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1 C˚-dynamical systems (Gaia Torresani)

[Pag 159-160, [2]] Physical theories consist essentially of two elements, a kine-
matical structure describing the instantaneous states and observables of
the system, and a dynamical rule describing the change of these states and
observables with time. In the classical mechanics of point particles a state is
represented by a point in a differentiable manifold and the observables by func-
tions over the manifold. In the quantum mechanics of systems with a finite
number of degrees of freedom the states are given by rays in a Hilbert
space and the observables by operators acting on the space. For particle sys-
tems with an infinite number of degrees of freedom we intend to identify
the states with states over appropriate algebras of fields, or operators. In
each of these examples the dynamical description of the system is given by a
flow, a one-parameter group of automorphisms of the underlying kine-
matical structure, which represents the motion of the system with time. In
classical mechanics one has a group of diffeomorphisms, in quantum mechan-
ics a group of unitary operators on the Hilbert space, and for systems
with an infinite number of degrees of freedom a group of automorphisms of
the algebra of observables.
One-parameter semigroups will be used in the study the time evolution of Open
Quantum Systems.
The general problem is to study the differential equation

dAt

dt
“ SAt.

The A corresponds to an observable, or state, of the system and will be rep-
resented by an element of some suitable space X. The function t ÞÑ At P X
describes the motion of A and S is an operator on X, which generates the in-
finitesimal change of A. Formally, the solution of the differential equation is
At “ UtA, where Ut “ exp tS and the problem is to give a meaning to the
exponential. Independently of the manner in which this is done one expects
Ut to have the property that U0 is the identity and that UtUs “ Ut`s and so
we seek solutions of this nature. There are, however, many different possible
types of continuity of t ÞÑ Ut and this leads to a structural hierarchy. We
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examine uniform, strong, and σ weak continuity.

Note: [Page 228 [2]] the concept of a σ weakly continuous group, of an algebra U
is only defined when U: has a predual. But in this case U: is automatically a von
Neumann algebra by Sakai’s theorem. Moreover, one may demonstrate (see Ex-
ample 3.2.36 in [2]) that a strongly continuous group, of ˚-automorphisms of a
von Neumann algebra M is automatically uniformly continuous. Then strongly
continuous groups are appropriate to C˚-algebras, σ-weakly continuous to von
Neumann algebras, and uniformly continuous groups to both structures.

On this talk we will focus on strongly continuous groups of C˚-algebras. We
start by stating some general facts of the theory of strongly continuous one-
parameter semigroups.

Definition 1.1. Let tAptqutě0 be a family of bounded linear operators defined
on a Banach space B. We say that tAptqutě0 is a strongly continuous semigroup
or C0 semigroup if

1. Ap0q “ I

2. Apt` sq “ AptqApsq for any s, t ě 0.

3. Aptqφ is continuous as a function of t on r0,8q, with respect to the norm
of B, for all φ P B.

Note: A semigroup Aptq is defined only for t ě 0, a group is defined for t P R.

Remark : The third property is equivalent to the continuity in 0` with respect
to the norm of B, that is }Aptqφ´ φ} Ñ 0 for t Ñ 0`.

Proof. One direction is obvious. We prove that the continuity in 0` implies p3q.
Let t, h ě 0

}Apt` hqφ´Aptqφ} ď }Aptq}}Aphqx´ x} ď Meωt}Aphqx´ x}

where we have used property (a) of Proposition 1, (that we will present later).
If h ď 0 the proof is analogous.

We are now ready to give the definition of C˚ dynamical system.

Recall : A ˚-morphism between two C˚´algebras U1 and U2 is a mapping
π : U1 Ñ U2 such that, for A,B P U1 and α, β P C:

• πpαA` βBq “ απpAq ` βπpBq,

• πpABq “ πpAqπpBq,

• πpA˚q “ πpAq˚.

A ˚-automorphism of a C˚-algebra U is a ˚-morphism π : U Ñ U, that is
bijective.
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Definition 1.2. A C*-dynamical system is a pair pU, τ tq where U is a C*-
algebra with a unit and τ t a strongly continuous group of ˚-automorphisms of
U.

Remark : Strong continuity means that t ÞÑ τ tpAq is continuous with respect to
the norm topology of U.

Remark : Since τ tppz ´ Aq´1q “ pz ´ τ tpAqq´1, a ˚-automorphism τ t preserves
the spectrum. Furthermore, we recall that it is norm continuous and since it
is also invertible, it is isometric, i.e. }τtpAq} “ }A} @A P U [Corollary 2.3.4 in [2]].

