HARMONIC ANALYSIS

1. BASIC FACTS ABOUT FOURIER TRANSFORM

We denote the torus by T? := R?/(27Z)? with Lebesgue measure. For
f € LY(T?%) we define the Fourier transform for n € Z¢

A

f(n):=©2m)~ % [ flx)e ™" da.
Td
The inverse Fourier transform is defined for f,, € £*(Z¢) by
fz) = Z frnet®m,
nezZd
Theorem 1 (Parseval theorem). Let f € L2(T%), then f € ¢2(Z%) and
17117 = 2m)~ I F1172-
Moreover, the Fourier transform is bijective.
Exercise 1. Give a proof of this result using the Stone- Weierstrass theorem.

Basic question in Harmonic Analysis: Can we get rates on the conver-
gence?
We claim that for any Lipschitz function f: T — C we have

F @) < 0l 7M1 eips

where || f||Lip 1= sup,,, % This follows from writing
. 1 ‘ ‘
2rf(n) = 5 / e™ I f(z) 4+ " @) £ (1 4 7 /n) da
T
1

- /T (f(2) — (& + 7 /n))e™ d.

Exercise 2. Generalize the above argument to arbitrary dimensions!
More generally, let f be a Holder function, i.e.

| £lA, = sup [f(x) = fF()l

T#yY ’33 - y’oz

Y

then f(n) = O(1/|n|*).
We define the continuous Fourier transform as

F(€) = —izg g
fle) = [ flaemi= de
and also

fle) = | pla)e e

1
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Theorem 2 (Plancherel theorem). For any f € L2(R?), || fll2 = (27)%2| /2.
Moreover, f = (2r)~%f Finally, f — (27)"%2f is an isometry of L2(R%)
onto L*(R%).

1.1. Schwartz functions and the space of tempered distributions.
We start by giving the definition of the Schwartz space

Definition 1.1. S is the space of all f € C®(R?) for which each of the
following quantities

1l = sup (@)™ > |0°f(x)|
erRd ‘a|§m
is finite.

(mn)| _llf=gllmm
1+ f=gllm,n
locally convex topology is defined by finite intersections of open sets

Vimne :=1{9 € S;If = gllmn <&}
Thus, if f, — ¢g in S then this is equivalent to having || f,, — g|m.n — 0 for
all m, n.

It is complete metrizable space d(f,g) = Zmn 2| whose

Definition 1.2. The set S’ is the space of all continuous linear functionals
from S to C.

We can find a topology such that ¢; — ¢ in &’ is equivalent to ¢;(f) —
o(f) for every f € S.

Definition 1.3. S’ is a topological vector space for which a neighbourhood
base of ¢ € 8" is the collection of all finite intersections of sets

Vore =1 es l(p—v)(f)l <e}.
Remark 1.1. A locally finite Borel measure p is called tempered if there
exist C; N > 0 such that

p{z € R%: |z| < R} < CRN as R — .

The set of tempered C* functions f with measure dy = |f(z)|dz turns out
to be dense in S’. Hence, the space 8" got its name: The space of tempered
distributions.

Lemma 1.1. To any continuous linear transformation T : S — S, there is
an associated continuous linear transformation T' : 8" — S’ defined by

(T'e)(f) = (T f).
Proof. By linearity, it suffices to show continuity at 0. Let V be a neigh-
bourhood of 0 in &’. We must show there is a neighbourhood U of 0 € S’
such that T"(U) C V. There is € > 0 and finitely many f; € S such that
V' D Nj_,V; where
Vi={peSilp(fj)l <e}

Define U; = {¢ € §;[¢(Tf;)| < ¢} and U := N;U;. If ¢ € U then
T (b (f5))] = [¥(T f;)| < € for each j so T'(+)) € V. O
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Theorem 3. The Fourier transform is a continuous homeomorphism from
S onto S and therefore also between S’ and S'.

