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Maslov’s famous index for a loop of Lagrangian subspaces was interpreted
by Arnold [1] as an intersection number with an algebraic variety known as
the Maslov cycle. Arnold’s general position arguments apply equally well
to the case of a path of Lagrangian subspaces whose endpoints lie in the
complement of the Maslov cycle. Our aim in this paper is to define a Maslov
index for any path regardless of where its endpoints lie. Our index is in-
variant under homotopy with fixed endpoints and is additive for catenations.
Duistermaat [4] has proposed a Maslov index for paths which is not additive
for catenations but is independent of the choice of the Lagrangian subspace
used to define the Maslov cycle. By contrast our Maslov index depends on
this choice.

We have been motivated by two applications in [10] and [12] as well as
the index introduced by Conley and Zehnder in [2] and [3]. In [12] we show
how to define a signature for a certain class of one dimensional first order
differential operators whose index and coindex are infinite. In [10] we relate
the Maslov index to Cauchy Riemann operators such as those that arise in

*This research has been partially supported by the SERC.
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Floer theory. Our index formula in [10] generalizes the one in [5] and the one
in [13].

We use our Maslov index for paths of Lagrangian subspaces to define a
Maslov index for paths of symplectic matrices. We characterize this latter
index axiomatically. This leads us to a stratification of the symplectic group
Sp(2n) where the connected strata are characterized by pairs (k,v) with
k=0,1,...,n and v € Zy. Our Maslov index is invariant under homotopies
where the endpoints are allowed to vary in a stratum. Our index pu satisfies

the identity

ko — k
i+ 5 Y =y, — v (mod 2)

where (k,,v,) and (kp, 1) characterize the strata at the left and right end-
points, respectively. The number on the left is an integer.

Arnold defined the intersection number for a closed loop by transversal-
ity arguments. For paths with fixed endpoints this approach does not work
when an endpoint lies in a stratum of the Maslov cycle of codimension big-
ger than 1. To surmount this difficulty we introduce the notion of simple
and regular crossings of the Maslov cycle. A simple crossing is a transverse
crossing in the usual sense. It can only occur in a codimension-1 stratum. A
regular crossing can occur at any point of the Maslov cycle and it has a well
defined crossing index (an integer of modulus less than or equal to n). Regu-
lar crossings are isolated. For a curve with only regular crossings our Maslov
index is the sum of the crossing indices with the endpoints contributing half.
A crossing in a codimension-1 stratum is simple if and only if it is regular
and for such crossings the crossing index is +1 in agreement with Arnold’s
definition.

1 Generalities
The standard symplectic structure on R?® = R" x R" is defined by

w(z1, 22) = (T1,42) — (T2, Y1)

for z; = (zx,yx) € R™ x R™. A subspace A is called Lagrangian iff it has
dimension n and w(z, 25) = 0 for all 21, 2z € A. A Lagrangian frame for a
Lagrangian subspace A is an injective linear map Z : R® — R?" whose image



is A. Such a frame has the form

-

where X,Y are n X n-matrices and

v ) 0

YTX = X7y,

The last n (or first n) columns of a symplectic matrix ¥ form a Lagrangian
frame.

A quadratic form on a vector space V can be viewed as a map from
V to the dual space V*. If R?® = V @ W is a Lagrangian splitting then
W can be identified with V* via the symplectic form. In this situation
every Lagrangian subspace transverse to W is the graph of a quadratic form
A:V — V*=W. For each Lagrangian subspace A € £(n) we will define a
canonical isomorphism

ThL(n) — S*A) : (A, A) — Q = Q(A, A)
between the tangent space at A and the space of quadratic forms on A.

Theorem 1.1 Let A(t) € L(n) be a curve of Lagrangian subspaces with
A(0) = A and A(0) = A.

(1) Let W be a fized Lagrangian complement of A and for v € A and small
t define w(t) € W by v+ w(t) € A(t). Then the form

d

Q) = -
t=0

w(v, w(t))

is independent of the choice of W.
(2) If Z(t) = (X (t),Y(t)) is a frame for A(t) as in (1) then
Q(v) = (X (0)u, Y (0)u) — (Y (0)u, X(0)u)

where v = Z(0)u.



(3) The form Q is natural in the sense that
Q(TA, WA) o U = Q(A, A)
for a symplectic matriz V.

Proof: Choose co-ordinates so that A(0) = R™ x 0. Then any Lagrangian
complement of A(0) is the graph of a symmetric matrix B € R"*™:

W ={(By,y) : y €R"}

and for small ¢ the Lagrangian subspace A(t) is the graph of a symmetric
matrix A(t) € R"*":

A(t) = {(z, A(t)) : = € R"}.

Hence v = (z,0), w(t) = (By(t),y(t)), and y = A(t)(x + By(t)). Hence
w(v,w(t)) = (x,y(t)) and

Q(v) = (,9(0)) = {x, A(0)).

The result is independent of B and this proves (1).

To prove (2) assume that W = 0 x R™ is the vertical and choose a frame
Z(t) = (X(t),Y(t)) for A(t). Then v = (X (0)u, Y (0)u) and w(t) = (0,y(t))
where Y (0)u + y(t) = V()X (¢) ' X (0)u. Hence w(v,w(t)) = (X(0)u,y(t))
and

Q) = (X(Oui0) |
= (X(0)u, Y(0)u) = (X(0)u, Y (0)X (0) "' X(0)u)
(X(0)u, Y (0)u) = (X(0)u, Y(0)u)
The last equation follows from the identity X7V = YT X. This proves (2).