We investigate some properties of one parameter semigorup and introduce
the concept of infinitesimal generator. We will later apply this results to C˚

dynamical systems.

Definition 1.3. The infinitesimal generator of the C0 semigroup tAptqutě0 on
Banach space B, is the linear operator (S,D) defined by

D “

"

φ P B| lim
tÑ0`

Aptq ´ I

t
φ exists in B

*

(1)

Sφ “ lim
tÑ0`

Aptq ´ I

t
φ, φ P D. (2)

Proposition 1.4 (Theorems 2.2-2.6 in [3] and proposition 6.4 in [1]). Let
tAptqutě0 be a C0 semigroup on Banach space B of generator A. Then

a) There exist ω P R and M ě 1 such that Aptq ď Meωt, for all t ě 0.

b) For any t ě 0, φ P B, we have limhÑ0` 1{t
şt`h

t
Apτqφdτ “ Aptqφ.

c) For any t ě 0, φ P B, we have
şt

0
Apτqφdτ P D and

S

ˆ
ż t

0

Apτqdτ

˙

“ Aptqφ´ φ (3)

d) For any t ě 0, Aptq : D Ñ D and if φ P D, t ÞÑ Aptqφ is in C1pr0,8qq

and
d

dt
Aptqφ “ SAptqφ “ AptqSφ, t ě 0 (4)

e) The generator S is closed with dense domain D.

f) If tA1ptqutě0 and tA2ptqutě0 are two C0 semigroups with the same gener-
ator S, then A1ptq ” A2ptq.

Proof. a) Recall that the Bancah Steinhaus theorem says that if X is a Banach
space, Y a normed vector space and BpX,Y q the space of continuous linear op-
erators between X and Y and F Ă BpX,Y q then psupTPF }T pxq}Y ď 8, @x P
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Xq ñ psupTPF,}x}ď1 }T pxq}Y “ supTPF }T }BpX,Y q ď 8q. By the right continu-
ity at 0 and the Banach Steinhaus theorem we have that there exists ε ą 0,
M ě 1 such that }Aptq} ď M if t P r0, εs. For every t ě there exists n P N and
0 ă δ ď ε such that t “ δ ` nε, then by property 2 of C0 semigroups,

}Aptq} “ }ApδqApεqn} ď Mn`1 ď MM t{ε “ Meωt

where ω “ lnM{ε ě 0.
b) Follows from continuity of t ÞÑ Aptqφ.
c) For φ P B, t ě 0 and any ε ą 0, by applying the definition of infinitesiaml
generator, we have

lim
εÑ0`

Apεq ´ I

ε

ż t

0

Apτqφdτ “ lim
εÑ0`

1

ε

ż t

0

pApεqApτq ´Apτqqφdτ

“ lim
εÑ0`

1

ε

ż t

0

pApε` τq ´Apτqqφdτ “ lim
εÑ0`

1

ε

ż t`ε

ε

Apτqφdτ ´
1

ε

ż t

0

Apτqφdτ

“ lim
εÑ0`

1

ε

ż t`ε

t

Apτqφdτ ´
1

ε

ż ε

0

Apτqqφdτ “ Aptqφ´ φ

where we have used property (2) and (3) of the C0 semigroup and point (b).
d) Let t ě 0, φ P D, we have that:

lim
εÑ0`

Apεq ´ I

ε
Aptqφ “ lim

εÑ0`
Aptq

Apεq ´ I

ε
φ “ AptqSφ

which proves Aptqφ P D and SAptq “ AptqS. By property (2) of C0 semigroup
and the above consideration, the function t ÞÑ Aptqφ has a right derivative that
is continuous on r0,8q. This implies continuous differentiability on r0,8q.
e) Let φ P B, let φε “ 1

ε

şε

0
Apτqφdτ . By point (c) φε P D, furthermore

limεÑ0` φε “ φ by point (b) which proves that D is dense.
Let tφnunPN be a sequence in D such that φn Ñ φ and Sφn Ñ ψ, for some
φ,ψ P B. For any n P N, integrating the expression in (d) implies that

Aptqφn ´ φn “

ż t

0

ApτqSφndτ

by letting n Ñ 8, we get Aptqφ´ φ “
şt

0
Apτqψdτ , therefore by part (b)

lim
tÑ0`

1

t
pAptqφ´ φq “ ψ

then φ P D, and ψ “ Sφ.
f) For φ P D, t ą 0, we define ψpτq “ A1pt ´ τqA2pτqφ for τ P r0, T s. Thanks
to (d) we can differentiate and we get:

d

dτ
ψpτq “ ´A1pt´ τqSA2pτqφ`A1pt´ τqSA2pτqφ “ 0

then ψptq “ ψp0q, which says that A1ptqφ “ A2ptqφ, then by density of D and
due to the fact that A1ptq, A2ptq are bounded, we have that A1ptq ” A2ptq.
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Proposition 1.5. Let tAptqutě0 be a one parameter semigroup of bounded lin-
ear operators St P LpBq of a Banach space B. The following conditions are
equivalent:

1. At is uniformly continuous i.e., limtÑ0 }At ´ I} “ 0;

2. it has a bounded generator S, i.e., limtÑ0 }pAt ´ Iq{t´ S} “ 0;

3. there is a bounded operator S P LpBq such that At “
ř

ně0
tn

n!S
n.

If these conditions are fulfilled then At extends to a uniformly continuous one
parameter group satisfying }At} ď e|t|}S}.

Proof. See proposition 3.1.1. in [2]

We now give a characterization of the generator of strongly continuous one
parameter groups of ˚´automorphisms of a C˚-algebra. We begin by introduc-
ing the concept of ˚´derivation.

Definition 1.6. Let U be a ˚- algebra and D Ă U. A linear operator δ : D Ñ U
is called a ˚-derivation if

a) D is a ˚-subalgebra of U.

b) δpABq “ δpAqB `AδpBq for all A,B P D.

c) δpA˚q “ δpAq˚ for all A P D.

Observation: The unit 1 P Dpδq (Corollary 3.2.30 in [2]) then δp1q “ 0
because δp1q “ δp12q “ 2δp1q. Derivations arise as infinitesimal generators of
strongly continuous groups tτtutPR of ˚-automorphisms of a C˚ algebra U. The
two defining properties originate by differentiation of the relations τtpA

˚q “

τtpAq˚ and τtpABq “ τtpAqτtpBq for A,B P U:

lim
tÑ0

τtpA
˚q ´A˚

t
“ lim

tÑ0

τtpAq˚ ´A˚

t

ñ lim
tÑ0

τt ´ I

t
A˚ “ lim

tÑ0

ˆ

τt ´ I

t

˙˚

A ñ δpA˚q “ δpAq˚

and

lim
tÑ0

τtpABq ´AB

t
“ lim

tÑ0

τtpAqτtpBq ´AB

t

ñ lim
tÑ0

τt ´ I

t
AB “ lim

tÑ0

τtpAqτtpBq ´ τtpAqB ` τtpAqB ´AB

t

ñ δpABq “ lim
tÑ0

τtpAqpτtpBq ´Bq

t
`
τtpAqB ´AB

t

“ lim
tÑ0

τtpAq
τt ´ I

t
B `

ˆ

τt ´ I

t
A

˙

B “ AδpBq ` δpAqB.

5



The domain D of the infinitesimal generator δ is contained in U, hence it is a
˚´subalgebra of U. We have proved that the generator of a dynamical group is
a derivation.

We can characterize infinitesiaml generators by exponentiating them in a suit-
able form. We begin with a result which characterizes the generator S of a
semigroup of contractions by properties of its resolvent. The algorithm etx “

limnÑ8p1 ´ tx{nq´n for the numerical exponential can be extended to an op-
erator relation if the ”resolvent” pI ´ tS{nq´n has suitable properties. The
definition of the resolvent of a closed operator S requires two pieces of informa-
tion. Firstly, one must know that the range of p1 ´ tS{nq is equal to the whole
space in order that p1 ´ tS{nq´l should be everywhere defined and, secondly,
one needs a bound on }pI ´ tS{nq´n}.

The Hille-Yosida theorem characterizes generators by properties of their re-
solvents.

Theorem 1.7 (Hille Yosida). Let S be an operator on the Banach space B.
The following conditions are equivalent:

1. S is the infinitesimal generator of a strongly continuous semigroup of con-
tractions Uptqtě0;

2. S is densely defined in B and closed. For α ě 0

}pI ´ αSqφ} ě }φ}, for φ P DpSq (5)

and for some α ą 0,
RanpI ´ αSq “ B. (6)

If these conditions are satisfied then the semigroup is defined in terms of S by
either of the limits

Utφ “ lim
εÑ0

expttSpI ´ εSq´1uφ “ lim
nÑ8

pI ´ tS{nq´nφ.

where the exponential of the bounded operator is defined by power series expan-
sion, φ P B.

