Loops of Lagrangian submanifolds
and pseudoholomorphic discs

Meike Akveld Dietmar Salamon
ETH-Zirich

22 August 2001

Abstract

We examine three invariants of exact loops of Lagrangian subma-
nifolds that are modelled on invariants introduced by Polterovich for
loops of Hamiltonian symplectomorphisms. One of these is the mini-
mal Hofer length in a given Hamiltonian isotopy class. We determine
the exact values of these invariants for loops of projective Lagrangian
planes. The proof uses the Gromov invariants of an associated sym-
plectic fibration over the 2-disc with a Lagrangian subbundle over the
boundary.

1 Introduction

In this paper we study the Hofer geometry for exact loops of Lagrangian
submanifolds of a symplectic manifold (M,w). Think of such a loop as a
connected submanifold A C S! x M such that the projection A — S is a
submersion and

A= {z € M| (¥, 2) € A}

is a Lagrangian submanifold of M for every . The loop is called exact if there
exists a Hamiltonian isotopy ; of M such that ¢;(Ag) = A; for every ¢. The
Hofer length of an exact Lagrangian loop A is defined by

Ay

1
L(A) = / (max H, — n}\in Ht) dt,
0 t



where the Hamiltonian functions H; : M — R are chosen such that the
corresponding Hamiltonian isotopy 1 : M — M satisfies 1;(Ag) = Ay. It is
interesting to minimize the Hofer length over the Hamiltonian isotopy class
of A. This infimum will be denoted by

v(A) =v(A M, w) := AiEEIE(A').

As an explicit example consider the space L = L(CP",RP") of La-
grangian submanifolds of CP™ that are diffeomorphic to RP". It contains
the finite dimensional manifold PL(n + 1) of projective Lagrangian planes.
The space PL(n+1) is the orbit of RP™ under the action of PU(n+1) and its
fundamental group is isomorphic to Z, ;. Consider the loop A¥* C S x CP"
defined by

AF = U{€2m} X ¢rt(RP™), (1)
teR
where ¢;([20 1 -+t 24]) == [€™20 : 21 ¢ --- : 2,) and k € Z. The loops A/

and A* are homotopic in PL(n + 1) (as based loops) if and only if they are
Hamiltonian isotopic (as free loops) if and only if & — j is divisible by n + 1.
If K — j is not divisible by n + 1 then A’ and A* can be distinguished by
the Maslov index. More precisely, every Lagrangian loop A C S! x CP",
with fibres A; Lagrangian isotopic to RP", has a well defined Maslov index
w(A) € Zyyq. It is defined as the Maslov index of a smooth map u : D =
{z € C||z| < 1} — M such that u(e*™*) € A;. Such maps u always exist
and the Maslov indices of any two such maps differ by an integer multiple of
n + 1. It turns out that

w(A*) = k mod n + 1. (2)

In the case n = 1 the loop A! is obtained by rotating a great circle on the
2-sphere through 180 degrees around an axis that passes through the circle.
The result is an embedding of the Klein bottle into S* x S2. The image of this
embedding is a Lagrangian submanifold of D x S? with respect to a suitable
symplectic form. In contrast A° is a Lagrangian torus in D x S?. In general,
the cases where n is even and where n is odd are topologically different. If n
is even, then A* is diffeomorphic to S x RP”" for every k. If n is odd then
M is diffeomorphic to A* if and only if k£ — j is even, and A is orientable if
and only if k is even. In particular, A* is diffeomorphic to A = S! x RP"
whenever k is even.



Fix k € {1,...,n} and consider the exact Lagrangian loop

A= e x pu(®P?),

teR

where

Vi([20 0+ 2n]) i= ([0 : €™y o1 €™ g 2 2py1 2 -0 2 2))-

This loop is Hamiltonian isotopic to A¥ and it has Hofer length 1/2, whereas
A* has Hofer length k/2. The next theorem asserts that A minimizes the
Hofer length in its Hamiltonian isotopy class and hence is a geodesic for the
Hofer metric.

Theorem A Let w € Q?(CP") denote the Fubini-Study form that satisfies
the normalization condition f(CP" w" =1. Then

1
v(A*; CP™ w) = 5

fork=1,...,n and v(A°) = 0.

This is a Lagrangian analogue of a theorem by Polterovich [20] about loops of
Hamiltonian symplectomorphisms of complex projective space. Following [20]
we consider two other invariants of exact Lagrangian loops A C S x M that
can be expressed in terms of Hamiltonian connection 2-forms 7 on the trivial
bundle D x M that vanish over A. Let T(A) C Q*(D x M) denote the
space of such connection 2-forms. The relative K-area x(A) is obtained
by minimizing the Hofer norm of the curvature €, over 7 (A). The third
invariant is related to the relative cohomology classes [r] € H*(D x M, \;Z)
of 7 € T(A). These form a 1-dimensional affine space parallel to the subspace
generated by the integral cohomology class o := [dzAdy/7]. For 79,71 € T (A)
define s(m1,7) € R by s(71,70)0 = [11] — [70]. The invariant €(A) is defined
by
e(A) :=eT (19, A) — & (19, A),

for 7y € T(A), where
et (10, A) == inf{s(r, ) |7 € T(A), 7" > 0},

e (10, A) :== sup{s(r, ) |7 € T(A), 7" < 0}.



Theorem B For every eract Lagrangian loop A C S* x M
e(A) < x(A) =v(A).

A lower bound for £(A) can sometimes be obtained by studying pseudoholo-
morphic sections of D x M with boundary values in A. We assume that the
pair (M, Ag) is monotone and fix a class A € Hy(D x M, A; Z) that satisfies

n+pa(A) <N -2,

where n = dim Ay = dim M/2, N denotes the minimal Maslov number of
the pair (M, Ay), and pp denotes the Maslov class. Under these assumptions
we define Gromov invariants

Grﬁ (A) € HniuA(A) (Ao; Zs).

A connection 2-form 7 € T(A) and an w-compatible almost complex struc-
ture .J on M determine an almost complex structure J = J(r,J) on D x M.
Under our assumptions the moduli space of J (1, £J)-holomorphic sections of
D x M is, for a generic 7, a compact smooth manifold of dimension n+ s (A).
The Gromov invariant is defined as the image of the mod-2 fundamental class
under the evaluation map u — u(1). Now let A¥ C S x CP™ be given by (1)
with 1 < k < n. Let AT € Hyo(D x CP", A¥;Z) be the homology classes of
the constant sections v (z,y) =[1:0:---: 0] and u=(z,y) =[0:---:0: 1].

Theorem C Gri.(AF) # 0.

Theorem C can be interpreted as an existence result for pseudoholomorphic
sections and we shall use this to prove that £(A*) > 1/2. On the other hand
the Hamiltonian isotopy class of A¥ contains a loop of length equal to 1/2.
Hence Theorem A follows from Theorem B.

We expect that the same techniques can be used to obtain similar results
for general symplectic quotients of C™ by subgroups of U(n). These quotients
will not, in general, satisfy our assumption of monotonicity for the definition
of the Gromov invariants. However, it should be possible to derive the same
conclusions by using the invariants introduced in Cieliebak—-Gaio—Salamon [4]
instead. This programme will be carried out elsewhere.

In [20, 21, 22, 23] Polterovich studied the Hofer length of loops ¢, =
i1 M — M of Hamiltonian symplectomorphisms. Let P — S? denote
the Hamiltonian fibration associated to the Hamiltonian loop. Poltervich



introduced invariants v*(P), x*(P), and *(P) on which our invariants are
modelled. Here v (P) is obtained by minimizing the positive part of the Hofer
length in a given Hamiltonian isotopy class, the K-area x*(P) is a symplectic
analogue of an invariant introduced by Gromov [10], and the invariant e (P)
is based on the coupling construction of Guillemin-Lerman-Sternberg [11].
In [20, 21] Polterovich proves that these invariants are equal:

e£(P) = x*(P) = v*(P).

We adopt the convention +v%(P) > 0. Let us denote by v(P), x(P), and
¢(P) the Hamiltonian analogues of our invariants of Lagrangian loops. These
were also considered by Polterovich and he noted that

e(P) = (P) — & (P) = v*(P) — v (P) < v(P).

This is the Hamiltonian analogue of Theorem B. Now consider the Lagrangian
loop A C S x M x M given by

At = graph(wt)
The invariants introduced by Polterovich are related to our invariants by
v(A) < v(P), e(A) < e(P).

The Gromov invariants of the fibration P associated to a Hamiltonian loop
were independently studied by Seidel [28, 29, 30| and his results were used
by Lalonde-McDuff-Polterovich [15] to prove that Hamiltonian loops act
trivially on homology. Our results on the Gromov invariants can be viewed
as Lagrangian analogues of results in [20, 28] on the Gromov invariants of
symplectic fibrations.

The present paper is organized as follows. In Section 2 we discuss back-
ground material about the Hofer metric. The space of Lagrangian subma-
nifolds is naturally foliated by Hamiltonian isotopy classes and the Hofer
metric is defined on each leaf of this foliation. In Section 3 we introduce the
invariants v(A), x(A), and £(A) of exact Lagrangian loops and give a proof
of Theorem B. In the 2-dimensional case the invariant v(A) can sometimes
be computed explicitly. This is done in Section 4 for the 2-torus. In Section 5
we introduce the Gromov invariants and in Section 6 we prove Theorems A
and C. In Appendix A we prove a result about Hamiltonian isotopy on Rie-
mann surfaces which is used in Section 4.

Acknowledgement: We would like to thank Leonid Polterovich for suggest-
ing the topic and for many helpful discussions.
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2 The Hofer metric for Lagrangian submani-
folds

Let (M,w) be a 2n-dimensional symplectic manifold and L be a compact
connected n-manifold without boundary. Denote by

X ={te Emb(L,M)|/'w =0}

the space of Lagrangian embeddings of L into M. The group G = Diff(L)
acts on this space by ¢+ +— 1o ¢ for ¢ € G. Two Lagrangian embeddings
to,t1 € X lie in the same G-orbit if and only if they have the same image
A = 1o(L) = +1(L). Hence the quotient space

L:=X/G

can be naturally identified with the set of Lagrangian submanifolds of M that
are diffeomorphic to L. A function R — £ : ¢t — A; is called smooth if there
exists a smooth function R x L — M : (t, q) — ¢;(q) such that (L) = A, for
all £. One can think of £ as an infinite dimensional manifold.

Lemma 2.1 The tangent space of L at a point A € L can be naturally
identified with the space of closed 1-forms on A:

ThL ={B € Q'(A)|dB =0}

Proof: Let Rx L — M : (t,q9) — u(q) be a smooth function such that
1 € X for all ¢t and define

ap = w(v, diy-) € QI(L)a vy == gty € CP(L, 1" TM). (3)

Then
0= 0w = doy

and hence the tangent space of X’ at ¢ is given by
T,X = {v e C®(L,*'TM) |w(v,d) € (L) is closed } .

