(N) = par(029)(S(0)7:A) = (S(0)0 M) () ™,

and

(So 0 poen(9)(N) = So(Ag™h) = S(0)a.(Ag™") = (S(0)0: ) (049) .

To prove the last assertion, we assume that S and S’ are two coho-
mologous cocycles. Thus there is a matrix A € GL,,(Z[I']) such that
S'(0) = A71S8(0)o. A for all ¢ € B. Denote by o* and ¢* the actions
defined by & and S’ respectively. We proved in Lemma 2.8 the relation
o =Cyo0*0 C;ll, where the map C4 is defined by (39). We then have a
commutative diagram

La
Ho o ) Howr (a1 = Hox(a-1ytva-1)
| 8
HN = H(Afl)t./\[ L—A> H(Afl)tN.Afl'

Here the two isomorphisms denoted L4 are induced by left multiplication
A —= A: A= AN The commutativity of the diagram is checked at the level
of A using the relation between S’ and S. U
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3 The framed braid group

In this section we recall the well known correspondence between the braid
group and the mapping class group (see [4, 17]) and extend it to the framed
braid group introduced by Ko and Smolinsky [18].

Let ¥ be a compact oriented 2-manifold, possibly with boundary, let
Z C ¥\ 0% be a finite set consisting of m points, and choose a base point
29 € ¥\ Z. We assume throughout that ¥ is not diffeomorphic to the 2-
sphere and that zy € 9% whenever X is diffeomorphic to the 2-disc. Denote
by Diff(%, zp) the group of all diffecomorphisms of ¥ that fix zp and by
Diff (X, z9) C Diff (X, zg) the identity component. Define

G :={¢ € Diffo(%, 20) | #(Z) = Z},
Go:={p€G|3p € Gs.t. ¢ =id, 1 = ¢} .

Here [0,1] — Diff(X, 20) : t — ¢; is a smooth isotopy of diffeomorphisms
fixing the base point. Thus Gy is the identity component of G. We refer to
the quotient

G/Go = mo(9)

as the mapping class group. It is naturally isomorphic to the braid group.

Fix an ordering Z = {z1,...,2,} and let &,, denote the group of per-
mutations. The braid group B on m strings in ¥ \ {29} based at Z is
defined as the fundamental group of the configuration space of m unordered
distinct points in ¥\ {zp}. Think of a braid as an m-tuple of smooth paths
Bi : [0,1] — X, 4 = 1,...,m, which avoid zy, are pairwise distinct for
each t, and satisfy 3;(0) = z;, Bi(1) = zr(;) for some permutation 7 € &y,.
Thus B is the group of homotopy classes of braids. The composition law
is [8] - [a] := [Ba], where fa denotes the braid obtained by first running
through o and then through 5.

The isomorphism ® : B — G/Gy is defined as follows. Given a braid
B choose a smooth isotopy {¢:}o<i<1 in Diff (3, zp) with ¢o = id satisfying
¢1(z;) = Pi(t) for i = 1,...,m and define ®([5]) := [¢p1]. To see that this
map is well defined choose a smooth family of vector fields vy € Vect(X)
satisfying v¢(z9) = 0 and

w(Bi(t) = Bit),  i=1,...,m,

and let ¢; be the isotopy generated by v; via 0y¢; = vy 0 ¢ and ¢g = id. The
existence of v; follows from an easy argument using cutoff functions, and
that the isotopy class of ¢ is independent of the choices of 5 and v; follows
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from a parametrized version of the same argument respectively from taking
convex combinations of vector fields. We claim that & is an isomorphism.
(See [4, Theorem 4.3] for a slightly different statement.)

That ® is a surjective group homomorphism is obvious. Thus we have
an exact sequence

m1 (Diffo(, 20),id) — B —2 G/Gy — 1, (43)

where the first map sends an isotopy {¢:}o<i<1 with ¢g = ¢ = id to the
braid in ¥ \ {29} defined by t — ¢;(Z). Hence the injectivity of ® follows
from the fact that Diff(3, z9) is simply connected. (This is why we exclude
the 2-sphere and the 2-disc with a base point in the interior: see Remark 3.1
below.) In fact it is contractible. To see this in the case x(X) < 0 we use the
fact that the identity component Diff(3) of Diff (X) is contractible [10, 11]
and consider the fibration

Diff (%, z9) < Diffo(2) — .

The map Diffo(X) — ¥ assigns to every diffeomorphism ¢ € Diffy(2) the
homotopy class of the path [0,1] — X : ¢t — ¢¢(z9) with fixed endpoints,
where [0,1] — Diffo(X) : t — ¢ is a smooth isotopy with ¢y = id and
¢1 = ¢. This map is well defined because Diffy(X) is simply connected. If
the Euler characteristic is zero X is either diffeomorphic to the 2-torus or to
the annulus. In both cases Diffo(X, z9) = Diff(X, z9) N Diffo(X) acts freely
on J(X) and there is a diffeomorphism Diff((X, z9) x T(X) — J(X) where
T(X) := J(X)/Diffo(X) is diffeomorphic to the upper half space H in the
case of the torus and to an open interval in the case of the annulus. In the
case of the disc D the group Diffy(ID) of orientation preserving diffeomor-
phisms acts transitively on J (D) with isotropy subgroup PSL(2,R). This
action gives rise to a diffeomorphism from 7 (D) to the subgroup of all dif-
feomorphisms that fix a point on the boundary and a point in the interior.
Hence the group Diff(D, zp) is contractible for every zy € dD.

Remark 3.1. In the cases ¥ = S? and ¥ = D with 2y ¢ D the group
Diffy(, z9) is not contractible but homotopy equivalent to the circle. It
can be deduced from the exact sequence (43) that ® is not injective and
that, instead, B is in these two cases a central extension of the mapping
class group G/Go by an infinite cyclic group Z. If ¥ = S? then B can be
interpreted as the braid group on m strings in C, and the subgroup Z is
the center of B for m > 3 [4, 17]. If ¥ = D with z9 ¢ 0D then B can be
interpreted as the subgroup of the braid group on m + 1 strings in D that
fixes the point 2y, and Z coincides with the center of B for all m > 1.
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The framed braid group is an extension of the braid group B. Choose
nonzero tangent vectors v, € T,% for z € Z and define

g = {Qb € DiEO(EaZO) | QS(Z) =Z, d¢(2)’02 = Vg(z) Vz € Z} )
Go:= {6 €G30 € Gt 6o =id, b1 = 6}

Thus 50 is the identity component of G. The marked mapping class
group is the quotient

G/Go = m0(G)-
It is naturally isomorphic to the framed braid group Bonm strings in
¥\ {#0}. Fix again an ordering Z = {z1,...,2y,} and denote v; := v,, for

i=1,...,m. The framed braid group is defined as the fundamental group
of the configuration space of m unordered points in the complement of the
zero section in the tangent bundle of X\ {29} whose projections to the base
are pairwise distinct. Think of a framed braid as an m-tuple of smooth
paths (8;,&) : [0,1] = TX for ¢ = 1,...,m such that (51,..., () is a braid
in ¥\ {20} satisfying 3;(0) = z; and B;(1) = zr(;) for some permutation
7 € Gy, and each §; is a nowhere vanishing vector field along f3; such that
§i(0) = v; and &;(1) = vr(;). Thus B is the group of homotopy classes of
framed braids.

The isomorphism d:B— 5 / §0 is defined as follows. Given a framed
braid (3,§) choose a smooth isotopy {¢:}o<i<1 in Diff (X, zp) with ¢ = id
satisfying

be(zi) = Bi(t), dee(zi)vi = &i(t), t=1,...,m, (44)

and define ®([3,€]) := [¢1]. To see that this map is well defined choose a
smooth family of vector fields v; € Vect(X) satisfying v¢(zp) = 0 and

w(Bi(t) = Bi(t),  Vewu(Bit) =Vi&(t), i=1...m.  (45)

(Here V is a torsion free connection on T'Y but the second equation in (45)
is independent of this choice.) Now let ¢; be the isotopy generated by v; via
Orpy = vy 0 ¢y and ¢g = id. Then ¢, satisfies (44). As above, the existence
of v; follows from an easy argument using cutoff functions, and that the
isotopy class of ¢ is independent of the choices of 8 and v; follows from a
parametrized version of the same argument respectively from taking convex
combinations of vector fields. That ® is a surjective group homomorphism
is obvious and that it is injective follows again from the definitions and the
fact that Diffy(X, z9) is simply connected.
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Remark 3.2. There is an obvious action of the mapping class group on the
braid group induced by the action of G on B via

(b*[ﬂlr . 7/8771] = [(bO/Bﬂ(l)a e 7¢O/87T(m)]7

for ¢ € G and a braid 5 = (f1,...,Bm), where 7 € &,, is the permutation
defined by qﬁ(zﬂ(i)) = z;. On the other hand we have seen that the mapping
class group can be identified with the braid group. The resulting action of
the braid group on itself is given by inner automorphisms. In other words

D). = O‘ﬁa_l
for a,, 5 € B. The same holds for the framed braid group.

The framed braid group fits into an exact sequence
02" B—B—1. (46)

This extension splits by choosing a nowhere vanishing vector field w on
¥\ {z0} such that w, = v, at each z € Z. The splitting depends on the
homotopy class of w relatively to Z, so that it is not unique in general. In
the following we shall not distinguish in notation between the mapping class

group 7o(G) and the braid group B, nor between my(G) and B.

4 Distinguished configurations

Let 3, Z, zy be as in Section 3. An m-tuple ¢ = (¢y, ..., ¢p) of smooth paths
¢ 0,1] — X is called a distinguished configuration if

(i) each ¢; is an embedding with ¢;(0) = 29 and, for i # j, the paths ¢; and
c; meet only at 2o;

(ii) {c1(1),...,em(1)} = Z;

(iii) the vectors ¢1(0),...,¢én(0) are pairwise linearly independent and are
ordered clockwise in T}, %.

Two distinguished configurations ¢ and ¢! are called homotopic if there is
a smooth homotopy {C)‘}OS a<1 of distinguished configurations from & to cl.
We write ¢ ~ ¢! if ¢” is homotopic to ¢! and denote the homotopy class of
a distinguished configuration ¢ by [c]. The set of homotopy classes of distin-
guished configurations will be denoted by C. Note that each distinguished
configuration ¢ determines an ordering Z = {z1,..., z,} via z; :== ¢;(1).
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Theorem 4.1. The braid group B acts freely and transitively on C via
([(;5], [c1,... ,cm]) = [pocy,...,d0cy| = [d]. (47)

Proof. We prove that the action is transitive. Given two distinguished con-
figurations ¢ and ¢ we need to construct an element ¢ € Diffy(3, 29) such
that 1,c is homotopic to ¢. Up to homotopy we can assume that there is
a constant € > 0 such that ¢;(t) = ¢;(t) for 0 < ¢t < e. Now construct an
isotopy [e, 1] — Diffo(X, 29) : A — ¢, satisfying ¢; = id and

oalei(t)) = ci(Mt), <A<, di=1,...,m,

by choosing an appropriate family of vector fields. Choose an analogous
isotopy ¢, for ¢ and define

Y= (¢L) toge €G.