Proof. p1q ñ p2q If S is the infinitesimal generator of a strongly continuous
semigroup then it is closed and its domain DpSq is dense in B. Let λ ą 0 and
x P B, let

Rλx “

ż 8

0

e´λtUptqxdt.

by continuity of t ÞÑ Uptqx and uniformly boundedness (we are dealing with
contractions) the integral exists as an improper Rienmann integral and defines
a bounded linear operator Rλ that satisfies:

}Rλx} ď

ż 8

0

e´λt}Uptqx}dt ď
1

λ
}x}.
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Let h ą 0, then

Uphq ´ I

h
Rλx “

1

h

ż 8

0

e´λtpUpt` hqx´ Uptqxqdt

“
1

h

ż 8

h

e´λpt´hqUptqxdt´
1

h

ż 8

0

e´λtUptqxdt

“
eλh

h

ż 8

0

e´λtUptqxdt´
eλh

h

ż h

0

e´λtUptqxdt´
1

h

ż 8

0

e´λtUptqxdt

“
eλh ´ 1

h

ż 8

0

e´λtUptqxdt´
eλh

h

ż h

0

e´λtUptqxdt

As h Ñ 0`, the right hand side converges to λRλx ´ x. This implies that for
every x P B and λ ą 0 Rλx P DpSq and SRλ “ λRλ ´ I, which is the same as
pλI ´ SqRλ “ I.
For x P DpSq we have

RλSx “

ż 8

0

e´λtUptqSxdt “

ż 8

0

e´λtSUptqxdt

“ S

ˆ
ż 8

0

e´λtUptqxdt

˙

“ SRλx

where we used that the infinitesimal generator commutes with the elements of
the semigroup and closeness of S. Finally we have that RλpλI ´ Sqx “ x for
x P DpSq. Thus Rλ “ pλI ´ Sq´1 and is therefore well defined for every λ ą 0
and satisfies }pλI ´ Sq´1x} “ }Rλx} ď 1

λ}x} ñ }pλI ´ Sqx} ě λ}x} . Now
if we let α “ 1{λ we get that RanpI ´ αSq “ B because it is invertible and
}pI ´ αSqx} ě }x}.
p2q ñ p1q Condition 2 implies that pI ´ εSq´1 is bounded strongly continuous
and }pI ´ εSq´1} ď 1 (by putting φ “ 1 in (5)) for ε “ α0 such that RanpI ´

εSq “ B. The series pI ´ αSq´1 “ α0

α

ř

ně0

`

α´α0

α

˘n
pI ´ α0Sq´n´1 establishes

that RanpI ´ εSq “ B for all ε ą 0.
We define Sε “ SpI ´ εSq´1 and notice that Sε “ ´ε´1pI ´ pI ´ εSq´1q, then

} expttSεu} ď expt´tε´1u
ÿ

ně0

ptε´1qn

n!
}pI ´ εSq´n} ď 1.

for t ě 0. Thus Uε
t “ expttSεu are uniformly continuous contraction semigroup.

Moreover the bounded operators Sε and Sδ commute, and for φ P DpSq

}Uε
t φ´ U δ

t φ} “

›

›

›

›

ż 1

0

d

ds
etpsSε`p1´sqSδqφds

›

›

›

›

“

›

›

›

›

t

ż 1

0

etsSεetp1´sqSδpSε ´ Sδqφds

›

›

›

›

ď t}pSε ´ Sδqφ}

for all t ě 0. Note that if φ P DpSq then }pI´εSq´1φ´φ} “ ε}pI´εSq´1Sφ} ď

ε}Sφ}. Then the uniformly bounded family of operators pI ´ εSq´1 converges
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strongly to the identity on the dense set DpSq. Then from the relation
pSε ´ Sqφ “ ppI ´ εSq´1 ´ IqSφ we have that Sεφ converges in norm to Sφ
for all φ P DpSq. By previous inequality, we have that tUε

t φuεě0 is uniformly
norm convergent for t in compacts and for φ P DpSq. By uniform boundedness
}Uε

t } ď 1, we conclude that tUε
t uεě0 converges strongly on DpSq uniformly

for t in compacts. If we denote U “ tUtutě0 the strong limit it immediately
follows that U is a strongly continuous semigroup of contractions (by triangular
inequality). It is left to prove that the infinitesimal generator of tUtutě0 is in
fact S. We see that

pUε
t ´ Iqx

t
“

1

t

ż t

0

Uε
sSεxds

for all x P B. But if φ P DpSq we obtain the relation

pUt ´ Iqφ

t
“

1

t

ż t

0

UsSφds

by strong limits. Therefore

›

›

›

›

pUt ´ Iqφ

t
´ Sφ

›

›

›

›

ď sup
0ďsďt

}pUs ´ IqSφ}

and it follows from the strong continuity of U that its generator S1 is an extension
of S. But this implies that pI ´ αS1q´1 is an extension of pI ´ αSq´1 for all
α. However, the latter operator is everywhere defined than we must have that
S1 “ S.