Proof. We assume basic familiarity with the Fourier transform on S which
imply that it is bijective. To show continuity, we notice that

&0¢ f = (=) F @ ((—ix)’ ).

Moreover,
20 fl < [ (o) dosupla) 08 (a7 o)
Rd T

This shows that || fllxx < ClIf|lkkrdr1- 0

Every f € LP can be naturally associated with a tempered distribution
by defining

vr(9) = / fg
We thus have that for d¢(f) = f(&) that

de(f) = 0e(f)=F&) = | fla)e ™ da
which justifies (52 = e 12¢,

1.2. Convolution. Let f € L'(T) and we may ask if f is equal to Y onez f(n)eim,
that is whether
Snf) =Y f(n)e™
[n|<N

converges to f. We compute

21
Swfl@)= > em@n)" [ fly)e ™dy

In|<N 0

2m
=Y en [ fwe ey

In|<N 0

27
= (2m)~! i f)Dy(z —y) dy,

; sin Dy
where Dy (z) = 3, <y € = % is the Dirichlet kernel.

The convergence of the Fourier series is therefore equivalent to the as-
ymptotic properties of a certain integral operator!

Using a suitable partitioning that we leave as an exercise, one readily
verifies that even though [ Dy = 2, the L' norm diverges as N — oo.

We might get our hopes up that the Dirichlet kernel is just an approximate
identity which would imply converges of the Fourier series in every LP space
with p < co. However,
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Exercise 3. There is ¢ > 0 such that
IDnllz1 > clog(N) for all N.

On R? we define the convolution by

(f*g)(z /fw— (y) dy.

In addition one has Young’s inequality which states that for 1 + 1/r =
1/p+1/q

1 = gllr < 1 fllpllgllq-
Basic question in Harmonic Analysis: What is the sharpest constant in

this inequality? What are the optimizers?’
Analogously, one defines a convolution on the torus by setting

(f * 9)(@) = (2m)" /far— () dy.

If we want to convolve with a (finite) measure pu we replace g(y) dy by
di(y). The convolution of two measures is the measure

(nxv)(E) = (uxv){(z,y);z +y € E}

[ i) = [ [ 5+ duto) dvty).

One can even convolve two tempered distributions, under one constraint:
indeed let first ¢ € 8’ and f € S then

w*f( ) =p(f(z — o))

is a C* function, e.g. 5 « f(x) = f0)(x). However, in general this is
not a Schwartz function, we therefore have to assume that 1 is compactly
supported? and define

such that

(xP)(f) = (e f(=x)).

One application of convolutions are approximate identities

Definition 1.4. A sequence (p;); is called an approximate identity if
o [p=1
e [lojl| <C <0
s f\x|>5 lpj(x)] =0 as j — oo for all § > 0.

An examples are centered Gaussians whose variance tends to zero. In fact,
any normalized positive ¢ € L' naturally induces an approximate identity
by setting ¢;(z) = j%¢(jx). Approximate identities have their name because
of the following property

Theorem 4.

Iror Young’s inequality this has been studied by Beckner and Brascamp-Lieb.
2This means that ¢(f) = 0 for all f that are supported away from a certain compact
set



HARMONIC ANALYSIS 5

For any f € Cy(R?) we have f * ©; — f uniformly.
For any f € LP(RY) we have f * wj — fin LP for p < oo.

1.3. Uniform convergence of Fourier series. While we know that for
f € CO(T?) we get L? convergence of the Fourier series, we may ask whether
for f € C°(T?) we get uniform convergence. This is false by a very elegant
observation argument using the uniform boundedness principle.

Theorem 5. There exists f € C°(T) such that (Sy f(0)) diverges.

Proof. If false, then define £, f = S, f(0) € C for every f € C°(T). Also
¢, : C® — C is a bounded linear functional, since

tnf = (2m)! / F(4)Du(—y) dy

and D,, € L'. Banach-Steinhaus implies that if sup,, [¢,(f)| < C; for ev-
ery f, then sup, |[¢,|| < oo. This is however false since ||¢,,|| — oo since
[ Dl — oc. O

The situation improves by assuming slightly more regularity.

