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Chapter 1

Introduction

Morse theory is a rather simple but powerful tool that allows to recover the structure
of a smooth manifold M through the study of a single smooth function f : M — R.
A well-known example of such a set-up is the height function f on the torus T?

shown in Figure [1.1]

Figure 1.1: The height function on T?.

A first key result shows that it is possible to construct a CW-complex structure
on M, as shown in Figure analysing the sub-level sets S. = f~'({z < c}) of f.

” @ o @ ) @ o

Figure 1.2: Sub-level sets of f and homotopic equivalent cells forming a CW decom-
position of T?2.



CHAPTER 1. INTRODUCTION

However, the tool that we will use in this work is the one of Morse homology.
Under suitable conditions, it is possible to associate a chain complex to M, and
thus a homology, looking at the critical points of f and how they relate to each
other.

The second key theory that will be used in this work is spectral sequences. Spectral
sequences are a broad argument (generalised to category theory), but for the purpose
of this work they are an algebraic construct associated to chain complexes that allow
to recover the homology of the original chain based on the homology on subspaces
of the chain elements.

The homology of a direct sum is the direct sum of the homologies — or, more
formally, given a chain complex

d d d
On+1 (e 7%
el @An-‘rl,i — @An,l — @An—l,i — ...
=1 =1 =1

such that a(Ay,;) € Ag_1,, then

d d
i=1 i=1
But this is not the case in the situation where we just have a filtration
d d d
75 n
'-~_>UAn+1,ii>UAn,i a—>UAn,1ﬂ'—>... (**)
i=1 i=1 i=1

satisfying the same condition ay(Ay;) € Ag_1,. Spectral sequences are the “correct”
generalisation of property @ to (]ED



Chapter 2

Homological algebra®

The aim of this chapter is to introduce the few results and definitions that will be
used further on in the text.

2.1 Chains

Definition 2.1 (Chain complexes and homology groups). A chain complex (C., 0)
is a sequence C, = (C,), of abelian groups with associated homomorphisms

D G 2 G 5 0y 2 Gy By
such that 0,10, = 0 for all n. We define the n"* homology group of the chain
complex to be the quotient

H,(C.) = ker(8,) /im (). (2.1)

The elements of ker(0,,) are called cycles and the elements of im(0,,41) boundaries.
Two cycles representing the same homology class im(0,,1) are said to be homologous.

Chain complex of R—modulesﬁ are the objects of a category €hp. The relative
morphisms are chain maps.

Definition 2.2 (Chain maps). Let (A, 0) and (B, d) be two chain complexes. A
chain map is a sequence f, of homomorphisms f, : A, — B, such that f, commutes
with the boundary operator, i.e. d, o f, = f._1 0 0, for all n. On a diagram this
means that

l;“ (2.2)

n—1 _ ..

On+1 On
'—>An+1 >An >An1—>"'
dn B

every cell commutes.

Lemma 2.3. Chain maps send cycles to cycles and boundaries to boundaries. They
thus induce a map on the homology.

2For this chapter, where not stated differently, the information are taken form |6, Section 2.1].
PR can be any commutative ring, for R # Z one just have to slightly modify Definition @



CHAPTER 2. HOMOLOGICAL ALGEBRA

Proor. If a € A, such that 0,(a) = 0 then d,(f.(a)) = f.-1(0n(a)) = 0 so the
image of a cycle is again a cycle.

Say instead @ = 0,,4+1(b) then f,(a) = fn(0n+1(b)) = dpt1(fns1(b)) so the image of
boundary is still a boundary.

Therefore the maps

for Ho(A) — H.(B,)
[a] = [f.(a)]

are well-defined. [ |

2.1.1 Exact sequences

Definition 2.4 (Exact sequence). Let (a;); be a sequence of homomorphisms of the
from

o A M A, S A —
(cv;); is said to be ezact if im(a; 1) = ker(oy;) for all 4.

Remark 2.5.

1. Since the condition im(«;41) = ker(«;) implies a1 = 0, an exact sequence
defines a chain complex.

2. 0> A% Bis exact < « is injective.

3. A% B — 0 is exact < « is surjective.

4. 0 - A3 B — 0is exact < « is bijective.

5.0 A% B 0= 0isexact < ais injective, 8 surjective and im(«) = ker(5).
A sequence of the form of point [5|is called short exact sequence.

Definition 2.6 (Splitting sequence). [We say that a short exact sequence

0ASBS oS0

splits if there exists a right inverse ¢ : C' — B to (3, i.e. ¢ = ide. We call € splitting
map.

Proposition 2.7. If a short exact sequence 0 — A = B 5o =0 splits, then
B=AasC.

“This last part of Section is due to [8, Lecture 12].



2.2. SIMPLICIAL AND SINGULAR HOMOLOGY

PROOF. Let £ be a splitting map. Let b € B then 5(b) € C. Since

B(b—&B(b)) = B(b) — Be (B(b)) =0,
id
b—EB(b) € ker . Using exactness we get an a € A such that a(a) = b — £8(b), i.e.
b = £6b + aa. But this means that B = ima + im&. For an element x € ima N imé&
for which x = a(a) = £(¢). f(x) = Ba(a) = 0 using exactness and [(x) = BE(c) = ¢
imply that 2 = £(c) = £(0) = 0, i.e. imaNimé = (). We have shown B = ima @ im¢.
The first isomorphism theorem leads to conclusion. [ |

A splitting sequence, is therefore a sequence which is composed in the “simplest
possible way”. We will use these concepts for stating [Theorem 2.32 (The Universall
[Coefficients Theorem)| in Section [2.4]

2.2 Simplicial and singular homology

Definition 2.8 (n-simplex). The n-simplez in R™ is the smallest convex set con-
taining n + 1 points vy, ...,v, that do not lay in a hyperplane of dimension less
than n. We denote this simplex by [vg, ...,v,] and the points vy, ..., v, are called
the vertices of the simplex.

Deleting one of the n+1 vertices of a n-simplex, say v;, generates a (n—1)-simplex
denoted by [vg,...,T;,...,v,] called a face of [vg, ..., v,].

The order of the vertices does play a role in homology and we adopt the convention
that the vertices of any sub-simplex spanned by a subset of vertices (e.g. a face), will
always be ordered according to their order in the larger simplex.

Example 2.9. The standard n-simplex is

A" = {(to,...,tn) ER”+1|Zti:1, 0<t W}

where the edges are simply the standard basis e;. The union of the faces of A" is
the boundary of A™ written OA™. We call open simpler A" = A™ — QA™ the interior
of A™.

Definition 2.10 (A-complex). A A-complex structure on a space X is a collection
of maps o, : A" — X, with n dependent on «, such that

1. The restriction o, |an is injective.

2. Each restriction of o, to a face of A™ is one of the maps o5 : A"t — X. Here
we identify the face of A" with A"~! by the canonical linear homeomorphism
between them that preserves the ordering of the vertices.

3. A set A C X is open if and only if o, *(A) is open in A" for each o,.
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Definition 2.11. We denote by A™(X) the free abelian group with basis the open n-
simplices e} of X. Elements of A"(X) have the from of finite formal sums _ nyel
with n, € Z and are called n-chains. We may write > nq.el = > Na0, With
04 : A" — X the characteristic map of e.

The boundary of the n-simplex [vy, . .., v,| consists in many (n— 1)-simplices that
we might wish just sum up to form the boundary. However inserting alternating
signs and leting

Onlvo, ... vn] = Z(—l)i[vo, ey Uiy ey U

be the boundary of [vy, ..., v,] leads to better results.