Statement (3) is an obvious consequence of the definition. O

Remark 1.2 The previous work can be defined in the language of differential
geometry as follows. Denote by F(n) the manifold of Lagrangian frames.
Then we have a principal bundle

GL(n;R) — F(n) — L(n).
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For A € L(n) denote by F, the fibre of F(n) over A. It is the set of
Lagrangian frames for A. The tangent space to F(n) at Z = (X,Y) is
the space of all pairs ( = (§,n) of n X n-matrices such that the matrix

S(X,Y,&n)=¢"Y —n'X

is symmetric. The tangent space to the fibre over A is the subspace deter-
mined by S(Z, () = 0. The tangent space to £(n) at A can be identified with
the quotient

TA[,(TL) = Tzf(n)/TzfA

By Theorem 1.1 (2) the matrix S(Z, Z) determines the quadratic form Q.

Remark 1.3 A unitary Lagrangian frame is one whose columns are or-
thonormal in R?". The space of unitary frames is naturally diffeomorphic to
the unitary group U(n) via Z +— X + Y. Hence there is a principal bundle

O(n) — U(n) — L(n).
Remark 1.4 Another principal bundle is
St(2n) — Sp(2n) — L(n).

Here Sp(2n) denotes the symplectic group and St(2n) denotes the stabilizer
subgroup of all symplectic matrices ¥ such that ¥(0 x R") = 0 x R™. The
symplectic matrices have the block form

v=(ap) = ) 2)
and the stabilizer subgroup is defined by B = 0. In this bundle the projection
Sp(2n) — L(n) sends ¥ to ¥(0 x R™).

Remark 1.5 The graph
Gr(G) ={(z,Gz) : x €R"}

of a matrix G € R™" is Lagrangian iff G is symmetric. If ¥ is a symplectic
matrix with B = C' = 0 then

UCr(G) = Gr(DGDY).

If A is a Lagrangian subspace transverse to the vertical 0 x R™ with frame
Z = (X,Y) then X is invertible and A is the graph of the symmetric matrix

G=YX.



2 Lagrangian paths

Every Lagrangian subspace V' determines a decomposition of the space of
Lagrangian subspaces as a disjoint union

L(n) = (V)

where ¥ (V) is the submanifold of those Lagrangian subspaces which inter-
sect V' in a subspace of dimension k. The codimension of X4 (V') is k(k+1)/2.
We will prove in Theorem 4.2 below that each stratum ¥, (V') is connected.
The Maslov cycle determined by V' is the algebraic variety

(V) = S1(V) = kfj (V).

=1

The tangent space to (V') at a point A € ¥, (V) is given by
TaSk(V) = {A € TaL(n) : Q(A, A = 0} .

Let A : [a,b] — L(n) be smooth curve of Lagrangian subspaces. A crossing
for A is a number ¢ € [a, b] for which A(%) intersects V nontrivially, i.e. for
which A(t) € (V). The set of crossings is compact. At each crossing time
t € [a,b] we define the crossing form

F(A7 v, t) = Q(A<t)7 A@)) |A(t)ﬂV-
By Theorem 1.1 (3), the crossing form is natural in the sense that
T(WA, WV, ) 0o W = [(A,V, 1) (3)

for every symplectic matrix . If V' =R" x 0 and A(t) = Gr(A(t)) for a path
of symmetric matrices A(t) then at each crossing

D(A,V,t)(v) = (x, A(t)z)
for v = (x,0) with = € ker A(t).

A curve A : [a,b] — L(n) is tangent to (V) at a crossing ¢ if and only
if A(t) € (V) and the crossing form I'(A, V,t) = 0. A crossing t is called
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regular if the crossing form I'(A, V| t) is nonsingular. It is called simple if
it is regular and in addition A(t) € ¥;(V'). A curve has only simple crossings
if and only if it is transverse to every X (V). Intuitively, a curve has only
regular crossings if and only if it is transverse to the algebraic variety (V).
For a curve A : [a,0] — L(n) with only regular crossings we define the
Maslov index

(A, V) = 1signT(A, V,a) + Y sign[(A, V,¢) + isign D(A, V, b)

a<t<b

where the summation runs over all crossings t. (It is easy to show that regular
crossings are isolated. See Theorem 2.3 below.)

Lemma 2.1 Suppose Ao, Ay : [a,b] — L(n) with Ao(a) = Ai(a) and Ao(b) =
A1(b) have only regular crossings. If Ay and Ay are homotopic with fixed
endpoints then they have the same Maslov index.

Lemma 2.2 Every Lagrangian path A : [a,b] — L(n) is homotopic with fized
endpoints to one having only reqular crossings.

These lemmata are proved below. Together they enable us to define the
Maslov index for every continuous path. The Maslov index then has the
following properties.

Theorem 2.3 (Naturality) For ¥ € Sp(2n)
W(TA, V) = (A, V),
(Catenation) Fora <c<b
u(A V) = pu(Ajag, V) + (Al ep, V)

(Product) If n' +n” = n identify L(n') x L(n") as a submanifold of L(n)
in the obvious way. Then

,U(A, @ A”, V' @ V//) _ ,U(A/a V/) + ,U(A”a V”).



