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1 Self-dual cone and standard form

First of all, we define

P = {ATATQ Ae M}

Proposition 1.1.

1. P=AVAM_ Q= AVAIM'.Q and thus P is a convex cone.
2. AP =P Vt.
3. If f is of positive type then f(log A)P c P.
4. If E€P, then JE=E.
5. If Ae M then AJAJP c P
Proof.

1. Let My be the x-algebra of elements of M which are entire for the modular group
o. (that is, t > 04(A) admits an analytic extension). We shall admit here that M,
is o-weakly dense in M. For every A € My we have

AVAAA Q= 0_414(A)oia(A)*Q
= 0_iys(A)JAay,(A)Q
= 04/a(A)Jo_;14(A)JQ
= BJBJQ

where B = 0_;/4(A). Then, since 0_;;4(M;) = M, and the fact that M, is dense in
M, we have

BJBJQ e AVAM, Q c AVAM.Q
for every B € M. Hence,

P c AVAM,Q c AYVIM, Q.

On the contrary, M{ is dense in M., 2. Let ) € M ). Thern there exists a sequence
(A,) c M¢ st A,Q - 1h. We know thanks to the above relation that A/4A4,Q e P.

However,

JAY2A,Q=A,Q > =JAY%)

and thus
a

Therefore, A4y belongs to P and AY4M,Q c P. This proves the first equality.
Analogously, one can prove the second one.
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2. Immediate since we have

ATAYAM Q= AVAAP M Q = Ao (M)Q = AVAMQ.

3. If f is of positive type, then f is the Fourier transform of some positive, finite, Borel
measure i on R. In particular

f(og2) = [ Atdp().
By 2, one concludes.
4. JAJAJQ = JAJAQ = AJAJQ
5. AJAJBJBJQ = ABJAJJBJQ = ABJABJS).

Theorem 1.2.
1. P is self-dual, i.e. P =PV, where
PY={zeH;(y,x)20,Vy e P}
2. P 1s pointed, that is
Pn(-P)={0}

3. If J€ = &, then £ admits a unique decomposition as & = & — &, with & € P and
SERIE

4. The span of P is the whole of H
Proof.
1. If Ae M and A’ € M’ then

(AYAAQ, ATVAPA'Q) = (AQ, A'Q) = (Q, AV2A’A2Q) > 0.
Thus, P cPV.
Conversely, if £ € PV, that is ({,v) >0V v e P, we set
n = fn(logA)E

where f,(z) = exp(—22/2n?). Then, &, belongs to NyecDomA* and &, converges to
¢. We know that f,(logA)v belongs to P and thus

(A, AQ) = (&, AM1AQ) > 0.

Therefore, AY4¢, belongs to M+QV, which coincides with M’,Q (admitted). This
finally gives that &, belongs to AY4AM’,Qc P.

3



1 SELF-DUAL CONE AND STANDARD FORM

2. If£ePn(-P)=Pn(-PV), then ({,-€) >0 and & = 0.

3. If J¢ =& then, as P is convex and closed, there exists a unique &; € P such that

[€ =&l = inf{]|§ - v]; v € P}.
We set & =& — €. Let then v € P and A > 0. Then & + A\v belongs to P and
1€ = &ul* < & - +awg .

That is | &2 < |&+Av||?, or else A2||v|2+2 AR (&2, v) > 0. This implies that R(&y, v) >
0. But as J& =& and Jv = v, then

(527 V) = (‘]527 JV) = (527 V)'
That is (&2,v) >0 and & e PY = P.

4. ) If £ is orthogonal to the linear span of P then £ belongs to PV = P. Therefore
(¢.€)=0and € = 0.

[
Theorem 1.3 (Universality).
1. If £ € P then & is cyclic for M if and only if it is separating for M.
2. If £ € P then § is cyclic for M then Je¢, Pe associated to (M, §) satisfy

Je=J and Pe=7P.

Proof.

1. If € is cyclic for M then J¢ is cyclic for M’ = JMJ and thus £ = J¢ is separating
for M. And conversely.

2. Define as before (the closed version of)
Se 1 AL — A%
Fe: A6 — A”E.
Then, we have

JFeJAE = JFeJAJE
= J(JAJ)*E
= A*¢
= SeAE.
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This proves that S ¢ JF¢J. By a symmetric argument F¢ c JSeJ and thus

Note that
(JSg)* = SgJ =F:J=JS;.

This means that JS¢ is self-adjoint. Let us prove that it is positive.
We have
1/2
Se = JeAY? = J(JSe).

By uniqueness of the polar decomposition we must have J = J¢. Finally, we have
that P is generated by the AJ:AJ:{ = AJAJ:. But as £ belongs to P we have that
AJAJE belongs to P and thus P¢ ¢ P. Finally,

P:PVCszpg and 'P:'P5.

Theorem 1.4.

1. For every w e M,,, there exists a unique £ € P such that

w=w§

2. The mapping & —> we 18 an homeomorphism and

1€ = vI? < Jlwe = wi|* < [€ = [ + v
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