Then ¢(c;(t)) = ¢(t) as required.

We prove that the action is free when zy ¢ 93. The case zy € 9% is
similar. Let ¢ be a distinguished configuration and ¢ € G such that ¢.c is
homotopic to ¢. We prove in five steps that ¢ € Gy.

Step 1. We may assume that dp(zy) = 1.

It suffices to prove that, for every matrix A € GL™(n,R), there is a dif-
feomorphism 7 : R” — R", supported in the unit ball and isotopic to the
identity through diffeomorphisms with support in the unit ball, that satisfies
¥(0) = 0 and dp(0) = A. If A is symmetric and positive definite we may
assume that A is a diagonal matrix and choose % in the form

Ib(m') - (1/}1 (1‘1), ce 7¢n(xn))

where each 1); is a suitable monotone diffeomorphism of R. If A is orthogonal
we choose a smooth path [0,1] — SO(n) : 7 — A,, constant near the ends,
with Ag = A and A; = 1 and define

The general case follows by polar decomposition.
Step 2. We may assume that ¢ agrees with the identity near zg.

Let ¢ be a diffeomorphism of R™ with ¢(0) = 0 and d¢(0) = 1 and choose
a smooth nonincreasing cutoff function g : [0,1] — [0,1] equal to one near
zero and vanishing near one. Then, for ¢ > 0 sufficiently small, the formula

o) == AB([z[/e)z + (1 = AB(|z[/€))p(x)
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defines an isotopy from ¢y = ¢ to a diffeomorphism ¢ equal to the identity
near the origin such that, for each A\, ¢, agrees with ¢ outside the ball
of radius €. Now choose a local coordinate chart near zg to carry this
construction over to X.

Step 3. We may assume that ¢ agrees with the identity near zy and ¢.c = c.

Assume, by Step 2, that ¢ agrees with the identity near zy. Then the
homotopy A — ¢* from ¢ = ¢ to ¢! = ¢.c can be chosen such that c¢*(t)
is independent of t for ¢ sufficiently small. Hence there exists a family of
vector fields v* € Vect(X) satisfying

(e (1) = el (t)

(2

for all \,t,4 and v*(z) = 0 for z near z. Integrating this family of vector
fields yields a diffeomorphism ¢ € Gy such that ¥.¢.c = c.

Step 4. We may assume that ¢ agrees with the identity near the union of
the images of the c;.

Assume, by Step 3, that ¢(c;(t)) = ¢;(t) for all ¢ and ¢ and that ¢ agrees
with the identity near zg. If d¢(c;(t)) = 1 for all ¢ and ¢t we can use an
interpolation argument as in Step 2 to deform ¢ to a diffeomorphism that
satisfies the requirement of Step 4. To achieve the condition d¢(c;(t)) = 1
via a prior deformation we must solve the following problem. Given two
smooth functions a : [0,1] - Rand b: [0,1] — (0,00) find a diffeomorphism
1 : R? — R? that is equal to the identity outside a small neighborhood of
the set [0, 1] x {0} and satisfies

D@, 0) = (,0),  d(z,0) = (é Z((;U)) ) 0<z<l.

It suffices to treat the cases a(x) = 0 and b(z) = 1. For b(z) = 1 one can use
an interpolation argument as in the proof of Step 2. For a(x) = 0 one can
use a parametrized version of the argument for the positive definite case in
the proof of Step 1.

Step 5. We prove that ¢ € Gy.

Assume, by Step 4, that there is a coordinate chart u : D — X such that
¢i(t) € u(D) for all ¢ and t and ¢ o u = u. Choose any isotopy

[O, 1] — Diﬁb(z, ZO) A (ﬁ)\

from ¢¢9 = id to ¢1 = ¢. By a parametrized version of the argument in
Step 1 we may assume that d¢y(z9) = 1 for every A. By a parametrized
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version of the argument in Step 2 we may assume that there is an € > 0
such that ¢y o u agrees with u on the disc of radius € for every A. Choose a
diffeomorphism 1 : ¥ — ¥, supported in u(D), such that

P(u({z € D[z| <1 -e})) = u({z € D||z] <e}).

Then A — ¢! o ¢y 01 is an isotopy in G and so ¢ =1~ Lopotp € Gy. This
proves the theorem. O

Recall from the introduction that every distinguished configuration ¢ de-
termines elements g c, ..., gm,c of the fundamental group I' = 71 (X \ Z, 2p),
where g; . is the homotopy class of the loop obtained by traversing c;, encir-
cling z; counterclockwise, and then traversing c¢; in the opposite direction.
Clearly, the g; . depend only on the homotopy class of c. Conversely, we
have the following theorem.

Theorem 4.2. If ¢, € C satisfy gic = gi fori=1,...,m then c~c.

The proof relies on the classical result of Baer, Dehn and Nielsen that,
in dimension two, isotopy coincides with homotopy. Specifically, we need
the following theorem of Epstein [12, Theorem 3.1] and Feustel [13] about
embedded arcs in 2-manifolds.

The Epstein—Feustel Theorem. Let S be a compact 2-manifold with
boundary and «, 8 : [0,1] — S be smooth embeddings such that

a(0) =p(0),  a(l)=5@1), o '(98)=pF71(5) = {a(0),a(1)}.

If a and B are smoothly homotopic with fized endpoints then there is a smooth
ambient isotopy [0,1] x S — S : (\,p) — éx(p) such that

¢0:id7 (bloa:ﬂ
and ¢y|os = id for all X € [0,1].

In the work of Epstein and Feustel the 2-manifold S is triangulated and
the isotopy can be chosen piecewise linear whenever the arcs are piecewise
linear. In Feustel’s theorem the homeomorphism ¢y : S — S fixes the end-
points of the arcs. In Epstein’s theorem S need not be compact and the ¢y
have uniform compact support and are equal to the identity on the bound-
ary of S. To obtain the smooth isotopy in the above formulation, we first
approximate the embedded arcs by piecewise linear arcs, then use Epstein’s
version of the theorem in the piecewise linear setting, then approximate the
piecewise linear isotopy by a smooth isotopy, and finally connect two nearby
smooth arcs by a smooth isotopy.
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Proof of Theorem 4.2. Let (, C I' be the conjugacy class determined by a
small loop encircling the puncture z € Z. Since ¥ # S? we have (, # (o
whenever z # 2'. Since g;. € (1) and g;« € Cc;(l) fori =1,...,m, we
deduce that ¢ and ¢’ determine the same ordering of Z:

Z=A{z1,...,2m}, zi = c;(1) = di(1).

Performing an isotopy of the distinguished configuration ¢, if necessary,
we may assume that ¢, agrees with ¢; on the interval [1 — 2¢,1] for some
e > 0. Next we denote by By, C C the disc of radius 2¢ centered at zero
and choose embeddings 1; : By, — X with disjoint images U; := 1;(Ba:)
such that 9;(t) = ¢;(1 —t) for 0 <t < 2¢ and ¢;|[p1_2.] takes values in the
complement of Uy U --- U Uy, for every i. Let D; := 1;(B:) and denote

D:=DyU---UD, CX.

Then ¥\ D is a manifold with boundary and the inclusion ¥\ D < X\ Z
induces an isomorphism of fundamental groups 71 (X \ D, z9) = I". We prove
in four steps that the distinguished configurations ¢ and ¢ are homotopic.

Step 1. Fori=1,...,m let h; € I' be the homotopy class of the based loop
that traverses ciljo,1—) and then ciljo.1—¢ in the reverse direction. Then, for

every i, there is a k; € Z such that h; = gflc
By definition of h; we have

higichy ' = giw = gic € T

fori =1,...,m. Thus h; commutes with g; .. Moreover, I" is a free group.
If m > 1 or 9¥ # () we can choose a basis of I" such that g; . is one of the
generators and the assertion follows.

If m =1 and 9% = () then X has genus g > 1, by assumption. Hence the
group I' is free of rank 2g and we can choose generators aq,..., g, 81,..., 08y
such that b := g1, = H?Zl[aj,ﬁj]. Let h := hy. Since I' is free and b
commutes with h, the subgroup of I" generated by b and h is free, by the
Nielsen—Schreier theorem, and abelian and hence has rank one. Thus there
isad € I'such that b = d” and h = d* for some r, k € Z. Since b # 1 we must
have r # 0. We claim that r = +1. Tosee this,let ' =: 'y D T's D --- be the
lower central series of I', with T'y11 := [I'y,I'1] for £ > 1. The quotient H :=
I'y /Ty is free abelian of rank 2g with generators (o], ..., [agl, [B1], ..., [Bg)-
In this quotient the identity d" = b becomes r - [d] = [b] = 0. Since r # 0
and H has no torsion we obtain [d] = 0 in H, i.e. d € T'5. Since b € T’y
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we can consider the identity d” = b in the quotient I'y/T's. This quotient
is canonically isomorphic to the second exterior power of H, by identifying
the equivalence class of a commutator [u,v] with [u] A[v], for all u,v € T'. In
A2 H the equivalence class of b is equal to Z?Zl [a;]A[B;]. This is a primitive
element, and the equation r-[d] = [b] implies » = 1. Thus Step 1 is proved.

Step 2. We may assume without loss of generality that, for each i, the
paths ciljp1—< and cﬂ[O’l,e} are smoothly homotopic with fixed endpoints in
¥\ D. Moreover, the path ci|j1_. 1) agrees with the path ci|_. 1) for each i.

Let k; be as in Step 1 and choose a smooth cutoff function p : [0,2¢] — R
such that p(r) = 1 for r < ¢ and p(r) = 0 for » > 3¢/2. Define the
diffeomorphism ¢ : ¥ — ¥ by ¢(1(2)) := (e~ 2m*iP(12D)2) for 2 € By, and
i=1,...,m and by ¢(p) :=p for p ¢ Uy U---UU,. Replacing ¢ by the
equivalent distinguished configuration ¢.c and constructing h; as in Step 1,
we obtain h; = 1 and this proves Step 2.

Step 3. If zp ¢ 0% we may assume without loss of generality that there is a
smooth embedding g : Bo. — % and real numbers 2 > 61 > -+ > 0,, > 0
such that the following holds.

(a) The closure of Uy := 1o(Ba:) is disjoint from U; fori=1,...,m.
(b) For each i we have ¢;(t) = ci(t) = vo(el¥%t) for 0 <t <e, wal(ci(t)ﬂ =
{Q,Z)al(c‘(t)){ =t fore <t <2, and ¢;(t),c;(t) ¢ Uy for 2e <t < 1.

