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1 Introduction

Atiyah, Patodi and Singer [3] observed that the Fredholm index of the operator

d
Dy = 7 + A(t)

with invertible limits AT = lim; 4., A(t) is given by the spectral flow of the
self-adjoint operator family A(t) (the number of eigenvalues crossing 0 counted
with signs). Such operators appear in infinite dimensional analogues of Morse
theory as the linearisation of the gradient flow equation. The Fredholm index is
the dimension of the space of gradient flow lines connecting two critical points.
It can be thought of as the relative Morse index in cases where the absolute
Morse indez (the number of negative eigenvalues of the Hessian) is infinite.

The Floer homology groups of such a variational problem arise from a chain
complex which is generated by the critical points and graded by the relative
Morse index. The boundary operator is given by counting the number of con-
necting orbits (with appropriate signs) whenever the relative Morse index is 1.
This approach to infinite dimensional Morse theory was discovered by Floer in
his study of the gradient flow of the symplectic action [11]. In this theory the
critical points are fixed points of a symplectomorphism and the connecting or-
bits are pseudoholomorphic curves in the sense of Gromov. Another version of
Floer homology arises from Morse theory for the Chern-Simons functional and
leads to invariants of 3-manifolds which play an important role in Donaldson’s
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theory of 4-manifolds [10], [12], [7]. In this theory the critical points are flat
SO(3)-connections over a 3-manifold M and the connecting orbits are self-dual
instantons over the 4-manifold M x R with finite Yang-Mills energy.

Both theories are related to Riemann surfaces as follows. On the one hand
the moduli space of flat connections on a nontrivial SO(3)-bundle P — X is
a symplectic manifold and the mapping class group of orientation preserving
diffeomorphisms of ¥ acts by symplectomorphisms ¢; : M(P) — M(P). On
the other hand an automorphism f : P — P determines a mapping cylinder
P; which is a principal SO(3)-bundle over a 3-manifold. Moreover, the flat
connections on Py correspond naturally to the fixed points of ¢ ;. Hence in this
case there are two Floer homologies H F*s'(P;) and HF:*"P(¢;), both arising
from the same chain complex, and it was conjectured by Atiyah [1] and Floer
that there is a natural isomorphism

HEY™P(¢r) ~ HF™(Py).

We shall prove this conjecture in a forthcoming paper [9]. The main result
of the present paper asserts that the relative Morse indices agree. If a® are
nondegenerate flat connections on Py or equivalently nondegenerate fixed points
of ¢ then
Msymp(afjaJr) _ ’uinst(a77a+)'

This implies that the grading of the chain complex is the same in both the-
ories. The proof requires a comparison of the spectral flow of the linearized
Cauchy-Riemann equations in the symplectic theory with the spectral flow of
the linearized self-duality equations in the Chern-Simons theory. In sections 2-4
we explain the necessary background about Floer homology and flat connections
over Riemann surfaces. In section 5 we discuss the Atiyah-Floer conjecture. In
sections 6 and 7 we state and prove our main theorem about the spectral flow.

2 Cauchy-Riemann operators

Let (M,w) be a 2n-dimensional symplectic manifold and ¢ : M — M be a
symplectomorphism. This means that w is a nondegenerate closed 2-form and
¢p*w = w. Let Rx M — R : (s,p) — Hs(p) be a smooth time dependent
Hamiltonian function such that Hs = Hg1q o ¢. Denote by ¢s : M — M the
corresponding Hamiltonian symplectomorphisms defined by

d
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S
They satisfy
Yst100H = oy
where ¢ := 11 ' o ¢. The fixed points of ¢ are in one-to-one correspondence

with smooth curves  : R — M such that z(s) = ¢s(x) and z(s+1) = ¢(z(s)).
For a generic perturbation H the fixed points of ¢z are all nondegenerate.



J-holomorphic curves

An almost complex structure J : TM — TM is called compatible with w if
(v,w) = w(v, Jw) is a Riemannian metric. Denote the space of such structures
by J(M,w). Let J; € J(M,w) be a smooth 1-parameter family of almost
complex structures such that Js = ¢*Jsy1. Consider the perturbed nonlinear
Cauchy-Riemann equations

Ju ou
St (5 - X)) = )
with boundary condition

u(s + 1,t) = o(u(s,t)). (2)

The solutions of (1) and (2) are the gradient flow lines of the symplectic action
functional on the path space Q4 of all paths v : R — M such that y(s+ 1) =
#(v(s)). In the case X = 0 these are Gromov’s pseudoholomorphic curves [14].
If the fixed points of ¢ are all nondegenerate then any solution of (1) and (2)
with finite energy has limits

Jim (s, 1) = (27), a* = o (a®). (3)

Moreover, 0:u converges to zero and Jsu converges to X o1, (xi) as t tends to
+o0.
For any smooth function u : R? — M which satisfies (2) the Sobolev space

W2 (" T M)
is the completion of the space of smooth compactly supported vector fields
§(s,t) € Tys,yM along u which satisfy {(s + 1,t) = do(u(s,t))&(s,t) with
respect to the W*2-norm over [0,1] x R. For k = 0 denote L3(u*TM) =
W£’2(U*TM). Linearization of (1) gives rise to the operator
Dy = W, (u*TM) — L (u"TM)
defined by
Dt = Vi€ + o (u) (Vi — Ve Xo(u)) + Vels (1) (D — X, (w)

where V denotes the Levi-Civita connection associated to the metric (v, w), =
w(v, Jow). If the fixed points 2% = ¢x(z*) are nondegenerate then D, is a
Fredholm operator and its index is given by the Maslov class of u.



The Maslov index for symplectic paths

Denote by Sp(2n) the group of symplectic matrices. These are matrices which
preserve the standard symplectic structure wo = >, dx; A dy; on R?", In [5]
Conley and Zehnder introduced a Maslov index for paths of symplectic matrices.
Their index assigns an integer pcz(¥) to every path ¥ : [0,1] — Sp(2n) such
that ¥(0) = 1 and det(1 — ¥(1)) # 0. Other expositions are given in [23]
and [20]. Here we summarize the results which are needed in the sequel.

Denote by Sp*(2n) the open and dense set of all symplectic matrices which
do not have 1 as an eigenvalue. This set has two components distinguishes
by the sign of det(ll — ¥). Its complement is called the Maslov cycle. It is
an algebraic variety of codimension 1 and admits a natural coorientation. The
intersection number of a loop ® : S! — Sp(2n) with the Maslov cycle is always
even and the Maslov index p(®) is half this intersection number. Alternatively,
the Maslov index can be defined as the degree

(@) = deg(po @)

where p : Sp(2n) — S! is a continuous extension of the determinant map
det : U(n) = Sp(2n) N O(2n) — S!. The map p is not a homomorphism but
can be chosen to be multiplicative with respect to direct sums, invariant under
similarity, and taking the value +1 for symplectic matrices with no eigenvalues
on the unit circle. These properties determine p uniquely [23].

Now denote by SP*(n) the space of paths U : [0, 1] — Sp(2n) with ¥(0) =1
and ¥(1) € Sp*(2n). Any such path admits an extension ¥ : [0,2] — Sp(2n),
unique up to homotopy, such that W(s) € Sp*(2n) for s > 1 and ¥(2) is one of
the matrices W+ = —1 and W~ = diag(2,-1,...,—1,1/2,—1,...,—1). Since
p(W*) = +£1 it follows that p? o ¥ : [0,2] — S! is a loop and the Conley-
Zehnder index of VU is defined as its degree

ez () = deg(p? 0 ).

The Conley-Zehnder index has the following properties. It is uniquely deter-
mined by the homotopy, loop, and sigature properties [23].