The tangent space to the G-orbit consists of all vector fields of the form
v =dio&, where £ € Vect(L). The map v — w(v, de-) identifies the quotient
space T,X /T,(v - G) with the space of closed 1-forms on L.
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If 14,0, € X are two smooth paths in X" that satisfy ¢, = ¢; o ¢ for some
path ¢, € G then the vector fields v, := 0;1; and v; := 0y} are related by

vp=wv o +dyo&od,

where & € Vect(L) generates the diffeomorphism ¢; via 0,¢; = & o ¢;. Hence
the 1-forms «; := w(vy, diy+) and o} := w(v}, di}-) are related by

ay = ¢y
Hence two closed 1-forms a,a’ € Q(L) corresponding to two Lagrangian

embeddings ¢ and ¢/ = ¢ o ¢ represent the same tangent vector of £ if and
only if o/ = ¢*« or, equivalently, t,o = /,a’. This proves the lemma. O

Let R — £ : t — A; be a smooth path of Lagrangian submanifolds. We
define the derivative of this path at time ¢ by

O\t := L 0n,

where the path R — X : t — ¢ is chosen such that (L) = A; for every
t and oy is defined by (3). The proof of Lemma 2.1 shows that the 1-form
By = 1 € Q'(A;) is closed and is independent of the choice of the lift
t +— 1; used to define it.

We wish to study Hamiltonian isotopies of Lagrangian submanifolds. This
corresponds to paths in £ that are tangent to the subbundle

H={(A,B)eTLIA€ L, B Q' (A)is exact}.

Abstractly, one can think of H as a distribution on L. It follows from We-
instein’s Lagrangian neighbourhood theorem that this distribution is inte-
grable. We shall see that the leaf through Ay € £ consists of all Lagrangian
submanifolds of M that are Hamiltonian isotopic to Ay . To be more precise,
let Rx M — R : (¢,2) — H(z) be a smooth Hamiltonian function and
denote by R x M — M : (t,z) — 1(z) the Hamiltonian isotopy generated
by H via

d .
Eﬂ% = X oy, L(Xy)w = dHy, Py = id. (4)
Lemma 2.2 Let R — L :t — A; be a smooth path of Lagrangian submani-

folds and 1, be a Hamiltonian isotopy on M generated by the Hamiltonian
functions Hy : M — R wvia (4). Then Ay = ¥(No) for every t if and only if

atAt - dHt|At

for every t.



Proof: Choose a smooth path R — X : ¢ — ¢ such that (L) = A; for
every t and let oy € Q'(L) be defined by (3). Then 0;A; = dHy|s, if and only
if d(Hy; o 1) = ay. It follows from the definitions that this is equivalent to

Xi(t1(q)) — Osee(q) € imdu(q)

for all ¢ and all g. This means that there exists a smooth family of vector
fields & € Vect(L) such that

X0 =0ty + dig o0&y

Equivalently, ¢; o tp = ¢; o ¢y, where the isotopy ¢, € Diff(L) is generated by
& via 0y = & o ¢y and ¢y = id. This proves the lemma. O

The previous lemma shows that every path in £ that is generated by a
Hamiltonian isotopy is tangent to . The converse is proved next.

Lemma 2.3 A smooth path [0,1] — L : t — A, is tangent to H if and only if
there exists a Hamiltonian isotopy t — by such that ¥ (Ag) = Ay for every t.

Proof: The “if” part was proved in Lemma 2.2. Suppose that the path
t — A4 is tangent to H. Choose a smooth function [0,1] - X : ¢t —
such that (L) = A, for every t and let ay € Q'(L) be defined by (3). By
assumption, oy is exact for every t. Fix a smooth path ¢; € L and, for every t,
choose h; : L — R such that

dhy = ay, ht(Qt) = 0.

Then the function R x L — R : (¢,q) — hy(q) is smooth. We construct a
smooth function [0,1] x M — R : (¢, z) — Hy(z) such that

Ht Oy = ht' (5)

Choose an almost complex structure J on M that is compatible with w. Let
£ > 0 be so small that, for every ¢ € [0, 1], the map

TAy — M : (2,v) — exp,(Jv)

restricts to a diffeomorphism from the e-neighbourhood of the zero section
in TA; onto the open neighbourhood

Uy :={exp,(Jv) |z € Ay, v € T, Ay, |v| < &}
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of Ay in M. Choose a cutoff function p : [0,£] — [0, 1] such that p(r) =1 for
r <e/3 and p(r) =0 for r > 2¢/3. Define H, : M — R by

Hy(exp,(Jv)) := p(|v[)he 0 17" (2)

for z € Ay and v € T,A; with |v| < g, and by Hy(z) := 0 for z € M \ U;. Then
H; satisfies (5) and hence

dHt‘At = Lt*dht = L, 0 = 3tAt.

By Lemma 2.2, the Hamiltonian isotopy 1; generated by H; satisfies 1;(Ag) =
A, for every t. This proves the lemma. O

Remark 2.4 The Hamiltonian functions constructed in Lemma 2.3 satisfy
max H; = max hy, min H; = min h; (6)

for every t. With a slightly more sophisticated argument one can show that
the Hamiltonian functions can be chosen such that the Hamiltonian vector
fields X; satisfy 0;t; = X; o ¢; and hence the resulting Hamiltonian isotopy
satisfies

Yy 0Ly = U (7)

However, in general there does not exist a Hamiltonian isotopy that satisfies
both (6) and (7).

Lemma 2.5 Let R — L : t — A; be a smooth path of Lagrangian subma-
nifolds. Let R — Diff(M,w) : t — ¢ be a symplectic isotopy and define
By € QY M) by By := 1(Y;)w, where dyhy = Yy 0 ;. Then B is closed and the
path A =, "' (A,) satisfies

0Ny = Ui (0l — Bila,) -
Proof: Choose alift R -+ X : ¢t — «; of t = A, and denote
U= oy, oy = w(0O4ty, dig-), o = w(0yy, duy-).
Then o} = o — 1;*3; and hence
Oy = 1,0 = Vi vy, = " (e — Br) = Ui" (0 — Br)

as claimed. O



The subbundle H C TL carries a natural norm. Following Hofer [12] we
define the norm of an exact 1-form o = dh € Q'(A) by

||dh|| := max h — min h.

This norm gives rise to a distance function on each leaf of the foliation de-
termined by H. Let Ly be such a leaf. By Lemma 2.3, £, is the Hamiltonian
isotopy class of any Lagrangian submanifold A € Lg. Let [0,1] — Lo : t — Ay
be a smooth path in L£y. The length of this path is defined by

1
(M) = / 10, dt.
0
Lemma 2.3 and Remark 2.4 show that
(A = int o), ®)

¢ (Ao)=A¢

where the infimum runs over all Hamiltonian isotopies ¢ — 1, that satisfy
¥i(Ag) = Ay for all ¢ and £({¢:}) denotes the Hofer length (cf. [12]).

Now let A, A" € Ly and denote by P(A, A’) the space of all smooth paths
[0,1] — Lo : t — A that connect Ag = A to A; = A’. The distance between
A and A’ is defined by

n .__ .
d(A,A') = {At}éng,A,)g({At})- (9)

It follows immediately from (8) that
d(A,A) = inf d(id, 10
(A, A) = inf d(id, ) (10)

where the infimum runs over all Hamiltonian symplectomorphisms v of M
that satisfy ¢(A) = A" and d(id, 1) denotes the Hofer distance (cf. [12]). The
function (9) is obviously nonnegative, symmetric, and satisfies the triangle
inequality. That it defines a metric is a deep theorem due to Chekanov [3].

Theorem 2.6 (Chekanov) If A # A’ then d(A,A") > 0.

Remark 2.7 In [18] Milinkovié¢ studied geodesics in the space of Lagrangian
submanifolds. Generalizing a result by Bialy and Polterovich [2], he proved
that the distance of two exact Lagrangian submanifolds A = graph(dsS) and
A" = graph(dS’) of the cotangent bundle T*L is given by

d(A, N') = [|d(S = §)]|-
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3 Invariants of Lagrangian loops

In this section we shall consider exact loops of Lagrangian submanifolds. In
the terminology of the previous section this corresponds to loops inside a leaf
of the foliation of £ determined by . We shall construct three invariants
of Hamiltonian isotopy classes of such loops and study the relations between
them.

3.1 The minimal length

Continue the notation of Section 2. A Lagrangian loop in M is a smooth
function R — £ : ¢t — A; such that

At = A,
for all ¢+ € R. Such a loop determines a subset A C S' x M defined by
A={(™2) |t eR,z € As}. (11)

Note that aloop R — L : ¢ — A, is smooth if and only if this set A is a smooth
submanifold of S! x M. We shall frequently identify the loop R — £ : ¢ — A,
with the corresponding submanifold A C S x M.

A Lagrangian loop t +— A; is called exact if it is tangent to H, i.e.
OiA; € Q'(Ay) is exact for every t. Two exact Lagrangian loops ¢ — A; and
t — A} are called Hamiltonian isotopic if there exists a smooth function
[0,1] x R — L : (s,t) — A, such that

AO,t = At: Al,t = A;:

the map ¢t — A,; is an exact Lagrangian loop for every s, and d;A,; €
Q' (A,,) is exact for all s and ¢. Here the function [0, 1] xR — L : (s,t) — A,
is called smooth if there exists a smooth function [0,1] x R x L — M :
(s,t,q) — ts4(q) such that ts,(L) = Ay, for all s and ¢. Let A,A’ C S' x M
be two exact Lagrangian loops. We write A ~ A" iff A is Hamiltonian isotopic
to A’. A Hamiltonian isotopy class corresponds to a component in the free
loop space of a leaf Ly C L of the foliation determined by H. To every such
Hamiltonian isotopy class we assign the real number

v(A) = AilllfAE(A').

So v(A) is obtained by minimizing the Hofer length over all exact Lagrangian
loops that are Hamiltonian isotopic to A.
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3.2 The relative K-area

Following Polterovich [21] we introduce the notion of relative K-area. This
invariant is defined in terms of Hamiltonian connections on the symplectic
fibre bundle D x M — D that preserve the subbundle A C D x M defined
by (11). Here D C C denotes the closed unit disc. We begin by recalling the
basic notions of symplectic connections and curvature (cf. [11, 16]). Think of
a connection on D X M as a horizontal distribution. Any such connection is
determined by a connection 2-form on D x M of the form

T=w+aAdr+ ANdy+ fdx Ndy

where o = a,, € Q' (M), B = Buy € Q' (M), and f = f,, € Q' (M)
depend smoothly on z +14y € D. The horizontal subspace is the T-orthogonal
complement of the vertical subspace. Explicitly, the horizontal lifts of 0/0x
and 0/0y at (z + 14y, z) € D x M are the vectors (1, X,,(z)) and (4, Yz, (2)),
respectively, where the vector fields X = X,,,Y = Y,, € Vect(M) are
defined by

U X)w = «, (Y)w = p.

