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Abstract

The purpose of these notes is to give a self-contained proof of the
assertion that every compact Lie group G admits a complexification G¢
that is unique up to canonical isomorphism. The notes include a
proof of the Cartan Decomposition Theorem and of Cartan’s Theorem
that every compact subgroup of G¢ is conjugate in G¢ to a subgroup
of G. Both proofs are based on the observation that the homogeneous
space G¢/G is a Hadamard manifold.
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1 Complex Lie groups

This section introduces the concept of a complex Lie group and states the
main results proved in these notes. We begin with some comments on the
sign conventions for Lie brackets used throughout. These conventions are
based on the following two fundamental principles.

(L1) The Lie bracket of two endomorphisms A, B of a vector space V is
[A, B] = AB — BA. (1)

(L2) A Lie group homomorphism induces a Lie algebra homomorphism and
a Lie group anti-homomorphism induces a Lie algebra anti-homomorphism.

These principles include infinite-dimensional settings. For example, if M is
a closed manifold, then the standard group operation on the group Diff (M)
of diffeomorphism of M is the composition

Diff (M) x Diff(M) — Diff(M) : (¢,4) > ¢ 0 1.

Thus the pullback action ¢ +— ¢* of Diff(M) on the space of functions,
or differential form, or vector fields is an infinite-dimensional analogue of a
Lie group anti-homomorphism. The space Vect(M) of vector fields on M
is understood as the Lie algebra of Diff(M), and the induced map on the
Lie algebra Vect(M) assigns to every vector field X the Lie derivative Ly,
an endomorphism of the respective vector space. Thus the Lie derivative is
a Lie algebra anti-homomorphism, and hence the Lie bracket of two vector
fields X,Y € Vect(M) is determined by each of the two equations

‘C[X,Y] + [‘CXa EY] = 07 [X, Y] = EyX (2)

This is consistent with the standard conventions in Lie group theory. More
precisely, let G be a Lie group with the Lie algebra g = Lie(G). Then
the map G — Diff(G) : h +— ¢y, defined by ¢p,(g) := hg for g,h € G, is a Lie
group homomorphism. Accordingly, the induced map g — Vect(G) : £ — X,
which assigns to every £ € g the right-invariant vector field X¢(g) = &g, is
a Lie algebra homomorphism. Likewise, the map G — Diff (G) : h +— 1y,
defined by (g) := gh for g,h € G, is a Lie group anti-homomorphism.
Accordingly, the induced map g — Vect(G) : £ — Y, which assigns to
every & € g the left-invariant vector field Y¢(g) = ¢¢, is a Lie algebra anti-
homomorphism. The reader may verify that for matrix groups G C GL(V)
this is consistent with the principle (L1).
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Definition 1.1. A complex Lie group is a Lie group G equipped with the
structure of a complex manifold such that the structure maps

GxG—G:(g,h)gh, G—oGigrrg
are holomorphic.

Proposition 1.2. Let G be a Lie group, assume that its Lie algebra g 1is
equipped with a linear complex structure g — g : & — 1€, and define an
almost complex structure J on G by

1o = (i(997"))9g (3)
forg € T,G. Consider the following assertions.
(1) (G, J) is a complex Lie group.

(ii) The linear complex structure on g is invariant under conjugation, i.e.

i(gg™!) = g(i6)g™" for all g € G and all £ € g. (4)
(iii) The Lie bracket g x g — g: (§,n) — [£,n] is complex bilinear, i.e.
&, n] = & in] =i[§,n]  forall§,m € g. ()

Then (i) is equivalent to (ii), and (ii) implies (iii). If G is connected, then
all three conditions are equivalent.

Lemma 1.3. Let G be a Lie group and let A : g — g be a linear map on its
Lie algebra g := Lie(G). Consider the following assertions.

(i) For all ¢ € g and g € G we have A(gég™") = g(A&)g™".
(ii) For all§,n € g we have A€, n] = [AE, 0] = [€, An].
Then (i) implies (ii). If G is connected, then (i) and (ii) are equivalent.

Proof. To prove that (i) implies (ii), differentiate the identity
A(exp(t€)n exp(—t8)) = exp(t)(An) exp(—t)

with respect to t at t = 0. To prove the converse when G is connected, choose
a curve g : [0, 1] — G such that ¢(0) = 1 and an element ¢ € g. Define the

curves 7, : [0,1] = g by n(t) = g(t)"'¢g(t) and ((t) = g(t)"'(Ag(t).
Then, by part (ii),

0(An) + (979, An] =0, 3¢ +[979,¢] =0,  An(0) = A = ¢(0).
It follows that An(t) = ((¢) for all ¢. This proves Lemma[1.3] O
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Proof of Proposition[1.9 The proof has four steps.
Step 1. The diffeomorphism

Un:G= G, Ynlg) = gh,
is holomorphic for every h € G.
For all g,h € G and g € T,G it follows from that Jg,(gh) = (Jy9)h and
hence Jy, (g) © dn(g) = dn(g) o Jy. Thus o5 J = J for all h € G.
Step 2. Let g € G. Then the diffeomorphism
¢g: G — G, ¢g(h) := gh,
is holomorphic if and only if i(g€g™") = g(i&)g™" for all € € g.
We have ¢*.J = J if and only if J,,(gh) = gJyh for all h € T,G. Take h = ¢h
and use (3) to write this equation in the form (i(g€g~"))gh = g(i&)h € T,,G,

or equivalently in the form i(gég™!) = g(i&)g~! for all £ € g.
Step 3. Define X¢ € Vect(G) by Xe(g) :=Eg for g € G and £ € g. Then

JX& = Xig, [X£7X7]] = X[E,n] forall & n € g. (6)

The first equation in @ follows from the definition of J in (3). The second
equation follows from our sign conventions (see the beginning of this section).

Step 4. If (iii) holds, then J is integrable.
By Step 3 the Nijenhuis tensor of J is given by

NJ<X§7 XT]) = [X57 XTI] + J[JX5> XTI] + J[X§7 JXTI] - [JX£7 JX??]
= [Xe, Xy] + J[Xie, Xy] + J[Xe, Xiy] — [Xie, Xy
= Xiew) + I Xjig) + I Xjein) — Xie,in)

= Xgnl+ilie o] +ilg in] i€ in]
for all £, 1 € g. Since the vector fields X, span the tangent bundle, this shows
that N; = 0 and so J is integrable whenever (iii) holds.

It follows from Step 2 that (i) implies (ii). Conversely assume (ii). Then
also (iii) holds by Lemma , and hence J is integrable by Step 4. Moreover,
the multiplication map G x G — G : (g, h) — gh is holomorphic by Step 1
and Step 2. Since the the multiplication map is a submersion, the preimage
of the neutral element 1 € G is a complex submanifold of G x G and it
is the graph of the map ¢ — ¢~ !. Hence this map is holomorphic as well.
This shows that (i) is equivalent to (ii). That (ii) implies (iii), and that (iii)
implies (ii) whenever G is connected, was shown in Lemma This proves
Proposition [I.2] O



Theorem 1.4. Let G be a compact Lie group with the Lie algebra g = Lie(G),
let G¢ be a complex Lie group with the Lie algebra g¢ = Lie(G®), and let

t:G— G°

be an injective Lie group homomorphism. Then the following are equivalent.

(1) The image (G) is a mazximal ccompact subgroup of G¢, the homogeneous
space G¢/1(G) is connected, and the image of diu(1) : g — g¢ is a totally real
subspace of g¢, i.e. g¢ = du(1)g ® ide(1)g.

(ii) The homogeneous space G¢/1(G) is connected and simply connected and
the image of du(1) : g — g¢ is a totally real subspace of g°.

(iii) For every complex Lie group H and every Lie group homomorphism

p:G—H

there exists a unique holomorphic Lie group homomorphism p¢ : G¢ — H
such that p = p°o .

Definition 1.5. A complexification of a compact Lie group G is an in-
jective Lie group homomorphism ¢ : G — G to a complex Lie group G¢ that
satisfies the universality condition in part (iii) of Theorem .

Any two complexifications of a compact Lie group G are unique up to
canonical isomorphism: If ¢; : G — Gf for j = 1,2 are two complexifications,
then there exist unique holomorphic Lie group homomorphisms ¢ : G{ — G$
and ¢ : G§ — Gf such that ¢ o1y = 13 and ¢ 015 = 11, hence ¥ o ¢ = idge
and ¢ o ¢ = idgg by uniqueness, and hence ¢ is a Lie group isomorphism.
Example 1.6. None of the conditions in part (i) follows from the others.
(a) The complex torus T? := C/(Z ¢ iZ) is not a complexification of the
real circle T! = R/Z because T! is not a maximal compact subgroup of T2
Since the homomorphism T! — C* : [s] = exp(2mis) does not extend to a
holomorphic homomorphism from T? to C*, existence fails in (iii).

(b) The complex Lie group C* x Z is not a complexification of the unit
circle S C C because (C* x Z)/S* is not connected. Since the holomorphic
homomorphism C* x Z — C* : (z,k) + A\*z restricts to the inclusion of S!
into C* for every A € C*, uniqueness fails in (iii).

(c) The group A := C* x C with (a1, b1) - (ag, bs) := (ajag, by + a1bs) is not a
complexification of S because Lie(S?) is not a totally real subspace of Lie(A).
Since the holomorphic homomorphism A — A : (a,b) — (a, A\b) restricts to
the inclusion of St into A for every A € C, uniqueness fails in (iii).
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In the following theorems we use the notations
g := Lie(G), g° := Lie(G°)
wherever they are needed.

Theorem 1.7. Every compact Lie group admits a complexification, unique
up to canonical isomorphism.

Theorem 1.8 (Cartan). Let G° be a complex Lie group and let G C G° be
a mazximal compact subgroup such that G¢/G is connected and g° = g P ig.
Then every compact subgroup of G¢ is conjugate in G to a subgroup of G.

Theorem 1.9 (Cartan Decomposition Theorem). Let G¢ be a complex
Lie group and let G C G° be a maximal compact subgroup such that G¢/G is
connected and g¢ = g @ ig. Then the map

Gxg— G°: (u,n) — exp(in)u (7)
s a diffeomorphism.
Theorem 1.10 (Mumford). Let
G¢ C GL(n,C)

be a complex Lie subgroup and let G C G® be a mazimal compact subgroup
of G¢ such that G¢/G is connected and g¢ = g ® ig. Let ( € g° such that

exp(C) = 1.

Then there exist elements p,pt € G¢ such that
ppeg, tlggo exp(it()p exp(—it¢) = p*.

Next we prove that (ii) implies (iii) in Theorem The remaining
assertions of Theorem|[I.4]are proved in §6 Theorem[I.8/and Theorem 1.9 are
also proved in Theorem [1.7] is proved in §2| for Lie subgroups G C U(n)
and in for compact Lie groups in the intrinsic setting. The proof of
Theorem [1.10]is deferred to §7} In §4] we introduce Hadamard manifolds and
prove some of their key properties, and in §5| we give a proof of the Cartan
Fixed Point Theorem, which is needed in the proof of Theorem [I.8
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Proof of Theorem[1.4] “(ii) = (iii)”. Let G® be a complex Lie group and
let G C G be a compact subgroup such that G°/G is connected and simply
connected and

g° =g Dig, g := Lie(QG), g° := Lie(G).
Let H be a complex Lie group with the Lie algebra b := Lie(H), let
p:G—H
be a Lie group homomorphism, and define ®¢: g — § by
(¢ +in) == BE+iby,  Di=dp(l): g — b, (8)

for £,n € g. Then @€ is a Lie algebra homomorphism. We prove in five steps
that there exists a unique holomorphic Lie group homomorphism p¢ : G¢ — H
such that p°|g = p. The first step establishes uniqueness and explains how
to define the extension p°.

Step 1. Let p¢ : G° — H be a holomorphic Lie group homomorphism such
that p¢|g = p and let v : [0,1] — G be a smooth curve such that v(0) € G.
Then the curve

v i=p‘ovy:[0,1] = H

satisfies the initial value problem
YT = (), A(0) = p(1(0)). (9)

This implies uniqueness in part (iii).
Since p is holomorphic, its derivative dp°(1) : g¢ — b is complex linear.
Since p°|q = p, this implies dp°(1) = ®° : g° — b and hence

dp®(9)9¢ = p°(9)2¢ (10)
for all g € G¢ and all ¢ € g¢. Thus, for all t € [0,1],
V() = dp*(v(1)3(t) = p°(7()2° (v(t) (1)) = ' ()P (v(t) (1))
Moreover, v'(0) = p(7(0)) because 7(0) € G and p¢|q = p. This proves (9).