Definition 2.12 (Boundary maps). We define for a general A-complex on X the
differential 0,, as the boundary homomorphism defined by its action on the basis
elements

Dyt An(X) — A, 1(X)
Oq — (9n(0a) == Z(_l)iaa|[v0,...,ﬁi,...,vn}

Lemma 2.13. In the sequence

DAL (X)

Ap(X) = A, 1(X)
we have that 0,10, = 0

PROOF. We need to show that im(9,) C ker(d,_1). To that end we have

an 1a a’n 1 Z O-|[v0,...,15i,...,vn]

- Z 0"[”07 ’vjy Uiy ﬂ)n] + Z 0"[vo,..‘,ﬁi,...ﬂfj,.‘.,vn}
i<t 1<j

i 1)it!
Z O—|['U07 a’ij Uiy ﬂ)n] + Z 0-‘[1)0,...,ﬁi,...,ﬁj,...,vn}
i<t 1<J

= > (D (1Y 0lgrisyrsin] = D (D (=10t o] = O
j<i 1<j

Where in < we used that delete index j > i when index i was already deleted is as
delete index j 4 1 in the original setting. [ |

Remark 2.14. Lemma [2.13] states that A,(X) defines a chain complex. We will
denote this n* simplicial homology group of X as H>(X).

2.2.1 Singular homology

In Definition we have introduced the notion of A-complex. This involved maps
0, which had to fulfil three different conditions that made the embedding of the
standard n-simplex (very) “nice”. We can loosen up this additional condition by
just requiring continuity and we get the singular complex.
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Definition 2.15 (Singular-complex). A singular n-simplex on a space X is a con-
tinuous map o, : A" — X. A singular n-complex is a collection of such maps.

We call n-chains the elements of the free abelian group generated by the singular
n-simplices, i.e. elements of the form ZieZ n;o; with n; € Z and o; : A" — X. We
denote this group by C,,(X).

The boundary maps for the singular complexes is defined exactly as in Definition
2. 121

Definition 2.16 (Singular-homology groups). The n-singular homology groups of
X is the quotient group

H,, = ker(9,)/im(0,+1)
where 0, : C,,(X) — C,,_1(X) is the boundary map.

The same proof as presented for Lemma applied instead to C),(X) shows that
Definition 2.16] is indeed well-defined.

Remark 2.17. One can easily see from Definition and Definition that
homeomorphic spaces have isomorphic singular homology group&ﬂ This is not the
case for simplicial homology. The embedding conditions happen to be too strict. Sin-
gular homology behaves even better, since it’s invariant under homotopy equivalence
[3, Proposition 6.3].

Singular homology is therefore the tool we want to use for analysing the structure
of the spaces of our interest, nevertheless one can show (see [6, Section “Singular
Homology”]) singular homology is just a special case of simplicial homology.

We point to any book on Algebraic Topology (e.g. [3] or [6]) for a vast outlook on
properties and application of singular homology.

2.3 Spectral Sequences
We will mainly follow the path delineated in [11] and [7[F.

Definition 2.18 (Spectral sequence). A spectral sequence (E,d) is a sequence of
bigraded groups, i.e. a sequence £ = (E"), whose elements are a family of doubly
indexed groups E" = {E} :p,q € Z} together with a sequence of maps d = (d"),
such that:

e d": E" — E" and more precisely d": £, , — E] . ..

e d"od =0

o £ = ker(d")/im(d")

dThe proof is basically composing the homeomorphism with any ¢ and show that everything is
fine.

Since [4] was also one of the reading during the writing of this part, some ideas might also come
from this source.
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Definition 2.19 (Limit of a spectral sequence). A spectral sequence (E"), is con-
vergent if it is eventually stationary, i.e. it exists a N € N such that

Vr>N\Vp,q€eZ: E,, = Eﬁ’q.

We denote qu = B, and write £" — E*. E* is called the limit of the sequence.

2.3.1 Exact couples

Definition 2.20 (Exact couple). An ezxact couple is an exact triangle of groups A
and E with maps 7, j, k of the form

AL A

X lj (2.3)
E

In this case exactness means that the image of each map is the kernel of the following.
Given an exact couple as in ([2.3]) we define
d=jok:F—F
where d? = jkjk = 0 due to jk = 0 because of the exactness assumption of .

Definition 2.21 (Derived couple). Considering an exact couple as in Definition
[2.20] we obtain a derived couple

7

(A) —"— i(A)
I (2.4)
H(E;d)

e H(E;d) = ker(d)/im(d) is well-defined as homology group as in (2.1) because
of d? = 0.

e j'(i(a)) = [j(a)] for all @ € A is well-defined since
— d(j(a)) = jkj(a) = 0 Va € A due to exactness of ([2.3))

— if ay,a2 € A are such that i(a;) = i(ag) then i(a; — az) = 0 and so
a; — ag € ker(i) = im(j). Therefore j(a;) — j(as) € im(jk) = im(d) which
means [j(a1)] = [j(az2)].

e k'[e] = k(e) which is well-defined since
— [e] € H(E;d) implies e € ker(d) so jk(e) = d(e) = 0soe € ker(j) = im(7).
— [e1] = [eq] implies e; — eo € im(d) C im(j) = ker(k) so k(e1) = k(ea).
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Lemma 2.22. The derived couple of an exact couple is also exact.

Proor. We have to prove 6 things

ker(j7') 2 im(¢'): foria € i(A) we have j't"ia = [j(i(a))] = 0 since ia € im(i) = ker(j)

ker(7') Cim(7'): if ia € ker(j’) then 0 = j'ia = [ja] so ja € im(d) which implies that
de € E such that ja = de = jke. But this means a — ke € ker(j) = im(i) so
b € A such that ib = a—ke. Applying ¢ on both sides we get i2b = ia—ike = ia
so ia € im(:?) = im(7')

ker(k") 2 im(j'): foria € i(A) we have k'j"ia = k'[ja] = kja = 0 since im(j) = ker(k).

ker(k') Cim(y’): if 0 = k[e] = ke then e € ker(k) = im(j) so Ja € A such that
e = ja and thus [e] = [ja| = j'ia € im(j’)

ker(¢') D im(k'): i'k'[e] = ike = 0 since im(k) = ker(7)

ker(7) Cim(k'): if 0 = '(i(a)) = i*a ia € ker(i) = im(k) so Je € E such that
ia = ke = kle] € im(k').

Remark 2.23. Let
A—— A

N

be an exact couple. Then if 7 is an inclusion map we have that 0 = ker(i) = im(k)
so k = 0 and therefore d = 0. The derived couple of this exact couple is the exact
couple itself.

Definition 2.24 (Filtration). Let (C., d) be a chain complex. A filtration for (C,, d)
is a finite sequence of abelian groups for each Cj:

0=F 4, C ki CFiC--CFp=0C (2.5)

such that the boundary map respects the filtration: d(F, ) C F,;—1. If (C4,d) has
a filtration we call it a filtered chain complex.

Lemma 2.25. Let (C.,d) be a filtered chain complex as in (2.5). Then
0— Fp—l,k L) Fp,k i) FpJg/Fp_l,k — 0
is a short exact sequence for every p and k.