Thus the connection associated to 7 is independent of f. It is called sym-
plectic if o,y and (3, , are closed for all z + ¢y € D, and Hamiltonian if
Qz,y and [, are exact for all z+iy € D and 7 is closed.! Thus a Hamiltonian
connection 2-form has the form

T=w+dF Ndz +dG N dy + (0,G — 0, F + c)dz A dy, (12)

where F;,G : D x M — R and ¢ : D — R are smooth maps such that the
functions F,, = F(z +1iy,-) and G, = G(z + iy, -) have mean value zero:

/ Fy ™ =/ Gpyw™ =0.
M M

In (12) the d in dF denotes the differential on M, i.e. dF' denotes the smooth
family x + 7y — dF; 4 of 1-forms on M, and similarly for dG. We shall only
consider Hamiltonian connections with the property that parallel transport
along the boundary preserves A.

Tn [16] a connection is called Hamiltonian if parallel transport along every loop in
the base is a Hamiltonian symplectomorphism. In the case of a simply connected base
this is equivalent to the existence of a closed 2-form 7 that represents this connection.
In contrast, we call a connection Hamiltonian if parallel transport along every path is a
Hamiltonian symplectomorphism. This notion only makes sense when the structure group
of the bundle in question is the group of Hamiltonian symplectomorphisms.
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Lemma 3.1 Let 7 be a Hamiltonian connection 2-form on D X M of the
form (12) and denote

H; = —2m sin(2mt) Feos(ont) sin(2nt) + 27 €08(278) Geos(2nt) sin(2nt) - (13)

Let R — L :t — A; be an exact Lagrangian loop, let A C D x M be
defined by (11), and choose a smooth function 1 : R x L — D x M such that
u(t,q) = (€™, 1,(q)) and t;(L) = A;. Then the following are equivalent.

(i) Parallel transport of T along the boundary preserves A.
(ii) 7 =0.
(iii) dH;|a, = O\s for every t € R.

Proof: The parallel transport of 7 along a curve t — z(t) + iy(t) is deter-
mined by the Hamiltonian functions

via (4). The functions H; in (13) correspond to the path ¢ — 2™ By
Lemma 2.2, the Hamiltonian isotopy determined by H; preserves A if and
only if dHy|s, = 0;A; for every t. This shows that (i) is equivalent to (iii).
To prove the equivalence of (ii) and (iii) note that
U= dt ANw(Oy — Xy o by, dig)
= dt A (o — 1;dHy)
where X; € Vect(M) denotes the Hamiltonian vector field of H; as in (4).

The right hand side vanishes if and only if dH;|y, = 0;A;. This proves the
lemma. O

For every exact Lagrangian loop R — £ : ¢ +— A, let us denote the set of
Hamiltonian connections that preserve A by

T(A) = {7 € Q*(D x M) | has the form (12), 7|7p = 0}.

We shall prove in Lemma 3.2 below that this set is nonempty. Let R — L :
t — A} be another exact Lagrangian loop. A diffeomorphism

U:(Dx M,A)— (Dx M,A)
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is called a fibrewise (Hamiltonian) symplectomorphism if it has the
form U(z+1y, z) = (x+1y, Y5y (2)), where 9, : M — M is a (Hamiltonian)
symplectomorphism for all z,y. In the case A = A’ we denote by G(A) the
group of fibrewise Hamiltonian symplectomorphisms of (D x M, A). This
group acts on T (A) by 7+ W*r. The curvature of a connection 2-form 7
of the form (12) is the function €2, : D x M — R defined by

Qr (2,9, 2) = {Fuy, Goy }(2) + 0y Fyy(2) — 0:Gry(2) (14)

for x + 4y € D and z € M. It is sometimes useful to think of the curvature
as a 2-form Q,.dz A dy on D x M rather than a function.

Lemma 3.2 (i) For every exact Lagrangian loop R — L : t — Ay the set
T (A) is nonempty.

(ii) Two ezact Lagrangian loops A and A' are Hamiltonian isotopic if and
only if the corresponding pairs (D x M, A) and (D x M, ") are fibrewise
Hamiltonian symplectomorphic.

(iii) If 7 is a Hamiltonian connection 2-form on D x M and ¥ is a fibrewise
Hamiltonian symplectomorphism of D X M then

Q\p*T = QT oW,
Proof: Let ¢, € Diff(L) be defined by

Li41 © O = L.

Since L is connected there exists a smooth path R — L : ¢t — ¢; such that,
for every t € R,

Gr+1 = Ot(qr)- (15)

For example choose ¢; in the interval 0 < ¢ < 1 such that ¢ = ¢ for
l-e<t<landgq =¢, ‘(q) for 0 <t < e. Then define g, for ¢t € R such
that (15) is satisfied. Let h; : L — R be defined by

dht = Ot = W(atbt, d[/t'), ht(qt) =0.
By (15), the function ¢ — ¢;(g;) is 1-periodic in ¢ and the proof of Lemma 2.1

shows that the 1-forms ¢;,04 are 1-periodic in t. Hence the functions h; o ¢t

14



are l-periodic in ¢ and hence, so are the functions H; defined in the proof of
Lemma 2.3. Now define

Hy(z) := Hy(2) — %

Let p: [0,1] — [0, 1] be a smooth cutoff function such that p(r) =0 for r < ¢
and p(r) =1 for r > 1 — ¢ and define 7 by

®*1 = w + p(r)dH,dt + p(r)Hydr A dt, (16)

where @ : [0,1] x [0,1] x M — D x M is given by ®(r,t,2) = (re* z).
Explicitly, 7 has the form (12) where F,G : D x M — R are given by

—sin(27t) p(r)
2mr

ﬁt’ Gy = Mﬁt’ (17)

Fw’y - 2nr

for z+iy = re?™. These functions have mean value zero and satisfy (13) with
H; replaced by ﬁt. Since H; oty = h; it follows as in the proof of Lemma 2.3
that B

dHy|n, = dHy|a, = Oy

By Lemma 3.1, the parallel transport of 7 along the boundary preserves A.
Hence 7 is an element of 7 (A). This proves (i).

We prove (ii). Assume first that there exists a fibrewise Hamiltonian sym-
plectomorphism of the form W(z + iy, z) = (z + iy, Yy1iy(2)) such that

,(/)827rit (At) = A;
for every t. Define

1/)5,75 = ¢se27‘“a As,t = ws,t(At)

for0 < s <1andt €& R. Then ¢t +— A, is an exact Lagrangian loop for every
s and O;As; € QY(Ay,) is exact for all s and ¢. Hence the Lagrangian loop
Ay = A} is Hamiltonian isotopic to Ag; = (/). Since 1)y is a Hamiltonian
symplectomorphism, the loop t — 1)y(A;) is Hamiltonian isotopic to t — A;.
Conversely, suppose that ¢t — A; and ¢t — A} are two exact Lagrangian loops
that are Hamiltonian isotopic. Choose an exact isotopy (s,t) + A, such
that Aoy = A¢, Ay = A}, and O;As; = 0 for s < 1/2. As in the proof of (i),
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one can construct a smooth family of Hamiltonian functions Hs, : M — R
such that
Hs,t—|—1 = Hs,h st,t Agt — 85As,t-

Define the Hamiltonian symplectomorphisms 1, : M — M by

aﬂﬁs,t = Xs,t o ws,ta L(Xs,t)w = st,ta wO,t = id.

Then v, = id for s < 1/2 and the required fibrewise Hamiltonian symplec-
tomorphism is given by U(se*™, z) := (5™, 1), 4(2)).
We prove (iii). Let 7 be given by (12) and suppose that

U(z+ 1y, 2) = (z+ 1y, Y54(2))

is a fibrewise Hamiltonian symplectomorphism. Choose smooth functions
A,B : Dx M — R such that the functions A,, = A(z + iy,-) and
By, = B(x + iy, -) have mean value zero and the Hamiltonian vector fields
XA = XAm,y and XB = XBz,y satisfy

00 = X4 01, Oytp = Xp o). (18)
Then
Ut = w+ dF Adz + dG A dy + (0,G — 8,F + ¢)dz A dy,
where B B
F=(F—-A)oV, G=(G—DB)oV.
Hence

Que, = 0,G—0,F —{F,G}
= 0,(G—B)oVY+d(G—B)oX 0W
—Oy(F—A)oVU —d(F—A)oXpo V¥
~{(F - 4),(G - B)}ou
= (0,G—0,F —{F,G})o V¥
—(0;B—0,A—{A,B})o ¥
= Q,0W.

The last equality follows from the definition of A and B in (18). This proves
the lemma. a
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The relative K-area of an exact Lagrangian loop A is defined by

A) = f |9,
X(A) = nf 9],

where

QT = QT Y, — mi Q’T v Y, .
190 i= [ (mxse,0.2) — min 2. o.0,2) ) oy

Theorem 3.3 For every exact Lagrangian loop A C S x M

Proof: Let R — L :t+ A; be an exact Lagrangian loop. Let 7 € Q*(Dx M)
be the connection 2-form defined by (16) in the proof of Lemma 3.2, where
the cutoff function p: [0,1] — [0, 1] is chosen to be nondecreasing. Then

¢*(Fdx + Gdy) = pﬁtdt,

where F,G : Dx M — R are given by (17) and ®(r,t, z) = (re?™®, z). Taking
the differential of this 1-form on [0, 1]> X M we find

*((0,G — 8, F)dz A dy) = pHydr A dt.
Since {F, G} = 0 and ®*(dz A dy) = 27rdr A dt we obtain
2wt _ _Q
O, (re2mit 2) = ~2D ()

Moreover,

= max H; — min H; = max H; — min Hy,
M M A At

1
1o, ||_// ) || drde = / 73
0

This implies x(A) < £(A). If A and A’ are Hamiltonian isotopic then, by
Lemma 3.2 (ii), there exists a fibrewise Hamiltonian symplectomorphism ¥
of D x M such that ¥(A) = A’. Hence 7 € T(A’) if and only if U*r € T(A).
By Lemma 3.2 (iii), x(A) = x(A’) < ¢(A"). Hence x(A) < v(A).

and hence

= ¢(A).
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We prove that v(A) < x(A). Let 7 € T(A). We shall construct an exact
Lagrangian loop A’ that is Hamiltonian isotopic to A and satisfies

(A < (1] (19)

Suppose that 7 has the form (12). Since the function ¢ in (12) has no effect on
the curvature we may assume, without loss of generality, that ¢ = 0. Define
H=H,,:M —Rand K = K,; : M — R by the formula

7 = w+ dK Adr +dH A dt + (8,H — 8,K)dr A dt.

