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1 Laplace’s Equation

13
82
u=u(x1,...,2,) Au=0 A:Zaxz
v=1 v

Definition: Let Q C R open set. A C2-function u : Q — R is called harmonic
if it satisfies (1).

Theorem Main tool: Divergence Theorem (Gauss): f : Q — R™ C-
function, f € C! LQ,R"), where @ C R™ bounded open (so the closure is com-
pact) and 9Q = Q \ Q a Cl-submanifold of R™.

Q/divfdx: /(f,z/>dS

o0
lv(z)] = 1,v(z) L T,09Q, outward
v : 0 — R" outward unit normal vector field

divf:=>", ggi7 M c R™ k-manifold, V" C R*" open set, U C R"™ open.

w:V—-UNM C'-diffeo.
For g : M — R define

[ 9ds = [ atwieny/aen(an(©mave) i

MNU %
Can also be interpreted as Lebesgue-integral, but we consider only continuous

functions = Riemann-integral.

Example: Q=B,={zeR"||z|<r}
MN=05.={zeR"||z[=r}
fl@):=x g—ﬁ:l divf(z) =n

vieg)=5  (fiv)=r

/divf dz = nVol(B,) /(f, v)dS = r Area(S,)
Q lo) -1

where Area(S1) = w,,

How to compute w,? Trick:

|2 7 2
/e =1 4 = //e 121% 4.9 dr
0 S,

Rn

= / e Area(S,) dr

0
00

1 2
= wn/rnlerdr

, o

r :s,2:rdr:ds ﬁ/sgileis ds
0
n
G
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n
272
ﬁ n even

23
oG nodd

|3

2m
w’ﬂ = =

=
—~
0l
N

W1:2 WQ:27T w3:47r W4:27T2

Q2 C R” bounded open set with C'-boundery. u,v € C?(Q) and f(z) := v(z) v

du
Bwl
u(x) with yu = : Q0 —R"
Ou_
- ox,,
Then f € C*(Q) and
divf = Z O

Divergence Theorem = Green’s Identities

/vAuz—/(VU,vud—&—/v@dS
Q on

Q o0

Casel v=1in (2) fQAu:f%dS
o0

Case 2 v=uwin (2) fQuAu"i‘fQ\VUP:a{)“%ZdS

Dirichlet Problem

Au= fin Q
u = g on Of)

Neumann Problem

} 3 at most one solution u € C?(12)

Au= fin Q
auu Jin } necessary condition: / f= / g uniqueness up to add. const.
Gn = g on 0 Q 20
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spherical symmetric
Au(z) =0 AeO(n) AT = 271

v(y) == u(Ay) = Av(y) =0 Exercise

Are there a spherically symmetric solutions u of Au = 0, ie u(Ax) = u(x)VA €

O(n)Vz. Such a solution would only depend on |z| = /22 + ... + 22.
Let 0 < a <band ¢ : (a,b) — R a C%function.
Let Q:={x € R" | a < |z] < b} and define u : Q@ — R by u(x9) := ¢ (|z|)

What is Au?

ou ,
= (e
Pu o a? (fa)) 22
a2 = Vet g (1|x|2>
-1
Au(z) = w'/<\m|>+w'<\m|>”|7
Au=0e 0" (r) + /() =L —

r

W) = et
V) = e(l—mr

C 2—n
ﬂr n > 2
w(r) { clog(r)
From now on choose
L p2-n > 9
Y(r) == { ey 9

The function
—w; |z~ n > 2
K(z) :==9¢(|z]) = ¢ Tou(eh

loglle) -y — 9

is called the fundamental solution of Laplace’s equation.

Remark:
a) 88 =i
¢) U= _nr (L)
AK =0

Lemma 1: Let K¢(z) := K({ — ). Let & C R" be a bounded open set with
C'-boundery and u € C?(Q).
Then for € €

(i) w(€) = [, KeAu+ [ (%58 — Kededs
o0

(i) it Q= B, (§) ={z e R" | |z — | < r} then
u@)= [ W(z—¢)—vr)du)dr+ ;5= [ udS

Br(£) 9B (¢)

Remark: The term ﬁ f u dS is the mean value of u over the bound-
9B,(&)

ary of B,.(§)
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Proof of Lemma 1:
Step 1 (i)=(ii):

OK¢ ou, (A) 1 / /au
S S Ol s — 24
/33 (u ou 5(%) wprn—1 udS — () on s
(&)
B,(€) 8B,

_ 1 @-&x—¢ 1

oogl = vln) = pog | 0K 1 _
(4) VK () = 22k on T oy Jr— g wrnd

Proof of (ii) Key trick: Q, := Q\ B,(¢)

reen K
¢ :’(2)/ (KeAu — uAKe) = /(KE@—uQ)ds
Q

. on on
0Q,.
o (9’U, 6K§ BKE 6’U,
o0 8B,(€)
OK¢ ou
KA — — Ky—
6K§ 6u
= — _K,—)d
/ (u on 5871) s
9B, (€)
e 1
i — / udS—H//(r)/ Au
wnr™ B..(€)
8B,.(€) —_—
"=0u(e) B

Key fact:
K¢|q is integrable, so /KgAu is well defined

and /KgAu: lim/ KcAu
Q r—o0 Jo

We have proved:
2 C R" bounded open C'-boundary
ueC?Q),£€Q

u(€) = [y KeAu+ [ (u‘% — K¢8%)dS (Lemma 1)
o0

L |zP" p>2

Ke(z) = K(€—1) K(z):=1(|z|) ={ log((a])

Case 1: u harmonic = u(§) = [ (u% — K¢8%)ds
[5}9]

Given gg, g1 : 2 — R. Define

u(€) == / (025 _ g Ky as

on
oQ

Then w is harmonic, but u|so need not be equal to go and %bg need not be
g1. The problem

) ou
Au=0in Q ulgg = go n loo = g1
n
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is overdetermined!
Ch(Q) := {u € CYQ) | u vanishes near 90}, where u vanishes near 9Q <
supp(u) := {x € R™ | u(z) # 0} C Q.

Case 2: u € C3() convolution = u(§) = [, Keu = [ K (£ — z)Au(z) dz
Q
extend u by defining u(z) := 0 for x ¢ 2

=u=K,Au Yuc C3(R")

Question: Given a continuous function f : R® — R with compact support,
define

u(w)i= [ K- )iy
Rn
Is it true that Au = f 7 Answer: YES and NO!
Lemma 2:  C R" bounded, open. f € C%(Q) bounded. Define u: Q — R
by (*)
=ueC?*Q) Au=f

Remark: K : R" — R is integrable near zero and hence on every compact
set.

Proof:

Step 1: g¢g:R" — R locally integrable = V bounded Borel set B C R™:

,{lgg)/ lg(y+h) —g(y)|dy =0
B

Exercise:
a) true for continuous g

b) approximate g by continuous functions
(we proved that C2(€2) is dense in L(2))

Step 2: f: — R bounded measurable = wu is continuous.

Proof of Step 2:
u(z) = [ K(z—y)f(y)dy
/

() —ulw) = | [+ =) = K@~ ) ) dy
Q
< /\K<x+h—y>—K<x—y>|dy
Q

h—
suplf| [ 1K +h - ) = Ko~ )|y "0
Q

IN

(by Step 1 with g(y) := K(z —y))

Step 3: Assume f € CZ(Q) = ue C? Q) Au=f
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Proof of Step 3:

uw) = [K@I-pa
R’n
du(z) = lim K lE e @;) -y g
s
= /K(y)aif(«T —y)dy
]RTL

(continuous by Step 2, similarly u € C?)

= Au(z) = / K(y)Af(z —y)dy
R

= f(z) by Lemma 1 = u € C%*(Q)

Step 4: general case f € C%(£) bounded.
Proof of Step 4: Fix an element ¢ € 2. Choose € > 0 such that By, C Q.
Choose a smooth cutoff function
. RN _ 1 |$ - £| <e
f=h+h fo=pfeCi(Q) fi:=(0-pfecC*Q)
u=ug+u u;:=K.f; StggsuoECQ(Q) Aug = fo

uq is harmonic in B¢ (§)!

w (z) = / K(x —y)fi(y) dy for € Ba(€)
Q\B: (&)

(because f;(y) =0 for y € B:(&))
differentiate under integral sign to get

u1lp.(¢) € C*(B:(€))
and

Auy () = / AK(x —vy)f(y)dy =0 for x € B.(&)
O\B:(€)

Case 3: Q= B,(§) in Lemma 1:

) u@r—AQL——/'WMx—gn—ww»Au@wm
—_——

wWprn—t
Br(§) <0 for 0<|z—£|<r

Definition: Q C R”™ open set. A continuous function u :  — R is called
subharmonic if

VEER™r > 0: Bi(8) C Q= u(€) < —— / uds

wprn—1
8B, (&)
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Lemma 3: For u € C?(1) the following are equivalent:

i) u is subharmonic

ii) V&€ € R"Yr > 0 with B,(§) C O

u(é) < oo | u(z)de
B (€)

ili) Au(x) > 0Vz € Q

Proof: (iii)=-(i): (**)

(i)=(ii):

If B.(§) C Q then wyp"'u(é) < [ udSfor0<p<r
B,

K
integrate [ dp
0

(i) => (iif):
Assume, by contradiction, that Au(£) < 0 for some £ € Q.
= 3r >0z € B.(§) : Au(z) <0

(=>)u(£)>ﬁ [ udSfor0<p<r
0B, ()
integrate to get u(§) > —% [, © U O

Corollary: u € C%(Q)

1

wpr™ 1 [ wdS
9B (&)

u harmonic & u(§) =

VevrB,(€) C Q

o ule) = /B o VB o

Wy T

Lemma 4: u: {2 — R continuous. Equivalent are:

i) V¢ e R*,r > 0 with B,.(§) C
— 1
U(E) o wprt=t [ wdS
9B (§)

ii) forall§ € R™,r > 0 with B,.(§) C

B (€)

iii) u € C?(Q) and Au(z) =0 Vz e

Proof:

(iii)=-(i): Lemma 3 for v and —u

(i)=(ii): Proof of Lemma 3.

(ii)=(i): “au(€) = fr ( S udS) dS differentiate to set (i).

0 \9B,(&)

(i)=-(iii): 1. Choose a smooth function ¢ : [0,00) — [0, c0) such that ¢(r) = 0 for

r >0 and ¢(r) = ¢(0) for r < 1 with flr”*1¢(r) dr = -
0

w.

2. Define p: R™ — [0,00) by p(x) := ¢(|z|)
= p is smooth (ie C*) and [ p(z)dz =1,p(z) =0 for |z| > 1.
R"'L
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3. Define pe(z) := L ¢(£) = ¢parepsilon is smooth.

pparepsilon(x) Z 0 for lz] > e fgupe =1.
4. Q. == {6 € Q| B:(&) C Q}. Define u. : Q. — R by u.(z) :=

[ pe(z —y)uly) dy
B.(2)

=u. € C® u(zr)= [ 0%ec(z—yu(y)dy
B, (x)

5. ue =ulo, Be(§) CQ

we) = Lo =y ay

en e
Bi(g)
- /(/ Lsyasya
o en e "
0 9B,.(€)

/ éd)(gu)r”*lwnu(ﬁ) dr
0

pnl ey
— [ Eed)awue

Example:
uz) = o
Ou(x) = 3lx|z;
di0ju(r) = 3x|f|] i#J
2 a3
u(x) = 3lz|(1+ EE
Au(z) = 3(n+1)|z|
Example:

u(z,y) == zyp(x? +y?), where p(s) = /—log(s) 0<s<1
——
S

2
deu=1y p(s) +22%yp'(s) = yp(s) + ﬁSp’(s) continuous at the origin
~~ s

—o00 for s—0

3
% 2u = 6ayp' (s) + 4z3yp” (s) = 624 sp'(s) +4x—2y s2p"(s) continuous
S N — 57 N —
cont’s cont’s
sp(s) = e 2l(s) + 89l (5) =~
24/ —log(s) 4(—log(s))?/2
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= f = Au = 12zyp'(s) + daysp”(s)

Ty 1 1 ,
=— 3 5 > —4 cont’s
z? +y* \log(z? + y?) —log(22 + ¢2)
This is the function we get for the Laplace. = u € C1(Q),Q = {(z,y) € R? |

Va2 +y? < 3} and Au € CO(Q).
0:0yu = p(s) +2sp'(s)+4a®y?p"(s), ie. u ¢ C2(Q).
~~ ——

notcont’s cont’s

Claim:
1) With f € C°(Q) as above we have K. f ¢ C%(Q)
2) fu € C%(Q) with Au = f.
u given by (1). Thenu € C?(Q\0) u+K € C?(Q2\0) and A(u+K) = f € Q\0.
Basic observation: 2 C R” open, u € C%(Q), f € C°(Q). Equivalent are:
1. Au=fe

2. Jqulp = [ofo Ve C5 ()

Definition: A function f : Q — R is called locally integrable if f is Lebesgue
measurable and [ |f|dp < oo V compact sets K C (.
K

Notation:
Li.(Q):={f:Q — R f is locally integrable/ ~}

f~yg pES f — g = 0 almost everywhere

Definition: Let u, f € L}, _(Q). u is called a weak solution of Au = f if

/QuAso:/Qfas Y € C3°(9)

FACT:
u € C*(Q),f€C’N) wis a weak solution of Au = f
=

u is a strong solution

Example 1: Q C R” open, £ € Q. u € CHQ)NC?*(N\ {¢}) and f € CO(Q),
Au=feQ\{}

= u is a weak solution of Au = f.
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Proof:
/ (pf —ulp) = / (pAu — ulAyp)
O\B. (¢) OQ\B:(¢)
ou dp
= — —u——)dS
(v on uan)
A(Q\Be(€))
Jp ou
= - —p—)dS
/ (u on wan)
P8:®) | | <allullr gl
= ga”_lwnc 30 0
This gives
/ (pf —ulAp) = lim (pf —ulp) =0
Q =0 Ja\B.(¢)
O

Example 2: Q C R” open, £ € Q. Define K¢ := K(xz — &)
S Kee CHQ\{€)) AKe—0€ Q) {¢}
K¢ is not a weak solution of Au = 0.

Green’s formula: / KeAp = ¢(€)
Q

so "AKe = 67

Example 3: f € L'(Q) = u:=K.f € L,.(Q) is aweak solution of Au = f.

Proof: V¢ e C3°(2) we have K,.d¢p = ¢ (Lemma 2)

= / (K. f)Ag / (K. f) (@) Ap(x)) de

Rn R
it K(y — 2)Ap(z) f(y) dz dy
Rn R
- / (K. Ap) () (y) dy
Rn
= /@(y)f(y)dy
Rn,

Lemma 5: (Weyl’s Lemma)
u € Li, () weak solution of Au =0
= u € C*°(Q) and v is harmonic.

10
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Corollary: Q C R™ bounded open, f : Q@ — R continuous and bounded.
Equivalent are:

(i) 3 weak solution u € C%(Q) of Au= f
(ii) Every weak solution of Au = f is in C?((2)
(iii) K.f € C*(Q)
Proof:
(ii)=(i): obvious
(i)=-(ii): Weyl’s Lemma

(ii)«<(iii): Example 3

Example 4: Q:= {(z,y) € R? | \/W < %} and

1
f(l’,y) = .172 + yg — log(xQ + yz) (log(x2 + y2) - 4)

J weak solution of A = f, u ¢ C?
= K.f ¢ C*(Q)

Example
=

Lemma 6: (APPROXIMATE DELTA-FUNCTIONS)

p: R" — [0,00) smooth. Assume p(z) = 0 for |z] > 1 and [ p(z)dz = 1.
R"l
Define pe () := 2 ¢(£) for € > 0.

en

= Vv e LP(R") ghg(l) lpesv — v|le =0

Proof:

Lemma 6 = Lemma 5: Denote Q. := {z € R" | B.(z) C Q}. Denote
U = pe,u: Qe — Rsuch that u.(z) = [ pe(z —y)u(y) dy
B.(z)

Step 1: wu. smooth and Au. =0

Proof of Step 1:
¢ € Choo(Qe)  pe() := de(—x)

/usAso = /(pe*Asﬁ)
QE QE

P [ s A
Q

— [ uaGee) o0
Q
Step 2: K C  compact subset = lim. ¢ ||uc — ul[z1(x) =0

Proof of Step 2: Choose an open set U C R™ such that K Cc U c U C Q.

Define (@) -
u(x S
”(x)::{ 0 2¢U

= v € LYR") wu.=p.,vin K provided that ¢ > 0 is sufficiently small
= Step 2 follows from Lemma 6

11
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Step 3: uwe (C>®()) Au=0

Proof of Step 3: By Step 1: u. € C>*° Au. =0

() = — / ue if Br () € Qe
B (&)

wpr™"
Define
n
o(€) == / v €0,
WnT™" JB,(¢)
= [0~ ue©) < o [ Jue ] 0 by Step 2
WnT"" JB,.(€)

Lemma 4 .
= u = v cont’s = u harmonic and C*

Lemma 7: (Young’s inequality)
f,9: R™ — R continuous with compact support, p > 1

= I fegllee < fllzellgllLs

Corollary : f.g well defined for f € LP(R") and g € L'(R") (continuous
functions with compact support are dense in LP(R™)).

Proof:

Lemma 7 = Lemma 6: Define 7. : LP(R"™) O by T.v := p.,v.
Then || T.vfle < [lpellpr[v]lLe = ||v]l Lo

So | T-|| < 1.

Claim: lim. ,oT.v =v in LP(R™)Yv € LP(R™).

By Banach-Steinhaus it suffices to prove that for continuous functions v : R™ —
R with compact support

penv() —v(z) = / pe( — y)(v(y) — v(x)) dy

= pe(z —y)(v(y) —v(x))dy
yEB: ()
su v — V(T e L — d
< s o) —e@) [ o)y

B.(z)

=1

< s fo(y) — (@) =00
z,yeR”
s0 lim. ¢ ||pesv — v||L= =0 O
Lemma 8: (Hoélder’s inequality)

luollLs < [lullze 0] za

u,v : R™ — R continuous, compact support, % + % =1 pgqg>1

Proof:

12
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Lemma 8= Lemma 7:

I fegllzs = /lf*g(a?)|pdx

]Rn
= [feg@)P~ | flz—y)g(y) dy da
Jratr

IN

/ g (@) P — )] J9(y)| d dy
R" R™ )

1/q 1/p
bemga 8 / (R/ f*g(x)l(””qdw> (@/ If(x—y)l”dw) l9(v)] dy

Rn

/ 15eglst 1 lorlo(w)] dy
]Rn

—1
1fegll7 1 fllzellgli e

Proof:

8B1(0)

Lemma 10: u € C?(Q), Au =0, bounded, Q. = {£ € Q| B.(£§) C Q}

(i) [V u(@)| < Zsupg |u] V¢ € Qe

13
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(i) &o,&1 € Q. such that

te1 4+ (1—1)& € Q. Vtel0,1]

[u(€) = u(o)| < = suplul - &2 -
Q

Proof:

(i) B:(§) € 2 by Lemma 9,

n
vu©l £ 2ol [ eurendse)

" 9B
n

< / | u(€ 4+ ex|dS(z)

EWn N—_——
9B1(0) <supg u
<

n
— sup |u]
£ g

1
w(&) —u(é) = /% (Co+t(&1 —&o))dt
0

- /vu o+ (1 —&o)) - (& — &o) dt
0

IN

/vaﬂmrfd
0

n
—sup |ul - [& — &o|
€ Q

IN

Lemma 10 if Q@ = R"7 Q. = R™.

Theorem: (Liouville’s Theorem)
% : R™ — R harmonic, bounde. Then w is constant.