)

(c) The curves ¢;|. 1<) and ¢z 1) are smoothly homotopic with fived end-
points in 3\ (Do U D), where Dy := 1o(B;).

In the case zyp € 0% we may assume the same with a smooth embedding
Yo :{z € Ba: |Imz > 0} — ¥ of a half disc and with ™ > 61 > -+ > 6, > 0.

Assume 29 ¢ 0¥ and choose any embedding 1y : Bae — 3 with ¢y(0) = 2o
such that (a) holds. Reparametrizing ¢; near t = 0 we may assume that
{(925(1#61 o cl)(O){ = 1. Rotating the embedding, if necessary, we may assume
that there are real numbers 27 > 61 > 6y > --- > 6, > 0 such that

Oty oc)(0) =€, i=1,...,m.

Shrinking e, if necessary, we can then deform ¢; to a curve that satisfies
ci(t) = o(el%t) for 0 < t < 2¢. Shrinking £ again we may assume that
¢i(t) ¢ Up for 2¢ < ¢t < 1. Applying the same argument to the ¢}, using
partial Dehn twists supported in Uy, and shrinking € again, we may assume
that the arcs ¢ satisfy the same two properties. Thus condition (b) is
fulfilled.
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By Step 2 the curves ciljo1—¢ and cj|jg,1— are homotopic with fixed
endpoints in X\ D. Now consider the loop 7; in ¥\ (Do U D) obtained by
first traversing c;[(. 1< and then traversing . 1 in the reverse direction.
This loop is contractible in X\ D and hence, as a based loop in ¥\ (DyU D)
with basepoint ¢;(¢), is homotopic to a multiple of 9Dy. Using a suitable
multiple of a Dehn twist in the annulus Up \ Dy (as we did in Step 2), we can
replace ¢ by an equivalent distinguished configuration which still satisfies
(b) and such that v; is now contractible in ¥\ (Do U D). Hence the curves
c1lie,1—¢) and ¢f[[.1_.) are homotopic with fixed endpoints in ¥\ (Do U D).
For ¢ > 2 the curves ¢;([e,1 — ¢€]) and c([e,1 —¢]) in X\ (Dp U D) have
endpoints different from ¢ (g) and ¢1(1 — ¢). Hence they have well defined
intersection numbers with ¢ |z 1_.]. By what we have just proved these agree
with the intersection numbers with ¢/| 1. Since ¢;([e,1 — ¢]) is disjoint
from ¢;([e,1 — ¢€]) and ¢([e,1 — €]) is disjoint from ¢ ([e,1 — €]) we deduce
that both intersection numbers are zero. Hence the intersection number of
c1[e,1—¢) With «; is zero for i > 2. Since the loop +; is a multiple of 0Dy, we
deduce that it is contractible in 3 \ (Dg U D) for ¢ > 2. This proves Step 3
in the case zp ¢ 0X. The proof in the case zy € 93 is similar, assertion (c)
being simpler to prove.

Step 4. The distinguished configurations ¢ and ¢’ are homotopic.

We prove by induction on ¢ € {1,...,m} that there is an ambient isotopy
[0,1] x ¥ — X : (A, p) — ¢x(p) such that each ¢, is the identity on Dy U D
and ¢ (c;(t)) = ci(t)for0 <t <landi=1,...,¢ For ¢ =1 the existence of
the isotopy follows immediately from Step 3, the Epstein—Feustel theorem,
and the second assertion of Step 2.

Now suppose by induction that ¢ € {2,...,m} and that ¢, = ¢; for
i=1,...,0—1. By Step 3 the curves c|j. 1 and ¢;|z,1—, are homotopic
with fixed endpoints in ¥\ (Do U D). Choose a smooth open disc U C ¥
(respectively half disc in the case zp € 9%) such that U is an embedded
closed disc (respectively half disc) and

DoUDyU---UD, cU, UZle(0,1]) U,

(DeU---UDp)NU =0, UL, ci((e,1])NT =0.

Then the inclusion of ¥\ (U U D) into ¥\ (Dp U D) induces an injection of
fundamental groups. Hence the curves Cg][g,l_a] and c}][g,l_a] are homotopic
with fixed endpoints in ¥\ (UUD). Hence the existence of an ambient isotopy
satisfying the assertion for £ follows from the Epstein—Feustel theorem. This
proves Step 4 and the theorem. O
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Corollary 4.3. Let N be the kernel of the homomorphism T' — (X, 20)
induced by the inclusion ¥\ Z — ¥. Then the homomorphism

B — Aut(N) : 0 — o, (48)

obtained by composing ® : B — G /Gy with the canonical action of G/Gy on
the subgroup N, is injective.

Proof. That the canonical action of G/Gy on T leaves the subgroup N glob-
ally invariant follows from the definition of G. To prove the injectivity, we
consider a braid ¢ € B such that o, is the identity of N. For an arbitrary
configuration ¢ € C, we have

Gi,onc = OxGic = Yic, 1=1,...,m.

Hence it follows from Theorem 4.2 that ¢ and o.c are equivalent distin-
guished configurations. By Theorem 4.1 this implies that o is trivial. U

Remark 4.4. Assume ¥ = D with zg € 0D. We have N = I"in this case and
the map (48) is known as the Artin representation. A classical theorem
by Artin [1, 4, 17] asserts that it is injective and that its image consists of
all automorphisms ¢ : I' — I' that satisfy the following two conditions:

(i) ¢ permutes the m conjugacy classes in I' determined by small loops
encircling the m punctures;

(ii) ¢ preserves the homotopy class of dD.
Thus Corollary 4.3 is the injectivity part of Artin’s theorem.

Let us now choose a nonzero tangent vector v, € T,% at each punc-
ture z € Z. A marked distinguished configuration is a distinguished
configuration ¢ = (cq, ..., ¢py,) satisfying

¢i(1) = —ve, 1), 1=1,...,m.

Observe that the configuration ¢ induces an ordering on the set {v,}.cz
defined by v; := v,,(q) for ¢ = 1,...,m. The notion of homotopy carries over
to marked distinguished configurations and the set of homotopy classes will
be denoted by C. Now the proof of Theorem 4.1 carries over word by word
to the present situation and shows the following.

Theorem 4.5. The framed braid group B acts freely and transitively on the
set C via (47).
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Remark 4.6. Given a marked distinguished configuration ¢ € C, one can
define elements oo, ..., 0mc;€1,cs- - -1 Em,c N B as follows.

e For i =2,...,m we define the framed braid o; . as follows. We choose
an embedded arc s; : [0,1] — X\ {20} from z;—1 = ¢;—1(1) = 5;(0)
to z; = ¢;(1) = s;(1) by catenating (ci_l\[&l])_l with a clockwise arc
from ¢;—1(e) to ci(e) and with ¢ ;). Given s; we choose a braid
8 = (P1,...,0m) such that 5;_; runs from z;_1 to z; on the left of
si, B runs from z; to z;_; on the right of s;, and 3; = z; = ¢;(1)
for j # i — 1,i. The framing is determined by a vector field near
the union of the curves c¢; which is tangent to the curves c¢; and has
2o as an attracting fixed point. The mapping class associated to o; .
is represented by a diffeomorphism supported in an annulus around
the geometric image of ;1 and f;; it consists of two opposite half
Dehn twists, one in each half of this annulus, followed by localized
counterclockwise half turns centered at z;_; and z;. In terms of its
action on ¢, the braid o; . preserves the curves c; for j # i — 1,7 and
replaces the pair (¢;—1,¢;) by (cl-gifl’c,ci,l).

e For ¢ = 1,...,m the framed braid ¢;. is the trivial braid with the
framing given by a counterclockwise turn about z; = ¢;(1) and the
trivial framing over z; for j # 4. In terms of its action on ¢, the braid
€i,c preserves the curves ¢; for j # ¢ and replaces ¢; by ¢;g; c.

In the case ¥ = D there is an isomorphism ¢, : gm — g, where gm is the

abstract braid group with generators oo,...,0,, and €1,...,&, subject to
the relations (7), as introduced in the introduction. The isomorphism sends
oitoo;cfori=2,...,mande;tog;.forj=1,...,m. Werefer to Figure 2

on page 7 for a pictorial representation of these generators.

5 The Picard—Lefschetz monodromy cocyle

The main result of this section is Theorem 5.5, which contains Theorem A.
We use the notations of the introduction. B
A marked distinguished configuration ¢ and a framed braid o = [¢] € B

with ¢ € G determine a permutation 7, . € &, such that ¢(z;) = Zr, (i) for
i =1,...,m. These permutations satisfy
Tore = Mo © Tre,  Tome = Tre © Mo © Ty (49)
For ¢ € 5andj =1,...,m define the function s, : BT by
sj.c(0) == c; ' oucy, i = Tgc(])- (50)
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Here the right hand side denotes the catenation of the paths o.c; and c;l
pushed away from z; in the common tangent direction v;.

Remark 5.1. Recall the elements oa.,...,0m, € B and €l,cr+--1Emec € B
defined in Remark 4.6. For o = 0, . the permutation 7, . is the transposition
of k—1 and k, for o = ¢; . it is the identity. Figure 2 shows that

17 ] ?é k - 17 15 ] ?é ia
el = { Gt J=k—1, Selie) = { Gier J =1

Lemma 5.2. The functions s; . : B — T defined by (50) satisfy the conju-
gation condition

TuGhe = Sk,e(0) " GicShe(0), i = 7o (K), (51)
the cocycle condition

Sk,e(0T) = 8j,c(0)0usk,e(T),  Ji=mre(k), (52)
and the coboundary condition

Ske(0T) = 80.(T)Sk r.c(0), 0= 741, c(k) (53)
fora,Tegcmdk:: 1,....,m.

Proof. To prove (51) we denote i := 7, (k). Then

—1 —1
TwGk,c = Jkyone = (OxCL) " Ci* Gic " € * OxCh,

where the middle term ¢; - g - et represents a counterclockwise turn

(2
about z;. To prove (52) we denote j := 7w .(k) and i := 7y c(j) = Torc(k).
Then

5jel0)0espe(T) = ¢ ouei-oule! - Tuey)
= cl-_1 © OxTxCl
= Spc(or).

To prove (53) we denote £ := 7y 1 o(k) and i := 7, ({) = 77 (k). Then

50,6(T)Sk (o) = Ci_l “TwCp (7'*0)[1 04 (TwC) ke

-1
Ci * OxT«Ck

= Spc(oT).

This proves the lemma. O
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Remark 5.3. It follows from the definition of the mapping class group
g~/§0 =~ Bthat 04§k, is conjugate to g; . for some i. (When X is the disc, this
condition appears in Artin’s theorem: see Remark 4.4.) Thus Lemma 5.2
gives an explicit formula for a conjugating group element, namely sj (o).