Theorem 6. For any o € (0,1) and every f € A, Snf — f uniformly as
N — 0.
Moreover, there exists a constant C,, < 0o such that

ISN] = flloo < CN™*log(N)|[fllAq-
Proof. Writing
Sn(f)(@) = f(z) = (2m) " /(f(fv —y) — f(@))Dn(y) dy,

we can decompose this integral into

ISN(f)(z)=f(z)| < C y 6|y\’1|f(x—y)—f(fr)\dy+| y 6sin((N+1/2)y)g(y) dyl,
yI< y|>

where ¢g(y) = (f(x —y) — f(x))/sin(y/2). Setting = = 0 for simplicity, the
first term is majorized by choosing 6 = O(1/N) by

/ 1£laelyl®" dy = O flla=6) = O(|f|a=N"2).
ly|<é

To estimate the second term, we observe that up to errors of order
O(N™%) it can be written using a substitution as

/| S 120)60) — gty — /(N +1/2)) dy
y|>

It remains to show that for |y| > §
l9(y) =gy — /(N +1/2))| < CN~Jy|~".
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Let y =y—m/(N+1/2). Then, (Co—7n)N~! < |¢/| < m+r/N. This implies

that using
o fly) = f0) f0) = fY) _ fly) - ) fy) - f(0)
9W)=9l) = sin(y/2) sin(y//2)  sin(y/2) +(sin(y/2) — sin(y’/2)>

and Holder continuity in the second line

|sin(y/2) — sin(y'/2)|

l9(v) = 9] < 1£(0) = SOl sin(u/2) 7 + 1) = FON S 2o,

_ ly — |
<C(ly—yIyl™ + 1y 1.
lyy'|
Finally, since |y — /| < |y — ¥/|*N®"! the second term on the right is
majorized by the first term.
([l

1.4. LP convergence of Fourier series. We are now asking: Let f € LP
and p € [1,00], do we have || f — Sy(f)||, — 0 for all f?7 The convergence
fails for general f € C(T). It also fails for p = 1,since convergence in L'
at least requires that sup,, ||S, f|| < oo, but then by Banach-Steinhaus also
sup,, ||Sn|| < oo. However, the operator norm of ||| = || Dyl — oo as
n — oo. Indeed, recall that by using a positive approximate identity ||Spp;—
Dy||r — 0. Thus, for p = 1 we have [|Sy|| > ||Dy||11, since ||¢j]|» =1, and
the converse inequality follows by Young.

To see this recall that
2)= [ Dale = 1) dy

where the first inequality follows from Young’s inequality and the limit since
F,,, the so-called Fejér kernel

ZD sin((N +1)/2z)?

F, = 1)~
n=(nt (n+ 1)sin(z/2)?’

is an approximate identity, since it is positive and integrates up to 1. In fact,
the Fejér kernels form an approximate identity (show this!). In particular,
this implies that

on=(N+1)" ZSf

satisfy

Proposition 1.2. For any f € C%T) we have onf — f uniformly as
N — oo. For any p € [1,00) and any f € LP we have |loxf — f|| = 0 as
N — oo.

Since the convergence is true for p = 2 (Parseval), we are left with study-

ing p € (1,00) \ {2}.
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1.5. LP convergence of the Fourier series.

