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Abstract

The asymptotic behaviour of a finite energy pseudoholomorphic
strip with Lagrangian boundary conditions in a symplectic manifold
is determined by an eigenfunction of the linearized operator at the
(transverse) intersection.

Introduction

This paper deals with the asymptotic behaviour of pseudoholomorphic strips
in symplectic manifolds that satisfy Lagrangian boundary conditions. More
precisely, let (M,w) be a symplectic manifold and Lgy, Ly C M be closed (not
necessarily compact) Lagrangian submanifolds that intersect transversally.
Fix a t-dependent family of almost complex structures .J; on M that are
compatible with w. We consider smooth maps u : R 4 i[0,1] — M that
satisfy the boundary value problem

Osu + Jy(u)Ou = 0, u(R) C Ly, u(R+1) C L.

Such holomorphic strips were studied by Floer [7, 8] and he used them in his
definition of the Floer homology of Lagrangian intersections. The standard
theory of such holomorphic strips shows that if u has finite energy then the
limit

p = lim u(s,t)

§—00

exists and is an intersection point of Ly and L.
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Our main result (Theorem B) asserts that the limit

1
v(t) = lim M e T,M, |0sul| := \// |Osu(s,t)|? dt,
| Osu| 0

exists and, for some A > 0, satisfies the eigenvalue problem
Jy(p)Oyw — Av =0, v(0) € T, Ly, v(1) € T,L,.
It also asserts that there exists a constant ¢ > 0 such that

lim e*0u(s,t) = co(t)
for every t. The convergence is exponential and in the C'* topology.
There are four problems concerning the asymptotic behaviour of pseudo-
holomorphic curves. The first two refer to symplectic geometry and the last
two to contact geometry.

(i) The asymptotic behaviour of a pseudoholomorphic cylinder twisted by a
symplectomorphism that converges to a symplectic fixed point.

(ii) The asymptotic behaviour of a pseudoholomorphic strip with Lagran-
gian boundary conditions that converges to an intersection point.

(iii) The asymptotic behaviour of a pseudoholomorphic plane that converges

to a closed characteristic, i.e. a closed integral curve of the Reeb vector
field.

(iv) The asymptotic behaviour of a pseudoholomorphic half plane with Leg-
endrian boundary conditions that converges to a characteristic chord,
i.e. an integral curve of the Reeb vector field connecting the Legendrian
submanifold to itself.

Problem (i) is relevant to the Floer homology of a symplectomorphism, (ii)
is relevant to the Floer homology of a pair of Lagrangian submanifolds, (iii)
is relevant to contact homology, and (iv) is relevant to the relative contact
homology of a Legendrian submanifold. Our results are directed primarily
at problem (ii). Problem (i) is a special case of (ii): use the diagonal and
the graph of the symplectomorphism as the two Lagrangian submanifolds.
However, although there is a strong similarity in the techniques used in the



proofs, there seems to be no easy way to reduce any of the remaining problems
to (ii) or vice versa.

There are two facets to each of the above problems, namely the existence
of the limit and the asymptotic behaviour in terms of eigenvectors of the
linearized operator. To establish the latter is considerably harder than the
former. In (i) and (ii) the existence of the limit is an easy consequence of
Gromov compactness. The convergence is exponential, see for example [17]
for an exposition in the setting of problem (i). The existence of the limit
in the setting of (iii) was established by Hofer [12] and used in his proof of
the Weinstein conjecture in dimension three. The existence of the limit in
the setting of (iv) was established in [6] and used in the definition of the
Floer homology of a pair consisting of a Legendrian and a pre-Lagrangian
submanifold.

The finer asymptotic behaviour in terms of the eigenvalues was treated
by Hofer-Wysocki-Zehnder [13] in the case of problem (iii) and by Abbas [1]
in the case of problem (iv). Both papers only deal with three dimensional
contact manifolds. In Appendix E we explain in more detail the relation
between our results and those of Abbas [1].

Our result is inspired by the work of Vin de Silva [18] on the Floer ho-
mology for Lagrangian intersections of two embedded loops in a Riemann
surface. In this case De Silva gave a combinatorial description of the Floer
homology in terms of embedded half discs (lunes). To prove that his com-
binatorial description agrees with Floer’s definition of the Floer homology
groups one has to establish a one-to-one correspondence between de Silva’s
lunes and Floer’s holomorphic strips. The proof of this one-to-one correspon-
dence seems to require Theorem C below, which establishes the asymptotic
behaviour in dimension two. We emphasize that Theorem C, and hence the
one-to-one correspondence between lunes and holomorphic strips, is easy to
prove whenever the two embedded loops agree with straight lines in some
holomorphic coordinate chart near each intersection. However, the proof in
the general case is considerably harder and apparently requires the analysis
of the asymptotic behaviour carried out in this paper.

We view the combinatorial definition of the relative contact homology of
a Legendrian knot (see Chekanov [3] and Eliashberg [4]) as a contact anlogue
of de Silva’s combinatorial definition of the Floer homology on a Riemann
surface. See the as yet unpublished work of Eliashberg—Givental-Hofer [5]
for the analytic definition. The proof that the combinatorial and analytic
definitions agree again requires Theorem C.



The present paper is organized as follows. In Section 1 we discuss holo-
morphic strips and state the main results. Theorem A about exponential
decay is well known. However, the proof uses similar techniques as that
of Theorem B and we include an exposition for the sake of completeness.
The proof of Theorem B is based on the technique developed by Agmon—
Nirenberg [2] for abstract differential operators of the form

D= % + A(s) + B(s),

where A(s) is an unbounded self-adjoint operator on a Hilbert space and
converges to A, as s tends to oo and B(s) is skew-adjoint and tends to zero
as s tends to co. Section 2 explains how the holomorphic strips fit into such
a framework, Section 3 discusses the technique of Agmon and Nirenberg, and
Section 4 gives the proofs of Theorems A and B.

To give a self contained exposition we have included several appendices.
They deal with differential inequalities of the form

Aw > _cw(n+2)/n

for the Laplace operator in dimension n (Appendix A), with apriori esti-
mates for pseudoholomorphic curves (Appendix B), with L? estimates for
the Cauchy—Riemann operator (Appendix C), and with the construction of
a convenient metric near a totally real submanifold (Appendix D). This
metric and the results of Appendix A are needed in the proof of the apriori
estimates in Appendix B. In turn, the apriori estimates are needed in the
proof of Theorem A. The L? estimates in Appendix C are needed at various
places in the proofs of Theorems A and B. Appendix E explains an attempt
to reduce problem (iv) to our results.

1 Holomorphic strips

Throughout, M denotes a smooth manifold, {.J;}o<t<1 a smooth family of
almost complex structures on M, and Ly and L; are closed (not necessarily
compact) transverse submanifolds of M such that Ly is totally real for Jy
and L, is totally real for J;. Whenever convenient, we write

J = J(t,p) = Ji(p).
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We shall assume throughout that the following holds at each intersection
pOiIlt p e L() N Ll-

Hypothesis H. There is a nondegenerate skew form
T,M xT,M — R : (v,w) — wy(v,w)
that renders each of the subspaces T, Lo and T,L, Lagrangian, i.e.
wy(v,w) =0 for (v,w) € T,Ly x T,Ly, t=0,1,
and such that the form
T,M x T,M — R : (v,w) — wy(v, Ji(p)w)

18 symmetric positive definite for 0 <t < 1.

For example, this is the case when w,, is the value at p of a symplectic form
on M, Ly amd L, are Lagrangian submanifolds, and each .J; is compatible
with w.

Consider the half strip

S :=[0,00) +i[0,1] = {s+it|0<s<o00,0<t <1}

and let
0pS := [0, 00), 015 :=[0,00) + 1.

We consider smooth maps v : S — M which are holomorphic in the sense
that they satisfy the Cauchy Riemann equations

Osu + Ji(u)owu = 0, (CR)
and satisfy the boundary conditions
U(@QS) C LQ, u(@lS) C L. (BC)
Theorem A. Assume M is compact and u satisfies (CR) and (BC). Then
the following are equivalent.

(I) u has finite energy:
E(u) ::/|08u|2 < 00.
s



(II) The limaits
p:= lim u(s,t), 0 = lim Osu(s,t)

S$§— 00 S§— 00

exist uniformly in t.

(IIT) Osu decays exponentially in the C*° topology, i.e. there are positive
constants € and cq,co,C3, ... such that, for all s and k,

19stll s 00y x 0,17y < €x€™

Each condition (I-III) is independent of the choice of the Riemannian
metric used to express it. When (III) holds it follows from (CR) that O,u
and in fact all derivatives of u decay exponentially. In the setting of [17] the
equation contains an additional Hamiltonian perturbation; in that case the
convergence of the t-derivatives does not follows from (IIT). We introduce the
abbreviation

S ={u € C™(S, M) | u satisfies (CR), (BC), (I-11I)}.