(Naturality) For any path @ : [0,1] — Sp(2n)
ez (VP = ez (V).

(Homotopy) The Conley-Zehnder index is constant on the components of
SP*(n)
(Zero) If U(s) has no eigenvalue on the unit circle for s > 0 then pcz(¥) = 0.

(Product) If n’+n” = n identify Sp(2n’) ®Sp(2n”) with a subgroup of Sp(2n)
in the obvious way. Then

poz(¥ &) = pucz (') + pez (9").



(Loop) If & : [0,1] — Sp(2n,R) is a loop with ®(0) = (1) = 1 then
pez(®V) = pez(¥) + 2u(P).

(Signature) If S = ST € R?*2" is a symmetric matrix with ||S|| < 27 and
U(s) = exp(JoSs) then
w(¥) = 1signS.

(Determinant)
(_1)ucz(‘1‘)+” = signdet(1 — ¥(1)).

(Inverse)
poz(U ) = pez(¥7") = —pez ().

The Maslov class for J-holomorphic curves

Given two nondegenerate fixed points % of ¢ denote by
Pla”,a") =Pz~ 2", ¢,H)

the space of all smooth functions u : R? — M which satisfy (2) and (3). Denote
by P(¢) the space of pairs (u, H) such that u € P(x~,z%, ¢, H) for two nonde-
generate fixed points 2% € Fix(¢z). The Conley-Zehnder index determines a
map

p:P(p) =2

as follows. Given u € P(x~,2") choose a trivialization ®(s,t) : R*" — (s, M
such that
D(s,t)*w = wo, D(s+1,t) = dop(u(s, t))P(s,t),

and ®(s,t) converges to ®*(s) : R*" — T, ,+)M as ¢ tends to oo. Consider
the symplectic paths

TE(s) = F(s) " Ldys (2F)DF(0). (4)

Since 2+ are nondegenerate these are in SP*(n) and the Maslov class of (u, H)
is defined by

pu(u, H) = pez(97F) — poz (7).
By the naturality property of the Conley-Zehnder index the Maslov class is
independent of the choice of the trivialization. If ugy € P(xo,x1) and u1z €
P(z1,x2) such that upi(s,t) = ¥s(x1) for t > 0 and uqa(s,t) = Ps(z1) for t <0
define the catenation ugi#ui2 € P(zg,22) by

Uo1 Sﬂf 5 S ’
upr#uia(s,t) = { ulQEs t; t>0.



Proposition 2.1 The Maslov class has the following properties.
(Homotopy) The Maslov class is constant on the components of P(¢).
(Zero) Ifz~ =zt ==z and u(s,t) = s(x) then p(u, H) = 0.

(Catenation)
w(uor#urz, H) = p(uor, H) + pu(urz, H).

(Chern class) Ifv:S? — M then
p(u#v, H) = p(u, H) — 2{cy,v). (5)

(Morse index) Assume ¢ = id and Hs = H : M — R is a Morse function
with sufficiently small second derivatives. Then the fized points of ¢ are
the critical points of H and

w(u, H) = indg (z1) — indg (z7) (6)
for every u € P(x~,at, ¢, H) with u(s,t) = y(t).

(Fixed point index) Foru € P(x~,x", ¢, H)
(=1)rH) — sion det(1l — dp (x7)) det (1 — dog (z7)) (7)
Proof: The homotopy and catenation properties are obvious. The equa-
tions (6) and (7) follow from the signature and determinant properties of the
Conley-Zehnder index. We prove (5). Let u; = uo#v and assume without loss
of generality that ug(s,t) = ui(s,t) = s(zT) for £t > 1 and ue(0,t) = u1(0, 1)
for all t. Decompose S? = Dy U D; with 9Dy = 9D; = S' and choose homeo-

morphisms h; : D; — [0, 1] x [—1, 1] such that h; is orientation preserving and
hg is orientation reversing. Let v : §2 — M be given by

v|p, = ujohy, j=0,1.

Choose trivializations ®;(s,t) of u;T'M as above such that ®¢(s,t) = ®1(s,t)
for t < —1 and ®y(0,t) = ®1(0,¢) for all t. Then the loop

P(s) = ®o(s,1) 1@y (s,1) € Sp(2n, R)

determines the Chern class of v via (c1,v) = u(®). Moreover ¥§ = ¥ and
W, = ¥ . Hence

plur, H) — ,u(’LLQ,H) = MCZ(\IJT) - NCZ(\I](JJF) = _2u(¢) = _2<017U>'

The second equality follows from the loop property of the Conley-Zehnder index.
O



Denote by Q¢ the universal cover of Q,. The cover group is mo(M). Let

Fix(¢p) C Q¢ denote the elements which cover curves of the form v(s) = ¥s(z)
where = € Fix(¢g). Then there is a fibration of discrete sets

(M) — Fix(¢n) — Fix(¢m).

Every function u € P(x~,z7", ¢, ) and every lift 2~ € Fix(¢p) of 2~ deter-
mines a unique lift T+ = £~ #wu of z7. By the homotopy and catenation proper-
ties of the Maslov class there exists a unique map p*™p : F1x(¢)H) ><F1x(¢H) —Z
such that

p(u, H) = p™P (27, i'-‘r)

whenever £+ = ™ #u. Equation (5) now reads

PP (ET vt ) = VP (ET,8T) = 2(en, v) (®)
for v : S — M and the catenation property can be written in the form

PP (Zo, Ty ) + PP (21, Ta) = pP (To, o).

By (8) the map p™™P descends to a map Fix(¢n) x Fix(¢dn) — Zaon (still
denoted by p*¥™P) such that

u(u, H) = ™ (2~ ) (mod 2N)

for every uw € P(x~, 2", H). Here the integer N is the minimal Chern num-
ber defined by (c1,m2(M)) = NZ.

The Fredholm index

Identify S = R/Z and consider the Cauchy-Riemann operator dg : W2(St x
R,R2") — L2(S! x R, R2") defined by

JsC = —<+Joa—<—SC

0 -1
=1 70)

is the standard complex structure on R?*" and the matrix function S(s,t) =
S(s+1,t) € R?™*2" is continuous with symmetric limits

=+ _ .
S*(s) = t_l}gloo S(s,t).

Here

These determine symplectic paths U# : [0,1] — Sp(2n) via U = JoSEUE. If
these are in SP*(n) then Jg is a Fredholm operator and in [23] it is proved that

index 0s = pcz(¥H) — pcz (V). (9)
(See also [21].)



Theorem 2.2 Assume that x* are nondegenerate fized points of ¢r. Then the
operator Dy, is Fredholm for every u € P(x~,xT, ¢, H) and its index is given by
the Maslov class

indexD,, = pu(u).

Proof: Choose a trivialization ® of u*T M as above such that in addition
O(s,t) * Js = Jy. Then B
Dyo® =dodg

where &S5 = V@ + J(Vi® — Vo X;5) + (Vo Js)(0su — Xs) The limit functions
SE(s) = limg 400 S(s,t) are symmetric and the paths U+ [0,1] — Sp(2n)
defined by (4) satsfy U+ = JSTW¥*. Hence it follows from (9) that

index D, = index s = pcz (V") — pez(PH) = p(u). ad

Floer homology

Assume that the symplectic manifold (M, w) is simply connected and monotone.
This means that ([w], A) = (c1,A) for every A € w3 (M) and some positive
constant A > 0. Denote by M(xz~,27) = M(x~, 2", ¢, H,J) the space of all
solutions u : R? — M of (1), (2) and (3). Call the triple (¢, H,J) regular if
the fixed points of ¢y are all nondegenerate and the operator D,, is onto for
all 2% € Fix(¢y) and all u € M(z~,2%, ¢, H,J). For such triples the spaces
M(x~,z7") are finite dimensional manifolds of local dimension

dim, M(z7,27) = p(u).