Hence, since G¢/G is connected, there exists at most one holomorphic Lie
group homomorphism p¢: G¢ — H such that p°|q = p. This proves Step 1.
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Step 2. There exists a unique map p° : G¢ — H satisfying p(y(1)) =+
for every pair of smooth smooth curves v : [0,1] — G° and ' : [0,1] —
such that v(0) € G and ' satisfies (9).

Fix an element g € G°. Since G°/G is connected, there exists a smooth
curve 7 : [0, 1] — G°such that v(0) € G and (1) = g. Then by Corollary[A.2]
the initial value problem (9) has a unique solution ' : [0,1] — H. We must
prove that the endpoint 7/(1) of this solution depends only on ¢ and not on
the choice of the curve v from G to g. Thus assume that o, : [0, 1] — G€
are two smooth curves such that v¢(0),7:(0) € G and 70(1) = 1 (1) = g,
and for j = 0,1 let ~} : [0,1] — H be the unique solution of (©) with v = ;.
We must prove that 74(1) = ~1(1). To see this, note first that both curves 7o
and ~; take values in the same connected component of G¢, because they have
the same endpoint. Second, since G¢/G is simply connected, the intersection
of G with this connected component of G° is connected and there exists a
smooth homotopy 7 : [0, 1] — G from (0, -) = 70 to ¥(1,-) = 71 such that

1)
H

v(s,0) € G, v(s,1) =g for 0 <s<1.
Define v’ : [0,1]* — H by

Y7o = (v o), A(s,0) = p(¥(s,0)). (11)
Then «' is smooth and +/(0,t) = ~4(t) and 7/(1,t) = v;(t). We claim that
Y0 = (v 0). (12)

To see this, abbreviate

¢ =~"10,, n =", £ :=~"10,, ni=y"10.
Then, since ®¢ is a Lie algebra homomorphism, we obtain
O =0 +[¢\n],  92°(E) = 9,2°(n) + [°(E), D°(n)]-
Moreover, it follows from that n° = ®%(n) and +/(s,0) = p(v(s,0)).
When ¢t = 0 we also have dp(v)v¢ = p(7)P¢ and hence
€'(5,0) =7/(5,0)7'957(,0) = p((s,0)) " dp(¥(s,0))ds(s, 0)
= 0(7(s,0)7'947(s,0)) = (&(s,0)).

Hence both curves ¢ — &'(s,t) and t — ®°({(s,t)) satisfy the same initial
value problem and so agree. This proves (12). By we have 957/(s,1) =0
for all s and hence (1) = +/(0,1) =~'(1,1) = ~;(1). This proves Step 2.
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Step 3. The map p°: G — H in Step 2 satisfies the equation

®(g7'Cg) = p°(9) @O (9) (13)
for all g € G° and all ¢ € g°.
Let g € G, choose a smooth curve v : [0,1] — G€ such that v(0) € G

and (1) = g, and let 4/ : [0, 1] — H be the unique solution of (9)). Let ¢ € g°
and for 0 < ¢ <1 define

n(t) =7 (), (1) =) (@)
Then the curves " and ®¢(n) satsify the same inital value problem
7+ ] =0,
1'(0) = 7/(0)7'2%()7'(0) = p((0)) ™ @(¢)p(7(0)) = ©°(n(0)).
Hence n/(t) = ®°(n(t)) for all ¢t. For ¢t =1 this proves and Step 3.

Step 4. The map p° : G — H in Step 2 is a group homomorphism.

Let g1,92 € G, for j =1,2 choose a smooth curve 7; : [0,1] — G such
that 7;(0) € G and v;(1) = g;, and let 7 : [0, 1] — H be the unique solution
of (9) with v = ;. Define v := 172 and 7' := 7{~}. Then, by Step 3,

1—1.y 1—1.y r=1_1=1.7

YOV =Y 2t M N
= 0%(7y H2) + p°(72) T (91 ) (72)
= (9 et i) = (v ).
Hence p(g192) = 7' (1) = p°(g1)p°(g2). This proves Step 4.
Step 5. The map p° : G — H in Step 2 satisfies the equation

p(exp(C)) = exp(®°(C))
for all ¢ € g°.
Let ¢ € g¢ and define 7(t) := exp(t¢) and 7/(C) := exp(t®°(¢)) for 0 < ¢ < 1.
Then v(0) =1 € G, 7'(0) = 1 = p(y(0)), and
(t

V()T () = 2¢) = °(v(t) (1) for 0<t <L

Thus v satisfies (9) and so exp(®<(¢)) = /(1) = p(¥(1)) = p(exp(¢)). This
proves Step 5.

By Step 4 the map p¢ : G° — H constructed in Step 2 is a group ho-
momorphism. By Step 5 the group homomorphism p° is smooth near the
identity element g = 1 and its derivative dp°(1) = ®°: g° — h at g =1 is
complex linear. Hence p° is smooth everywhere and is holomorphic. This
proves that (ii) implies (iii) in Theorem O

9



2 First existence proof

The archetypal example of a complexification is the inclusion of the unitary
group U(n) into the general linear group GL(n,C). Polar decomposition
gives rise to a diffeomorphism

6:U(m) x u(n) = GL(n,C),  o(u,m) = explimu.  (14)
This example extends to every Lie subgroup of U(n).

Theorem 2.1. Let G C U(n) be a Lie subgroup with Lie algebra g C u(n).
Then the set

G° = {exp(in)u|u € G, n € g} C GL(n,C) (15)
is a complex Lie subgroup of GL(n,C) and the inclusion of G into G¢ satisfies
the conditions (i), (ii), and (i) in Theorem [1.4)

Corollary 2.2. Theorem holds for Lie subgroups G C U(n).
Proof of Theorem [2.1] The proof has nine steps.

Step 1. G€ is a closed submanifold of GL(n,C), the group G acts freely
on G¢, and the map g — G¢/G : n — [exp(in)] is a diffeomorphism.

This follows from the fact that is a diffeomorphism.
Step 2. 1€ G° and g° := Lie(G®) = T1G = g ® ig.

For &,n € g the curve ~(t) := exp(itn) exp(t§) € G€ satisfies (0) = £ + in.
Hence g¢ C T3G* and both spaces have the same dimension.

Step 3. Let g € G°. Then T,G° = gg° is a complex subspace of C"*".
Hence G¢ is a complex submanifold of GL(n,C).

Let (u,n) € G x g and g := ¢(u,n) = exp(in)u € G°. Then, for £ € g, we
have d¢(u,n)(ué,0) = exp(in)ué € gg°. Let 7] € g, define v : R? — G by

A(s,8) == (u, s( + 7)) = explis(n +t)u  for s,¢ € R,

and define & := 7719,y and & := v 19yy. Then &,(s,t) = uti(n +1n)u € g°
for all s,t and 0§ + [&s, &] = 0i&s, &(0,t) = 0. Since (s, t) € g for all s, ¢,
this implies & (s,t) € g¢ for all s,¢. Take s =1 and ¢ = 0 to obtain

d¢(u7ﬁ)(0777) = at7(17 0) = 7(17 O)gt(lv 0) = g£t<17 O) € gg°.

Thus we have proved that T,G¢ C gg°. Since both spaces have the same
dimension we deduce that T,G¢ = gg°.
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Step 4. Let g € GL(n,C). Then g € G° if and only if there exists
a smooth curve v : [0,1] — GL(n,C) satisfying v(0) € G, v(1) = g,
and v(t)714(t) € g° for every t.

To prove that the condition is necessary let g = exp(in)u € G° be given.
Then the path 7(t) := exp(itn)u satisfies the requirements of Step 4. To
prove the converse, suppose that v : [0,1] — GL(n,C) is a smooth curve
satisfying v(0) € G, (1) = g, and (¢)"'(t) € g° for all ¢. Consider the set

I:={tel0,1]|~(t) € G°}.

This set is nonempty, because 0 € I. It is closed because G¢ is a closed subset
of GL(n,C) by Step 1. To prove it is open, define £(t) := v(t)™'4(t) € g° and
consider the vector fields X; on C™*" given by X;(A) := A{(t). By Step 3,
these vector fields are all tangent to G°. Hence every solution of the differen-
tial equation A(t) = A(t)€(t) that starts in G¢ remains in G on a sufficiently
small time interval. In particular, this holds for the curve A(t) = ~(t) and
so I is open. Thus I = [0, 1] and hence g = 7(1) € G*.

Step 5. Let g € G¢ and ¢ € g°. Then g~ 'Cg € g° and gg~! € g°.

Choose v : [0,1] — G€ as in Step 4 so that

1) eG, A1) =g, &) =)0 € g,
and define 7(t) := y(t)"1¢y(¢) for 0 <t < 1. Then

n+&n =0, n0)=~(0)"¢y0) e g".

Here the second assertion holds because v(0) € G. Since £(t) € g° for all ¢
this implies that 7(t) € g¢ for all ¢ and, in particular, g=*Cg = n(1) € g°.

This shows that the linear map g¢— g¢: ( — ¢ (g is a vector space
isomorphism for every g € G¢. Hence, for every (' € g and every g € G,
there exists a ¢ € g¢ such that ¢g7*(g =/, and so g('g~! = ( € g°.

Step 6. If g1, g0 € G, then g1g2 € G°.

By Step 4 choose curves «; : [0,1] — G° such that v;(0) € G and ~,(1) = g;
and g;(t)"'g;(t) € g° for j = 1,2 and 0 < ¢ < 1. Then the curve

v :=m7:[0,1] = GL(n,C)

satisfies v(0) € G and v™'5 = 75 42 + 75 (77 A1) 2. Hence it follows from
Step 5 that y(¢)714(¢) € g° for all ¢ and hence, by Step 4, g1go = (1) € G.

11



Step 7. If g € G¢, then g~ € G¢.

Let v be as in Step 4 and define 7/(¢) := ~(¢)~!. Then +/(0) € G and
d _
%’Y
By Step 5, 7/(t)"14/(t) € g¢ for all ¢ and hence, by Step 4, g~ = /(1) € G¢.
Step 8. G° is a complex Lie subgroup of GL(n,C).

By Step 3 the set G¢ in is a complex submanifold of GL(n,C), and by
Step 6 and Step 7 it is a subgroup of GL(n, C).

Step 9. G is a mazximal compact subgroup of G€.

Let H C G¢ be a subgroup such that G C H. Choose an element h € H\ G.
Then there exists a pair (u,n) € G x g such that h = exp(in)u. Since G C H
and H is a subgroup of G¢, we have

—1. . 1. _
VA =y=y = =y = (=)

p:=exp(in) = hu™' € H.

The matrix p is Hermitian and positive definite. Since h ¢ G, we have n # 0
and hence at least one eigenvalue of p is not equal to 1. This implies that
the sequence p* = exp(ikn) € H has no subsequence that converges to an
element of GL(n,C). Thus H is not compact and this proves Step 9.

The inclusion of G into G* satisfies condition (i) in Theorem[1.4]by Step 1,
Step 2, Step 8, and Step 9. Step 1 also asserts that G¢/G is diffeomorphic to g
and hence is simply connected. Thus the inclusion also satisfies (ii). Since
we have already shown that (ii) implies (iii), this proves Theorem [2.1 O

The tangent space of the submanifold G¢ C GL(n,C) in Theorem
at the identity element is given by 173G = g & ig = g°. Since G¢ is a Lie
subgroup of GL(n,C), the curve t — exp(—in) exp(in + tin) lies in G¢, for
every pair 7,7 € g, and hence

B, (M) : exp(—in) exp(in + tin) € g°.

- dt t=0
It turns out that B € Q!(g,g¢) is a flat connection 1-form. Moreover, it
satisfies B, (7)) = i whenever n and 7) commute. Conversely, it is shown
in Lemma that the connection B is uniquely determined by these two
conditions and in Theorem [3.10] that the group multiplication on G x g = G¢
can be reconstructed from B. This gives rise to an intrinsic construction of
a complexified Lie group for any compact connected Lie group G that does
not rely on an embedding into the unitary group (see .
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3 Second existence proof

This section deals with compact Lie groups in the intrinsic setting.