Proposition 1.8. Let U be a C˚-algebra with a unit. A densely defined, closed
operator δ on U generates a strongly continuous group of ˚-automorphism of U
if and only if:

1. δ is a ˚-derivation, and

2. RanpId` λδq “ U for all λ P Rzt0u, and

3. }A` λδpAq} ě }A} for all λ P R and A P Dpδq.

Proof. ñ Assume that δ is the generator of a strongly continuous one parameter
group τt of ˚-automorphisms of U. We already proved that δ is a ˚-derivation.
Since τt are isometries we can apply Hille-Yosida theorem to ˘δ and conditions
2) and 3) are implied.
ð Now assume that p1q, p2q, p3q hold and we prove that δ generates a strongly
continuous group of ˚-automorphisms of U. The group generated by δ is a
strongly continuous one-parameter group τt of isometries by Hille-Yosida. We
know that (1) implies that 1 P Dpδq and δp1q “ 0, then τtp1q “ 1, τt is an
˚-automorphism (by Corollary 3.2.12 in [2]) .
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If the C˚-algebra acts on a Hilbert space H then a dynamical group τt can
be constructed (see Example 3.2.14) from a group of unitary operators Ut on
H:

τtpAq “ UtAU
˚
t .

Such ˚-automorphisms are called spatial.

Theorem 1.9 (Stone’s theorem). Let tUtutPR a strongly continuous unitary one
parameter group. Then there exists a unique (not necessarily bounded) operator
A : DpAq Ă H Ñ H that is self adjoint on DpAq and such that

Ut “ eitA @t P R.

Example: (Finite quantum system).
Consider the quantum system with a finite number of degrees of freedom de-
termined by the Hilbert space H and by the self-adjoint operator H. On the
C˚-algebra U “ BpHq the dynamics is given by

τtpAq “ eitHAe´itH . (7)

The group τt is strongly continuous if and only if H is bounded.
In fact, let H be bounded, then there exists M ě }H}, we have that

}eitH} “

›

›

›

›

›

ÿ

ně0

pitHqn

n!

›

›

›

›

›

ď
ÿ

ně0

›

›

›

›

pitHqn

n!

›

›

›

›

ď etM

and analogously with the minus. Then for every A P H,

}τtpAq ´ IA} “ }eitHAe´itH ´A} “ }eitHAe´itH ´ eitHA` eitHA´A}

ď }eitH}}Ae´itH ´A} ` }eitHA´A}

ď etM }Ae´itH ´A} ` }eitHA´A}

by taking the limit t Ñ 0 we have that }eitHA´A}, }Ae´itH ´A} Ñ 0 and then
we have proven strong continuity.
Conversely, assume that H is unbounded (which means that its spectrum is
unbounded). Denote with EH the spectral family of H (a spectral family is
a family tEλu of orthogonal projectors onto the space generated by the eigen-
vectors corresponding to eigenvalues that are less or equal than λ). Let ε ą 0,
δ ą 0; we can choose a real number a and a sequence tanuně0 Ă R such that
the intervals In “ ran, an ` as are disjoint and EHpInqH is non empty, and

sup
n

|eipan´an`1qt ´ 1| ě 2 ´ δ, |eita ´ 1| ď 1{2

for all |t| ď ε. Now choose unit vectors ψn P EHpInqH and define V by

V ψ “
ÿ

ně0

ψnpψn`1, ψq.
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One has }V } “ 1 and

peipan´an`1qt ´ 1qψn

“ pτtpV q ´ V qψn`1 ´ peitH ´ eiantqψnpψn`1, e
´itHψn`1q

´eiantψnpψn`1, pe
´itH ´ e´an`1tqψn`1q

and hence

2 ď }τtpV q ´ V } ` 1 ` δ

for all |t| ď ε, which is a contradiction. Then H must be bounded.
In general, an everywhere defined derivation of a C˚-dynamical system is bounded
[Corollary 3.2.23 in [2]].

A consequence of this is that if τt is strongly continuous it is also uniformly
continuous and its generator is the bounded ˚-derivation δpAq “ irH,As (r, s is
the commutator).

2 W ˚-dynamical systems (Luca Giudici)

This part about W˚-dynamical systems follows [1].