In [11] Floer proved that for a dense set of pairs (H,J) the triple (¢, H,J)
is regular. The arguments in [11] and in [23] for a generic Hamiltonian are
carried out for the case ¢ = id but generalize easily to arbitrary ¢. The real
numbers act on the space M(x~,zT) and it follows that the components of M
with 1 < 0 must be empty unless = = x7. Moreover, it follows from Gro-
mov’s compactness for J-holomorphic curves that the 1-dimensional component
of the space M(z~,z") consists of finitely many connecting orbits whenever
p¥Y™P (= 7)) = 1(mod 2N). These can be used to construct a chain complex
as follows. Define

C = Ci(¢, H) = T Zzx.
z=¢p(x)
uSYMP (2, @)=k (mod 2N)
Here x¢ € Fix(¢py) is reference point such that det(l — d¢g(xo)) > 0. The
boundary operator 0 : Ciy1 — Cy is defined by taking the sum of the num-
bers v(u) over all 1-dimensional components of M(z~,z"). These numbers are
defined by comparing the flow orientation of u with the coherent orientation
of M(x~,x%) as in [13]. In [11] Floer proved that 92 = 0 (again for the case



¢ = id.) The Floer homology groups are the homology groups of this chain
complex

HEY™ (M, ¢, H,J) = kerd/im 9.

Floer also proved in [11] that the Floer homology groups are independent of
the almost complex structures J; and the perurbation H used to define them.
They depend on ¢ only up to Hamiltonian isotopy. (For different choices of
¢, H, and J there is a natural isomorphism of Floer homologies.) By (5) the
Floer homology groups are graded modulo 2N where N is the minimal Chern
numbber of M. By (7) the Euler characteristic is the Lefschetz number of ¢:

XHE™ (M, ¢)) = Y sign det(ll — déu (z)) = L(9).
r=¢u(z)

Remark 2.3 The proof that the Floer homology groups are independent of J
and H is as in the case ¢ = id and we refer for details to [11] and [23]. That
they depend on ¢ only up to Hamiltonian isotopy follows from the fact that
HFX™ (M, ¢, H,Js) is naturally isomorphic to HEF"™P(M, ¢p,0,¢*Js). To
see this consider the function v(s,t) = ¥; ! (u(s,t)) where u(s,t) is a solution
of (1) and (2).

Remark 2.4 In [11] Floer proved that if ¢ = id then there is a natural isomor-
phism
HF™P(M,id) ~ H. (M, Z).

The proof involves homotoping the Hamiltonian to a time independent Morse
function Hy = H : M — R, proving that all the solutions of (1) are independent
of s when H is sufficiently small and using the formula (6) which relates the
Maslov index with the Morse index. It follows that the fixed points of ¢y are
related to the 2NN-periodic Betti numbers of M by the Morse inequalities. In
particular the number of fixed points can be estimated from below by the sum
of the Betti numbers as was conjectured by Arnold.

Remark 2.5 Floer’s original theory for the case ¢ = id does not require the
manifold M to be simply connected. In [15] his work has been extended to
some classes of compact symplectic manifolds M which are not monotone. In
this case the Floer homology groups are modules over a suitable Novikov ring.
This can be extended further to the case where ¢ is not the identity. There are
then Floer homology groups for every component of {24.

Remark 2.6 For every symplectomorphism ¢ there is a natural isomorphism
of Floer homologies

HFX™ (M, ¢) = HE™ (M, ™" o g o).

To see this consider the function v(s,t) = 1~ (u(s, t)) where u(s,t) is a solution
of (1) and (2).



Remark 2.7 Donaldson has suggested the construction of a homomorphism
HEY™ (M, ) @ HEP™(M. ) — HFP™ (M. 10 0)

using Moduli spaces of J-holomorphic curves with three cylindrical ends (the
pair-of-pants construction). If ¢ = id then this determines an action of the
homology of M on the Floer homology groups of ¢. If ¢ = ¢ = id then this
should agree with the deformed cup-product of Witten.

3 Floer homology for 3-manifolds

Let @ — M be a principal bundle over a compact oriented 3-manifold with
structure group G = SO(3). Denote by A(Q) the space of connections and by
Go(Q) the identity component of the group of gauge transformations. A gauge
transformation g : Q — G is called even if it lifts to a map § : @ — SU(2). The
subgroup of even gauge transformations is denoted by G°V(Q). The degree of a
gauge transformation is the integer deg(g) € Z determined by the induced map
on homology H3(M) =7Z — H3(G) = Z.

The Chern-Simons functional
The perturbed Chern-Simons functional CSy : A(Q)/Go(Q) — R is defined by

CSpul(ap+ ) :%/M ((daoa/\a> + %([a/\a] /\a>) — H(ap + )

for « € Q'(gg) and a fixed flat connection ag € Agat(Q). Here (, ) denotes
the invariant inner product on g given by minus the Killing form (in the case
G = SO(3) this is 4 times the trace). The perturbation H : A(Q) — R is a
function of the SU(2)-valued holonomy of the connection along finitely many
thickened loops in M. Thus H is invariant under the action of G°V(Q). The
perturbed Chern-Simons functional satisfies the identity [3]

CSp(a) — CSu(g*a) = 8n? deg(g). (10)

The gradient of CSy is given by gradCSp(a) = *F, — *Y (a) where F, is the
curvature and Y : A(Q) — Q?(gg) represents the differential of H. The critical
points of CSy are called H-flat connections and the space of such connections is
denoted by An.(Q, H). An H-flat connection a € Ag,t(Q, H) is both a regular
point for the action of Go(Q) and a nondegenerate critical point of CSy iff

the extended Hessian
| #dy —xdY (a) dq
po= (TG )

of CSy is a nonsingular operator on Q' (gg) & 2%(gg).

10



Lemma 3.1 If there exists an oriented embedded Riemann surface ¥ C M such
that wa(Qls) # 0 then every flat connection on Q is regular. Moreover, there
ezists a gauge transformation of degree 1.

The second statement is proved in [12] and [8]. The first implies that the
perturbation H can be chosen such that every H-flat connection is regular and
nondegenerate. Throughout we shall assume that the bundle @ satisfies the
requirements of this lemma. In particular, this excludes the case of homology-
3-spheres which is treated in Floer’s original work [10]. The present case is
treated in [12].

Self-dual instantons
The gradient flow of CSy takes the form
a+ *F, — Y (a) = 0. (11)

The smooth path a : R — A(Q) can be regarded as a connection on the bundle
@ xR over the 4-manifold M xR and in the case Y = 0 equation (11) states that
this connection is self-dual. If a satisfies (11) and has finite Yang-Mills energy
then a(t) converges to H-flat connections on @ as t tends to +0co provided that
the H-flat connections on @ are all nondegenerate [16]. Fix a®™ € Ag.:(Q, H)
and consider the solutions of (11) with limits

Jim a(t) = gia™ € A (Q. H) (12)
for some g1 € Go(Q). Denote by Asp(a™,at, H) the space of smooth solutions

of (11) and (12). The group Go(Q) acts on this space and the quotient is denoted
by

_ Asp (a_ at H)
M(a o™ H) =" 1"2
( ) Go(@)
Linearization of the self-duality equation (11) gives rise to the operator
0
Dy = — + Dyy-
oz T Pa)

It was proved by Atiyah, Patodi, and Singer [3] that if a* € Ag.(Q, H) are
regular and nondegenerate then D, is a Fredholm operator and

index D, = 4™ (a~,a*) = p(a™, H) — p(a™, H)
where p(ag, H) = in(Da,) — CSp(ag)/2n* and
p"™(ag, g"ag) = 4 deg(g) (13)

for ap € Agat(Q,H) and g € G(Q). For a € A(Q) the n-invariant n(D,) is
the real number n(Dgy) = 1o(Dy) where ny(Dq) = >, |A|"®signA. The sum
runs over all nonzero eigenvalues A € o(D,). The function s — n4(D,) is
meromorphic and 0 is not a pole. With this definition the number p(a, H) is
not necessarily an integer.