(Localization) IfV =R" x 0 and A(t) = Gr(A(t)) then the Maslov index
of A is given by the spectral flow*

w(A, V) = 1signA(b) — LsignA(a). (4)

(Homotopy) Two paths Ao, Ay : [a,b] — L(n) with Ao(a) = Ai(a) and
Ao(b) = Ay1(b) are homotopic with fixed endpoints if and only if they
have the same Maslov index.

(Zero) Ewvery path A : |a,b] — X(V) has Maslov index (A, V) = 0.

Proof: We prove this theorem and the previous lemmata in eight steps.

Step 1: Suppose A(t) € R™ ™ is a smooth path of symmetric matrices with
rank A(0) = n — k. Then there exists a matriz & € R¥*, and smooth curves
D(t) € GL(n) and v(t) € GL(n — k) such that

vt +O0() 0 )
DWAMDH = @ .
aep? = (00
for t near 0.

Without loss of generality assume that A has the block form

[ alt) B
A(t)_<ﬁ(t)T 7(0)

where o and ( vanish at 0 and -~y is invertible. Now factor A as

At) = ( 2} mﬂ_l ) ( ’ _607_% S ) < 7‘1/]31(15>T ?1 )

Now take D(t) to be the inverse of the first matrix on the right and & = &(0).

Step 2: Every Lagrangian path A may be approzimated by a path A’ with the
same endpoints having reqular crossings at the ends and simple crossings in
the interior.

By naturality of the crossing operator (3) we may assume that V' = R" x0
and A(a) and A(D) are graphs. Now use step 1 at to obtain regular crossings at

LA special case of this formula appears in Duistermaat [4] Lemma 2.5.

8



the endpoints by a small perturbation. Then A(t) € Xo(V) fora <t <a+e¢
and b — e <t < b. Now use transversality.

Step 3: Assume V = R™ x 0 and A(t) is the graph of a symmetric matriz
A(t) € R™™ with a reqular crossing at t =to. Then

sign A(ty £ ¢) = sign A(to) £ signI'(A, V. o).
Hence the localization axiom holds for paths with reqular crossings.

This follows from Kato’s selection theorem [7] about the eigenvalues of
a smooth one parameter family of symmetric matrices. Alternatively, note
that the crossing operator I'(A, V, ty) is represented by the symmetric matrix
& of step 1. To prove the localization axiom in the case of regular crossings
note that both sides of (4) satisfy the catenation axiom.

Step 4: If the path A in step 2 has only regular crossings then it has the
same Maslov index as N,

The crossing index at the ends is unchanged. By naturality of the crossing
operator (3) and step 3 we have
signT'(A, V. to) = Y sign[(A,V,¢).

[t—to|<e
at each interior crossing to € (a,b).

Step 5: Two paths which have only simple crossings, are homotopic with
fized endpoints, and have endpoints in ¥o(V') have the same Maslov indez.

For k > 2 the codimension of ¥4 (V) is bigger than 2 and hence a generic
homotopy misses ¥, (V'). By the arguments of [9] the intersection number is
well-defined and depends only on the homotopy class.

Step 6: We prove Lemma 2.1

By naturality of the crossing operator (3) we may assume that V' = R" x 0
and Ag(a) = Aq(a) and Ag(b) = A1(b) are graphs. By step 4 we may assume
without loss of generality that Ay and A; have only simple crossings in the
interior. Choose € > 0 so small that A;(t) € 3o(V) and A4(t) is a graph for
a<t<a+eandb—e <t <b Now perturb the homotopy if necessary such
that the paths s — Ag(a + ¢) and s — As(b — €) have only simple crossings.
By the localization axiom (step 3) these paths have Maslov index

p(s > Aya+€)) = ssignT(Ay, V,a) — tsignT'(Ao, V, a)
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p(s = Ag(b—¢)) = LsignI'(Ag, V,b) — isign (A4, V. b).

Introduce the intermediate path A’ which is the catenation of the paths
A0|[a7a+5}, As(a + E), A1|[a+a,b—5]> Al_s(b — E), and AO|[b—a,b]- By Step 5 all
three paths Ay, A/, and A; have the same Maslov index.

We have now proved Lemma 2.1 and Lemma 2.2. Hence the Maslov index
is now well defined for all paths.

Step 7: Two paths Ag and A; with the same endpoints and the same Maslov
index are homotopic.

By step 6 we may assume without loss of generality that Ag(t) = Ay (%)
fora <t<a+ecand b—c <t < b By step 4 we may assume that
both paths have only simple crossings in the interior. Hence it suffices to
prove that every loop 7 : S — L(n) of Lagrangian subspaces which has only
simple crossings and has Maslov index zero is contractible. Since the Maslov
index is zero there is at least one pair of adjacent crossings of opposite sign.
Since X;(V) is connected? homotop to a curve where these crossings occur
at the same point of 31 (V). Since ¥o(V') is contractible remove this pair of
crossings.

We have now proved the homotopy axiom. The localization axiom was
proved in step 3 for paths with only regular crossings. Hence it holds always.
The naturality axiom, the catenation axiom, and the product axiom are all
obvious for curves with regular crossings and hence hold generally. The final
step is

Step 8: The zero axiom holds.
For any smooth path A : [a,b] — X (V) define the cone

K(t) = {A € TagL(n) : Q(A(),A)(v) > 0forve A(t)NV}.