Definition 2.1 (W˚-dynamical system). Let H be a Hilbert space and M Ď

BpHq a von Neumann algebra. A σ-weakly continuous group of ˚-automorphism
of M is a group homomorphism

τ : t P R ÞÑ τ t P AutpMq

such that for any A P M the map

t P R ÞÑ τ tpAq P M

is continuous w.r.t. the σ-weak topology on M. This is equivalent to the map

t P R ÞÑ trpτ tpAqT q P R

being continuous for any trace class operator T P T pHq. We call pM, τ tq a
W˚-dynamical system.

There is a similar proposition charaterising σ-weakly continuous groups of
˚-automorphisms of a von Neumann algebra in terms of a ˚-derivations as for
strongly continuous groups of ˚-automorphisms of a C˚-algebra, for which the
proof is analogous.

Proposition 2.2. Let M Ď BpHq be a von Neumann algebra and δ : Dpδq Ñ M
be a σ-weakly densely define closed linear operator. Then τ t “ etδ, t P R,
defines a σ-weakly continuous group ˚-automorphisms of M if and onyl if the
the following three statements hold
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(i) δ is ˚-derivation and 1 P Dpδq.

(ii) Rpid` λδq “ M for all λ P Rzt0u.

(iii) ∥A` λδpAq∥ ě∥A∥ for all λ P R and A P Dpδq.

Let’s turn our attention to a first simple example.

Example 2.3 (Heisenberg equation). Consider the von Neumann algebra M “

BpHq and consider the evolution of a observable A P BpHq under the Heisenberg
equation

#

BtAt “ i rH,Ats , H “ H˚ : H Ñ H linear (possibly unbounded)

A0 “ A.

with the solution At “ eitHAe´itH . Define

τ tpAq “ eitHAe´itH , A P M.

We now claim that τ t is a σ-weakly continuous group of ˚-automorphisms of
M. We check:

• τ t is ˚-automorphism: Fix A,B P M and λ P C then we have

– τ tpA ` λBq “ eitHpA ` λBqe´itH “ eitHAe´itH ` λeitHBe´itH “

τ tpAq ` λτ tpBq.

– τ tpABq “ eitHABe´itH “ eitHAe´itHeitHBe´itH “ τ tpAqτ tpBq.

– Since peitHq˚ “ e´itH˚

“ e´itH as H is self adjoint, we find:

τ tpA˚q “ eitHA˚e´itH “ pe´itHq˚A˚peitHq˚ “ peitHAe´itHq˚ “ τ tpAq˚.

– Note that τ´tτ tpAq “ τ tτ´tpAq “ A. So τ t is a ˚-automorphism.

• t ÞÑ τ t is a group homomorphism: Clearly we have τ0pAq “ A and so
τ0 “ id. Moreover we can check that

τ t`spAq “ eipt`sqHAe´ipt`sqH “ eitHeisHAe´isHe´itH “ eitHτspAqe´itH “ τ tτspAq.

Thus τ t`s “ τ tτs. So t ÞÑ τ t is a group homomorphism.

• Note that for unit vectors Φ,Ψ P H we have by Cauchy-Schwarz inequality

|xΦ, τ tpAqΨy| “ |xΦ, eitHAe´itHΨy|

“ |xe´itHΦ, Ae´itHΨy|

ď ∥e´itHΦ∥∥Ae´itHΨ∥
ď ∥e´itH∥∥Φ∥∥A∥∥e´itH∥∥Ψ∥
ď ∥A∥.
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This shows that t ÞÑ xΦ, τ tpAqΨy is uniformly bounded by ∥A∥ and therefor
is a continuous map. Let T P T pHq be a trace class operator. We can write
T “

ř

n λnxΦn, ¨yΨn for some unit vectors Φn,Ψn P H and
ř

n |λn| ă 8.
Then by the above the map

t ÞÑ trpτ tpAqT q “
ÿ

n

λnxΦn, τ
tpAqΨny

is continuous, as it is the limt of a uniform convergent seqeunce of con-
tinuous functions.

2.1 Interlude to spectral theory of bounded derivations

We will follow the exposition presented in [2]. For τ t a σ-weakly continuous
group of ‹-automorphisms of a von Neumann algebra, we define for any f P

L1pRq

τpfq “

ż

R
dtfptqτ t.

It can be checked that
τpf ˚ gq “ τpfqτpgq.

Definition 2.4 (Spectrum of one-parameter families). Let M be a von Neu-
mann algebra and τ t a σ-weakly continuous group of ˚-automorphisms of M
such that ∥τ t∥ ď M for all t P R.

• For any subset Y Ă M we define

J τ
Y “

␣

f P L1pRq|τpfqA “ 0 @A P Y
(

.