Definition 3.1. Let X be a connected smooth manifold and let g be a Lie
algebra of the same dimension as X. An infinitesimal group law is a flat
connection A € Q'(X, g) that satisfies the following three conditions.

(Monodromy) The monodromy representation of A is trivial, i.e. for any
two smooth paths v : [0,1] — X and ¢ : [0, 1] — g we have
CHIAM).=0, 10 =2(1) = ¢(0)=¢)

(Inverse) A, : T, X — g is a vector space isomorphism for every = € X.
(Complete) The vector fields Ye € Vect(X), defined by

A, (Ye(x)) =¢ for ¢ € gand x € X, (16)
are complete, i.e. for every smooth path R — g : ¢ — &(t) the solutions of
the differential equation 4(t) = Y (7(t)) exist for all time.

Lemma 3.2. Let X be a smooth manifold and let A € Q'(X,g) be a Lie
algebra valued 1-form such that A, : T, X — g is a vector space isomorphism
for everyx € X. For& € g define Ye € Vect(X) by (16). Then A is flat if and
only if the map g — Vect(X) : £ — Y¢ is a Lie algebra anti-homomorphism.

Proof. The curvature Fy € Q%(X, g) is given by
Ly (A(Yy)) = Ly, (A(Ye)) + A([Ye, Y2 ]) + [€, 7]
= A([Ye, Ya)) + 6, n] = A([Ye, Y] + Yie)
for £,n € g. This proves Lemma (3.2, O

Example 3.3. Let G be a connected Lie group with the Lie algebra g. Then
the connection 1-form A € Q'(G, g) defined by

A,(9) =99 forgeT,G

is an infinitesimal group law. The vector fields in are given by Ye(g) = g¢
for g € G and ¢ € g, so Lemma [3.2] implies that A is flat. The (Monodromy)
condition holds because, for every smooth curve g : [0, 1] — G, the solutions
of the equation € 4 [g7'¢,£] = 0 have the form £(t) = g(t)"'&g(t). The
(Complete) condition holds because, for every smooth curve £ : R — g, the
solutions of the equation g~'¢ = ¢ exist for all time (Corollary .
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Lemma 3.4. Let g be a finite-dimensional Lie algebra. Then there exists a
unique flat connection A € Q(g,g) such that

~

=0 = A(f)=¢ (17)
for all €,€ € g.

In general, the connection in Lemma is not an infinitesimal group
law. The idea behind this example is as follows. If G is a Lie group with
the Lie algebra g, one might attempt to reconstruct the group multiplication
locally as an operation m : g x g — g such that exp(§) exp(n) = exp(m(&,n)).
While this is not possible globally in most cases, the associated connectlon

1-form Ag(ﬁ) = exp(—¢)dexp(§)¢ does exist globally and satisfying (|1

Proof of Lemma[34). A connection A € Q'(g,g) is flat if and only if every
smooth map ~ : R? — g satisfies the equation

0s(A+(0r7)) — 0:(Ay(957)) + [A4(0s7), Ay (0)] = 0. (18)
If in addition the connection satisfies and (s, t) := t(€ + s£), then
AO) =E+5E,  A00) = Ay (1),

and so, for s = 0, the curve ((t) := A (€) satisfies the differential equation

(=6 co)=o0. (19)
Thus
40 = <0 = [ e(tad@Fi = 3 G efE @
where ad(§) := [£,]. This proves uniqueness.

Conversely, let A € Q!(g, g) be defined by ([20] . If ¢ E =0, then ((t) = E
is the unique solution of (19) and so Ag(g) = ((1 ) = ¢ Now fix three

elements &, &1, & € g, deﬁne CJ : [0,1] — g as the solutions of (19) w1thf fj,
and define ¢;; : [0, 1] — g as the solution of the linearized equation

Gy +1E6Gi + 6. Gl =0, G(0) =0
Then A¢(&;) = ¢;(1) and (dA)e(&1, &) = Cia(1) — a1 (1). Moreover,

(+6¢=0, ¢ = G2 — G + (1, Gl
so ( =0 and thus A is flat. This proves Lemma O
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Theorem 3.5. Let X be a connected smooth manifold, let g be a Lie algebra,
let A € QY X, g) be an infinitesimal group law, and fix an element 1 € X.
Then there exists a unique Lie group structure on X with the unit 1 such that

A (Z) = A (27'7) forallz € T, X.
Moreover, the map Ay : Ty X = Lie(X) — ¢ is a Lie algebra isomorphism.

Proof. Assume first that X is a Lie group with the unit 1 € X, that g = T7 X
is its Lie algebra, and that the 1-form A is defined by A(Z) := 277
for ¥ € T, X, so in particular A; = id. For each x € X define the Lie
algebra automorphism ®(z) : g — g by the adjoint action of 27! so that

O(r)€ =2 M for € € g.

Then ® and A are related by the equation
(1) =id,  (d®(x)Z)¢ + [A(T), B(x)¢] = 0

for ¥ € T, X and £ € g. Conversely, this equation can be used to define ®.
The group multiplication is a collection of diffeomorphisms ¢, : X — X,
defined by ¢,(y) := zy for z,y € X. For each z, ¢, is related to A by

¢:(1) =z, A ) 0 doa(y) = Ay for all y € X, (21)

or equivalently ¢* A = A. The conditions in determine ¢, uniquely and
hence can be used to recover the multiplication from the connection 1-form A.
With this understood, we prove the theorem in seven steps.

Step 1. There exists a unique smooth map ® : X — Aut(g) satisfying

(1) =id,  (d®(x))¢ + [As(T), D(2)¢] = 0 (22)

forallz e X, 2 €T, X, and £ € g.
Given = € X choose a smooth curve 7 : [0,1] — X such that ~(0) =

1
and (1) = x, and define the linear map <I>( ) g — g by ®(x)£(0) := &(1)
for every solution ¢ : [0, 1] — g of the differential equation

E+[A,(9). € =0. (23)

The (Monodromy) axiom guarantees that ®(x) is independent of the choice
of 7. Moreover, if £, satisfy (23)), so does [, 7], and so ®(z) € Aut(g). The
resulting map ® : X — Aut(g) is obviously smooth and satisfies (22).
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Step 2. Let v,v" :[0,1] = X be smooth curves such that
A7) = Ay (7)- (24)

Then v(0) = (1) if and only if v'(0) = ~/(1).
Assume 7(0) = (1) = 1 and choose a smooth curve « : [0, 1] — X such that

a(0) =1, a(1) =+(0).

Define the map 3 : [0,1]> — X by the condition that, for each s, the
curve f4(t) := B(s,t) is the unique solution of the initial value problem

Aﬁs(t) (ﬁs (t)) = A'y(t) (7(0)7 65(0) = 04(8).
Then [ is smooth and satisfies
B0,1) =~(1),  B(Lt)=9()
for all . Since A is flat, we have
05 (A5(0:8)) — 0 (As(958)) + [A5(055), Ap(8:B)] = 0.

Since Ag(s)(0B(s,t)) = Ay (7(t)) =: n(t) is independent of s, it follows that
the curve ¢ — £(s,t) 1= Ap(s)(0s6(s,t)) satisfies the differential equation

OhE+[n,€] =0, &(s5,0) = Aas(d(s)).

By Step 1 the curve t — &'(s,t) 1= P(y(t))Ans)(a(s)) satisfies the same
initial value problem and hence

Ap(s ) (058(s, 1)) = ®(7(1)) Aags) (a(s)) for 0 <s,t < 1.

Take t = 1 and use the equations 5(0,1) = (1) = 1 and ®(1) = id to obtain

Aﬁ(s,l)) (856(57 1)) = Aa(s) (a(s))7 ﬁ(oa 1) = a(0>7

for 0 < s < 1. Thus the curves s — «(s) and s — (s, 1) satisfy the same
initial value problem and hence 3(s, 1) = «(s) for all s. Take s = 1 to obtain
the equation 7/(1) = B(1,1) = a(1) = +/(0).

Since the element 1 € X has been arbitrarily chosen, we have proved
that v(0) = v(1) implies 7/(0) = +/(1). The converse implication follows by
the symmetry of the assertion in v and ~'. This proves Step 2.
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Step 3. Let v0,71,7%, 71 ¢ [0, 1] — X be smooth curves such that

Ay (o) = Ay (0), Ay (1) = Ay (91),
00) =1 (0),  b(0) = (0). (25)

Then o(1) = m(1) if and only if vo(1) = 1 (1).
It suffices to prove that 7o(1) = (1) implies v;(1) = 71(1). Assume first
that the curve 7, is a reparametrization of 7, i.e. there exists a smooth
function p : [0, 1] — [0, 1] such that p(0) = 0 and p(1) = 1 and 7 = v o p.
Then it follows from that v = 7{ o p and hence (1) = ~;(1).

Now assume that (1) = 71(1) and that vy and v; are constant near the
endpoints. Then the curve v : [0,1] — X, defined by

._ Y(2t), if0<t<1/2,
V() = { 7(2-2t), if1/2<t<1, (26)

is smooth and satisfies 7(0) = v9(0) = 71(0) = v(1). Let 4" : [0,1] — X be
the unique solution of equation (24) satisfying 7/(0) = 76(0) = 7{(0). Then
Step 2 asserts that 7/(0) = +/(1). Hence it follows from (24), (27)), and
that vy(t) = ~/(t/2) and ~{(t) = v'(1 —t/2) for 0 <t < 1. Take t=1to
obtain (1) =+/(1/2) = 44(1). This proves Step 3.
Step 4. For every x € X there exists a unique diffeomorphism ¢, : X — X
such that

b=z,  GA=A 1)

If the map X — Diff(X) : x — ¢, is determined by (27)), then the map
XXX = X:(z,y) = ¢.(y) = 2y (28)

18 smooth.

The proof of Step 4 has six parts labeled (a), (b), (c¢), (d), (e), (f).
(a) Letz € X and let ¢, : X — X be a diffeomorphism that satisfies (27).
Then ¢, has the following property.

(P) If v,~' : [0,1] — X are smooth curves such that
Ay (V1) = Ay (1), 20)=1, +'(0) =2,  (29)
then ¢.(v(1)) =~/'(1).

If v:[0,1] = X is a smooth curve such that v(0) = 1, then 4/ := ¢, o~ is
the unique solution of and 7'(1) = ¢,(y(1)). Thus implies (P).
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(b) Let x € X. Then there exists a unique map ¢, : X — X with the
property (P). Step 3 shows that, given any smooth curve v : [0,1] — X such
that v(0) = 1, the endpoint 7/(1) of the unique solution 4 : [0, 1] — X of the
intial value problem depends only on the endpoint y := (1) and not on
the choice of the curve « from 1 to y. This proves (b).

(c) Let x € X and let ¢, be as in (b). Then ¢,(1) = x and ¢, is bijective.
That ¢,(1) = x follows by taking the constant curve v = 1 in (29). That ¢,
is bijective follows by reversing the roles of v and «/ in property (P). Namely,
if v/ : [0,1] — X is any smooth curve such that 7/(0) = z, and v : [0,1] - X
is the unique solution of , then by Step 3 the endpoint v(1) depends only
on z := /(1) and not on the choice of the curve 7/ from z to z. Hence there
exists a unique map ¢ : X — X such that implies ¢! (7'(1)) = ~(1).
This map satisfies ¢, o ¢, = ¢, o ¢, = id. Thus we have proved (c).

(d) For each x € X let ¢, be as in (b). Then the map is smooth.
Each point in X has an open neighborhood U equipped with a smooth map

Ux[0,1] = X : (y,t) — 7,(t)

such that v,(0) = 1 and (1) = y for all ye U. For x € X and y € U
let ., : [0,1] = X be the unique solution of with v = ~,. Then the
map

X xU = X (2,y) = 7, (1) = ¢a(y)

is smooth both in the initial condition x € X and in the parameter y € U.
Since X can be covered by such open sets U, this proves (d).

(e) Let x € X. Then the map ¢, in (b) is a diffeomorphism. The map ¢,
is bijective by (c) and is smooth by (d). That its inverse is smooth is
proved by the same argument. Each point in X has an open neighbor-
hood V' equipped with a smooth map V' x [0,1] — X : (2,t) — 7.(t) such
that 7,(0) =z and 7,(1) = z forall z € V. Foreach z € V' let v, : [0,1] = X
be the solution of with 7/ = ~.. Then v, depends smoothly on z € V.
Thus the map V' — X : 2z + 7,(1) = ¢, (2) is smooth, and this proves (e).