Proor. The fact that ¢ is injective and ¢ is surjective follows directly from the
definitions. Further ker(q) = F,—1, = im(¢). |
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2.3.2 Construction of a spectral sequence for filtered chain
complexes

We consider a chain complex (C,, d) which is filtered as in (2.5)). Define further

Fop=0 Yp<0
FpJg = Ck \V/p >n. (26)

and

Ep,=E) ,=EDFr/Frs (2.7)

Because the boundary map respects the filtration, the homology groups

H(F, ) = ker(d : F, . — F,r-1)
PEPR T i (d s Fy ey — Fyp)

are well-defined and we have a situation as in Figure where d° is the induced
map by d on the quotients Eg’q.

d’ o d
2 Eg,zH 1 2HE2 2

d° d°
U Eg—EY —FE3,

d° d°
0| Ejoe—Erg—Eb

Figure 2.1: The EJ , groups on the Zxq X Zsq plane.

One might notice that defining it = ¢ : Hy(Fyo1 ) = Hi(Fop), jl=q: Hy(Fpr) — Hi(E),_,)
and k! =1 : Hy(E)
couple

=D, He(Fp-1x) @D, Hi(Fpr) = A

[ 28)

(@p p,k— p) GBP p,k—p

where we might define E* = @ E}, Hk(@p vk_p) since the homology of the
direct sum is the direct sum of the homologies: in particular we define
ker(d": E)  — E)

E), = Hy(E),) = pat) 2.9
pa = HiEpa) = S E0q+1—>Ep7q) (29)

) = Hp—1(F,—1 5-1) these maps extend to the following exact

10
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To compute the derived exact couple of (4.27) we need the map
1_ 1 1.l ol 1 _ ol
d=j ok : Ep,q - Ep,k—p - Ep—lv(k—l)—(p—l) - Ep—l,q
remembering that the k' map reduces the coefficient k by one. Finally the derived
exact couple is
A2 i2 A2

X ljz (2.10)

H,(E', d") = E?

where the groups A? and E? are defined as in Definition
One might now define successively £ groups using the maps d” : j"ok" : B}  — E} .,
as done above with the case r = 2:

. . ker(d" : By — E . .. _1)
Ep:;l — Hk(Ep,q) — p,q p—rq

(2.11)

1Hl<dr : E;+r,qfr+1 - E;,q)
In Figure 2.2 we see the E] , groups and d".
q
ivr—1 - B
1
J—r e ] p

Figure 2.2: Two £, groups and the d" maps between them on the Zx x Z>¢ plane.

Proposition 2.26 (Convergence). A filtered chain complex (C.,d) has an associated
spectral sequence which is eventually stationary.

PROOF. Because with (2.6) we assumed F,; = 0 for all p < 0 and F,, = C}, for all
p > n, we have that

By =Epiy=Fpr/Fpp =Cy/Cy =0 Yp>n+1
E),=E, ,=0/0=0 Vp<0. (2.12)

p.k—p

and this must also hold for all E”

vq 7 = 0, because of the recurrent definition of the
E" as in (2.11).

11
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Since the boundary maps d" : E) , — E] . .., “goleft r cells and up r —1 cells”,

for r big enough (in particular r 2 n+ 1) all d" maps are of the type d" : E ,—0

ord”: 0 — EJ or just trivial 0 maps. This implies that £}, is independent of r

for r big enough, since by the argument above in (2.11]) we would either have a 0/0
quotient or Ey*! = Er /0. |

Recall now that
n—1
= P Hi(Fp1k) = P Hi(Fpri) @ @D H(Cy).
PEZL p=>0 p>n

So the image of A} under i" is

n—1
i"Ay = @i (Hi(Fpo10)) ® P " (Hi(C

p=>0 p>n

Lemma 2.27. For a given k define Gy = im(i" : H(Fsx) — Hg(C.)). Then the
subsequent quotients @ ,(Gs/Gs—1) are isomorphic to Hy(C,):

@(Gs/Gs—l) = Hk(0*>

s

where for a given k we define Gy =1im(i" : H(F ) — Hi(CL)).

PROOF. By definition of ' in (4.27) we have i* = ¢ : H(F,_14) — Hg(F,), but
([2.6) means F,_; = F,; for p > n+ 1, so i* = id for those p. Further F}; = 0 for
p < 0. Fix now a k, then the given equation becomes

GS G57 - . . @ : @
@( G é% im(i" : Hy(Fs- 1k) - Hk 0<s€<%+2 . FS 1) = Hi(C)

im(i" : Hy(Fsr) — Hk(c*>>
né’is im(i" : Hi(Fs-1x) — Hg(C\))

im(i" : Hy(Fsx) = Hi(CL))
D im(i" : Hy(Fy_1) = Hi(CL))

(2.13)

0<s<n+2

since both the first direct sum sums 0/0 groups while the third sums H (Fy )/ H (Fs5) =0
groups. Finally (2.13) evolves into

1m(@” : Hk(Fs,k) — Hk(c*)) . Hk(-FO,k;) Hk(Fl,k) Hk(Fn-l—l,k;) "
@ : = () P ~ Hk(C*)
occniy (" Hy(Foor i) = Hii(CL)) 0 Hy(For) Hy(Fo)
[

Lemma 2.28. The E" groups are subsequent quotients of the form

E;r —p @(GS/Gsfl) (214)

p

where for a given k we define Gs = im(i" : Hi(Fs ) — Hi(CY)).

12
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Proof (reference). This is shown at the end of |7, Section 5.1] O

The two lemmas we just proved immediately lead to the following theorem.

Theorem 2.29 (Spectral Sequence limit formula). For filtered chain complex (C., d)
with associated spectral sequence E™ — E*° the homology groups Hy(C.) are given

by
Hy(C) =P EYS ., (2.15)
p

We will write E™ = Hy(C.).

PRrROOF. Proposition implies the convergence of the associated spectral se-
quence. Lemma and Lemma lead to the desired equivalence. [ |

2.4 Universal coefficient theorem

We introduce in this section the concept of homology with coefficient in any abelian
group. Consequence of this new concept is{Theorem 2.32 (The Universal Coeflicients|
which we will use to simplify interpretation and computations further on

(see Section [4.3).

Definition 2.30 (Homology with coefficients in a general abelian group). Let X

be a topological space and A an abelian group. We define C,(X; A) (deh) Ci(X)® A

where C,(X) the singular chain complexes.
The n-th singular homology of X with coefficients in A is then

H, (X5 4) ‘) H,(Cu(X; 4))
Remark 2.31. Since for A abelian
7ZQA— A

me ar—ma
is an isomorphism. So for A = Z we recover the normal singular homology: H, (X;Z) = H,(X).

Theorem 2.32 (The Universal Coefficients Theorem). Let X be a topological space
and let A be an abelian group. Then for every n € Ny there is an exact sequence

0 —— H,(X)® A —— H,(X;A) —— Tor(H,1(X),A) —— 0
where w([c] ® a) = [c ® a]. Moreover this sequence splits and therefore
H, 1(X;A) 2 H,(X)® A® Tor(H,-1(X), A) (2.16)
Proof (reference). This is Theorem 25.10 in [8, Lecture 25] O

Corollary 2.33. We will mostly be interested in A = Z, IF; which are luckily torsion
free. Therefore (2.16)) becomes

Hy o (X:7) = Hy(X)®Z 2 Hy(X)
anl(X;]Fé) = Hn(X) ®F2

13






Chapter 3

Morse homology”

We will implicitly assume that every mentioned manifold or function is smooth.

3.1 Morse functions

Definition 3.1 (Critical point). Let M be a manifold and f : M — R a function.
A critical point of f is a point ¢ € M such that (Df). = 0.
A critical point ¢ is said to be non degenerate if the Hessian of f is non singular at
that point:
0*f
det H.(f) = det 0
et (1) = det (52 (C))m‘ y

for some local coordinate (z;),. A critical point ¢ which is not non-degenerate is
said to be degenerate.