Definition 1.5. A Banach lattice of measurable functions is a Banach space
X such that whenever g € X, f is measurable and |f| < |g| a.e., then f € X

and || fllx <1lgll-

Examples of Banach lattices are the LP spaces, but Sobolev spaces are
e.g. no Banach lattices in general.
Let P denote the set of trigonometric polynomials and define

Definition 1.6. We define the operator P on P whose Fourier transform
is the projection

Fron= {1 22

An operator T on L?(T) satisfying
Tf(n) - anf(n)

with a, a bounded sequence is called a Fourier multiplier operator and
defines itself a bounded linear operator.
It is closely related to the so-called discrete Hilbert transform H f(n) =

A~

—iSgn(n) f(n) such that

ST+ i) = PT— S f(0)

Thus, P extends to an LP bounded operator if and only if H does.
We then have

Proposition 1.3. Let X C L'(T) be a Banach lattice and suppose that P is
dense in X. If P : P — P extends to a bounded linear operator P : X — X
then ||Snf — fllx = 0 as n — oo for every f € X.

One then shows that

Theorem 7. P and H extend to bounded linear operators on LP(T) for
every p € (1,00).

Corollary 1.4. Let p € (1,00) then the Fourier series converges for f €
LP(T) also in LP(T).
2. HARDY-LITTLEWOOD MAXIMAL FUNCTION

We start by recalling basic properties.
The distribution function Ay is defined as

M(a) = pfa € X3 |f(2)] > a}.
One then has for any measurable f : X — C and any p € (0,00)

[urpdu=p [~ arir@)de.
X 0
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In addition one has Chebyshev’s inequality for any p € (0,00) and f € L
Afle) <o PIIf]3-

Definition 2.1. For each p € [1,00) we define LP>° the weak LP space of
all measurable f for which there is a constant C' > 0 such that

Af(a) <a”PCP.

The infimum of all such constants is defined to be || f||p.c0. An example of
a function that is in the weak space but not the full space is |z|~%/P.

The above definition defines a quasi-norm in the sense that the triangle
inequality holds for some C}, < 0o such that

1f + 9llpoo < Cpll fllp,co + 119llp,00)-

For p € (1,00) there actually exists a genuine norm on this space.

Definition 2.2. An operator T is said to be of weak type (p,q) if it maps
LP to L%°° and satisfies

1T fllg.c0ll < ClIflp-

Finally, we define a key object for our following studies

Definition 2.3. Let f € L} (RY), we define the Hardy-Littlewood Maximal
Function

Aff(x):=:sup\Eh(w)r’1/;'()If(yﬂdy-

r>0
We then have the following Theorem

Theorem 8. For each p € (1,00] there is C(p,d) < oo such that | M f||, <
C||fllp- Moreover, for any f € L' and o > 0 we have

[{; M f(z) > a}] < Ca ||l
However, M fails to map L' to L'. In fact, if M f € L' then f = 0. To see
this, we observe that if fBT(O) |f| > 0, then for any x, we find fB\x\+2R($) |f] <
fBr(o) |f].- We deduce that

Mf(x) Z ()~
which is not integrable.

In addition, we note that the bound || M f||oo < ||f]lco is obvious. In fact,
we even have

lim | B, (z)|™! dy = f(z
tig B, [ ) dy = )

by Lebesgue’s differentiation theorem, which implies M f(z) > |f(z)|. Our
approach to show Theorem ?? will be to show the L' — L' bound and
then to use interpolation.

We have the Vitali covering Lemma
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Lemma 2.1. For each d > 1, there is Cy < oo such that for any measurable
E C R? of finite measure and any collection of balls B such that

Ec | B,
BeB
there is a collection B’ of disjoint elements of B such that
|E|<Ca ) |B.
B/GB/
The L' — LY bound can then be deduced as follows.
Let f € L' and a > 0 be given. Define E,, := {x; M f(x) > a}. Define B
to be the balls B satisfying
B[ 1>
B

The union of all those contains E,. Then using the Vitali covering Lemma,
we conclude