Theorem B. Assume u € S is nonconstant. Then there exist an eigenvalue
A > 0 and a nonzero eigenfunction v : [0,1] — T,M such that

Jy(p)Oyv — Av =0, v(0) € T, Ly, v(1) € T,Ly,

and
v(t) = lim eMouf(s,t).

S§—00

The convergence is with all derivatives, uniform in t, and exponential. Thus
there exist a smooth function w : [0,00) %[0, 1] — T,,M and positive constants
d and co,c1,Ca, ... such that, for every s > 0, every t € [0,1], and every
integer k >0,

1 ~ .
u(s,t) = exp, (—Xe Asu(t) + w(s,t)) , ||w||0k([s,oo)x[o,1]) < e OH0)s,

In particular, there exist positive constants sq and ¢ such that, for every
s> 5o and every t € [0, 1],

1
—e™ < |04u(s, t)] < ce™.
c



Consider the special case where M = C, J; = ¢, and p = 0. The tangent
spaces 1,Lo and T, L, are real lines through the origin. Let the angle from
T,Lo to T,Ly be vy € (0, 7). Then the eigenfunctions and eigenvalues of the
linearized operator have the form

v(t) = coelokmt, A = k1 — 1,

where ¢g € T,Lg C C, cpe™ € T,Ly, and k € Z. Every such v is an eigenfunc-
tion, however, only positive integers k£ can occur in a limiting eigenfunction.
We reformulate Theorem B in this case.

Theorem C. Let u : S — C be a holomorphic map which satisfies u(0pS) C
L(], u(@lS) C Ll, and

lim u(s,t) = lim Osu(s,t) =0

S§— 00 S$§— 00

uniformly in t. Then there exist a unique nonzero complex number cqo, a
unique positive real number v, and a 6 > 0 such that

u(s + it) = coe VT L O (e~ o)), (1)

These numbers satisfy co € ToLg, coe™ € ToL1, 0 < vy < 7, and v = kr — 1y
for some positive integer k.

As a warmup we give a direct proof of this result in the (very special) case
where Ly = R and L; = ¢™R are straight lines. The boundary conditions
assert that the function

v(s,t) = e 0y (s 1)

extends to a holomorphic function from C* := [0, 00) + iR — C, still denoted
by v, such that
v(z + 21) = v(z), v(Z) = 0(2).

Since v has period 2i there exists a holomorphic function w : D \ {0} — C,
where D := {( € C||¢| < 1}, such that

v(z) = w(e ™)

for z € C*. Since wu is bounded it follows that

() < Cl¢l™/

7



for all ¢ € D\ {0} and some constant C' > 0. By the removable singularity
theorem, w extends to a holomorphic function on D. Hence there exist a
unique nonzero complex number ¢y and a unique integer k£ > 0 such that

w(¢) = co¢® + O(I¢]*).

Hence u(s,t) = e+t (e~(5+)) satisfies (1) with these constants cg, vy,
k, and with 6 = .

The proof in the case of general transverse smooth curves Lg and L; in C
is considerably harder. It is marginally easier than the general case handled
by Theorem B because a Riemann surface is Kahler. In the Kahler case with
J independent of ¢ Appendix A can be simplified as indicated in Remark B.2.

2 The linearized Cauchy—Riemann operator

Because the strip S carries a prefered vector field 9/0s, the usual Cauchy-
Riemann equations (see [14]) take the special form (CR). Thus the left hand
side of (CR) can be viewed as a section of the pullback bundle v*T'M — S.
The Cauchy Riemann operator (i.e. the map which sends u to the left
hand side of (CR)) is thus a section of the vector bundle C*(S,TM) —
C>(S, M); the solutions of (CR) are the zeros of this section. Denote

B :={ue C®(S, M) |u satisfies (BC')}
and
E={£eC®(S,TM)|mo& € B},

where 7w : T'M — M is the projection. Thus £ is a vector bundle over B with
fibre! &€, := C*°(u*TM). The tangent space T, B is the set of vector fields
£ € C®°(u*T'M) that satisfy

6(57 0) € Tu(s,O)LO> 5(37 1) € Tu(s,l)Ll- (2)

It is a general principle that the derivative of a section of a vector bundle
at a zero u of that section gives a well defined linear map from the tangent
space to the base at u to the fiber over u. In the case at hand this derivative
is the linearized Cauchy Riemann operator D, : T,,B — &,, given by

Du§ = Vil + (Ve Ju(w)) 0w + Ji(u) Vi, (3)

For a vector bundle E — B we denote by C*°(FE) the space of sections.
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Because u satisfies (CR), this operator is independent of the choice of the
connection. Because u satisfies (BC) we have d,u € T,,B and D,0su = 0. In
the following lemma the reader is cautioned to distinquish between the value
J|i=o of J when ¢t = 0 and the standard complex structure J, on R?" = C".
We denote by wy the standard symplectic form on R?".

Lemma 2.1. There is a neighborhood U of p in M and a local trivialization
[0,1] x U x R*™ — TM : (t,q,v) — ®(q)v € T,M

such that for (t,q) € [0,1] x U we have

(1) Ji(@)®:(q) = Pi(q)Jo;

(ii) ®:(¢)(R™ x {0}) =T,L; fort=0,1;

(iii) wy(®e(p)v, 1(p)w) = wo(v,w) for v,w € R*".

Proof. Choose a smooth path {A;}o<;<; of Lagrangian subspaces of (T, M, w,)
such that
Ao =T,Lo, A =T,L.

Now choose smooth functions e; : [0,1] — T,M, i = 1,...,n, such that, for
every t € [0, 1], the vectors e;(t),...,e,(t) form an orthonormal basis of A;
with respect to the inner product w,(-, Ji(p)-). Define

eivn(t) == Ji(p)ei(t)

fori = 1,...,n and t € [0,1]. Then the linear map ®(t) : R* — T,M
defined by

O(t)v = Z vie;(t)

for v = (vy,...,v9,) € R? identifies R™ x {0} with A;, Jy with J;(p), and
wo with w,. Now choose trivializations of 7Ly and T'L; near p that agree
with the given isomorphisms R” — A; for t = 0 and t = 1, respectively.
Next extend these to trivializations of 17, M and T, M that identify J, and
Ji, respectively, with the standard complex structure on R*® and agree with
®(t) for t = 0,1. Finally extend the trivializations of T, M and 17, M to a
smooth family {®;}o<i<1 of trivialization of T'M over a neighbourhood of p
such that ®, identifies J; with the standard complex structure on R?*" and
agrees with ®(t) at p. O



Assume part II of Theorem A and let U C M be as in Lemma 2.1. Fix
u € S and assume without loss of generality that u(s,t) € U for all s and ¢.
Define the function S : [0,00) x [0, 1] — R**2" by the condition that

Dy (u) (95€ + Jo0i€ + SE) = Dy (Py(u)€) (4)

holds for every smooth function & : [0,00) x [0,1] — R?". Here the right
hand side of (4) is defined by substituting ®;(u)¢ for € in (3). Define S
[O, 1] — R2n><2n by

Di(p)Seo(t) := Ji(p) 0 P:(p). (5)

Lemma 2.2. [In this notation the following holds. The matrixz So(t) is sym-
metric for every t and there exists a constant ¢ > 0 such that

1S(s, 1) = S ()|l < c(l0suls, t)| + d(u(s, 1), p)) (6)

for every s > 0 and every t € [0,1]. Moreover, if u satisfies a uniform
Ck-bound for some integer k > 1, then there exists a constant c;, > 0 such
that

1S — Soo”ck([spo)x[o,n) < C(HaSuHC'k([s,oo)X[O,l]) + sup d(u(s’,t),p)) (7)

s'>s,0<t<L1
for every s > 0.
Proof. By (i) and (iii) in Lemma 2.1, we have

wo (v, JoSes()w) = wy(Pe(p)v, Pe(p) JoSso(t)w)
= wp(Pe(p)v, Ji(p)Pe(p) S (t)w)
= —wy(Pe(p)v, 9 Pe(p)w)
= wy(0rPs(p)v, Pi(p)w)
= —wp(Je(p)P:(p)Sec(t)v, Pi(p)w)
= wp(Pe(p)Ssc(t)v, Jo(p) Pe(p)w)
= wp(Pe(p)Soc(t)v, Pi(p) Jow)
= wo(Sx(t)v, Jow)

for v,w € R*™. Hence S, (t) is a symmetric matrix for every ¢. The inequal-
ity (6) follows from the identity

By (u)Sv = V(P (u)v) + Jo(u) Vi(Pe(w)v) + (Vo (uyo St (1)) Opu.
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For k > 1 the estimate (7) follows by differentiating this identity. In partic-
ular,

P (u)(0s5)v = Vi(Py(u)Sv) — (Vi®s(u))Sv
= ViVa(@(u)v) + Vi (Jo(w) Vi( P (w)v))
+VS((V¢t(u)UJt(u))0tu) - (VS(I)t(u))Sv.
Since V;0,u = V,(J0su) = (VSJ) Osu+ JV,0su, this implies (7) for k =1. O
Consider the Hilbert spaces
H := L*([0, 1], R*")

and
Vo= {&e WH([0,1], R*) | £(0),£(1) € R™ x {0} }.