Explicitly,
K, = cos(2mt) F,g2nit + Sin(27t) G p2mit,
Hr,t = 27r COS(27Tt)GTe2m't — 27r Sin(Qﬂ't)Fre%rit.

Define the Hamiltonian symplectomorphisms ., : M — M by

arwr,t = XKM o 7,br,t, ¢0,t =1id.

Then the loop
Ay =1y (Ay)
is evidently Hamiltonian isotopic to A. We shall prove that it satisfies (19).
To see this, denote by ¥ the fibrewise Hamiltonian symplectomorphism of
[0,1]* x M given by
U(r,t,z) = (r,t,9r4(2)).
Then, as in the proof of Lemma 3.2, we obtain

U*®*r = w + dH' A dt + 0,H'dr A dt,

where H;, = (H,; — Br;) o9, and B.; : M — R is defined by 0y, =
XB,, © ;. These functions satisfy

1 p1
ol = [ [ W, m =0
Moreover, by Lemma 2.5, we have

N, = Y1 (O — dBiyla,)

= P17 (dH1t[a,) — d(Bigo i)y
— dH{,t|A't'

18



Hence the length of A’ is given by

1
LAy = / (maXH{t—minH{t) dt
o \ AL T AT
1

(max Hi, — m]ViIn H{,t> dt

M

1 1 1
(max (/ 8,H;tdr> — min (/ 6TH;tdr)) dt
M 0 ’ M 0 ’
1 1
< / / (max@rlﬂt - min@rlﬂt) drdt
0 0 M ’ M ’

1 1
- //HaTH;,tH drt
0 0

= 9.

J
J

Thus we have proved that for every 7 € T (A) there exists an exact La-
grangian loop A’ that is Hamiltonian isotopic to A and satisfies £(A") < ||Q]|
Hence x(A) < v(A) and this proves the theorem. O

3.3 The non-symplectic interval

Let A C D x M be an exact Lagrangian loop and 7 € T (A) be a Hamiltonian
connection 2-form. Since 7 is closed and vanishes on A (see Lemma 3.1) it
determines a relative cohomology class

[7] € H*(D x M, A;R).

Let ¥ be a compact oriented Riemann surface with (possibly empty) bound-
ary 0%. A smooth map v : (3,0%) — (D x M, A) determines a 2-dimensional
relative homology class

[v] := v, [X] € Hy(D x M, \; 7).

The pairing of this class with [7] is given by

(7). = [ v

Since every 2-dimensional integral homology class of the pair (D x M, A)
can be represented by a smooth map v as above, the cohomology class [7] is
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uniquely determined by these pairings. Define 0 € H*(D x M, A;R) by
(0, [v]) = deg(m o v) (20)
for every v : (X,0%X) — (D x M, A), where
m:(Dx M,\)— (D,0D)

denotes the obvious projection. In (20) the degree of a smooth map vy :
(X,08) — (D,0dD) is understood as the degree of its restriction to the
boundary. It agrees with the number of preimages of an interior regular value,
counted with appropriate signs (cf. Milnor [19]). Note that

o= l[dac A dy]
7r

and hence o agrees with the pullback of the positive integral generator of
H?(D,0D;R) under the projection 7.

Lemma 3.4 Let 7y, 7 € T(A). Then there exists a constant s = s(1,7y) €
R such that
[11] = [70] = so.

Proof: Let 7; be given by (12) with F, G, ¢ replaced by F;, G;, ¢; for i = 0, 1.
Denote
F = F, — F, G =G, — Gy, c:= ¢ — Cp,

and let H; : M — R be defined by (13). Since 79,71 € T (A) it follows from
Lemma 3.1 that there exists a function h : R/Z — R such that

Ht|At = h(t)

for every t € R. We shall prove that the required identity holds with

1
s::/ h(t) dt+/ cdzdy.
0 D

To see this note that, by (13),
(Fdzx + Gdy)|a = T ay,. (21)

where oy, € Q'(S') denotes the pushforward of the 1-form hdt € Q'(R/Z)
under the diffeomorphisms R/Z — S' : [t] — €®™. Let ¥ be a compact
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oriented Riemann surface and v : ¥ — D x M be a smooth function such
that v(0X) C A. Denote vy :=mowv : (X,0X) — (D,0D). Then

/U*(Tl—TO) = /v*(dF/\dx—l—dG/\dy-l—(5$G—8yF+c)dx/\dy)
s 3

= / v (Fdx + Gdy) + / vo* (cdz A dy)
o%

%

= / Uo*ah + / ’UO*(CdLL' A dy)
% 2
= sdeg(vg).

The penultimate equality follows from (21) and the last from the identities

/ vo :deg(vo)/ Qp, (22)
ax st

/ vo* (cdz A dy) = deg(vy) / cdz A dy. (23)
s D

and

Here (22) is the degree theorem for maps between compact l-manifolds
and (23) is the degree theorem for maps between 2-manifolds with boundary.
More precisely, if the function ¢ : D — R has mean value zero then there ex-
ists a 1-form o € Q' (D) such that da = edz Ady and a|rs: = 0. This implies
that the left hand side of (23) vanishes. Hence it suffices to establish (23) for
constant functions ¢ and this reduces to (22). This proves the lemma. O

Let 70 € T(A). We shall now address the question which cohomology
classes [15]+ so can be represented by nondegenerate Hamiltonian connection
2-forms. Such a 2-form is a symplectic form on D x M with respect to which
A is a Lagrangian submanifold. Denote

TEA) ={r e T(A)| £ >0}.

Here the inequality 7°*! > 0 means that 7" = fdx A dy A w", where
f:Dx M — R is a positive function. For 75 € T(A) we define

et (1o, A) := inf {8(7', )| T E 7'+(A)} ,

e (10, A) :=sup {5(7, ) |T € T*(A)} )
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The proof of Theorem 3.5 below shows that the class [r9] + so can be repre-
sented by a symplectic form 7 € T*(A) for £s sufficiently large and hence
+e* (19, A) < oo. Evidently, e* (7, A) — (9, A) = s(71, 7). Hence the num-
ber

e(A) :==¢et (1, A) — e (10, A)

is independent of the connection 2-form 7y € 7 (A) used to define it. This
number is called the width of the nonsymplectic interval.

Theorem 3.5 For every exact Lagrangian loop A C D x M
e(A) < x(A).

Proof: Let R - L : t — A; be an exact Lagrangian loop and F,G :
D x M — R be smooth functions such that the functions H; : M — R
defined by (13) satisfy dH;|a, = 0;A; for every t. For every smooth function
c: D — Rlet 7. € T(A) be given by (12). In particular, 7 is given by (12)
with ¢ = 0. We shall prove that

et (m0,A) < | maxQ,,(z,y,2) dzdy, (24)
D REM

e (m0,A) > | minQ, (z,y, 2) dzdy. (25)
D 2EM

To see this, note that
ndF A dG Aw"™' = {F,G}w"

and hence

" = (n+1)(0,G — 9, F + ¢)dz A dy Aw"
+n(n+1)dF Adz AdG Ady Aw™!
= (n+1)(0,G — 0, F — {F,G} + ¢)dz A dy A"
= (n+1)(c—Qy)dz Ady A w™

(26)

This shows that 7. is nondegenerate if and only if ¢(z,y) # Q. (z,y, 2) for
all (z + iy, z) € D x M. Fix a number

5> . max Qo (2, y, 2) dedy.
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Choose a smooth function ¢ : D — R such that

c(z,y) > max Qr, (2, y, 2)

/ cdrdy = s.
D

Then 7. is nondegenerate and represents the class [r.] = [ro] + so. This
proves (24) and (25) follows from a similar argument. It follows from (24)
and (25) that

for all x + 4y € D and

e(A) = &T(ro,A) —& (70, A)

< /D(rznea}&cﬂm(x,y,Z)—géijgﬂm(w,y,Z)) dzdy
= Q%]

Since the curvature of 7y is equal to the curvature of 7, for every c it follows
that e(A) < ||2;]| for every 7 € T(A) and hence €(A) < x(A). This proves
the theorem. O

Remark 3.6 Let us denote
T(A) = {[r] € H*(D x M, \;R) [T € T(A)}. (27)

By Lemma 3.4, this set is a 1-dimensional affine subspace of H?(D x M, A;R).
Denote

={[r]|T e T=(A)}.

These sets are open and connected. To prove connectedness, let 7; € T (A)
be given by (12) with F,G,c replaced by F;,G;,c; for i = 0,1. By (26),
¢; > Q.. Assume without loss of generality that s(r1,7) > 0. Then the path
[0,1] = T*(A) : t — [10] +ts(m1, 7)o connects [1p] with [r1]. This shows that
the sets T*(A) are connected. The complement T'(A) \ (T (A) UT*(A)) is
compact and connected. It can be expressed in the form
TN (T~ (A UTHA)) = {[r] +s0 |7 (10,A) < s <eF(m0,A)}

for every 79 € T(A). We do not know if this complement is always nonempty
or, equivalently, if ¢(A) is always nonnegative.
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4 Loops on the 2-torus
Consider the torus M = T? = R?/Z? with the standard symplectic form
w=dzx Ady
and let 7 : R? — T? denote the projection. Let
B, = {(s,t) e R?| s* + 1* < r?}
and suppose that S C T? is the image of an embedding B; — T?. Define
Ap := Ay(S) = {[z,y +t]| [z, 9] € 0S} (28)

(see Figure 1).

Figure 1: A Lagrangian loop on the 2-torus

Theorem 4.1 Let S C T? be a closed embedded disc and t — A, be the ezact
Lagrangian loop defined by (28). Then

v(A) = area(S).

Proof: We prove that ¥(A) < area(S). To see this, choose smooth functions
z,y : R — R such that

z(0+1)=xz(0), yO+1)=y(0),
and the map ¢; : R/Z — T? defined by
w(0) = [(0), y(0) + 1]
is an embedding with «;(R/Z) = A;. Then
o = w(Ohy, diyr) = —idf € Q' (R/Z).
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Hence oy = dh; where hy = —z : R/Z — R. Hence
|0:A¢|| = ||dhe]| = maxz — minx

and this implies
¢(A) = maxx — minz.

By Proposition A.1 in the appendix, two loops t — A4(S) and t — A(S'),
associated to two embedded discs S, S’ C T? via (28), are Hamiltonian iso-
topic if and only if S and S’ have the same area. Now for every § > 0 there
exists an embedded disc S’ (as illustrated in Figure 2) such that

area(S) = area(S’), max 2’ —minz' < area(S) + 4,

where z',y' : R/Z — R are chosen such that the map /(0) = [2'(0),y'(0)]
defines an embedding R/Z — T? whose image is 3S’. Hence the length of
the loop ¢t — A4(S’) is bounded above by area(S) + 6. Thus we have proved
that

v(A) < area(S).