Bal<Ca Y 1B1<Cu Y ot [ 171 < Caa 1

BIGB/ BIGB/
We shall now turn to the proof of the covering Lemma

Proof. Choose K C E compact with |K| > |E|/2. Choose a finite subcovert
B" C B that covers K. Write B” = {Bj, Ba, ...} ordering the balls so that
|Bj| > |Bj+1]. We then define B’ as follows: Select By. If By is disjoint from
all previously selected one, we select it, otherwise we discard it. This way B’
has only pairwise disjoint elements. We find that for any B,,, € B”\ B’ there
is B" € B’ such that B, C (B’)* where (B’)* denotes the ball concentric
with B’ having three times as large a radius. Finally,

K< J BI<I U @)I=3" > 1B

BeB" B'eB’ B'ep’
g

The interpolation result we need is the Marcinkiewicz Interpolation The-
orem

Definition 2.4. An operator T is said to be sublinear if it satisfies |T(f +
NI <|Tfl+|Tgl

Let p@_1 = (1-0)py " +0p;  and q(,_1 = (1-0)qy "4+0q; . The Marcinkiewiz
interpolation theorem then states

Theorem 9. Having, ||Tfl|q; 00 < C|fllp;, we conclude that
1T fllas < CIIf Ipo-

The main advantage of the Marcinkiewicz theorem is that, unlike the
Riesz-Thorin theorem, it only requires weak estimates at the end-points.
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Proof. To keep it simple, we will just the proof the case that we need: Let
po = qo = 1 and p; = ¢1 = oco. Suppose that

1T flloc < Cillflloos ITfll1,00 < Collfll2

as well as [T'(f + g)| < Co(|T'f[ + |Tgl)-
Given o > 0 we split f = g+ h where h(z) = 0 if |f(x)] < a/(2C1C2)
and h(z) = f(z) otherwise. Then ||g||cc < a/(2C1C2) 50 || Tg|lo0 < a/(2C5).

This implies that B
Co|Th| 4+ a/2 = Co|Th| + Ca||Tyglleo = Ca(|Th| + |Tgl) = [T'f|

Hence, if |[T'f| > «, then |Th| > a/(2C3).
This implies by the monotonicity of measures, since Af(a) = p{x €
X;|f(z)] > o} we find that

Arg(e) < Arp(a/(2C2)).
This implies, using that ||k, = p [y~ o? *A4(a) do and the definition of h

Ar(e) < Arp(e/(2C2)) < 2C2a ™| Th|100
S 20002a_1||h||1

— Ca /0 " (B)ds

= Ca! /OOO min(Ar(B), Af(a/(2C1C2))) dB

< .Cal/ Ar(B) dB + CAp(a/(2C1Cy)).
a/(2C1C9)

Thus, for any p € (1,00)

ITf2 = p /0 " Az (a) da

< C/OOO P! <Ozl /OO )\f(ﬁ) dpg + C)\f(a/(20102))> da

/(2C1C2)
00 201028 o0
= c/ Af(ﬁ)/ P2 do d,8+C/ P\ (a/(2C1Cy)) da
0 0 0

< C/ PINf () dy.
0

3. SINGULAR INTEGRAL OPERATORS

Definition 3.1. A Calderon Zygmund kernel is a continuous function on
RY x R\ A, where A = {(z,y);x =y} is the diagonal such that

K (2,y)| < Clz —y|™



HARMONIC ANALYSIS 11

and there is § € (0,1] such that whenever |y —y'| < 1/2|x — y| then
|K<$7 y) - K(l’,y/)‘ + ’K(y,l’) - K(ylvx” < C|y - y/’ﬂx - y‘idié'

Definition 3.2. A continuous linear operator T : D — D' is associated to
a kernel K € Llloc(Rd x R4\ A) if for every pair f,g € D of disjoint support,
we have

(Tf,9)= //K(:v,y)f(w)g(y) dy dz.

An operator has at most one kernel but a kernel does not uniquely define
an operator, e.g. K = 0 corresponds to both the identity and the first
derivative operator.