Let A(s) : V — H and Ay, : V — H be defined by

1
A(s) = Jodi+5 (S(s,) + S(5.07) A= Jodh+ Sy (8)

These operators are self-adjoint, as unbounded linear operators on H. Define
B(s): H— H by

B(s) = % (S(s,1) — S(s.8)"). (9)

Lemma 2.3. Continue to assume (1) in Theorem A and use the notation
introduced in equations (4), (5), (8), and (9). Then A(s) — As, A(s) and
B(s) are bounded linear operators on H, Ay, : V' — H is bijective, and there
exists a constant ¢ > 0 such that, for every s > 0,

14() = Aslleqn + B llean < e swp ([l )] + d(us,1).p). (10)

1)l < Coiggl(masw& t)| + 95u(s, t)| + d(u(s, t),p)). (11)

Proof. The inequalities (10) and (11) follow immediately from Lemma 2.2.
We prove that A, is injective. Let £ € V such that A, = 0. Then the
function [0, 1] — T,M : t — O,(p)&(t) satisfies

Do(p)E(0) € TyLo,  P1(p)E(1) € TpLy

11



and

O(Pu(p)E(1)) = Pu(p)OE(t) — Je(p)Pr(p)Sec(t)E(H)
= @u(p) (0:€(1) — JoSx(1)E(1))
= 0.

Since Ly and L; intersect transversally at p it follows that £ = 0 as claimed.
We prove that A, is surjective. Let W, : [0,1] x [0,1] — Sp(2n) be the
fundamental solution of the operator Jyd; + Ss, i.€.

JoO Voo (t, 1) + Seo(t) Voo (£, 1) = 0, U (t,t) =1
Denote Ag :=R" x {0}. Since A is injective the map
Ao x Ao — R*™ 2 (€9, &1) 7= &1 = Woo(1,0)&g
is bijective. Given n € H define (&, &) € Ay x Ag by

1
£ Ua(1,0)) = — /O oW (1, (1) dt.

Define £ : [0,1] — R*" by

(1) == W (t,0)6 — /0 JoWo (t,1)n(t') dt’.

Then £ € V and A& = 1. O

3 Operators on Hilbert spaces

Let V and H be separable Hilbert spaces such that
V CH.

Suppose that V' is a dense subset of H and that the inclusion V' — H is a
compact linear operator. Assume without loss of generality that

1€l < €]l

for every £ € V. Throughout we denote by (-, ) the inner product on H and
by

-1 = 111l
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the norm on H. (We never use the inner product or the norm on V.) Let
L(V, H) denote the space of bounded linear operators from V' to H and L(H)
denote the space of bounded linear operators from H to itself. Throughout
this section let A € L(V,H), let [0,00) — L(V,H) : s — A(s) be a
continuously differentiable function, and let [0,00) — L(H) : s — B(s) be
a continuous function. We shall denote by A(s) the derivative of A(s) with
respect to s. We impose the following conditions.

(a) A(s) is symmetric for every s, i.e.
(A(s)&,m) = (& Als)m)

for &,n € V. Moreover, the operators A(s) — Ao and A(s) extend to
bounded linear operators on H, A, : V — H is bijective, and

lim [[A(s) — Al = Tim [[A(s)] = 0,
where || - || denotes the operator norm on L(H).
(b) B(s) is skew-symmetric for every s, i.e.
(€, B(s)n) = —(B(s)¢, n)
for £, € H, and
lim [|B(s)|| = 0.

S§— 00

Lemma 3.1. Assume (a) and (b) and let & : [0,00) — H andn :[0,00) — H
be continuously differentiable functions. Suppose £(s) € V' and

§(s) + A(s)€(s) + B(s)E(s) = n(s) (12)

for every s > 0. Suppose further that there exist positive constants C' and ¢
such that

[n(s)[l + [[n(s)]] < Ce™ (13)
for every s > 0. Then there exist positive constants ¢ and § such that
le(s)]| < ce™

for every s > 0.
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Proof. We suppress the argument s whenever convenient. Consider the func-
tion

1
als) =5 lE(s)II*-
Since B(s) is skew-symmetric it follows that
6= (£,€) = (&, — Ag)

and hence

G o= (&0 =248 + (6, - Ag) |
= LN + [Inll* — (A, 3n) — (BE, m) + (2B, AG) + (€7 — Ag)

> | A¢l® - g!IB€H2—4||"7H2+<£,7'7—A£> (14)

5 .
A€l = (SB12+ 1AL ) Nl = alal® + €.

v

Here || B|| and ||A|| are understood as the operator norms on £(H). By (a),
there exists a constant 0 € (0,¢) such that § < 1/2 and

[Ascvl] = 36 ]|
for every v € V. By (a) and (b), there exists a constant sy > 0 such that
5 .
SIBEIP+IAG)II < 0% [Als) — Al <0
for every s > so. Hence
[A(s)o]l = [[Ascv]l = [I(A(s) — Asc)v]| = 26][v]]

for s > sp and v € V. Hence, by (14) and (13), we have

i(s) > JAGES)IE — I — Allns)I? — (€(s). 7(s))
> 3P — Aln()IP — (E().0(5))
> 2 e~ Al — 5o
> 207)e(s)? — 55 () + i) 1)
> 2 e(s) P~ Do

52
= (20)%a(s) — coe™**
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for s > sg, where ¢y := C?/§%. Consider the function

006—253

/6(8) = OZ(S) + m

This function satisfies

co(2e)2e %

B(s) = d(3)+m

2 CO(2€>26_2ES —2es
> (25) Oé(S) + m — (g€ (15)
= (20)°8(s)
for s > s9. We prove that
B(s) +206(s) <0 (16)

for every s > so. Suppose, otherwise, that 3(s1) + 266(s;) > 0 for some
S1 Z S0- Then, by (15),

B(s) +208(s) > ¢y
for every s > s; and some positive constant ¢;. This implies
i6258/6(8) > e4(5501
ds -
for s > s;. Integrating this inequality gives 3(s) > e?*c, —c3 for every s > s,
and some positive constants ¢ and c3. This contradicts our assumption that

|€(s)|| does not diverge to 0o as s tends to infinity. Thus we have proved (16).
Write this inequality in the form

d
£€2586(5> S 0.

With ¢, := e%0/23(sg) it follows that

1£(s)]| < V2a(s) < \/26(s) < cse™®

for s > sg. This proves the lemma. O
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Remark 3.2. Assume the situation of Lemma 3.1 with n = 0 and C' = 0.
Then the inequality (16) has the form

(€(s), Als)€(s)) = 8 [1E(s)]” (17)
for s > sg.
The next lemma is a simplified form of a theorem by Agmon and Niren-

berg [2]. They used this technique to establish unique continuation for solu-
tions of elliptic and parabolic partial differential equations.

Lemma 3.3 (Agmon—Nirenberg). Assume that A, B, and & satisfy the
hypotheses of Lemma 3.1 withn = 0 and that £ is nonconstant. Then &(s) # 0
for every s > 0 and the functions

R0 s) = (v(s s)u(s
v(s) = EBIE A(s) = (v(s), A(s)v(s)) (18)
satisfy
As) < 1B + A = [ A(s)u(s) = As)o(s)]* - (19)

Moreover, if

N == A\(0) + /Ooo (IBGs) 12+ [ A(s)]) ds < oo

then
1€(s)|| = e [|€(0)]]

for every s > 0.
Proof. The formula (18) defines functions v : 2 — V and A : Q — R, where

Q= {5 > 0] €(s) # 0}
In the following we suppress the argument s. The derivative of v is given by
0= (A—A)v— Bo.

Hence
A o= 200, Av) + (v, Av)
= 2(Av— Av — Bv, Av) + (v, Av)
= 2|\ — Av|> + 2(Bv, \v — Av) + (v, Av)
< 1B+ [JA] = (12 — Ao,
Thus we have proved (19) for s € €.
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Next we prove that 2 = [0,00). Following [2] we consider the function
v : ) — R given by
7(s) = log [|E(s)]

Its derivative is ¥ = —\ and hence, by (19),

i(s) 2 = IB(s)II* = | A(s)]]- (20)

Since & is nonconstant,  # (0. Let s; € Q, suppose by contradiction that
2 # [0, 00), and choose a real number s > 0 such that s ¢ 2. Choose ¢ > 0
such that || B(s)||2+ ||A(s)|| < ¢ for every s in the interval between s; and ss.
Assume first that s; > s1. Then s, may be chosen such that [sq,s2) C €.
By (20), we have

) = (o) + [ 2 3(51) = eloa = s0) = —¢

S1

and hence (s) = v(s1) + f:l A > y(s1) — (sg — s1) for s < s < s9. This
implies that ||£(s)|| = €7 does not converge to zero as s tends to s,. Hence
s9 € £ in contradiction to our assumption. Now suppose sy < s1. Then sg
may be chosen such that (s, s1] C Q. By (20), we have

Y(s) = (s1) — /81 < A(s1) 4+ c(s1— s2) =: ¢

and hence y(s) = y(s1) — [T 4 > (s1) — (51 — s2) for s5 < 5 < 1. It
follows again that [|£(s)|| = €”®) does not converge to zero as s tends to sy
and so sy € Q. Thus we have proved that Q = [0, 00). Now suppose that

N = —4(0) + / ) (I1B(s)I2 + A} ds < oo.