11



Floer homology

Now for a generic perturbation H the operator D, is onto for every solution a €
Asp(a™,at, H) and all a* € Ag.:(Q, H). For such perturbations the moduli
space M(a~,a™, H) is a finite dimensional manifold of dimension p"*(a~,a™).
As in section 2 the moduli spaces determine a boundary operator on the chain
complex
Cr=Cr(Q,H) = T Zla).
[a]€Af, (Q)/90(Q)
ISt (ag,a)=k
Choose coherent orientations of the moduli spaces ./\/l( H) as in [10]
and [13]. Whenever a € M(a~,at, H) with p**(a=,a*) = 1 deﬁne v(a) = +1
according to whether the natural flow orientation of a( ) (given by time shift)
agrees with this coherent orientation or not. The (a™, a™)-entry of the boundary
operator
8 . Ok+1 — Ok

is defined by taking the sum of the numbers v(a) over all instantons [a] €
M(a=,at, H)/R. In [10] Floer proved that 9> = 0. The Floer homology
groups of the pair (M, Q) are the homology groups of this chain complex

HF™"(M,Q) = ker d/imd

They are independent of the metric on M and the perurbation H used to define
them [10], [12]. (Different choices of metric and perturbation give rise to natural
isomorphisms.) Since there exists a gauge transformation of degree 1 it follows
from (13) that the Floer homology groups are graded modulo 4. Casson’s in-
variant of the pair (M, Q) appears as the Euler characteristic of Floer homology
with respect to the mod 4 grading

MM, Q) = X(HF (M, Q)) = 3 Y (1) (o),
[a]

The sum runs over all even gauge equivalence classes [a] € Anat(Q, H)/GV(Q).
By Lemma 3.1 there exists a gauge transformation of degree 1. Such a gauge
transformation is not even and hence each flat connection appears twice as an
even gauge equivalence class. This shows that the Casson invariant is an integer.
It is independent of the choice of the perturbation.

Remark 3.2 If H can be chosen invariant under all gauge transformations
(not just the even ones) then the group I' of components of the space of degree-
0 gauge transformations acts on HF}""(M;Q) for every k. This requires an
equivariant perturbation theory which takes account of the action of a finite

group.

12



4 Flat connections over Riemann surfaces

Let 7 : P — ¥ be a principal bundle over a compact oriented Riemann surface of
genus k > 2 with structure group G = SO(3). A gauge transformation g € G(P)
is homotopic to 1 iff it is even. The moduli space

M(P) = Aqat (P)/Go(P)

of flat connections modulo even gauge equivalence is a compact symplectic man-
ifold of dimension 6k — 6 with symplectic structure

wA(a,b):/Z<a/\b>

for a,b € H) = Tj4M(P). Every conformal structure on the Riemann surface
Y. determines a Kéahler structure on M(P). The Hodge-*-operators on the
spaces HY = ker daNker d% of harmonic forms determine an integrable complex
structure on M(P) which is compatible with w. (See [2].)

Via the holonomy the space M(P) can be identified with the odd represen-
tations of the fundamental group of P in SU(2)

Hom® (7, (P),SU(2)) .

M(P) = SU@)

A homomorphism p : m(P) — SU(2) is called odd if p(y) = —1 for a non-
trivial loop in the fibre. Every odd homomorphism arises as the holonomy of a
flat connection on P and two flat connections are gauge equivalent by a gauge
transformation in Go(P) iff their holonomy representations are conjugate.

Symplectomorphisms

Every orientation preserving diffeomorphism h : ¥ — ¥ lifts (in a nonunique
way) to an automorphism f : P — P. Every such automorphism f : P — P
determines a symplectomorphism

¢p : M(P) — M(P)

defined by [A4] — [f*A]. In terms of representations of the fundamental group
this symplectomorphism is given by p — po f.. Hence the symplectomorphism
¢ ¢ depends only on the homotopy class of k. In other words the homomorphism
f +— ¢y determines an action of the extended mapping class group

Aut™ (P)/Autg(P) — Symp(M(P)).

Here Aut™(P) denotes the group of those automorphisms of P which cover ori-
entation preserving diffeomorphisms of ¥ and Auto(P) denotes the component
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of the identity. It is an open question whether the induced homomorphism
mo(Aut™ (P)) — mo(Symp(M(P))) is onto or injective. The fixed points of ¢
will in general not be all nondegenerate. The presence of degenerate fixed points
requires a Hamiltonian perturbation.

Remark 4.1 Let G;(P) denote the subgroup of gauge transformations g €
G(P) such that go f ~ g. Then the finite group I'y = G¢(P)/Go(P) acts on
M(P) by symplectomorphism [A] — [g*A] which commute with ¢y.

Mapping cylinders

An automorphism f : P — P also determines a principal bundle Py — X
where h : ¥ — X is the diffeomorphism induced by f via mo f = hoxw and
Py and ¥j denote the mapping cylinders. We assume throughout that h is
orientation preserving. A connection a € A(Py) is a 1-form a = A+ ® ds where
A(s) € A(P), ®(s) € Q%gp) and

A(s+1) = frA(s), D(s+1)=(s)o f.

The group G(Py) of gauge transformations of P; consists of smooth maps g :
R — G(P) such that g(s + 1) = g(s) o f. It acts on A(Py) by

gla=g"A+ (g7 g+9 '®g) ds.

Here the notation g* is used ambiguously: ¢g*a denotes the action of g € G(Py)
on a € A(Ps) whereas g*A denotes the pointwise action of g(s) € G(P) on
A(s) € A(P).

The Chern-Simons functional on Py takes the form

c5(a):/()1/2(%<AA(A—AO)>+<FAA<1>>) ds

for a = A+ ® ds where Ag = f* Ay is a fixed flat connection on P. A connection
A+ ®ds is a critical point of CS, that is a flat connection on Py iff

Fq=0, A—da®=0.

The flat connections on Py correspond naturally to the fixed points of the sym-
plectomorphism ¢¢. Moreover, a flat connection a = A + ® ds is nondegenerate
as a critical point of the Chern-Simons functional if and only if A(0) represents
a nondegenerate fixed point of ¢;.

Remark 4.2 Tt follows from results in [2] and [6] that the space Agai(P) is
simply connected and hence the space Ax(Py) of all A + ®ds € A(Py) such
that 4 = 0 and da *5 (dA/ds —da®) = 0 is connected. Here %, denotes the
Hodge-#-operator corresponding to a family of conformal structures on ¥ such
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that *s41 0 f* = f* 0 x,. The section ®(s) € Q°(gp) is uniquely determined by

the condition d g (s)*sda(s)P(5) = d 4(s)*s A(s) and hence the elements of Asx(Py)
can be thought of as paths in Ag,(P). Hence there is a natural bijection

Qp, ~ As(Pyr)/Gs(Pr)

where Gx:(Py) denotes the subgroup of all g € G(Py) such that g(s) € Go(P) for
all s. The universal cover of {4, is the quotient Asx(Py)/Go(Py). The restriction
of the Chern-Simons functional to the space As;(Py) agrees with the symplectic
action. It is invariant under the action of the finite group I'y = G;(P)/Go(P) =
G(Py)/Gs(Py) of components of degree-0 gauge transformations of Py.