(f) Let x € X and let ¢, be as in (b). Then ¢, is a diffeomorphism
and it satisfies (27). That ¢, is a diffeomorphism was proved in (e) and
that ¢,(1) = x was proved in (c). That ¢* A = A follows from the observation
that, under the assumption (29), we have ~/'(t) = ¢.(v(t)) for all ¢, and
hence (¢*A),(¥) = A, (%) = A, () for every smooth curve v : [0,1] — X
such that v(0) = 1. Thus ¢fA = A. This proves (f) and Step 4.
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Step 5. For each x € X let ¢, : X — X be the diffeomorphism in Step 4.
Then, for everyy € X, the map ¢, : X — X, defined by

Yy(2) == ¢ (y) forxz e X, (30)
15 a diffeomorphism. These diffeomorphisms satisfy the equation
Yy (y) = Yz 0y forally,z € X. (31)

Fix an element y € X and choose a smooth curve v, : [0,1] — X such that

w0) =1 w1 =y
Define the vector fields Y; € Vect(X) by

Ap(Ye(2)) = Ay 0y (1 (1))

for x € X and 0 <¢ <1, and let [0,1] — Diff(X) : ¢ — 1, be the smooth
isotopy determined by the vector fields Y; via

Opthy s = Yy 01hyy, Py 0 = id.

Then, for each x € X, the curve v,  (t) := v, ;(z) is the unique solution of
the initial value problem (29 with v = ~,. Hence, for every z € X,

Uy () =7y (1) = d2(7y(1)) = daly) = ().

Thus ¢, = 1,1 is a diffeomorphism.

Now let z € X and define the triple v,, Z;, 1.+ exactly like vy, Y3, ¥y ;.
Assume without loss of generality that the curves v,, v, are constant near
the endpoints and define the curve 7 : [0,1] — X by

o=  w@), fost<i

T e, if1/2<1 <1

Then ~ is smooth and (0) = 1, v(1) = ¥.(y). Define the vector fields W,
by A;(Wi(x)) = Ay ((t)) for x € X and 0 < ¢ < 1. Then

Wi — 2Yy, if0<t<1/2,
PO 22, if1/2<t< 1.

The isotopy [0,1] — Diff (M) : ¢t — x; generated by these vector fields is
given by x; = ¢y for 0 <t <1/2 and by x4 = ¢, 2:-1 09, for 1/2 <t < 1.
Hence vy (y) = ¥y1) = X1 = ¥. 0 ¢,. This proves and Step 5.
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Step 6. X s a Lie group with the unit 1 and the product i Step 4.

The product is defined by zy = ¢,(y) = ¢, (x) for z,y € X. Hence it
follows from equation (31)) in Step 5 that, for all z,y,z € X,

(2y)z = =(Py(2)) = Py () (¥) = Dye(2) = 2(y2).

Thus the product is associative. That 1 is the unit follows from the identities
xl=¢,(1) =2 = ¢ (z) = lz.

Here the second equality follows from and the third equality follows from
uniqueness in Step 4. Moreover, every element z € X has an inverse

vh= g, (1) = (1) (32)

that satisfies x271 = ¢,(z7') = 1 = ¢, (27!) = 27 'z. The second equality
in follows from the standard argument in elementary group theory, which
here takes the form that z € X and y := ¢, (1) satisfy

and hence 9, (y) = ¢,'(z) = 1. Thus defines a group operation on X.
The group operation is smooth by Step 4, and the inverse map = — ¢, (1)
is smooth by the Implicit Function Theorem. This proves Step 6.

Step 7. The map Ay : Ty X = Lie(X) — g is a Lie algebra homomorphism
and satisfies A, (xx) = A1(Z) for all x € X and allT € T1 X.

The formula A,(zZ) = A;(Z) with 2T = d¢,(1)x follows directly from the
fact that ¢! A = A and ¢,(1) = . This formula shows that the vector
fields Y¢ € Vect(X), defined by equation in Definition , satisfy

Ar(z™Ye(2)) = Au(Ye(2)) = €

for all z € X and all £ € g. Take £ = A;(Z) to deduce that the left invariant
vector field associated to = € Lie(X) = T1 X is given by

Ya ) (z) =22  forzeX.

Hence the linear map Lie(X) — Vect(X) : ¥ — Y}y, (3 is a Lie algebra anti-
homomorphism. By Lemma [3.2]the linear map g — Vect(X) : £ — Y is also
a Lie algebra anti-homomorphism. Thus the linear map A; : Lie(X) — g is
a Lie algebra homomorphism and this proves Step 7.

Step 7 completes the proof of the existence statement. That the Lie group
structure on X is uniquely determined by A and the choice of 1 € X follows
from uniqueness in Step 4. This proves Theorem [3.5] ]
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Definition 3.6 (Invariant Inner Product). Let g be a finite-dimensional
Lie algebra. An inner product (-,-) on g is called invariant iff it satisfies

(& In, CI) = (I&;ml, €) (33)

for all §,m,( € g. When an inner product (-,-) on g is given, denote the
corresponding norm of an element £ € g by

EERVASE92 (34)
The Lie algebra of any compact Lie group admits an invariant inner product.

Lemma 3.7. Let g be a finite-dimensional Lie algebra and assume that g
admits an invariant inner product (-,-). Letn € g and let £ : R — g be a
solution of the linear second order differential equation

E+ €] =0,  £0)=0. (35)
Then [6(1)| > [1] £(0)| for every t € B.
Proof. By (33) and (B3) we have
D8P el = 2.8 + 2(E nl. ln.) = 0.
Since £(0) = 0, this implies
EOP = EOF + el > o) (36
for all t € R. For ¢ > 0 it follows from and that

0=A@@£@+MM£@MM
= (0. 60) — [ (1EP + i) ) ds

< (€(t), £(1)) — tIEO)P.
Hence, for all t > 0,
|&W=;A@$awmzzéﬂme=#mw2

Since equation ([35]) is time reversible, this proves Lemma [3.7| H
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Lemma 3.8. Let g be a finite-dimensional Lie algebra and define g¢ := gdbig.
Then there exists a unique flat connection B € Q'(g, g°) such that

.7 =0 - B, (1) =in (37)
for allm,n € g. If g admits an invariant inner product (-,-), then
7] < [Tm(B,(1))] (38)

for alln,m € g.
Proof. Let A¢ € Q'(g% g°) be the flat connection in Lemma on g¢, and
define B as the pullback of this connection under the map g — g¢: n — in,
i.e. B,(7) := Ag, (in) for n,7) € g. This connection is flat and satisfies (37).
Moreover, for each pair 1,7 € g it follows from ([19)) in the proof of Lemma
that the curve ((t) := By, (t) satisfies the initial value problem
C+[in.c]=in. ¢(0)=0. (39)
Hence B is uniquely determined by and the condition that it is flat.
To prove , let ¢ : R — g° be the unique solution of . Then
the curve £(t) := Im(((¢)) satisfies £ + [, [n,£]] = 0, £(0) = 0, and £(0) = 7.
Thus, by Lemma[3.7, [Im(B,(7))| = |£(1)] > [7]. This proves Lemma[3.8, [

Lemma 3.9. Let G be a compact connected Lie group, denote its Lie algebra
by g := Lie(G), and define
G :=Gxg, gc =g Pig.
Let B € Q'(g,9°) be as in Lemma/[3.8 and define A € Q(G®, g°) by
Ay (@,70) == u 0 +u " (B,(1))u (40)
forue G, ueT,G, andn,n € g. Then A is an infinitesimal group law.
Proof. We prove that A is flat. By Example the g-connection Ag on G
defined by Ao, (@) := v is flat and by Lemma [3.8] the 1-form B is flat.
Hence, for g = (u,n) € G x g and g; = (u;, ;) € T,(G x g), we have
Fag(G1,02) = (dA)g(91,02) + [Ag(G1), Ag(32)]
= (dAo)u(Ty, Uz) + u™ (dB)y (T, Ti2)u
+ [u™ (B, () u, v | — [u™ (B, (M) u, v "]
+ [u™"ay +u™ (B () u, s + uH (B, (1) ) u)
= Fayu(Uy, Ua) +u ' Fg (1, 72)u = 0.

This shows that A is a flat connection.
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For the (Monodromy) axiom it suffices to consider loops based at (1,0).
It is obviously satisfied for loops in G x {0} and hence follows from the fact
that A is flat and that every based loop in G¢ is homotopic to one in G x {0}.

To verify the (Inverse) and (Complete) axioms, choose an invariant inner
product (-,-) on g. Then it follows from the estimate that the linear
map Awy) : Ty G — g° is invertible for every pair (u,n) € G x g. It also
follows from that, for every smooth curve ( : R — g° and every T > 0,
the solutions [0, 7] — G : ¢t — (u(t),n(t)) of the differential equation

u(t)~ra(t) + u(t) ™ (By (0(t)) )ult) = ¢(t)

satisfy supg<i<r |1(t) —n(0)| < T', where ¢ := supg<;<p [Im({(%))|. Hence
the solutions exist for all time. This proves Lemma [3.9] O]

Theorem 3.10. Let G be a compact connected Lie group, define
g := Lie(QG), G°:=Gx g, g‘ =g Dig,

and equip G¢ with the Lie group structure with the unit (1,0), associated to
the infinitesimal group law A € QY (G, g°) in Lemma via Theorem .
Then G¢ is a complex Lie group with the standard complex structure on its
Lie algebra T(1,0)G® = g x g = g°. Moreover, for u,v € G and §,n € g,

[ unu™"] =0 = (u,8) - (v,n) = (uv, & + unu™). (41)
The inclusion G = G®: u — (u,0) satisfies (i), (i), (iii) in Theorem[1.4)
Proof. The isomorphism
Ao Tao(Gxg) =gxg—g°

n is given by An o (u,n) = u + iy for u,n € g = T1G. Hence it
follows from Proposition [I.2]that G is a complex Lie group with the standard
complex structure on its Lie algebra. Now let u,v € G and &,n € g such
that [, unu™'] = 0. Choose a smooth curve « : [0,1] — G such that «(0) = 1
and a(1) = v and define the curves v,~': [0,1] — G x g by

y(t) = (alt), ), A ()=

(
Then ~v(0) = (1,0), 7/(0) = (u,€), and A,(¥) = ara+ia ' 'na = A, ().
Hence +/(t) = (u, ) -~(¢) for all ¢ (property (P) in the proof of Theorem.
Taket-lthh ( ) = (v,7) to obtain (uv, E+unu™t) =~'(1) = (u, &) (v, n).

This proves

ua(t), € + tunu™").
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By the embedding G — G° : v — «(u) := (u,0) is a Lie group
homomorphism and the image of the differential di(1) : T'G — T{1,0)G® is
the totally real subspace g x {0} of the Lie algebra 11 0)G® = g x g = g°.

Second, ¢(G) = G x {0} is a maximal compact subgroup of G¢. Namely,
let H C G° be a subgroup such that G C H. Then H contains an element of
the form (u,&) with & # 0. Hence, by (41]), the pair (1,£) = (u,§) - (u™',0)
is also an element of H and hence, so is (1, k€) for every integer & > 1. This
sequence has no convergent subsequence, so H is not compact.

Third, the homogeoneous space G¢/¢(G) is diffeomorphic to g. To see
this, note first that for (0,7) € Lie(G®) = g x g we have

exp(0,7) = (1, 7). (42)

Indeed, by the curve y(t) := (1,tn) € G° satisfies y(s) - y(t) = (s + 1)

for all s,¢ € R and 4(0) = (0,n) € Lie(G°). It follows fron and that
eXp<07 77) ’ L(u) = (1777) ’ (U, O) = <u777)

Hence the map G x g — G : (u,n) — exp(0,n) - ¢(u) is the tautological

diffeomorphism and the set {(1,7)|n € g} C G€ is a slice of the G-action.

Hence G¢/1(G) is diffeomorphic to g, and hence the inclusion of G into G¢

satisfies (i) and (ii) in Theorem [1.4 Since we have already shown in
that (ii) implies (iii), this proves Theorem [3.10] O

Corollary 3.11. Theorem [1.7 holds for every compact Lie group.