Then, by (20), )
5(s) = 4(0) + / i(0)do = —N

and hence y(s) > v(0) — Ns for every s > 0. This implies

le(s)]| = ) > 7PN = eV |l(0)]]

for every s > 0. OJ
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Lemma 3.4. Assume that A, B, £, v, X satisfy the hypotheses of Lemma 3.3,
let & be the constant of Lemma 3.1, and N be the constant of Lemma 35.5.
Assume further that

Am(wﬂﬁ—fum+n3@m)ds<@l

Then the limaits
Ao = lim A(s), Voo = lim v(s)
exist (the latter convergence is in H), 6 < Ao < N, v €V, and

AocVoo = AooVso-

Proof. Consider the function

u@w=M@+LwowW+wM) (21)
By (17), we have
w(0) =N, p(s) > A(s) > 6 fors > sg.
Since fi(s) = A(s) — || B(s)||? — ||A(s)|| it follows from (19) that
fuls) + | A(s)u(s) = A(s)o(s)[|I* < 0 (22)
for every s > 0. Hence p(s) converges to a positive real number

Aoo i= lim p(s) = lim A(s). (23)

§—00 §—00

Since p(0) = N and u(s) > 0 for every s > sg we have
0 < Ao < N.

We prove that A\, is an eigenvalue of A,. Suppose, otherwise, that the
operator Ao, — A : V — H is injective. The inclusion V — H is a compact
operator and A, is bijective, and so A, — Ay is a Fredholm operator of
index zero. Hence A, — Ay is bijective and hence, by the open mapping
theorem, there exists a constant ¢ > 0 such that, for every n € V,

1l < 3el| Asent = Asonl]-
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Choose s5, > 0 such that
JA(s) = Al < ¢, [AM(s) = Ax] <c
for s > s,,. Then
1 < cl[[A(s)v(s) — A(s)v(s)|

and, by (22), fi(s) < —1/c? for s > s... This contradicts the existence of the
limit (23). Thus we have proved that A, is an eigenvalue of A,. Next we
prove that

lim o(s) =0,  o(s) = [[v(s) = AeeA "0(s)|" (24)

§—00

Since (v, ) = 0, the function ¢ has a bounded derivative
6= 2 o0 (MooAoe 10 — 20, Ay, T10).

Now suppose, by contradiction, that o(s) does not converge to zero. Then
there exists a sequence s, — oo and a constant € > 0 such that o(s,) > 3e.
Since || is uniformly bounded, say by some constant ¢ > 0, we have

s, —elc<s<s,+¢e/c — o(s) > 2e.

Hence

[Asov(s) = Ascv(s)]|* = 2¢/[| Ace ™|
for s € [s, —€/c, s, +¢/c|. Since ||A(s) — Axo|| and |A(s) — | converge to
zero as s — 00, it follows that

1A(s)o(s) = AMs)v(s)* = /[ A~

for s € [s, —¢/c, s, +¢/c] and v sufficiently large. Hence it follows from (22)
that u(s) diverges to —oo as s — oo. This contradicts (23). Thus we have
proved (24). Let

E :=ker(Asw — A\x)

and denote by P : H — FE the orthogonal projection. Then there exists a
constant ¢ > 0 such that, for every n € H,

In — Pnl| < c|[n — AcAs"n]| -
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Hence, by (24),

lim [[o(s) = Po(s)| =0, lim |[Pu(s)]| = lim (u(s), Pu(s)) = 1. (25)

§—00

Now

PE(s) = —AxPE(s) + f(5),  f(s) = P(Ax — A(s) — B(s))é(s).  (26)

By (25), there exists a constant s; > 0 such that ||£(s)]] < 2||P&(s)]| for
s > s1 and hence

[f ()l < 2([[Ass = A(s)[| + [ B(s)]]) [PE(s) ] (27)
for s > s1. Consider the function

ws) = PE(s) _ Pu(s)
I1PE()I [[Po(s)]

By (26), its derivative is

wzpé—Péww:f—<fw>w
1P| 1P|’ 1Pl \IPE ’

By (27), the derivative w is integrable. Hence w(s) converges to an element
Vs € E of norm one. Hence, by (25),

Voo = lim w(s) = lim Pu(s) = lim v(s).

This proves the lemma. O

Lemma 3.5. Assume the situation of Lemma 3.4 and suppose that

/ow /:O (1B@)I2 + I1A(@)])) dods < oc.

Then N — A\ is integrable,
lim &= [l6(s)]] = e = el O=Y (0)], (28)
and
Hg(s) — e_)“"’scoovooH = o(e %) (29)

as s tends to co.
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Proof. Consider the function

Its derivative is

p = (v— Pv, )
= (v— Pv,\v— Av — Bv)
= (—Pv, v — Av — Bv)
= (Ao — A){Pv,v) + (Pv, Av — Ayv + Bv)
< A= Aull + 1B = (A — Ao)(Po,0)
< g- flo, Po),

where
[i=p= A,

 is given by (21), and

o)1= 1A(s) = Awll + |Bs)] + [ T(iBE A @0

By (25), there exists a positive real number so such that (v(s), Pv(s)) > 1/2
for every s > s9. Moreover, since p is decreasing with limit A\, it follows
that f is positive. Hence, for s’ > s > so,

/Ss/fSQ/:/f@,Pv)SQ/:’(g—/))§2<p(s)+/:og), (31)

Since ¢ is integrable it follows that f is integrable. By assumption and (21),
i — A is integrable, and hence so is A\oo — A = — A — f. Next we observe
that the function c(s) := e*=*||¢(s)|| satisfies the differential equation

(o) Aels) e €A
) = Al [0

Hence

c(s) = =" ||E(s)]| = el P="V]g(0)] (32)

and hence c¢(s) converges to ¢y as s tends to oco. This proves (28). To
prove (29) note that
lim e**%¢(s) = lm ¢(s)v(s) = Coolsos

where the convergence is in H. O

21



Lemma 3.6. Assume the situation of Lemma 3.5 and suppose that there
exist positive constants C' and £ such that

1A(s) = Aucll + |1 B(s)| + [|A(s) I + | B(s)]| < Ce™". (33)
Then there exist positive constants ¢ and § such that
[£(5) — € covoo|| < ce™Pet)s,

Proof. Since Ay, — Ao : V. — H is a Fredholm operator its kernel E is
finite dimensional. Think of E as a subspace of H and denote its orthogonal
complement by

Hy =FE  Vi:=VnNH,.

As above, let P : H — FE denote the orthogonal projection and consider the
operators A;(s) : Vi — Hy and Bj(s) : Hy — H; defined by

Aq(s):= (1= P)A(s)(1— P) — A\, By(s):= (1— P)B(s)(1— P).
Define & : [0,00) — V; and 7, : [0,00) — H; by

&1(s) == e*5(1— P)¢(s),
and
m(s) = e**(1 — P)(A(s) + B(s))P&(s).

Then & and 7, are continuously differentiable as functions from [0, c0) to H
and

& 4 Ay + Bi& +my = 0.

The derivative of 7, is

i(s) = (1 P)(A(s) + B(s))P&(s)
(1= P)(A(s) + B(s))P(A(s) = Ao + B(s))¢(s)
= (1= P)(A(s) + B(s)) P(s)
51— P)(A(s) — Ao + B(5)) P(A(s) — Au + B(5))E(s).