Choose a smooth section f\(t) € K(t) and choose a smooth deformation
[0,1] X [a,b] — L(n) : (s,t) — As(t) such that

0N
0s

s=0

A = A,

2This is proved in Corollary 4.4 below.
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Then Ag(t) € (V) for 0 < s < e with € > 0 sufficiently small. The path A
is homotopic to the catenation of the three paths s — Ag(a), t — A.(t), and
s — Ac_4(b). The first has Maslov index k, the second has Maslov index 0
and the last has Maslov index —k. O

A Lagrangian homotopy Ag : [a,b] — L(n) is called a stratum homo-
topy with respect to V' if As(a) and A4(b) each remain in the same stratum.
This means that there are integers k, = k,(As, V') and ky, = ky(As, V') such
that

Ag(a) € 5, (V), As(b) € X, (V)

for all s. The following theorem is a corollary of Theorem 4.7 below.

Theorem 2.4 Two Lagrangian paths are stratum homotopic with respect to
V' if and only if they have the same invariants u, ko, ky. These invariants
are related by
ka - kb

2
In particular, the Maslov index of a loop is an integer.

n+ € Z.

Remark 2.5 In applications it is often required to compute the the crossing
form explicitly in terms of a Lagrangian frame. If V = R™ x 0 and Z(t) =
(X (t),Y(t)) is a frame for A(t) then at each crossing

D(A, Vo) (v) = (X (t)u, Y (t)u)
for v = (X (t)u,0) with Y(#)u = 0. If V =0 x R™ then
DA, Vit)(v) = —(Y (t)u, X (t)u)

for v = (0, Y (t)u) with X (¢)u = 0. (See Theorem 1.1 (2).) This corresponds
to the geometric picture for n = 1. If A(t) crosses the z-axis and rotates
towards the y-achsis then the rotation is counter-clockwise so the Maslov
index is positive. Conversely, if A(t) crosses the y-axis and rotates towards
the x-achsis then the rotation is clockwise so the Maslov index is negative.

Remark 2.6 Let A(t) = A(t+1) be a loop of Lagrangian subspaces. Choose
a lift Z(t) = (X(¢),Y(¢)) of unitary frames. Then for any Lagrangian sub-
space V

a(1) — «(0)

(A, V) = — det(X (t) +1iY (1)) = e*®,
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To see this note that both sides are homotopy invariants, are additive for
direct sums, and agree in the case n = 1. In the case n = 1 a unitary frame
has the form X (t) = cosa(t) and Y (t) = sina(t). A crossing occurs where
a(ty) € nZ and the crossing index is the sign of &(ty). (See previous remark.)

3 Lagrangian pairs

Now consider a pair of curves A,A" : [a,b] — L(n). Define the relative
crossing form I'(A, A’ t) on A(t) N A'(t) by

L(A AN t) =T(A N (), t) — T(N,A(¢),t).

and call the crossing regular if this fom is nondegenerate. For a pair with
only regular crossings define the relative Maslov index by

p(AA) = 1sign DA, A a) + ) sign (A, A t) + Lsign (A, A, ).

a<t<b

1
2

In the case A’(t) = V this agrees with the previous definition. Theorem 3.2
below can be used to extend the definition to continuous pairs. The relative
Maslov index for pairs of Lagrangian paths was used by Viterbo [15] in the
case of transverse endpoints.

Theorem 3.1 The Maslov index is natural in the sense that
p(WA, WA) = p(A, N)
for a path of symplectic matrices ¥ : [a, b] — Sp(2n).
Proof: The crossing form of the pair (WA, WA') at is given by
C(WA, WA t) o W(t) =T(A, N ¢). (5)

To prove this note that the forms Q(WA, WA, t) and Q(¥A’, WA’ t) agree on
the intersection W(t)(A(t) N A’(t)). The equation (5) shows that if the pair
(A, A’) has only regular crossings then so does the pair (WA, WA’) and in this
case the Maslov indices agree. Hence they agree always. O
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Theorem 3.2 Consider the symplectic vector space (R*" x R*", (—w) X w).
Then?
W(UA, ) = u(Cr(W), A x A').

In particular, when V(t) = 1 we have

p(A ) = p(A A N) (6)
where A C R?™ x R?" is the diagonal.
Proof: We first prove (6). Denote @ = (—w) x w and A(t) = A(t) x A/(¢).

Then A N A(t) is the set of pairs o = (v,v) with v € A(t) N A’(t). With this
notation we shall prove that the crossing form is given by

T(A, A x A, 1)(3) = D(A, A(2), £)(v) — (N, A(E), 1) (v). (7)

To see this choose a Lagrangian subspace W = W x W' such that W is
transverse to A(t) and W' is transverse to A’(¢). Given v € R” and s near ¢
choose w(s) € W and w'(s) in W’ such that

v+ w(s) € A(s), v+w'(s) € N(s).
Then v € A, w(s) = (w(s),w'(s)) € W, v+ w(s) € A(s), and
—0(0,w(s)) = w(v,w(s)) —w(v,w'(s)).

Differentiate this identity with respect to s at s = ¢ to obtain (7). This
proves the theorem in the case ¥(t) = 1.
To prove the result in the general case define the symplectomorphism

U(t) of (R*™ x R*™ ©) by U(t)(z,2') = (2,¥(t)2'). Then VA = Gr(¥) and
(A x UIA) = A x A'. Hence
w(Gr(W),A x A') = pu(AAx T A
= (A, TN
= p(PAN).