Proof (sketch). Let G be a compact Lie group with the Lie algebra g and
the identity component Gy C G. By Theorem there exists a complex
Lie group G§ such that Gy C G§ satisfies (i), (ii), (iii) in Theorem [1.4]

Step 1. Extend the adjoint action of G on Gy to an adjoint action
G x G¢ — G§ : (u, g) — ugu™*

by integrating the adjoint action of G on the Lie algebra g¢ = Lie(G§) = gdig
along paths in G starting in Gy. This step uses Corollary

Step 2. The group Gg acts on G§ x G on the right by ug(g, u) := (guo, uy "u).
Define G¢ := (G§ x G)/Gy and denote by 7 : G§ x G — G° the canonical
projection. Then G¢ is a complex Lie group with the unit 7(1,1), the Lie
algebra Lie(G¢) = T(1,1)G® = g, and the group multiplication

w(g,u) - wlg's ) = m(glug'u™), u).

Step 3. The inclusion ¢ : G — G¢, defined by ¢(u) = 7(1,u) for u € G,
satisfies the conditions (i), (ii), (iii) in Theorem O
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4 Hadamard’s theorem

The following theorem characterizes complete manifolds. The Hopf-Rinow
Theorem is the assertion that (i) implies (ii).

Theorem 4.1 (Hopf-Rinow). Let M be a nonempty connected Rieman-
nian manifold, denote by d : M x M — R the distance function associated to
the Riemannian metric, and let po € M. Then the following are equivalent.

(1) The geodesics starting at py exist for all time.
(i) For every py € M there ezists a geodesic v : [0,1] — M such that

WO0)=po. AW =p,  L(y) = / 50 dt = d(po, pr).

(iii) Ewvery closed and bounded subset of (M,d) is compact.
(iv) (M,d) is a complete metric space.

Proof. See [12, Theorems 4.6.5 and 4.6.6]. O

A connected Rimannian manifold satisfying the conditions of Theorem [4.1]
is called complete. In a complete manifold any two points are joined by
a geodesic. A Hadamard manifold is a nonempty, complete, connected,
simply connected Riemannian manifold with nonpositive sectional curvature.
In a Hadamard manifold any two points are joined by a unique geodesic.

Theorem 4.2 (Hadamard). Let M be a Hadamard manifold and letp € M.
Then the exponential map exp, : T,M — M is a diffeomorphism and

|dexp,(v)D] > [0] for all v,v € T,M, (43)

d(exp,(vo), exp,(v1)) > |vg — vy for all vy, v, € T,M. (44)

Proof. The proof has four steps. Let V be the Levi-Civita connection on T'M
and denote by R € Q%(M,End(T'M)) the Riemann curvature tensor.

Step 1. The exponential map exp, : T,M — M 1is surjective and is a local
diffeomorphism that satisfies (43)).

The exponential map is surjective by the Hopf-Rinow Theorem [4.1, Now
let v,v € T,M such that v # 0. Define the curve v : [0,1] — M and the
vector field X : [0,1] — T'M along ~ by

Y(t) := exp,(tv), X(t) :=dexp,(tv)tv  for 0 <t <1 (45)
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We prove that X satisfies the Jacobi equation
ViViX + R(X,%)y = 0. (46)

To see this, define 7,(t) := exp,(t(v + sv)) for s, € R. Then v, : R — M is
a geodesic for every s and

Yo(t) = (1), —| ) =X(@t) foro<t<l.

Moreover,

ViVi0svs = Vi VsOivs
= ViVi0rvs — R(057s, 0rys) Oy
= —R(0s7s, s ) Ors-
Take s =0 and 0 < ¢ <1 to obtain (46)).

Next we observe that the function [0,1] — R : ¢ — | X (¢)] is differentiable
at t = 0 and that its derivative is given by

d X ~ o
%tzo’X(t”:ll\% L = lim |dexp, (10)7] = |dexp,(0)0] = 3] (47)

Thus X(t) # 0 for ¢ > 0 sufficiently small. Moreover, at each point ¢
where X (t) # 0, the Jacobi equation and the hypothesis of nonpositive
sectional curvature yield the inequality

a2 = d (V,X,X)
dt? dt | X]|
CNXPH (UYL X) (VX X)?
- ] X’
_MXPIXP (X X (R X)
e} X T

This implies that the function [0,1] — R : ¢ — | X (¢)| is positive for all ¢ > 0
and that its derivative is nondecreasing. Hence it follows from that

IX(8)| > t5]  for0<t<1.

Take ¢ = 1 to obtain |dexp,(v)d| = |X(1)| > [o]. This proves (3). By
the derivative dexp,(v) : T,M — Texp ()M is bijective for every v € T, M.
Thus the exponential map is a local diffeomorphism and this proves Step 1.
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Step 2. Let v : [0,1] — M be a smooth curve and let vy € T,M be a
tangent vector such that exp,(vo) = 7(0). Then there exists a unique smooth
curve v : [0,1] = T,M such that

v(0) = vy, Y(t) = exp,(v(t)) for0<t<1. (48)

We prove uniqueness. Assume that v, v’ : [0, 1] — T, M are two smooth curves
satisfying (48). Then the set [ := {t € [0,1]|v(t) = v/(t)} is nonempty and
closed. Let ¢t € I and choose an open neighborhood U C T,M of v(t) such
that exp, [v is injective. Then v(t+s) = v'(t + s) for all s such that (¢ + s)
belongs to the open set exp,(U). Hence I is open and so I = [0,1]. This
proves uniqueness.

We prove existence. Let 7 : [0,1] — M be a smooth curve and choose a
tangent vector vy € T, M such that exp,(vo) = 7(0). Let E C [0, 1] be the set
of all ¢ such that there exists a smooth curve v : [0,¢] — T,M that satisfies

v(0) = vy, exp,(v(s)) = v(s) for 0 < s <t. (49)

For every t € E the curve v satistying is unique, by the above uniqueness
argument. The set F is nonempty because 0 € E. Moreover, F is open
because the restriction of exp, to a sufficiently small neighbourhood of v(t)
is a diffeomorphism onto its image, where v : [0,¢] — T, M is the lift in (49).

We prove that E is closed. Let t; € Y be a sequence converging to t,.
Then, by uniqueness, there exists a smooth curve v : [0,t.) — T,M such
that v(0) = vo and exp,(v(t)) = v(t) for 0 < ¢ < ¢,. Hence, by Step 1,

[0()] < |d exp,(v(t))o(t)] = 7(1)]

and so

o(t) —v(t)] < /t o(s)| ds < /t [¥(s)lds < |t — '] max [(s)]

0<s<1
for 0 <t <t <t,. Thus the limit

o= 1i t T M

v Jim v(t) € T,

exists. Since the restriction of exp, to a sufficiently small neighborhood
of v, is a diffeomorphism onto its image, the extended curve v : [0, t,] — T,M
defined by v(t,) := v, is smooth. Hence ¢, € E. Thus we have proved that
the set E is closed and so F = [0, 1]. This proves existence and Step 2.
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Step 3. The exponential map exp, : T,M — M is a diffeomorphism.

By Step 1 it remains to prove that exp, is injective. Let v, vy € T,M such
that p := exp,(vg) = exp,(v1). Since M is simply connected, there exists a
smooth map v : [0,1]> — M such that, for all s,t € [0, 1],

70,8) =po,  A(L1) = expy(tor + (1 = t)vo),  7(s,0) = (s, 1) = po.

For each s € [0, 1] it follows from Step 2 that there exists a unique smooth
curve [0,1] — T,M : t — v(s,t) such that

v(s,0) = vy, exp,(v(s,t)) = v(s,1) for 0 <t <1.
For s = 0,1 it follows from uniqueness that
v(0,t) = vy, v(1,t) =tvy + (1 —t)vy for 0 <t <1.
Define
C :={t €]0,1] | the curve s — v(s,t) is continuous}, ¢ := sup|dsy|.
Then 0 € C. Also, if t € C, then the curve v(-, ) is smooth and by Step 1

S1

[v(so,t) —v(sy,t)] < / |0sv(s,t)| ds < / |05 (s, 1) ds < ¢|sg — s1]

S0 S0

for 0 < sy < s7 < 1. Hence C is closed. Now let (so,to) € [0,1] x C, choose
an open neighborhood V' C T, M of v(so,to) such that exp, |y is injective,
then choose a convex relatively open neighborhood U C [0,1]? of (so,t)
such that y(U) C exp,(V), and observe that v|y = (exp, |v) ™' o y|y. Thus
every pair (s, %) € [0, 1] x C has a relatively open neighborhood U C [0, 1]?
such that v|y is smooth. Hence C' is open, hence C' = [0, 1], and so 1 € C.
Since exp,(v(s,1)) = 7(s,1) = po for all s and v(0,1) = vy, we conclude
that v(s,1) = vy for all s. Hence v; = v(1,1) = vy and this proves Step 3.

Step 4. The exponential map exp, : T,M — M satisfies .

Let v, vy € T,M. Then by Theorem [4.1]there exists a geodesic 7 : [0, 1] — M

such that v(0) = po := exp,(vo), 7(1) = p1 := exp,(v1), and L(v) = d(po, p1)-
Thus by Step 3 there exists a unique smooth curve v : [0,1] — T,M such
that exp,(v(t)) = 7(t) for 0 <t <1 and hence v(()) = vp and v(1) = v;. By

Step 1 this curve satisfies [0(t)| < [dexp,(v(t))o(t)| = [7(t)| for all z. Hence
wo—ul=| [sra] < [ewia < [ o= dom)
This proves Step 4 and Theorem [4.2] O
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5 Cartan’s fixed point theorem

Theorem 5.1 (Cartan). Let M be a Hadamard manifold and let G be
a compact Lie group that acts on M by isometries. Then there exists an
element p € M such that up = p for every u € G.

Proof. The proof has three steps and follows the argument given by Bill
Casselmann in [I]. The second step is Serre’s uniqueness theorem for the
circumcentre of a bounded set in a semi-hyperbolic space.

Step 1. Let m € M and v € T,,M and define
Po = expp,(—v),  p1:=exp,(v).

Then )
d(po, p1)

= <d(p, q)® + d(p1, )

2d(m, q)* +
for every q € M.
By Theorem [4.2] the exponential map

exp,, : ImM — M
is a diffeomorphism. Hence
d(po,p1) = 2[v|.
Now let ¢ € M. Then there is a unique tangent vector w € T, M such that
q=expy(w),  dim,q) = |wl|
Moreover, the exponential map is expanding by in Theorem . Thus

d(me) 2 ‘w—i_v’? d(plaq) 2 ’U)—/U‘
Hence
w+v* + |w — v|?
d(m,q)2 _ |w|2:| | 2| | —|U|2
< Upo,g)* +dp1,g)*  dpo,pr)*
- 2 4 )

This proves Step 1.
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Step 2. Forp € M and r > 0 denote by B(p,r) C M the closed ball of
radius r centered at p. Let Q C M be a nonempty bounded set and define

R = {7’ > ‘ there exists a p € M

— : >
such that Q C B(p,r) } ) rq :=inf Rg > 0.
Then there ezists a unique element po € M such that Q@ C B(pa,Tq).

We prove existence. By assumption Rg is a nonempty interval and so ro < 0o.
Hence there exists a sequence r; > rq and a sequence p; € M such that

lim r; = rq, Q C B(pi,ri).

1—00
Choose ¢ € Q. Then d(q,p;) < r; for every i. Since the sequence r; is
bounded and M is complete, Theorem asserts that p; has a convergent
subsequence (p;, Jken. Its limit pq := limy_,o p;, satisfies Q C B(pq,rq).
We prove uniqueness. Let pg, p1 € M such that Q C B(pg, rq)NB(p1,7q).
By Theorem , there exists a unique vector vy € T,,, M such that
p1 = exp,, (Vo).

Denote the midpoint between py and p; by

m = exp,_(Lup).

Then by Step 1 every ¢ € () satisfies the inequality

2 2 2 9
d(m’q)Q S d(pO,Q) + d(ph Q) _ d(p0>pl) S Té . d(po,pl) ‘
2 4 Vi
Since (2 is nonempty, it then follows from the definition of rq that
d 2
7"52‘2 < sup d(m,q)2 < 7"32‘2 . (po, p1) ‘
qe 4

Thus d(po, p1) = 0 and so py = p1. This proves Step 2.
Step 3. We prove Theorem [5.1]

Let ¢ € M. Then, since G is compact, the group orbit Q := {ug|u € G} is
a nonempty bounded subset of M. Define rq > 0 and pg € M as in Step 2.
Then Q2 C B(pq,Tq). Since G acts on M by isometries, this implies

Q= uf) C B(upga,rq)

for every u € G. Hence it follows from the uniqueness statement in Step 2
that upg = pq for every u € G. This proves Step 3 and Theorem [5.1] O
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6 The homogeneous space G°/G

In this section we prove Theorem |1.4] characterizing the complexified group,
Cartan’s Theorem about the uniqueness of maximal compact subgroups
of the complexified group, and the Cartan Decomposition Theroem [1.9]
Throughout we assume the following.