Proof: M :=supg. |u| Ve,r>0,B,(§) C R, by Lemma 9,

n M- -n
| v u(é)] < — sup |u] <
T B.(¢) r

Ifr - o00=|vul)|=0. vu=0= u constant. O

COMPACTNESS:

Theorem 1: wu; € C?(Q) harmonic, k € N, supy, ||ux||r~ < oc.
Ju € C? harmonic, a subsequence ug, such that uy, — w uniformly on every
K C Q) compact.

Proof: Define M := sup,, ||ug|| L

14
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Step 1: Fix B,(§) C Q. Je > 0 such that B,;.(§) C Q.
By Lemma 10, Vz,y € B, (£), (2 = Br1<(§))

nM
Jun(z) — us(y) < "o — ]

= uy’s are equicontinuous on B, (&)

Arzela-Ascoli
=

I{ug, } such that ug, — u uniformly on B,(§)

Step 2: Q= U;enB,, (&) VB, (€). Apply 1 to obtain a subsequence, extract
a diagonal sequence ug, such that

if
u, = u on every By, (&)

K C Q compact. Find I C N, #I < oo such that K C U;er By, (&).
uy; — u uniformly on B,, i€l
= ug, — u uniformly on U;er By, (&) D K

Step 3: wu is harmonic.
B,(§) € Q, up — uon B¢

1
ug(§) = i / ug(x) dS(z)
9B (£)
u@) = [ u)as@
o=l
9B (&)
by Lemma 4, u is harmonic. O

Lemma 11: wu € C*°(Q) harmonic, Br(&) C Q.
r< R,z € B.(§), a € N*, where (o = (aq,...,a0), |a| =a1 + ...+ ap)

nlelelel=1 g1
— 7 Sup [yl

0%u(z)| <
|0%u(z)| ST

Proof: Induction on |a.
If |o = 1:
@) < s sup Jul
83:1 - (R — ’I") Br(£)
by Lemma 10, where Q = Bg(§) and B, = Q..
Assume V|3| < |a| we proved the Lemma. Take § such that « = 8 +¢; =
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(Brs--, B+ 1,0, Ba). B +1=]al
0 x r
0ula) = 055 " [ g+ pasy)
9B1(0)
= = / y; 0 u(z + py dS(y)
Pn ¥z
9B1(0)
< n sup |85u|
P BH—p(f)DBP(m)
< ﬁn'”‘"le‘o‘|*2(|a\ - 1! S
T (R=(r )T B
< 7n\alela\—1|a|! sup |ul
T (Bl e
(R —r)lel
<
p(R— 1 —p)lol=1
(%)
< ela| for some p
o _ (*) 1
Let k:=la| =1, s = 5 < STF < e(k+1).
Chooses:ﬁ@(lf%ﬂ)*k:(%k:(l+%)k<e O

Theorem 2: Every harmonic function is real analytic.
Ve € 23p > 0 such that V|z| < p
1 (63 (0%
w+z)= Z a@ u(é)x

aeNn
¥ =it al =gl !
Proof:
R
Br(§) CcQ r:=— |x|<§

Ri(, @) :/k(lft)k’l > éao‘u(§+t:ﬁ)xo‘ dt

0 la|=Fk

We want Ry (&, x) M0 uniformly for « € B,(0).
By Lemma 11:
kek:flkﬂ

z "~ sup Jul k= ol

aa
‘ u(§+t$)‘§ (R/Q)k Bale)

1
/k(l —t)F At =1 |2® < |z|*
0

P k!
[Re(&,2) < nfef (o) — sup |ul
R/2 |az—k ol Br(§)

< sup |ul "= 0
( R/2 BR(§)| ‘
<1

16
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: R
if [z < s0 < 3,3, O

Lemma 12: (Maximum principle)
Q bounded, compact, open. u € C°(Q) subharmonic. Then

(1) u(x) < maxgpgu V€ Q

(ii) If u is non-constant, then u(x) < maxpqu Vr € Q

Proof: Qg :={z € Q| u(z) = maxqu}
O ={z € Q| u(r) < maxgu}

Q= Qo @] Ql. Q0N Ql =, QO closed.
Assume £ € €y, 3Ir such that B,(§) C Q.

n
maxu = u(§) < / u < max v < maxu
B (€)

Q T owpr® B,.(¢) Q
n
/ maxu —u =0
WnT™ B, (6)

>0
u(zr) = maxu Vo € B.(§)
Q

= B, (§) C Qo = Qo is open
Either Q¢ = @ or Qy = .
(i) If 3z € Q such that u(x) > maxyq) u

maxu > maxu
Q a9

= 3 € Q such that u(§) = maxgu
= Qo # T = Qg = 0 = u = maxgu. Contradiction!

(ii) If 3z such that u(x) = maxu with the same procedure v = max g u

Lemma 13: wu subharmonic, 2 bounded
(i) u(xz) > infgou Vo € Q

(ii) If u non-constant, u(z) < infaq u

Proof: Apply Lemma 12 to —u.

Corollary: wu; € C?(2) N C%(Q). Q bounded open

ug|oo — g uniformly

Theorem 3: wu; — w uniformly, © harmonic = u|gq

Proof: wuy, —ui subharmonic.
(* k,l—00
sup |ug — | < suplug —w| — 0
a a9
=y, — uwunif o € C’O(ﬁ) ulon =g

Lemma 4 = « harmonic.

sup £ (ug — ;) < max +(ug — up)
Q o0

17
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Theorem 4: ) C R™ open, bounded, f € C°(Q), g € C°(99).
The problem
Au=f inQ
{ u=g¢g on 0f)

has a unique solution!

Proof: Assume u,v are both solutions.

Alu—v)=Au—Av=f—f=0 inQ
u—v=¢g—g=0 on N

max principle
(u—v)(x) < I%%X(u —v)=0 Vxe

(v —u)(x) gnégx(vfu) =0 Vze

su—v=0

To come: Poisson’s formula for the ball B;(0) or By (£)

Poisson’s method.

Q C R™ open bounded, f: 9 — R continuous.

Dirichlet Problem: Find u € C°(Q2) N C?%(Q), Au =0 in Q with u|sq = f.

Proof: Uniqueness: ok

Existence:

Assume first: 92 C R™ smooth submanifold

By Lemma 1: if u € C?(Q) is harmonic in € then

if v € C?(Q) is harmonic

ou ou
v= /(u% —va—n)dS
[5}9]

if in addition ve(z) = K¢(z) Va € 9Q then

()= (@) = [t as

o0

Definition: Let K : R™ C 0 — R be the fundamental solution of the Laplace
equation and, for £ € Q, let ve : Q — R be a harmonic function such that
ve(x) = Ke(2)Vo € 09, where K¢(z) = K(z — &).

Then G¢ := K¢ — ¢ is called a Green’s function for Q at &.

Remark: If G¢: Q C {¢} — R is a Green’s function and u € C?(1) is har-
monic then u(¢) = [ (u%)dS.
Q

o]
How do we find a formula for the Green’s function?
Special Case: Q =B, ={z e R"||z| <r}

18
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Key Observation:
1. K¢« |g is harmonic if £* ¢ Q
2. Can we find a point £* ¢ B, such that K¢« (x) = const - K¢(z)Vaz € 0B,
(what is K¢7). o
Must find a point £&* € R™ \ B, such that

K-
e (@) = const for |z|=r
Ke(z) >~
(g2
Ke-(x) & —2[\*™"
= ifn>2
Ke(z) ( € — = )
e |§ —T = const on 0B,

2 2
Answer: &* = ‘2% &l =7 >r

& == _ |£¥]2 — 2(&*, ) — |z]?
|€ — x| |£%]2 — 2(&, x) + |=|?
7‘4 T2
e~ 2T
T2 —2(€, ) + ]2

r2

:@(*)

The solution ve € C?(Q) of Ave = 0 in Q(ve — K¢)|on = 0 is
B @ 2—n %
@ = () ke

1 |£| o * 2—n
e () €
1 T§ |£|"E|27n

= —— |- b=
wn(2—n) l¢|
If n > 2 then the Green function for B, at ¢ is given by

1 _ l2=n 7'5_5|-T/2_n>
wa2_n)05 o - I - B

Ge(r) =

Exercise: For n =2 we get

Ge(w) = % <10g(|§ — ) - 1og(\% _ @ ))

Compute % on 0B,.

€z r¢
e S S S |
VGe(z) = wlz — &7 Wn|& _ %‘n r
If x € 0B, then
S S S
z— & =z — &&= >
o= = o — 7S = B2
= for x € 9B, we have
1- 4 v
VGﬁ(x):m V(l"):;
0Ge, PP
Poisson Kernel on (x) = m =: P(¢, )

19
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Remark: If u € C?(B,) is a harmonic function then

r2 — |£]2
u(§) = / P&, x)u(z)dS(z) = R e 4

o | e an 4S@) VeeB,
OB, B,

Theorem 5: Let f: 9B, — R be continuous. Define u : B, — R by

r

for £ € B, and u(§) := f(§) for £ € IB,..

Claim: Then u € C°(B,) N C%*(B,) and Au =0 in B,.
Proof:

g
rwp € —x|”

1. The map (§,z) — P(&,z) is C™ for |z| <r [ <r|] z#¢

P& x) =

for |z| =7 and |§] <7

2. For |z| =1 the function B, — R : & — P(&, z) is harmonic.

lel<|al=r 1 P [ 4 2—n>
et L — L (jg—appor 2 Kl ©
x — Ge(x) is harmonic in |z| # €] so x — G4(§) is harmonic in {¢ | |¢]| #

[}
So P(¢,z) = (V.G(&, x),v(z)). Hence u is harmonic in B,.

3. P(&,xz) >0 for |zi| <r and || =7

4. [ P(¢& x)dS(z) = 1€ € B, (by the Remark with u(z) = 1)
OB,

5. lime_q01¢j<r P(&§,2) = 0 for x # xo
Fix zg € 0B,. We must prove that u is continuous at g

ul(€) — u(zo) & / P(€,2)(f(x) — f(x0)) dS(x)
0B

|lz—x0|<d|x|=" |lz—z0|>0|x|="

I Iy

Given € > 0, choose d > 0 such that
|z =m0 <= [f(x) — flzo)| <&

Then

ns [ PEoIS@ - fa)ldsw@) <
OB.N{|z—z0|<8}

Now choose ¢’ > 0 such that

€ — 29| < 6" |z —mo| >0= P(x)<e

ir2fl£\2< 1 r2—[¢f?
Twy [T =" T rwy, (00"

= P(§ ) =

20
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Then
Ll < r"le,  sup P(&a)|f(x) — f(xo)]
" |z—xo|>6
Voln—1(8B,)
< " lwg|[flle sup P(€2)
|t—zo]|>0

<e for |E—zo|<é’
< 27" Y || fllpeee for [€ — x| < &

So [u(€) —u(zo)| < (142r"tw, || fllz=)e for |§ — 20| < &’ (ie continuous).

O
Harnack inequality: w« € C%(2) harmonic, Br(§) C Q,r < Ryu > 0
= For [z — ¢ <1
l—ﬁ R nu(é“) <u(z) < R nu(f)
R2 R+r - “\R-r
Proof: Exercise! :-) O

Theorem: Harnack’s Monotone Convergence Theorem:
ur, € C%(Q) harmonic bounded below on every compact subset of Q. wuy(z)
nonincreasing for every x € Q)

u(x) == klirr;o ug(z) x€Q

= u is harmonic and uy converges to u uniformly, on every compact subset of €.

Proof: wu; —ugy; > 0in Q.

R

= Jur() = wert ()] < ()" I(uk(§) — wera (&)

for x € B,(&) if r < R and Bg(§) C Q.

Hence for every £ € Q3r > 0 such that uy converges uniformly in B,.(£). If K C
Q is compact, cover K by finitely many such balls to get uniform convergence
on K. Use Lemma ... O

Q) C R™ open, bounded
Dirichlet problem: Given f € C°(09Q), find u € C°(Q) N C%(Q) satisfying
Ay =0in Q

u = f on Jw
Perrons’ method:

Recall:

1. u € C°(Q) is called subharmonic if

1

rnflwn

u(€) = / wdS = M, (&, r)

0B, ()

whenever B,.(§) C Q.
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2. u € C?(2) subharmonic < Au > 0.

3. u € C°(Q) subharmonic, u # constant

= u(x) <supu Vr €
o0

4. u,v subharmonic = u + v is subharmonic.
Let u € C°(Q) B=B.(¢) C Q.
Define _
u(z) x €
1 r’—|z—¢)?
o u(y) dS(y)

up(r) = e

up|p is the harmonic extension of u|sp (Theorem 5).
This defines a bounded linear operator

Hp:C%Q) — C°(Q) Hpu:=up
e (u+v)p=up+vB
e (Au)gp = Aup
e supg |up| < supg |ul
Lemma 1: Let u € C°(Q). Then

u subharmonic & u <up V ball B C Q

Proof:
<: B=B.() BcQ
= u() < up(©) Y M, (&)

(*): because up is harmonic in B and uglap = ulsp

=: u subharmonic and B = B,(§) C 2
= u — up subharmonic in B (v —ug)|ap =0

Max-Principle .
= u—ug <0in B.

Example: =1

harmonic < linear and constant

subharmonic < convex

Lemma 2: u<v=up <uvp
Proof: Maximum Principle:
up — vp harmonic in B

ugp—vg=u—v<0ondB
= ug —vg < 0ion B. O

Lemma 3: wu subharmonic and B C Q2 bounded = up is subharmonic
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Proof: Use Lemma 1:
Denot v :=ug. Let A C Q be a ball.
To show: v(x) < vp(z)Ve € Q

Case 1: 2 € Q\ A:v(x) =vp(z)

L1 L2
Case 2: z € A\ B:v(z) =u(r) < upa(zr) < vp(z)

Case 3: t € AN B :v— v harmonic in AN B
v—ovp <0on d(ANB) (by cases 1 and 2)

Max Principl .
e :r;nCIPEU—UASOmAﬂB.

Lemma 4: w,v subharmonic = max{u, v} is subharmonic

Proof: w(z) := max{u(x),v(z)} = w continuous, u < w, v < w
L 1 and 2

emmal and 2 g, every ball B C
u<up <wpgand v <vg <wpg

= w = max{u,v} < wpg

Lemma 1 . .
=" " w is subharmonic O

Fix a continuous function f : 92 — R. Denote
Sy = {u € C°(Q) | u subharmonic, u(z) < f(x)Vx € 0N}
S like subharmonic.

Define uys : @ — R by us(z) 1= sup,cs u().

Proposition 1: wuy is harmonic in 2 and

inf f <wup(x) <supf VzeQ
o0 90

Proof: DBasic facts:
(i) Sf#@ wo(z) :=infpa f uo € Sy
(ii) u € 8§ = u(x) <supgy f Vz €Q
(iii) u,v € Sy B C Q ball = max{u,v},up € S

We prove that uy is harmonic:

Fix an element £ € Q and r > 0 such that B,.(§) C Q. Denote B := B,(£).
Choose u1, ug, us, . .., € Sy such that u (&) = limy_ o ug(§).

w.l.o.g assume:

ug1(8) > u(§) V€

Define vy := max{uy,...,ux}. Then

v € S5 g1 > vk up(§) = lim vg(€)

k—o0

Define wy, := (vg)p. Then

Wi € Sp Wpg1 > Wy > Vg Uf(g) = lim wk(f)

k—oo
wy, is harmonic in B

Because wy(7) < supyq fVEVz € 2 the limit w(x) = limy o wi(x) exists for
every x € ().
By Hamack’s monotone convergence theorem w is harmonic in B.
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Claim: wu; =w in B. By definition of uy we have w(z) < uy(z)Vzx € B.
Assume, by contradiction, that 3z* € B such that w(z*) < uys(z*)

= eSrw(”) <v(z") <uyp(z)

S = |z" — | > 0 because w(&) =usp(§) B* := B,(&)
Let
wy = max{w : Jmv}lp w" :=max{w,v}p-
= w(z) < max{w(z),v(z)} = w'(x) V€ OB*

Max Principle
=

w(z®) <v(z*) =w*(z") w(zr) < w*(x)Ve € B*

(because w — w* is harmonic in B*, non-constant, and < 0 on dB*).

However:
!

w(§)0uy(§) = w*(£)

because
a) wp €Sy wi <wjyy <uy

b) wj converges to w* uniformly on 0B*.

e wj, converges to w* on B*
= w* <uy in B*
= w*(£) < ug(§)

O
u superharmonic PEF 4 subharmonic
Sii={ue C%(@) | u superharmonic u(z) > f(x)Vx € 0Q}
uy(z) == inf u(z)
ues;
Proposition 2:
(1) w} is harmonic in
(i) infoq f < uj(z) < supgo f Vo € Q
(iil) up <u}
Proof:
(i) and (ii) follows from Proposition 1 with f replaced by —f.
(i) w €Sy u* €S
= u — u* is subharmonic and u(z) — u*(z) < 0Va € 9N
MP .
= u < u* in Q= (iii).
O

Definition: Q C R" open, & € 092 -
A barrier function for Q at ¢ is a subharmonic function g € C°(Q) such that

9(§) =0 g(z) <0 VzeQ\{¢

Proposition: ¢ € 0Q2. Assume that Q2 admits a barrier function at &.
= uyg,u} continuous at § and uy(§) = f(§) = u}(§).
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Proof: Let ¢ > 0 and u.(z) := f(€) — € + cg(x).
Then if ¢ > 0 is sufficiently large we have uc(z) < f(z) Vz € 9Q and so
Ue € Sf
Likewise u? € S%
= ue(z) <up(r) <uj(r) <ul(z)vVe € Q

Given € > 0 choose § > 0 such that

= f(§) = 2e Suy(x) <ujp(x) < f(€) + 2
for all z with |z — & <§ O

Theorem 6: ) C R™ open and bounded. Equivalent are:
(i) Vf € C°0)3 solution u € C°(2) N C?(Q) of the Dirichlet problem.

(ii) V€ € 0923 a barrier function.

Proof:

(ii)=-(i): Proposition 1-3.

(i)=(ii): Choose f(x) := —|z —&| = € 92 and let g € C°(Q) be the solution of
Dirichlet Problem.
O
Ay =0in Q
u = f on 0F)

Dirichlet integral is ®(u) = [, | 7 ul?

Proposition 4: Suppose u € C%(Q) N CH(Q), 9N is a Cl-submanifold of R™.
u|lpq = f. Equivalent are:

(i) w is harmonic in

(i) ®(u) < ®(u+v) Yo e CHQ) with v|sq = 0.
Proof:

D(u+v)

/\vu+vﬂ2
Q

/Q(IVUI2+2<W, o)+ | v o)

ou
A 2 —-
(Au)v + /Qan v

=0

mw+@@_2/

Q

O(u) + ®(v) — 2/9(Au) v
(i)=(i): Au=01in Q

= ®(u+v) = ®(u) + D(v) = P(u)

if7” =" thenv=0
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(ii)=(i): if v € C1(Q) and v|pn = 0 then

O(u) < P(u+tv) VEteR
=®(u) — 2t/ (Au)v + t*®(v)
Q
= 0= %h:oq’(u + tv)

= —2/ (Au)p Yo € CHQ) vlpn =0
Q

Au=0

Idea for a method to solve the Dirichlet-Problem: Minimize the func-
tional ® over the space X := {u € C1(Q) | u|oq = f}

Warning: We must choos f such that X # @.

f 092 — R must be continuously differentiable.

Choose u; € X such that ®(u;) — inf,cx ®(u).

Questions are:

e jDoes u; converge in X (or in other words: is there a minimizer u € X
such that ®(u) < ®(v) Vv e X)?

e If u exists, is it true that u € C?(Q)?
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2 Sobolev Spaces:

Q C R™ open. Ny ={0,1,2,3,...}
a=(ay,...,a,) € N} multi-index
9% — glel

= Gort. gz Where |a = a1+ ag + - + an.