For every marked distinguished configuration ¢ = (c1,...,cn) we define
the map S, : B — GL,,,(Z[I']) by

(Se(0))ij = { gf,c(a), ii z - 228 (54)

Remark 5.4. By Remark 5.1 we have

1, 0 0 0
T 0 1 o Liy 0 0
SC(Uk,C) = 0 gt 0 0 ) Sc{ei,c) = 8 gBC 1 0 :
“1e B
0 0 0 1,,_p me

When ¥ is the disc, these conditions uniquely determine the cocycle S..

The next theorem contains the statement of Theorem A. The notion of
cocycle has been introduced in Definition 2.6.

Theorem 5.5. The maps S, with ¢ € C satisfy the following conditions.
(Homotopy) If ¢ is homotopic to ¢ then S. = Ser.

(Injectivity) Each map S, : B — GLy,(Z[I)) is injective.

(Cocycle) For all ¢ € C and 0,7 € B we have

Se(07) = Se(0) 0, Se(7). (55)
(Coboundary) For all ¢ € C and 0,7 € B we have
Sr.e(0) = 8.(7)18.(0) 0. Se(7). (56)
(Monodromy) For each ¢ € C the formula
TN = (Se(0)INS(0)) 0 0. (57)

defines a contravariant group action ofBN on N,. ForceC and T € B the
formula

Ty e(N) 1= So(T) NS, (1) (58)

defines an equivariant isomorphism from A, to Ns... The isomorphisms
satisfy the composition rule Ty r.c0 Trec = Torc-
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(Representation) For all ¢ € C and 7 € B the matriz Sq(1) € GLy(Z[I)
induces a collection of isomorphisms

S(1) :Hg vy — Hy, N €A,

that preserve the structures (29-31).

(Lefschetz) If X — X is a Lefschetz fibration with singular fibers over Z
then

Tre(NE) = N
for all ¢ € C and 7 € B. Moreover, if X Hyx — V/W denotes the
isomorphism of Remark 2.4, then ®X = ®X o S.(1) : Hyx — V/W.
(0dd) If n is odd then the contravariant action of B on A, descends to B.

Proof. The (Homotopy) condition is obvious. To prove the (Cocycle) condi-
tion (55) we denote j := 7, (k) and i := 7y (j) = Tor (k). Then

(Se(@)0uSe(M)ie = D (Se(0))iwo((Se(T))uk)

= (Sc(o
= sjclo
= Spc(oT)

= (Se(o7))ik-

Here we have used (52) and (54). For i # 7., (k) the (i, k) entry of both
matrices S.(07) and S.(0)0.S.(T) is zero. Thus we have proved (55).

To prove the (Coboundary) condition (56) we denote ¢ := 7, ;. (k) and
i:=17rc(l) = Tgrc(k). Then

(Se()Src(@))ite = D (Selr))iv(Src(0))uk

= SC(T))M(ST*C(U))M
)Sk,r*c(o-)
= Sk,c(JT)

= (Se(o7))je-

Here we have used (53) and (54). For i # 7y, (k) the (i, k) entry of both ma-
trices S¢(o7) and S.(7)S, (o) is zero. Thus we have deduced (56) from (55).

33



To prove the (Injectivity) condition we assume that ¢ € C is a marked
distinguished configuration and o € B is a framed braid such that S.(o) = 1.
Then the permutation 7, . is the identity and we deduce from (51) that

_ _ -1 _ -
Giocrc = OxGic = Si,c(o-) gi,csi,c(a) = Yi,c; 1=1,...,m.

Hence it follows from Theorem 4.2 that ¢ and o.c descend to equivalent
distinguished configurations in C. By Theorem 4.1 this implies that o is a
lift of the trivial braid in B. Thus

k1 k
0 = el,c' : 'emn,lc

for some integer vector (ki,...,ky,) € Z™. Using again the fact that S.(c) =
1 we obtain that k1~: coi=ky =0 %nd hence 0 = 1. Thus we have proved
that, for every ¢ € C and every o € BB, we have

Sc(o) =1 = o=1
Now let ¢ € C and o,T € B be given such that
Sc(o1) = Sc(T).
Then it follows from the coboundary and cocycle conditions that
Se(7) = Se(07) = 8c(0)04Se(T) = Sc(T)Sr.c(0).

Hence S;,.(o) = 1 and so, by what we have already proved, it follows that
o = 1. This shows that the map S, : B — GL,,(Z[I']) is injective, as claimed.

To prove the (Monodromy) condition let N = (n;j) € Az and 7 € B. We
must prove that 7 o(N) 1= S.(7)'NS.(7) € A... To see this denote the
entries of 7 .(N) by n;; and observe that

-/ -/

ij(9) = nirgr (sie(T)gsje(T) 1), = mee(i), = mee(i). (59)

That the functions n;; satisfy (17) and (18) is obvious from this formula.
To prove (19) we abbreviate ¢ := (—1)""+1)/2 &/ .= 7 (k), and compute

1599k, mch) = nij (8ie(T)g(Tegrc)hsje(T) )
= Nirjr (8i,0(T)g5k,e(T) " ghr ek e(T)Bsje(T) )
= nirj (sie(T)ghsje(T) ")
—en (8i,e(7)g8k,e(T) ™ ) e (81,c(T) s e(T) )
= ni5(gh) — enir(g)nr;(h).
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Here the first and last equations follow from (59), the second equation follows
from (51), and the third follows from (19) for n; ;. Thus we have proved
that 7, .(N) € A7, as claimed, and hence also

TN = T (N)oT, € .

That equation (57) defines a contravariant group action of B on A, for
every ¢ € Cisa consequence of Lemma 2.8. That the map 7. : A — A7
is equivariant under the action of B follows from (56). The composition
rule follows from the definitions as well as (55) and (56). This proves the
(Monodromy) condition.

The (Representation) condition follows from the proof of Proposition 2.9.
To prove the (Lefschetz) condition we fix a symplectic Lefschetz fibration
f X — X with critical fibers over Z as well as a marked distinguished
configuration ¢ € C and a framed braid 7 € B. To emphasize the dependence
of the vanishing cycles on the choice of distinguished configuration ¢, we
denote their homology classes by Li¢,...,Lyc. Let p: T' — Aut(H,(M))
be the associated monodromy representation and, for g € I', let

nl-j(g) = <Li,cap(9)LJ7C>

denote the entries of the intersection matrix A:X(g). Then
Li,nc = p(si,c(T)il)Li’,ca i’ = 7'(-T,c(i)'
Hence the entries of the matrix VX (g) =: (7;;(g)) are
ﬁzj(g) - <Li,T*C7p(g)Lj,T*c>
(P(5ic(T) 7" Liries P(95c(T) " ) L)
= <Li’,07 p(si7c(7)gsj7c(7-)—1)Lj/7c>
= niryr(si.c(r)gsje(r) 7).

Hence it follows from (59) that N, = 7, .(N2X) as claimed. Thus we have
proved the (Lefschetz) condition.
Now assume that n is odd. Then it follows from (24) that

nii(9) = nij(Gicq) = nij(99;.c) (60)

for N' = (n;;) € Az Moreover, if 7 € B belongs to the kernel of the
homomorphism B — B then Tre = id € &, and s;.(7) = gflc for some
k; € Z. Hence equations (59) and (60) show that any such element 7 acts
trivially on 4. This proves the theorem. O

35



6 Comparison with the Magnus cocycle

Let T" be a free group of finite rank and denote by Aut(I") its group of
automorphisms. Any choice of a basis g1, ..., gm € I' determines a Magnus
cocycle

M Aut(T") — GL,,,(Z[T))

M) = <M> . (61)
ij=1,...m

defined by

0gi

This formula is to be understood as follows. A derivation is a l-cocycle
d:T — Z[I'], i.e. a map that satisfies the equation

d(gh) = d(g) + gd(h)

for all g,h € T. In particular we have d(1) = 0 and d(g~!) = —g~'d(g) for
every g € I'. Examples of derivations are the Fox derivatives [15]

0
— ' = ZI, i=1,...,m,
09

characterized by the condition

g, ; .
a—gZ:Q?, ,7=1,...,m.
Recall that the conjugation Z[I'] — Z[I'] : A + X is the ring anti-homomor-
phism defined by g := g~! for all ¢ € I' C Z[I']. This explains the right hand
side of (61).
The map M : Aut(I') — GL,,,(Z[I']) satisfies the cocycle condition

M(p o ¢) = M(¥) - Y M(9) (62)

for ¢, € Aut(I"). Thisis proved in Birman [4] as a consequence of the chain
rule for Fox calculus. Fox calculus has its origin in the theory of covering
spaces. The matrix M (¢) represents the action of ¢ on the twisted homology
of a bouquet of m circles relative to a base point with coefficients in Z[I'].
The resulting map is a cocycle (instead of a homomorphism) because the
lift of a continuous map of the bouquet of circles to its universal cover is not
I'-equivariant.

This construction applies to the braid group of the disc as follows. We
return to the geometric setting of Section 3 with ¥ =D. Thus Z C D is a
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set of m points in the interior, I' is the fundamental group of D\ Z based at
zp € OD, and B is the braid group on m strings in ID based at Z. The choice
of a distinguished configuration ¢ € C determines a basis g1 ¢, ..., gm, of I".
Since B acts on I" we obtain a Magnus cocycle

M. : B — GL,,(Z[I'])
for every distinguished configuration ¢ € C.

Proposition 6.1. The maps M. : B — GL,,(Z[T']) are injective and satisfy
the cocycle and coboundary conditions

M(o1) = M (o) M(T), M, o(0) = Mo(T) "I M(0)o . M(T) (63)
forallceC and o,7 € B.

