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Exercise 9.1. Denote the standard basis of R?" by ey,...,€,. Let A > 0
and let A € R?™*2" he a matrix that satisfies

A61 = )\61, Aeg = /\62.

Prove that the transposed matrix A7 maps the closed unit ball B?"(1) into
B%*(\) x R*2,

Exercise 9.2. Let f : (0,00) — (0c0) be a smooth function and define
wy € LR\ {0}) by

* z
wy = F*wy, F(z):= f(|z\)m
Prove that wy is compatible with the standard complex structure .J;. Hint:
Use complex notation and show that wy is a (1, 1)-form.
In the next exercise we denote the coordinates on C" by z = (21,...,2,)

and abbreviate

dz NdZ =Y dz Adz;,

j=1

z-dz = szdﬁj, (1)
j=1

n

Z-dz = ZEjdzj.

i=1



Exercise 9.3. Define the 1-forms oy € Q}(C") and apg € Q(C" \ {0}) b

i

(z-d?—?-dz),

Qo =
aps 1= M(z -dzZ — 7 - dz).
Prove that

wp 1= dagy = ldz NdzZ = 185|z]2,

4 dzNdz Z-dzNz-dz
a —
PFS FS — B} |z[2 |z|4

Thus prg is the pullback of the Fubini-Study form wgg under the projection
pr: C"\ {0} — CP"!. Define F) : C*\ {0} — C"\ B?"()\) by

(3)

_is3 2
= 28810g (1z%) -

2

F\(z) ==/ A2+ |z|2|—z| =4/1+ Wz
z z
and prove that
F;Ozo = (]10+)\2()1F5, F;WO ZWQ+/\2pF5.

Exercise 9.4. Let u : C — C" be a holomorphic function of the form
u(z) = 2Mv(z)

where v(0) # 0. Prove that

lim uaps = mm. (4)
0—0 |Z‘:6

Hint: Consider first the case v(z) = a for some nonzero vector a € C".
Exercise 9.5. Prove that the set
= {([w n)s (21, ..,2)) € CP" 1 x C" | zjwy, = zpw; V 4, k}
is a complex submanifold of CP"™! x C" and that
Z = CP" ! x {0}

is a complex submanifold of C". Prove that the pullback of wy + A2 prs under
the projection 7 : C*\ Z — C" \ {0} extends to a Kéhler form on C".
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Exercise 9.6. Let J € J(CP? wpg) be any almost complex structure on
CP? that is compatible with the Fubini-Study form wpg. Let A := [CP']
be the positive generator of Hy(CP?;Z), i.e. the homology class of the line.
Consider the evaluation map

M(A; J) x S? x §?

P? x CP.
psLzC) e

evy : Mo(A; J) =

Prove that an element (py,p;) € CP? x CP? is a regular value of evy if and
only if p; # ps. Deduce that any two distinct points in CP? are contained
in the image of a unique (up to reparametrization) J-holomorphic sphere
representing the homology class A.