1-e - —
roughly the T
e
areaof S
€ L____ )

Figure 2: Minimizing the length

To show the reverse inequality let ¢ — A} be an exact Lagrangian loop
that is Hamiltonian isotopic to A. Then

AL =08,

where S’ C T? is a smoothly embedded closed disc of the same area as S.
Let v, : T2 — T? be a Hamiltonian isotopy such that

1/1t(A6) = A;-
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We shall prove that
area(S) < £ ({¢r}oct<t) - (29)

To see this, choose an embedded closed discs S c R? such that 7(5) = S’
and let ¢, : R* — R? be a lift of ¢;. Since A’ is Hamiltonian isotopic to A we
have 9;41(S) = ¥4(S) + (0,1) and hence

Let H, : R? — R be the Hamiltonian functions that generate ¥, and have
mean value zero over the fundamental domain [0, 1]%. Choose R > 1 such
that ¢,(S) C By for every ¢t € [0,1] and let 8 : R? — [0,1] be a compactly
supported cutoff function such that 3|p, = 1. Then the functions

ﬁt = ﬂﬁt
generate a compactly supported Hamiltonian isotopy ﬁt of R? that satisfies
P (S)N S =0.

Now it follows from the energy-capacity inequality in Hofer [12] that the
displacement energy of S is bounded below by the area. Hence

area(S') < d(id, 1,@1) < ﬁ({ﬁ’t}ogtgl) = L({¥1}o<i<1)-

Since

area(S) = area(S’) = area(95),
this proves (29). It follows from (29) and (8) that

area(S) < £(A")

for every exact Lagrangian loop A’ that is Hamiltonian isotopic to A. Hence
area(S) < v(A). O

Theorem 4.1 shows that the invariant v(A) is not necessarily invariant
under Lagrangian isotopy, but only under exact Lagrangian isotopy. The
techniques of proof are specific to the 2-dimensional case. To establish lower
bounds for our invariants in higher dimensions we shall use existence theo-
rems for pseudoholomorphic discs.
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5 Relative Gromov invariants

Throughout we assume that our symplectic manifold (M, w) is compact. The
relative Gromov invariants of an exact Lagrangian loop A C D x M are
defined in terms of holomorphic sections of the bundle D x M — D with
boundary values in A. Let us denote by Map, (D, M) the space of smooth
functions u : D — M that satisfy u(e*™) € A; for every ¢t € R. The Maslov
class is a function

pp - Mapy (D, M) — Z

defined as follows. Given u € Map, (D, M) choose a trivialization of the
tangent bundle u*T'M. Then the tangent spaces Ty .~it)/A; define a loop of
Lagrangian subspaces in (R?", w;) and ps(u) is defined as the Maslov index
of this loop (cf. [24]). This integer is independent of the choice of the triv-
ialization used to define it, and it depends only on the homology class of
u in Ho(D x M, A;7Z). We shall assume throughout that the pair (M, Ay)
is monotone, i.e. there exists a A > 0 such that, for every smooth map

v E MapAO(D, M),
/ v'w = Ap, (V).
D

Here p15, denotes the Maslov class corresponding to the constant loop ¢ — Ay.
The minimal Maslov number of the pair (M, Ag) is defined by

N :=inf {pp,(v) |v: (D,0D) = (M, Ao), pa,(v) > 0}.

We shall define relative Gromov invariants for every tuple t = (t1,...,%) €
R* with 0 < ¢ < .-+ < t, < 1 and every class A € Hy(D x M, A;Z) that
satisfies n + pp(A) < N — 2. The invariants are homology classes

Gry o (A) € Hpwpy(a)(Ag; Zo),

where Ay := Ay, X--- XAy, . These homology classes arise from certain moduli
spaces M4 (7, +J) of (anti-)holomorphic sections of the bundle D x M with
boundary values in A that represent the class A. The points (27, ... e*mik)
determine an evaluation map

evy : Ma(r,£J) = Ag

and Gry ,(A) is defined as the image of the fundamental cycle of M (7, +J)
under the induced homomorphism on homology. We shall work with almost
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complex structures on D x M that are compatible with the fibration. Every
such structure is determined by a family of almost complex structures on M
and a connection 2-form 7 € T(A).

5.1 J-holomorphic discs

Let A C S'x M be an exact Lagrangian loop and 7 € T(A) be a Hamiltonian
connection 2-form that preserves A. Throughout we shall denote by J (M, w)
the space of almost complex structures on 7'M that are compatible with w.
Let D — J(M,w) : (z,y) — Jy 4 be a smooth family of such almost complex
structures. Associated to the triple (7, J, A) there is a natural boundary value
problem for smooth functions u : D — M:

Opu — Xp(u) + J(Oyu — Xg(u)) =0, (30)

u(e®™) € Ay, teR. (31)
Here we abbreviate J = J,,, 7 is given by (12), Xp = Xp(2,y,-) € Vect(M)

denotes the Hamiltonian vector field of the function F' = F(z,y, ) : M — R,
and similarly for Xg. Following Gromov [9] we observe that the solutions
of (30) can be thought of as pseudo-holomorphic curves in D x M.

Remark 5.1 Consider the almost complex structure J on D x M given by

o 0 1 0
J=J(r,J) = 1 0 0
—JXr+Xg Xp—JXg J

Then u : D — M is a solution of (30) if and only if the function
i(z,y) = (z,y,u(z,y)) (32)
is a J-holomorphic curve in D x M, i.e.
O, + JO, i = 0.
If 7 is given by (12) then, for every ¢ = (&,7,¢) € Typy.(D x M),
7(C,JO) = |¢ = €Xr = nXal” + (¢ = 2)(€* + 7).
Hence J is tamed by 7 whenever 7 € T+(A) (see (26)). If 7 € T—(A) then

J(r,—J) is tamed by —7.
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The energy of a solution u of (30) is defined by

/|8u—XF ) dady.

The next lemma shows that the solutions of (30) and (31) that represent a
given homology class A € Hy(D x M, A;7Z) satisfy a uniform energy bound.

Lemma 5.2 Let u : D — M be a smooth solution of (30) and (31) and
denote by A € Hyo(D x M, \;7Z) the homology class represented by the map
:D — Dx M defined by (32). Let ¢ : D — R be the function in (12). Then

E(u) = ([, A) + /D (2 (@, y,u) — (1)) dudy.

Proof: We compute
Blu) = / (Oott — X (), Byu — X (u)) dady
(w (Opu, Oyu) — dF (u)Oyu + dG(u)0,u + {F, G}(u)) dzdy

w(0zu, Oyu) — dF(u)0yu + dG(u)8$u> dxdy

D

/D(Q z,y,u) = (0,F)(u) + (5mG)(u)> ddy
= /D<T(3z1l, 0yt) — c(x,y)) d:vdy—l—/DQT(as,y,u) dzdy.

This proves the lemma. ]

Let us denote the moduli space of solutions of (30) and (31) that represent
a given homology class A € Hy(D x M, A;7Z) by

Mu(r,J) :=={u: D — M |u satisfies (30) and (31), [a] = A}.

We shall prove that, for a generic pair (7, J), this space is a smooth manifold
of dimension n + pp(A). Moreover, if the pair (M, A) is monotone with
minimal Maslov number N and n+pua(A) < N, we shall prove that M4 (7, J)
is compact, again for a generic pair (7,J). The key tool for establishing
compactness is the energy bound of Lemma 5.2. Under these asumptions the
moduli spaces can be used to define Gromov invariants of A. The significance
of these invariants for exact Lagrangian loops lies in the following observation.
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Lemma 5.3 Let A be an exact Lagrangian loop and A € Ho(D x M, \; 7).
Suppose that for every T € TT(A) there erists a J such that Mu(7,J) # 0.
Then

= (70, A) + (), 4) > 0
for every 7o € T(A).
Proof: TLet 7 € TH(A) and u € My(7,J). Let 4 : D — D x M be given
by (32). Then 4 is a J(7, J)-holomorphic curve. By Remark 5.1, J(7,J) is
tamed by 7. Hence

0< /Dﬂ*T = (7], A) = (7], A) + s(7, T0)-

The infimum of the numbers on the right is ([7], A) + &7 (75, A). This proves
the lemma. a

A similar estimate for e~ (7p, A) can be obtained by studying anti-holo-
morphic curves. These are solutions of the equation

Opu — Xp(u) — J(Oyu — X (u)) =0, (33)

that satisfy the same boundary condition (31). Let us denote the moduli
space of solutions by M4 (7, —J).

Lemma 5.4 Let A be an exact Lagrangian loop and A € Hy(D x M, \; 7).
Suppose that for every T € T~ (A) there exists a J such that M a(1,—J) # 0.
Then

67(7'0,_/\) + <[T()],A> <0
for every 7o € T(A).
Proof: Let 7€ 77 (A) and u € My(7,—J). Let @: D — D x M be given
by (32). Then @ is a J(7, —J)-holomorphic curve. By Remark 5.1, J(7, —J)
is tamed by —7. Hence

0> /Da*7= (7], A) = ([r], A) + s(7,70).

The supremum of the numbers on the right is {[1y], A)+&~ (79, A). This proves
the lemma. a
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5.2 Fredholm theory

In this subsection we examine the moduli spaces M% (7, J) in more detail and
show that, for a generic J, these spaces are smooth manifolds of the predicted
dimensions n & pp (A). The arguments are standard (cf. [7, 17]) and we shall
only outline the main points. Fix an exact Lagrangian loop A C S x M, a
homology class A € Hy(D x M,A;Z), and a constant p > 2. Consider the
Banach manifold
B=Wyh(D, M)

of all functions u : D — M of class WP that satisfy the boundary condi-
tion (31) and represent the class A. There is a natural vector bundle & — B
with fibres

E.=LP(D,u"TM)
and the left hand sides of (30) and (33) define Fredholm sections F* : B — £
given by

FE(u) = F(uyr, £J) = 0pu — Xp(u) £ J(9yu — Xg(u)).
The moduli spaces M 4(7,+J) are the zero sets of these sections. The tangent

space
T.B =W, ?(D,u"TM)

consists of all vector fields £ € W'?(D,u*TM) along u which are of class
W and satisfy the boundary condition &(e*™) € T, (c2nityA;. The vertical
differential of F* at a zero u € M%(7, J) is the linear operator

DE = DF*(u) : W\P(D,uw*TM) — LP(D,u*T M)

given by

D€ = Vi€ — VeXp(u) £ J(V€ — VeXa(u)) £ (V) (9yu — Xa(u)).  (34)
Here V denotes the Levi-Civita connection of the Riemannian metric

<.7 .)zay = W(" JE,Z/')

and thus depends on = + iy € D. The expression V. Xg denotes the covariant
derivative of Xp = Xp,  with respect to the Levi-Civita connection at the
point = + ¢y. The next theorem follows from the Riemann-Roch theorem for
discs (see for example [25] for a recent exposition) and the infinite dimensional

implicit function theorem (see for example [26, Appendix B]). The proof is
standard (see for example [17]) and will be omitted.
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Theorem 5.5 For every u € Wi:ﬁ(D, M) the operators D= defined by (34)
are Fredholm and their indices are

indexDF = n + uy (u).