Perturbations

If there are degenerate flat connections on Py respectively degenerate fixed
points of the symplectomorphism ¢; then we must perturb the Chern-Simons
functional to obtain nondegenerate critical points. As in [7] and [24] such per-
turbations arise from the holonomy and they can be interpreted in terms of
Hamiltonian dynamics on the infinite dimensional symplectic manifold A(P).

Choose 2k embeddings 7v; : R/Z x R — P of the annulus such that the
projections mo-y; are orientation preserving, generate the fundamental group of
¥, and satisfy v;(0,\) = py for every j. Denote by py : A(P) — SU(2)?* the
holonomy along the loops 6 — v;(6, A) for A € R. Now choose a smooth family
of functions h, : SU(2)2* — R which are invariant under conjugacy and vanishes
for s near 0 and 1. Let 8 : R — R be a smooth cutoff function supported in
[—1, 1] with mean value 1 and define H, : A(P) — R by

H,(A) = / BV (pa(4)) A

for A € A(P) and 0 < s < 1. Any smooth Hamiltonian on the moduli space
M(P) can be represented in this form
The functions are invariant under the action of Go(P). They can be extended
to s € R such that
Hy(g"A) = Hs(A) = Hoy1 (f7A) (14)

for A € A(P) and g € Go(P). The differential of H, can be represented by a
smooth map X : A(P) — Q!(gp) such that

dH(A)a = /E (X.(A) A a).

In other words X, : A(P) — Q!(gp) is the Hamiltonian vector field on A(P)
corresponding to the Hamiltonian function Hs;. These vector fields satisfy
Xst1(f*A) = f*Xs(A) and, since H, is invariant under Go(P),

X, (g*A) =g ' X (A)g,  daXs(A)=0 (15)
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for g € Go(P) and A € A(P). The vector fields X that arise from the holonomy
will be smooth with respect to the W*P-norm for all k and p and hence give
rise to a Hamiltonian flow v, : A(P) — A(P) defined by

d
_1/}s:Xsowsa 1/}0:1(:1
ds

The diffeomorphisms 1, preserve the symplectic structure and the curvature
and are equivariant under the action of Go(P). Moreover,

Yer1 0P = dp o, br.(A) =1 (frA),

as in section 2. For a generic Hamiltonian H the fixed points of ¢ g on the
moduli space M(P) are nondegenerate.

Remark 4.3 We do not assume here that Hg is invariant under the action
of I'y. This would require a perturbation theorem which takes account of the
action of a finite group.

The perturbed Chern-Simons functional CSy : A(Py) — R is defined by

1
CSu(a) = CS(a) — / HL(A(s)) ds.
0
for a = A+ ®ds € A(Py). Its critical point are the solutions of
Fa=0, A—ds®— X,(A) =0.

A connection A+ ® ds € A(Py) which satisfies these equations is called H-flat.
The space of H-flat connections is denoted by Agat (Py, H).

Proposition 4.4 There is a natural bijection
Afat (P, H) /G (Py) ~ Fix(¢r, 1)

induced by A+ ®ds — A(0). A connection A+ ®ds € Ana(Pr, H) is nonde-
generate as a critical point of the perturbed Chern-Simons functional CS g iff
A(0) represents a nondegenerate fized point of ¢ m.

Proof: Assume A + ®ds € Aga(Pr, H) and denote Ag = A(0). Then
A(s) € Apai(P) for every s and A = da® + X (A). Let g(s) € G(P) be
the unique solution of the ordinary differential equation ¢ + &g = 0 with
g(0) = 1. Then %g*A = X;(g*A) and hence 11 (Ag) = g(1)*A(1) = g(1)* f* Ao.
Hence Ay represents a fixed point of ¢y g. This shows that there is a map
Agat (P, H)/Gs(Py) — Fix(¢7, ) induced by A+ ® ds — A(0). We must prove
that it is bijective.
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To prove surjectivity, suppose that Ay € Agat(P) represents a fixed point of
¢s.m and let g1 € Go(P) such that ¢ f*Ao = ¢1(Ao). Choose a smooth map
g : R — Go(P) such that g(0) = 1 and g(s+1) = (g(s)of)g1. Let A(s) € Agat(P)
and ®(s) € Q%gp) be defined by g(s)*A(s) = Ap and ®(s) = —g(s)g(s)~ L.
Then A + ® ds € Agat(Py, H).

To prove injectivity, let a = A+® ds and a’ = A’+®’ ds be H-flat connections
and suppose that A’(0) = g3 A(0) for some go € Go(P). Define g(s) € Go(P)
to be the unique solution of the ordinary differential equation ¢ = g®' — ®g
with g(0) = go. Then 2 g*A = dg-2®' + X,(g* A), and g(0)*A(0) = A’(0). This
implies g(s)*A(s) = A’(s) for all s. Since A(s+ 1) = f*A(s) and A'(s+ 1) =
f*A'(s) it follows that g(s + 1)*A(s + 1) = (g(s) o f)*A(s + 1) and hence
g(s+ 1) = g(s) o f. This shows that g is a gauge transformation of P; and
a’ = g*a.

Now let a = A+ ®ds € Aga(Pyr, H) and define Ay = A(0) € Agas(P).
Assume without loss of generality that ® = 0 so that A(s) = ¥s(Ap) and
f*Ap = 11(Ap). We prove that the linear map

dy (Ao) — f*: Hy (S) — Hju g ()

is injective if and only if every infinitesimal connection a+¢ds € Q*(gp,) which
satisfies
daa =0, & —dap—dX.(A)a=0 (16)

is of the form .
a=das, p=¢ (17)

for some & € Q%(g p;). The former means that Ag represents a non-degenerate
fixed point of ¢z and the latter means that a is a nondegenerate critical point
of CSpy.

Assume first that dyn (Ag) — f* is injective and a+ ¢ ds satisfies (16). Denote
ap = a(0). Then

a(s) = d¢5(A0)ao + CZA(S)‘/0 (;5(9) de.

(Differentiate and use (15).) Hence f*ao — dyn(Ao)ao € imds«a, and since
Ay is a nondegenerate fixed point of ¢y g there exists a & € Q°(gp) such that

a0 = da,€o. Define £(s) € 2(gp) by £(0) = & and &(s) = ¢(s). Then

dils(a —dal) = dq —daé —[ANE] = dX(A)(a — daE)

and hence a = d 4¢&.
Now suppose that f* —di1(Ao) : Hy, — H}'*Ao is not injective. Then there
exist g € QY (gp) and & € Q%(gp) such that

[rag — d(Ag)og = dy- 440, da,c0 =0, o ¢ imdy,.
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Choose any function ¢(s) € Q°(gp) satisfying

€ = / o(s)ds, (s +1)=d(s)o

and let a(s) € Q'(gp) be the unique solution of & = da¢ + dXs(A)a with
a(0) = ag. Then « and ¢ satisfy (16) but are not of the form (17) since
ap ¢ imd 4, . O

5 The Atiyah-Floer conjecture

For every orientation preserving automorphism of the bundle P — ¥ there are
two Floer homology groups, one for the symplectomorphism ¢ as in section 2
and one for the mapping cylinder Py as in section 3. In a forthcomin paper [9)
we prove that there is a natural isomorphism

HEFX™(M(P), ¢5) ~ HF™ (S, Py).

A similar statement in the context of Heegard splittings and Lagrangian in-
tersections was conjectured by Atiyah [1] and Floer. The present version was
suggested to us by Floer.

