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Exercise 9.1. Denote the standard basis of R2n by e1, . . . , e2n. Let λ > 0
and let A ∈ R2n×2n be a matrix that satisfies

Ae1 = λe1, Ae2 = λe2.

Prove that the transposed matrix AT maps the closed unit ball B2n(1) into
B2(λ)× R2n−2.

Exercise 9.2. Let f : (0,∞) → (0∞) be a smooth function and define
ωf ∈ Ω2(R2n \ {0}) by

ωf := F ∗ω0, F (z) := f(|z|) z
|z|
.

Prove that ωf is compatible with the standard complex structure J0. Hint:
Use complex notation and show that ωf is a (1, 1)-form.

In the next exercise we denote the coordinates on Cn by z = (z1, . . . , zn)
and abbreviate

dz ∧ dz :=
n∑
j=1

dzj ∧ dzj,

z · dz :=
n∑
j=1

zjdzj,

z · dz :=
n∑
j=1

zjdzj.

(1)
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Exercise 9.3. Define the 1-forms α0 ∈ Ω1(Cn) and αFS ∈ Ω1(Cn \ {0}) by

α0 :=
i

4

(
z · dz − z · dz

)
,

αFS :=
i

4|z|2
(
z · dz − z · dz

)
.

(2)

Prove that

ω0 := dα0 =
i

2
dz ∧ dz =

i

2
∂∂̄|z|2,

ρFS := dαFS =
i

2

(
dz ∧ dz
|z|2

− z · dz ∧ z · dz
|z|4

)
=

i

2
∂∂̄ log

(
|z|2
)
.

(3)

Thus ρFS is the pullback of the Fubini–Study form ωFS under the projection
pr : Cn \ {0} → CPn−1. Define Fλ : Cn \ {0} → Cn \B2n(λ) by

Fλ(z) :=
√
λ2 + |z|2 z

|z|
=

√
1 +

λ2

|z|2
z

and prove that

F ∗λα0 = α0 + λ2αFS, F ∗λω0 = ω0 + λ2ρFS.

Exercise 9.4. Let u : C→ Cn be a holomorphic function of the form

u(z) = zmv(z)

where v(0) 6= 0. Prove that

lim
δ→0

∫
|z|=δ

u∗αFS = mπ. (4)

Hint: Consider first the case v(z) ≡ a for some nonzero vector a ∈ Cn.

Exercise 9.5. Prove that the set

C̃n :=
{

([w1 : · · · : wn], (z1, . . . , z)) ∈ CPn−1 × Cn | zjwk = zkwj ∀ j, k
}

is a complex submanifold of CPn−1 × Cn and that

Z := CPn−1 × {0}

is a complex submanifold of C̃n. Prove that the pullback of ω0 +λ2ρFS under
the projection π : C̃n \ Z → Cn \ {0} extends to a Kähler form on C̃n.

2



Exercise 9.6. Let J ∈ J (CP2, ωFS) be any almost complex structure on
CP2 that is compatible with the Fubini–Study form ωFS. Let A := [CP1]
be the positive generator of H2(CP2;Z), i.e. the homology class of the line.
Consider the evaluation map

ev2 :M2(A; J) :=
M(A; J)× S2 × S2

PSL(2,C)
→ CP2 × CP2.

Prove that an element (p1, p2) ∈ CP2 × CP2 is a regular value of ev2 if and
only if p1 6= p2. Deduce that any two distinct points in CP2 are contained
in the image of a unique (up to reparametrization) J-holomorphic sphere
representing the homology class A.
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