Proof. The first equation in (63) follows immediately from (62) and the
second equation can also be derived from the chain rule in Fox calculus. For
the sake of completeness we give the details. The chain rule in Fox calculus
has the following form. If ¢1,..., gy and hq,..., h,, are two basis of I" and
a € I' is an arbitrary element then

0 ™. da Oh
g _ Z oa oy 7 1,...,m.
Bgi = 3hj 8g,
To prove the first formula in (63) we take
9i ‘= Gic, hj = 0x0Gj.c» Q= OxTxGk,c-

Then the chain rule asserts that

UT *gk c Z aU*T*gk c 30*9] c _ i (0_ 87—*9!@,0) 30*93 c
5gz c 80*9],6 agz,c =1 * agj,c agz c

The first equation in (63) follows by conjugation. To prove the second
equation in (63) we choose

9i ‘= Gic, hj = Tx0j,c) Q= OxTxGk,c-

Then the chain rule asserts that

JT *gk c Z 60'*7_*919 c 87—*9] c Z aJ*gk TC 87—*9] c
agl c 87—*9],0 agl,c agj,nc agl,c

Hence conjugation gives M (o7) = M.(T) M, () and so the second equa-
tion in (63) follows from the first.
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Injectivity of M, is a consequence of the fundamental formula in Fox
calculus [15]. It has the form

a—1= D0re (gie — 1) (64)

for all @ € I'. Applying this formula to a = 0.g; . and a = 7,g; . we see that
M. (o) = M.(7) if and only if 6,9 = 7,.g for all g € T', which is equivalent to
o = 7 by Artin’s theorem (see Remark 4.4). This proves the proposition. [

The Magnus cocycle M, is connected to the Reidemeister intersection
pairing (in its relative version)

() s Hi(D\ Z, 20; Z[T]) x Hy(D\ Z, 205 Z[I']) — Z[I]
or, equivalently, to the homotopy intersection pairing
w:I'xT — Z[I']

introduced by Turaev [26] and Perron [19]. Let Q. be the m x m-matrix with
coefficients in Z[I'] which represents w in the basis (gi,¢, ..., gm,). Perron
shows that

M) Q- Mo(T) = Qe (65)

for any ¢ € C and 7 € B. This identity can be deduced from the topological
interpretation of the Magnus cocycle, according to which M.(7) is (after
conjugation) the matrix representing the homomorphism

T : HI(D\ Z, 20; Z[T']) — H1(D\ Z, z0; Z[T'])
with respect to a basis given by lifts of g1 .c,..., gm.c-

Remark 6.2. By the definition of Fox derivatives we have

8(9@'71,092‘,09;_11,5) a(gzel,cgi,cgf_lm)

—1
=1—gi-1,9i,c9i1 ¢ = gi-1,c-

0gi—1,c 9Gic
Hence the Magnus cocycle satisfies
T—o N
Moloie)i= | g e L
0 0 0 Ty
forall i =2,...,m.
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In order to compare the Magnus cocycle with the Picard—Lefschetz co-
cycle, we need to restrict the latter to an embedded image of B in B. For
this we fix, as in the previous sections, a non-zero tangent vector v, at each
z € Z. Moreover we fix a contractible neighborhood U of zy in 3 = D whose
closure does not meet Z, and we fix a vector field v on U whose only sin-
gularity is an attractive point at zg. Relative homotopy classes of nowhere
vanishing vector fields on 3 that restrict to v on ZUU are parametrized by
HY(X,UU Z;7Z) = Z™. We choose such a relative homotopy class £. The
class £ defines a section

BB
of the short exact sequence (46), which assigns to every braid the framing
defined by any representative w of {. Furthermore, we can associate to each
v € C the homotopy class [c] € C where ¢ is a distinguished configuration

representing v which is tangent to w for some representative w of &. This
defines a section

cse
of the canonical projection C — C. The free and transitive action of B on
C restricts to a free and transitive action of £(B) on £(C). In the sequel, we
shall identify B and C with their respective images by &.

For every ¢ € C, the cocycles M, show similarities with the cocycles
Sc|p. Both of them are injective maps B — GL,,(Z[I']) and, according
to the formulas (5) and (63), they behave in the same way under change
of ¢ € C. Moreover, the formulas (6) and (65) show that they can both
be interpreted as matrices of basis change for certain geometrically defined
bilinear forms. However, in contrast to M, the entries of S, are elements of
I' ¢ Z[I']. The framed braids og., ..., 0m belong to the embedded image
of B in B defined by the homotopy class of vector fields £. We see from the
formulas in Remarks 5.4 and 6.2 that M.(o; ) differs from S.(o; ) exactly
in one entry.

The Magnus cocycle gives a unified framework for the definition of var-
ious linear representations of mapping class groups, including the Burau
and Gassner representations [4]. These representations are obtained by re-
ducing I' to an abelian quotient. Let us apply the same reductions to the
Picard—Lefschetz cocycle.

There is a natural homomorphism I' — Z which assigns to every loop g
in D\ Z the total winding number around the punctures. If we identify Z
with the free group on one generator ¢!, this homomorphism sends Gic to
t~1. There is an induced ring homomorphism Z[I'] — Z[t,t~!], and hence
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a group homomorphism GL,,(Z[[']) — GL,,(Z[t,t"]). Composition with
this homomorphism turns every cocycle into a representation, and turns
cohomologous cocycles into conjugate representations. The compositions of
S¢|p and M, with the homomorphism GLy,(Z[[']) — GL,(Z[t,t~1]) will be
denoted by

S.:B— GLy(Z[t,t7Y]),  Me: B — CL,(Z[t,t7']).

On the generators oo, ...,0m  of B we have
I,_2 0 0 0 12 0 0 0
° 0 0 1 0 i 0 1—t 1 0
Se(0ic) = 0 t 0 0 » Me(oie) = 0 t 0 0
0 0 0 1,,—; 0 0 0 1,y

These representations of the braid group are well known: M, is the
Burau representation [6, 4, 17] and S, is the Tong—Yang—Ma repre-
sentation introduced in [25]. The Burau representation plays an important
role in knot theory because of its deep connection with the Alexander poly-
nomial [4, 17]. In contrast to the Burau representation, the Tong—Yang—
Ma representation is irreducible. Furthermore, Sysoeva shows in [23] that
any irreducible m-dimensional complex representation of the braid group on
m > 9 strings is equivalent to the tensor product of a 1-dimensional repre-
sentation with a specialization of the latter for some ¢t € C\ {0,1}. (See also
[14] for the cases m € {5,6,7,8}.)

Proposition 6.3. The cocycles M. and S.|g define distinct and nontrivial
cohomology classes in H' (B, GL,,(Z[T])).

Proof. We have tr(Sc(c;.)) = m — 2 and tr(M.(o;.)) = m — 1 —1t for
i =2,...,m, while tr(Id) = m. Thus S, and M, are neither conjugate to
each other nor conjugate to the trivial representation. O

Remark 6.4. Since the cocycle S, is defined on B , it gives rise by reduction
to an extension

Se: B — GLy(Z]t, 1)
of the Tong—Yang—Ma representation to the framed braid group. Explicitly,

_ 1,1 0 0
Sc(&ie) = o t' o0 , 1=1,...,m.
0 0 1,

we have

This formula implies in particular that the Picard-Lefschetz monodromy
class in H'(B, GL,,(Z[l])) is nontrivial.
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Fix an ordering Z = {z1,...,2z,} of the punctures. A pure braid
is a braid o € B whose associated permutation of Z is trivial. We de-
note by PB C B the subgroup of pure braids. The ordering of Z in-
duces a natural isomorphism between the abelianization of I' and Z™ and
hence a natural homomorphism from I' to Z™. If we identify Z™ with
the free abelian group on m generators tfl,...,t;ll, this homomorphism
sends g; . to tl-_l for every distinguished configuration ¢ that determines
the given ordering of Z. Thus, there is an induced group homomorphism
GL(Z[T]) = GL(Z[tEY, ..., tE1]). The compositions of Se|ps and M.|ps

with this homomorphism will be denoted by
S.:PB— GLy(Z[tF!, ... tE]), M. : PB — GL,(Z[tF", ... tE)).

These are representations of the pure braid group and ./T/Tc is called the
Gassner representation [16, 4]. Observe that the embedding of the sub-
group PB in B is canonical (i.e. it does not depend on the choice of &) and,
furthermore, the representation 3\0 does not depend on ¢ but only on the
chosen ordering of Z. Indeed, using equation (56) and the fact that S,(7) is
a diagonal matrix for all 7 € PB, we obtain

~ ~

Sr.o(0) = 8u(1)18,(0)Su(1) = S,(0)

for all o € PB.
The next proposition gives an explicit formula for S. and shows that this
representation is completely determined by the linking numbers.

Proposition 6.5. For every o € PB we have

Se(o) = Diag | [T, ] & (66)
J#1 j#m

where (k(i,j) denotes the linking number of the i-th and j-th components of
the closure of the braid.

Here the closure of the braid o is defined in the usual way [4, 17] by
connecting the top and the bottom of D x [0, 1] without twisting (see Figure 4
for an illustration).

Proof of Proposition 6.5. By definition S.(o) is a diagonal matrix with di-

agonal entries s;.(0) = cj_1 -oycj € I (see equation (54)). To understand

the corresponding diagonal entry s .(o) of S.(0) we must express sj.c(0) as
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Figure 4: Closure of a pure braid.

a word in the generators g; . and their inverses. The exponent of ¢; is then
the total occurence of the factor g, 01 in this word and we claim that this
number is —¢k(i, j) for i # j and is zero for i = j. Equivalently, if we denote
by g € Hi(D\ Z;Z) the homology class of an element g € I", we must prove
that

Sje(0) =Y 4K(i, §)Gic- (67)

i#]

To see this, let N C D x [0, 1] be the complement of the braid o, viewed as a
collection of strings running from D x {0} to D x {1}. There is a deformation
retract 7 : N — D\ Z such that, for every z € D\ Z, we have r(z,0) = z
and r(z,1) = ¢~ 1(2) with ¢ € G a diffeomorphism representing the element
in the mapping class group corresponding to the braid ¢. This map induces
an isomorphism

rs«: HI(N;Z) — Hi(D\ Z;Z).

The oriented meridians of the strings of o form a basis p1, . . ., fm, of H1(N;Z)
and their images under r, are represented by small loops encircling the ele-
ments of Z counterclockwise; thus we have

(i) = Gic, i=1,...,m.

Using the distinguished configuration ¢, we can view the closure of the braid
inside N. We denote its components by K1, ..., K,,, and the corresponding
homology classes by Ki,..., K, € Hi(N;Z). By the homological definition
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of the linking numbers, we have

Kj =" k(i j)pi.
i#j

The image by r of the knot I/(; is the loop that first traverses Cj’[O,l—e] and
then ¢! 0¢jlj0,1—¢] in the reverse direction (for some small € > 0). It follows

~

that r.(K;) = 5j.(0) for all j € {1,...,m} and equation (67) follows.
Alternatively, one can prove (67) as follows. This identity is equivalent
to the formula )
[ k(i) i
W(S]70(0)7zl) - { 0 if i = ] (68)
where w(7, z) denotes the winding number of a loop v about z. We choose
a representative of the braid ¢ in which z; is constant. Then the j-th com-
ponent of the braid has the same winding number about z; as s;j.(0), and
this winding number agrees with ¢k(i, j) by definition of the linking number
as an intersection number. U

Remark 6.6. Proposition 6.5 implies, by specializing to t; = --- = t,,, = t,
that the Tong-Yang-Ma representation S, is trivial on the commutator sub-
group PB' := [PB, PB]. Thus S, factors through the quotient B/PB’, which
is an instance of the extended Coxeter group in the sense of Tits [24].
In this case the Coxeter group is the symmetric group &,,, and B/PB’ is an
extension of the latter by the abelian group PB/PB’ = Z™m(m=1)/2,

7 Proof of Theorem B

We still specialize to the case where ¥ = DD is the closed unit disc. In
this case I' is isomorphic to the free group I',,, generated by ¢1,..., g, and
B is isomorphic to the abstract framed braid group gm with generators
09y yOmyE1, .-, Em and relations (7). The isomorphisms depend on the
choice of a marked distinguished configuration ¢ € C and will be denoted by

te : Uy = T, ¢cl§m—>l§

The isomorphism . assigns to g; the special element g; . obtained by encir-
cling z; counterclockwise along ¢;. The isomorphism ¢, assigns to o; and ¢;
the generators o; . and €; . of B associated to ¢, as defined in Remark 4.6.
Recall the action of B,, on I', by (8).
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Lemma 7.1. (i) The isomorphisms t. and ¢. satisfy

Lw*c(g) = ¢*Lc(9)7 (ﬁw*c(d) = w¢c(0)¢_17
fOTQGFm,O'EBNm, CGCN, andi/)Eg.