We are now ready to define Morse functions.

Definition 3.2 (Morse function). Let M be a manifold and f : M — R a function.
We call f a Morse function if all its critical point are nondegenerate.

Example 3.3 (Height function on S?). Consider S* C R?® and the function
h:S* =R
(2,y,2) — 2

then the critical point of h are the point where the (df) has zero rank. Considering
x(z,y,2) = (z,y) to be the coordinate chart on {z > 0} N S? we have:

! (z,9)

V1= 2% —q?
has rank 0 only if z = y = 0 so the only critical point on S* N {z > 0} is (0,0,1).
Analogous we find (0,0, —1) to be the only other critical point. The matrix associated

to (d?h) at (0,0) is
—y2 T
(1,;2,?;/2)3/2 (1,x2,yy2)3/2 . 1 0
zy 1o’ —\0 1
(171,2,3/2)3/2 (1,332,3/2)3/2 (0’0)

which is non degenerate so h is a Morse function.

D%|(I7y) =ho Xill(ﬂc,y) =

2For this chapter, where not stated differently, the information are taken form [1, Chapters 1-4].
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CHAPTER 3. MORSE HOMOLOGY

The following lemma will play a crucial role in defining Morse complexes.

Lemma 3.4 (Morse lemma). Let ¢ be a nondegenerate critical point of the function
f+ M — R. Then there exist a neighbourhood (c) of ¢ and a diffeomorphism
@ (2c),¢) = (Un(e),0) such that

Fou (e ) = f) -3+ 3" a7
j=1 j=itl
Such charts are called Morse charts. We define Ind(c) D5 to be the index of the
critical point c.

PRrOOF. The key idea of the proof is use Taylor expansion and the implicit function
theorem.

Since it is a statement about a local property we can without loss of generality
assume M = R"™ and ¢ = 0. Further, by change of basis, we assume (Df), to be
diagonal. For n = 1, Taylor expansion of f at 0 gives

flz)=f(0)+0+ %f”(O)x2 + e(x)2? = f(0) £ az®(1 + £(2))

with e smooth and a € R.q. Since ¢(z) = z+/a(l 4+ £(z) has ¢'(0) = \/a > 0 it's
locally a diffeomorphism (by the implicit function theorem) and the statement holds
by 1 = ().

We proceed by induction on n. Let R® = R x R"™! with elements (x,y). Letting
f(x,y) = fy(x) we can express f as Taylor expansion of f, by keeping y fixed:

£(0,0) = f,(0) + £,(0)x + %f;’(O)azz + e(z,y)2?

Since f is Morse and thus (Df)o non degenerate f,/(0) is non zero since if zero
the first column would be a zero column and so (D?f), degenerate. Assume now
f,(0) = 0 then (z1,y1)¢(7,y) = (v1/a(l+e(z,y),1) as in the case n = 1 leads to
fop Hz1,y1) = 22 + f(0,y) and we can conclude by induction. If f,(0) # 0 we
can compose the chosen coordinate chart with a diffeomorphism making fé(O) =0
but keeping (d?f), fix. This is done by applying the inverse function theoremﬁ to

the solutions (z,y) to % = 0 obtaining x = ¢(y) with (Dy)y = 0 and then shift

(z,y) = (. +0Y),y). L

Therefore for ¢ € Crit(f) we define (¢) C M to be the image under the diffeo-
morphism A given by the Morse lemma of an open Uy ) C R".

Corollary 3.5. The critical points of a function on M are isolated. In particular, a
Morse function on a compact manifold has only finitely many critical points.

Remark 3.6. Using the definition in Lemma |3.4| we notice that:

1. A local maximum of f is a critical point of index 0.

b%(oa 0) # 0 since f Morse.

16



3.2. PSEDUO-GRADIENTS

2. A local minimum of f is a critical point of index n, the dimension of the
manifold.

3. An index 1 critical point of a function on a two dimensional submanifold of
R3 is a saddle point.

We have now the tools to test whether a function is Morse or not. But do Morse
functions exist at all on any manifold? The following theorem answers very satis-
factorily this question.

Theorem 3.7 (Existence and Abundance of Morse Functions). Let M be a compact
manifold. The set of Morse function on M is a dense open subset of C*°(M).

Proof (reference). This is Theorem 1.2.5 in [1, Page 12]. O

3.2 Pseduo-Gradients

Morse functions are one of the two very important tools we need in Morse theory.
We will introduce here the second one.

Definition 3.8 (Pseudo-gradient). Let f : M — R a Morse function. A pseudo-
gradient adapted to f is a vector field X : M — T'M on M such that the following
holdd®

1. We have (Df),(X,) <0, with equality if and only if x is a critical point.

2. In a Morse chart in the neighbourhood of a critical point, X coincides with
the negative gradient for the canonical metric on R™.

Remark 3.9 (Metrics). If (M, m) is a Riemann manifold then we can define the
gradient of f as the unique function V,f such that for every Y € T, M

m(V 1Y) = (df).Y.

Since every manifold admits a riemannian metric we will often interchange V f and
df where one notation is more intuitive.

On the other hand a metric m immediately defines a gradient of f and so a vector
field, thus providing f and X or f and m is equivalent.

Definition 3.10 (Stable and unstable manifolds). Let f : M — R a function and
c a critical point. Let X be a pseudo gradient and denote by ¢ its ﬂowﬂ Then we
define its stable manifold to be

Wé(e) = {x € M| lim ¢'(x) = c}

t—o00

and conversely its unstable manifold to be

We(e) = {x € M| lim_'(z) = c} .

“We use the following notation: for © € M we denote X (x) = (z, X,) with X, € T, M.

dRecall that given a smooth F : (—¢,¢) x M — M such that Fi(x) = F(s,z) is a diffeomorphism
and Fy = idys, then aaiz |s=0 defines a vector field and vice versa. We denote ¢° the F'(s,-) such
that 22| _, = X (z) and call it flow of X.
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CHAPTER 3. MORSE HOMOLOGY

On submanifolds of R™ this two manifolds W*(c¢) and W"(¢) have a very geometric
interpretation. If the pseudo gradient is the vector field of a force, we can imagine
W#(c) to be the set of points that “fall down to ¢’ under this force. On the other
hand W¥(c) can be thought to be the set of point that “pushed away from ¢” under
this force.

Theorem 3.11 (Dimensions). The stable and unstable manifolds of the critical point
¢ are submanifolds of M that are diffeomorphic to open disks. Moreover, we have

dim W*(¢) = codimW?(c) = Ind(c).

ProOOF. Away from a critical point ¢ the stable manifold is the image of the em-
bedding (z, s) — ¢°(z) and in the neighbourhood Q(c) it is the image of the locus
where the quadratic form associated to f in c is positive. Thus the stable manifold
is diffeomorphic to a disk of dimension n—Ind(c) and likewise the unstable manifold
is diffeomorphic to a disk of dimension Ind(c).

For a more detailed proof we point to |1, Section 2.1.d]. [ |

We can again ask ourself if a pseudo-gradient exist for any Morse function. The
answer is yes as well.

Theorem 3.12 (Existence of Pseudo-Gradient). Let M be a manifold and f be a
Morse function on it. Then there exist a pseudo-gradient adapted to f on M.

Proof (reference). This is Section 2.1.c in |1, Page 26]. O

The following is a technical lemma that we will need to prove a key theorem
further on.