Hence, by (28) and (33), there is a constant C’ > 0 such that, for every s > 0,
Im ()l + i (s)]| < C'e™=.
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Hence & and 7 satisfy the hypotheses of Lemma 3.1. Hence there exist
constants ¢ > 0 and ¢ € (0,¢) such that, for every s > 0,

oy JEEI
Jots) = Po(s)| = 5 per i < e (34

Moreover, it follows from (27) and (33) that there exist positive constants ¢’
and s’ such that, for every s > ¢/,

|ipet o = o) vl < [l < e
Hence
Io66) = onl < lo(s) = P + [Pt = o+ | o = |
= Io9) = Peo)l + 1= [P + | e = |
< 2(s) - Polo)l + e~ v

< (2c+)e

for every s > 5. Now let g : [0,00) — [0, 00) be given by (30). Then, by (33),
there is a constant ¢” > 0 such that, for every s > 0,

By (31) and (34), there is a constant ¢” > 0 such that, for every s > 0,

[ == [T sl - PP [Ty

By (21) and (33), there is a constant ¢ > 0 such that, for every s > 0,

/\A—Am\s/ M—u|+/ 1= Ao < e,

By (32), c(s) = e**||&(s)|| converges exponentially to c., and hence the
function e*><*¢(s) = c(s)v(s) converges exponentially t0 CooVoc. O
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4 Proofs of Theorems A and B

Proof of Theorem A. It is immediate that (III) implies (I); in fact, if u sat-
isfies (IIT) then

E(u) <

(LI

We prove that (I) implies (II). Assume, by contradiction, that there exist
sequences s, — oo and t, € [0,1] and a constant 0 > 0 such that

|0su(s,,t,)| >0 (35)
for every v. Consider the sequence
uy(s,t) :==u(s, + s,t).

By (I) and Lemma B.3, there exist constants s; > 0 and ¢; > 0 such that,
for every s € R and every t € [0, 1],

s> S0 = |0su(s, t)| < c.
Hence, by Lemma C.3, there exist constants vy > 0 and ¢, > 0 such that
V=1 = ||Uu||c2([—1,1]x[0,1]) < ca.

By the Arzéla-Ascoli theorem, wu, has a C'-convergent subsequence, still
denoted by w,. Since F(u) = 0, the limit function is independent of the
s-variable. Hence
Tim |05 [l oo -1,17x 10,17y = O-

This contradicts (35). Thus we have proved that the second limit in (II)
exists. Since dsu+Jy(u)dyu = 0 it follows that 0,u converges to zero uniformly.
Hence the length function s — fol |Oyu(s, t)| dt converges to zero. Hence it
follows from the boundary condition that u(s,t) converges to an intersection

point of Ly and L; as s tends to oco. This proves (II).
Before proving (II) implies (III) we first prove that (II) implies

lim 105l o (5,00) x 0,17y = O (36)

for every k. If (IT) holds then sup,,|dsu(s,t)| < oo. Hence, by Lemma C.3
and the fact that J is independent of s, it follows that, for every k,

105wl o (10,00 x [0,1]) < -
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Now suppose, by contradiction, that there exist a 6 > 0, an integer k > 0,
and a sequence s, — oo such that

||88u||0k([su—1,sy+l}><[0,1]) > 0.
Since O,u satisfies a uniform C**'-bound, it follows that the sequence
£,(s,t) := Osu(s + s,,t)

has a C*-convergent subsequence. Since d,u converges to zero in the sup-
norm the limit is zero. Hence the subsequence of £, converges to zero in the
C*-norm, a contradiction. Thus we have proved (36).

We prove that (II) implies (III). If (II) holds we may assume, without
loss of generality, that u(s,t) € U for every s > 0 and every t € [0, 1], where
U C M is the neighbourhood of p introduced in Lemma 2.1. For ¢ € U and
t €10,1] let ®,(q) : R?™ — T, M be the trivialization of Lemma 2.1 and, for
s>0and 0 <t <1, define £(s,t) € R* by

E(s,t) == D, ((u(s, ) Osu(s, t). (37)
Since D, 0su = 0, it follows from (4) that
05§ + Jo0,§ + S = 0. (38)

Define £ : [0,00) — V by £(s)(t) := &(s,t). This function is smooth and,
by (38), it satisfies

§(s) + A(s)€(s) + B(s)é(s) = 0, (39)

where A(s) and B(s) are defined by (8) and (9). By (36) and Lemma 2.3, A(s)
and B(s) satisfy the hypotheses of Lemma 3.1. Hence there exist positive
constants ¢y and ¢ such that, for every s > 0,

1
/0 (s, t)[7 dt < coe™ . (40)

Now consider the equation (38). By Lemma C.1, there exist, for each integer
k > 0, constants ¢; and ¢}, such that, for every s > 1,

<

||§||W’“72([s,oo)><[0,1]) Ck (HSS||Wk*172([s—17oo)><[0,1]) + ”6”Wk*1’2([s—l,oo)><[0,1]))

< €l (gs—1.00)x[0.1)) -
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Here the last inequality uses the fact that, by (36) and Lemma 2.2, the
function S satisfies a uniform C*~'-bound. Hence, by induction,

€O _c(s—
1€ lwe.2((5,00) 10,17y < €k N 2215 00)xp0,17) < Clk/\/ 2" o

for s > so+k. The last inequality follows from (40). Combining this with (36)
we obtain that dsu = ®,;(u)é converges to zero exponentially in the C'*
topology, as required. O

Proof of Theorem B. Let u € & be nonconstant and continue the notation
of the proof of Theorem A. In particular, £(s,t) € R?" is defined by (37) and
satisfies (38), (39), and (40). By (III) in Theorem A and Lemma 2.3, the
operators A(s) and B(s) satisfy the hypotheses of Lemma 3.6. Hence there
exist an eigenvalue Ao, > 0, a nonzero eigenfunction v, € ker(A,, — Ao),
and constants ¢ > 0 and § € (0,¢) such that, for every s > 0,

1
/ |e*s¢ (s, ) — vw(t)‘z dt < ce™ %, (41)
0
Abbreviate

C(s,t) = e*%¢(5,1) — Va0 (). (42)

We prove by induction that, for every integer £ > 0, there exists a constant
¢, > 0 such that, for every s > 0,

1< w2 (s copxfo,ny < cxe™ (43)

For k = 0 this follows from (41). Assume, by induction, that (43) has been
established for some integer k£ > 0. Note that ( satisfies the partial differential
equation

8SC + JO&fg =1,

where

n(s,t) 1= 2" (Suo(t) — S(5,1))8(5,1) = (Suo(t) = A (5, 2),

and the boundary condition
¢(s,0),¢(s,1) € R" x {0}.
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By (III) in Theorem A and (7) in Lemma 2.2, there exists a constant ¢}, > 0
such that

1S = Sooll (s .00 x[0.1]) < cpe
for every s > 0. Hence it follows from the induction hypothesis that

1711302 5,00y x 0,17 < e

for every s > 0 and some constant ¢;. Hence it follows from Lemma C.1
that (43) holds with & replaced by k + 1.

With (43) established, it follows from the Sobolev embedding theorem
that e*<%¢(s,t) converges uniformly and exponentially with all derivatives
to voo(f) as s tends to oco. Consider the function u in ¢-dependent local
coordinates ¢, : U — R?" near p such that

pup) =0, dpi(p) = Pu(p)”".
Then the matrix function ¥, : U — R?*2" defined by
Ui(q) = dei(q)®:(q),
satisfies W, (p) = 1. Moreover, 0s(¢; o u) = Wy(u)é and hence, by (42),

Dsipr(u(s, b)) = e e (t) + R(s, ), (44)
and hence
piu(s.1)) =~ un(t) ~ [ Rlovt)do (45)
where

R(s,t) i= e "Wy (u(s, 8))C (s, 1) + e (Wy(u(s, 1)) — 1) v (t).
It follows from (III) in Theorem A and (43) that, for every integer k > 0,
there exists a constant ¢, > 0 such that, for every s > 0,
IR o5 5,00y 0,17y < €™ A0, (46)

Since v, is a nonzero eigenfunction of A, it follows from (44) that v (¢) # 0
for all t. Hence there exist positive constants ¢ and s such that

1
e < |04u(s, t)] < cett
c

for s > s9. Now take
A= Aoy v(t) := Dy(p)vso(t).

Then it follows from (45) and (46) that w has the required asymptotic be-
haviour. This proves Theorem B. 0
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A The Heinz trick

Let
0? 0?
0x,2 Tt 0x,2

denote the standard Laplacian on R™. We write

A:

B(x) ={{ € R"| | —z| <7}

and abbreviate B, = B,.(0). The following Lemma is a generalization of the
mean value inequality for subharmonic functions. A version of this estimate
was proved by Uhlenbeck [19] and used for the proof of the removable singu-
larity theorem for Yang-Mills connections. The proof below uses a classical
trick by E. Heinz, which was explained to us by Mario Micallef. The second
author used a similar inequality in [16]

Lemma A.1. For every X\ > 1 there exists a constant p = u(A,n) > 0 such
that the following holds. Ifw : B, — R is a bounded C?-function that satisfies
the inequalities

Aw > —a —bw™/m - w >0, / w < bsz (47)

for some constants a > 0 and b > 0 then

ar? A
< .
w0 < 5 VB /B v (48)

Remark A.2. If b = 0 then the last condition in (47) is vacuous and (48)
holds with A = 1. In this case the inequality is sharp, i.e. in (48) equality
holds with A = 1 whenever Aw = —a. (See Step 1 of the proof.)