(i) For every c € C and every o € gm there is a commutative diagram

Ty —5 T, .

—
¢C(U)*

(iii) The formula
o c:= ¢.(0)sC

defines a free and transitive contravariant action of By, on C and
Logxe = Le O Oy
for every o € B, and every c € C.

Proof. Assertions (i) and (ii) follow immediately from the definitions by
checking them on the generators. To prove (iii) we use (i) with 1 := ¢.(0)
to obtain

Gc(0T) = de(0)pe(T) = ¢¢c(0)*0(7—)¢c(0)
for o, 7 € By, and ¢ € C. Hence
(o) c = ¢(0T)sc = ¢¢c(o)*c(7)*¢c(0)*c = Porc(T)(0%c) = TF0"¢.

That the action is free and transitive follows from Theorem 4.5. To prove
the last equation in (iii) let g € I',. Then, by (i) and (ii), we have

Lore(g) = Lqﬁc(a)*c(g) = Pc(0)ste(9) = te(049).
This proves the lemma. O

Proof of Theorem B. Uniqueness is clear. To prove existence, fix a marked
distinguished configuration ¢ € C, let

S, : B — GLy(Z[I))
be the cocycle of Theorem A, and define S : By, X A, — GL,,(Z) by
S(o,N) := (PN (Se(¢e(0)) 0 LC))(l) (69)
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for o € By, and N € A;,. Here S(¢e(0)) © te € GLy(Z[T,y]), the represen-
tation py : I'yy, — GL;,(Z) is given by (10), and the term px - (Sc(¢c(0))ote)
is understood as the convolution product.

We prove that S satisfies (12). For 2 < k < m we have, by Remark 5.4,

S(op, N) = (PN(SC(Uk,C) OLC))(l)
= PN(l)Sc(Uk,c)(l) + pN(gkfl)Sc(Uk,C) (g,;h,c)
= Bk — Ekg-1)+ (1 —eEp1N)Ey g1
= Yp—eng_1kBr-1-

Here € := (—1)*("+1)/2 and E}, —1 is the matrix whose entries are all zero
except for the entry (k,k — 1) which is equal to 1. For 1 <i < m we have

S(eisN) = (pn(SelEie) 0 ) (1)
= pn(D)Se(gie)(1) + pN(gz‘_l)SC(ELC)(gi,c)
= (I1-E)+ Q- (-1)"eE;N)E;
= 1—(=1)"enuE;
= D;.

Here the second equation uses the identity

pn(g; ) = 1= (=1)"eEN
and the fourth equation follows from (9). We also have (pn-(Sc(1)oe.))(1) =
pn (1) =1, and the (Normalization) condition (12) is proved.

We prove that S satisfies (11) and (13) for all 0,7 € By, and N € A;,.
The proof is by induction on the word length of . The induction step relies
on the following two observations.

Claim 1. If (13) holds for o and N, then (11) holds for every .

Claim 2. If (11) holds for o, T, and N and (13) holds for the pairs (o, N)
and (1,0*N), then (13) also holds for the pair (o1, N).

To carry out the induction argument we first observe that (13) holds for the
generators oy, and g; by direct verification. Hence, by Claim 1, (11) also
holds whenever o is a generator. Assume, by induction, that (11) and (13)
hold whenever o is a word of length at most k. Let o be a word of length
k + 1. That (13) holds for every N follows from Claim 2 by decomposing
o as a product of two words of length at most k. Hence, by Claim 1, (11)
holds for every 7. Thus it remains to prove Claims 1 and 2.
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To prove Claim 1 it is convenient to abbreviate
M= 8:(pe(7)) 0 te € GL (Z[T))

for 7 € By,. Then it follows from Lemma 7.1 (i) that the (Cocycle) condi-
tion (55) for S, takes the form

Meor = My (0. M)
for o, 7 € B Moreover, equation (13) can be written in the form
71(po-) = S(o, N) Lo S(o, N).
This implies
S(r,0*N) = (ponM7)(1)

= ((owporn)(0:M7)) (1)

= S(0,N) (oS, N) (0. M2)) (1),
On the other hand we have

S(er,N) = (pnMor)(1)
(PNMU(U*MT)) (1)
— (pnS(o, N) (M) (1).
Here the third equation follows from the definition of the convolution prod-
uct and the fact that py is a group homomorphism. This proves Claim 1.
To prove Claim 2, we first observe that equation (11) for the triple

(0,7, N) implies that (o7)*N = 7*¢*N. With this understood Claim 2 fol-
lows immediately from the definitions. Thus we have proved assertions (i)
and (iii) of Theorem B.

To prove (ii) we recall from Example 2.5 that any monodromy character
N : Ty, — Z™*™ is uniquely determined by the matrix N := N (1) via

N = Npn

where py : Iy, = GL,,(Z) is given by (10). This implies that, for every
Lefschetz fibration f : X — D with critical fibers over Z, we have

N = NX(pyx o0 h)
Hence assertion (ii) follows from Theorem 5.5 and the identity

o"'N = (%C(U),C(N))(1)7 N = N(pn o Lgl)v (70)
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for ¢ € C and o € B,,. To prove (70) we observe that

pn(9)" Npn(g) =N

for g € T, (as can be checked on the generators g1, ..., gn), and that

S(aN) = Y px(g™)Se(9e(0))(te(9))

g€l
for o € B,,. Hence

o*N = S(o0,N)TNS(o,N)

gvh‘erm

= D S@e(0))(ee(9) Non(gh™")Se(e(0) (ee(h))

g,h€lm,

= ) Sel¢e(0))(9)" N (gh™)Se(¢e(0))(h)
g,hel’

= (Se(¢(0))' NS:(6e(0))) (1)
= (Ti(0).c W) (D).

This proves (70) and Theorem B. O

8 The monodromy groupoid

Let Z C int(D) be a finite set and v : Z — S be a collection of unit
tangent vectors v(z) € S! for z € Z. The pair (Z,v) is called admissible
if no three elements lic on a straight line and v(z) # |2/ — 2| ' (z/ — 2)
for all 2,2 € Z with z # 2/. We assume throughout that (Z,v) is an
admissible pair. Associated to this pair is a groupoid whose objects are the
elements of Z and the morphisms from zy to z; are homotopy classes of
paths v : (0,1) — D\ Z satisfying

~v(t) = zp + tv(zp), Y1 —t) = z1 + tv(z1), 0<t<o, (71)

for 0 > 0 sufficiently small. (This condition is required to hold for a uniform
constant § > 0 along a homotopy.) Composition is given by catenation,
pushed away from the intermediate point by the corresponding tangent vec-
tor. Denote the set of morphisms from zy to z; by P(zg, 21) and write

73 = I_l P(Z(),Zl).

20,21€2
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It is convenient to present the groupoid P in terms of generators and rela-
tions. The generators are

s(z,2') € P(¢, 2), e(z) € P(z,2)

for z,2' € Z with z # 2/. Geometrically, £(z) represents a counterclockwise
rotation about z and s(z,z’) € P(Z, z) represents the straight line from 2z’
to z, modified at each end by a counterclockwise turn to match the boundary
conditions (see Figure 5). To describe the relations we need some definitions.

Z
£) \P//::j

V4
Figure 5: Generators of the groupoid P.

An ordered triangle is a triple zg, w, z1 of pairwise distinct elements of Z; it
is called local if its convex hull contains no other elements of Z. Associated
to every ordered triangle is an index

(corw,21) = 0, if v(w) points out of the triangle,
pl20, W, 21) = +1, if v(w) points into the triangle.

Here we choose +1 if zp,w,z; are ordered counterclockwise around the
boundary of their convex hull, and —1 if they are ordered clockwise. We
have p(z1,w, z9) = —p(20,w, 21) and, when w = e is an extremal point of Z,
i.e. when e does not belong to the interior of the convex hull of Z, we have

M(207 €, Zl) + /’L(Zh €, 22) - M(207 €, 22)- (72)

Theorem 8.1. Let (Z,v) be an admissible pair. Then the groupoid P is
generated by the morphisms s(z,2') and £(z) subject to the relations

s(z0,21)8(21,20) = 1 (73)
and, for every local triangle zg, 21, 22,
s(z0, 21)e(21)" s(21, 22)e(22)"? s(22, 20)e(20)H° = 1, (74)

where pi1 := p(20, 21, 22), p2 = (21, 22, 20), po = p(22, 20, 21)-
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Figure 6: A positive local triangle.

Proof. That the generators satisfy these relations follows by inspection of
local triangles (see Figure 6). To prove that there are no further relations
and that every morphism is a composition of the generators, we choose a
triangulation of the disc such that each element of Z is a vertex and all
other vertices are on the boundary. Any path v : (0,1) — D\ Z satisfy-
ing (71) can then be approximated by a smooth path 7/ intersecting the
edges transversally and avoiding the vertices. Next one can homotop the
path to a composition of the morphisms associated to the edges of the trian-
gulation connecting two vertices in Z and suitable rotations €(z). To prove
that there are no other relations one can study the combinatorial pattern of
intersection points between the path 7/ and the edges of the triangulation.
First, the ambiguity in the choice of the word associated to the path ' is
governed by the local triangle relation. Second, every word representing
can be obtained by a suitable choice of 4/. Third, in a generic homotopy
of 7/ there are two kinds of phenomena occuring at discrete times. Either
two adjacent intersection points are created on the same edge or, conversely,
two adjacent intersection points cancel. One can then check that these phe-
nomena are again governed by the local triangle relation. This completes
the sketch of the proof. O

A monodromy character on P is a map x : P — Z satisfying

1y _(_1yn |0, if n is odd,
O =0 W ={ 5 e e
for all v € P and
X(ro1e1712) = X(Yor712) — (=12 x (1) x(712) (76)

for all 491 € P(z1,20) and y12 € P(z2,21), where €1 := e(z1) € P(z1,21)
denotes the counterclockwise turn about z;. As in Remark 2.2 one finds
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that every monodromy character satisfies

x(vo1e1 ' m2) = x(vormz) — (1) (=1)" "2 x (1) x(112), (77)

x(€0701) = x(vo1e1) = (=1)" x(v01). (78)
We refer to the equations (76) and (77) as the reflection formulas. The
next theorem asserts that a monodromy character is uniquely determined by

its values on the straight lines. Recall from the introduction the definition
of A7 as the set of all matrices Q : Z x Z — 7Z satisfying (14).