The second equality follows from (6) and the last equality from Theorem 3.1.
]

3Below we define the Maslov index of a path of symplectic matrices as the special case
A(t) =A(t) =0 x R™.
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Care must be taken when considering homotopies of Lagrangian pairs.
For example if (Ao, Ap) and (Ay, A}) are Lagrangian pairs with the same
endpoints and the same Maslov index they need not be homotopic with fixed
endpoints. Only Ay @ Aj and Ay @ A} are homotopic with fixed endpoints as
Lagrangian paths in (R** x R*" (—w) x w). However we have the following

Corollary 3.3 The number (A, A') is a homotopy invariant in the case
Ala)NA'(a) =0, AD)NA'(b) = 0.

The homotopy (A, AL), 0 < s < 1, is required to preserve the condition on
the endpoints. Two pairs (Ao, Ay) and (Ay, N}) are homotopic in this sense
if and only if they have the same Maslov indez.

Proof: If two pairs are homotopic then, by Theorem 3.2, they have the same
Maslov index. Conversely, suppose that Aj(a) VA’ (a) = 0= A;(b) N A (b) for
Jj=0,1and pu(Ao, Aj) = p(Ay, A}). Choose any smooth map [0, 1] X [a, b] —
Sp(2n) : (s,t) — W(t) such that

Vo(t)Ao(t) =V, W (t)AL(t) = V-

Then ¥;(a)Aj(a) and ¥;(b)A;(b) are transverse to V for j = 0,1 and, by
Theorem 3.1,
M(‘l’oAQ, V) = M(\Ilela V)

By Theorem 2.4 the paths WgAy and and ¥;A; are stratum homotopic with
respect to V. Hence there exists a smooth homotopy [0, 1] % [a,b] — L(n) :
(s,t) — Ag(t) from Ay to Ay such that

T (A (@) NV =0,  T,B)AML) NV =0

for all s. The required homotopy is the pair (A,, A’) where AL (t) = U (¢)71V.
]

Remark 3.4 The Maslov index for pairs gives rise to an alternative proof of
the zero axiom for the Maslov index of paths. By the naturality Theorem 3.1
the axiom can be reduced to the case of a constant path: choose a path of
symplectic matrices W(t) such that both W(¢)V and W(¢)A(t) are constant.
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Theorem 3.5 Let Vg, Vi, Ag, Ay be any four Lagrangian subspaces.
(1) The half integer
S(Vb> Vi; AOa Al) = M(A7 Vi) - M(A7 Vb)

is independent of the choice of the path A : [a,b] — L(n) joining Ag =
A(a) with Ay = A(D). It is called the Hérmander index [6], [/].

(2) s(No, Ais Vo, Vi) = —s(Vo, Vs Ao, Aa).
(3) IfV; = Gr(4;) and A; = Gr(B,) for symmetric matrices A; and B; then
s(Vo, Vis Ao, A1) = isign (By — Ay) — $sign (By — 4)
—1sign (By — Ap) + isign (By — Ao).

Proof: Choose a path of symplectic matrices ¥ : [0, 1] — Sp(2n) such that
U(0) =1 and ¥(1)Vy = V;. Consider the smooth map

[0,1] x [a,b] — L(n) : (s,t) — A(s,t) = ¥(s) T A(t).

The Maslov index around the boundary (relative to the Lagrangian subspace
Vo) is zero. Hence

The number on the left depends only on the endpoints of the path A while
the number on the right is independent of the choice of W. This proves (1)
and (2). To prove (3) choose A(t) = Gr(B(t)) where B(t) = (1 —t)By+tB;.
O

4 Symplectic paths

For a path of symplectic matrices ¥ : [a,b] — Sp(2n) and a Lagrangian
subspace V' define the Maslov index

(V) = p(¥V, V),  V=0xR"
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The stratum
Spr(2n) ={¥ € Sp(2n) : dim (YV NV) = k}

is the preimage of ¥ (V) under the fibration Sp(2n) — L(n) : ¥ — ¥V
of Remark 1.4. Thus ¥ € Sp,(2n) iff rank B = n — k and ¥ € Spy(2n)
iff det(B) # 0 in the block decomposition (2). The stratum Sp,(2n) is a
submanifold of Sp(2n) of codimension k(k + 1)/2.

The Maslov index p(¥) can be viewed as the intersection number of the
path U with the Maslov cycle

Spy(2n) = Sp(2n) \ Spy(2n) U Spk(2n).

The Maslov index is a half-integer and is an integer if the endpoints W(t,) and
U(t;) lie in Spy(2n). The set Spy(2n) consists of those symplectic matrices
U which admit a generating function S = S(z¢, x1) in the sense that

oS oS

(z1,71) (o,%0) <= W oo = oo

When we speak of crossings, regular crossings, etc for a curve of symplectic
matrices ¥ we mean the corresponding concept for the curve of Lagrangian
subspaces WV relative to the Maslov cycle (V). Since the last n columns of
U form a Lagrangian frame for WV the crossing form I'(¥,¢) : ker B(t) — R
is given by '

I, 8)(y) = —(D(t)y, BE)y)

where B(t) and D(t) are as in (2).
Theorem 4.1 The Maslov index is characterized by the following axioms.

(Homotopy) Two paths which begin at Vo and end at VU, are homotopic
with end points fixed if and only if they have the same Maslov index.

(Zero) For each k every path in Spy(2n) has Maslov index zero.

(Catenation) If VU :[a,b] — Sp(2n) and a < ¢ < b then

w(0) = (V) q) + 1(Yler)-
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(Product) Ifn'+n" = n identify Sp(2n’) x Sp(2n”) as a subgroup of Sp(2n)
in the obvious way. Then

p(V' @ ) = p(V') + p(W").