Distributions: D(Q) = C§°(QQ) topological vector space.
A sequence ¢; € D(2) converges to ¢ € D(R) if and only if IK C Q, K compact,
such that

supp¢; C K VieN

and
lim ¢ — ¢l =0 WL €N
11— 00

ollcr = > sup|o*g()l

aeNyal<1 *€9

The set D/(Q) := {T : D(Q) — R | T is continuous and linear} is the set of
distributions on Q.

Example: u: ) — R continuous then the formula

Tu(é) = [ u(w)ola) do

Q

defiones a distribution on 2.
More generally, every locally integrable function « : 2 — R determines a distri-
bution T, : D(2) — R by the same formula

Tu(0) ::/Quqb (Lebesgue integral)

Key fact: If u: Q — R is locally integrable and

/ up=0 Vo e C5°(Q)
Q
then v = 0 almost everywhere.

Remark: The map L _(Q) — D'(Q), u+— T, is injective and linear.

loc

Remark 1: LP(Q) C LL (Q) Cc D'(Q) for 1 < p < 0.

loc

Remark 2: If u:Q — R is continuously differentiable, then

/Q udip = — /Q (0o

More generally if u :  — R is of class C*, then

ie

Toeu(9) = (=1)1*1T, (0%¢)Va € N with |a| < I

Definition: Let T € D'(f2) be any distribution and o € Njj. Then partial
derivative 0T is the distribution defined by

(0°T)(9) = (=1)*IT(9*9)
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Terminology: LetT € D'(Q2). Wesay "T € LP(Q2)” if T belongs to the image
of the inclusion

17(w) = D'(Q)
ie, if Jv € LP(Q) such that T = T,. Then, for u € L?(Q) and « € Nj}, we have
79T, € LP(Q)” if and only if

T, € LP(Q) Vo € C(Q)

[ v = =0 [ e

We also write 0% € LP(2)” instead of ”9%*T,, € LP(Q2)”.

Notation: The function u, € LP(Q) in (*), if it exists, will be denoted by
0“u = u, and is called the weak derivativ of u associated to «

Definition: Let k€ Nand 1 <p < oo.
The Sobolev space WkP(Q) is defined by

WEP(Q) := {u € LP(Q) | Va € N} with |a| < kJu, € LP(Q) such that (*) holds}
={ue LP(Q) | 0% € LP(Q)Va € N° with |o| < k}
1/p

lullkp = llullwen = / 07 ul? 1<p<oo
|| <k

U = max ||[0%ul| o
e = max 07l o)

Remark: If u € C%(Q) then the strong partial derivative %u agrees with the
weak derivative Yo € Nf with [a| < k.
Hence 0%u € C°(Q2) C LP(Q) Va € N§ with |a| < k.

So C*(Q) c Wkr(Q)

Hence also

C(Q) € C>®(Q) c WHP(Q) VEk,p

Notation: Wéc’p(Q) := closure of C§°(Q) in W*P(Q).

Lemma 1:

(i) WkP(Q) is a Banach space

(i) WkP(Q) is reflexive for 1 < p < oo

(iii) W*P(Q) is separable for 1 < p < oo

(iv) u € Wk+1,p(Q) & u e WHP(Q) and dju € WEP(Q) fori=1,...,n

(v) Vk,p3c = c(k,p) : If u € WFP(Q),v € Wk>(Q) then uv € W*P(Q) and

[wollp < cllullkpllvllr,co

Proof: We know LP(£2) is complete.
X = {(Ua)\a|§kaeNg | uq € LP(Q)}
X = LP(Q,RY)  where
N =#{aeNg||a| <k}
So X is a Banach space. There is an inclusion W*? — X +— (0%),. This

/p
inclusion is isometric if || (ta )alx == (za ||uaug,,(m)
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Claim: The image of this inclusion is a closed subspace of X.
Claim and known stuff from Measure and Integration and Functional Analysis
= i), ii), ii).
(ti,0)a € X sequence, u; € WEP(Q). Assume 0% = u; . Assume J(ug)q € X
such that

lim ||us0 —ualle =0 Vo

11— 00

Denote u := u(,...,0)- Then uy, = 0%u !

/ U@ = lim Ui,ad = (—l)la‘ lim w;0%¢ = (—1)'“| / 0P
Q Q

11— 00 71— 00 9] (9]

(iv) Exercise!
(v): u € WFP(Q),v € WE(Q) = uv € WFP(Q and

Bl —

8(uv):27ﬁ)!8 Pud’v  a e NP la| <k
Bl €LP €L

b<as G <aq i=1,...,nand ol =ay! - ay,!

Proof by induction:

Step 1: k=1
ue WP v e Whe = yv € WP and 9;(uv) = (Qu)v + u(dv) i =
1,...,n

(Leibnitz rule for weak partial derivatives).

Step 2: k> 2

Assume the result holds for k£ — 1.

St
u € Wk oy e Whoe =P wv e Whe

Oi(uwv) = (Qu) v +_u  (Ov)
Wh—1,p Wk WEP 1 oo

Induction Hypothesis _ .
= Di(uv) e WP =1, . n

Lemma 1, (iv)
=

uv € Whe

Proof of (*): Same induction argument as in the case of strong derivatives.
(Leibnitz rule and higher derivatives commute)

0*(0°T) = 0°(0°T) = 9° A"

Lemma 2: Q C R" open. u € WhP(Q),1 < p < co.
p: R"™ — R smooth satisfying p(z) =0 |z[>1 [z, p=1.
For 6 > 0 denote Q5 := {x € R" | Bs(z) C Q} and

us(x) = (ps * u)(x) = /pa(x —yuly)dy z€Qs
Q

T

with ps(z) == Fp(%).
= For every compact K C ) we have

Lim llw = usl[wewxy =0
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Lemma 2 =

Lemma 1 (v) for k = 1: u € WP v € Wh*. Choose

us : 05 — R as in Lemma 2.

Pick ¢ € C5°(92

). Let K =supp ¢ C Q. To show:

/Q( 0;0)(uv) = /gb (Osu)v + u(0;v))

If 0 so smoll that K C Q5 then ¢,, € C5°(€5). Hence

),

(Bid)us + dpdug)v = / @(dus))-v=— [ dusd

Qs Qs

= /K(ﬁiqﬁ)uav = f/l((udelta&v + (Qus)v

By Lemma 2 we have

1‘ - P P
5{}%”“5 ullery =0

lim |0sus — diullLo(x) =0

‘“’/(m - [ otudrw + @) = ()

Proof: of Lemma 2: Assume uc W*?(Q). We know:

° us = ps

*1u : Qs — R is smooth C*°Vé.

e For a € Ny with |a| < k

Note: (***)

so by (¥¥¥)

0%us = pgs * 0%u
strongderivative weakderivative

= Lemma 2, because

li — , =0
61_{% llps *u U||LP(K)

girré 0% (ps * u) — O%ul| Lo () = 0

Proof of (***): Fix a point x € Qs. Define ¢ € C§°(Q2) by ¢(y) := ps(x —y).
Then supp ¢ C Bs(xz) C Q. Hence

Definition:
every g € 0f)

® an open

0% (ps *u)(z) = / (0% ps) (& — y)uly) dy
Q

= [ #(y)0%u(y) dy

ps * 0%u)(x)

Let k € Ng. An open set Q C R” is called a C*-domain if for
there is

neighbourhood u € R™ of z.

e a unit vector £ € S77!

e a constant § >0

a Ck-function f : &+ — R such that f(0) =0 and

QNU ={zo+n+t&|nLE&n <6, f(n) <t<d}
(wlog U = {zo +n+t&|n L& |n| <o,t] <d})
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Example: @ =[0,1]" is a Lipschitz-domain.

Lemma 3: Let Q C R” be a C%-domain, £ bounded.
Let u e WFP(Q) 1<p< 0.

= 3 sequence of open sets 2; C R"

3 sequence u; € W*P(Q;) such that

QCQJ‘ Vj

and
lim [Ju — ujflwrr@ =0
j—oo

Theorem 1: Let Q C R” be a bounded C°-domain. Then C*°(2) is dense in
WkP(Q) for all k and 1 < p < oo.

Lemm 3

Proof: Lete>0 "= "30' CR" open
Ju' € WFEP(Q) such that Q C @ with [Ju — o/|lyr.e0)<c/2
Now choose ps as in Lemma 2. Then ps * v : Q5 — R is smooth and

Lim [lps * u’ = u'lwrr (@) = 0
For ¢ > 0 sufficiently small we have Q C Q} and

llps * u — u'|lwrwo) <e/2

Then B
ps * u'lg € C*()

and
1ps *u" — ullwesq) <e

Proof of Lemma 3:

Case 1: wu as in definition of C°-domain.
QNU ={zo+n+t{[n L& nl <9, f(n) <t<d}
f: &t = R continuous, f(0) =0

QNV={zo+n+t&|n L& |n<e f(n) <t<d/2}

where € > 0 is such that |n| <e=|f(n)| < d/4,e < /2.
Suppose that u(x) =0 Vz ¢ V. Define uy(x) := u(x + Ae)
x=xzo+n+t& Inl<e f(n)—A<t<i/2

Choose €, such that Q C Q, and

DNU ={zg+n+t{|[n L& <0,f(n)—A<t<d}

Then
U\ :Q)\HR )I\EI%JHU)\*U”Wk,p(Q) =0

because
0%ur(z) = (0%u)(x + A) ze€QNU
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Case 2: Cover 02 by finitely many nbhds. Vi,...,Vy as in Case 1.
Choose (next) Vo C R™ open such that V C Q and

QcVonVin...NVy

Choose partition of unity p; : R™ — [0, 00), p; smooth, j =0,..., N, supp p; C

so pou extends (by zero) to an element of C§°(R™). Apply Case 1 to pju j =
1,...,n. Get sequence:

Define
N
Q=) Q.
j=1
N
U, .= Zuj,i + pou € Wk’p(Qi)
j=1

lim [Ju; — ullwro@) =0
u € CY(R"™),7u = 0 = u constant
This remains true if weak derivatives vanish.
) C R™ open, bounded, diam(Q) := sup{|z —y| | =,y € Q}

Lemma 4: (Poincaré-inequality):

(i) For u € W*P(Q) we have
lull zr () < diam(Q) | 7 ullLr (o)

(i) If Q= Q" = (0,1)" and u € W(Q) then
/Qu = 0= |ullze@<nivulliro

Exercise: Q= (a,b)" [,u=0

= llullzr@) < (b —a)| v ullLr @)

Proof:

(i): Assume Q C {z € R | 2, > 0} and 0 € 9Q. C°(Q) is dense in WP (Q)
suffices to assume u € C3°(§2). Extend u to a smooth function on R™ by

defining
u(z):=0forz ¢ Q
Then: N
u(qj) = /an’u,(a',‘l, ceyTpo1,tdt Vo eR®
0
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ou

= (@) < /|anu(x1,...,xn,1,t)|dt

diam(Q)

/ \8n(x1,...,wn_1,t)|dt e

0

IN

Define d := diam(2)

1/p
Hilder | | < ql=1/p /|anu(x1,...,xn,1,t)|pdt
d
lu(zy, ... zn)|P < dP? / |Onu(ze, ..., Tp_1,t)[P dt
0
d d
= / lu(zy, ... zp)|P da, < dP / |Opu(xy, ...y 2n1,t)|P dt
0 0

H“”Lp ) < d?||0, u||Lp ©) <dv||v uHL:D(Q
(ii): @ is a C%-domain. So, by Theorem 1, C*°(Q) is dense in W1P(Q).
Remark: Vu € WHP(Q) with fQu =0 3 sequence u, € C*(Q) with

fQ u, = 0 and lim, o [|u — u, |lw1.r(@) = 1. So, it suffices to prove (ii) for
u € C(Q).

Induction:

n=1: Q=(0,1). For z,y € [0,1] :

Holder
fu(y) — ulz ww/ dﬂ</w Ve B

= /e < ule) — uly) < oo
= —le'llr < ule) < [l
(@) < [l Ve € [0,1]
Jullr < sup fu(@)] < Jo]|s

0<z<1

n < 2: Assume the result holds for n — 1. Let u € C=(Q"), fQu =0 and
define

v(t) := / Opu(Z,t)dt T := (21,...,2p-1)
anl

1
é/v(t)dt:() V(L) = / Onu(Z,t)dt
0 Q-1
1
”é/ |”dt</|v P di
0
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() < / Opu(z, 1) A3
anl

"Lrpors [ oG ore

ol
1
/|v’(t)|pdt§/|8nu|pda:
0 on

Moreover; by the induction hypothesis for = +— u(Z,t) — v(t)

/ u(Z,t) — v(t)|P dZ < (n — 1) / |Nablagu(, t)|P dZ
Qn—l Qn—l

= / () — v(@)P dz < (n— 1)? / | u(@) dz
Q" QP

= [lu =]l Lr(gry < (n = D[ 7 ullLrgr)
[vllzr(@n) < l10nttllLrigny < 17 wllLrgn)

= |lullLe (@r)<niivull Lo gny

Corollary: Q C R” open, connected. u € I/Vlicp (), 7u = 0 almost every-
where. = u is constant (ie. Jc € R such that u(z) = ¢ for almost every x € Q).
Moreover, if u € W, ?(Q) and yu = 0 then u = 0.

Proof:

Claim: w is locally constant, ie. Vo € Q3 open set U C Q,dc € R such that
z € U and u(y) = ¢ for almost every y € U.

Note: ¢ in this claim does not depend on u, so ¢ = ¢(z).

For a € R the claim shows that the set A := {z € Q | ¢(z) = a} is open and
closed rel. €. So either A=Q or A = 0.

u € WyP(Q) extend u to R” by u(z) := 0 for x ¢ Q, ¢ = 0.

Proof of Claim: Choose U =Q = (a,b)"” with z € U.

Tl g, € C>(Q) such that u, — u in WP(Q)

1 1
écy.—w/;uyﬁc.—\fol(cg)\/Qu

= u, — ¢, — u—cin W"?(Q), by Lemma 4
luy = vy llr < n(b—a)l| vV uyr — 0
u—c=0in LP(Q)

ie. u(x) = ¢ almost everywhere on Q. O

Question: Ts every function u € W2?(€2) continuous? No!
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Example: Q=R" u(z)= ﬁ a>0

vu(z) = e | v u(z)| = [jasr So | v u(x)|P = Iw\?’l% When ist this
function integrable?

integrable near x = 0 < ap + p < n (Exercise: prove it!). Soif p <n,0 < a <

% — 1 then u € Wli)’cp but v is not continuous.

Exercise: strong derivative = weak derivative.

e u:Q — Ris called Hélder continuous with exponent p if 0 < p < 1:
lu(z) —u(y)| < clz —yl* Va,y e Q

e Holder norm:

u(z) — u(y
fuloos = sup D=y
rAYyT,yEN |"17 - y| z€eN

COH(Q) := {u: Q — R | u continuous, ||u||co.. < oo}

CPH(Q) = {u € C*(Q) | 0°u € CO*(QVa € NI with |a| < k}
lullern == 0%ullcon

la|<k

Theorem 2: Q CR" open, k€ N; 1 <p < 0.
(i) It kp>mnand 0 < p:=k— 3 <1 then
e = e(k, p)Vu € C§°(Q) :

lullco.na < cllullwrr@

Hence there is an embedding
WP (Q) — COFn/p(Q)
(ii) If kp < n then Je = c(k,p) > 0. Yu € C§°(Q):
lell, 22, o < cllulles

Hence there is an embedding

Wéc,P(Q) < L,,,T_Lip ()
Sobolev Embedding Theorems

Lemma 5: For p > n and u € C§°(Q2) we have

v u(z) — u(y)|
u\xr) —u
sup DI < ) 7 s
] ‘x_y|

(2)

sup [u(z)] < c([|ullrr + || 7wl e
T

n+1 —1
whereuzl—%andc:%(zi—n

)1*1/11

n

Proof: (of the Lemma)
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Claim: B C R” bounded, convex. u: B — R smooth, fB u =0

dnwn pfl 1—1/P .
S ula) < S (B ) g

Vz € B where d := diam(B),V := Vol(B)

Claim=-(1):
2 2
then d:= |z —y| V= (2)"%=. So £%» = 2" Define up := &+ [, u. Then

B := B, (

[\]

n 1*1/17
p—1 “n
[u(z) — up| < l/p( ) o =yl =P 7 o

Wn bp—n

u(z) —u on+l —1\ Y
Ll T oy

z —yl'=P T P \p—n
That’s exactly the Claim of (1).
Claim=-(2):
d"w,,
B=B d=2 =2
1(2) —

2n pfl 1_1/17 17n/p
= fu) = upl < 2 (E20) 2wl

<Ol vulz

1 1 n
) < g7 [ 1l = g las = (5Pl
Proof of Claim:

iu(:z: +it(y—x))dt

u@ —uly) = - [

\w

1
= /Vux—i—t x)),y —x)dt
0

(vulz +t(ly —z),x —y) dt

I
o _

= u(r) = V//lvu:v—i—t x),x —y)dtdy
0

Define: syu(z) :=0 for z ¢ B

1
1
o) = | [ [ttt B-ac Ry <a)
B—z 0
1
< 5 [ [1vutmlvididyy = ol =1yl =+
Iy\<d
= V/ n—l / /\vua:+tr,7|dtrd5( Ydr, p:=tr
In]=1 0
1 d r
= o[ | [1vusmdpasmar )
0 [pi=10
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d 1
1
(1) = V// | u(e + )l dS(n) dpdr
0 0

|V u(z+y)llyl " dy) dr

Il
<I=
o\&
<
3
L

B,.(0)
1 d
= o [ [ vl - el ayar
0 B, (x)

1/q
1d .
V*HV””LP(B) /|y—x|q “dy

1 dr Wy, \n/p p—1 1-1/p
**HVUHLP(B) 1/pd Py

-n
O
Lemma 6:
p<n ue€ COO(R") then
ful ez, < 522
Proof: (L. Nirenberg) p=1
U(I) = / aiu(:rla'"axi—htvxi-‘rla"'vxn)dt
u@| < [ ()]s
@)= < ey | [ 1ol de
Hélder: Marginpar(¥*)
[or -~ vl < floallzm - - [[om]lLm
(lorvallLr < floallzzflv2llz2)
Apply (*) with m =n — 1.
1
o0 o0 n—1
/|u(m)|n*1 de' < /H?:1 /|81u\dxl da?
7 7 T oo =
= /\61u|d331 /H;;Q /|8iu|dxi da?
» T oo oo T
< /\81u|dx1 m, / / |0;u| dz’ dat
//|u\ﬁ det dz? < /[H} da?
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-1
(**) Holder with p=n—1,q=9p = r
n—2
1 [ =
(%) 1 9 A
(x) < //|81u|dx dx /H;’:2 //|8iu|dmldx d
L 1
n—1 n—2
< //|81u|d331dx2 //\%u\dxzdxl
n—2
[ ﬁ n=t
/Hggg //\8iu|dxidml d
_—OO
T T
< //|81u|d331d3[:2 //\82u\dsc2d$1
e, ///|8iu|dxidxldx2
Vi<k<n

1

—
—
—
=
3
ik
o,
a»—t
o,
8
ol
IA

mr_, ///|5‘1u\dx1 da*
I // /|8u| de'. .. dz® da’
i=k+1 e 0 e

n—1

/\u|ﬁdm < TOr, /|8iu|dx exp to

R’!L
1
N
1 1
< 3 Gl
2 Livul
S V ullpt
(1) ai,...,anp >0 a; = ||61UHL1
(CLl an)% < a1+ -+ ap
n

Case u € W1 done.
Case u € WP (WhEP — WLP):
Consider v := |[u|®* «:= pZ—:ZI). Set g = p/; (% + é) =1, where ¢ = ﬁ.
n np
(078 = = (ox — ]_ .
P —— ( ) q

| v vl =alul*" v

p \ 171/ ol
np_ _n_
(/wwﬁ =(/M%1) = Jloll, 21 g
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1
ol < =l vule
< & furvd
5 1/q 1/
Holder « o
G ee) (frow)
o w \ TP
= un ul"=» |7 ullze
1 1 1 1 —
1---(1-)=---="17P
n p. p n np
« _ pn—1
lull 2z, < %H Voullr = Jnn _p|| v ulle
O
Theorem 2: ) C R™ bounded open, k € N, 1 < p < oco.
(1) Itkp>n 0<p=Fk—-2 <1
de = e(k,n,p) > 0 such that Vu € C5° ()
lullco.n < cllullwe.
3 constant inclusion Wg?(Q) — C%#(Q)
(ii) kp < n, e = c(k,p,n) such that Yu € C5°(£2)
[ull | ze < clluflws.r
3 inclusion W(f’p(Q) < L7 (Q)
Proof: Induction:
k=1: is Lemma 5 and 6.
Assume we proved the statement for k£ — 1.
Given k, set ¥ =k —1 and p' = %
[ N L
P’ p
If kp > n = k’p’ > n by induction hypothesis.
Wy P () — CO
WEP(Q) = Wy T (@) = Wy
(Lemma 6, applied u,du, ..., 8(k_1)u)
—_—— —
eEWlr
Wy () = W' — 0O4(Q)
i Wy? = Lis uwe O
ilose 1 CE°(92) € WyP () — L7 bounded
= i can be extended to C5°(Q) = W, P(Q)
kp<n=Kkp <n o= =q
By induction hypothesis Wy ? (Q) < L9(Q)
Wy () = W' (Q) — L9(Q)
O

39



2 Sobolev Spaces: 19.04.2007

Remark: The theorem is true if Q is Lipschitz.