The proof relies on a comparison of self-dual instantons on the 4-manifold
Y5 x R with J-holomorphic curves in the moduli space M(P). Fix two nonde-
generate H-flat connections a* = AT+ &+ ds € Aga; (Ps, H) and choose smooth
functions A : R? — Ag.(P) and ®, ¥ : R? — Q°(gp) which satisfy

A(s+1,t) = frA(s,t), P(s+1,t)=D(s,t)of, W(s+1,t)=D(s,t)of. (18)
and

: _ A% : _ &t : —
tl}:tmooA(s’t) - A (S)a tl}:l:mooq)(&t) = (S)a tl}gloo \I/(S7t) - O (19)
Now choose a smooth family of conformal structures on ¥ depending on a real
parameter s such that *541 o f* = f* o %5. This corresponds to the condition
Js = ¢*Js41 of section 2. The perturbed Cauchy-Riemann equations take the
form

0A 0A
E—dA\I/—i—*S (g_Xs(A)_dA(b) =0. (20)

For solutions of (20) the functions ® and ¥ are uniquely determined by A.
Think of = = A+ ®ds + ¥ dt as a connection on Py x R. Then the perturbed
self-duality equations on R x Py take the form

0A 0A

— X (A) —dad ) =0,
ot (4) A>O

0 oV 1
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The factor 1/¢? arises from conformally rescaling the metric on ¥ by the factor
2. Solutions of (21) with 0 < s < 1 are equivalent to solutions with ¢ = 1
on the long cylinder 0 < s < 1/e. In the context of Heegard splittings this
corresponds to Atiyah’s suggestion to stretch the neck.

Note that the first equation in (21) agrees with (20) while the second equa-
tion replaces the condition on A(s,t) to be flat. Thus equation (20) can be
viewed as a singular limit of (21) analogous to singular perturbations of fast-
slow systems in ordinary differential equations. In [9] we shall prove that the
solutions of (21) shall in fact converge to those of (20) as € tends to zero and
thus for e sufficiently small there is a one-to-one correspondence of self-dual
instantons with J-holomorphic curves. The main result of the present paper
asserts that the two Fredholm operators arising from linearizing (20) and (21)
have the same index. This implies that the chain complexes of the two Floer
homology groups have the same grading.

6 An index theorem

Fix a pair of H-flat connections a® = A*(s) + ®*(s)ds € Agat(Py, H). For
every such pair there are two integers. The Maslov index p*¥™P(a~,a™) of
section 2 and the index p™*(a~,a™t) of section 3. Our main theorem asserts
that both indices agree

Theorem 6.1 For every pair a* € Agat (Pr,H) of nondegenerate H-flat con-
nections pY™P(a~ at) = pit(a",at).

Choose Z = A+ ®ds + U dt such that A(s,t) is flat for all s and ¢ and (18)
and (19) are satisfied. Such a connection always exists since the space Agat(P)
is simply connected [2], [6]. Linearizing (20) gives rise to the perturbed Cauchy-
Riemann operator Dy as in section 2. The bundle w*T M of section 2 corresponds
here to the bundle H4 — S' x R whose fiber over (s,1) is the space H} , of
harmonic 1-forms on gp with respect to the connection A(s,t) and the s-metric
on Y. The operator Dy : Wfl’Q(HA) — L7(Ha) is given by

Do(ao) =TA (VtO[O + *SVSO[O — *SdXS(A)O[())

where V, = 0s +®, V; = 0; + ¥ and 74(,,4) () denotes the harmonic part of a.
The subscript f refers to the periodic boundary condition a(s+1,t) = f*a(s, ).
The Fredholm index of Dy is

pY™P(a~ a) = index Dy.

Linearizing (21) gives rise to the Fredholm operator D : W; g Lfc defined by

%4V 0 0 *xsdX(A) xsda  da
D. =V, + 0 0 -V - —e 2 %,dy 0 0
0 EAVAN 0 —e72 %, das 0 0
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as in section 3. Here lef’2 = I/VJIf’Q(]R2 xT*Y®gp®gp Dgp). This is a kind of
infinite dimensional analogue of the Cauchy-Riemann operator. The Fredholm
index of D is independent of € > 0. It is the relative Morse index of instanton
homology

(e~ am) = index D..

The main result of this paper asserts that the two Fredholm indices agree. Here
are two corollaries concerning Casson’s invariant of the manifold ¥; and the
first Chern class of M(P). In the context of Heegard splittings and Lagrangian
intersections the analogue of the first was proved by Taubes [24].

Corollary 6.2 Casson’s invariant of (X, Py) is the Lefschetz number of ¢
A(Xn, Pr) = L(¢y)
In particular, when f = id,
A x S, P x S = x(M(P)).

Proof: The Euler charcteristic of Floer homology agrees with the Euler charc-
teristic of the chain complex. By Theorem 6.1 both chain complexes are iso-
morphic. Hence they have the same Euler characteristic. O

Atiyah and Bott [2] observed that the first Chern class of the tangent bundle
of M(P) determines an isomorphism of w2 (M (P)) with the even integers. We
give an alternative proof of this result as a corollary of Theorem 6.1. Since
the space of flat connections Aga;(P) (not modulo gauge equivalence) is simply
connected and 72 (Agat(P)) = {0} (see [2] and [6]) the homotopy exact sequence
of the fibration Gy — Agat(P) — M(P) shows that

mo(M(P)) = m1(Go(P) /{1, +1}) = Z.

The last isomorphism is given by the degree for gauge transformations of the
bundle @ = P x S* over the 3-manifold M = X x S. (See Lemma 3.1.) Here
is a more explicit description of the first isomorphism. Let Ag € Agat(P) be a
flat connection and let g(s) € Go(P) be a loop of gauge transformations such
that g(0) = 1 = £¢(1). Since Agay(P) is simply connected there exists a map
A: D — Aga(P) on the unit disc such that

A(eQTris) _ 9(3)*140

This map represents a sphere in the moduli space M(P) since the boundary of
D is mapped to a point.

Corollary 6.3
1

(1, 4) = 2deg(g) = (], 4).
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Proof: Choose polar co-ordinates 6 : [0,1]> — D by (s, t) = te*™* and denote
B = Ao#f. Since 6 is orientation reversing

11
/ /<8wA/\(9yA> dedy = —/ / /<BSBA8tB> dsdt
DJs 0o Jo Js

1/t d
—5/0 /E<£9(5)*A0/\9(5)*A0—A0> ds
= 8n?deg(g).

The last identity follows from equation (10) with @ = P x S*.

Now let f = id and choose a Hamiltonian perturbation H such that the
induced symplectomorphism ; has a nondegenerate fixed point Ay € Anat(P)
such that ¢s(Ag) = Ap for all s € R. Assume that A : D — Ag,(P) satisfies
A(z) = Ap for |z| < e and A(te®™) = g(s)*Ag for t > 1 —¢. Extend B= Ao
to a smooth map B : R/Z x R — Aga(P) such that B(s,t) = Ag for t < 0
and B(s,t) = g(s)*Ap for t > 1. Now choose ® : R? — Q%(gp) such that
dp *s (0sB — dp®) = 0. Then the connection B + ® ds satisfies (18) and (19)
with a= = ag and a®™ = g*agp. Hence

2(c1, A) = —2(c1, B) = p™™(ag, g"ao) = 1™ (a0, g*ao) = 4deg(g).