(Normalization) For a symplectic shear

(t) = < 1 B )

on the interval |a,b] the Maslov index is given by
(W) = isign B(a) — isign B(b).
Proof: The homotopy axiom follows from the homotopy lifting property for
the fibration St(2n) — Sp(2n) — L(n) of Remark 1.4. The other axioms are

obvious. The proof that the axioms characterize the Maslov index requires
the following

Theorem 4.2 FEach stratum Sp(2n) has two components.

Proof: Denote by Fi(n) the space of Lagrangian frames Z = (X,Y’) such
that rank X = n — k. Then there is a fibration

F — Spi(2n) — Fr(n)

whose fiber F' is the space of symmetric n x n-matrices. We prove that the
space Fr(n) has two components. To see this we construct a map

v:Fi(n) — Zy

called the parity. A Lagrangian frame Z = (X,Y) € Fi(n) is said to be in
normal form if

(X1 0 (Y1 0
=(T0) (i)
where X; € R"#)*(=k) is nonsingular. The condition that the frame be

Lagrangian is that the matrix X7Y; € R"#*("=k) he symmetric. For any
Lagrangian frame in normal form define the parity v(Z) by

(—1)"?) = sign det(X) det(Yy).
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Two Lagrangian frames Z = (X,Y) € Fi(n) and Z' = (X', Y’) € Fi(n) are
called equivalent if there exist matrices L, M € R™ " such that

X'=L"XM, Y'=L'YM, det(L)>0, det(M)>0. (8)

Every Lagrangian frame is equivalent to one in normal form: first choose
L and M such that X' = LTXM is as required; then the condition on
Y’ = L7YY M is satisfied automatically. If Z and Z’ are equivalent normal
forms related by (8) then

(M0 (L L
=i ) (00

X{ = L{XlMla }/;l, = LézlY;lMlla

hence

and hence v(Z) = v(Z’). This shows that the map v extends to a unique map
Fi(n) — Zy which is invariant under the above equivalence relation. Now
any two equivalent Lagrangian frames lie in the same component of Fy(n).
Moreover, for k < n every normal form can be connected to one where Y = 1
and either X; = 1 or X; = diag(1,...,1,—1). If £ = n then X = 0 and
(—1)"?) = signdet Y. Hence v(Z) characterizes the components of F(n).
O

Remark 4.3 If 7 = (B, 1) is a Lagrangian frame of a graph (of = as a
function of y) then the parity v(B, 1) is the number of negative eigenvalues
of the symmetric matrix B mod 2.

Corollary 4.4 FEach stratum X (V) is connected.

Proof: Each Lagrangian subspace A admits two Lagrangian frames of dis-
tinct parity. O

Remark 4.5 For ¥ € Sp,(2n) define

v(¥) =v(B, D)
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where B and D are the matrices in the block decomposition (2). For a
symplectic shear (A = D = 1 and C = 0) the parity v(¥) is the index of B
modulo 2. Notice that

U e Spy(2n) = (1)’ =signdet B,
¥ eSp,(2n) = (=1)"™ =signdet D.

Remark 4.6 The open stratum Sp,(2n) is homotopy equivalent to O(n).
This follows from the exact sequence of the fibration

St(2n) — Spy(2n) — Xo(V).

The base Yo(V) is contractible and hence Spy(2n) is homotopy equivalent
to St(2n). Now St(2n) deformation retracts onto GL(n) (the set of all ma-
trices ¥ € Sp(2n) with B = C' = 0) and GL(n) deformation retracts onto
O(n). The two components of Sp,(2n) are distinguished by the sign of the
determinant of B in the block decomposition (2).

A homotopy Vs : [a,b] — Sp(2n) of symplectic paths is called a stratum
homotopy if the ranks of the matrices Bs(a) and Bg(b) in the block decom-
position (2) are independent of s. Call a path of symplectic shears in Sp(2n)
neutral if it has Maslov index zero, its endpoints are in the open stratum
Spy(2n), and n € 4z. Two paths ¥y and W, are called stably stratum ho-
motopic if there exist two neutral paths ¥j, and ¥} such that ¥y & ¥{ and
U, @& W] are stratum homotopic. This is an equivalence relation since a prod-
uct of neutral paths is neutral. For any symplectic path ¥ : [a,b] — Sp(2n)
define k, = k,(V) and k;, = ky (V) by

WU(a) € Spy, (2n), U (b) € Spy, (2n)
and denote
Vo = V() = v(V(a)), v, = (V) = v(W(h)).

These four numbers are invariant under stable stratum homotopy. By the
homotopy, zero, and catenation axioms the Maslov index is invariant under
stratum homotopy. By the product axiom it is invariant under stable stratum
homotopy.
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Theorem 4.7 Two paths in Sp(2n) are stratum homotopic if and only they
have the same invariants ., kq, ky, Vo, vp. These invariants are related by

ko — Ky

€z 9)

and bk
et = =y, — 1 (mod 2). (10)

Theorem 4.8 Two symplectic paths g : [a,b] — Sp(2ng) and ¥ : [a,b] —
Sp(2ny) are stably stratum homotopic if and only if ny — ng € 4Z and they
have the same invariants p, kq, ky, Va, V.

Theorem 4.9 FEvery symplectic path is stably stratum homotopic to a sym-
plectic shear.

Proof: We prove these three theorems in six steps.