(C) G€ is a complex Lie group with the Lie algebra g¢ := Lie(G)
and G C G is a mazximal compact subgroup such that G¢/G is
connected and the Lie algebra g := Lie(G) is a totally real sub-

space of g¢, i.e. g¢ = g D ig.

If G is a Lie subgroup of U(n) for some n € N, then the complex Lie
group G¢in Theorem satisfies (C). If G is a compact connected Lie group,
and ¢ : G — G is the Lie group homomorphism constructed in Theorem [3.10]
in the intrinsic setting, then the pair (G, ¢(G)) satisfies (C).

A key step in the proofs of the aforemantioned theorems is the observation
that under the assumption (C) the homogeneous space G°/G is a manifold
of nonpositive sectional curvature (Theorem [6.2)).

Definition 6.1. Assume (C). Define the homogeneous space G¢/G by
G°/G:={g9G|lge G},  ¢G:={gulueG},

and denote the canonical projection by m : G¢ — G°/G. The tangent space
of G¢/G at an element 7(g) is the quotient of the tangent spaces

T,G¢  T,G¢
T,9G  {g&|€ g}

Trg)(G/G) =

Throughout we use the notation

Re(¢) == ¢, Im(¢) = n, (=¢&¢+1in e g,

for &n € g. Thus the tangent vector dn(g)g € Trg)(G°/G) is uniquely
determined by Im(g~'g). Choose an invariant inner product {-,-); on g and
define o Riemannian metric on G°/G by

—1~

(dm(9)g1,dn(g)G2) = (1, m2)g, ;= Im(g™'g;),

for g € G¢ and g1,92 € T,G°.
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The next theorem shows that the homogeneous space G¢/G with the
metric in Definition |6.1]is complete and has nonpositive sectional curvature.

Theorem 6.2. Assume (C). Then the following holds.
(i) The geodesics in G°/G have the form

(t) = m(go exp(itn))
for go € G andn € g. Thus G¢/G is complete.
(ii) The Riemann curvature tensor on G¢/G is given by

R(X,Y)Z = dn(g)gi[[¢,n], (]

for g € G, &n,C € g, and X = dn(g)gi¢, Y = dr(g)gin, Z = dm(g)giC.
Thus G¢/G has nonpositive sectional curvature.

Proof. The proof has three steps. The first step gives a formula for the
Levi-Civita connection on G¢/G.

Step 1. Let g : R — G and £ : R — g be smooth curves and define
V() :=7(g@t) € G, X(t) :=dm(g(t))g(t)i&(t) € Tyt (G*/G).

Then the covariant derivative of the vector field X along v is given by

VX (1) = dr(g()g()in(t),  nt) = &)+ [Re(g() ' g(1), £@B)].  (50)
To prove that the formula is well defined, choose a smooth curve u : R — G
and replace g, &, n by

g = gu, ¢ = u¢u, n = u nu.
Then ¢ '¢' = w0 +u g~ gu and & + [u~'a, €] = v~ 'éu, and hence
7' =u'6u+[Re(u'g " gu), 6] =& + [Re(g" '), €]

The formula ([(, &1], &) + (&1, [¢, &]) = 0 for &1, &, ¢ € g shows that is a
Riemannian connection, i.e. for any two vector fields X;, X5 along a curve v

d
E<X1?X2> == <VX1,X2> + <X1,VX2>.

The formula 9,(g~'0:9) — 9:(g710s9) + [9710sg, g~ 0:g] = 0 for every smooth
map ¢ : R? — G° shows that v(s,t) := 7(g(s,t)) € G°/G satisfies

Vidyy = dn(g)gi(:Im (g~ 9s9) + [Re(g™ ' 9g), Im(g ™' Bsg)])
= dn(9)gi(0.Im(g~"8r9) + [Re(g ™' Dsg), Im(g~'Drg)]) = Valey.

Thus the connection is torsion-free and this proves Step 1.
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Step 2. We prove part (i).

A smooth curve y(t) = 7(g(t)) is a geodesic in G°/G if and only if V% = 0.
By Step 1 this is equivalent to the differential equation

%Im(g '9) + [Re(g'9),Im(g"g)] = 0. (51)

A smooth curve g : R — G satisfies this equation if and only if there exist
elements gy € G and n € g and a smooth curve u : R — G such that

g(t) = goexp(itn)u(t) for all t € R.
Hence by Theorem {.1| the manifold G¢/G is complete. This proves part (i).
Step 3. We prove part (ii).
Choose smooth maps g : R? — G¢ and ¢ : R? — g and define
‘=mog, X =0y, Y := 0y, 7 :=dr(g)giC.
Then X = dn(g)g€ and Y = dn(g)gn, where
=909, mi=g g On—0L+[En=0.
Moreover,
ViZ =dm(9)giCs, (s = 05¢ + [Re(€), (],
ViZ = dr(9)gi¢:, G := ¢ + [Re(n), C.
Hence R(X,Y)Z = V,N,Z — VNV, Z = dr(g)gip, where
p = 05 + [Re(§), G| — 0i(s — [Re(n), ]
= 05(0:C + [Re(n), ¢]) + [Re(€), 8¢ + [Re(n), (]]
— 0,(05¢ + [Re(€), ¢]) — [Re(n), 0s¢ + [Re(€), (]]
= [Re(0:n), ] + [Re(), [Re(n), C]]
— [Re(9€), ¢] — [Re(n), [Re(£), C]]
—[Re([€, 7)), ¢] = [¢, [Re(§), Re(n)]]
= [[ m(¢), Im(n)], ¢J.
Thus X = dn(g)gilm(¢), Y = dn(g)gilm(n), Z = dr(g)gi(, and
R(X,Y)Z = dr(g)gi[[Im(£), Im(n)], ].
The sectional curvature is nonpositive because
(R(X,Y)Y, X) = — [Im(&), Im(n)]* < 0.
This proves part (ii) and Theorem O
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Theorem 6.3. Assume (C). Then G¢/G is simply connected.

Proof. The proof has three steps.
Step 1. Let n € g such that exp(in) € G. Then [£,n] = 0 for every £ € g.

Define v : R? — G¢/G by (s, t) := m(exp(is€) exp(itn)). By Theorem [6.2]the
curve t — (s,t) is a geodesic for every s, and by assumption it is periodic
with period 1. Hence, for every s € R,

1 1
0 :/ 0,(Vis, O,) dt :/ (W01 + (VN ) dt
0 0
1
:/ (IO + (ViVidyy, 0sv)) dt
0

1
=/ (IM0sv]* — (R(957, 0i7)0r, 057)) dt.
0

Since G¢/G has nonpositive sectional curvature (Theorem [6.2), this implies
that the function (R(0sv,0,7)0yy,0sy) vanishes identically. Moreover, we
have 957(0,0) = dr(1)i§ and 9;v(0,0) = dmr(1)in, so it follows from part (ii)
of Theorem [6.2| that 0 = (R(i&, in)in, i&) = — |[€, n]|>. This proves Step 1.

Step 2. Letn € g such that exp(in) € G. Then n = 0.
By Step 1, we have [{,n] = 0 for all £ € g. This implies that the map
G—=g:u— unu (52)

is locally constant. Since the group G is compact, it has only finitely many
connected components and hence the image of the map is a finite set.

Choose pairwise distinct elements 7, ..., 7y € g such that
{m,....nv} = {m]u_1|u€G}. (53)
Then, for all j € {1,..., N} and all £ € g, we have
exp(in;) € G, [1;,¢] =0. (54)

We claim that the set

N
H:= {exp (ithnj) u
j=1

is a compact subgroup of G°.

tjeR,ueG} (55)
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To see that H is a subgroup, choose real numbers s;,¢; for j =1,..., N
and elements u,v € G. Then by . ) there exists a permutation o of the
set {1,..., N} such that unju™" =1, for j =1,..., N. Hence, by (54),

N N N
exp (iZSjﬁj) uexp <iZtm;~> v = exp (iZ(Smj + tﬂ“?ju_l)> uv

j=1

N N
= exp (12 $inj + tinos(; )) UV = exp (12( + t,- 1(3))77 ) uv € H.

J=1 J=1

A similar argument shows that h=! € H for every h € H. Thus H is a sub-
group of G¢. It follows also from that

:{exp<thnj>u‘0§tj§1,ue(;}. (56)

Hence H is compact, hence H = G because G is maximal, hence exp(itn) € G
for all t € R, hence in € g, and hence n = 0. This proves Step 2.

Step 3. The homogeneous space G¢/G is simply connected.

Suppose not. Then, by using the completeness of G¢/G (Theorem [6.2)) and
applying the Hopf-Rinow Theeorem to the universal cover of G¢/G, we
find a nonconstant geodesic v : [0,1] — G¢/G based at v(0) = (1) = = (1).
By Theorem [6.2| the geodesic has the form ~y(t) = mw(exp(itn)) for some 7 € g.
Since (1) = 7(1) we have exp(in) € G, and hence n = 0 by Step 2. Thus the
geodesic is constant, a contradiction. This proves Step 3 and Theorem[6.3] [

Proof of Theorem[1.4 We prove that (i) implies (ii). If ¢ is an injective Lie
group homomorphism from a compact Lie group G to a complex Lie group G¢
that satisfies (i), then the pair (G, (G)) satisfies (C), hence Theorem
asserts that G¢/¢(G) is simply connected, and so ¢ satisfies (ii). Thus (i)
implies (ii). That (ii) implies (iii) was shown in

We prove that (iii) implies (i). Let ¢ : G — G be the injective Lie group
homomorphism to a complex Lie group G¢ constructed in Theorem [3.10
and the proof of Corollary [3.11] Then . satisfies the conditions (i), (ii),
and (iii). Now let ¢/ : G — G’ be any injective Lie group homomorphism to a
complex Lie group that satisfies (iii). Since ¢ and ¢’ both have the universality
property (iii), they are canonically isomorphic, and hence, since ¢ satisfies (i),
so does . Thus (iii) implies (i) and this proves Theorem [1.4] O
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Proof of Theorem[1.8 Assume (C). Then the manifold G¢/G is connected,
by Theorem it is complete and has nonpositive sectional curvature, and
by Theorem it is simply connected. Hence G¢/G is a Hadamard manifold.
Now let K C G¢ be a compact subgroup and consider the group action

K x G°/G — G°/G: (k,7(g)) — m(kg).

By definition of the Riemannian metric on G¢/G (Definition[6.1)), the group K
acts by isometries. Hence Theorem asserts that the action of K on G¢/G
has a fixed point. Choose g € G¢ such that m(g) € G°/G is a fixed point
of the K-action on G°/G. Then 7(kg) = m(g) for all k£ € K. Thus, for each
element k£ € K there exists a u € G such that kg = gu. Hence g 'kg € G for
every k € K, i.e. g7'Kg C G. This proves Theorem [L.8| O]

Proof of Theorem[1.9. Assume (C). Then, by Theorem [6.2]and Theorem [6.3]
the homogeneous space G¢/G is a Hadamard manifold, and the Riemannian
exponential map of G¢/G at the point 7(1) is given by

Tr1)G/G = G°/G : dn(1)in — m(exp(in)). (57)

By Theorem this map is a diffeomorphism.

We prove that the map is a local diffeomorphism. Let (u,n) € G X g.
Then the derivative of the map at the point dm(1)in is injective. Hence,
for every element 7 € g,

exp(—in)(dexp(in)in) € g = n=0.
This implies that the linear map
TG % § = Toxp(inuG* : (U, 1) — exp(in)@ + (d exp(in)in)u (58)

is injective, and hence also bijective for dimensional reasons. Since is
the derivative of the map (7)) at the point (u,7) € G x g, this shows that the
map is a local diffeomorphism.

We prove that is surjective. If g € G then by surjectivity of ,
there exists an element 1 € g such that w(exp(in)) = n(g) € G°/G. Hence
there exists an element u € G such that exp(in)u = g.