Remark A.3. The proof shows that the constant u can be chosen as
1= (2n 4 4)"?(1 = §)6* 322\l (By),

where § € (0,1) is given by A = (1 — )L, In particular, with § = 1/2 and
n=2,

28



Proof of Lemma A.1. The proof consists of five steps.
Step 1: The lemma holds with b = 0.

In this case the third inequality in (47) is automatically satisfied and (48)
with A = 1 is the mean value inequality for the subharmonic function

alz|?
on

w(z) = w(x)+

Step 2: It suffices to prove the lemma for r = 1.
Suppose that w : B, — R satisfies (47) and define & : B; — Rand @,b € R by
w(z) == w(rz), a:=ar? b= br?.

Then

and

/ . 1 I
W= — w < = —.
By rn B, Tnbn/z bn/2

Hence, assuming the lemma for » = 1, we obtain

w(0) =w(0) < a + A /111— ar” + A /w
B “2n+4  Vol(By) Jp  2n+4  Vol(B,) Jz

Step 3: It suffices to prove the lemma for b= 1.
Suppose that w : B, — R satisfies (47) and define @ : By — R and a € R by

W(z) = " ?w(z), a:=b"?a.

Then
Aw > —a — wr M

/ zbzb"/Q/ w < p.

Hence, assuming the lemma for b = 1, we obtain

pn/2g pn/2) a A
0) = b~"29(0) < / b= / .
w(0) w(0) < 2n + 4 + Vol(B,) Jg, YT +4 " Vol(B;) /s, v
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Step 4 (The Heinz trick): Assume b=r =1 and define f : [0,1] = R by

flp)=(1 —p)”S;gpw

for0 < p<1. Since f(1) =0 and f is nonegative, there exist p* € [0,1) and
x* € B, such that
f(p") = max f(p),  c:=w(x")=supw.

0<p<1 B,

Denote
e:=(1-=0)(1-p").
Then, for 0 < p <e,

2 (n+2)/n 2 1
ap c p

< . 49
=4 + (2n + 4)§n+2 * p"Vol(By) /Bl v (49)

To see this, note first that
fp* +¢) fp" +¢) f(p") <

sup w < sup w = = < = .
B (e R (s T LI (SO TR T

Hence
c(m+2)/n

oy — a2/
Aw > —a —w > —q e

in B.(z*) and so (49) follows from Step 1 with » = p < ¢ and a replaced by
a+c(n+2)/n5—n—2.

Step 5: The lemma holds forr =1 and b = 1.

If (2n+4)c < a then w(0) < ¢ < a/(2n+4) and this implies (48). Hence we
may assume that
a<(2n+4)c.

Next we prove that
C2/n€2

Suppose otherwise that 2 > (2n +4)§"3/c*™. Then, in (49), we can choose

(2n + 4)6n+3
c2/n
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and obtain
ap? cnt2)/m 2 /
+ w
2n+4  (2n+ 4)5”+2 "Vol (B1) Jp,

adnt3 5 C2/n n/2 1
=~ o c+<(2n+4)5"+3) Vol(B) /w

(2n + 4)0" 3¢ et ik
— +dc
c2/n (2n + 4 ont3 Vol

1 n/2 1
< . 2
< 1-tferoere () varm /B "

1 n/2
— e—§(1-6 .
c=0(l=d)ctc <(2n+4)5"+3) Vol(B,) /Blw

Here the third inequality uses a < (2n+4)c and the fourth inequality follows
from the fact that (2n + 4)0"+3/c¥™ < 2 < (1 — §)%. It follows that

¢ <

IA

w
1

5(1 - 8) ((2n + 95" Vol(By) < / w.

But the left hand side equals p (see Remark A.3) and so this contradicts (47).
Hence (50) must have been true.
Now consider (49) with p = ¢ to obtain

CL€2 C(n+2)/n62 1
<
S rat Rnr e T evel(By) / v

M + dc S /
(2n + 4)en enVol(By) Jp,

The last inequality uses ¢ < 1 — § and (50). Multiplying by ™ gives

a(1 — §)m+? 1
1 - §ee < .
(L= 0)ee” = = =0 Vol By /B w

w.

ce™

w(0) = f(0) < f(p") = (1—p)c= =0 = QnC:— i (1\/_01(22173_ /B v

This proves the lemma in the case r = b = 1. O
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B Apriori estimates

Throughout this section (M, g) is a closed Riemannian manifold and L C M
is a closed submanifold. Denote by J (M, L) the space of all almost complex
structures on M for which L is totally real. Denote

H={z€C|Imz > 0}, H.(z) :={z€H||z— 2| <r}.
Note that 7r?/2 < area(H,(z)) < 7r?.

Lemma B.1. For every J € J(M, L) there exist constants § > 0 and ¢ > 0
such that the following holds for everyr > 0, every zo € H, and every smooth
map u : H,.(z9) — M. If u satisfies the boundary value problem

Osu + J(u)Ou = 0, u(H.(z0) NR) C L,

then

/ |Osul* < 0 — |0su(20)]* < %/ |0sul?.
Hy(20) r

H,(z0)

Proof. The assertion is independent of the choice of the metric. Hence we
may assume that ¢ satisfies the conditions (i), (ii), and (iii) of Lemma D.1.
Let V denote the Levi-Civita connection of g and R € Q?(End(7'M)) denote
the curvature tensor. Abbreviate

Lo 10
= 0Osu, = Oy, ==& ==1n|",
E=0u  n=dw,  wi=Llef =1
and A := 9,24+ 9,%. (That |¢| = |n| follows from condition (i) in Lemma D.1.)

Then
Aw = |V + Vi€ + (€, Vi€ + ViVi€).

Since V;n = V;¢ we have
Vi§ + Vim = Vi(JE) = Vi(JIn) = (V)€ — (Ve ),
hence

ViVl + ViVi§ = V(W€ + Vim) + ViVin — ViVin
= V(W)€ = (VeJ)n) — R(E, n)n,
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and hence
Aw = |VE[* + [VE[* = (R(E,m)n, &) + ~. (51)

The error term x is

reo= (& V(D)€ = (Ved)m)
= (& (W)l = (Ve )Van)) + (€, (Va(V 1))E = (Va(VeS)m))-

There exists a constant ¢ = ¢(M, J, g) > 0 such that
V(WD) < e (IEF +[%gl) R < e (€l + Vig])

Hence there exists a constant ¢ = ¢/(M, J, g) > 0 such that

ko> =gt = I Ve - e Vg
1 1 ,
> 5 Vil = 5 [P = L+ ) el

By (51), there exists a constant ¢’ = ¢’(M, J, g) > 0 such that
Aw > =" €| /4 = —"w?.

Now the normal derivative of w on H,(z) NR is zero:

Grw(s,0) = (£(s,0), Vi&(s,0))
= (£(s,0), Van(s, 0))
= (€(5,0), Vs(J(u(s,0))€(s,0)))
= (£(5,0), J(u(s,0))Vi&(s, 0))

The penultimate equality uses the fact that ViJ(u) is skew-symmetric with
respect to g. This follows from condition (i) of Lemma D.1. The last equal-
ity uses conditions (ii) and (iii) of Lemma D.1. Namely, since L is totally
geodesic we have V,{(s,0) € Ty(s,0)L and hence, by (ii), J(u(s,0))Vi&(s,0) is
orthogonal to T 0)L. It follows that w extends by reflection to a twice con-
tinuously differentiable function on the open disc B,(zg) := {z € C||z—2| <
r}. The extended function will still be denoted by w. It satisfies w(z) = w(z)
and Aw > —c"w?. Hence the assertion follows from Lemma A.1. O
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Remark B.2. If (M, J,g) is a Kdhler manifold then the error term « in
equation (51) vanishes. If, in addition, the curvature is negative then w is
subharmonic and Lemma A.1 is not required.

Next we want to allow for J to depend on both z = s+t and u. Following
Gromov [10] we do this by introducing an almost complex structure on the
product H x M. In our application we do not need the vector fields X and
Y below.

Let {J.}.em be a smooth family of almost complex structures on M that
has compact support in the sense that there exist a constant R > 0 and an
almost complex structure Jo, on M such that J, = J, for |z| > R. We
assume that J, € J(M, L) for every z € R.

Lemma B.3. Under these hypotheses there exist constants 6 > 0 and ¢ > 0
such that the following holds for every r € (0,0), every zo € H, and every
smooth map w : H.(z9) — M. If u satisfies the boundary value problem

Osu + Js(u)0pu = 0, u(s,0) € L, (52)

then

1
/ |O,ul” < & — 0,u(z0)]> < ¢ (1 + —2/ |8su|2) :
H,(20) " JH,(20)

Proof. Denote o B
M :=H x M, L:=RxL,

and consider the almost complex structure Jon M given by

Then L is a totally real submanifold of (M, J) and u satisfies (52) if and only
if the function @ : H,(zy) — M, defined by

u(s,t) = (s,t,u(s,t))

is a j—holomorphic curve in M with boundary values in L. .
Lemma B.1 does not immediately apply in the present situation as M
is not compact. However, we may argue as follows. It suffices to prove
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the lemma under the additional hypothesis that |zo| < R + 1. Namely, if
|20| > R+1 replace 2z by 21, where |z;| = R+1 and u by u1(2) = u(z+20—21).
Now M N (Bg.1(0) x M) may be identified with an open subset of a closed
manifold and L N (Bg41(0) x M) and J may be extended.