If DE is surjective for every u € Ma(t,£J) then Ma(t,£J) is a smooth
manifold of dimension

dim My (7, £J) = n £ pp(A).

Fix an exact Lagrangian loop A and denote by J(D; M, w) the space of
all smooth families of almost complex structures J : D — J(M,w). Given
J € J(D; M,w), a connection 2-form 7 € T(A) is called regular for (30) if
D; is surjective for every A € Hy(D x M, A;7Z) and every u € My(7,J).
Similarly, 7 € T(A) is called regular for (33) if D, is surjective for every
A € Hy(D x M, \;Z) and every u € My(m,—J). We shall denote set of all
connection 2-forms that are regular for (30), respectively (33), by

Treg(A; £J) C T(A).

The proof of the next theorem is a standard application of the Sard-Smale
theorem (cf. [17]) and will be omitted.

Theorem 5.6 The sets Treg(A;+J) are of the second category in T (A) in
the sense of Baire, i.e. they are countable intersections of open and dense
subsets of T (A). In particular, they are dense.

Let Jy, J1 € J(D; M,w) and choose regular connection 2-forms
70 € ﬂeg(A; :l:J()), T € ﬁeg(A; :i:Jl)

By Theorem 5.5, the spaces M 4(7, +Jo) and M 4(71, +J;) are smooth mani-
folds of the same dimension. These manifolds are cobordant. To construct a
cobordism choose a smooth path [0,1] — J(D; M,w) : A — J, that connects
Jo to Ji. Let us denote by

T - T(A, 70, 7'1)

the space of smooth homotopies [0,1] — 7 (A) : A — 7, that connect 7o to
7. Given {7,} € T denote

WA({T)\},{ZEJ)\}) = {(/\,U) |0 S A S 1, u € MA(T)\,:EJ)\)} .
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A homotopy {7\} € T is called regular if, for every A € Hyo(D x M, \;7Z)
and every pair (A, u) € Wa({m}, {£/1}),

im Dy, + R&, = LP(D, u*TM).
Here Diu is defined by (34) with 7 and J replaced by 7, and J,, respectively,
and fiu € L?(D,u*T'M) is given by
f;\—tu = Xo, 1, (u) £ Ja(u) Xo,q, (u) F O\ (1) (Oyu — X, (w)).
The set of all regular homotopies will be denoted by
Treg(A, 70, Tis {0 }) C T

The proof of the next theorem is again standard and will be omitted.

Theorem 5.7 Let [0,1] — J(D;M,w) : X — Jy be a smooth family of
almost complex structures and suppose that 7o € Treg(A;£Jy) and 7 €
Treg(A, £J1). Then the sets Treg(A, 10, 71; {£J\}) C T are of the second cat-
egory in the sense of Baire. Moreover, if {7y} € Treg(A, 10, m1; {E£J\}) then
Wa{ma}, {£J0}) is a smooth manifold of dimension

dimWA({T)\}, {:l:J)\}) =n+ ,LLA(A) +1
with boundary

aWA({T)\}, {:*:J,\}) = MA(T(), :I:J()) U MA(Tl, :I:Jl)

5.3 Compactness

Theorem 5.8 Let A C S' x M be an exact Lagrangian loop and suppose
that the pair (M, Ay) is monotone. Let A € Ho(D x M, A;7Z) and denote by
N € N the minimal Maslov number of the pair (M, Ag).

(i) If

n+pur(A) < N-1
then M (7, £J) is compact for every J € J(D; M,w) and 7 € Treg(A; £J).
(ii) If

n+up(A) < N -2
then Wa({m\}, {£Jr}) is compact for every smooth path [0,1] — J(D; M, w) :
A= Jy, every Ty € Treg(A;£Jy), every 71 € Treg(A; £J1), and every regular
homotopy {Tr} € Treg(A, 10, T1; {0 }).
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The proof of Theorem 5.8 relies on the following theorem about Gromov
compactness for J-holomorphic discs. This result is implicitly contained in
Gromov’s original paper [9] and has been folk knowledge since then. However,
the full details of the proof have not so far appeared in the literature. They
were recently carried out by Frauenfelder [8] in his Diploma thesis. In his
thesis Frauenfelder also discusses the corresponding notion of stable maps for
pseudoholomorphic discs.

Theorem 5.9 (Gromov) Let (7¥,J") € T(A) x J(D; M,w) be a sequence
that converges in the C*-topology to (1,J) € T(A) x J(D; M,w). Let A €
Hy(D x M,A\;Z) and u” € Ma(7%,£J"). If u” has no C*-convergent subse-
quence then there exist

(i) finitely many points (z;,v;) € D and maps v; : S* - M, i=1,... k,
(ii) finitely many points t; € R and maps w; : D - M, j=1...,¢,
(iii) a map uo: D — M,

such that v; is a nonconstant Jy, .- (anti)holomorphic sphere fori =1,...,k,
w; is a nonconstant J axir; -(anti)holomorphic disc with w;(0D) C Ay; for
j=1,...,4, ug € Myu,(1,£J) for some Ay € Hy(D x M, \;7), and

k 0
A=A+ Z[vi] + Z[wj]. (35)

Here [v;] and [w;] denote the induced homology classes in Hy(D x M, A;Z)
and one of the integers k and { is nonzero.

Remark 5.10 (i) Let M be a compact manifold and I, C M be a com-
pact submanifold of half the dimension. Suppose that ©" is a sequence of
symplectic forms on M that converges to w in the C*°-topology such that
L is a Lagrangian submanifold of (M @") for every v. Suppose that JV is

a sequence of &”-tame almost complex structures on M that converges in
the C*-topology to J. In [8] Frauenfelder proves, in particular, that a se-
quence of J”-holomorphic discs @ : (D,0D) — (M, L) that represent a
fixed homology class A € Hy(M, L;Z) has a subsequence that converges (in
a precisely defined sense) to a tree consisting of J—holomorphlc spheres in
M and J-holomorphic discs in M with boundary in L such that the sum of

34



their homology classes in Hy(M, L;Z) is equal to A. The techniques in [8]
are an adaptation of those in Hofer—Salamon [13] for holomorphic spheres to
the case of holomorphic discs.

(ii) The moduli space M 4(7, £J) does not depend on the function ¢: D —
M in (12). Hence we may assume without loss of generality that the connec-
tion forms 77 in Theorem 5.9 lie in 7=(A). Under this assumption the mani-
fold M = D x M, the submanifold L = A, the symplectic forms & = +77,
the almost complex structures J¥ = J (17, £J") defined in Remark 5.1, and
the functions @ given by (32) satisfy the requirements of (i).

(iii) Theorem 5.9 follows from (i) and (ii) since each bubble in the limit curve
is contained in a fibre of the (trivial) fibration D x M. To see this, note that
each curve v; appears as the limit of a sequence

vl (z,y) = u’(zf + "z, y) +€%y),

where z{ — x;, v/ — y;, € — 0, and

6.l/

lim =0.
ST D

One can show that, after passing to a suitable subsequence, the sequence vy
converges to v; in the C*-topology on the complement of some finite set. The
functions v} satisfy

ag;U;/ — €UXFu + Ju(ay’l);-j — €UXG11) = 0,

where Xy, Xgv, and J¥ are evaluated at the point (z¥ + ¥z, y! + €'y, vY).
It follows that the limit curve v; extends to a J, ,,-holomorphic sphere. The
holomorphic discs w; appear as similar limits with x; + 7y; = ™% and
EV
lim > 0.

o1 Jay

A similar argument as above, with coordinates on the upper halfplane, then
shows that the limit curve w; is a J 2=;-holomorphic disc with boundary
values in Ay;.

(iv) The limit curve in (i) is a stable map consisting of J-holomorphic discs
and spheres. For closed curves this concept is due to Kontsevich [14]. Some
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of the components of the stable map may be constant. However, these do not
contribute to the homology class and can be neglected for our purposes. If
the original sequence @ does not have a C*°-convergent subsequence, then
the limit curve has more than one nonconstant component. This shows that
in Theorem 5.9 either k£ or £ is nonzero.

Proof of Theorem 5.8: We prove (ii). Suppose, by contradiction, that
Wa({rr}, {£J,}) is not compact. Then there exists a sequence

(A, u”) € Wa({na} {£3})

that has no convergent subsequence. We may assume without loss of gener-
ality that \¥ converges to A\g. Then, by Theorem 5.9, there exist nonconstant
Jro:z;.4;-(anti)holomorphic spheres v; : S — M for s = 1,..., k, nonconstant
J)\O;ezmj—(anti)holomorphic discs w; : (D,0D) — (M, Ly;) for j = 1,...,4,
and an element uy € Ma,(Tn,, £J),) for some Ag € Hy(D x M, A;Z) such
that (35) is satisfied. Since the pair (M, A;) is monotone with minimal Maslov
number N for every ¢ we have

Fpua(vi) > N, Fpa(w;) > N
fore=1,...,kand j =1,...,£. Since either k or £ is nonzero this implies

k ¢
n+up(A) = n+tpua(Ag) £ Z pa(vi) £ Z pia (w;)

i=1 j=1
> n+ur(Ag) + N.

Since {Tr} € Treg(A, 70, 71; {£J1}) the moduli space Wa, ({72}, {£/»}) is a

smooth manifolds of dimension

dim Wy, ({12}, {£2})

n & pp(Ag) +1
< nEtupr(A)+1-N
< 0.

Hence
Wa,({na}, {£1}) =0,
in contradiction to the fact that
(Ao, u0) € Wa,({ma}, {£0})-

Thus we have proved (ii). The proof of (i) is almost word by word the same
and will be left to the reader. O
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5.4 Gromov invariants

Fix an exact Lagrangian loop A C S* x M and a class A € Hy(D x M, A; 7).
Throughout we shall assume that the pair (M, Ay) is monotone and

n+pr(A) < N -2 (36)

where N € N denotes the minimal Maslov number of the pair (M, Aq). Fix
a tuple t = (t1,...,%) € R¥ such that 0 <#; < --- < t; <1 and denote

At ::Atl X oo XAtk-
For 7 € T(A) and J € J(D; M,w) we define evy : M (7, £J) — A¢ by
eve(u) == (u(e®™), ... u(e*™)).