Lemma 3.13. If f : M — R is a Morse function on a finite dimensional compact
smooth M, and p € Crit(f), then there exist

E*T5M — Wi(p)
E":T'M — W(y)

homeomorphisms onto their images.

Proof (reference). This is Lemma 4.20 in [2, Page 115] O

3.2.1 The Smale condition and its consequences

Definition 3.14 (Trasversality). Let M be a manifold and Q1,Qs C M be two
submanifolds. We say that @1, and Q)5 are transverse submanifolds, noted Q1 M Q2,
if

T,Q1 +T,Q2 =T;M Vqe QiNQs.

A function f : M — Nistransversalto Z C N, f h Z, it (D), (T, M)+(De).(T.2) = T,N
where ¢ : Z — N is the usual inclusion map.

18
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The visual interpretation of transversality in R™ is that the two submanifolds
should not be tangent at any point in the intersection.

Definition 3.15 (Smale condition). We say that a pseudo-gradient adapted to f
satisfies the smale condition if all stable and unstable manifolds of the critical points
of f meet transversally, i.e.

We(a) h W3(b) Va,be Crit(f) (3.1)

It is usual to call (f, X) a Morse-Smale pair if X is a pseudo-gradient, adapted to
the Morse function f, satisfying the Smale condition.

The following proposition states that if you perturb any pseudo-gradient that
satisfies the Smale condition then the resulting gradient will still satisfy the condition
as well.

Proposition 3.16. Let f : M — R be a Morse function and let X be a pseudo-
gradient field adapted to f that has the Smale property. Every vector field X suffi-
ciently close to X (in the C' sense) is an adapted pseudo-gradient field that still has
the Smale property. Moreover, we have

(C.(f), 0x) = (C.(f), %)
Proof (reference). This is Proposition 3.4.3 in [1, Page 71] O
Theorem 3.17 (Inverse Image). Let M, N be manifolds and Z C N a submanifold.
Then if f h Z, then f~Y(Z) is a submanifold of M such that
dim M — dim f~'(Z) = dim N — dim Z (3.2)
Proof (reference). This is Theorem 5.11 in |2, Page 131] O

Applying the above theorem to the inclusion ¢ : N < M we get the next useful
corollary.

Corollary 3.18. If M and Z are submanifolds of N of dimension m, z and n re-
spectively and M M Z, then M N Z is an immersed submanifold of NV of dimension
m—+ 2z —n.

We are finally ready to prove the following proposition (and its corollary), which
will play a central role in all our next computations.

Proposition 3.19. Let X be a pseudo-gradient adapted to f on M that satisfies the
Smale condition. Then we have that for any two critical points a and b
codim(W*(a) N W*(b)) = codim(W*(a)) + codim(W?*(b)) (3.3)
ProOF. Now that we have Corollary and Lemma we can just write down
the codimentions:
codim(W*(a) N W?*(b)) = dim M — dim(W*"(a) N W?*(b))
CoBIS iy M — (dim W*(a) + dim W*(b) — dim M)
=dim M — (dim M — codimW*"(a) + dim M — codimW*(b) — dim M)
= codim(W*(a)) + codim(WW*(b))
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CHAPTER 3. MORSE HOMOLOGY

Definition 3.20 (Trajectories). Given a vector field X defined on M, a trajectory
on M along X is a curve 7y(t) such that

o y:(—¢c,e) > M
o Vie (—¢g,e): 7(t) =X(y(t)).

We usually denote v by 7, where x = «(0) saying that ~, is the trajectory of .
A trajectory along X from p to ¢ is a trajectory ~,, such that

lim v,,(t) =p and lim~,,(t) =q¢

t——¢ t—e
Moreover We(p, q) denotes the set of trajectories from p to ¢ along —V f.

Under the assumption that the smale condition holds, we have a very useful
identification for W*(a) N W*(b). We denote in the following by M(p, q) the set of
points on some trajectory from p to ¢, i.e.

M(p,q) ={z € M|3y € Wy(p,q) : 3t € (—¢,¢) for which ~(t) = z}.

Lemma 3.21. Let M be a manifold with a Morse function f and a pseudo-gradient
which satisfies the smale condition. Then

W*(p) N W*(q) = M(p,q). (3.4)

Further, this is a manifold of dimension
dim M(p, ¢) = Ind(p) — Ind(q). (3.5)
PROOF. The dimension equation (3.5)) is a direct consequence of using Pro-
position to get codim(W*(a) N W*(b)) = codim(W*(a)) + codim(W*(b)) and

Theorem [3.11] to get dim W*(zp) = codimW*(zq) = Ind(z).
Equation (3.4)) is a consequence of the more general Proposition [ |

Proposition 3.22 (Characterisation of trajectories). Let M be a compact Manifold
and f a Morse function on it. If v : (—e,e) — M 1is a trajectory along a pseudo-
gradient field X adapted to f on M, then there exist p,q € Crit(f) such that

Jim A(t) =p and limy(f) = q. (3.6)
PROOF. We show that (t) has a limit for ¢ — ¢ and that this limit is a critical
point. The same proof will apply for ¢ — —e. We must show that () reaches Q(c)
for some critical point c¢. Assume not, then every time 7 enters one of the finitely
many 2(¢;) it must also leave it, and since f is decreasing along 7E once v left a
neighbourhood it can not return into it. Let sy € (—&,¢) be the last time that
leaves |, Q(c;). We first need an intermediate result.

L) ==V fI? <0.
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3.3. MORSE COMPLEXES

Claim. There exists an g5 > 0 such that
N
Vo e M\ | JQ(e) : (df)a(X.) < —&9
i=1

Proof of Claim. Since (df), is a continuous function and M\JY, Q(¢;) is (a compact
set without an open and thus) compact this function has a maximum. The maximum

must be < 0 because of Point[l]in Definition[3.8/and can not be zero since (df), is zero
only at critical points and we precisely exclude them considering M \Uf\il Qe;). O

So for any s € (—¢,¢) such that s > s:

Frts = 5oy = [ AL gy = [ a0, < —euls =0

S0 S0

but since we can diffeomorphicaly map (—¢,¢) to R this implies that f o+ has no
lower bound (by letting s be arbitrary big). But since it factorises trough M which
is compact this is a contradiction. [ |

We will not be much interested in M(p, ¢q) spaces, but more on trajectories and in
particular trajectories up to re-parametrisation (we are interested in the trajectory
itself and do not want to differentiate based on the speed with which we walk
along it). But this up to re-parametrisation translates in a quotient of the previous
manifold.

Corollary 3.23. Quotienting M (p, q) by the action of time translation we obtain
a new manifold

L(p,q) = {trajectories along — V f} /(reparametrisation).
of dimension

dim L(p, ¢) = Ind(p) — Ind(q) — 1.

3.3 Morse Complexes

Let for this section f be a Morse function on a compact manifold M and X a
pseudo-gradient field satisfying the Smale condition.
We will consider the Z/2Z-vector space

MCy(f) =14 D | €Z/2Z y = Z/2Z[Crity(f)] (3.7)

c€Critg (f)

where Crit,(f) denotes the set of critical points of index k of f. We further define
Ox on MCy(f) by extending the definition for a € Critg(f):

Ox(a)= > nx(a,b)b (3.8)

beCrity,_1(f)

where nx(a,b) € Z/27 is the number (modulo 2) of trajectories (up to re-parametrisation)
of X going from a to b, i.e. |L(a,b)|.
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CHAPTER 3. MORSE HOMOLOGY

Theorem 3.24. Given a Morse function f and an adapted pseudo-gradient X on a
compact manifold M, then equations (3.7) and (3.8) define a chain complex structure
MC.(f).