This is a ˚-ideal in L1pRq.

• The spectrum of Y is given by

στ pYq “ tk P R|f̂pkq “ 0 @f P J τ
Y u,

where f̂ is the Fourier transform of f .

• The spectrum of τ is given by

σpτq “ στ pMq

and the spectral subspace to a subset E Ď R is defined by

Mτ pEq “ tA P M|στ pAq Ă Eu.

We now consider some elementary properties of the spectrum of a element.

Lemma 2.5. Let τ t be a uniformly bounded σ-weakly continuous group of ˚-
automorphisms of M. Then for all A,B P M, f P L1pRq it holds that:

12



(i) στ pτ tAq “ στ pAq for all t P R.

(ii) στ pαA`Bq Ă στ pAq Y στ pBq.

(iii) στ pτpfqAq Ď supppf̂q X στ pAq.

(iv) If f1, f2 P L1pRq and f̂1 “ f̂2 in a neighbourhood of στ pAq, then

τpf1qA “ τpf2qA.

Proof. (i) We have for ftpsq “ fps´ tq

τpfqτ tA “

ż

dsfpsqτsτ tA

“

ż

dsfpsqτs`tA

“

ż

dsftpsqτ
sA

“ τpftqA.

Now, the Fourier transform of ft is given by f̂tpkq “ e´ktf̂pkq. Hence we
find:

k P στ pτ tAq ðñ @f P L1pRq with τpfqτ tA “ 0 : f̂pkq “ 0

ðñ @f P L1pRq with τpftqA “ 0 : f̂tpkq “ 0

ðñ k P στ pAq.

(ii) By linearity of the Fourier transform and linearity of τ we find στ pαAq “

στ pAq. So assume α “ 1. If now k R στ pAq Y στ pBq, we find f, g P L1pRq

with τpfqA “ 0 and τpgqB “ 0 such that f̂pkq “ ĝpkq “ 1. Now for f ˚ g
we have that τpf ˚ gqpA ` Bq “ 0 and thus by the convolution theorem1

that pf ˚ gq^pkq “ f̂pkqĝpkq “ 1. Hence, k R στ pA`Bq.

(iii) If τpgqA “ 0 we have τpgqτpfqA “ τpfqτpgqA “ 0 and hence στ pτpfqAq Ď

στ pAq. On the other hand, if ĝ vanishes on supppf̂q the f ˚ g “ 0, thus we

have τpgqτpfqA “ τpf ˚ gqA “ 0. Hence, στ pτpfqAq Ď supppf̂q.

(iv) Set g “ f1 ´ f2. We must show τpgqA “ 0. Since g vanishes on a
neighbourhood of στ pAq we have by (iii) that

στ pτpgqAq Ď supppĝq X στ pAq “ H.

Hence, τpgqA “ 0.

Now let us turn to some properties of the spectral subspaces.

1We have by the convolution theorem that pf ˚ gq^ “ f̂ ĝ.
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Lemma 2.6. Let τ t be a uniformly bounded σ-weakly continuous group of ˚-
automorphisms of M. Then for all E Ă R it holds that

(i) Mτ
0pEq Ď Mτ pEq where Mτ

0pEq is the σ-weakly closed linear span of

elements of the form τpfqA with supppf̂q Ď E.

(ii) τ tMτ
0pEq “ Mτ

0pEq and τ tMτ pEq “ Mτ pEq.

(iii) If E is closed, then

Mτ pEq “ tA P M|στ pA Ď Eu.

(iv) If E is open, then

Mτ pEq “ Mτ
0pEq “

ł

tMτ pKq|K Ď E compactu,

where
Ž

denotes the σ-closed linear span.

(v) If E is closed and N ranges over the open neigbourhoods of 0 P R then

Mτ pEq “
č

N

Mτ
0pE `Nq.

The next proposition charaterises the spectrum of σ-weakly continuous group
of ˚-automorphisms in terms of the spectrum of its generator δ, i.e.

σpδq “ Czρpδq,

where ρpδq “ tλ P C|λid ´ δ is invertible.u

Proposition 2.7. Let τ t be a σ-weakly continuous uniformly bounded group of
˚-automorphism in a von Neumann algebra M with generator δ, i.e. τ t “ etδ.
Then TFAE:

(i) k0 P σpτq.

(ii) For any neigbourhood E Q k0 it holds that Mτ
0pEq ‰ t0u.

(iii) For all ε ą 0 and all compacts sets K Ď R there is a compact neighbour-
hood E Q k0 such that Mτ pEq ‰ t0u and

∥τ tA´ e´k0tA∥ ď ε∥A∥

for all A P Mτ pEq and t P K.