Lemma 7: Q C R" bounded open, C'-domain,) C R™ bounded open with
0 cQ.
J a bounded linear operator

E: WEP(Q) — WEP(Q') such that
Bulg =u Yuc WHP(Q

Lemma 8: ., c R® C'-bounded domains
keN,1<p<oo,t: ¥ —Q C*diffecomorphism
3¢ > 0 such that Yu € W*P(Q)u oy € WHP(Q') and

[w o llwrrany < cllullwrr@)

Proof: By theorem 1 it is enough to prove the lemma for u € C*(Q).

V(woy) =dyp"  Juoy
" ||p < ¢ ||detdy(y)]| =6 >0

1/p

/ | 5 u(())? dy

Q/ |7 u(b0) Pldeti()]| dy

1/p
c
= 55 | [Ivu@ras
Q

C
= m“ V ullze

IN

7 (wo ) e

1/p

IN

General Case: 7 u e WkLrp

k-1l v U||wk-fl‘p(9)
dy™ - (Vo ¥)|lwr-1.
el 7 uolywr-1p

C’||U||Ww(9)

IV we w1
17 (wo ) lwr-1s

IA A

where
| dﬂJT (Vuo)|lwr-1.p

Ck—1 Wk—1,p

Lemma 1

Proof of Lemma 7: Consider H” = {z € R" | 2" > 0}
Ey : C*H") — C*(R")
Ey(u)(z1,...,xn) = Zf:ll ciu(xy, ..., xp_1, —5) if 2,, <0, where
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Facts:
a) (¥) = FEou € Ck(R™), ie. all derivatives up to order k math on OH"
b) u(x) =0 for |z| > R

= Fou(z) =0 for x| > (k+ 1)R

| Eoullwe.e@ny < cllullwrrmny < clk, p,n)|lullwn.e@n

Iigeneral: Qc U@ ...NnU,
Up C Q such that U; C U; C

@/}j:U]{HBR ’l/)j(UjﬂQ):BRﬁHn
B :R* —[0,1] suppf; C U; ZﬁleinQ

Bu=Bou+ Y Eo(Buow; ') o
=1 ————
on B;g
Y; € C*-diffeomorphism (Q is Ck—domain)
Bju o O’l/}j_l € W*?(B}) Lemma 8
Eo(Bjuc ;) € WHP(R™)

Compose with ¢; + Lemma 8. O

Proof of Thm 3:

k=1, p<n:
whP(Q) & WP (€) we choose Q' D Q
T}g}n 2 L"”:Pp (Q/) restr L'n,nfp (Q)
p>n:
Whr(Q) S WP (@) T () — CO (@)

k > 2: Induction.

p<n: L
Whe(Q) < WA (@)
k/:k—l pl: np
n—p
(Case k = 1 applied to u,...,0 1u).
k’—}%:k—%:,u,ifk'p’:kp>n

WHhP(Q) — WK (Q) — C%*(Q)
Primarly, if kp = k'p’ <n

’
n

WhEP(Q) — WH# (Q) — Li-t = L7 % (Q)
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Theorem 4: (Rellich)
Q C R™ open, bounded

(i) If kp > n then the embedding
Wy P(@) = C°(@)
is compact

(i) fkp<nand 1 <g<

n};c then the embedding
n—kp

is compact.

If Q is a Lipschitz domain, then both assertions remain valid with Wé€ P replaced
by Wk»,

Remark 1: In the proof we’ll assume 2 is a C'*-domain.

Remark 2: The inclusion
Wy P(R™) — LP(R")

is not compact. (The condition that € is bounded cannot be removed in theorem
4).

Remark 3: QR?

1 1 1
o 2

m>0

In this case the inclusion
Wh(Q) — L2(Q)

is not compact. (The condition that 2 is a Lipschitz domain cannot be removed
in theorem 4). Also

Wh2(Q) ¢ L7 for ¢ > 2

Remark 4:
Wh2(R?) — C°(R?)

Exercise: Find a sequence of Lipschitz continuous functions
u, : R? = [0,1] suppu, C By

u,(0) =1 Juy|lwrz —0

Proof: (of theorem 4)

The case kp > n: Assume 0 < p =k — 3+ < 1. Then WP (Q) © CO*(Q)
(Thm 2) and
lullcon < cllullwrr ¥u € WEP(@

Let
Fi={u e WHP(Q) | [|ully»r» < 1} € COQ)

42
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To show: F has a compact closure. By Arzela-Ascoli this means:
e F is bounded
e F is equicontinuous

We know that for every u € F

u(z) — u(y)]

|z — yl~

Jullow = sup fu(@)] +  sup
e z,yeQrH#y

= F is bounded )
Pick € > 0. Let 0 := (£)%. Then for [z —y| < and u € F we get

u(z) —u(y)| <clz -y <e
——

<

ol

so F is equicontinuous.
If 2 is a C'-domain, then (*) holds for all u € W*?(Q2) by Thm 3. So the same
argument shows that the inclusion

WHEP(Q) — C°(Q)

is compact.

The case kp <n: ¢ < ;5

Step 1: Let p : R* — R be smooth, supp(p) C Bi, [z.p = 1. Define

T

ps(x) = ﬁp(g) and

(o)) = / po(@ — yyu(y) dy = ps * u(z)
Q

= The operator ps : L*(Q2) — L'(Q) is compact.

Proof of Step 1: p;s is the composition

Ll (Q) quéﬂ;L cpet CO ((79) inclusion, bdii) lin operator Ll(Q)

Claim: The set
Fi={ps xu|ue LQ),|lul 1 =1} € C°@)
has a compact closure. F is bounded:
|ps * u(z)| < sup|ps| o [|ull L < sup|ps]

F is equicontinuous:
Let € > 0. Choose A > 0 such that V¢, ¢ € R™

1€ =& < A= |ps(§) —ps(&)| < e

Suppose z,2" € Q with |z —2/| < X and u € LY(Q), |lulp: < 1. Define us :=
ps * u, then

IN

|us () — us(2"))| /Ipé(w—y) = ps(2’ = y)llu(y)| dy
Q

N
™
—
=
&
a
<

A
o o
=
5h
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Step 2: u e WyP(Q),us := ps * u. Assume p(z) > 0V, then the claim is:

_1
”U — U5||L1(Q) < 5V01(Q)1 P || \V/ u”LP(Q)

Proof of Step 2: Suffices to assume u € C§°(Q2). Extend u to R™ by u(x) := 0
for x ¢ Q, then u € C§°(R™). Now:

u(@) - us(x) = ulz)- / soo(ule —y)dy

= ufz) - / p(y)u(z — 5y) dy

Rn

— [ w(ulz) - ule ~ 5 dy

_ _/p(y) (i %u(x—ty) dt) dy

R™ 0

- [ow) j (Vu(z — ty), y) dt dy

R~

(Vu(z —ty),y) dtdy

—

S O O~

ly|<

lu(z) —us(x)] < [(Vu(z —ty),y)|dtdy

=)
IA
2

IN

| v ulz — ty)[dt dy

=)
IA
A\

Integrate over x:

[l — w1

[ (@)~ us(a)] gz

Q

/] p<y>/5|vu<x—ty>|dtdydx

R™ |y|<1 0

/ p(y)j/IVU(x—ty)Idxdtdy

lyl<1 0 R™

IN

- / oy) /6 |91l dedy (A)

ly|<1

Holder
(A) =0 vullpg < SVl VP 7 Lo

Note:
[ faller < I flleellgllLa
1

1
p g

1/q
lgll = (/ 1Q) = Vol(Q)'/7 = Vol(Q)~1/P
Q
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Step 3: The inclusion
Ly WP (Q) — LY(Q)

is compact.

Proof of Step 3: By Step 2

lps 0 tp(u) = tp(W)llzr) = llu—us|
< §Vol(Q) 77
3 . [|u — us]|
lpsotp —tpll = sup

uGWél,p HUHWLP

< SVol()'F =0

By Step 1, pso¢p : Wol’p(Q) — LY(Q) is compact for every § > 0 = ¢, compact!
Step 4: For 1 < ¢ < & the inclusion Wy (Q) — L9(Q) is compact.
Proof of Step 4: Claim: For 1 < ¢ < %

lallzo < full3a ol =2
Ln—p

0<A<1

1 —
Soat+(-nt=E
q np

Let u, € WO1 P be a bounded sequence Stg; ° 3 subsequence u,, which converges
in L'(92). By Thm 2, the sequence wu,, is bounded in L7~ ().

(%) 1=
D, o < Juw, = v, I3 (o, + o |, )
—_———

—0 for i,j—o00 bounded

= u,, is a Cauchy sequence in L(Q2)
= u,, converges in L9()

Step 5: For 1 <¢< nf’;cp the inclusion

Wo?(€) — LU(Q)
is compact.

Proof of Step 5: Induction: By Thm 2

k—1,-12
o

WP (Q) =W, "7 (Q)

Ind. hyp. . .
=P The inclusion

Wa'? (@) < L9(Q)

is compact = Step 5.
Step 6: QC'-domain. 1 < ¢ < 75 = the inclusion
WhP(Q) — L1(9)

is compact.
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Proof of Step 6: By Lemma 7 3 extension operator
E:WhP(Q) — WeP(Q)
for any (bounded) open set Q' C R"™ with Q C €, satisfying
(Ew)lo = u

Wl’p(Q) Eboir;ded Wol’p(Ql) cpct by_>Step 4 Lq(Q/) bded_r)est. Lq(Q)

Step 7: Q C R” bounded, open, C'-domain. k € Nwith 1 < ¢ < nﬁ’;cp, where
kp < n. = The inclusion

WEP(Q) — LI1(Q)
is compact.
Proof of Step 7:
k=1: Step 6

k > 2: Inclusion as in Step 5 with Thm 3 instead of Thm 2.

O
Lemma 9: 1§p§q§r§oo70§)\§17%:)\1_’_(1_)\);
= Jlullze < [lullgsllull
Proof:
1:& (I_A)q p/::£ ’I"I_ T
p r Ag (1—-XNg
1 1
AN
= / |ul? = /|U‘M|u‘(14)q
Hold > >
og(er </|u|)\qp/>1> </|u|(1/\)qr/>p
Ag A-XN)q
= (furw) " (frur)
A 1-X\
=l 2l &V
O
Interpolation:
Remark:

WH(R S WHP(R") & j — % <k- g J<k
(except when k — % =j q=00).

Note: np

n—(k—jp
(or ofr ¢ < oo if (k— j)p =n or for any ¢ < 0o if (k — j)p > n).

LIS WFIP o g < if (k—j)p<n

Whe c Wit c L
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Want:
ulljg < ellullp pllul

What’s the "right” value of A7

Theorem 5: (Gagliardo-Nirenberg)
Q ¢ R™ bounded open C*-domain with 1 < p,q,r < oo and j, k € Np.

Assume 0 < j < k
n _ . n n
2ei-Zek-2
r q p

and, if (k — j)p = n assume also that A\ # 1.

J= g = A= )=

<i<1

o~ .

= Je > 0Vu € WHP(Q)

lullyp < ellulli pllullo;

Proof: Arnos Friedman, PDEs, Halt-Rinenart-Winston 1969 O

Example 1:
np

n—kp

J=0 kp<n r<qg<

S =
Q=

A=

1 _ n—kp

r np
1 —k 1
SRy Y B
q np r

Lemma 9

A
= ullze <l g llul

1-A
LT

By Thin 3 ], s, < clfulyes

n—Fkp

Remains true for kp > n and any q. Proof in this case more difficult.

Example 2: p=qg=7 =1

£
lullwsr <l lullLs

Example 3: jg=kp>n r=o0

1—4
|ul[ "

i
k
k.p

Jull i <

Theorem 6: (product estimate)
Q C R” bounded open C*-domain, kp > n

=3c>0 VYu,veWhP(Q)

[wvllkp < c(lullkpllvllne + [lullzev]lk,p)
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Proof: Let a € N§ with |a| =k, u,v € C>(Q)

ol
0% (uv) = - _9%up* Py
)= 2 Fi5—ay
Bl=i la-Bl=j iti=k
10°u0* | e < [|0%ul Lal|0 0]
1 1 1
_|_

LT

qg T D
chooseqz%andrz%

10°ud* = || 1»

IN

el ke [0l 2
th J,Tp

i/k

Example 3 i/k HU”
LOO

< C”u“k,p
< clllullipl

1 k k
J

i/ k 1 /k
a2 N34

ollze)* (|l )ik

[k.pllull Lo

1
ab< —a? 4+ -0 p=- ¢q=
p q v

Proof: (of Thm 5 in the case p =g =1:)

(I) u : [0,1] — R smooth

1
= [ OP <2719 [(uOl + 0" (0)) d
0

t
u'(0) = u'(t) — /u"(s) ds integrate from x to y
0

(y — 2)u'(0) = u(y) — u(z) - //yu”(s) dsdt
1

= SO < Ju(@)] + lu)| + 3 [ 1) ds
0

integrate over x and y

1/3 1 1

= gl < [ u@ldzt [u@ldy+ g [l )]s
0

2/3 0

1/ (0)] < 9 / (b)) dt + / " ()| dt
0 0

use (a +b) < 2P~ 1(aP + bP)

(II) Ve >0 VYue CP(R)

[t <2t [ erpup 4 o)
R R
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Proof of (IT): By (I), we have for every z € R
1
W/ (z)|P < 2P~ 19p/ lu(z + )P + [u" (z + t)[P) dt
0
integrate over x.

1
= / |u/(z)|P do < 2p719p//(\u(x + )P + [ (x+t) P dz dt
0

=219 [(u(@) + o (@)) do
R

Let v(z) := u(ex) = v'(z) = ev/(ex) and v"(z) = %u” (ex)

Jror ==t [ 1up
[lwp=et [

"p _ 2p—1 "p
/w| ¢ /W|

/%Vg?*W/wwﬂww

/\v’|1’ =Pt / [u'|P < 2p’19p/(s’1|u|p + e/ |P) = (I1)

we know

Yu € C°(R™)
iy < (14 n2P197)2) 7 [lul|3/2[|ul| /2

By (1), for t — u(xy, ..., Ti—1,t, Tig1,...,Tn) We get

/|8iu|p dx; < 2P~ 19P /(£_p|u\p + eP|02ulP) dx
R R
integrate Over o1, ..., Ti—1,Tiq11,...,Tn:

= |OiulP < 21’*19”/ (7P ul? + €P|0%ulP)
Rn RTI,

[ < [ e 0<e<a
n R n

>l = [+ Y o)
< (14-n2rtor) /

R™(e=P|ulP4eP 307, |82ulP
(14 n2P7197) (P |lullp, + P [lullb )

<
< (14 n2P 0Py 2 57wl

1
where ¢ is such that ¢ := (““”L” ) 2
lulle,p
= (III)
Vk > 2¥p € [0, 00]¥Vn > 1
3e=c(k,p,n) >0 Vue C5(R")

ilky, 1—i/k

k,p ||u||0,p

l[ulljp < cllull
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k= 2: (II0)

k > 3: Induction:
By induction hypothesis IeVu € CP(R™)V0 < j <[l < k

l 1—3/1
< clfulli”|lully

=for0<j<k—-1

_J
1Osulljp < CII@qu-lII@'uIIl_%l

k 17
< C||U\|kp
S
1
= ullj+1p, < (4 Defull, ||U||1
Also:
llull1p < CHUHJI? Hlullgy
k—1-j (k—1—3)
= [lullj+1,p < callully pl Jul 557 [ ||(§,kp noTy
- 554 et es )
= [Jullj41.p <clullg, [lu
o k=1- _(k—l)(.i+1)—k+1+]_ Jk
(k=1 +1) (kfl)(j+1) (G+1(k-1)
—1—
= [Jullj+1p < 02||UHkp ||u||0,pk 0<j<k-1
= (IV)

This proves Thm 5 for p = ¢ =r < 0o and u € C*(R").
For Q a bounded C*-domain use the Extension result Lemma 7. O

Theorem 7: (Trace theorem)
Let Q C R™ be a bounded open set with smooth boundary 1 < p < co. Then:

(i) 3e=c(n,p, Q) > 0Vu € C>(Q)
1 1-1
lll 2o o0y < ellullyf? oo luall o
(ii) Let u € W*P(Q). Then:

u e WEP(Q) & 0%ulog = OWa € N2 with |a] < k— 1

Proof:
(i) v:9Q — 8" ! outward unit normal. Choose f : R® — R™ smooth such
that floo =v
Juras @ [ dwul)
o0 ¢
(

>

) /Q (div)lul? + p(f, Tuyulul~)

< C/ e v
Q
(*), because (|ulP f,v)|sq = |ul?
(A), because /|ulP = plulP~ sign(u) 7 u
c=sup |divf| +p-sup|f]

/ WPds < e / P (fu] + | 7 ul)
o0 @

(/(Iu|+|vu)”)1/p (/Q |u|(p—1)q>1/q

1/P||u||1 1/p

IN

clfuf
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ATTENTION: 2 pages of information are lacking!!!
Q C R™ bounded open (set), smooth boundary. 1 < p < oo.
We proved:

Je >0 Yuec C™®(Q)

1 1-1
luloqllLe < ellullyf? o lull o
(< cllullwre @

Consider the linear operator
C™(Q) — C™(09)
ﬂ u — ulan ﬂ
Whe(Q) LP(99)

This operator is bounded wrt. the W1P-norm on C*°(Q) and the LP-norm on
C>(0N2). Hence the operator u — ulpn extends uniquely to a bounded linear

operator
T:WhP(Q) — LP(09)

This extended operator is called the trace operator.