We prove that the map in injective. Let (ug,no), (u1,m) € G X g
such that exp(ing)ug = exp(iny)u;. Then w(exp(ing)) = w(exp(in)) € G¢/G,
hence 7y = n; by injectivity of the map , and hence uy = uy. This proves
Theorem [1.9] O
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Remark 6.4. (a) The theorems proved in this section extend to many Lie
groups that are not reductive, i.e. that are not complexifications of compact
Lie groups. To explain this, we recall some basic definitions. Let g be a
finite-dimensional Lie algebra. A linear subspace h C g is called an ideal
iff [g,h] C h. The Lie algebra g is called simple iff it is not abelian and
contains no proper ideals. It is called semisimple iff it is a direct sum of
simple ideals. A derivation on g is a linear map ¢ : g — g that satisfies the
equation §[¢,n] = [0&,n] + [£,dn] for all {,n € g. The space of derivations
on g is denoted by Der(g). An inner product on g is called symmetric iff
the space of derivations on g is invariamt under the adjoint map, i.e.

0 € Der(g) — 0" € Der(g). (59)

(b) In [2] Donaldson proved with geometric arguments, circumventing Lie
algebra theory, that every finite-dimensional simple Lie algebra g admits a
symmetric inner product, and this result readily extends to the semisimple
case (see also [12, Theorem 7.6.16]). For a Lie algebra g with a trivial center
it follows from the existence of a symmetric inner product that the Killing
form is nondegenerate and that the adjoint representation ad : g — Der(g) is
bijective (see [12, Lemma 7.6.8]). Hence, for each symmetric inner product
on g, there exists a unique involution g — g : £ — £* such that

ad(€") =ad(€)", & =" ¢ forallg,neg. (60)

The Cartan involution g — g : £ — —¢* is a Lie algebra automorphism,
and it gives rise to a decomposition

g=top, t={{cgl{=-C}, p={negln=n}. (61
(c) Let g be a finite-dimensional semisimple Lie algebra equipped with a

symmetric inner product, let Auty(g) be the identity component in the group
of automorphisms of g, let SO(g) be the special orthogonal group, and define

Ko := Autg(g) N SO(g), Lie(Ko) = ad(®). (62)
Then Kj is connected and is a maximal compact subgroup of Auty(g), every

compact subgroup of Autg(g) is conjugate in Autg(g) to a subgroup of Ko,
the homogeneous space Autg(g)/Ko is a Hadamard manifold, and the map

Ko x p — Auto(g) : (u,n) — exp(ad(n))u (63)
is a diffeomorphism. These are the analogues of Theorems [I.8} [1.9] and

for semisimple Lie algebras, and in [2] they are derived as consequences of
the existence of symmetric inner products (see also [12, Corollary 7.6.21]).
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(d) Let g be a finite-dimensional semisimple Lie algebra and denote the
Killing form by x : g x g — R. Then a symmetric inner product (-,-) on g
can be adjusted by scaling on each simple ideal so that it satisfies

(&n =~r(,n) forall{neg. (64)

Denote the manifold of symmetric inner products satisfying by M.
They mimimize the norm of the Lie bracket among all inner products with
a fixed determinant. Moreover, if one fixes an inner product (-,-) in M,
and defines Ko by (62), then the map g — (-, (gg*)~"/?:) descends to a
diffeomorphism from the homogeneous space Auty(g)/Ko to the Hadamard
manifold M,. These observations lie at the heart of the approach in [2].

(e) As explained in [2], reductive groups fit into this setup as follows. Let g
be a finite-dimensional semisimple complex Lie algebra, i.e. g is a direct sum
of simple complex ideals. By [2, Lemma 7] every simple complex Lie algebra
is also simple as a real Lie algebra. Hence g is semisimple as a real Lie algebra
and so admits a symmetric inner product. By [2 Lemma 8] this implies

p =it (65)

in the decomposition (61)). This is the theorem of Cartan which asserts that
every semisimple complex Lie algebra g has a compact real form, i.e. g is the
complexification of the Lie algebra of a compact Lie group.

Let G be a connected complex Lie group whose Lie algebra g is semisimple
and equipped with a symmetric inner product. By the Lie subalgebra ¢
in has a trivial center, and hence the compact Lie group K in has a
finite fundamental group (see [I3, Theorem 6.2]). By the group Auty(g)
is homotopy equivalent to Ky and so also has a finite fundamental group.
Thus, by Corollary the homomorphism Ad : G — Auty(g), defined
by Ad(g)¢ := gCg™!, is a finite cover of Auty(g). Hence the subgroup

K :={g € G|Ad(g) € SO(g)} = Ad"'(Ko) (66)

with the Lie algebra Lie(K) = {£ € g|ad(§) € so(g)} = ¢ is a maximal
compact subgroup of G. Hence G is a complexification of K. It also follows
directly from (c) and (d) that the map K x ¢ — G : (u,n) — exp(in)u
is a diffeomorphism, that the homogeneous space G/K = Auty(g)/Ko is a
Hadamard manifold, and that every compact subgroup of G is conjugate in G
to a subgroup of K. This shows that the methods developed by Donaldson
in [2] also give rise to an alternative approach to the results in these notes
for compact connected Lie groups with a finite center.
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7 Matrix factorization

Theorem 7.1. Let G C U(n) be a Lie subgroup, let G C GL(n,C) be
the subgroup in Theorem and denote their Lie algebras by g := Lie(G)
and g¢ := Lie(G®). Let £ € g such that exp(§) = 1 and let g € G°. Then
there exists a pair p,pt € G such that

lim exp(it)pexp(-itg) =p*,  pg' €G.
Proof. See page 44l n
The proof relies on the next four lemmas.
Lemma 7.2. Let G, G & be as in Theorem[7.1 Then the set
P = {p € G| the limit tlgcr}o exp(it)p exp(—it€) exists in GC} (67)
1s a Lie subgroup of G with Lie algebra
p= {C € g°| the limit tlgilo exp(it&)( exp(—it) exists in gc} : (68)

Proof. Since G C U(n) and £ € g = Lie(G) satisfies exp(§) = 1, it follows
that i€ € C™*" is a Hermitian matrix with eigenvalues in 27Z. Consider the
decomposition C" = E} @ Ey @ - - - @ Ej, into the eigenspaces E; C C" of i
with the eigenvalues \; and the ordering chosen such that A} < Ay < -+ < A
Write a matrix ¢ € g° = Lie(G°) C gl(n,C) in the block form

¢ G2 - G
Coa1 Co2 -+ Cok
= . . . ; Gij € Hom(Ej, E;).
Ck1 G2 = Gk
Then
(it e()\1—>\2)t<’12 .. €(A1_>\k)tC1k
P2y, G2 R e

exp(it€)( exp(—itf) =
€(>\k_>\1)t<k1 6<>\k_>\2)t§k2 - Cuk

Thus ¢ € p if and only if ¢ € g° and (;; = 0 for ¢ > j. Likewise, g € P if
and only if g € G® and g;; = 0 for ¢ > j. Hence P is a closed subset of G°.
Since every closed subgroup of a Lie group is a Lie subgroup, this proves

Lemma [7.2] O
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Lemma 7.3. Let N € N. There exist real numbers

Bo(N), B1(N), ..., Banv-1(N)
such that 5,(N) =0 when v is even and, for k =1,3,5,...,4N — 1,

2N—-1
kvmi i, if0<k<2N,
ZBV(N)GXP(QN)_{ i, if2N <k < 4N. (69)

v=0

Proof. Define \ := eXp(z%) and consider the Vandermonde matrix

A A3 A D
SN N\
A= P A5 A NN Ny
)\21;/—1 )\6];7—3 )\10}\7—5 . /\(21\;—1)2

Its complex determinant is

detc(A) _ )\(2N—1)(N—1) H ()\4]' . )\41) )

0<i<j<N—1

Since \ is a primitive 4Nth root of unity, the numbers \* i =0,..., N —1,
are pairwise distinct. Hence A is nonsingular. Hence there exists a unique

vector z = (21, 23,...,23n_1) € CV such that
Y oex UMY i k—1,3,... 2N —1 (70)
p 2N v — 5 T Yy ey .
O<v<2N

v odd
The numbers z, also satisfy the equation

Z exp ((2]\7 2—]\7;)V7r1> 7 = _ Z exp (k2yN7n) i

O<v<2N O<v<2N
v odd v odd

for k=1,3,...,2N — 1 and hence they are real.

Define 5,(N) := z, for v = 1,3,...,2N — 1 and (,(N) := 0 for v even.
By these numbers satisfy equation for k=1,3,...,2N — 1. That
equation also holds for k =2N +1,2N +3,...,4N — 1 follows from the
fact that exp(kmi) = —1 whenever k is odd. This proves Lemma [7.3| O

40



Lemma 7.4. Let m € N and N := 2™. There exist real numbers
ag(N),a1(N), ..., asny_1(N)
such that a,,(N) = 0 when v is even and, for every k € {0,1,...,2N — 1},
2N-1 if1<k<N-1,

. i,
3" a(N)exp (kjyvm) ={ -, fN+1<k<2N -1, (71)
v=0 0, ifk=0o0ork=N.

Proof. The proof is by induction on m. For m = 1 and N = 2™ = 2 define
the numbers a;(2) := 1/2 and a3(2) := —1/2. Then

3 . sk (_n\k i, for k = 1,
ZQV(Q) exp (k];m) =1 é 1 =< —i, for k=3,
v=0 0, for k=0,2.

Now fix an integer m € N and define N := 2™. Assume, by induction, that
the numbers «,(N), v = 0,1,...,2N — 1, have been found such that
holds for £k =0,1,...,2N — 1. Let B,(N) for v = 0,1,...,2N — 1 be the

constants of Lemma [.3l Define
N4 (N) == a,(N), Boniv(N) = =B, (N),
forv =0,1,2,...,2N — 1 and

ay(N) + B, (N)

a,(2N) = 5 , v=0,1,2,...,4N — 1. (72)
Then
i kvmi
J(2N =A By,
where

1! kvmi
Ay = 3 Z a,(N)exp ( 5N ) :

v=0

1! kvmi
By, = 3 Z Bu(N) exp ( o ) .

v=0
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Since agn 4+, (V) = o, (N), we have

1= kvmi
Ay = B} Z ay () exp ( oN )

v=0

1+ exp(kmi) i kvri
= VZ:O a,(N) exp 5N

_ 1+ (2_1)k 2§1 iy (V) exp (";ﬁ? |

v=0

If k£ is odd, then the right hand side vanishes. If k£ is even, then it follows
from the induction hypothesis that

2N-1 (k/2)vi i, fork=2,4,...,2N — 2,
Ak_Za,,(N)eXp(T)— —i, for k=2N+2,...,4N -2,
v=0 0, for k=0,2N.

Since fon v (N) = —5,(N), we have

2N—-1

Be= 5 3 A (o0 (57 ) —e (M5

1 — exp(kmi) o= (kwri)
= B, (N) exp

2 2N
o q\k2N-1 Ly
= # Z B, (N) exp ( ;;1) .
v=0

If k is even, then the right hand side vanishes. If k£ is odd, then it follows
from Lemma [7.3 that

2N—-1
kvmi i, itk=1,3,...,2N —1,
Be= ZOWN)QXI’( 2]\/)_{ —i, ifk=2N+1,... 4N — 1.

Combining the formulas for Ay and By we find that

i, fork=1,2,3,...,2N — 1,
Ak+Bk: —1, fOI'I{?:2N+]_,2N+2,,4N—17
0, for k=0,2N.

This proves Lemma [7.4] O
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Lemma 7.5. Let G, G ¢ be as in Theorem [7.1.and let n € g. Then there
exists a pair (,(T € g° such that

lim exp(ité)¢ exp(—ité) = ¢, (—ineq
Proof. Let C* = E1 @ -+- @ E, and Ay < -+ < A\ be as in Lemma(7.2] Then
Ai — Aj = 2mmyj, m;; € Z,
with m;; > 0 for i > j and m;; <0 for ¢ < 5. Choose m € N such that

e — A1

N :=2">my =
2w

Choose ag, ..., asy-1 € R as in Lemma|[7.4] Let

M1 T2 - Mk
M21 M2 -+ M2k

,'7 - ~ : .. : E g?
M1 Mk2 - Mk

where 7;; € Hom(E}, E;). Define
2N-1

. P e (2
s S e (e ()

Then, for + > j, we have

2N—-1

= in; — Z v, eXp ( i — A )) Nij
2N-1
_ Z o, exp mvmi o
e v N 1]

=0.