(iv) There is a sequence of elements Aα P M such that ∥Aα∥ “ 1 and uniformly
for t in compacts

lim
αÑ8

∥τ tAα ´ e´k0tAα∥ “ 0.

(v) For all f P L1pRq it holds that |f̂pk0q| ď ∥τpfq∥.
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(vi) ´ik0 P σpδq, i.e. σpδq “ ´iσpτq.

Recall that a operator U P BpHq is unitary if U˚U “ UU˚ “ id. Recall
again Stone’s theorem.

Theorem 2.8 (Stone). Let t ÞÑ Ut P BpHq be a strongly continuous group
of unitary operators. Then exists a unique (possibly unbounded) operator H :
DpHq Ñ H, which is self-adjoint on DpHq and such that

@t ě 0 : Ut “ eitH .

The domain of H is given by

DpHq “

"

Ψ P H
ˇ

ˇ

ˇ

ˇ

lim
tÑ0

´ipUtpΨq ´ Ψq

t
exists.

*

.

We can reformulate this in terms of the projection-valued measure P asso-
ciated to the self-adjoint operator H by the spectral theorem, i.e.

H “

ż

R
kdP pkq.

Recall that for a measurable-function g : R Ñ C we can write

gpAq “

ż

R
gpkqdP pkq.

And so by Stone’s theorem we have the strongly continuous group of unitary
operators t ÞÑ Ut P BpHq given by

Ut “

ż

R
eitkdP pkq.

The next proposition gives a result on the spectrum of so-called spatial groups
of ˚-automorphisms.

Proposition 2.9. Let t ÞÑ Ut P BpHq be a strongly continuous group of unitary
operators and τ tpAq “ UtAU

˚
t the σ-weakly continuous group of ˚-automorphism

generated by U . Let

Ut “

ż

R
eitkdP pkq,

be the spectral decomposition of U . Then TFAE for any A P BpHq and kP R

(i) στ pAq Ď rk,8q

(ii) AP prk,8qqH Ă P prk ` j,8qqH for any j P R.

In particular, we find for von Neumann algebra M and all t P R.

Mτ prt,8qqH “ Mτ prt,8qqP pr0,8qqH Ď P prt,8qqH.
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Theorem 2.10 (Borchers-Arveson). Let τ t be a σ-weakly continuous group of ˚-
automorphisms of a von Neumann algebra M Ď BpHq. The following conditions
are equivalent:

(i) There is a strongly continuous group of unitary operators Ut P BpHq with
nonnegative spectrum (that is in Stone’s theorem H is positive) such that
τ tpAq “ UtAU

˚
t .

(ii) There is a strongly continuous group of unitary operators Ut P M with
nonnegative spectrum (that is in Stone’s theorem H is positive) such that
τ tpAq “ UtAU

˚
t .

(iii)
Ş

tPR Mτ prt,8qqH “ t0u.

Proof. • piiq ùñ piq is clear.

• For piq ùñ piiiq we leverage that if P is the projection-valued measure
associated to U then P prt,8qq “ 1 for all t ď 0 and so clearly

č

tPR
P prt,8qqH “ t0u.

By the proposition above we have that

Mτ prt,8qqH “ Mτ prt,8qqP pr0,8qqH Ď P prt,8qqH

and so piiiq follows.

• For piiiq ùñ piiq The idea is to set Qt “
Ş

săt Mτ prs,8qqH and
show that there is a unique projection-valued measure P on R such that
P prt,8qq “ Qt for all t and then define

Ut “

ż

e´itkdP pkq.

This then gives us the searched for unitary group.

The intersting corllary to this theorem will give a characterisation of bounded
derivations of a von Neumann algebra in terms of a ”Hamiltonian”.

Corollary 2.11. Let δ be an everywhere defined bounded derivation of a von

Neumann algebra M. Then exists H “ H˚ P M with ∥H∥ ď
∥δ∥
2 and such that

δpAq “ irH,As.

I will give the idea of the proof.

Proof. We define

τ tpAq “ etδpAq “
ÿ

tě0

tn

n!
δnpAq.
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This is then a continuous group of ˚-automorphisms. The next step is to show
that Mτ prt,8qq “ t0u for all t ě ∥δ∥. So by the Borchers-Arveson theorem the
result follows that we have a strongly continuous unitary group Ut in M such
that

τ tpAq “ UtAU
˚
t .

By Stone’s theorem there is a self-adjoint operator H such that

Ut “ eitH

and hence, by differentiating with respect to t we get the result.
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