What is T,,? Given u, choose a sequence u; € C°°(£2) converging to u in the
WhPnorm. Then u; is Cauchy wrt. W1P-norm. By the inequalities (*) the
sequence u;|gq is Cauchy wrt. the LP-norm on C'*°(9€). So u;|aq converges in
L?P(09) and we define

T, := lim ;|0
1— 00

Notation:
u|aQ = Tu

ker T = {u € WP | Vu; € C(Q),u; " u, lim [luilollr = 0}

Thm 7, (ii) says:

kerT = Wol’p(Q)(: closure of C§°(Q) in Wh?(Q)

Lemma 10: € C R™ open, bounded, smooth boundary, 1 < p < co.
Let u € WHP(Q) with ulsq = 0, ie. u € ker T'. Define

u:R" - R

by
z €

a@%:{gu;¢9

= € Wy (R™)

Proof: Define 4, : R” — R by
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Claim:
| (@oaoa) =0 voecrm)

true by definition if supp ¢ C €. To show:
/Q((@jqb)u + ¢(9ju)) =0 V¢ € C®(Q)
WLP i

Take a sequence u; — u u; € C(Q)

= / (O)u+ $@mw) = lim [ ((9;0)u + 60;u:)
Q Q

11— 00

= lim [ 0;(¢u,)
Q

11— 00

= lim ouv; =0
100 J 0

where v : 90 — S y(z) L T,00 Let u € WHP(Q) wulpq =0
To show: 3 sequence u; € C§°(Q2) such that lim; .o ||u — u;|lw1.p(0) =0
Let zo € 99Q. Since 0 is smooth 3U C R™ open, zg € U ¢ : U — (—1,1)"
diffeomorphism such that
Y(zo) =0
YU N Q) = {yn =0}
YU NQ) = {y, >0}

Choose open neighbourhood W of zy such that W C U. Suppose u(z) = 0¥z €
O\ W. Denote e, := (0,...,0,1) € R” and define

Wi QSR

by
ul(z) == u@ (P(x) — hep)) 2€UNQ

where u(z) := 0 for x ¢ Q and u”(z) := 0 for z € Q\ U.
Obsenigtions  h ¢ WP () and u” vanishes near dQ. So u" € WP (). Moreover

u" o (y) = uo ™ (y — hey)
= hhm ||’LLh Ow_l —UuUo ’lp_1||W1.p((,171)n) = 0
= hlim lu" = ullyi, =0

= because W, P(Q) is a closed subspace of WP(Q) we have u € Wy*(Q).
This proves Thm 7 for £k = 1 and u supported in a small neighbourhood of a
boundary-point.

General Case: (still £k =1)
Cover 02 by finitely many such neighbourhoods Wy, ..., Wy. Choose a parti-
tion of unity subordinate to Wy,..., Wy

Y pi=1 pi:R"—[0,1]

near 992  supp p; < W;

= u= (u—Zpiu)—i-Z piu € WyP(Q)

_ Wi
WP ()
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Exercise: Extend the proof to the case k > 2.

Key point: in Lemma 10:
Assume u € W*P(Q) and

0% o =0 VaeNJ, |of<k-1
ewe

Prove: 1€ WP (R™).
Back to Thm 5.

Interpolation: 0<j<k p>2andQ CR"” bounded open.

= Jdc > 0Vu € C3° ()

i/ky 1d/k
el 50 < ellulli/y Tl
(special case of Thm 5, g = %,r =00, = %)

Notation:
3k“($) = (aau(x))aeNg|a|:k

oFu(x) == Z |0vu(x)|?

|a|=k
1/p
0% e = (/ a’mw)
Q

Lemma 11:

Vp > 2Vk € N3c > 0Vj € {0,1,...,k}Vu € C°(R™) :

aj < ak % 1_%
107wl s < cllO%ull o llull o

Remark 1: Lemma 11 and Poincaré inequality = (*) for p > 2.

Remark 2: Lemma 11 is obvious for 7 = 0,k. First nontrivial case is k =
2,7 =1.

Lemma 12: Vp > 1Vu € C§*(R")

[ 1ot <wreo—vp [ juriotu
R™ R™

Proof: Let o > 0 and define
fR—-R f(y) = yly|

= fis Ctand f'(y) = (o + 1)[y|*
*=227? The function uf(O;u) is C* and

Oi(uf(Oiw)) = Opuf(Oiu) + uf'(Ou)0?u
= 10:u* + (2p — 1)ud?u|dyu|? 2
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= |0jul? = —(2p — 1) - / ud?u|O;u|*P 2

Rn

n

= | ol < (2p- 1)/ |udF ul|O5ul*P
Rn ]R‘n.
p—1

1/p -
Holder
SV A RV
R™ |udZu|P R™|9;u|?P
1/p 1/p
= ([ o) o= 1) ( [ o)
R™ n

= 1o < ep-17 [owp (@)

IN

Now use

o = (3 low)”

< (h-max \partialiu|2)p

hP max |D;u|*P

= (4)

IN

(2p— 17 / fuf?|9Puf?

;»/|alu|2p < hP(2p - 1)p/|u|p|82u|p

Proof: (of Lemma 11):
Induction on k&

k = 1: nothing to prove
k =2: Lemma 12

k > 3: Assume the result holds with & replaced by k — 1.
Must prove result holds for k and j =1,...,k— 1.

Case 1: j =k —1: Apply Lemma 12 to 0%u with |a] = k — 1.

=3Je; >0 Yue CFR")
[0t <o [ ot otujats
n RTL

Use Holder with p; = % P2 = %T_Q So p%—i—p% =1

k

k—2 :
kp kp \ 2F—2 k—2
/\8k_1u|k—1 <c </|8k_1u|k2> (/|8ku|p)

use induction hypothesis

/|6k_2u|(k}c€12)q < ¢ Sup|u‘ﬁ/|ak—lu|q

choose ¢q := % > 2

(2) /|ak—2u|% < co Sup|u|(k,f§%/|ak—1u|%
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(1) and (2)
kp P ___kp
:>/|ak_l|m < ¢163°7? sup |u] FDEE=D
) k-2 %3
. <\/|8klu|kkpl> . </|aku|p>
kp ka’" k=2 » &
= </|8k_1u|kl> < c1e)F7? sup |u| T2

ko
2k—2
(fi7r)
/\3k*1u|% §03sup|u|ﬁ/\8ku\p

Case 2: 1 < j <k —2: use induction hypothesis with p replaced by %

/|8ju\% _ /|3ju‘%(%)

< casuplu T [ johnye

(3) —1-j
< C3c4sup‘u|k Jl ]%%/‘akuw

where we use that

k—1-j kp p _ (k=Dkp—(k=1)jp _ (k—=j)p
i k—1k—1 j(k —1) j

[
ot
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3 The Calderon-Zygmund Inequality:

Question: Q C R™ open, f € LY. (Q). Suppose u € L, () is a weak solution

loc

of Au=f
= u e Wil (@)
Answer: Yes, if 1 < p < oco.

RECAP:

1. u, f € L, (Q), u is a weak solution of Au = f if
[@ou=[or voecr@
Q Q

2. Weyl’s Lemma: u € Li,.(9) weak solution of Au = 0
= u is smooth, harmonic.

1 2
"on>2
3. K(x):= { zom " fundamental solution.

5= log(|z]) n=2
f € LX), Q bounded = u := K x f € L*() is a weak solution of
Au = f.
2. and 3. show: for f € LP(Q), 2 bounded, we have
Kxfe VVlif(Q) & every weak solution u of Au = f is in I/Vlicp(Q)
4. The function K;(z) = 0;K(z) =
integrable on every compact set.

is integrable near 0 and hence

T
wn |z|™

Lemma 1: Q C R” bounded, f € CZ(R), u:= K * f = ju =K, = [.

Proof: Key observation:

@ Di(pK) =0 Y € CF(R")
Rﬂ,
[ oK) = 1w [,
Gass g [ —Zp(a)K(z)dS
e=0JoB. €

because, if |z| = € we have

!
|
IA

1

(@) < llellze

cllog(e)] n=2 OChoose ¢(y) :== f(z —y), then

0 = /f(ac —y)Ki(y)dy — /&f(w —y)K(y)dy
Rn R"

= (Kix [)(x) - diu(x)
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Corollary:
fel’(Q) u=Kxf:Q—R £ bounded

:uer’p(Q) (‘Lu:Kl*f

Proof: Choose a sequence f;, € C§°(Q2) such that limy .o || fx — fllzr) = 0.
Define ug(x) := (K * fr)(z), x € Q.

L 1
B2 Quy = K * f

Our — K * fllp = 1K+ (fi — F)llp
<Kl 1k = fllp
—_———

—0

Young’s ineq
=

K f(z) = / Kz —y)f(y)dy = (K|u = [)() 2 €0
Q

where U := {z — y|z,y € Q} bounded
so K|y € LY (U) and

Oiup, — K; % f
in LP(Q). O
To show: f € LP(Q)

uk—>K>(<f }

= K, f € WhP(Q)

Theorem 1: (Calderon-Zygmund)
LetneNand 1 <p< o

=3Jec>0 VfeCCFR")
I (Kix Plle <clfllee (0=1,...,n)

(Proof will follow later)

Remark: Let u, f € C3(2). Then Au=f o u=Kxf

“=" Chapter I, Lemma 1

“«<" Chapter II, Lemma 2

Hence. for u € CZ(Q2) we have u = K x Au and so d;u = K; * Au. So

61'3]‘11 = 81- (Kj * Deltau)

Corollary of Thm. 1:

u € CHR"™ = |0;0ull, < cl|Aull, Vi,je{l,...,n}
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Theorem 2: (elliptic regularity for the Laplace equation)
Q CR™open, 1 <p< oo, felLl (Q). Let u € L, () be a weak solution of

loc

Au=f=uecW2P(Q) Thm. 1= Thm. 2: C C Q compact!

loc
Choose a smooth cutoff function p : Q — [0, 1] with compact support such that

pley=1forz e C v:=K=xpf
Claim: v € W2P(supp(p)) then u — v is a weak solution of
Alu—v)=f—pf=0inC

Weyl’s Lemma e
= u — v harmonic in 1nt(C).

So uling(c) € W2P(int(C)). This holds for every compact set C C Q and so
ue W2P(Q).

loc

Claim: g := pf € LP(R")
g=00onR"\ B B =suppp C {2 compact

=v:= K * glg € W?P(Q)
Proof of Claim:
Choose g € C§°(R") and supp gr. C B such that limy o [|gr — g, = 0
We prove that vy, := K x gr|q € C°°() is uniformly bounde in W27 ().
Young
okl < 10l llgelie@) U i=A{z —yle,y € 2}

Young, L1
10vkllr) < IKillLr@yllgrllze

L1,Thml .
10:0;ll vy = llpartial;(K; = gi)llLr@n) < cllgrllLe@n)
(*) = (4)

By Banach-Alaoglu and Rellich’s theorem v has a subsequence vy, converging
weakly in W2?(2) and strongly in LP(£2). But

lim ||vg — v =0.
I || k ||LP(Q)
So by uniqueness of limites we have

2,
U, Ty = we W2P(Q)

Lemma 2: Theorem 1 holds for p = 2 with ¢ = 1.
Proof: u:=K;*f=K=x*0;f (Lemma 1). So by Chapter I, we have
Au = ajf

WARNING: f, 9; f have compact support, but  need not have compact support.
By (1) we have

0
/ | v ul* = —/ ulAu —l—/ w22 Green’s formula
Br Br oy OV
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Key observation: limpg_, o faBR ug—}j =0. supp f C B,.

u(z)| = | / Ki(z — ) f(y) dyl

= I/Mf(y)dyl

Wn‘x _y|n

T

< /;\f(y)ldy

wn|m - y|n71

r

1
< Vol(B, o SUp —————————
< VOBl sup s
1
< (B, o —_—
= VO( T)HfHL wn(|x|*r)"71
(Fu(), ) < Vol(B)| 7 fI .
(A = N Lee ™= _ n—1
2| wy (|| =)t
S WY < Area(@BRIVOUB)? | fll~ I v S
oBn OV T " " L=V LWW%
_ Vol(B,)? R
= o WMl e~ s =

R;;W/Rnwuﬁ - —/"uAu
~ [ oy
[ @

|[partialjul| gz ]| L2

IN

= | v ul3 < [10jull2)lfllz < || 7 ull2l| fll2
= | v ullz2 <[ fll2
= vaulla =1 v (& fll2 < || f]l2

Marcinkiewicz Interpolation:

f+R™ — R measurable and m Lebesgue measure
p(t, ) :==m({z e R" [|f(z)[ >t}) t>0

Lemma 3:
(i) f,g, measurable

t

= u(t, f+g) < u(é f)+ u(§,g)

(i) fe LP(R™)

D P _ p—1
st N [ 1 pO/s (s, £) ds
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Proof:
(i) {z [1f(x) +g(@)] >t} C {z | [f(x)| > 5} U{z|lg(x)] > §}

(i) tPu(t, f) = f{wllf(z)|>t} tPdm(z) < [|f[Pdm < fRn |f|Pdm. Define F(z,t) :=
{Ptpl 0<t<|f(z)]
0 t>|f(x)]

FLgni/|f|p:/ /F(x,s)ds dz
0

R’!L
:/ /F(:c,s) dz | ds = /pspflu(s,t) ds
0 \w» 0

Lemma 4: (Marcinkiewicz)
Let T : L*(R™) — L%*(R™) be a bounded linear operator. Suppose that 3C' >
OVf € L2(R™) N L} (R"™)
tu(t, Tf) < C|fll»
=VpeR 1<p<2
Je=c(|T|,C,p) >0 VYfe L*R™)NLYR"):

ITflle < el e

Remark 1: L?NL'CLP 1<p< 2, because

2_1 22
Al < WA 1Al
(Chapter II, Lemma 9)
Remark 2: C§°(R") C L?(R) N LY(R") is dense in LP(R"). So T extends

uniquely to a bounded linear operator from LP(R™) to itself for 1 < p < 2 (not
necessary for p = 1).

Remark 3: ||T]| :=sup sy, = 1|7 fll2 (see Functional Analysis).

Proof: of Lemma 4 (Marcinkiewicz interpolation):
Assumptions:
T : L*(R?) — L*(R?) bounded and linear

IT||:= sup [[Tf]2
[l fll2=1

tu(t, Tf) <C|fllh Vt>0 VfeL*R"nLYR")

Let’s pick a function f € L2(R") N L*(R") and 1 < p < p2. For t > 0 define
Jt:9t : R" — R by

_ | fl@) |f(=
ft(x) = { 0 |f(
(
(

[0 f@
9:() '_{f(w) I
=>fita=7f

t

SH(5.TH) < Ol

60
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t t
(5)20(5: Tor) < [Tl < ITI 0l

B (e, Tf) < g Th) + (5, Tr)

2C 4|7
o) < 20+ T
[rs@p = b [euerna

0
o0

@) 7
S e / 272 |y dt + 4p| T / =3 g, I3 dt
0

0
1<p<2 (2pC 4p||T|? »
= + | f]
p—1  2-p ) Jgn

Proof of the last line

/ P2 fllde = / -2 / f ()| da dt
0 0 {If(z)|>t}

£ ()]
tP=2 dt| f(z)| dz

Fubini /

R

- [ e

Rn

Loo— =

o0 oo

[etaigar = e [ p@raa
0 0 {lf(@)|<t}
nent [ [ et ) e
R™ [ f(2)]
- [ lf@rda
-
]Rn

Lemma 5: Let n € N. Then
Je=c(n) >0 VYfeL*R")NL'R"):
Vk,7€{l,...,n}:

= (0K ) <5 [ 1F

Remark: What ist mean by 0y (K * f), when f is only in L?(R")?
Fact: For f € C§°(R") we have:
Kj*f:R" >R

is smooth and

10k (B F)ll2 < (1 £1l2

(Lemma 2)
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3 The Calderon-Zygmund Inequality: 11.05.2007

This means: 3 unique bounded linear operator T : L?(R?) — L?(R?) such
that
Tf=0k(K;*f) VfeCF([R")

Proof: of theorem 1:
T as in remark satisfies, by lemma 5, the assumptions of lemma 4

YB3 = cy(n) >0 Vf e CO(RY) C L2A(R™) N LY(R™)

1T fllp < cp(m)lfl5

Proof: of lemma 5 (important):
Tf = 0u(K;+ f) feCFRY TsIAR") - [3(R")
We prove in 3 steps that
e Ve L*nL': tu(t,Tf) <cl|flh
Step 1: 3¢ = ¢(n) with the following property:

If Q@ = |, Qi is a countable union of closed cubes @; C R™ with disjoint interiors
and h € L*(R") N L' (R") satisfying

h=0 Vi hlang=0
Qi

then 1
plt, Th) < e(VoI(Q) + Al
. Step 2: f € L>(R") N L*(R™) ¢ > 0:
= 3 countably many closed cubes @); C R™ with disjoint interiors such that
(i) t VO](Qz) S ||f||L1(Qi)SQH.t.VOl(Qi)
(ii) |f(z)| <t for almost every x e R\ Q @ :=J, Qs

Step 3: Steps 1 and 2 = lemma 5
Proof of Step 3: Fix at > 0, Q = |J; Q; as in Step 2. Define g, h by g(z) :=

{f(rc) v¢Q

varay Jo, I € Qi ae

hi=f-g
= h is as in Step 1 and

gl < A1 MRl < 2[1 £l

Step 1

=t "L evol(@) + 1)

Step 2

1 2
25 eIl + 271h)
= %)

Also, by Step 2,
lg(z)| =[f(z)| <t inR™"\Q ae.

lg(x) [fllLr @i <27 in Qs

| S ;
Vol(Q;)

Lemma 3

T 2 2
o iy ) < W03 _ ol

t2 t2
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3 The Calderon-Zygmund Inequality: 11.05.2007

2

g g g g

Tl gl [l g [l 2y
t
Lemma 3 3C—|—2
= p2t,Tf) < p(t,Tg)+p(t,Th) < (rali
For k € Z™,1 € Z, denote
oo Ki ki+1

Q:={Qk,1) | keZ" 1T}

Define
0= {Q€ O gy > 6@ €Q: Q@ g lfliey < 1)
ol(Q) fllr (@) Vol(Q')
Note:
1. Each decreasing sequence @1 O (2 D ... in Q contains at most one

element of Q.
Any two cubes Q, Q' € Q satisfy:

either @ C Q' or Q' C Q or int(Q)Nint(Q’) = @.

Hence two distinct elements of Q, have disjoint interiors.

2. QEQOaQIEQ7QCQ/
@’ is the next highest element of Q. So sidelength(Q’) = 2-sidelength(Q).
So Vol(Q') = 2"Vol(Q). Hence

tVOl(Q) < HfHLl(Q) S HfHLl(Q’) S tVOl(QI) = QntVOI(Q) VQ S Qo
= each Q) € Qy satisfies (i) in Step 2!
3. Qo =Ugeg, @ Let z € R". Then

1
xGQo(:)HQEquchthater, Vol(Q )||fHL(Q)>t

Proof of (*):

=: obvious

< Ifz e @ e Q with ﬁ@HfHLl(Q) > t consider the sequence Qo C

Q1 C Q2 C ... with Qo = Q,Q; € Q and Vol(Q;+1) = 2"Vol(Q;).
One of the ); is an element of Qj.

4. Lebesgue differentiation: f :R™ — R integrable = 3F C R" of measure
7ero

VreR"\E Ve>0 35>0:

U measurable
b= 110 = oy S 1 <

rzeU
ie.

1
lim ——— = f(z) for a.e x € R™
m(U)—0 m(U) /Uf /(@)

5. By 3. and 4., we have |f(x)| < t almost everywhere in R™ \ Qy. Denn
x € R"\ (Qo U E) Choose sequence @Q; € Q with diam(Q;) — 0,z € Q;

3. 1
~ Vol(@) /Q <t

156 = Jim oy L 115
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3 The Calderon-Zygmund Inequality: 11.05.2007

Proof of Step 1: Define h; : R" — R by h;(x) := { (f)l(a?) ;C ; g‘ Then > h; =

h (almost everywhere).
q; := center of Q);
2r; := sidelength of Q;

x —q| =v/nri = Ve & Q: Thi(z) :C{ O Kj(x —y)h(y) dy

maXmGQi

Thi()] = | / (0K (2 — ) — 0 (2 — 4:)h(y) dy
Qi

IN

max 10:Kj(z —y) — OuKj(x — q;)| - 1Pl (g

< Vnrg sup | vV 0K (x — y)||Ih] L0
YyeEQ;
< L Ihl Q)
cirymax |———— ]
= 1 Zyqu; |1‘—y|n+1 Lt 7
< C1T5

——||h||lz1 0.
d(z, Q)"+ 12z (Qi)
Define B; := {z € R" | |z — ¢;| < 2y/nr;}

= Ve e R"\ B; : d(z,Q;) > |z — ¢;| — v/nr;

N IThi| < / -
; s Ty
R"\B; ' ' r\B, (17— @il = vnri)" Al Ly g,
dx
— e / k11
jalz2ymr; (2] = v/nrs)
7 oot " g
= C17; - = LY(Q:
(p— /nr; @
2\/%'!“1'
wn(p + /nr)" !
= 1T / n pn+1 : dehHLl(Qz)
Vnr
n—1 i !
< 2 C1WnT; pﬁdP”hHLl(Qi)
vnri
< elhllziq)

Need: sup(r;) < oo (very important!!!)