One then has

Theorem 10 (Calderon Zygmund). Suppose that for some q € (1,00) T is
a bounded linear operator on LY(R?) and T is assocaited with a CZ kernel.
Then T extends to a bounded linear operator for all ¢ € (1,00) and is of
weak (1,1) type, i.e.

1T fll100 < Cllf]l1-

The essential step in the proof is the following result

Proposition 3.1. Under the assumptions of Theorem 77, the operator T is
of weak (1,1) type.

We can now give the proof of Theorem 77

Proof. Using Marcinkiewicz interpolation we can conclude that 7" is bounded
for every p € (1,q). If ¢ = oo then we are good. If not, then we study the
transpose operator T" € L(L?) defined by [ fT'g = [Tfg with kernel
K'(z,y) = K(y,z). Applying the Proposition, 7" is bounded for every r €
(1,¢’). This however implies that T"is bounded on all LP with p € (1,00). O

To prove our Proposition, we need another tool that is commonly referred
to as the Calderon-Zygmund decomposition

Proposition 3.2. Let f € L'(RY) and o > 0. Then f can be written as
g+b with ||gllec < a and b= 73", b; with each b; supported on a dyadic cube

Q; Sand
e QiNQ; =0 fori#j.
o [b;=0
o [l < 2%]Q;]
o > Q1 < a7 flh
o [[blli + gl < ClI ]l

We can now state the proof of Prop. 77.

3A cube of sidelength 2" for some k € Z with vertices in Z2"
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Proof. Let |T'f(x)| > « then using the same notation as in the CZ decom-
position

{z; T ()| > o} < {=z;[Tg(x)| > a/2} + {a; [Th(z)| > «/2}].
We also have that by the CZ decomposition again.
gl < llglli gl < Cat™ | fllr.
Thus, by Chebyshev
{z:|Tg(2)| > a/2}] < 277 T | < Ca™||g|§ < Ca™ | fl1-

This is the weak (1,1) boundedness for g, now we also need this for ¢q. Let
R} denote the ball concentric with ; whose radius is twice the diameter of

Qj-
We define the exceptional set

E={]@;,
J
then using the CZ decomposition

Bl <CY1Q < Ca V| fh.
J

This implies that
{a; |Tb(x)| > a/2}| < |E|+|{z ¢ E;|Tb(z)| > o/2}| < [E[+2a7|Tb]| 11 ga\ g)-

The term |E| has already been estimated two lines above. We now focus on
70|l 11 (ra\ ) and use that

1Tl wengy < D 1705 revmy < D ITHs ey
j J

We now need an additional Lemma that shows that
1751 < Cbs]]-
This then allows us to show that

Z 1705l L1 (re\@2) < CZ 05[] = Cljollr < C| | f]]1-
J J

O

We now show (??). Let yo denote the center of @Q;, then since [b; = 0
we have for z ¢ @

7o) = [ (K(2.9) ~ Ko, 30)bi(0) d.
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We conclude

/x ‘o | Tb;(2)] dz = L o | /y er(K(CC,y) — K(z,50))b; (y) dy|dx

— [ [ K@) - Ko delby(w)] dy
yeQ; Jr¢Q;

< |[bj]l1 sup [[K(e,y) — K(®,90)| L1 (re\*)-
yeQ; ’

On the other hand, for £ the side-length of the cube @);

Tbj(z)| < Clx — yol_d_‘s/ ly — 40|’ |bj(y)| dy < Cla — yo|~=2¢4|1b; 1.

J
Using that for y € Q; and = € Q] we have |z — yo| > 2|y — yo| we have by
the properties of the CZ kernel
K (2,y) = K(z,90)| < Cly = yol’[& —yo| ="~

Integrating then, we find

/ |z — yo| 747 dx < / |z —yo| 747 dx = ct™?
RN\Q3 |z—yo|>2¢

Thus, one finds
1755111 < Clibj -

4. HOMOGENEOUS DISTRIBUTIONS

Let £ € R? and r > 0 then

6, f(2) i= f(ra).
This notation is extended to distributions by setting for ¢ € S’

(6:0)(f) ==~ "$(b1/nf)
Checking for ¢(f) = [ gf we have by the change of variables that (6,¢)(f) =
f (6r9)f.
A distribution ¢ is called homogeneous of degree v if §,¢p = r7¢ for all
7> 0.
The Dirac distribution is homogeneous of degree —d in R?. The principal
value on R defined by

o(f) :=lim f(x)z dx
el Jiz|>e
is homogeneous of degree —1.