The first identity follows from the fact that 6 : [0,1]> — D is orientation revers-
ing, the second from (8), the third from Theorem 6.1 and the last from (13).
O

7 Proof of the main theorem

Spectral flow

Let H be a separable Hilbert space and A(t) be a family of unbounded self ad-
joint operators on H with a dense domain dom A(¢) = W which is independent
of . Then W is a Hilbert space in its own right. Assume throughout that the
inclusion W C H is a compact operator and that the resolvent set of A(t) is
nonempty for every ¢. Then A(t) has a compact resolvent operator and hence
its spectrum is discrete and consists of real eigenvalues of finite multiplicity.
The operators A(t) can also be considered as a bounded operator from W to H.
Assume that the map ¢ — A(t) € L(W, H) is continuously differentiable with
respect to the weak operator topology with invertible limits

AT = lim A(t).
t—+oo

Denote W = L2(R,W)NW12(R, H) and H = L*(R, H) and consider the oper-
ator Dy : W — 'H defined by
dg

Daé = E + A€.
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This is a Fredholm operator and its index is given by the spectral flow p(A) of
the operator family A(t) [3]. To make this precise recall the following theorem
of Kato. (For a proof see Theorem II.5.4 and Theorem I1.6.8 in [17].)

Theorem 7.1 (Kato selection theorem) Let tg € R and ¢y > 0 such that
tco ¢ 0(A(to)). Then there exists a constant € > 0 and continuously differ-
entiable functions \j : (to — &,t0 +¢€) — (—co,¢0), 3 = 1,...,N such that
Aj(t) € o(A(t)) and

Aj(t) € o(P(t)A)P; (1))

where P;(t) : H — H denotes the orthogonal projection onto ker(\;(¢)1— A(t)).
Moreover, if A € o(A(t)) N (—co,co) with corresponding spectral projection P :
H — ker(Al— A(t)) and 6 € o(PA(t)P) is an eigenvalue of multiplicity m then
there are precisely m indices ji, ..., jm such that \j, (t) = X and A;, (t) =6 for

v=1,...,m.

By Theorem 7.1 cover the set {(¢, \) | A € o(A(¢))} by countably many graphs
of continuously differentiable curves ¢ — \;(t). By Sard’s theorem the comple-
ment of the set of common regular values has measure zero. A number § € R
is such a common regular value if and only if there exist only finitely many
times t € R with § € o(A(t)) and for each such ¢ the operator Ps(t)A(t)Ps(t)
is nonsingular on the kernel of 61 — A(t). Here Ps(t) denotes the orthogonal

projection of H onto the kernel of §1 — A(t). For any sufficiently small regular
value ¢ define .
u(4) = 3 sign(Py (D) A(t) Py 1)) (22)
t

where the summation runs over all ¢ € R with 6 € o(A(t)) and sign denotes the
signature (the number of positive minus the number of negative eigenvalues).
This number is obviously finite and by Kato’s selection it is independent of § for
¢ sufficiently small. Tt is called the spectral flow of the operator family A(t).
If A(t) has only simple eigenvalues for every ¢ then the spectral flow is given by

p(A) = # {512 (=T) <0< X\(T)} = # {5 [ X (=T) > 0> X(T)}

for T sufficiently large. Intuitively speaking p(A) counts the number of times an
eigenvalue of A(t) crosses 0. The following theorem was first stated by Atiyah,
Patodi and Singer [3]. In the present form it is proved in [21].

Theorem 7.2 The operator D : W — H is Fredholm and indexD4 = p(A).

Selfadjoint operators

The Sobolev space W;ﬂ’2(R xT*¥®gp) is the completion of the space of smooth
maps o : R — Q!(gp) which satisfy a(s+1) = f*a(s) with respect to the Wk-2-
norm over . The space W}C ’2(R x gp) is defined similarly. For any smooth map
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A : R? — Ag,, (P) which satisfies (18) the closed linear subspace W}C’Q(HA(t)) C
W}}Q(RQ x T*¥® gp) consists of those ag such that ag(s) € H.}{(s 4 for every s.

Assume that A : R? — Ag,(P) and ® : R? — Q%(gp) satisfy (18) and (19).
Then both operators Dy and D, are well defined. Their Fredholm indices are
given by the spectral flow of suitable families of self adjoint operators. These
are obtained by removing the derivatives with respect to ¢ from the operators
Dy and D.. Hence consider the operator Dy(t) : Wfl’Q(HA(t)) — L?(HA(t))
defined by

Do(f)ao = *gTA (VSOéO - dXS(A)Oéo)

where 7 4(,,+) (@) denotes the harmonic part of the 1-form a with respect to the
connection A(s,t) and the s-metric on ¥. Abbreviate

§=(,0,0) eW? =WP*(RX TS @ gp @ gp @ gp).

Consider the operator D, (¢) : W;Q — L7} defined by

«V, 0 0 wdXo(A)  weda  da
D= o 0 -V |—| —e2s,ds 0 0
0  #sVikg 0 —e72 %, daxs 0 0

This operator is self-adjoint with respect to the e-inner product on Lfc. We must
prove that the spectral flows of the operator families Dy (t) and D, (t) agree. The
key point is that the first term in D.(t) is the dominating one whenever € > 0
is sufficiently small.

Elliptic estimates

It is convenient to use the e-dependent Hilbert space norms
2 2 2 2
(e, ¢, )l = lledll” + e gII° + 2 (|| -

on Lfc and

2
I,y = llol® + lldaal® + llda *s af* + %[ Via|?
+e?lldad)? + e[ Vegll* + e[l da|* + €* [ Va1,

on W; 2. The norms on the right are L2-norms on ¥j,. The next lemma is a
refinement of the elliptic estimate for the operator D, (t).

Lemma 7.3 For every cy > 0 there exist constants eg > 0 and ¢ > 0 such that
¢ = ma(©lh.o < e (1Dl + Ima©)l 1)

for & = (a,0,v0) € W}’2 where w4(€) := (ra(a),0,0).
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Proof: Throughout we shall repeatedly use the formula
Vsdan — daVsn = [B Anl, B =0,A—ds®.

Denote £ = (&, ¢,v)) = D.(t)¢ so that
& = #; Voo — #,d X (A)ar — x5dad — dath.
Apply d4 to & to obtain

daxsdag = dax*s (Vea—dXs(A)a) —daa
= Vida xs @ —daa — [BA*ga] —da(ksa + #,dX(A)a)
= Vs (b — Vs %5 ) — dad
—[B A *s0a] — da(ksa + x5dXs(A)).

Here we have used the identity
/lL = 5_2 ks da ks 0+ x5V ks ¢
Now take the exterior product with ¢ and integrate over X to obtain

dad|® + €[ Vet
= (dag, %sG) + (dad, *s¥sa — dX(A)a) + (p,#s[B A *sa])  (23)
+E2(V,, 1) — e2(Vs b, x5 0).

Similarly, apply da*s to & to obtain

da*sdaty = —daVia+ dadX(A)a —da x5 @
= —Vidaa—da*sa+ [B— X (A)Aq]
—£2V, %, (¢Z + Vi) —da *s &+ [B A al.