Theorem 8.2. For every QQ € ANz there is a unique monodromy character
XQ : P — 7Z such that

X?(s(2,2)) = Q(z,2) (79)
for all z,2' € Z with z # 2.

Remark 8.3. By the reflection formulas (76) and (77), the value of x on
any product of the form

m mg—1
Y =161 M2 €l Vh—1k

is uniquely determined by the values of x on the products ~;;y1---7v;-1;
for i < j, regardless in which order we apply (76) and (77). An example is
the identity

X(vo1e171262723) = X(Yo1712723) + x(Y01) X (712) X (723)
— (= 1) D2 (o1 ) x (12723
— (=)™ D2y (v01712) X (723)-

Remark 8.4. Equations (75) and (76) are consistent in the following sense.
Suppose the values of y on the morphisms 71, Y12, V01712 and their inverses
all satisfy the first equation in (75) and that y also satisfies the second
equation in (75) on each identity morphism. Suppose further that the values
of x on 7 := 7p1€1712 and its inverse are both given by (76) and (77). Then

x(y7H) = (=1)"x(y).

Proof of Theorem 8.2. The proof is by induction on the number N := #7
of elements of Z. If N =1 there is only one monodromy character x given
by x(e™) = (=1)™™+y(1) and so the assertion is obvious. In the case
N = 2 with Z = {zp,2z1} every morphism involving both vertices can be
expressed as a composition of morphisms of the form

alk) == s(z1, 20)e(z0)F, BE) := s(z0, 21)e(21)"
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where k,l € Z. Hence the map x is uniquely determined by x(s(zo, 21))-
Namely, the value of y on the product a(ky)B(¢1)a(kz)5(¢2)- - is obtained
by applying equations (76) and (77) inductively. By Remark 8.3, the answer
does not depend on the order in which we apply this formula, and hence the
resulting function x satisfies (76). That it also satisfies (75) follows from
Remark 8.4. Thus y is a monodromy character.

Now let N > 3 and denote by EF C Z the set of extremal points of
the convex hull of Z. Then FE has at least three elements, because N > 3
and Z is admissible. For every e € E denote Z, := Z \ {e} and let P, be
the space of all morphisms v € P that can be expressed as compositions
of generators involving only vertices in Z.. Then the induction hypothesis
takes the following form.

Induction hypothesis. For every e € E there is a unique monodromy
character x. : Pe — Z that satisfies (79) for all z,2' € Z, with z # 2.
Moreover, for all e1,ea € E, the functions xe, and Xe, agree on Pe, N Pe,.

Assuming this we wish to prove that there exists a unique monodromy char-
acter y : P — Z satisfying (79). This monodromy character will necessarily
restrict to x. on P, for every e € E, so that the uniqueness of x is granted.
To prove the existence of x it is convenient to introduce another category
with the same set Z of objects, and whose morphisms from a to z are se-
quences
¥ = (20, M0, 21, M1y -« .y 2k, M)

with m; € Z, z; € Z such that z; # z;41 for all 4, and 2, = a, 20 = 2. In
this category the space of morphisms of length at most £ will be denoted by
Pk (a, z) and we write

Pla,2) = JP"a,2), P:= || Pla2).
k

a,2€7

The notion of a monodromy character extends to the category P (with
v~ in (75) replaced by the sequence % := (2, =M, - . ., 20, —Mg)). There
is a functor w : P — P given by

(7)== e(20)"s(20, 21)e(21)™ - - s(2k—1, 21)e(2x) ™. (80)

By Theorem 8.1, this functor is surjective and two morphisms in ﬁ(a, z) give
the same morphism in P(a, z) if and only if they are related by a sequence of
elementary moves corresponding to the relations (73) and (74). If x : P — Z
is a monodromy character then so is the composition x := y o7 : P - Z.
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We shall construct a monodromy character X : P — Z and then show that
it descends to P. The proof has three steps.

Step 1. If e is an extremal point and a, z € Z, then s(z,e)e(e)"s(e,a) € Pe
where = pu(z,e,a) € {—1,0,1}.

When z,e,a is a local triangle then it follows from the local triangle rela-
tion (74) that, for suitable integers i, p, € {—1,0,1}, we have

s(z,e)e(e)!s(e,a) = e(z)!*s(z,a)e(a)e € Pe(a, 2).

In general we can find a sequence z = 2, ...,z = ain Z, such that z;_1, ¢, z;
is a local triangle and hence

Yi-1,i = 5(zi-1,€)e(e)" s(e, zi) € Pe(zi, zi-1)

for p; :== p(zi—1,e,2;). Composing these morphisms we obtain

/

s(z,e)e(e)" s(e;a) = vo1m2 - Vo—1k € Pela, 2), po= e g
Hence the assertion of Step 1 follows from (72) which implies that p = p'.

Step 2. There is a unique monodromy character X : P 7 satisfying the
following conditions.

(1) If z0 # z1 and $(20, 21) = (20,0, 21,0) then x(s(z0,21)) = Q(20, 21)-
(ii) Ifa,z € Z, e € E\ {a,z}, and

?Z(Z()?m()?"',zkamk‘) GP(Q,Z), 2Lk = a, 20 = 2,
such that

p(Zim1s 2y Zit1),  f Zie1 # Zig1,
, ; R 1
o S { 0, if Zzi-1 = Zit1, (81)
then X(7) := xe(m(7)). (In this case () € P by Step 1.)

We prove uniqueness of the value Y (7) by induction on the length k. For
k = 0 we must have

0, if n is odd,

~ — (_ mo(n+1)
X(20,m0) = (—1) {2(_1)"/2, if n is even,

and for kK = 1 we can argue as in the case N = 2 above. Now let £ > 2 and
suppose, by induction, that uniqueness of y(a) has been verified for every
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morphism of length at most £ — 1. Fix two elements a,z € Z, an extremal
point e € E'\ {a, z}, and a morphism

¥ = (20, M0, - - ., 2k, M) 675(@,2'), zE = a, 20 = 2.

If ¥ and e satisfy (81) then x(¥) is determined by condition (ii). If there
is precisely one value i with z; = e and m; # p; then the value x(7) is
determined inductively by (ii) and equation (76) for ¥. Namely, with

a = (207m07 cee 7Zi7mi)7 5 = (Z’i7072’i+17mi+17 o 7Zk7mk)7
and & := (2;,1) we have ¥ = &3 and
v = agiB = (20,mo, ..., zi,mi +1,..., 25, my),

X(7) = X@A) = (=1)""TVER@)X(B). (82)
This proves uniqueness when (81) fails for precisely one value of i. In general
one can repeat this argument inductively for all 7.

The same argument can be used to construct the value x(7) by induction
on the length k. The induction hypothesis is that Y*~! : PF=1 5 7 has been
constructed as to satisfy (i) and (ii) as well as (75) and (76) (the latter for
compositions of two morphisms with total length at most £ — 1). We must
extend this map to one on P* with the same properties. For this we fix a
morphism 7 € ﬁ(a, z) of length k£ and use the above induction argument
with the auxiliary choice of an extremal point e to define Y*(75). Assume
there are two such extremal points e, e’ € E '\ {a, z}. If

Z; € {6, 6/} — m; = U (83)

then m(7) € P. N Py and our value x(7) is independent of e by (ii). In
general, the same induction argument as above, using (76) repeatedly for
those values of i for which (83) fails, shows that the two definitions of X (7¥)
(associated to e and ¢€’) agree for all values of the multiplicities m;. Thus
our definition of ¥*(¥) is independent of e.

It remains to show that Y* satisfies the conditions (75) and (76) (for
compositions of two morphisms with total length equal to k). Let

& € Pi(a,b), B e PFib, )

be two such morphisms. We must prove that (82) holds. If there is an
extremal point e € E\ {a, b, c} we can argue as above and verify (82) for this
pair by using Remark 8.3 and reducing the discussion to the case where both
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& and [ satisfy (81). In this case equation (82) follows from the fact that
Xe 1 a monodromy character. If £ = {a,b,c} we may choose e = b and use
the definition of Y(a3) and X(&2(b)3) given above to establish the reflection
formula. This shows that X* satisfies (76). That it also satisfies (75) follows
from Remark 8.4. This proves Step 2.

Step 3. Let x : P — 7Z be as in Step 2. Then there is a unique monodromy
character x : P — 7 such that X = x o .

We must prove that x descends to P. This means that for all a,z € Z and
all 7,7 € P(a,z) we have

m(7) =77 = X)) =x7). (84)
To see this fix an extremal point e € Z \ {a,z}. If both 7 and 7’ satisfy
condition (81) then (84) follows immediately from (ii) in Step 2. In gen-
eral, we must lower or raise the indices m; with z; = e. Inserting a term
s(z, w)s(w, z;) into the word associated to 7 does not affect this induction.
When w = e this is obvious and when z; = e the total number of induction
steps on the left and right of the inserted term agrees with the number of
steps at z; before inserting, because

p(ziz1se, zip1) = plzim1, e, w) + p(w, e, zi11).
Replacing a term s(z;, z;+1) with the product
(2, 2ig1) = E(zi)u(Zi+1,z¢,w)s(Zi7w)gu(zuw,zwl)s(wj Zi+1)€(zi+1)u(w,z¢+1,zz~)

for a local triangle z;, w, z;41 also does not affect this induction for a similar
reason. Here at most one of the terms z;, w, z;+1 can be equal to e. If w =e
then the exponent p(z;,w,z;+1) already satisfies (81). If z; = e we use the
fact that p(zi—1,e, zit1) + 1(zit1, €, w) = p(zi—1, e, w) and similarly in the
case zj41] = e.

Thus we have proved that X descends to P. That the resulting map
X : P — Z is a monodromy character is obvious and that it satisfies (79)
follows from the fact that 7(s(z9,21)) = s(z0,21) for all zp,21 € Z with
zo # z1. Uniqueness follows immediately from the uniqueness statement in
Step 2. This completes the proof of Theorem 8.2. U

9 Proof of Theorem C

Fix an admissible pair (Z,v) and let P be the groupoid of Section 8. Re-
call from Section 4 the notion of marked distinguished configurations ¢ =
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(¢1,...,cm) € C with m = #Z such that {c1(1),...,cm(1)} = Z and
¢(1) = —v(e(1)) for i =1,...,m.