Now we can apply Lemma B.1, i.e. there exist constants 6 > 0 and ¢ > 0
such that the conclusion of Lemma B.1 holds with M, L, and J replaced by
M, L, and J, and with the product metric on M. Note that

0,a(s,6)]> =1+ [dsu(s, t)|*.

) )
r<ilz, / |Oul” < =.
2 +(20) 2

/ |8,a|” < 7 —I—/ |B,ul” < 6.
H,(z0) Hy(20)

Hence, by Lemma B.1,

Assume

Then

[Bsu(z0)|” < [si(z0)|
< 5[ loaf
T J Hy(20)
< S+ 5 O.ul.
™ T Hy(20)
This proves the lemma. O

C Elliptic bootstrapping

In this section we shall prove that a uniform bound on the first derivatives
of u gives rise to uniform bounds on the higher derivatives whenever u is a
solution of (52). The proof uses the L2-estimate for the Laplace operator.
Throughout €2 denotes a bounded open subset of H. Note that 2 N R may

be nonempty. Let
J — 0 -1 c R2n><2n
7 \1 o0

denote the standard complex structure.
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We consider the Cauchy-Riemann operator
0 = 96 + Jodi&

for smooth functions ¢ : Q@ — R?" that satisfy the Lagrangian boundary
condition

£(s,0) € R" x {0} (53)
for all s € R such that (s,0) € Q.

Lemma C.1. Let Q. be bounded open subsets of H such that Q C V.
Then, for every integer k > 0, there exists a constant ¢ = c(k,Q,Q') > 0
such that

[€Mwrraay < € (106l ynzqy + 1€lhwszin) (54

for every smooth function & : Q' — R*" that satisfies (53).

Proof. Assume first that £ has compact support in 2. Then it follows from
the boundary condition and integration by parts that

[ e = /Q (1017 + 10,2 + 20,6, Jodi€))
_ /Q (10:[% + E]? + (., Jodr€) — (€, JosD1E))
— /Q (10617 + 10:E]” + (D5, J0D,E) + (D4, JoOsE))
= [ (o +1ael).

Hence, by Poincaré’s inequality, there exists a constant ¢; = ¢1(£2') > 0 such
that

1€ lwre oy < 21056 + Jo0:€ | 12 ()

for every smooth function ¢ : ' — R?" with compact support that satis-
fies (53). If £ does not have compact support choose a smooth cutoff func-
tion 8 : ' — R with compact support such that 5 =1 on Q, and apply the
previous inequality to 3¢ to obtain (54) for £ = 0. Assume, by induction,
that (54) has been established for some integer £ > 0. Then (54) with k
replaced by k + 1 follows by applying (54) to the function 0s€. O
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Next we shall consider the Laplace operator

0? 0?
ERET

for smooth functions u :  — R that satisfy either the Dirichlet boundary
conditions

u(s,0) =0 (55)
for all s € R such that (s,0) €  or the Neumann boundary condition

Ou(s,0) =0 (56)
for all s € R such that (s,0) € Q.

Lemma C.2. Let Q,Q" be bounded open subsets of H such that Q C .
Then, for every integer k > 0, there exists a constant ¢ = ¢(k,Q,Q") > 0
such that

||u||Wk+272(Q) S C <||AU||Wk,2(Q//) ‘l’ ||u||Wk+1,2(Q//))
for every smooth function u : Q" — R that satisfies either (55) or (56).
Proof. Choose an open set €' C H such that Q C € and Q' C Q”. Denote
0 = 0s — JoO,.

By Lemma C.1, there exist constants ¢’ and ¢’ such that
||£Hwk+2,2(g) < d (Héé-HW/k«rlQ(Q/) + ||€HW’€+1’2(Q’)> ’

llyesray < ¢ (10lwrso + Inllprsn

for all smooth functions ¢ : Q' — R2 and n : Q" — R? that satisfy the
boundary condition (53). Now suppose that u,v : Q” — R are smooth
functions such that v satisfies the Dirichlet boundary condition and u satisfies
the Neumann boundary condition, i.e.

Jyu(s,0) =v(s,0) =0
for s € R such that (s,0) € Q”. Then
€= (u,v): Q' — R?
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satisfies the Lagrangian boundary condition (53) and so does the function
1 := 0€. Since A = 00 it follows that

etz < ¢ (10€lwrnnay + 1Elwrnze)

¢ (e NAGpraar + 1+ ) Belpssnogan)

IN

This proves the lemma. O

Lemma C.3. Let Q. be bounded open subsets of H such that Q C V.
Let M, L, {J.}.cqr, be as in the hypotheses of Lemma B.3. Then, for
every integer k > 0 and every constant ¢; > 0, there exists a constant
cx = cx(c1,Q, Q) > 0 such that the following holds for every smooth map
u:Q — M. If u satisfies the boundary value problem (52) then

Sg,p Osu| < &1 = [ull i) < ¢k

Proof. Let 2n = dim M and n = dim L. Cover M by finitely many coor-
dinate charts that identify L with R™ x {0} C R"™ and identify J with the
standard complex structure Jy : R*™ — R?" on R™ x {0} = L. (Do this
by choosing any coordinates x1,...,x, on L and using exponential normal
coordinates ¥, . .., Yy, with 9/0y; = JO/0x;.) Choose § > 0 such that

2o € 2 = Hs(z) C &

and that, for every p € M, there exists a coordinate chart as above that
contains the closed ball of radius dc; about p.
Now let u : ' — M be a solution of (52) such that

sup |Osu| < ¢
Q/

and fix a point zy € . Then d(u(zp),u(z)) < c10 for every z € Hg(z).
Hence there is a coordinate chart as above that contains u(Hs(zp)). Write
u: Hs(z) — U C R?" for the map u in this coordinate chart. Then

Osu + J(s,t,u)0u =0, (57)

u(s,0) € R" x {0}. (58)
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We prove by induction that, for every k, there exists a constant ¢y, indepen-
dent of u, such that

el ey oy < 5 (59)

Abbreviate J = J(s,t,u(s,t)) and think of this as a functions of s and t.
Then, by (57),
(85 — J@t)(asu + J@tu) =0

and hence

Write u = (uq,uy) where u; : Hg(zo) — R”™ for ¢ = 1,2. Then, by (58),
us(s,0) = 0 and hence

Oruy(s,0) = —0sua(s,0) =0,

i.e. u; satisfies the Neumann boundary condition and uy satisfies the Dirichlet
boundary condition. Hence it follows from Lemma C.2 that for every integer
k > 1 there exists a constant ¢} ; such that

Hu||Wk+l’2(H5/(k+1)(20)) S C;C‘l'l <’|AUHW]€71'2(H5/]€(Z())) + ||u||Wk'2(H5/k(Zo))) ° (61>

By assumption there exists a constant ¢}, depending only on ¢; and the choice
of the coordinate charts, such that

[ll o gy ) < €1

Hence it follows from (61) with & = 1 and (60) that (59) holds with k& = 2.
Now the formula (60) shows that the W*2-bound on u together with the
C'-bound implies a W'2-bound on Au in the domain Hs/s(zp). Hence it
follows from (61) with & = 2 that (59) holds with & = 3. Now suppose,
by induction, that (59) has been established for £ > 3. Then, by (60), Au
satisfies a W ~12-bound in the domain Hgx(2o) and hence, by (61), u satisfies
a W2 bound in Hy(41)(20). This proves (59). With (59) established, the
assertion of the lemma follows from the Sobolev inequality

||U||CO(HT.(ZO)) < co(r) ||u||W2»2(HT(z0))

for some constant ¢o(r) and every smooth function u : H,(z9) — R?". O
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D A convenient metric

The following lemma appeared in the Diploma thesis of Urs Frauenfelder [9].
We give a proof for the convenience of the reader.

Lemma D.1 (Urs Frauenfelder). Let (M, J) be an almost complex man-
ifold and L C M be a totally real submanifold with 2dim L = dim M. Then
there exists a Riemannian metric g on M such that

(i) g(J(p)v, J(p)w) = g(v,w) forpe M and v,w € T,M,
(ii) J(p)TI,L is the orthogonal complement of T, L for every p € L,

(iii) L is totally geodesic with respect to g.