This is the building block for Morse theory, but it’s proof requires some non trivial
ideas.

3.3.1 The compactification theorem

The proof of Theorem [3.24] goes as follows. We need to show that dy o dx(a) = 0
for all @ € Crit(f). This is

Ox 0 0x(a) = Z Z nx(a,c)nx(c,b) | b

beCritg_o(f) c€Critg_1(f)

and so if we can show >~ oy, nx(a,c)nx(c,b) = 0 for any a € Crit(f) and
b € Crity_o(f) we are done. So by definition of nx(-,-) we get

Z nx(a,c)nx(c,b) = |_| L(a,c) x L(c,b)]| .

c€Critg_1(f) c€Crity_1(f)

It is a know fact form topology that the boundary of a one dimensional compact
manifold is given by an even number of point, we will therefore show that this set
is such a boundary. Let’s define the set of broken trajectories

ng

L) = |J 11 L(ciy, Ciyer)-

¢; €Crit(f) Jj=i
Ind(cij )>IndcijJrl

Ciy =0;Cip, =b

Since the L(¢;, ¢;) have a manifold structure we will be able to construct a topo-
logy. This topology makes L£(a,b) compact (as the notation suggests). Furthermore
if Ind(a) = Ind(b) + 2, L(a,b) turns out to be a one dimensional compact manifold
with boundaries. This will prove the theorem. The missing proofs for the following
statements can be found in [1, Section 3.2]

Let A = (\)L, € L(a,b) be a broken trajectory. Then \ connects ¢ critical points
¢; each of which admits a Morse neighbourhood €2(¢;) as by [Lemma 3.4 (Morse
lemma)l Therefore ); exits Q(c;_1) to enter Q(c;).

Let now UT (and U™) be the collection of U;" (U;") open neighbourhood of the
exit point (entry point) of \; from Q(c;—1) (2(¢;)).

Lemma 3.25 (Topology on L(a,b)). The set

WL U, U-) = {,u = (,uj);?:l t g € L(ci,¢5), k < q, puj enters and exists }

Q(c,-j) throught the interiors of UZ.JF, U~

form a basis for a topology on L(a,b).
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From now on we will refer to £(a, b) as a topological space with the topology from

Lemma [3.25]
Theorem 3.26 (Compactness). The topological space L(a,b) is compact.

Corollary 3.27. For Ind(a) = Ind(b) + 1 the space L(a, b) consist in a finite set of
points.

PROOF. L(a,b) is a 0-dimensional submanifold of the compact space L(a,b). W

Proposition 3.28. Let f be a Morse function on a compact manifold M and with
pseudo-gradient X satisfying the Smale condition. Let a,c,b € Crit(f) with index
k—1,k,k+ 1 respectively and Ny € L(a,c) and Ay € L(c,b). Then there is a open
Oy € L(a,b) and a continuous injection ¥ : [0,8) — O, ., differentiable on
the interior and such that

¥(0) = (A1, A2) € L(a,)
YP(s) € L(a,b) Vs >0

Theorem 3.29. If Ind(a) = Ind(b) + 2, then L(a,b) is a compact 1-manifold with
boundaries.

Definition 3.30 (Morse homology). The homology of the chain complex structure
MC.(f)

= MO 25 MO, 2 MO,

as in Theorem with boundary map

Ix(a) = Z nx(a,b)b

beCritg_1(f)

where nx(a,b) € Z/27Z = |L(a,b)| is called the Morse homology MH.(f) of M
based on f.

Theorem [3.24] shows that this is indeed well-defined.

Example 3.31 (S™). We have shown in Example that the height function on
S? has two critical points: N & S.

This holds in general for the height function i : " — R with Ind(N) = n and
Ind(S) = 0. Therefore we have

ZJ2ZN, k=n
MCy(h) =< Z/2ZS, k=0
0, k#0,n
The Morse homology groups are then
7)27, k=n
MHy(h) =< Z/2Z, k=
0, k#0,n
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(Generalisation and outlook

It was easy to introduce the concept of Morse complexes as a Z/2Z-vector space.
We can extend this by defining M Cy(f) as the Z-module generated by by Crity(f).
The 0 maps will work in the same way but we will not have to reduce modulo 2
each time. 0 will count the elements in £(a, c) with orientation signsﬂ

Morse theory can also be used to give a CW structure to M and thus do topology
with that. Morse homology is also considered to be the finite dimensional version
of the very powerful Floer homology where one studies symplectic manifolds and
orbits of hamiltonians.

3.4 Continuation maps

We will introduce in this section the concept of continuation maps. These maps will
play a key role in two important proofs that we present in this work.

3.4.1 Construction

Considering ( fo, Xo) and (f1, X;7) two Morse-Smale pairs, let

F:Mx[0,1] - R
(x,s) — F(x,s) = Fy(z)

We can extend F to M x [—1, 3] by setting

such that

fo forsel0,3]
fi fors e[z 1]

e
I

(SN

Fy=fo forse[-3,0]
Fy=f forsell,3]

Consider now a Morse function g : R — R with critical points in 0 (index 0) and 1
(index 1) increasing on (—o0,0) U (1,00) and such that

OF ,

a—(m,s) +4'(s) <0 Vre M,Vse(0,1).

s
A sketch of such a function is given in Figure 3.1
Then the function F = F+0® g : M x [—1,3] — R is a Morse function with

critical points:

Crit(F) = Crit(fo) x {0} U Crit(f;) x {1}

fOrientations of moduli spaces are quite technical and we avoid this discussion in this work.
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g9(s)

N

Figure 3.1: Sketch of a possible g function.

Lemma 3.32. For any a € Crit(fy) or b € Crit(f1) we have
Indz((a,0)) = Indg (a) + 1 Indz((b,1))) = Indy, (D). (3.9)

where we add a subscript to the index for avoiding ambiguity.

PROOF. By considering now the product M x [—%, %] the dimension of the manifold

increased by one. It’s a direct consequence of [Lemma 3.4 (Morse lemma) that in
local coordinates around (+,0) we will have one more dimension with negative sign
while at (-,1) we will have one more dimension with positive sign but in this last
case — since the dimension of the manifold increased by one — the number of negative
dimensions will remain the same and so, by its definition, will be the index. [ |

Two pseudo-gradient fields adapted to F come in consideration at this point:
Xo— Vg and X; — Vg. Using a partition of unity we can fill all this into one single
pseudo-gradient X such that

X=X,—-Vyg, onMx|[-3 3]
X=X,-Vg, onMx[23]
By perturbing X we can achieve that it is transversal to M x{s} forall s € {—

and that is satisfies the Smale condition (applying Proposition [3.16)).
All this means that we can choose X such that

(ClPlnosa) 0x) = (Colfo+ 9l 1), Oxrw) = (Cuna(fo), )

and similarly

2
3

Colw

%7%7 ) }

53]

(O*(F|M><[§,%]78X> = (C*(f1>7aX1> :

Considering now the whole manifold M x [—%L, %] we are interested in the trajectories

along X. As Proposition shows, these connect critical points of F' and can be
divided into two categories:
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1. 7 starting and finishing in the same sections [—3, 3] or [2, 3], i.e. trajectories
of either Xy or Xj.