Here we have used (15) and the identity
¢Z =2 xg daa — V.
Now take the exterior product with v and integrate over 3 to obtain
[dath]|® + 2|Vt [|* = —(dat, &) — (¥, %s[B — Xo(A) Aa]) — £2(Vatp, ). (24)
Since every flat connection on the bundle P is regular there is an estimate
Inllz2(z) < cilldanllzzs)

for n € Q%gp). Hence it follows from (23) and (24) with a repeated use of the
inequality zy < 622/2 + y?/2§ that

~112
|| dag|? + e[ Veg|? + e2lldass|? + e[ Vop]* < cae? (H’iHOE + ||a||2) .
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Here all norms are L2?-norms on Xj,. By definition of &, (;3, and 1/3
12
[daall” + llda *s all” + €| Vea|* < ca? (HfHo + ||a||2) .
€
This implies the required estimate. O

Lemma 7.4 For every cy > 0 there exist constants eg > 0 and ¢ > 0 such that
the following holds for every t € R and every |\ < co. If
laoll L2 < co[[Do(t)eo — Aavol[ 12
for every ag € W;’2(HA(t)) then
I€ll. < cllDe(£)€ — A¢ll.
for 0 <e<eg and & = (a,¢,90) € W2,

Proof: Let ¢, co,... denote positive constants which depend only on A and ®
but not on . Using the Hodge decomposition on the surface ¥ write

a=ma(a)+dal + xsdan
with ¢,n € 2%gp). A simple calculation shows that
Ta(De(t)€) = Do(t)ma(§) + ma(0) (25)
where
0 = #s[B — Xs(A) A (] = [BAn] 4 sgksdan — #5dXs(A) x5 dan

and B = 0sA — da®. Since dg *s daC = da *s a and dg x5 dan = da« there is
an estimate

101 L2 < cr ([[daclpz + [[da *s all 2) < ez [I€ = ma(€)loe -
Now it follows from (25) that
[ra(@llz < oAM= Do(t))wa(©)ll L2
= collma(A = De(t)§) + ma(0)|| 2
co [[De(t)€ — Al e + coca [I§ = ma(E)llo.c -

Hence the statement follows from Lemma 7.3. O

IN

Denote by
Roy={(t,\) eRxC: X¢o(Do(t))}

the resolvent set of the operator family Dg(t). Similarly, let R. denote the
resolvent set of the operator family D.(t). Lemma 7.4 states that for every
compact subset K C Ry there exists a constant ¢g > 0 such that K C R, for
0 < € < gg. In fact we shall prove that the harmonic part of the operator
(Al— D.(t))~! converges to (Al — Dg(t))~! uniformly on every compact subset
of Ro.
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Lemma 7.5 For every compact subset K C Ry there exist constants €9 > 0
such that K C R, for 0 < e <e¢gg and

[7a((AL = De(t))™'n) — (AL = Do ()" ma(n)|| o < ez [lnlly.
for (t,\) € K and n € L3.
Proof: The statement of the lemma is equivalent to the estimate
[ma(€) — aollz2 < OlIAE — De(t)€llo,e

for all £ € W;? where ag = (AL = Do(t)) " 'ma(A — D:(t)§) € Wp2(Ha(t)).
By (25)
(AL = Do(t))(ra(§) — o) = ma(6)

where 6 € Wfl’Q(]R X T*Y ® gp) and

0]l < e[| = malE)llo, -

Choose a constant ¢y > 0 such that the assumptions of Lemma 7.4 are satisfied
for every (t,A) € K. Then

[ma(€) —aolle < collma(d)]l 2
< cocr € —ma(©)llg .
< e (I = De(t)€lo + 7€) = aoll = + llaol )
< e l[mal§) — aoll L2 + (1 + co)eae |AE = De(t)]l . -
The third inequality follows from Lemma 7.3. This proves the lemma. O

Lemma 7.6 For every co > 0 there exists a constant ko > 0 such that the
following holds for t € R and 0 < €2 + 8% < ko. If Ao € o(Dy(t)) is an
eigenvalue of multiplicity mo and

oo L ker()\o]l — Do(t)) — ||a0||L2 < C()H)\an — Do(t)aoan

for every ag € W;’2(HA(t)) then the total multiplicity of all eigenvalues \ €
o(De(t)) with |\ — Xo| < 0 does not exceed my.

Proof: Suppose by contradiction that the statement were false. Then there
would exist, for £ > 0 and § > 0 arbitrarily small, finitely many (distinct)
eigenvalues \; € o(D.(t)) with eigenvectors &; € W; ? such that

N
ma(€) Lker(Ao — Do(t)),  £=_&#0, [\ —X| <4
j=1

26



Assume without loss of generality that N < mg+ 1 < 6k — 5. (Each eigenvalue
of Dy(t) has multiplicity at most 6k — 6 where k is the genus of ¥.) Recall
from (25) that

Ajima(§5) = ma(De(t)€;) = Do(t)ma(&;) + ma(6;)
where 0; € W *(R x TS ® gp) and

10512 < el —mal&)lly. -

Hence N
(Ao — Do(t) Z (Ao —Aj)ma(&y) ZWA
=1

By assumption this implies

N N
[ra(@ll < <o Z A = Aol I€llo . + o > 165112

Jj=1

0062||§J||05+00012||§J 5] ||05-

IN

Since D (t)&; = A;&; it follows from Lemma 7.3 that

16 = ma(&)llo . < coellma(§ll,

for every j and hence

N
I€15.. < €3 (8% +€%) D 1I&ll5,. = e (62 + %) [l

Jj=1

We have used the fact that D.(t) is self-adjoint. With ¢z (6% +¢?) < 1 it follows
that £ = 0, a contradiction. This proves the lemma. O

Proof of Theorem 6.1: In a suitable trivialization of the unitary vector
bundle H, over S! x R the operator Dy(t) takes the form

(Do(t)C)(s) = JoC(s) = S(s,1)¢(s)-

Here Jy denotes the standard symplectic matrix given by Jo(z,y) = (—y,x)
and S(s,t) = S(s + 1,t) is a symmetric matrix valued function on S x R. In
particular, Dy (t) is a smooth family of self adjoint operators on H = L?(S*!, R?*")
and satisfies all the requirements of Theorem 7.2 with W = Wh2(S1 R?").
Choose § > 0 as in (22), let t1,...,t; be the finitely many real numbers with
0 € o(Do(ty)), and let

P, : L*(S',R*") — ker(61 — Dy(t,))
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denote the corresponding spectral projections. Then the Fredholm index of the
operator Dy is given by the spectral flow of the operator family Dg(t), i.e.

index Dy = Z my

where .
m,, = sign(P, Do(t,)P,).

The integer m, is the local spectral flow of the operator family Dg(¢) in the
interval (t, — 7,t, + 7) across the line A = §. More precisely, choose x > 0 such
that A = § is the only eigenvalue of Dy(t,) in the interval [§ — k,0 + k]. Now
choose 7 > 0 such that § + ¢ o(Do(t)) for t, —7 <t <t, + 7. Then

my, = #{A€o(Do(t, —7))]|0—Kk <A<}
—#{Ae€a(Do(t, +7)) |0 —k < A< d}.

Here the A; are the eigenvalue families of Theorem 7.1.

By Lemma 7.4 there exists a constant €9 > 0 such that § ¢ o(D.(t)) for
t ¢ (t, —7,t, +7) and 6 £ k ¢ o(D.(t)) for t € (t, — 7,t, + 7) whenever
0 < e < gg. We prove that

my, = #{A€o(De(ty —7)):0—K<A<d}
—#{Aeo(D(t,+7)):d—K <A<}, (26)

To see this choose a curve I encircling the eigenvalues of Dg(t, —7) in the interval
(0 — k,d) and note that the corrsponding spectral projection on L?»(HA (t,—1))
is given by

1

Py=— [ (21— Dy(t, — T))fldz.
27 T
Similarly, the operator
P [1-D.(ty—7)d
== o ). z (t, — 7 z.

on Lfc (RxT*Y®gp ®gp D gp) is the spectral projection of D, (t, — ) corre-
sponding to the eigenvalues in the interval (§ — &, d). By Lemma 7.5

Poﬂ'A = lim 7TAP€
e—0
where the limit is to be understood in the uniform operator topology. Hence
rank P, > rank P,

for ¢ sufficiently small. To see this choose an orthonormal basis aq, ..., q, of
rangely and let &; € L?(R x T*Y ® gp @ gp @ gp) such that 74(§;) = ;.
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Then m4(P.§;) converges to a; and hence rankP. > m. Now it follows from
Lemma 7.6 that
rankP. = rank P,

for ¢ > 0 sufficiently small. The same argument applies at t = ¢, + 7 and this
proves (26). Hence

index D, = Z m, = index Dy.

This proves Theorem 6.1. O
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