Step 1: A symplectic shear satisfies (9), (10)

Assume first that U(¢) is a symplectic shear with right upper block B(t).
Let n; be the number of negative eigenvalues of B(b) and nj =n —n, — k
be the number of positive eigenvalues. Similarly for B(a). Hence v, =
n, (mod 2) and v, = n, (mod 2). Hence

p = 1isign B(a) — isign B(b)

_oni—ng ng —ny

N 2 2

B n—2n, —k, n-—2n, —k

N 2 2
kb_ka _ _

Step 2: Ifn, ko, ky € Z, Vo,V € Za, and p € R satisfy (9), (10), and

ko + ky

0 <kgyky<n, lu| <n—1-— 5

(11)

then there exists a symplectic shear in Sp(2n) with these given invariants.

Take B(a) and B(b) to be diagonal matrices with diagonal entries 0, 1, —1
such that B(a) has k, zeros and n, minus signs with n; = v,(mod 2) and

20



similarly for B(b). Then the proof of step 1 shows that the path of symplectic
shears has Maslov index pu = (ky — k,)/2 +n, —n,. Every number p which
satisfies (9), (10), and (11) can be obtained this way.

Step 3: Two paths in Sp(2n) are stratum homotopic if and only if they have
the same invariants i, kq, ky, Ve, Vp.

Suppose two paths have the same invariants. By Theorem 4.2 we may
assume they have the same endpoints. Now use the homotopy axiom.

Step 4: We prove Theorem 4.8.

The indices are obviously invariant under stable stratum homotopy. Con-
versely, assume that the paths Uy : [a, b] — Sp(2n¢) and ¥, : [a, b] — Sp(2n;)
have the same invariants and ny; — ng € 4Z. Choose neutral extensions U
and U such that ng 4+ ny = ny +n). Then the paths Uy & ¥( and ¥; & V)
have the same invariants. By step 3 they are stratum homotopic.

Step 5: Fvery symplectic path V is stably stratum homotopic to a symplectic
shear.

Choose a neutral path U’ : [a, b] — Sp(2n’) with n’ > 2u. Now use step 2
to find a symplectic shear in Sp(2n + 2n') with the same invariants as ¥. By
step 3 this path is stratum homotopic to ¥ & W',

Step 6: Every symplectic path satisfies (9), (10)
Use step 5 and step 1. O

Proof of Theorem 4.1 continued: The axioms assert that every putative
Maslov index is a stable stratum homotopy invariant. By Theorem 4.9 every
symplectic path is stably stratum homotopic to a symplectic shear. Hence the
normalization axiom shows that the putative Maslov index and the Maslov
index agree. O

Proof of Theorem 2.4: By naturality, assume without loss of generality
that V' = 0 x R™. Then any lift ¥ : [a,b] — Sp(2n) of a Lagrangian path A :
la,b] — L(n) under the projection ¥ +— A = WV has the same invariants pu,
ko, kp. By Theorem 4.7 they satisfy (9). The numbers k, and &, are obviously
stratum homotopy invariants. The Maslov index p is by the homotopy, zero,
and catenation axioms. Now assume that the Lagrangian paths Ay and A,
have the same invariants u, k., k,. By Corollary 4.4 we may assume that
they have the same endpoints. Now use the homotopy axiom. a
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Remark 4.10 Equation (9) shows that the Maslov index of a symplectic
loop is an even integer. This follows also from the exact sequence of Re-
mark 1.3.

Corollary 4.11 (Homotopy with a free end) Two curves ¥y and V; in
Sp(2n) with V;(a) = 1 and V;(b) € Spy(2n) are homotopic within this class
if and only if they have the same Maslov index.

Proof: k, =0, v, =0, ky, = n. Hence (9) shows that that v,(V¢) = (V1)

whenever (Vo) = pu(Wy). O

Corollary 4.12 [f V(a) = 1 and V(b) € Spy(2n) then p(V) +n/2 € Z and
(—1)H+/2 — sign B

where B is as in (2).

Proof: Theorem 4.7 and Remark 4.5. d

Let Ag,A; : R — L(n) be Lagrangian paths with transverse endpoints.
Choose orientations of Ay and A; and define the relative intersection
number £(Ag, A;) = 1 if the orientations R?" induced by the two splittings
Ag(a) @ A1(a) and Ag(b) @ A1(b) agree; otherwise define e(Ag, A;) = —1.

Corollary 4.13 For Ay and Ay as above
(=10t = e(Ag, Ay).

Proof: Choose a symplectic path W : [a, b] — Sp(2n) such that W (¢)A(t) =
A4 (t). By Theorem 4.7

(—1ef) = (D))
- (_1)V(‘1’(b))—'/(‘1/(a))
= signdet B(a) - signdet B(b)
= €(A0, Al)
Here B(t) is as in (2) and the last but one equality follows from Remark 4.5.

To prove the last equality assume Ag(f) = 0 x R™ so that the matrix Z(t) =
(B(t),D(t)) is a Lagrangian frame of A;(t) where D is also as in (2). O
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5 Other Maslov indices

For two matrices Wq; and Wyg in Spy(2n) the define the composition form
Q(Va1, U1g) = By,' Bao By

where Wy = Wo1 Wy and By; is the right upper block in the decomposition (2)
of Uy;. In [11] the composition form is related to the boundary terms that
arise in the calculus of variations. An alternative formula for the composition
form is

Q(Wa, ¥yp) = B2‘11A21 + DloBl_ol- (12)

Let Sp(2n) denote the universal cover of Sp(2n). Think of an element of
Sp(2n) covering ¥ as a homotopy class (fixed endpoints) of paths U 0,1] —
Sp(2n) with ¥(0) = 1 and ¥(1) = ¥. Denote by Sp,(2n) the preimage of
Spi(2n) under the covering map. The following theorem is essentially due to
Leray [8], p.52.