The last equality follows from Lemma[7.4]and the fact that 1 <m;; < N —1
for ¢ > j. Since (;; = 0 for ¢ > j, it follows from the proof of Lemma
that ¢ € p. Moreover, by construction in—¢ € g. This proves Lemmal7.5, [
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Proof of Theorem[7d. Let P C G¢ and p C g° be defined by (67) and
(see Lemma . We prove in three steps that, for every element g € G°,
there exists an element p € P such that pg~* € G.

Step 1. The set
A:={g € G°|Ip€P such that pg~"' € G}
is (relatively) closed in G°.

Let g; € A be a sequence which converges to an element g € G°. Then
there exists a sequence p; € P such that w; := p;g; ' ¢ G. Since G is
compact there exists a subsequence (still denoted by w;) which converges
to an element u € G. Since P is a closed subset of G¢ by Step 1 in the
proof of Lemma (7.4, we have p := ug = lim;_ o u;9; = lim;_,oop; € P.
Hence pg~! = u € G and hence g € A. This proves Step 1.

Step 2. The map f: P x G — G, defined by
f(p,u) == pu
forp € P and u € G, is a submersion.
Let p € P and u € G and denote ¢ := f(p,u) = pu. Let g € T,G° and denote
Ci=pgut =u(g ' gu" € ¢°, (73)

Let € g be the imginary part of Zso that E— in € g. By Lemma , there
exists an element ( € p such that ( —in € g and hence ( — ( € g. Define

p=p¢  u:= <Z—C> u.
Then p € T,P, u € T,,G, and

1

df (p, w) (P, @) = pu + pi = pCu = §.

Here the last equality follows from ([73). Thus we have proved that the
differential df (p,u) : T,P x T,,G — T,,G° is surjective for every p € P and
every u € G. Hence f is a submersion and this proves Step 2.

Step 3. A = G°“.

The set A contains G by definition. By Step 1 it is closed and by Step 2 it
is the image of a submersion and hence is open. Since G¢ is homeomorphic
to G x g (see Theorem and A contains G = G x {0}, it follows that A

intersects each connected component of G in a nonempty open and closed
set. Hence A = G¢. This proves Step 3 and Theorem [7.1] O
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Proof of Theorem[1.10, By Theorem we may assume, without loss of
generality, that G C U(n). Then G C GL(n, C) is the complexification of G
in Theorem 2.1} Denote their Lie algebras by g := Lie(G) and g° := Lie(G®).
Let ¢ € g° such that exp(¢) = 1. We prove in three steps that there exist two
elements p, p™ € G such that

p (peEy, lim exp(it()p exp(—it¢) = p*. (74)

Step 1. There exists an element g € G¢ such that g7'(g € g.

The set S := {exp(s() | s € R} is a compact subgroup of G¢. Hence it follows
from Theorem that there exists an element g € G¢ such that ¢g~1Sg C G.

Thus ¢~ '¢g = % 0 g 'exp(s()g € g and this proves Step 1.

Step 2. Let g € G and £ € g such that exp(§) = 1. Then there exist two
elements q,qt € G¢ such that

q9 "' € G, tlim exp(ité)qexp(—ité) = ¢".
—00

This is the assertion of Theorem [7.1]
Step 3. There exist two elements p,p™ € G that satisfy .
Let g € G be as in Step 1 and define

E:=g 'Cgeu.

Now choose ¢, ¢t € G¢ as in Step 2 and define

p=gq9”", pTi=gqtg".

Then
T =gqg7"
= lim g exp(it¢)q exp(—itg)g ™"
—00
= lim exp(itgg")(9qg™") exp(—itg€y ")
= tlim exp(itC)p exp(—it().
— 00
Moreover ¢~ 'p = qg~* € G and hence
p~iCp=(97'p)""(g7'p) € 0.

Thus p satisfies the requirements of Step 3 and this proves Theorem [1.10] [
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Comments on the literature

The group P(£) in Lemma was introduced by Mumford. In [9, Propo-
sition 2.6] he proved that it is a parabolic subgroup of G¢. If T C G is a
maximal torus whose Lie algebra contains £ then there exists a Borel sub-
group B C G° such that T € B C P(§). In this situation BN G = T and
it then follows that the inclusion of G into G¢ descends to a diffeomorphism
G/T = G°/B (see Schmid [14, Lemma 2.4.6]). This implies Theorem [7.1]
The proof of Theorem given above uses direct arguments, and does not
rely on the structure theory for Lie groups.

The proof on page [45| shows that Theorem is an easy consequence
of Theorem and Cartan’s uniqueness theorem for maximal compact sub-
groups of G¢ (Theorem [1.8). Theorem is mentioned in the work of
Ness [I1, page 1292] as a consequence of Mumford’s result that P(§) is
parabolic. It plays a central role in the study by Kempf and Ness of Mum-
ford’s numerical function and of the Hilbert—Mumford stability criterion for
linear G-actions (see [5, 6], 10, [I1]). Specifically, Theorem is needed in
the proof of the moment-weight inequality (see Ness [I1, Lemma 3.1 (iv)] and
Szekelyhidi [15, Theorem 1.3.6]). The moment-weight inequality implies the
necessity of the Hilbert—Mumford criterion for semistability. It also implies
the Kirwan—Ness inequality in [7] and [I1, Theorem 1.2], which asserts that
the restriction of the moment map squared to the complexified group orbit
of a critical point attains its minimum at that critical point. (See [3] for an
exposition of these results.)

Remark. The Cartan-Iwasawa—Malcev Theorem in [4, Theorem 14.1.3] is
a general result about maximal compact subgroups. It is not restricted to
reductive groups and contains Theorem as a special case.

Cartan—Iwasawa—Malcev Theorem. Let G ba any Lie group with finitely
many connected components. Then it admits a compact subgroup K with the
following properties.

(C) Every compact subgroup of G is conjugate in G to a subgroup of K.

(I) K intersects each connected component of G in a connected set.

(M) If K" € G is a compact subgroup such that K C K, then K = K'.

This implies that every maximal compact subgroup of G is conjugate to K
and hence also satisfies (I) and (C). It also implies that, if K is a maximal
compact subgroup of G, then its identity component K is a maximal compact
subgroup of the identity component Gy of G.
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A Right invariant metrics

Let G be a connected Lie group with the Lie algebra g = T1G = Lie(G).
Fix any inner product (-,-) on g and define a Riemannian metric on G by
(G1,02) = (919", G297") for 91,92 € TyG. (75)
Theorem A.1l. The Riemannian metric 1s complete. Moreover, for
every smooth curve £ : R — g and every go € G the initial value problem
997" =¢&  g(0)=go (76)
has a unique solution g : R — G.

Corollary A.2. For every smooth curve & : R — g and every go € G the
initial value problem g='g = &, g(0) = go, has a unique solution g : R — G.

Proof. By Theorem [A.]] there exists a unique solution 7 : R — G of the
differential equation hh~! = —¢ with the initial condition h(0) = g;'. Hence
the curve g := h! satisfies ¢ = —h " hh~! = g€ and ¢(0) = go. O
Corollary A.3. Let G' be a connected Lie group and let p : G — G’ be a
Lie group homomorphism such that dp(1) : g — ¢’ := Lie(G’) is bijective.
Then p 1s a covering map and, in particular, p is surjective.

Proof. By Corollary p has the path lifting property, i,e, for every smooth
path o' : [0,1] — G’ and every go € p~'(7/(0)), there exists a unique smooth
path 7 : [0,1] — G such that v(0) = go and p(y(t)) = +/(¢t) for all t. O

Lemma A.4. There exists a unique linear map A : g — End(g) such that
A) +AE) =0, Al —AmE+[En =0 (77)

forall £,m € g.
Proof. Let A : g — End(g) be a linear map that satisfies . Then

(A()n. ¢) = 3(A()n. ¢) — 3{A(O)¢,m)
= 3{~[€.1 + AME, ¢ + 5(€. ¢ = A&, m)
=—%<[ 1), ¢) + 3{& ¢l m) + 3(A(On — A()¢, &)
= —3{l& ), Q) + 38 < + 3. €1, ©)

for all £,7n,(¢ € g. This proves uniquenes. Conversely, if A is defined by

(A, €)= —5([& 1) Q) + 5([& Clm) + 5([n.€1, €) (78)
for £,m,( € g, then A satisfies . This proves Lemma . O
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Lemma A.5. The Levi-Civita conection of the metric assigns to each
vector field X (t) € TywG along a curve g : R — G the covariant derivative

VX = (E+A(gg )e)g,  §=Xg Ry (79)
Proof. Let g : R — G and £, : R — g be smooth curves and define the
vector fields X, Y along g by X := &g and Y = ng. Then, by ,

DX Yy = Em) (6 = E+ Algg™ & m) + (&0 + Algg )

dt
— (VX,Y) + (X,VY).

Thus the connection is Riemannian. Now let R* — G : (s,t) — g(s,1)
be a smooth map and abbreviate & := (9,9)g~"! and 1 := (9;9)g~'. Then

dsm — 0§ = [€, 7]
and hence

(Vihg — Vi0sg9)g™" = Osn + A((859)9™")n — 3§ — A((D9)9™ )€
= 0 — 0 + A(§)n — A(n)¢
=0m — 9 —[&m] = 0.
Thus the connection is torsion-free and this proves Lemma . O

Proof of Theorem[A.1 The proof has five steps.

Step 1. A smooth curve g : I — G on an interval I C R is a geodesic if and
only if it satisfies the differential equation

d,. _ D1y

(097 +A(gg g = 0. (80)
A curve g : I — G is a geodesic if and only if Vg = 0. Hence Step 1 follows
from Lemma [A.5l

Step 2. There exists a constant € > 0 such that, for every & € g such
that |&| = 1, the geodesic initial value problem

d, . _ C e )
2097+ Algggg™ =0, g(0) =1, §0)=&  (81)
has a unique solution g : (—¢,e) — G.

A general theorem about differential equations guarantees the existence and
uniqueness of solutions on a uniform time interval for all initial conditions in
a given compact set.
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Step 3. For every & € g with || = 1 the geodesic initial value problem (81])
has a unique solution g : R — G on the entire real azis.
Let I C (0, 00) be the set of all real numbers 7' > 0 such that the initial value
problem has a solution g : (—=T,T) — G. By Step 2 the set I is nonempty
and by defintion [ is a relatively closed subset of the interval (0, 0o).

We prove that [ is open. Let T € I and let g : (=7,7) — G be the
unique solution of . Let € > 0 be the constant in Step 2 and choose T”
such that T'— e < T" < T. Then, by Step 2, the initial value problem

d <! 1 <) I -/ I / -/ . ! I\ —
—(d D4 AGeHgdT =0, JO) =1,  §(0)=gT)g(T)"

has a unique solution on the interval —¢ < t < . Moreover, by uniqueness
this solution satisfies ¢'(¢t)g(7") = g(t +T") for —e <t < T —T’. Hence the
extended curve g : (=T,T" + ¢) — G, defined by

gt) =gt —THg(T") forT'—e<t<T +e¢,

satisfies on the larger interval —T <t < T" + . Reverse time to deduce
that the solution of exists on the interval —T" — &’ <t < T' + ¢ and
thus 7" + € € I. Hence (0,7 +¢) C [ for every T € I, hence [ is open, and
hence I = (0,00). This proves Step 3.

Step 4. The Riemannian metric on G is complete.
This follows from Step 3 and the Hopf-Rinow Theorem [4.1]

Step 5. Let £ : R — g be a smooth curve and let go € G. Then the initial
value problem has a unique solution g : R — G on the entire real axis.

Denote by d : G x G — R the distance function associated to the Riemannian
metric (75)), choose any real number 7" > 0, and define

T
eri= [ lewldt Kri={g € Gldlm.) < er}.

By Step 4 the set Kr is compact. Moreover, if a solution g : (=7,7) — G
of exists on the interval —T <t < T, then it satisfies

[1atas| = | [ecoras

for =T <t < T. Thus the solution g : (=7,7) — G of does not leave
the compact set K7 and hence extends to a solution on the interval (=77, 7")
for some 7" > T'. This proves Step 5 and Theorem [A.1] ]

d(go, g(t)) <

<cr
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