Proof. Choose coordinates z1,...,z, on L and extend these to coordinates
XT1yeves Ty Y1, .-, Yy o0 M such that
0 0 1
= 1=1,...,n,
Ox; 3%”

on L. Write a metric in these coordinates in the form
a(z, y) b(:v,y)T)
Z, = ’
5(=:) ( b(z,y) c(z,y)
where a(z,y) = a(z,y)T, b(z,y), and c(x,y) = c(x,y)T are real n x n-
matrices. Such a metric satisfies (i), (ii), and (iii) if and only if

a(x,0) = ¢(x,0), b(x,0) =0, Opvia(x,0) =0, (62)

fori =1,...,n. The set of metrics that satisfy (62) is invariant under convex
combinations and under multiplication by cutoff functions § = f(x,y) that
satisfy

an+iﬁ(x> 0) =0.
This condition on the cutoff function is intrinsic. It asserts that

ge L, veT,L = dB(q)J(q)v = 0. (63)

Hence the result follows by choosing local metrics that satisfy (62) and patch-
ing with a partition of unity consisting of finitely many cutoff functions that
satisfy (63). O
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E Applications to contact geometry

Let M be a 2n+1-dimensional oriented manifold and o € Q' (M) be a contact
form, i.e.
a A (da)™ > 0.

The Reeb vector field Y of « is defined by
(Y)a =1, ((Y)da = 0.

We denote by ¢ : R x M — M the Reeb flow and write ¢ (p) := ¢(7,p)
whenever convenient. Let L C M be a closed Legendrian submanifold, i.e.
alrr, = 0 and L has dimension n. A characteristic chord is a pair (T, 7),
where 7 : [0,1] — M is a smooth curve and 7" > 0 is a real number such that

Yt) =TY(y(t), ~0)eL, ~(1)€L.

In particular, y(t) = @(tT,~v(0)) for 0 < t < 1. We allow the possibility

that the image of the characteristic chord lies on a periodic orbit of the

Reeb flow and hence v may not be injective. Call the characteristic chord

nondegenerate if ¢ : R x L — M is transverse to L at the point (7°,~(0)).
Now suppose that J : T'M — T'M is an endomorphism such that

aoJ =0, JY =0, J?=aY —1,
and the formula
(v,w) = da(v, Jw) + a(v)a(w) (64)

defines a Riemannian metric on M. In particular, J maps the kernel of o to
itself and its restriction to the kernel of «v is an almost complex structure that
is compatible with the symplectic form da. As in Section 1 let us denote the
half strip by S = [0, 00) x [0, 1]. We consider the partial differential equation

Osu — a(Osu)Y (u) + J(u) (Opu — a(Gu)Y (u)) = 0,

Osa(Osu) + Ora(Opu) = 0, (65)
for smooth functions u : S — M that satisfy the boundary condition
u(s,0) € L, u(s,1) € L, (66)

for s > 0.

41



Remark E.1. The solutions of (65) and (66) correspond to pseudoholomor-

phic curves in the symplectization as follows. Consider the symplectic man-
ifold (M,@) defined by

M:=Rx M, @ :=d(a),

where 6 denotes the R-coordinate. Then L:=Rx L is a Lagrangian sub-
manifold of M and the automorphism J: TM — TM defined by

~ A

J(0,v) = (—a(v), Jv + 6Y)

is an almost complex structure on . M that is compatible with w. The corre-
sponding Riemannian metric on M = R x M is €’ times the product metric,
where the metric on M is given by (64). Now u : S — M satisfies (65)
and (66) if and only if there exists a smooth function 6 : S — R such that
the function @ : S — M , defined by

u(s,t) = (0(s,t),u(s,t))

is a j—holomorphic curve in M with boundary values in L. The function 0
is determined by the equations

0s0 = a(0u), 0,0 = —a(0su) (67)
up to an additive constant.

Lemma E.2. Assume M is compact and that all characteristic chords (T, )
are nondegenerate. Let u : S — M be a solution of (65) and (66) such that

lim 0(s,t) = oo, 0 < Ep(u) < oo,

§—00

where 0 : S — R satisfies (67) and

Eo(u) = / w*do = /0 1 /0 h 10,u — a(B,u)Y (u)|* dsdt.

Then there ezists a characteristic chord (T,~y) such that

lim u(s,t) = (), lim a(dyu(s,t))

§—00 §—00

T. (68)

The limits are uniform in t.
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Proof. By [6, Theorem 5.9] (the numbering refers to the first draft), every
sequence s, — oo has a subsequence s,, such that (a(Ou(s,,,-)), u(s,,,"))
converges uniformly to a characteristic chord (T, 7). By nondegeneracy, char-
acteristic chords are isolated. Hence the limit is independent of the sequence
s, and of the subsequence s,,. O

Fix a nondegenerate characteristic chord (7', 7) and a function u : S — M
that satisfies (68). It is convenient to introduce the following coordinates in
a sufficiently small neighbourhood U of the image of 7. Choose a local
submanifold M C M of dimension 2n such that

p:=7(0) € M, T,M = ker a,
and the Reeb flow defines an open immersion
o:(—,T+e)x M —U

onto an open neighbourhood U of v([0, 1]). The manifold M carries an exact
symplectic form
w = da, a = aly.

If M is chosen as a sufficiently small slice that is transverse to y then there are
two unique Lagrangian submanifolds Ly, L; C M and two smooth functions

70 : Lo — R, n:L; —R
such that ¢™@(g) e UN L for § € Ly, ¢™@(q) € UN L for ¢ € Ly, and
o(p) =0, np =T

Since 7 is nondegenerate, these Lagrangian submanifolds intersect trans-
versally at p € Lo N Ly and they do not intersect in any other point. For
T € (—&,T + ¢) define the almost complex structure J. = J(r,-) on M by

de™(q) (J-(@)v — a(J(q)0)Y (7)) = J(¢"(q))de" (q)v (69)

for v € T;M. Then J; is compatible with @ for every 7. Let us now assume
that u(s,t) € U for every s +it € S and definew : S — M and 7: S — R
by the condition that u(s,t) — p and 7(s,t) — tT as s tends to oo and

o(7(s,t),u(s,t)) = u(s,t) (70)

fors>0and 0 <t <1.
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Lemma E.3. Ifu satisfies (65) and (66) then
Oyt + J(1,0)0u = 0, AT + 0,a(0su) + Ora(du) = 0, (71)
where A := 0, + 0,2, and, for every s > 0,
u(s,t) € Ly, 7(s,t) = 7(u(s, 1)), t=0,1. (72)
Proof. Differentiate (70) to obtain
Osu = dp" (w)0su + (057)Y (u),
hence
a(0su) = a(0su) + 0sT, (73)
and hence
Osu — a(Osu)Y (u) = d' (u) (95t — a(9u)Y (w)) .
Similar identities hold with s replaced by ¢. Hence, by (69),
0 = Jsu— a(dsu)Y(u)+ J(u)(Ou — a(Fu)Y (u))
= de"(u) (Osu — a(Ou)Y (u)) + J(¢"(w))dy" (u)0yu

= dy" () (0,u — oi(asa)Y(a) + JT(a)am_ — a(J-(0)d,n)Y (u))
= dy"(a) (0su+ J-(0)du) — a (0su + J-(w)d,u) Y (o7 (1))

Since Y (¢7(p)) is not contained in the image of T,M under the differential
do™(p), it follows that d,u + J,(#)0;u = 0. This proves the first equation
in (71) and the second equation follows from (73). The boundary condi-
tion (72) follows directly from the definitions. This proves the lemma. [

The first equation in (71) differs from (CR) in that 7 depends on s. In the
special case where J is invariant under the Reeb flow, J, is independent of 7
and hence the asymptotic behaviour of u follows directly from Theorem B.
The asymptotic behaviour of 7 can then be deduced from the second equation
in (71). In this special case the results of Abbas [1] follow from ours. We
believe that in general the results of [1] can be derived (and extended to higher
dimensions) by allowing J to depend on s and using elliptic bootstrapping
arguments for the two equations in (71).
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In the case of a Legendrian knot the contact form and the Reeb vector

field are given by

a=dz—ydz, Y:%'

Consider the endomorphism J : TR3 — TR? defined by

0 0 0 0 0 0
ooy o w Ve a7l

Then the equations (65) have the form
Osu — Oyv = 0, 0sv + Oyu = 0, Aw = 0. (74)

Here we read (u, v, w) for u in (65), (u,v) for @ in (71), and w for 7 in (71).
The slice M is the (z,y)-plane and so 7 = z. The boundary condition (66)
has the form

(u(s,0),v(s,0),w(s,0)) € L, (u(s,1),v(s,1),w(s,1)) € L, (75)

where L C R? is a Legendrian knot. Every Legendrian knot L C R? projects
to an immersed curve L in the (x,%)-plane and the characteristic chords
correspond to the self-intersections of L. They are nondegenerate if and only
if L has transverse self-intersections. In this case we can apply Theorem C
to derive the asymptotic behaviour for the map (u,v) and use the Dirichlet

boundary value problem to deduce the asymptotic behaviour for w.
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