It is easy to see that for any v € C if ¢ € S’ is homogeneous of degree ~y
then d; is homogeneous of degree —d—-. If ¢ is homogeneous of degree v, then
0%¢ is homogeneous of degree v — |a|. However, log|z| is not homogeneous
on R?%, but Alog|z| = c¢dy for some ¢ € R\ {0} and therefore homogeneous.

We start with the following result
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Exercise 4. If ¢ € S is homogeneous and belongs to C®(R%\ {0}), then
¢ € C*(R?\ {0}) as well.

The proof of this can be obtained from an approximation scheme that
rests on the following Lemma

Lemma 4.1. The Fourier transform of any compactly supported distribution
belongs to C°.

Proof. Let ¢ be a compactly supported distribution. We choose a function
n € C° that is equal to one on the support of ¢. Thus, ¢n = ¢. By continuity
there is M and C such that

@) = [e(nf)] < Clinfllom-
This implies that
o(f) = o(f) = o(nf).
Writing e~ = 3" (_iﬁ)n we find

35 =3 o [ otnt=iwey ) = (w.1)

with (&) =5, (ﬁ(n(—ix)”)% an entire function. O
Distributions supported in a single point are particularly easy

Exercise 5. Let ¢ € S'(R?) supported in {0}, then for some m and coeffi-
cients a,

o= i aq,0%d.
n=1

Hint: Use continuity to show that ¢(f) = 0if 0% f(0) =0 for all 0 < |a| <
m

We find then

Theorem 11. The Fourier transform defines a continuous bijection between
all distributions that are homogeneous of degree 0 and smooth away from the
origin and distributions ¢ of the form

Coo + pu(K) with K € C®(R\ {0}),/ K =0,
gd—1

where pv(K)(f) = lim. o f‘x|>€ k(z)f(z) dw.

Proof. We use that we can write our distribution as ¢ = ¢+ m where c is
a constant and m satisfies fsd—l m = 0. The Fourier transform of m is a
distribution k which is a function h that is homogeneous of degree —d and
smooth on R?\ {0}.

Let f be radial, then k(f) = m(f) = m(f) = [ mf = 0. This implies that
h is radial.
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We can now define H = pv(h) which is homogeneous of degree —d. Thus,
k — H is homogeneous of degree —d and supported in {0}. Hence, it is a
multiple of dp. ([l

This implies that

Corollary 4.2. If ¢ € S is homogeneous of degree —d and belongs to
C>=(R?\ {0}), then the operator Tf = f*¢ is a bounded operator on L*(R%).

Proof. Its fourier transform ngb is homogeneogs of degree 0 and belongs to
C>®(R4\ {0}). Thus, ¢ € L. Then, since (¢ * f) = ¢f € L?, the claim
follows. O

Thus, we have shown

Theorem 12. Let k € C®°(R%\ {0}) be homogeneous of degree —d and
fsd—l k =0 then for all p € (1,00)

[po(k) * fllp < Cll fllp
and the weak LY bound holds as well.

Theorem 13. Let m € C(R?\ {0}) be homogeneous of degree zero. Then
the operator f — F~Y(fm) is a Calderon-Zygmund operator

Proof. We have Tf = f_l(fm) equals f * F~'m where F~'m is homoge-
neous of degree —d and belongs to C>°(R?\ {0}). Therefore F~'m(z — y)
defines a standard kernel. O