S AL S
]Rn\B ; n\B ‘
< Z/ Tl
p n\ B;
<

2 lhllzan

callh| 1

Moreover: (what we have):

Vol(B) < > Vol(By)

= gy Vol(Q))

= ¢3Vol(Q)

64



3 The Calderon-Zygmund Inequality: 18.05.2007

Hence
tu(t,Th) = tm({x e R"||Th(z)| > t})
tm({z € B[ [Th(X)| =t}) +tm({z ¢ B[ [Th(z)| > t})

tVol(B) + / |Th|
R™\B

tesVol(Q) + callh|| 2

IN

IN
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4 Second Order Elliptic Operators: 18.05.2007

4 Second Order Elliptic Operators:
"9 ou
Lu:= — Z 87.%74 <aij8xj)

1,7=1
2 C R" bounded, open set with smooth boundary.
ai; : 2 — R continuously differentiable.

Example: aj; = a;; = 0;; = { (1) Z ;; Then L = —A.

Definition: The operator L is called elliptic if 3§ > 0 such that

n

Z a;j(2)&:€ > 0€] Vo € QVE € R”

ij=1

Note: A(X) = (a;;j(z))" is a symmetric matrix
(2) & A(z) is positive definite for every z € €.

Dirichlet Problem: Given a function f : Q — R find a solution u :  — R
of the equation
Lu=finQ wulpo =0

Theorem 3: Let p > 1. Let 2 C R™ be a bounded open set with smooth
boundary. Let a;; = aj; € C'(Q) satisfy (2)

= the operator L : W2P(Q)NW, P (Q) — LP(2) given by (1) is bijective, ie. for
every f € LP(f2) there is a unique solution u € W2P(2) N WP(Q) of equation

(3).
In particular
Je>0 Yue WHP(Q)NW,P(Q)

[ullw2r < el Luf e

Definition: A function u € W, ?(Q) is called a weak solution of (3) if for
every test function ¢ € C§°(£2) we have:

> faesin = |,

,j=1

Remark 1: The condition u € W, () means in particular, that the bound-
ary condition u|gn = 0 is already satisfied!

Remark 2: If u € W2P(Q) N W, (Q) is a strong solution of (3) then u is a
weak solution.
Remark 3: The Poincaré inequality says
[ullr < diam(€) - || 7 ul| e
for every u € W, ?(Q). Hence
IV uller < lullwrr < (14 diam(Q))]| 7 ull e
Hence the function
Wy () = [0,00) :w— || 7 ul s

is a norm, equivalent to the usual WP-norm.

66



4 Second Order Elliptic Operators: 18.05.2007

Remark 4: Given u € Wol’p(Q) and ¢ > 1 with p~' 4+ ¢~ = 1, the left had
side of (4) defines a bounded linear functional

Wi(Q) - R
n

=Y inf 96 ai; Oju = B(d, )

6=l €L erLp

Hence equation (4) is equivalent to
B(¢,u) = ®(¢) Vo € Cg°(9)

where the bounded linear functional ®; : W,*9(Q2) — R is given by

Ds(6) = /Q fé

Remark 5: Let us denote by
Wha(Q) = (W(Q))"

the dual space (of all bounded linear functionals ® : Wy*?(€2) — R) with the

norm |q)( )|
v
8] = sup A
v T 01l
[2(0)

= sup —— 1 —
secee @) |V ¢llLs

Remark 6: The map
LP(Q) — WLP(Q)
[ @

(with @5 as in remark 4) is a dual to the inclusion
WE(Q) — L1(Q)

This operator is injective, compact and has a dense image (— FA). Hence the
map
LP(Q) — W1P(Q)

is also injective, compact and ahas a dense image
WoP(@) = L/(@) = WHH(@)

dual to
W=h4(Q) « LI(Q) « WH(Q

Remark 7: There’s a commuting diagram

L

W2P(Q) N W, P(Q) = LP(Q)

WP () & wr(Q)

where the operator
L:WyP(Q) — W r(Q)

is given by
Lu := B(u,.)

67



4 Second Order Elliptic Operators: 18.05.2007

Proof: (of Calderon-Zygmund for p > 2)
J e CP(R™) ¢ € Ceo(R™), %+%zland1<q<2.

[ eoment = 1= [ @

= 1 wixo0

= | @iops

RTL

Holder

£ oy )1

< el
=K plly, = sp LBy

$#£0 lollq

Theorem 4: (), a;; as in theorem 3. Let p,¢ > 1 and % + % =1

= the operator L : W, P(Q) — W~12(Q) defined in remark 7 is bijective, ie.
for every bounded linear functional ® : W,"9(Q) — R there is a unique solution
of the equation

> /Q Dipai;0;u = (P) Vo € C°(Q)
.3

In particular 3¢ >0 Yu € Wy*(Q)
|7 ullp < ellLullw-1r

— s 13" Jq Oiai0jul
0£pEC) 00 |7 ¢llq

Warm up: p =2

Lemma 6: (Laz-Milgram)
V real Hilbert space, ||v]| = 1/(v,v)
B:V xV — R is a bilinear map satisfying

|B(u,v)| < cllullllv]] Vu,veV
B(u,u) > 6||ul* YueV

= V® € V*3Jlu € V such that
B(u,¢) = ®(¢) VoeV

Proof: B is a inner product on V with |lu||g := y/B(u,u). The norms ||.||z
and ||.|| are equivalent:

Volull < llullp < Vellu]
use the Riesz representation theorem. O
Proof: (of theorem 4 for p = 2)
V=W, (Q)
B(u,v) :== Z/ Ojua;j0;v
— JQ
/L)J

= B(u,u) = Z/ O;ua;;0;u
ij 79

(2) 5 5
S 6/9\vul — 5] v ul2
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4 Second Order Elliptic Operators: 18.05.2007

Lemma 7:  C R” bounded, open. Let p,q > 1 with p~ ' 447! =1
=3dc>0 Yue )

| gull, <c sup LotV val
ozoece 1V elq

Proof: Define
d:Wyi(Q) - R

by
3(0) = [ (vu.v9)
Observe
X = LYQR")

P

YVi={vv|veW, ()} >R

Hahn-Banach

= af € LP(Q,R™) = X* such that
[tr.96)=20) = [ (vu.99)
Q

Jo(vu, vé)
= [|®]| = sup =5 ———
£l = 112 ot 170l

so, by (6), we have
(5) & I v ull, < <l fllp

whenever
/Q<vu—f7v¢> =0 Ve
Define .
v::ZKi*fi EWIPR™Y) f=(fi,....fn):Q—R"
i=1
K= ;K = —
W |z|™

= By Calderon-Zygmund
7 vllp <D (Kix fi)lly <> I fill
i=1 i=1
Moreover v is a weak solution of \yv =3, 0 f;, ie.

/Q<vvff,v¢>:0 Vo € C5°

= v — u is harmonic

n+1 1 /
u—v)(z) < Vol(Br) e
| ( )(@)] < R Vol(Bg) Ba(w)| |

Choose R > 0 such that

(n+1)diam(©2) 1
Q) C Bg R < 5
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4 Second Order Elliptic Operators: 25.05.2007

Put the things together:

8)

= Vo e
n+1 1 1
_ < = YDy — ,
|V (u ’U)(CE)| = R (VOI(BR)) ||’LL /U”L (Br(z))
n+1 1 1
< /P(la _ .
— R (VOI(BR)) ||U IU”L (BZR
n+1, Vol(Q) 4
_ < - /P4, — »
n+1
< 7 1w =vlLesn)
n+1
< 7 Ul + 110l e (320l Bar = > (Kilpy * f)
Young n-+1
< I (lullp + > 1Kl L (3o L fill)
Poincare (’I’L + 1)dlam(Q)
s g v+l
1
< gl +lifl
= vull, < vtV e—v)lp
(7) 1
< Il gl ul

Attention: One page is missing!!!

Recap: 2 C R” open, bounded, 9f) smooth. p,q > 1 and % + % =1 a5 =

aji S Cl(§>

Zaij(x)fifj > §|¢|? Vo e QVE e R”

4,7

L= _Z/ aiuaijajv
i 7
B
Iulwrs = sup 2O ¢ pptag)
ozsece @) |V ellq

Goal:

L:WyP — WP .= (Wy")* is bijective

Lemma 8: 3cg,c; >0 Yue CF(N):

(*) |7 ullp < callLull -1, + collullp

Proof: (has 4 steps!)

Step 1: Qi = 51']' L=A

Jo(vu,7¢)

[ Lul| = sup
o vl

(1) follows from Lemma 7 with ¢y = 0.
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4 Second Order Elliptic Operators:

25.05.2007

Step 2: a;; = const = (1) holds with ¢g =0
Exercise with hints:

Denote A := (a;;)};—; = AT e R™*"

ellipticity < A positive definite, ie. (£, A£) >0 VE#0
=3B=BT eR"™™ B>0 B?=A.

Denote C:= B~ B = (b;;) C = (c;j).

= > bijbjk = aix

= > bijcik = ik

Define Q := B~ and u(y) := u(By)

Prove that

vi(y) = B" v u(By)
1 T

1 PPN

;/Qaiuaijajv = m/ﬁwu’ V)

Then Step 2 follows from Step 1 for Q.

I allp =
T

Step 3: Let xg € Q2 and define

Lou = Z A4 (:co)@laju

,J
By Step 2 3¢ > 0 such that
I ullp < el L%l| -1,

Choose § > 0 so small that

1
sup aj(z) — aij(wo)| < %
i |z—x0|<d c

Claim

= If suppu C Bs(xg) then

17 ully < 2¢f|Lufl -1,

Proof of Step 3: Let a;;(x) := a;;(x) — a;j(xo) then

(L= LOYull-1p = sup Jo —
0£ECET | v éllq
Holder (Z [10iullpll@ij || Lo (Bs (20)) 5j¢q)
T 0#¢eCye | v ¢llq
< Z 05ullpl[@ijl oo (Bs (o))
< VUHpZ @51 oo (B5 (20))
,J
| 7 ullp
- 2c
= vull, < ellLoul-1,
< ellLoll-1p
< |l Lull-1p + | L% — Lu -1,
1
< CHLu”fl,p+§” V ullp
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4 Second Order Elliptic Operators: 25.05.2007

Step 4: general case:
Choose a finite open cover
Qc U Uy,
k
such that Step 3 holds for each u with supp u C QN Uy and constant ¢;. Choose
a partition of unity pi : R™ — [0, 1] with supp px C Uy, and supp py compact.

Zpk(x) =1Vz e Q=VYue CrH):
k

Ivuly = IvQ )l
k
< Y Ivewl,
k

Step 3
< Y el L) -1p
k
Claim: Vpe CP(R") Jec>0 VueCF(Q):
2) I1L(pu) || -1p < e([Lufl-1p + [lullp)

equivalently

(3) B(pu, ) < c([|Luf-1,p + lullp) [ 7 ¢l ¥ € C°(2)

Proof of (3):

= dipai;0;
B(¢, pu) zj: /Q $ai;9;(pu)

S /Q Didas; Do+ S /Q Brbas; pdyu

— 1+Z/Iai(pas)aijaju—Z/qb(@m)aij@ju

II
_ I+II+Z/6J(¢(3iP)aiJ)'“

II7
1 < D 10llalla0;pllllully
11 = [B(pg,u)
< Lullcipll v (el
< N Lull—ap (17 pllssli@llg + llollpll 7 llq)
Poincare

< diluflagliv ol
11 < ully Yo 105(6(@ip)ais)llg
i

IN

ullpll 7 ¢llq

Theorem 5: €, a;;, L, B as in theorem 3 and 4.
Letp,q>1with%+%=1.

Let u € W, P(Q) and ¢ > 0 such that
|B(u, )| < cllolly V¢ e ()
= u € WP(Q)
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4 Second Order Elliptic Operators: 25.05.2007

Proof: (Thm. 5 and Lemma 8 = Thm. 4:) We know, by Lemma 8:
17 ullp < el Lull-1p + ullp) Vu e WyP(Q)
and by Rellich’s Thm, the inclusion
WyP () — LP(Q) is compact

= By a result in Functional Analysis (Fredholm theory) we obtain that the
operator
L:WyP(Q) — Wr(Q)

has a closed image and a finite dimensional kernel.
Claim: L is injective.
Obvious for p = 2. For p > 2 we have

Wo(Q) € Wy (92)

so L is injective for p > 2.

Proof of claim for 1 <p<2: Letue Wy?(Q) 1<p<2and Lu=0, ie.
B(u,¢) =0 V¢ € C5°(Q)

T % e W2P(Q) ¢ WEaT5(Q)  ufog = 0

Ind i n
ndugtion ) e Wiz (Q) py = —2L S g
n—pi
npg—1

n—Pk—1

u € Wol’pk(Q) pr =

continue until py > n > 2.

tcas n _n
Exercise: pj > " at most k = 3

SueW,? Q) Lu=0=u=0

Why is L®) : WP (Q) — W~1P(Q) also surjective?
Consider the dual operator

L@ = (L) W (9) — W 9(Q)

L9 is injective = L has a dense image = L") onto

O
Proof: (Thms 4 and 5 = Thm 3:)
Claim:
L:W2P(Q) N W, P(Q) — LP() is bijective!
Let f € LP(Q)). Define
by e WHP(Q)
by
3(0):= [ fo o€ W@
et 31 e WP (Q)such that
B(u,¢) = ®(¢) (ie.Lu = @)
Holder
[B(u, @) = [25(2)] < [Ifllpll#lq
TRy e WRP(Q)
uwe WHP(Q)N W, P(Q) and Lu = f
O
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4 Second Order Elliptic Operators: 25.05.2007

Proof: of Thm5: 1 <p<oo ue€ WyP(Q). Assume:
B(u,¢) <clolly V¢ e G5 (Q)
We prove first that u € W2P(Q) (“interior regularity”), ie.

vi=pu € W*P(Q) Vpe C5(Q)

Proof: Difference quotient method:
Fix an integer k € {1,...,n}

Let e, = (0,...,0,1,0,...,0)

Define, for h # 0 small,

() Ov(x + heg) —v(x)
h
Fact 1:
v, < [|Okv]l, Example Sheet 10.2.
Fact 2:

v e LP(R™)

Assume supy, g [|[v" ||, < oo then dpv € L?, ie.

Ju, € LP(R™) Vo € CP (R -
/ (Opp)v =— [ v
n R"’L

Fact 3: 0;(¢") = (0;0)"

Fact 4:

a) [[v"l1p < Ok

|1,p

b) v € WLP(R") Supj,o [0"l1p < 00
= Oyv € WP

Claim: w as in hypothesis of theorem 5
peCr() ke{l,...,n} v:=pu
=3c>0 Ve CT(QYVh #0:
B¢, ") < el v 8llq

Proof of “claim = Thm 5”: (interior regularity).
The claim means

Lo 1, < ¢ P S ok € WP ()
and

(1L 1p + 10" )
e+ [v",)

[ PP
<

Fact 1 ,
< det[0kvllp)

o+

Fact 4

=0 0w € WhPYE

= v =pu€ WP
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4 Second Order Elliptic Operators: 25.05.2007

Fact 5:
(fo)(x) = fM(x)g(x) + f(x)g"(x) an =2+ hey,

B(g,v") = Z/ﬂ&maiﬁj(pu)h
Now the previous Claim implies inteiior regularity. (zj, := x + heg)
Bt = ¥ / Didas; (9 (pu))"
= 3 | oy (@n)u-+ 0y
= > 0iaii(0;p) ulxp) + Y Digai;(d;p)u”
+Z/Q Bidaij(pdju)"

I

I = z]; /Q am(aijpaju)h,%; /Q Dual plen)Oyuln)

I7
II = —Z/Q(aigb)_haijpaju
= —Z/3i(¢_hp)aij3ju+z/(b‘haipaijaju

111
—B(¢"p,u)
cllo™"pllq
csup |p| - [lo™"
csup|p| - [0k 9llq

IIT
111|

[VASVANVAN

Boundary Regularity: Case 1: Assume 2 C {z € R" | z,, > 0} and
Q:={zeR"||z;|<1fori=1,....n 0<z,<1}CQ

Denote
Ui={zeR"||z;| <1 Vi}

Choose p € C§°(R™) such that suppp C U
plu. =1 U.:={x]|z| <1—eVi}
Let v := pulg € WHP(Q) v|spg = 0 and

x + hey) — v(x)
h

The same argument as before shows

o (x) = ol

T+ hep,xreQk=1,...,n—1

sup [ |1, <00 = HhvEWP(Q),k=1,....,n—1
h#0

= 0;0;v € L V(i,7) # (n,n)
= 0p,0pv € LP

Lu = - Z@z(awﬁju)
%]

fi=ann0,0hu+ Lu € LP
f—Lu

Ann

eL?

Ann>0
2 0,0 u =



4 Second Order Elliptic Operators: 25.05.2007

Case 2: (general case):
“Coordinate change* near any point in 92 O

Higher Regularity:  C R”™ bounded, open, 92 smooth. k > 0 integer and
1<p<oo.
Lu= Z aijaiaju + Z blazu + cu
i, i

where aj; = a;j,bi,c € C*(Q) (if k = 0 assume that a;; C C1(2)).

Zaij(ﬂﬁ)ﬁi@ > §|¢|? Vo € QVE e R”
irj

Definition: Let f € LP(Q) and u € W, P(Q). u is called a weak solution of
the Dirichlet problem

Lu=f
(2) U|6Q =0
if
(3) - %:/Q 8i(¢aij)8ju + /Q ¢(zl: b;0u + cu) = A of Voe CSO(Q)

Remark : Every strong solution u € W2P(Q) N WyP(Q) of (2) is a weak
solution.