Lemma 9.1. (i) For every ¢ € C and every N = (nij)i%=1 € Nm there is a
unique monodromy character x. n : P — Z such that

Xe,N(Ci - Cfl) = Nij

for alli and j.
(ii) For all c € C, N € Ny, and o € By, we have

Xe,N = Xo*c,0*N -

Proof. We prove (i). Let z1,..., 2z, be the ordering of Z determined by c.
Uniqueness follows from the definition of a monodromy character and from
the fact that any element v € P(z;, ;) can be expressed uniquely as ¢;- g-c;1
for some g € I',, 2 I', and g can be expressed uniquely in reduced form as a
product of the generators gi,. .., gm and their inverses. To prove existence,
let ¢ € C and N = (n;;)]";_; € A7, be given and define

Xc,N(IY) = (NpN(Lgl(Ci_l cY Cj)))l'j (85)

for v € P(z,2;). Denote n;j(g) = (NpN(Lgl(g)))ij for ¢ € T'. These
functions define a monodromy character on I' in the sense of Definition 2.1
(see Example 2.5). Let v;; € P(zj,2;) and vji € P(z,2;) and denote

g = C;l-%-j-cj, h = c}l-wjk-ck.
Abbreviate x := x.,n. Then
k(e vigE ik - )
= (" v e) - (¢ i) (¢ vn - )
= nik(gg;h)
nik(gh) — (=1)"" 20,5 (g)n(h)
= x(vin) = (D" (i) x ()

3

X (Vij€iVik)

Hence x is a monodromy character. Moreover, by (85) we have
x(ei- i) = (Npn (e '(1),; = nij

for all ¢+ and j. This proves (i).

95



We prove (ii). Abbreviate 7 := ¢.(0) and

ni’j’(g) = (NpN(Lc_l(g)))i/j/a ﬁij(g) = ((U*N)pU*N(L;*lc(g)))ij'

XO'*C,O’*N(’Y) = ﬁij((o-*ci)_l Y (O'*Cj))
= Ag((ree) ™ e g 0}1 - (1e¢5))
= ﬁij(si,c('r)il Y- cjre84e(T))
— ni’j’(ci_’l sy Cj/)

= Xc,N(’Y)'

Here the third equation follows from (50) and the fourth equation follows
from (59). This proves the lemma. O

Proof of Theorem C. The invariance of the map (¢, N) — Q. n follows from
Lemma 9.1 (ii) and the fact that

Qen(z,2") = xen(s(z, 2))).

Given @) € 47, the existence of an equivariant map ¢ — N, with Q. n, = @
follows from Lemma 9.1 and Theorem &.2. We define

Ne = (n45)i51, nij = x%(c; - 0]71).
Then it follows from uniqueness in Lemma 9.1 that x. n, = x©@ and hence
Qe,N. (2is 27) = XeNa(8(zi 7)) = xP(s(21, 7)) = Qlzi: 7).

Here the first equation follows from the definition of Q. y. in the introduc-
tion, and the last equation follows from the definition of 9 in Theorem 8.2.
This proves existence. To prove uniqueness, let ¢ — N! = (”2])?3:1 be
another equivariant family satisfying Q. n; = @, so that

Xc,Né(S(Za ZI)) = Qc,Né(Z’ ZI) = QC7NC(Z’ Z/) = chNC(S(Z’ Z/))'
By uniqueness in Theorem 8.2 we have x. N/ = XN, = x©, and therefore
r_ -1y _ -1y
nij = Xe,Ny(Ci - 5 ) = Xe,Ne(Ci - ¢ ) = nij

for all 7, j. This completes the proof of Theorem C. ]
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Figure 7: A 3-sheeted branched cover over the torus.

10 An Example

Let f : ¥ — T? be a degree 3 branched cover of a genus 3 surface over
the torus with 4 branch points of branching order 2 (see Figure 7). The
map f is a covering over the complement of the two slits from z; to z3 and
zo to z4 depicted in the figure. The surface ¥ is obtained by gluing the
three sheets labeled 1, 2 and 3 along the slits as indicated. We identify the
fiber M over zy with the set {1,2,3}. Each vanishing cycle is an oriented
O-sphere, i.e. consists of two points labeled by opposite signs (which can
be chosen arbitrarily). The marked distinguished configuration indicated in
the figure determines the vanishing cycles up to orientation. We choose the
orientations as follows:

Ll = {17’2+}’ L2 = L4 = {1+a37}a L3 = {1+’27}'

The fundamental group I' of the 4-punctured torus is generated by the el-
ments a,b, g1, 92, 93,94 where the g; are determined by the distinguished
configuration and a and b are the horizontal and vertical loops indicated in
Figure 7. These generators are subject to the relation b= 'a='ba = ¢1g29394.
Understood as permutations, the generators g1, g3 and a act by the trans-
position (1,2), while go and g4 act by the transposition (1, 3), and b acts by
the transposition (2,3). Note that the commutator

b la"tba = g192g394 = (231)

is not the identity.
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The intersection matrix of the L; is

2 -1 —2 -1
-1 2 1 2
NM=1| 5 1 5 1
-1 2 1 2

Moreover, the images of the L; under a are

a(Ll) = {1+’27}’ a(L2) = a(L4) = {2+’37}’ a(LB) = {17’2+}

and hence
2 1 2 1
1 1 -1 1
Nela) =1 o 1 9
1 1 -1 1
Similarly,
1 1 -1 1 1 -2 -1 -2
1 -2 -1 -2 2 1 2 1
Nelo)=| 1 3 ¢ _f |"NO=| 1 5 1 o
1 -2 -1 -2 2 1 2 1
-1 2 1 2 1 -1 1 -1
-1 -1 1 -1 2 -1 -2 -1
Nelab)= | 9y o | Nelb) =
-1 -1 1 -1 2 -1 -2 -1

Note that N.(g1) = Nc(g3) = Ne(a) and N.(g4) = Nc(g2). The matrix
Nc(g;) can also be obtained from A.(1) via the gluing formula

Ne(gi) = Ne(1) — N (1) EAN(1).

The action of the fundamental group on the homology of the fiber M =
{1,2,3} obviously factors through the permutation group &3 and hence the
function N, : T' — Z*** is uniquely determined by its values on 1, ¢», a,
b, ab and ba. One can verify directly that N, satisfies (17-19), for example

Ne(ba) = N(ab)” and
No(b) = Ne(agrb) = Ne(ab) — Ne(a) Ey N (D).
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A Lefschetz fibrations

In this section we review some basic facts about Lefschetz fibrations (see [2,
Chapter I]). Let X be a compact Kéhler manifold of complex dimension
n+1and f: X — X be a Lefschetz fibration with a finite set Z C X of
critical values. Let m := #Z be the number of critical values. We assume
that each critical fiber f~1(2) contains precisely one (Morse) critical point
x,. Choose a regular value zg € ¥ and denote M := f~!(z). Then the
fundamental group

F:=m((X\ Z 2)
acts on the middle dimensional homology
H, (M) := H,(M;Z)/torsion
via parallel transport. We denote the action by
p: T — Aut(H,(M)).

Each path ¢ : [0,1] — ¥ connecting zp = ¢(0) to a critical value z = ¢(1),
avoiding critical values for ¢ < 1, and satisfying ¢(1) # 0, determines a
vanishing cycle L C M and an element g € I'. Geometrically, L is the set of
all points in M that converge to the critical point z, € f~!(z) under parallel
transport along c¢. The orientation of L is not determined by the path and
can be chosen independently. The element ¢ is the homotopy class of the
path obtained by following ¢, encircling z once counterclockwise, and then
following ¢~!. Thus p(g) acts on H,(M) by the Dehn—Arnold-Seidel twist
1y, about L with its framing as a vanishing cycle. (The framing is a choice
of a diffeomorphism from L to the n-sphere, see Seidel [20].) Now choose
m such paths ¢;, © = 1,...,m, connecting zy to the critical values, denote
by L; € H,(M) the homology classes of the resulting vanishing cycles with
fixed choices of orientations, and by g; € I' the resulting elements of the
fundamental group.

Remark A.1. For i =1,...,m the action of g; on H,(M) is given by
ploi)a = a— (=)™ (L o) L, (86)
where (-, -) denotes the intersection form. The intersection numbers
nij(9) = (Li,p(9)Lj), 47 =1,...,m,

satisfy (17-19). Equation (17) follows from the (skew-)symmetry of the
intersection form, equation (18) is a general fact about the self-intersection
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numbers of Lagrangian spheres, and (19) follows from (86). Equation (86)
follows from Example A.3 below.

Remark A.2. The intersection number n;;(g) = (L;, p(g)L;) can be in-
terpreted as the algebraic number of horizontal lifts of the path cjg_lc;l
(first ¢; ' then g~! then ¢;) connecting the critical points 2; and 2. That
these numbers continue to be meaningful (at least conjecturally) in certain
infinite dimensional settings (where the vanishing cycles only exist in some

heuristic sense) is one of the key ideas in Donaldson-Thomas theory [9].

Example A.3. The archetypal example of a Lefschetz fibration is the func-
tion f : C"*t! — C given by

20y y2n) =22+ 22+ + 22,

Denote the fiber over 1 by
M= (1) = {a+iy e € o — y* =1, {w,) = 0}

The vanishing cycle obtained by parallel transport along the real axis from 0
to 1 is the unit sphere L := M NR"*!. The manifold M is symplectomorphic
to the cotangent bundle of the n-sphere

75" = {(5,7’}) S R x Rn+1| |£| =1, <£a77> = O}

via M — T*S™ : (z,y) — (x/|z|,|z|y). The monodromy around the loop
t — 2™ is the symplectomorphism 1 : T*S™ — T*S" given by

(e = (= ostO)¢ —sin(@) L sin(@) €~ cos(O)a) (50
where 6 := 2|n|/y/1 + 4|n|2. Let M be the sphere bundle over S™ obtained
by the one point compactification of each fiber of the cotangent bundle.
Its middle dimensional homology H,, (M;Z) has two generators, namely the

homology class of the zero section and the homology class of the fiber, and
Y acts on H,(M;Z) by

Yo = a— (—=1)" 2 (L o) L.

To see this fix ¢ in (87) and project to S™ to get a map of degree (—1)"*1.
An additional factor (—1)"("_1)/ 2 arises by comparing the orientation of the
cotangent bundle T* L with the complex orientation of M. In the even case
the value of the factor follows from the observation that the self-intersection
number of the vanishing cycle is (L, L) = 2(—1)"/2.
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