If 7 € Treg(A; £J) then, by Theorems 5.5 and 5.8, the moduli space M3 (7, J)
is a compact smooth manifolds(without boundary) of dimension n £ s (A).
It is not necessarily orientable. Let

[(Ma(r, £J)] € Hyspy(a)(Mal(r, £J); Zs)
denote the fundamental cycle. The Gromov invariants are defined by
Gr(A) = eve [MZ (7, J)] € Hpmpuy () (As; Zo). (37)

Lemma 5.11 The homology classes Gri,t(A) € Hpipya)(Ae; Zsy) are inde-
pendent of the choices of the almost complex structure J € J(D; M,w) and
the connection 2-form T € Treg(A; £J) used to define them.

Proof: Theorems 5.7 and 5.8 (ii). O
Corollary 5.12 Let A* € Hy(D x M, A;7Z) satisfy (36) and suppose that
Gris +(A) #0
for some t*. Then
ef(r,A) > ([, A7), e (r,A) < —([r],47)
for every T € T(A).

Proof: Lemmata 5.3 and 5.4. O
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6 Complex projective space

In this section we shall use the Gromov invariants to compute the K-area of
certain exact Lagrangian loops in CP". The archetypal example is the half
turn of a great circle in the 2-sphere. An explicit computation shows that the
Hofer length of this loop is 1/2. We shall use Corollary 5.12 and Theorems 3.3
and 3.5 to show that this loop minimizes the Hofer length in its Hamiltonian
isotopy class.

6.1 Rotations of real projective space
Consider the complex projective space
M =CP"

equipped with symplectic form w that is induced by the Fubini-Study metric
and satisfies the normalization condition

/ w =1.
(C’I’L

Let L = RP™ and fix an integer & € {1,...,n}. As in the introduction, we
consider the exact Lagrangian loop

A= J{e”™} x g (RP™), (38)
teR
where
V([0 - 2zn]) = ([0 €™zt oo i €™ 2t zpgr oo 1 2))-

The Hamiltonian isotopy 9 is generated, via (4), by the the time independent
Hamiltonian function H; = H : CP" — R given by
k ‘21|2+"'+‘2k|2

H([zo: ...t z)) = M2 At o) (39)

This function has mean value zero and Hofer norm
1
||H|| = max H — min H = 5"

Since H attains its maximum and its minimum on A; = ¢;(RP") it follows
that ¢(A) =1/2.
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6.2 The Maslov index

We prove that the minimal Maslov number of the pair (CP",RP") is
N=n+l. (40)

For n = 1 this is obvious. For n > 1 consider the homology exact sequence
of the pair (CP™,RP™). It has the form

0 — Hy(CP"™;Z) — Hy(CP",RP";Z) — H,(RP™;Z) — 0.

Now RP™ decomposes the line CP! C CP" into two discs that represent
the same homotopy class in mo(CP™, RP™). Hence there is an element A €
Hy(CP™,RP™; Z) such that 2A is equal to the image of the generator under
the homomorphism

7.= Hy(CP"™;Z) — Ho(CP",RP™,Z).

This implies that A is the generator of Ho(CP",RP™; 7Z) = Z. Since the
Maslov class of 24 € 1 (CP™, RP™) is equal to 2(c;(TCP"),[CP!]) = 2n+2
we have proved (40).

Lemma 6.1 Let (M,w) be a symplectic manifold and A C S*' x M be an

exact Lagrangian loop such that (M, Ao) is a monotone pair with minimal
Maslov number N. Then

pa(ur) = pa(ug) mod N
for all ug,u; € Map, (D, M).

Proof: If ug(e*™) = u,(e*™) for every t € R then ug (with reversed
orientation) and u; form a sphere and the difference pa(u1) — pa (uo) is equal
twice the first Chern number of this sphere. Hence the difference of the Maslov
numbers is an even multiple of N. This continues to hold whenever wug|sp is
homotopic to u1|sp as a section of the bundle A — S'. For any two maps
ug, u1 € Map, (D, M) there exists a smooth function v : (D,0D) — (M, Ay)
such that v(—1) = wug(1) and the connected sum ug#v is homotopic to u;
along the boundary. Hence, by what we have just proved,

pa(u1) — pa(uo) — pao(v) € 2NZ.

Since pa,(v) is an integer multiple of N, the lemma is proved. O
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Returning to the loop A C S* x CP™ we observe that (39) is a Morse-Bott
function with critical manifolds

C+ ;:{[0:21:---:zk:O:---:OH(Zh---,Zk)Eck\{o}}’

C™ = {[zO:O:---:O:zk+1:---:zn]|(z0,zk+1,...,zn)EC""“H\{O}}.

Note that H attains its minimum (k—n—1)/(2n+2) on C'* and its maximum
k/(2n + 2) on C~. Moreover, C* NRP™ C A, for every t. Let us denote by

A% € Hy(D x CP", A; 7)

the homology classes represented by the constant functions D — CP™ with
values in C*NRP™. The next lemma shows that A has Maslov index k € Z,,
as claimed in the introduction (see (2)). It also shows that the homology
classes A* € Hy(D x CP", A;Z) satisfy the condition (36) for the definition
of the Gromov invariants.

Lemma 6.2
pr(AN) =k —-1-n, pua(A™) = k. (41)

Proof: In the case of A~, consider the constant function u(z,y) = p :=
[1:0:---:0]. Then a trivialization of the pullback tangent bundle u*TCP"
is determined by the coordinate chart [zg : ---: z,] — (21/20,---,2n/%0). In
these coordinates the Hamiltonian flow is ¢ — (e™(y, ..., €™ e, Cogts -+ Cn)-
Since TpAo = R* C C" = T,CP", we see that the Maslov index of the loop
t — T,A, is equal to k. This proves the second equation in (41) and the first
follows from a similar argument. O

6.3 Computation of the Gromov invariants

Since N = n + 1 it follows from Lemma 6.2 that the classes A% satisfy (36)
and hence the requirements of Theorem 5.8. The next theorem shows that the
Gromov invariants Grji,O(A) are nonzero. Here the subscript 0 corresponds
to the choice t = t; = 0 for the evaluation map.

Theorem 6.3
Grl, o(A) = [RP*'] € Hy 1(RP"; Zy),

Gry_ o(A) = [RP"*] € Hyp 4 (RP"; Zs).
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Proof: Let 7 € T(A) be given by (12) with ¢ = 0 and

Y

o —sin(27rt)p(r)H o cos(27rt)p(r)H
Y 27r ’ Y 27r

Z,

where re?™ = gz + iy and H is given by (39). As in (17), p: [0,1] — [0,1] is
a smooth nondecreasing cutoff function such that p(r) = 0 for » near 0 and
p(r) =1 for r near 1. The formula

(r)
PO H() (42)

for z € CP™ shows that Q. (z,y,2) > 0 for z € C* and Q,(z,y,2) < 0 for
z € C~. By (42) and Lemma 5.2 with ¢ = 0 and E(u) =0,

k—1—n B k
2n+2 <[T]’A>_2n+2'

The explicit formulae for F' and G show that C* consist entirely of critical
points of F,, and G, for all  + iy € D. This shows that the constant
functions v : D — CP™ with values in Ct U C~ are horizontal for the
symplectic connection determined by 7. In explicit terms d,u = Xr(u) and
dyu = X¢(u). Hence these constant functions satisfy both equations (30)
and (33) for every J € J(D; CP™ w). The constant functions with values
n (C*t U C7) N RP" satisfy in addition the boundary condition (31). The
formula (41) shows that the constant solutions with values in C* NRP™ and
those with values in C'~ N RP™ represent different homology classes.
We prove that, for every J € J(D; CP",w),

QT(T€27rit, Z) — _

([r], A7) = (43)

Mu+(r,J)={u:D — C*NRP"|du=0}. (44)
To see this, let u € M 4+(7,J). Then, by Lemma 5.2 and (42),
0 < E(u)
=<Mﬂﬂ+/ﬂwwmmwwwy

—n—1
= 2 / / (re® ™)) drdt
n+2 + 2
-n-—1
2n ) / / r) min H drdt
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Hence every u € M 4+(7, J) satisfies E(u) = 0 and
p(r) #0 = H (u(re*™™)) = min H.

The latter implies that u(zg, yo) € C* for some point 2o + iyy € D and the
former implies that u is a horizontal section of D x M with respect to 7. Now
let z1 + iy, € D, choose a path [0,1] — D : ¢t — xz(t) + iy(¢) that connects
Ty + 1Yo to x1 + 1y, and define 2z : [0,1] — M by

2(t) = u(x(t), y(t))-
Then 2z(0) € C* and

2(t) = () XF, 00 (2() + 9() X, 40 (2(2)-

Since C™* consists of critical points of F,, and G, for all x + iy € D it
follows that z(t) = z(0) for all ¢ € [0,1]. Hence u is constant. The boundary
condition shows that this constant lies in C* NRP™. This proves (44). Hence
M +(7, J) is diffeomorphic to RP*~L. The linearized operator is surjective
because it decomposes into a direct sum of n Cauchy—Riemann operators
on complex line bundles over the disc; k-1 of these have boundary Maslov
index zero and n + 1 — k£ have boundary Maslov index —1; so all n operators
are surjective. The evaluation map u — u(1) is obviously an embedding of
My+(r,J) = RP*! into RP™. A similar assertion holds for M 4- (7, —J)
and this proves the theorem. O

6.4 Invariants of projective Lagrangian loops

Let PL(n + 1) denote the manifold of projective Lagrangian planes in CP".
There is a fibration

S'/{£1} < L(n+1) = PL(n + 1),

where L(n+1) denotes the manifold of Lagrangian subspaces of C**! and S*
acts by multiplication. The generator ¢t — €™ of 7(S'/{£1}) gives rise to
a loop of Lagrangian subspaces of Maslov index n + 1. Hence the homotopy
exact sequence of the fibration shows that the fundamental group of PL(n+1)
is isomorphic to Zy41. For k € Z we denote by A¥ C S' x CP" the exact
Lagrangian loop defined by (1) in the introduction, i.e A¥ := ¢5,(RP™), where
di([z0 2+ 2]) = [€™20 : 21 1 - -+ 1 2,]. If k is divisible by n-+1 then this loop
is contractible. If k € {1,...,n} and k = k' mod n+1 then A¥ is Hamiltonian
isotopic to A¥.
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Corollary 6.4 If k is not divisible by n + 1 then

V(AR) = x(AF) = e(A) =

If k is divisible by n + 1 then v(AF) = x(AF) = 0.