Theorem 6: ,L,k,p as above. Let f € WHP(Q) and suppose that u €
WyP(Q) is a weak solution of Lu = f u|gq =0

= u e Wk2r(Q)
Moreover 3¢ > O¥u € W*H2P(Q) N W, P (Q) :

[ullbep < clllLullp + [lullp

Proof:

Induction: Step 1: k = 0. Denote

Lou = Z 81(CL”8JU)
1,7

P,:=Lu+ Lou = Z(bj — Z@iaij)ﬁju + cu

1st order operator ;

= Je; > O0Vu € Wy P(Q) :

[Pullp < el 7 ullp

Bo(u,’l}) = Z/ 8iuaij8jv
i 79

Denote
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4 Second Order Elliptic Operators: 25.05.2007

= Bo(¢.u) /wizz/w%m
_Z/Qai(qsaij)ajU'FA¢(§i:biaiu+CU)
/¢(* Z(aiaij)ajquZbiaiquCu)
¢ i

> 6P,
Q

i&wwzﬁwm—ﬁ
= 1Bo(¢,)| < [9lla1Pu — /s

Thm 5 = W2”’ N Wl D
Also:
lull2,, < collLoullp
= collPu— Lullp
< collPullp + collLullp
< coarll v ullp + coll Lullp
< cocrllullrp + collLulp

Interpolation estimate of Chapter II:

lullrp < e
= J[ull2p < collLully + cocreallully? [[ull3,,
N——
a b
(006102)
< col|Lull, + llull, + IIUIlzp

= [lullzp < 2CoHLullp + (cocre2)?[[ull,

Step 2: (Induction argument)

Let k > 1: Assume the result holds for k — 1. u € W, *(2) weak solution of (2),
fewke(Q) c Wk=tr(Q)
= By the induction hypothesis we have

u € WHLP(Q)
Fix a smooth cutoff function p € C5°(2). Let v := pu. Then

Lai'l} = &Lv + (LOZ - aZL)U
0i(pf) + 0i(L(pu) — pLu) + (LO; — 8;L)v € WH=1P

81/LU - LaV'U = Z(ayaij 81‘8]"0
il S
+J Ck—1 Wk—1,p

+ dub;) v +(d,c) v e Wk

D0k diw HDve) o
v ok—1 Wk Ck—1 Wktlp

2nd order operator, v € W*+TLP ¢ JWk=1LP and

[partial, Lv — LOyv|k-1,p < c1l|v|lkt1,p

7
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2.
L(pu) — pLu = Z 2a;;0;p0;u + Z ai;0;05p + Z bi(0;p)u
ij ij i
1st order operator, u € W**TLP 5o 9;(Lpu — pLu) € Wk=1p
10:(Lpu — pLu)|k-1,p < colltflp41,p
3.

10ipflk—1.0 < ell fllxp

ind.hyp.
:yp O;v € Wk+1’p

< co([[LOvllk-1p + l|v]lp)
< colesllfllkp + callullirrp(X+ O)[Jv]lkr1,p
<

c(llf]

Ipartial;vl|k+1,p

kp + ullkt1,p)

Boundary Regularity:
= 0;i(pu) e WETLP i —1 . n—1
= 0n0n(pu) € WEP
local coordination
= iu € WP i and so u € WHH2P(Q)

Our estimate is:

[ullk+2.p = (I f1lkp + Nlellt1.p)

interpolation

/ kl ]l:;+l
42 2
< cll fllkp + llullp™ ||qu—T-27p

< clf

1, k41
|kp + mcl Full, + m”uﬂkw,p

= ESTIMATE! O

Lemma 9:  C R™ bounded open, 992 smooth. 1 < p < oo
= The subspace

{6 € C5°(Q| ¢loa = 0}
is dense in W22(Q) N W, ()
Proof: Exercise. Hint:
we W2P(Q) N WP (Q)
Au=f (+ Thm 6)

Corollary of Lemma 6 O
Lu = Z a;;0;0;u + Z b;u + cu
i,j i
L'v = Zaiaj(aijv) - Z(biv) +cv
ij i
aij = aj; € C*(Q),b; € C*(Q),c € C*(Q)
Q C R™ bounded, open 92 smooth
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Lemma 10: p,qg>1 %—i—%:l
we WP(Q) N WP (Q)
ve WHUQ) N W)

:>/Q(Lu)v:/ﬂu(L*v)

Proof: Exercise with hints: Exercise for u,v € C?(9)

ulon = v|sgn =0

Then use Lemma 9. O

Definition: Let f € LP(Q) and u € LP(Q). u is called a weak solution of the
Dirichlet problem
Lu=f wulsga=0
if
Juwor= [ fo vocc=@) olm=0

Remark 1: We can replace in (1), (2) f € LP(Q2) by a functional ® €
W=1P(Q) = W, 9(Q)*. Special case: ®(¢) = Jo fo.

Remark 2: For u € W2?(Q) N W, " (Q)

u strong solution < u weak solution

Theorem 7: Q,a;;,b:,¢,L,p,q as above.
(i) Let u € LP(Q),® € W—1P(Q) such that

[ uwe) =) voec=@
with
Ploa =0
=ue WP ()
(i) Je>0 Yuec WP (Q):
[ullip < e(l[Lull-1p + llullp)
(iil) u, f € LP(Q)
If w is a weak solution of Lu = f, u|apq = 0, ie. if (2) holds, then
u e WHP(Q) N W, P ()
Remark 3: By (iii), the operator
L* - W29Q) nWe(Q) — LI(Q)
is the functional analytic adjoint operator of
L:W2P(Q) N WP (Q) — LP(Q)
(as an unbounded operator).
L:dom(L) — X = LP(Q)
dom(L) C X dense dom(L) = WP nWy*
Let v € X* = L9(Q):
v € dom(L*) & Je > OVu € dom(L) : |(v, Lu)| < c||ul|x
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Exercise: Show that

dom(L*) = W29(Q) N W, 4(Q)

Corollary: If L* = L formally = The operator:
L:W22(Q)nWy?(Q) — L*(Q)

is self-adjoint.

Proof: of Theorem 7

(i)=(iii): w satisfies the hypothesis of (i) with ®(¢) = [, f¢
W e whr)
Thm.:g7 k.0 ue W2’p(Q)
LemmalO o]
[tu-ns=0 voec=@ o, =0
= Lu=f

Proof of (i) and (ii):

LO = Z@i(awaj) = LS
‘7j

BQ(U,U) = E /(&u)a”(@jv)
ij 79
Observations:

1. L=—=Lo+ P and L* = —Ly + P*, where
Po=> 0i(()_05ai; — b:)o) + co
( J
1st order operator

= Jc > 0V¢ € Coo(ﬁ) ¢|3Q =0
1P*¢llq < el v ¢llq
2. Define ¥ € W~1P(Q) by

¥(0) = [ uPo

Sef= sup 2L,
ozsecs | V7 Bllq

3. By Thm. 4, the operator Lo : W, ?(Q) — W~1P(Q) is bijective

=3MeW,?(Q): Lw=0—-3&
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4. For ¢ € C*°(Q) with ¢|sq = 0 we have

/Q (u—v)Lop X /Q (P — L) /Q vLoo

/Q w(P*6— L*6) — Bo(v, )

V() = ®(¢) = Bo(v, )
0

el

b [ (u—)Lao =0 Vi € WE(R) N IT(@)
By Thm. 3 the operator
Lo : W29(Q) n W, %(Q) — LI(Q)
is bijective
:>/Q(u—v)f:0 Ve LiQ)
= u=uve W, Q)
5. Estimate in (ii):

< collLov|-1p
< co([@l-1,p + 1¥]I-1,p)
< co(lLull-1,p + cllullp)

[ull1p

Theorem 8: (local regularity):
Q, L, L* p,q as in Thm. 7.

ai; € Ckm(ﬁ), b;,c € Ck(ﬁ)

(if k£ = 0 then assume a;; € C?(Q))

(i) if u, f € L} () such that

[uwer= [ 1o oecr@

Then
FeWEP(Q) = ue WEP(Q)

loc
(ii) ¥V compact subsets K C Q
>0 Yue WEPP(Q)
lullt*# () < e(ll Ll + lull)

Proof: of Thm. &:

Proof of (i): Induction: k£ = 0:

Choose p € C§°(92) such that p|x =1
Choose 3 € C§°(2) such that Blsupp, =1
Define ® € W=17(Q) by

() = /Q u(pL*$ — L* (p8)) + /Q foo

Note:
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lpL*¢ = L*(pp)llq < el v ¢l Vo € C57(Q)

/ )L = / puL”é - / uL*(p6) + / foo

=®(¢) Vo e Cr(Q)

3. Let € C®(Q)) ¢laq = 0. Then Bp € C5°(N)

2 /Q puL - /Q puL*(Be) = (56) = B(¢)

Thm. 7 (i
= ® uer’p

/fp¢+/ up) — pLu )&

1st order operator
= ||L(up) - pLu”L” (SUPP P) < CH Vv UHLP(suppp)
= [2(¢) < cll¢llq

= Jg € LP(Q) such that ®(¢) = / go
Q
T LD e WRRQ) A WEP(Q) Vo e C(Q)
= u € Wil (Q)
Induction on Step:

Let &k > 1. Suppose the result holds for k£ — 1.

Let u € LY () be a weak solution of

Lu=feWrrQ)cwritr Q)

loc loc
MY, e WETLP(Q) and
L(0yu) = (L0, — O, L)Yu+ 0, f

EW ook L.p(Q)

in particular,

(Ld, =, L)u = > (Dya;)d;0;u

»J
+> (@ubi)dsu+ (Byo)u € Wiee ()

d.h
" P o u e WTP(Q) v=1,...,n

= ue WrrQ)

loc
(enough to assume a;j,b;, ¢ € ch).
Proof of the estimate in (ii):
Let u € VV{Z;LQ”’, K C Q compact.
Choose p € C§°(Q2) plxk =1. K’ :==suppp.

= |lullwr2p k) < lpullk+2,p
Thm. 6
< c([IL(pw)llk,p + [lpullp)
< c(llpLullk,p + [[L(pu) — pLullk,p + [lpullp)
< ([ Zullkp + llullwe-1oxny + lufl e (K7))
ind.hyp for K’ "
< (I Lullkp + llullwr iy
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E=0:lullw2rry < cllLullp + [lullwre k)

loc

< c(IL(pw)ll-1p + lpullp) < (1wl -1 p + [lullup)

k=—1:ueW'P(Q): lullwiry <

Exercise:
IL(pu)||-1,p < e([[lull-1p + [ullp)

We have proved that the operator
Lo=—)_d(ai;0))

is bijective.

Maximum Principle: € C R" open, connected

L= Zi,j aijaiaj + 21 b;0;

Qij = Qjj b; € CO(Q)

A(z) = (aij(z))} ;=1 pos. def. Vo € Q

Theorem 9: (E. Hopf, 1927):
Let u € C?(2) such that Lu > 0. Assume xy €

u(xzg) = max u(z) =2 M

=sulx)=M VreQ

Corollary: If in addition a;; € C?(Q2),b; € C1(Q) :

L W2P(Q) N Wy P(Q) — LP(Q) is bijective

Proof: Exercise (Sheet 11) O

Proof: (of Thm. 9): 5 steps!
Assume u # M

Step 1: If Lu(xzg) > 0 then this is impossible (because 3¢ € R™ \ {0} such
that u(xg + t€) < M for ¢ # 0 sufficiently small). Exercise!

Step 2: 3¢,n € Q3p > 0 such that

B,(§) cQ nedBy(§)

u(n) =M u<Min B,(¢)\ {n}
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Proof of Step 2: 2 connected
=3v:[0,1] -

7(0) =20 u(y(1)) <M
t1 :=max{t >0 | u(y(s)) =M Vse|0,t]}
x1:=7t1)=0<t; <1l:ulx)=M
Je1 >0 B, (x1) CQ

Choose
to > 11 : ’U;(’y(tz)) < M1|’}/(t2) — $1| <e

g :=7(t2) eg:=sup{e >0|u< M in B, (z2)}

= 2 < €1

= B, (x2) C By, (21 CQ
u < M in Be,(z2)
In € 0B, (z2) u(n) =M

Ntz .
§=" pi=

Choose 0 < 7 < £ such that B,.(n) C Q

CINY

a = 0B,(n) N B,(§) closed

B :=0B(n) \ B,(§)

su<Mona u<Mon/
Q$Ct35>03uchtha‘cu§M—5ona

>0 ai(2)G¢ > [¢* Vo€ B(ny) V(ER"

i,j=1
Step 4: Jv: R"™ — R smooth such that

(i)
v >0 on B,(¢)
v=0on 0B,(§)

v <0onR"\ B,

(ii) Lv > 0 on B,(n)

Proof of Step 4: v(x) := exp(—0|x — £|?) — exp(—0p?) satisfies (i) for any @

and satisfies (ii) for 6 large.
0w = —20(x; — &) exp(—0lz — £[*)

9050 = (46%(x; — &) (x; — &) — 206;;) exp(—bla — £[%)

Lv

=Y 20a5(x) =20 bi(z)(x; — &)

> exp(—flz — &) (46%ule — €7 ..
> fGexp(—0|z — &%) (40pu|x — €| — const)
> Oexp(—0lz — §|2)(49ug — const)
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Step 5: Proof of Thm. 9:
Let w: Ou + ev, where 0 < € < % and ¢ := SUPE gy ¥
P

0
:>€U<§in B,(¢)
Recall: u < M — 6 on awand v < 0 on 3
)
:>w=u+sv§M—§ona

w=u+ev<Mon/f
w < M on dB.(n)

Lw= Lu +e Lv in B.(n) w(n) =M
>0 >0

and this contradicts Step 1. O
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5 The Laplace Beltrami operator and Uniformiza-
tion:

Diff. Top.: smooth manifolds and smooth maps

Diff. Geo.: Riemannian manifolds isometries

M™ smooth m-manifold, where M top. space. {U,} open cover.
Coordinate charts ¢, : U, — R™ homeomorphism onto open set.
Transition maps:

Do = b5 0 ¢nt : pa(Us NUs) — ¢5(Us NUg) Diffeo
{Uq, o} atlas

Definition: {U,, ¢s}a oriented atlas if
det(doga(z)) >0 Va,fVz
smooth maps: f: M™ — N" {Uy, d0}, {Va, s} Then
e f continuous

fﬂa ==1pgo fo ¢alpha_1 : ¢o¢(Ua N f_l(vﬁ)) - ¢ﬁ(VB) smooth V3, a

tangent space:

T,M = | {a} x R™\ ~
p€Uq

(@,8) ~ (,€) & & = d(¢ar 0 0 )@)€ T := da(p)
derivative of f at p:

df(p) : TyM — TyyN v =[a,§] € T,M
df (p)v := [B, df ga(2)€]
peUa f(p)€Vs z:=¢alp)
Notation for local coordinates: Fix a coordinate chart ¢, : U, — R™

R™ 3 ¢a(p) = (' (p), -, 2" (p))
(zt,...,2™) : Uy — ¢a(Uy) CR™
z': U, — R da'(p) : T,M — R basis of M

Any linear map w : T,M — R can be written as w = > w;dz’

dual basis of T, M is %, ceey afm and
0 1 i=j
dxi(axj)_{ 0 i
Exercise:
0
3xi (p) - [aﬂei] € 1= (07 9\ ]- ,707 70)
0

B = dal)e; = 2
F0) o) = F20) 7= 6
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tangent bundle:
TM = {(p,v) |[pe M,v e T,M} = UsenT,M

T,M is a 2m-dimensional manifold
Riemannian metric: inner product on each tangent space

T,M x T,M — R
(v, w) = (v, w)

“depending smoothly on p”, ie.
R™ D ¢a(Uy) — R

o gig(a) = (o (67 (2)), o (0 @)

is smooth for all ¢,j. g = (gi;) : Pa(Ua) — R™*™.
Note: If v = [a, €] and w = [«, 7]

E=(....8") n=0"....,n™) and z = $a(p)

then .
(v,w) = Y Egig(a)p
Q=1
Go - ¢a(Ua) — Rm>m
transition maps:
ga(z) = d(bﬁa(x)Tgﬁ(qsﬁa(x))d(bﬁa (z)
Va, 8 V€ ¢o(Ua NUg)

Example: f: M — R determines functions f, : ¢o(Us) — R such that

foz|¢a(UaﬁUg) = f,@ o ¢[‘3a Va,b’

and vice versa.
Each Riemannian metric ¢ on an oriented manifold M™ determines a volume
form dVol, € Q™ (M).

Exterior Algebra: V n-dimensional real vector space
V* = L(V,R) dual space

AFV* = {alternating multilinear k-forms on V}

Let w € A*V*. Thenw : V x V x---xV =R

k times
w(Vs(1), - -+ Vs(k)) = sign(0) - w(v1, ..., vx) for every permutation & € py.
dim AFV* = (Z) k=0,...,n.

Exercise: Suppose V is oriented and is equipped with an inner product
VXV ->R (v,w)— {(v,w).
Show that there is a unique n-form w € AFV* satisfying
wleg,...,ep) =1

for every positive oriented ONB ey, ..., e,.

Exterior Product:
ARV ATV S ARV () s w AT

WATWL, .ok = Y Sign(@)w(vs(1), -+ Vs(e) ) T(Vs(et1)s - - > Vo(k+1))
0EPK1

Pt ={0€ Sk |0(1) <d(2) <...<d(k),0(k+1)<...<d(k+1)}
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Pullback:
®:W — V linear  ®*: \V* - AR
(P*w) (w1, ..., wg) = w(Pwy, ..., Puwy)

Rules:
e bilinear: wq(m + 72) = w1 +wiTe
e associative: wy(m1p) = (w171)p and P*(wy7) = P*w; P*7.

Example: V =R">¢=(¢,...,&"). I = (i1,...,i1), where i1 < iy <...<
ix. Define dz! € A¥(R™)* by

i1 i1

O 34
dz’(&r,..., &) = det :
ik 1k
weoLL g

Check:
(1) do! =dx™ A ... A dx?
(2) da! form a basis of AF(R?)*.
(3) If & € R™ " then
O*dz’ =) " det(®})dz’
J
R
®r=| :
P D
E=0, =) oy
J
M™ manifold. T*M — M, where T*M = Upepm{p} x T*M

AFT*M — M vector bundle of alternating k-forms
ANT*M > (pw) w: TyMx..xTyM —R

k times multilinear alternation

QF (M) = {sections of the vector bundle A¥T*M}
= {differential k-forms on M} > w

w is a family of alternating k-forms w,, € AkTIj‘M , one for each p € M depending
smoothly on p.

Pullback:
fiN—=M weQ¥M)
Define f*w € QF(N) by

(ffw)g(wi, ..., wk) = wy(q) (df (@i, - .., df (q)w)

local coordinates:

Zwa,1<x)dxl = Wq = (qb;l)*w € Qk(¢a(Ua))
I

Wa = (b:(kj’awﬁ
f: N — M then

(*w)ﬁ = f;ﬁwa

o 1
D det ( oy <y>> ot (o 1))y
J
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Integration: M" oriented, compact. w € Q" (M).
Wo = Wa(z)dz' A ... Ade™ € Q" (o (Us))

wa () = wy(dpa(z)) det(dpga(z))
/%(UaﬁUﬁ) e /cbﬁ(UaﬂUB)WB

det(ddga(z)) >0 Ve ¢ (UaNUs) Vo,B

(“change of variables”).
Choose a partition of unity p, : M — [0,1], supp(pa) C Us and ) pa = 1.

Define
w = qu’l w
/M ;/Q(Ua)(pa « ) o

independent of ¢, and p,. Changing the orientation of M changes the sign of
Jarw-

M™ oriented Riemannian manifold. g Riemannian metric. (This gives us the
volume form). dVol, € Q"(M) unique n-form on each tangent space T, M
associated to the given inner product and orientation as in Exercise 1.

Orientation:

In local coordinates: ¢ : U, — R” positively oriented coordinate chart.
metric: go = (ga,ij) : Pa(Ua) — R™*™ positive definite

Exercise 2: In local coordinated the volume form of g is given by

(dVoly) = v/det(go(x))dz* A ... Adz"™

well-defined.
9o () = ddpa ()" 95(dpa())ddpa ()

= det go(7) = det(g5(dpa (@) (det dgga(z))

>0

= /det go(x) = y/det gg(Ppa(x)) det dpga(x)
= (dVoly)a = ¢, (dVoly)s

Observations:
1. dVol, defines a Borel measure on M. We can integrate function f : M — R

2. Inner product on Q°(M) = C*(M,R)

(f.h) g2 = /M Fh - dVol,

3. Inner product on Q*(M)
Pointwise inner product on Ty M > w, 7

n

(W, T)g = Zw(el)T(ei) €1,...,e, ONB wrt g

i=1

in local coordinates
w= Zwidxi T = Zﬂdzi
(w,m) =Y wigh (x)r;
4,J
z=0¢alp) (93 (2)) = (Gai(2)) "
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So 3=, 9 gajk = 0. For w,7 € Q'(M) define

(W, T) 2 ::/ (w, T)gdVol,
M

where (w,7)y : M — R.