2. ~ that start in the section [—%, %] but finish up in section [%, %], connecting
critical points of fy to [

Using Lemma this leads to
Cr1(F) = C(fo) & Crya(f1). (3.10)

Acting on this complex dx has the form

Ox : Cr(fo) ® Cra(f1) = Cre1(fo) @ Cr(f1)

a Ox, O a
()~ (o) G)
where ® counts trajectories along X connecting a € M x{0}NCrit(F) tob € M x{1}NCrit(F)

" Cu(fo) = Ci(f)
a— Z nx(a,b)b. (3.11)

beCritg (f1)

Since 9% = 0 we get

0 0\ (dx, 0\ * x
0 0 N q)F (9_)(1 N <I>F08X0+8X10<I>F *

So that ® is a morphism of complexes.

3.4.2 Definition

Definition 3.33 (Continuation map). Let (fo, Xo) and (f1, X1) be two Morse-Smale
pairs. Let further I' = {(fs)}sec0,1) be a path of function from fy to fi. A map

d . (C*(fo),aXo) — (O*(f1)78X1)

is a continuation map if for a critical point ¢ € Crity(fy) it respects

O(c) = Z nx(c,b)e (3.12)

beCrity (f1)

using the construct of Section [3.4.1 and (3.11)).
The next two corollaries follow directly from the discussion of Section[3.4.1 above.

Corollary 3.34 (Existence). Given (fy, Xo) and (f1, X1) two Morse-Smale pairs.
With a path I' = {(fs)}secjo,1) of functions and gradients connecting them. Then a
continuation map form (fo, Xo) to (f1, X7) exists.

Corollary 3.35 (Morphism). Continuation maps are morphism of chain complexes,
i.e. chain maps.

eNote that since F is decreasing along the trajectories start in the section [%, %] and finish in the

section [—1, 1] is not an option.

hNote that we do not require f, to be Morse or the associated pseudo-gradients X to satisfy the
Smale condition.
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3.5 Reassuring equivalences up to isomorphism

We have now constructed a new type of homology a priori very different from the
well know singular homology introduced in Section and that at a first sight very
much depends on the choices of the Morse function and the pseudo gradient. The
next results are thus important in order to give general validity to this field of study.

3.5.1 Independence of choices

We know from Theorem that there is an abundance of Morse functions. The just
introduced concept of Morse homology groups would be quite unusable if for any
two distinct such function we would obtain different homology groups. The next
theorem states that this does not happen and, on the contrary, there is just one
interesting group.

Theorem 3.36 (Uniqueness of Morse homology). Let M be a compact manifold
and fo, f1 : M — R be two Morse functions on M respectively with adapted pseudo-
grandients X, X1 which respect the Smale condition. Then there is a morphism of
complexes

D, : (C*(fo),aXo) — (C*(fl)aa)ﬁ)

which induces and isomorphism on the homology.

Idea of the proof

The proof is based on three steps. Considering

F:Mx[0,1] - R
(x,s) — F(x,s) = Fy(z)

such that

Fy=fo forsel0,3]
Fy=f1 forse[31]

First step: From F' one deduces a chain complex morphism
"+ (Cu(fo): Ox,) — (Culf1), 0x,)
Second step: One shows that if (fy, Xo) = (f1, X1) and Fs = f; for every s then
O = id(c. (fo).0,)

Third step: Considering another Morse-Smale pair (fa, X3), one finally shows that
if G satisfies the same conditions as F' for (fi, X;) and (f2, X2) and H does
for (fo, Xo) and (f2, X3) then the induced morphisms on the homologies

®C o dF O . MH, (M, fy,0x,) = MH,(M, f5,0x,)

coincide.
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CHAPTER 3. MORSE HOMOLOGY

The statement follows form the last step since ®¥ must induce an isomorphism on
the homology. Indeed one can use H = fy = f» as in Step two. Then ®¥ and ®¢
must be each others inverse.

PrROOF.

FIRST STEP

We can just take the continuation map from (fo, Xo) to (f1, X1) on the path I' = {(F5) }sejo,1]
as introduced in Definition [3.33]

SECOND STEP

Let’s set f1 = fo, X1 = X and

F:Mx[0,1] =R
F(z,s) — fo(x).

The function g will have the same form as in the construction of continuation maps

in Section [3.4.1.

Claim. The vector field X = Xy 4+ Vg is an adapted pseudo-gradient field for F
and satisfies the Smale condition.

Considering a € Crit(fy) then the trajectory from (a,0) to (a, 1) constant if pro-
jected to M is the unique trajectory along X that connects (a,0) to (¢, 1) for any ¢
such that Indy,(c) = Indy,(a). Therefore & = id by the definition of ® in (3.12).
THIRD STEP
Assume that we have interpolations H between fy, fo; F' between fy, fi and G
between f1, fo. We do an interpolation of interpolations by considering a map:

14 1 4

K:Mx[—-=,=]x[z,z] 2 R
33 33
(x,s,t) = K(z,s,t) = Ky ()
satisfying

Ksy=H;, s¢€ [—%7 %]

Ks,t - Gta 5 € [%7 %]

Ks,t:Fsv te [_ivé]

Ks,t:f27 te [%7%}

Considering again a Morse function ¢ as in Section |3.4.1 but now increasing outside
[0, 1] and satisfying

K
aa—s(x,s,t) +4(s) <0 V(z,s,t)€Mx(0,1)x[5 1]
0K
E(x,s,t) +4'(s) <0 Y(z,s,t)€Mx[i 3] x(0,1).

We finally define

K(z,s,t) = Kqi(x) + g(s) + g(t)
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s=1

Figure 3.2: The various definition areas of K.

that is a Morse function and in the shaded area of Figure[3.2] is given by f;(z)+g(s)+g(t).
A similar procedure as in Section [3.4.1 shows that we can define a pseudo gradient

X adapted to K that satisfies the Smale property such that the differential d¢ is
given by

O, 0 0 0
o 95, 0 0

®H 0 Oy, O
S ®¢ id Oy,

a~:

and so we are able to conclude. For more detail on this part see |1, Section 3.4] W

Theorem thus shows that the Morse homology of M is independent of f. We
will therefore just write M H, (M) meaning the Morse homology of M based on any
function if we do not want to specify a Morse function.

3.5.2 Morse homology is the singular homology

Now that we have shown with Theorem that Morse homology is precisely one
object for any manifold, we could be ask ourself if it is a new invariant that could
help us distinguish two spaces.

Theorem 3.37 (Equivalence to singular homology). The Morse homology M H.(M)
is isomorphic to the singular homology H,(M).

Actually, a stronger statement is true. A Morse function allows us to define a
cellular decomposition of the manifold; this cellular complex and the Morse complex
are isomorphic. A standard result in algebraic topology states that singular and
cellular homology agree.

Strongly inspired by Floer’s approach to similar problems CONLEY [5] and SALA-
MON build up this proof.

Proof (reference). This is Theorem 7.4 in |2, Page 198] O

Morse homology is thus not a new invariant but a very useful tool to define and
compute (often easily) the already well-known singular homology from which we can
use the known results.
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CHAPTER 3. MORSE HOMOLOGY

3.6 Miscellaneous

3.6.1 Bundles

Definition 3.38 (Fibre bundle). Let F, E and B be topological spacesand 7 : E — B
a surjective map. (F, E,m, B) is a fibre bundle, also denoted

F—-ES B,

if m respects the following local triviality condition: for every x € B there exists
an open neighbourhood U C B of x such that there exists a homeomorphism
¢ : 7 YU) — U x F which makes the following diagram commute

T —>U><F

\ lprl (3.13)

We call B base space, E total space, F' fibre, ™ projection map and the collection
{(U;, p:)}i local trivialisation of the fibre bundle.