Theorem 5.1 The restriction of the Maslov index to %O(Qn) is the unique
locally constant map p : Spy(2n) — n/2 + Z such that

p(Wag) = pu(Wa1) + p(P1o) + 2sign Q(Vay, ip) (13)
whenever ‘1120 = \Ifgl\fflo and \ikj covers Wy;.

Proof: We first prove that the Maslov index satisfies (13). Assume without
loss of generality that Wyg(t) is constant for ¢ > 1/2 and Wy (¢) = 1 for
t <1/2. Denote pix; = p1(¥y;). Then

H20 = [+ M(‘I’m‘I’loV, V)
= piao + (Vo V, UV)
= g0 + piar — p(V, Wl V) + p(W0V, U5 V)
= pao + par + p(U5'V, V) = p(U5)'V, UypV)
= 1o + poa1 + s(U1oV, V5 V, U5 V).

The last equality follows from Theorem 3.5. If the matrices Uy, are written
in block form as in (2) then

s(UpV, V;V,U5'V) = 1signQ,  Q = Bs;'Bay By
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To see this take the formula of Theorem 3.5 (3) with Ay = —BjoDig, 41 =
By =0, B; = A;llBgl and use the signature identity of Lemma 5.2 below
with A = Ay and B = —B;. In these expressions for A; and B, the signs are
reversed because the Lagrangian subspaces are graphs of x over .

To prove uniqueness let p : Spy(2n) — Z be the difference of the Maslov
index and a putative Maslov index. Then p is a homomorphism wherever
defined. Take a one parameter subgroup ¢ ~ W(t) of Sp(2n) which passes
through every component of Sp,(2n) and hits the Maslov cycle when ¢ is an
integer. Then p o ¥ defines a ‘homomorphism’ from R \ Z — Z. Any such
homomorphism vanishes identically. O

Lemma 5.2 (The signature identity) Suppose A and B are real sym-
metric matrices and A, B, A+ B are nonsingular. Then

sign A + sign B = sign (A + B) +sign (A™' + B™).

Proof: The matrices A, B and A + B are nonsingular if and only if the
path A(t) = A+tB of symmetric matrices has only regular crossings. Hence
the spectral flow of this path is given by

isign (A + B) — 1sign A = > sign P,BP,.
t
Here the sum is over all numbers ¢ € (0, 1) such that det(A+¢B) = 0 and P,

denotes the orthogonal projection onto ker(A + tB). The analogous formula
for the path A=! +¢"'B~! on the interval e <t < 1is

isign B — isign (A~ 4+ B™!) = Zsign Q:B7'Q,.
t
where @y is the orthogonal projection onto ker(A=' + ¢t~!B~1).  Since

ker(A=' + ¢ 'B~!) = Bker(A + tB) the right hand sides agree.
Here is an alternative proof. The symmetric matrices

A1 D 1
v=(1n) =V 3)
have the same signature. (They are similar.) The identity

A0 10
T __ —
urt= (G ) =i h)
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shows that the signature of M is sign A +sign (D — A™!). Interchange D and
A and use sign N = sign M to obtain

sign A + sign (D — A™') = sign D +sign (A — D™1).

Now replace D by —B~ . 0

Remark 5.3 Let ¥(t) = U(t + 1) be a loop of symplectic matrices. Then
the Maslov index (W) agrees with the usual definition:

a(1) — (0)

™

() =
where

X =Y

a(t) = det(X(t) + Y (t)), ( Y X

) = (VUT) 12,
This can be proved as in Remark 5.4 below. It also follows from Remark 2.6
above.

Remark 5.4 Consider the symplectic vector space (R** x R?", ) with & =
(—w) X w. If U(a) =1 and det(1 — ¥(b)) # 0 then the index

pez(¥) = p(Gr(¥), A)

is called the Conley-Zehnder index [2], [13]. This index is an integer and

satisfies
(=1)M=" — sign det(1 — W (D).

This number is the parity of the Lagrangian frame (1, ¥ (b)) for the graph
of W(b). That our definition agrees with the one in [2] and [13] follows from
the homotopy invariance, the product formula, and by examining the case
n = 1. The path

cost —sint
= <t <
w(t) ( sin t cost)’ Ostze,

has Conley-Zehnder index pez(V) = 1 when € > 0 is small. To see this
with our definition choose a Lagrangian splitting R? x R? = V @ W where
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V=Aand W=0xRxRx0. (Warning: The sign of the symplectic form
on the first factor R? x 0 is reversed.) Given v = (z9, yo, o, %) € V choose
w(t) = (0,n(t),£(t),0) € W such that v + w(t) € A(t) = Gr(¥(t)). This
means that

xo + &(t) = xgcost — (yo + n(t))sint, Yo = xosint + (yo + n(t)) cost.

Differentiate this identity at t = 0 and use £(0) = n(0) = 0 to obtain 7(0) =

—xo and £(0) = —yo. Hence the crossing form at ¢ = 0 is given by
_ d P
[(Gr(¥),A,0)(0) = —|  @(0,0(t))
dt|,_,
—zo7(0) — é(o)yo
= 75+ Y-

This quadratic form has signature 2.
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