4. The derivative of a smooth function f : M — R assigns to each p € M

the linear functional
df(p) : T,M — R

This gives an operator
d: QM) — Q' (M)

in local coordinates

(e =Y 2 (yar
=1

Definition: Let d* : QY(M) — Q°(M) be the formal adjoint operator of
d: QM) — QY(M) with respect to the L%-inner products in 2. and 3.
The decomposition

d*d: Q°(M) — Q°(M)

is called the Laplace-Beltrami operator associated to g.

Lemma 1: In local coordinates, if wy = Y1 | wa,i(z)dz’ then

1 0 <-81a
* _ § v ij S
(d w)a VYo i 3% < det Jalo (9$j>

Proof: Exercise (integration by parts). O

Corollary: In local coordinates

1 0 - O0fa
* = — E N/ ]
(d"df)a det go 4~ Ox' ( det gaga 8xj)

4,J

2nd order elliptic operator

Sobolev spaces:

FeWrr (M) E foprl € WEP(9a(Ua)) Va

(independent of choice of atlas (¢q)a). W*P norm: M compact. Partition of
wnity po : M — [0, 1], supp(pa) C U,

I lwesan = 1Flles = D 1(Paf) © 63 lwrn(s. way

Lemma 2: M compact, connected, oriented, no boundary.
= d*d: WP (M) — WhP(M)
is a Fredholm operator of index zero

kerd*d = {f = const }

imd*d = {f € Wh? | / fdVol, = 0}
M
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Proof:
1. Let uw € W*+2P(M). Then

wllkt2,p = Z HanHWHM(UQ)

= > (patt) 0 ¢ lwrrzm (b v

«
Chapter 111 .
< S dlpat))allwrson )

< e llpald du)lwesw,)

+e ) lldd(pan) = pald*du) lwrw,)
< dlddullp +lullig

WHFH2P (M) — W*HLP (M) compact operator (Rellich)

= d"d has a finite dimensional kernel and a closed image

Chapter IV
=

2. d*du=0 u smooth.

0= / ud*dudVol, = / (du, du)dVol, = ||dul|3.
M M

=du=0

3. k=0:
X :={f e LP(M) | [,, fdVol, = 0}. Then

d*du € X Yu e W?P(Q)

/ 1 d*dudVol, = / (d1, du)dVol, = 0
M M \:’O"

So imd*d C X. imd*d is closed by 1.
To show: is d*d dense in X7
Let h € LY(M) = LP(M)* such that

/ hd*dudVol, = 0 Vh
M

HEIm Sy w2a(0), d*dh

i& h = const.
hlX
HahnBanach 5\ 71 dense in X

k> 1: Let f € WhP(M) with [,, fdVol, = 0
"0 ue W2P(M) dtdu=f e Wk

II1.8
=y e Wht2e
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Gauss curvature Y2 C R3

Gauss map: v: ¥ — S?:={veR|AvA =1}
dv(z) : T2 — T,,(I)S2 =v(x)*

The two tangent spaces 7,3 and Tl,(gc)S2 are equal.

K(z) := det(dv(x)), where dv(z) : v(z)t — v(z)t
Gauss curvature K : ¥ — R.
1. K>0
2. K=0
3. K<O0

Gauss-Bonnet:

/ K, dVol, = 21¢(X) = 27(2 — 2genus)
by

Levi-Civita Connection: tangent vectors in every point
vy:R—-M

(I),y(tl,to) : T’Y(tO)M — T’Y(tl)M
~——

g M
"Parallel transport of tangent vectors v(t) € Ty )M along a curve”.
Solve a differential equation. Define a covariant derivative

) 8 ”
TyyM > v~ Ev(f)

Linearity: ¢ (v 4+ w) = Vv + yw
Leibnitz rule: ¢ (Av) = (0N v+ A v, A : R =R

In local coordinates:
ba 1 Ua = R 2(t) := ¢a(7(t))
v(t)a = &(t) = doa(v(t))v(t)
ie. v(t) = [a, &(1)]

Ansatz: _ _
(VEF(t) = (Vev(t)h = €*(t) + T (2" ())& (x)

Axioms:

1. If (I)’y(thtO) : T

’Y(to)M ad T’Y(tl)M is defined by

D, (t1,t0)vo = v1,

where vy := v(t1) and v(t) € T, ;)M is the unique vectorfield along ~ such
that

ViV = Oa

then @, (¢1,to) preserves the Riemannian. Equivalent:

%(v,w> = (Viv,w) + (v, Viw)

2. If y:R?2 - M (s,t) € R?, then

VsOy = Vi0sy
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Definition: < is called Riemannian if (1) holds and torsion free if it satisfies

(2)-

Definition: Every Riemannian manifold (M, g) admits a unique torsion free
Riemannian connection 57 (on TM), called the Levi-Civita connection.
Formula:

Fi’cj (z) = Z g" (2)Ty5(2),
]

where

Character symbols.

Remark:

n

891“ v v
()& 22 => (Tigy, +gal7) & (%)

v=1

Do covariant derivatives commute?
v:R2>M X:R®—TM
X(s,t) € Ty M
VaViX <71 7. X NOI
Riemann curvature tensor:
peM R,:T,MxT,M — L(T,M, T,M)

Ry(0s7,0)X =Vs Vi X =Vt Vs X V7, X.

Remark: In the cas n = 2 the Gauss curvature is

(R(u,v)v,u)
AuA2AvA2— (u,v)?

Ky =

for any basis u,v € T, M.
PAGE PDE185 badly copied.

1%t Bianchi identity
R(u,v)w + R(v,w)u + R(w,u)v =0
=
Rfm‘j + Réjlc + R_ljki =0

Exercise: 4.= 3.

Sectional curvature:

(R(u, v)v, u)

K(p,FE) = —————
(. E) AuA2AvA2— (u,v)?

ECT,M wu,vBasisof & dimE =2
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Scalar curvature:
s(p) :== Z(R(ei,ej)ej,ei%
,J
where ey, ..., e, form an ONB of T, M. Exercise:
a) independent of e;

k

b) in local coordinates s =3, , ;. ginikj

c) dimM =2, then § = 2K. (Rmk)

Lemma 3: Let (M, g) be a Riemannian n-mfld with scalar curvature s : M —
R and Laplace-Beltrami operator

Ay=d*d: QM) — Q°(M).

Let u: M — (0,00) be smooth and define § := u?g
= the scalar curvature of g is the function

F=us+2(n—Du3Au—(n—1)(n—4)u"*A dud Z

Remark:
Kk =k k
a;; = Fij — Fij

= u_l(éfaju + 5?81“ — Zgijgkl(?lu)
1
= R%@ij - Rgcij = 8ia§-k — Djay, + Z(aéua?k - aé’ua;’lk>
= Agu+) A duily2
multiply by % = u2¢*, | =i, sum over (all) i, j, k.

Simplify equation:
n > 2: Choose v := u{"=2)/2 and = 1)4/(”*2)9

Exercise: (Yamalie equation)
4(n—1)

n_2 Agv+vs = p(nt2)/(n=2) ¢

n=2u:=el, §j=e?fg, (plug this in)
§=u"Zs+2u3Au+ 2u—*A duA 3
Agef = engffefA dfA 2
finally we get A def A 3 =e2fAdfA 3

=s=e st 2eTAf — 27T AdfA? 427 AdfA?
§=e % (s+ A, f) with Beltrami operator

K = 15 = Gauss curvature of >/ g

(SIS

=K=e (A f+K,

Question: Can we solve this equation A, + K, — e 2/ K = 0?7 YES!
/ KgdVoly = 2mx (%)
=

3 compact oriented 2-mfld without boundary

g Riemannian metric

dVol, € Q2?(X) volume form

K, : 3 — R Gauss curvature

d*d = Ay : Q°(E) — Q°(X) Laplace-Beltrami operator
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Remark 1: K satisfies the Gauss-Bonnet formula

/ K,dVol, = 2m(2 — 2genus(X))
by

Remark 2: Foru:X¥X — R

Kouy=e (K, + Agu)  (Lemma 4).

Note:
dVolezugy = eQ“dVolg7 SO

KopudVolauy = K,dVol, + (Agu)dVol,,
where [(Agu)dVol, = 0.

Theorem 1: (X, g) compact oriented Riemannian 2-mfld without boundary
= Ju € C*(X) such that

1 genus =0
Ko2ug =const = ¢ 0 genus =1
—1 genus >1

u is unique in the case genus ;1.
Remark 3: genus = 0:
= / KydVol, =0
b

fempa 2 3, ¢ W?P(%) such that
Agu=—K,; wu smooth

Rmk 2
2 Ko, =0.

u is unique up to an additive constant. Why is « smooth? u smooth by Chapter
III, Thm 8.

Definition: An almost complex structure on ¥ is an automorphism J : TY —
TS such that J2 = —1. For each p € ¥ we have an automorphism J(p) : T,% —
T,%, depending smoothly on p, and

Jp)J(p)v=—v VveTl,X

A) Every almost complex structure on a 2-mfld ¥ is integrable, ie. we can
cover ¥ by coordinate charts ¢ : u — C such that the derivative of this coordi-
nate charts

dg(p)J (p)v = id¢(p)v
(this is a hard theorem (without proof)

B) Every Riemannian metric g on an oriented 2-mfld ¥ determines a unique
almost complex structure J; such that Vp € 3, Vo, w € T,2

9(v,w) = (v, w) = dVoly (v, Jy(P)w)

g another Riemannian metric with J; = J,

& Ju € C°(M) such that § = e*g
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Example: ¥ = 52, g = go standard metric, S> = {x € R® | A zA
What is Jy?

283 — 7382
Jo() =X x &= | w381 — 1183
1€ — 281

= stereographic projection

T, + 129

1— a3 w:SQ\{(O’Ql)}_’6752—>CU{00}

P(z) =

. . dz? + dy?
vz w=v (5 )

=1}

Remark 5: For every compact oriented Riemannian 2-mfld (X, g) of genus =

0
3 diffeomorphism ¢ : ¥ — S? such that J, = ¢* Jo.
Define
g:=¢"go= Jg = Jg=g0 = ¢*J90 =¢"Jo = Jg
Rmk 4 3, % — R such that =€y

= KE2“‘g = K§ = K¢*90 = ¢*Kgo = Kgo o (]5 =1

Remark 5: (Non uniqueness in Thm 1 for genus = 0):

a
c

SL(2,<C){A( Z)ecmadbcl}

PSL(2,C = SL(2,C\ +1 = Diff(S?, Jy)
SO(3) = SU(2) \ £1 = Diff(52, go)
SU2)={AecC>? | A*A=1)}
¢hJo = Jo = dhgo = € g0
Keougy = Ky gy = Kgooa =1
us =0 dugo = go = A€ SU(2)

Remark 7:

FACT: Any two connected, simply connected, complete Riemannian 2-mflds
(30, 90) and (X1, g1) with the same constant Guass curvature Ky = const = K

are isometric, ie. 3 a diffeo ¢ : X9 — ¥ such that ¢*g; = go.

K=0 ¥ = R?
K=1 ¥ =92
K=-1 X=D={2€C|AzA <1} z=a+iy

dx? + dy?
(1— a2 — 2)2
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Theorem 2: (Kozdan-Warner): p > 5
(M™,g) compact oriented Riemannian n-mfld
A, = d*d Laplace-Beltrami operator

dVol, € Q"(M) volume form

Let h, f € LP(M) such that

h>0 /tholg>0 /deolg>O
M M

= Jlsolution u € W2P(M) of the Kazdan-Warner equation
Agu+e'h=f

If f, h are smooth, so is u.
Thm 2 = Thm 1: (genus;1) M =X. By Lemma 4
u 1
—1 :Ke"g =€ (Kq+§AqU)

S Agu+2e" =-2K, |K;<0
(The sign is very important — h > 0!)

Remark 8: Example h = f =1 = u = 0 is a solution of (KW). Why is u =0
unique?
Let w be any solution of

Agu+e” =1.

Choose g € M such that

u(xo) = supu
M

Claim: wu(zg) <0.
Suppose u(zg) > 0 = (Agu)(zg) = 1 — @) < 0.

Au=

1
9 —7thizj:ai( det gg" Oju)

= u is subharmonic near x,
! . . .
= u = const = 0 = Contradiction! (the same for infimum)

Exercise: If u(x;) = infps u then u(z;) > 0= u = 0.

Remark 9: It is enough to prove Thm 2 for f = const. Denote

1

= [ (f = A)dVol, =0
M

Lemma 2

=" " Jlug : M — R smooth

Agug: f— A / updVol, = 0
M

Suppose
Au+e*h=f
and define v := u — uy
= Agv = Agu—Agjug
= f—e"h—f+A
= A-—e"e"h
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o
(KW) & Agv+e’(e"h)=A

Au-+e*h=A

heP(M) h>0,A=dd [,h>0 p>2
To show: 3lu € W2P(M) satisfying (*).

Lemma 5: 3 continuous function
¢ : (0,00)* — (0,00) Vh e LP(M)

with A > 0 and Yu € W2P(M) satisfying (*) we have

1
oo < —_— h
lullLoe (ary < & Vol(M)/M (fafy
—/_/ C

B

Proof of Thm 2:

Step 1: Result holds for hy = A with ug = 0 (Rmk 8). Fix a function

h e LP(M) with h > 0 and [;, h > 0. For ¢ € [0,1] define
hi(z) := (1 —t)A + th(zx)

For t € [0,1] define
Fe: WP(M) — LP(M)

by
Fi(u) == Au+e“hy.

Because p > % we have a Sobolev embedding W?2# (M) — C°(M).

Step 2 F,: WP — LP is a smooth map between Banach spaces and
dFi(u) : W*P(M) — LP(M)

is bijective for every t € [0, 1] and every u € WP (M).

Proof of Step 2:

WP (M) — C(M) — C*(M) — L (M),

where CO(M) > u +— e* € C°(M), C°(M) > v — vhy € LP(M).

W2P(M) 3 u +— e“hy € LP(M) smoothly.

. d ~
dFi(v)u = o ls=0 Fi(u + su)

d ~ u+su
= = ls—o (A(u 4+ su) 4 e“T5%hy)

= AT+ (e"hy)T

bounded linear operator from W?2P(M) — LP(M).
Exercise: prove that this operator is bounded!
The linear operator

W2P(M) — C°(M) — LP(M)

~ cpct ~ bded ~
u— u— ehiu
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by Rellich = L — A is compact

Lemma 2

=" " L Fredholm with index = 0. Why is ker L = 07
Let © € W*P(M) with Lu = 0

=0 = /ﬁLﬁ
M

- / a(d*da + eh,7)
M

/<da,da>+/ e“hi A UA 2
M

M

_ /Adm2+/ ChATA >0
M M

;s/ AdiA2=0 /e“ht}lﬂAQ:O
>0 >0
=di=0ae e"MATA2=0ae.
=u=0

A g =0, where E := {x | hy(x) > 0}, not measure zero! = @ = 0.
The set
M= {(t,u) | u € W*P(M), Au+ e“hy = A}

is a 1-dimensional submanifold of [0, 1] x WP (M) and the projection 7 : M —
[0,1] with w(t,u) = ¢t is a submersion (the set M is locally near each point
(to,uo) € M the graph of a smooth function [0, 1] N (tg —¢&,tg+¢€) — W2P(M) :
t— uy).

Step 3: need to copy page PD196
Step 4: L is compact.

Proof of Step 4:

1
co 0221¢<V01(M) /M & |l t”L)

= lullp~ <co Y(t,u) e M
= llullwewany < e (1Aully + lull,)
< c1]|h|pe® + coer Vol(M)MP < ¢y
= e e W2P(M)

Let (t,,u,) € M.
=1t,€100,1] |ul2p <c Wv

Rellieh pecause the inclusion W2P(M) < C%(M) is compact 3 subsequence v;

such that t,, converges to ¢ € [0,1]. u,, converges in C°(M) to w.

uy, = wllzp < cr([Auw, = Auy,llp + [luw, — ;i llp)
< alle™ihy,, —e"ihy, |y
< lexp(una, — uVj)”OO”htui lp + | exp(ul’j)HOC”htut - htuj ll»
— 0

= u,, is a Cauchy sequence in W2P(M)
= u € W2P(M) and lim; o ||uv; — ull2, = 0.
= (t,u) € M.
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Step 5: Let (t,u) € M
= Je > 0Vt € [0, 1]V, v € WP (M)
If (t/,u') € M and (¢,u") € M and
At —tgA <e |/ —wugllap <e |Ju” —uglap <e

then v’ = u”.
Proof of Step 5: Inverse function theorem (Exercise (Analysis IT)).
Step 6: Jlu € W2P(M) of (*) (that’s the claim).

Proof of Step 6: Define
T:={te0,1]]| #{ue W*?(M) | (t,u) € M} = 1}
To show: 1 € T'.

1. T # & (because 0 € T')
2. T is an open subset of [0,1]

3. T is closed = T = [0, 1].

T is open: Let t, € T, ug € W2P, (tg,ug) € M
Stg % 3 smooth map

[0,1] N (to — &,to + &) — W2P(M), t > uy
such that
(t,ur) € MVt and uy, = ug
= #{ue WP | (t,u) e M} >1 Vte[0,1]N(tg —&,to +¢)

Claim: # =1 for t sufficiently close to tg.
Suppose otherwise. Then 3t,, — tq, u,, € W2P such that (t,,u,) € M, u, # uy, .

Step 4
2L % w.lo.g assume
u, — g € WP
= Uy = Ug
2,p
= Uy, — Ug
Uy # ug,, t, —to

contradicts Step 5!

T is closed: Let t, € T converge to t*. Then Jlu, € W?P(M) such that
(ty,u,) € M.
To show: t* € T

w2p
w.l.o.g assume that v, — u*.
= (t*,u*) e M
Au* + e hye = lim (Auy, + e hy,) = A

V—00
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Claim: u* is the only solution of Au + e*hy = A.
Suppose 3 another solution u of At + e“hy = A, where © # u*.
= by the implicit function theorem 3 solutions u, of

A, + e hy, = A

for v large such that u, — u
contradicts t, € T (U, # uy). O

Proof of Lemma 5:

Step 1: Jco > 0Vu € W2P(M)

/ u=0= |ullr= < col|Aul|Lr
M

Proof: By Lemma 2
A:{uEWQ’p|/ u=0} — LP(M)
M
is injective and has a closed image
= |[uflzee < cf|Aullze
= Step 1 with ¢o = ¢ (?77?).

Au-+e*h=A

1
Bi=—— | hdvol
Vol(M) /M Vol

C = ||h||Lp

Step 2: wu,h € C*(M), (*)

= u(x) < 400& + log (A>

B B
Proof:
/ (h — B) =0, B is the mean value.
M
= dlyyg € C*°(M)
AUO =B—-h / Vo = 0
M
= [volle= < coll B—hlr»
< co([[hl, + Vol(M)'/7B)
< CO(Hh”p + thp)
S 20()0
Claim 1:
() <log (4 ) + A (vo(a) + 20C)
u(z) <log ( & 5 (o(@ o

(this implies Step 2). Define

we(x) = log (A;FE) + (A; 5) (00 + 2¢0C) —u(x)

>0
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Claim 2: w.(z) >0 VazVe (this implies Claim 1).
Choose z. € M such that
we(ze) = i}r\1/lf W,

= (d"dwe)(z:) <0

=0 > Aw,

= A; sAvo(zE) — Au(zx,)
A
_ ;E (B = h(z.)) + " h(z.) — A

A+e
— ”(Is) _
€+ h(ze) <e )

A
= h(z) >0 @) < %

u(@.) < log (A; 5)

= we(z:) >0
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submersion, 99

superharmonic, 24

tangent bundle:, 87
tangent space:, 86
torsion free, 93
trace operator, 51
Transition maps, 86
transition maps:, 87

weak derivativ of u associated to «, 28
weak solution, 9, 56, 76, 79

weak solution of (3), 66
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