Proof: Let k € {1,...,n}. Then the loop A, given by (38), is Hamiltonian
isotopic to A¥ and hence

e(AM) =e(A),  x(A")=x(), v(AF)=v().

By Theorem 6.3, Grj+,0(A) # 0and Gr ;(A) # 0. Hence, by Corollary 5.12
and (43),

n+1—k k
_ “(r,A) < — A)y=— .

ef(r,A) = —([r], A7) =

Here 7 € T(A) denotes the connection 2-form introduced in the proof of
Theorem 6.3. Hence

e(A) =gt (r,A) —e (r,A) >

NN

Since v(A) < £(A) = 1/2 the result follows from Theorems 3.3 and 3.5. O

Remark 6.5 Our invariants do not distinguish between A/ and A* unless
one of the numbers is divisible by n 4 1 and the other is not. However, if

ged(j,n + 1) # ged(k,n + 1)

then the iterated loops A™ and A™ have different invariants for some m. To
see this suppose, without loss of generality, that ged(j,n+1) < ged(k,n+1)

and denote
n+1 n-+1

= < .
" ged(kn+ 1) T ged(Gin £ 1)
Then mk is divisible by n 4+ 1 whereas mj is not. By Corollary 6.4,

v(A™) £ v(A™).

In the case of Hamiltonian loops the analogue of the line 7(A) has a natural
basepoint and in that case there are separate invariants ¢ (P) and ¢~ (P)
that contain finer information than their difference.
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Remark 6.6 We conjecture that the constant loop A = S x RP" satisfies
g(A% = 0. This does not follow from the techniques of this paper. The ho-
mology class A% € H*(D x CP™,S* x RP™;Z), represented by the constant
maps D — RP", satisfies pp0(A%) = 0. Hence A° does not satisfy our condi-
tion (36) for the definition of the Gromov invariants, although the arguments
of Theorem 6.3 carry over to the constant loop A with AT = A~ = A% It
should be possible to circumvent the problems arising from Gromov com-
pactness by using the invariants introduced in Cieliebak—Gaio—Salamon [4].
We expect that these techniques apply to the constant loop A° in CP™.

Remark 6.7 We expect that the techniques of [4] also apply to symplectic
quotients of C™ that do not satisfy our monotonicity hypothesis. This should
give rise to results similar to the ones in this section for general toric varieties.

Remark 6.8 Let (M,w) be a symplectic 2n-manifold and L be a closed n-
manifold with H'(L; R) = 0. In [31] Weinstein considers the space of all pairs
(A, p) where A C M is a Lagrangian submanifold diffeomorphic to L and p
is a volume form on A (or a smooth measure in the nonorientable case).
He interpretes this space as the cotangent bundle of £ = L(M,w, L) and
examines the symplectic action functional on the loop space of T*L. In [6]
Donaldson interpretes this cotangent bundle as a symplectic quotient of the
space of all embeddings ¢ : L — M with vanishing cohomology class ¢*[w] by
the group of volume preserving diffeomorphisms of L (with respect to any
given smooth measure). The group action is Hamiltonian and the zero set of
the moment map is the space of Lagrangian embeddings of L into (M,w).
It would be interesting to examine analogues of the invariants studied in the
present paper for loops in 7* L and relate these to the work of Weinstein and
Donaldson.

A Symplectic isotopy on Riemann surfaces

The following results are known. However, we could not find proofs in the
literature and present them here for the sake of completeness.

Proposition A.1 Let ¥ be a compact connected oriented Riemann surface
with area form w and S,S" C X be two closed embedded discs with the same
area. Then there exists a Hamiltonian symplectomorphism ) : X — ¥ such

that ¥ (S) = S'.
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The proof relies on the following three lemmata. The first asserts that,
in dimension 2, a symplectomorphism is smoothly isotopic to the identity
if and only if it is symplectically isotopic to the identity. For the 2-torus
this follows from the characterization of Hamiltonian symplectomorphisms
in Conley-Zehnder [5, Theorem 6]. In general the proof is a parametrized
version of Moser isotopy. The work of Seidel [27] shows that the result has
no analogue in higher dimensions.

Lemma A.2 Let ¥ be a compact oriented Riemann surface with area form
w and Y : X — X be a symplectomorphism. Then 1 is smoothly isotopic to
the identity if and only if it is symplectically isotopic to the identity.

Proof: Let [0,1] — Diff(X) : ¢ — 94 be a smooth isotopy such that 9y = id
and t; = 1. Define

wi = YW, wsp = sw~+ (1 — s)w,

for 0 < s,t < 1. Then w,p = ws1 = w1y = w and wp; = w;y for all s and ¢.
Fix a Riemannian metric on ¥ with volume form w and let o € Q'(X) be
defined by

doy = wp — w, oy € imd*.

Choose X;,; € Vect(X) such that ¢(X;,;)ws; = o and define v,, € Diff(X)
by
as¢s,t = Xs,t o Q/Js,ta ¢0,t = wt-

Then 0,(t)s4 ws) = 0 and 1Py wo+ = w. Hence 95, w,; = w for all s and ¢.
Moreover, 1,0 = id and 1,; = 9 for all s. Hence ¢t — 1, is the required
symplectic isotopy from id to . O

Lemma A.3 Let 3 be a compact oriented Riemann surface, S C X be an
embedded closed disc, and wy, w; € Q*(X) be two area forms such that

L(w1—w0)=/5(w1—wo)=0.

Then there exists a smooth isotopy V; : X — X such that
Yo = id, w1 = wo, 0(S) =S

for every t € [0, 1].
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Proof: The result follows again from Moser isotopy. We prove that there
exists a 1-form a € Q'(X) such that

do+ w; — wg = 0, a|ros = 0. (45)

To see this, choose any 1-form 3 € Q'(X) such that dB + w; — wy = 0.
Then the integral of § over 0S vanishes and so (|ss is exact. Hence there
exists a smooth function f : ¥ — R such that (8 — df)|ros = 0 and the
1-form « := f — df satisfies (45). Now let w; := tw; + (1 — t)wy and define
X; € Vect(X) and 9, € Diff(X2) by

Onpy = Xy 01y, L(Xt)wt =, o = id.

Then X; is tangent to 0S for every t. Hence v, preserves 05 and ;" w; = wy
for every t. This proves the lemma. O

Lemma A.4 Let X be a compact connected Riemann surface and S,S" C X
be two embedded discs. Then there exists a diffeomorphism f : ¥ — X such
that f is isotopic to the identity and f(S) = S'.

Proof: Choose orientation preserving embeddings ¢, ¢’ : B; — ¥ such that
#(B1) = S and ¢'(By) = S'. We prove the result in four steps.

Step 1: There exists a diffeomorphism g : ¥ — X that is isotopic to the
identity and satisfies g o $(0) = ¢'(0).

Choose a path v : [0,1] — X such that v(0) = ¢(0) and (1) = ¢'(0). Next
choose a smooth family of vector fields X; € Vect(X) such that Xy(v(t)) =
4(t) for every t. Then the diffcomorphisms g, : ¥ — ¥, defined by 0,g, =

X 0g¢ and gy = id, satisfy g;(y(0)) = 7(¢) for every t. Hence ¢; satisfies the
requirements of Step 1.

Step 2: ¢ can be chosen such that d(go ¢)(0) = d¢'(0).

Define ¥ € R?*2 by
d(g o ¢)(0)¥ = d¢'(0).

Then det ¥ > 0 and hence there exists a path [0,1] — GL(2) : ¢ — ¥(¢) such
that U(0) = 1 and ¥(1) = ¥. Choose a family of vector fields X; : B; — R?
that vanish near the boundary and satisfy

X,(0) =0,  dX,(0)=W(t)T(t)"
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Let v; : By — Bj be the isotopy generated by X;. Then

1/%(0) =0, d¢t(0) = \I’(t)

for every t. Now replace ¢ by ¢ o ;.
Step 3: ¢ can be chosen such that go ¢(z) = ¢'(2) for |z| sufficiently small.
By Step 2, we may assume that d(go ¢)(0) = d¢'(0). Choose § > 0 such that
¢'(Bs) C g(S) and consider the function

h:=¢toglo¢d': B; — By.

This function is an embedding and satisfies dh(0) = 1. Choose a smooth
cutoff function 3 : [0,1] — [0, 1] such that 8(r) =1 for r < 1/3 and S(r) =0
for r > 2/3. For 0 < ¢ < ¢ define h. : By — By by

he(z) := B(lzl/e)h(2) + (1 - B(|z[/¢)).

Then h, is a diffeomorphism for € > 0 sufficiently small and g o ¢ o h.(2) =
¢'(z) for |z| < €/3. Hence the embedding ¢ o h, satisfies the requirements of
Step 3 for € > 0 sufficiently small.

Step 4: We prove the lemma.
By Step 3, there exist embeddings ¢, ¢’ : B; — X, a constant € > 0, and a
diffeomorphism ¢ : ¥ — ¥ such that ¢ is isotopic to the identity and

2] <e = god(2) = ¢'(2).

Choose § > 0 such that ¢ and ¢' extend to embeddings of Bjs into X.
Choose a smooth function p : [0,1 + 6] — [0,1 + 6] such that p(r) > 0 for
every r and
r, forr <e/2,
p(ry=< 1, forr =c¢,
r, forr>1+4/2.

Let f: X — X be given by

f(9(2)) := é(p(|2])2/z])

for z € Byisand by f =id in ¥\ ¢(By44). Then f is isotopic to the identity
and f o ¢(B.) = S. Similarly, there exists a diffeomorphism f’:3 — ¥ that
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is isotopic to the identity and satisfies f’ o ¢'(B.) = S'. The diffeomorphism
f'ogo f7!is isotopic to the identity and maps S to S’. This proves the
lemma. O

Proof of Proposition A.1: By Lemma A.4, there exists a diffeomorphism
f ¥ — ¥ that is isotopic to the identity and satisfies f(S) = S’. Since S
and S’ have the same area, we obtain

L(f*w—w)=/s(f*w—w)=().

By Lemma A.3, there exists a diffeomorphism 1) : ¥ — ¥ that is isotopic to
the identity and satisfies

Vfw=w, P(S) = S.
Hence ¢ := f o %) is isotopic to the identity and
d'w = w, #(S)=29".

By Lemma A.2, ¢ is symplectically isotopic to the identity. Let ¢t — ¢, be a
symplectic isotopy such that ¢y = id and ¢; = ¢. Then the embedded discs
Sy := ¢¢(S) all have the same area and Sy = S, S; = S’. Hence ¢t — 95, is an
exact Lagrangian path. By Lemma 2.3, there exists a Hamiltonian isotopy
t — 1), of ¥ such that 1;(0Sy) = 9S; for all ¢. Hence ;(S) = S’ and this
proves the proposition. O
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