The intuition behind this definition is that E locally looks like a product of F
and B.
We often denote F, = 7~ 1(z) the fibre of z. Trivially E, & F.

B
Figure 3.3: Visual representation of a Fibre bundleﬂ

Definition 3.39 (Vector Bundle). A fibre bundle (F, E,w, B) is a n-dimensional
vector bundle (over R) if the fibre F' is a n-dimensional vector field F' = R™ such
that the homeomorphism ¢ given from the local triviality condition induces a k-
linear transformation on each fibre.

3.6.2 Parallel Transport]]

Definition 3.40 (Section). Let (F,E,m, B) be a fibre bundle and ¢ : M — B
a smooth map. A section of E along o is a smooth map s : M — E such that
s(x) € Ey for every x € B. We denote by I',(E) all the sections of £ along ¢.

"The code for this image was published on https://tex.stackexchange.com/questions/
289165/drawing-a-fiber-bundle?rq=1.
JFor this section the information are taken form [9, Lecture 29].
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3.6. MISCELLANEOUS

Definition 3.41 (Parallel Transport). Let (F, E, m, B) be a vector bundle. A parallel
transport system P on E assigns to every point p € E and every curve 7y : [0,1] — B
on the base space with v(0) = 7(p) a unique section P,(p) € I',(E) with initial
condition p, i.e. P (p)(0) = p. We call P,(p) parallel lift of v starting at p. This
association should satisfy the following four axioms:

1. For every smooth curve v : [0,1] - B

~

Pyt Eso) = B
p—Py(p)(1)

is a linear isomorphism. Moreover P_* =P, -.

2. Let y : [0,1] — B be a smooth curve and h : [0,1] — [0, 1] a diffeomorphism
h(0) = 0 and h(1) = 1. Then for every p € (g and every ¢ € [0, 1] we have

Pron(p)(t) = Py (p) (A(1))

3. The section P, (p) depends smoothly on both p and 7.

4. Let,0 : [0,1] — B be two smooth curves with same start point and 7/(0) = §'(0).
Then for each p € E, g

Sl BmO =S| P@)e.
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Chapter 4

Leray-Serre spectral sequence

The goal of this chapter is to prove Theorem [4.1] We will mainly follow the path
delineated in [10, Chapter 3] and [11].

4.1 The theorem

The following[Theorem 4.1 (Leray-Serre)|is a key tool in understanding the homology
(and thus the structure) of fibre bundles. First presented by SERRE in [14], this
theorem expresses the homology of the total space in terms of the one of the base
space and fibre.

Theorem 4.1 (Leray-Serre). Let
F—ESB

be a fibre bundle with a simply connected base B and with a fibre F, where all E, B
and F are closed manifold. Then there exists a spectral sequence given by

E. = MH,(B) ® MH,(F). (4.1)
Further we have convergence

E?, = MH.(E). (4.2)

px—p

4.2 Construction of the proof

The most known proof of this theorem uses just tools from algebraic topology, see
for this |7, Theorem 5.3]. We show here that one can also prove this theorem using
differential geometry tools.

The proof is divided in the following subsections dedicated to each part of it. In
Section [4.2.4 we summarise our findings and conclude the proof.

4.2.1 Morse-Smale data

Consider

b:B—R and g¢gp,:T1T,BxT,B—R (4.3)
f:F—=R and gp,:T,F xT,F - R (4.4)
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CHAPTER 4. LERAY-SERRE SPECTRAL SEQUENCE

to be Morse functions and riemannian metrics of B and F' respectively. Let further
Crit(b) = {b1,...,b,} and Crit(f) = {y1, ..., Ym } which we know to be finite because
of Corollary 3.5

Let B; C B be disjoint open sets contained in a local trivialisation of the fibre
bundle with b, € B;. We define the functions §; : £ — R to be the ones that make
the following commute

T Z-—>B><F

\ lfopmh (4.5)

The behaviour away from the 7=1(B;) is not going to matter as one can see from
their use in (4.6). Let p; : B — [0, 1] be bump functions such that

1, if B! ¢ B;
pi(r)=<" 1 TE D L for some fix B, ¢ B..
0, ifz¢ B,

Morse function on £

We want first to construct a Morse function on F using f and b which we both
(suppose to) know well. The newly defined §; look like a pre-composition of f with the
trivialisation map, so we might combine these and bo to get a function that encodes
all the useful information we need. The following Lemma shows that perturbing
bomw: E — R around its critical values gives a good result.

For simplify the notation we will write b = b o 7 from now on.

Lemma 4.2. Let
F—-ESB
where all E, B and F' are closed manifold.

h:E—R
x — h(z) +€Z pio7)( (z) (4.6)

Then h is a Morse function for e > 0 small enough.

PROOF. On {p; = 1} we have that h = b+¢cf; so h =b@ef on {p; = 1} x F.
Since implies that the 7 map is locally bijective and by our choice of B; in a
trivialisation we get that h = b@® ef : {p; = 1} x F' — R is locally a sum of Morse
functions and thus also a Morse function, with h=ho Olo1({pi=1}x F)-

We consider now S = (), {p; < 1}. We notice that (db)s = 0 holds only for
p € Crit(b) but since we can cover Crit(b) with opens such that this cover does not
intersect S (by our definition of the p;) we have db(T'S) # 0 so there must exist a §
such that 0 < 0 < |(db)| for all s € S. Because F' compact by assumption, all p; and
f are bounded. Therefore by taking & small enough we can achieve 0 < %(5 < |(dh)s|
for all s € S which implies that h has not critical points on .S and so is Morse also
there. |
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Corollary 4.3. From the first part of the proof of Lemma [4.2| we conclude that in
the trivialisations

Crit(h) = Crit(b) x Crit(f). (4.7)

Pseudo-gradient on E adapted to f

We want to construct a pseudo vector field v for h such that the following two
conditions hold:

dmov = Vb (4.8)
v=Vh=Vb®eVf; onp =1 (4.9)

Lemma 4.4 (Modified gg pseudo-gradient). Define

V =ker(dr) CTE

H=V* perpendicular accoring to gg

and let further

e = {gE =95 ©gr, on V] L T,E x TyE — R. (4.10)
™98, on H

Then denoting V the gradient with respect to gigﬂ the pseudo-gradient vector field

respects the conditions (4.8) and (4.9).

Notice that using the trivialisation V' = T'F and above E|p, we have H = T'B;.
Proor. We look at first at . We may remark that by definition of a gradient
dbY = g(Vb,Y) = ge(Vb, pryY)

because on V by definition db = 0. But H = V* so
Gu(Vb,pryY) = gu(pry Ve, pryY) = 7°g5(pry Vb, pryY)

where the last equality holds because we are now on H in (4.10). Writing out what
T*gp is, we get

W*gB(er@b,erY) = gB(dwer@b, drpryY) = gB(dw@b, drY’)

®Actually we should write gr, = T*gBx(p) © (Pra © ©)*gF prye(p), Which further reduces to
(Pr3 © ©)*gF.pr,(p) Since we are on the kernel of dr.
bSee Remark ie. X =V & gp(X,Y) =dyY.
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with the last equality holding because H = ker(dr)* and so we can just forget the
projection drpryZ = drZ. Since the defining property of Vb is dbY = gp(Vb,Y),
this leads to

dr - Vb = Vb.

One now notices that for K € H we have QE(@fi, k) = dfirx and over B; H = T'B,
which implies df;x = 0. Outside B;, p; = 0 and thus dr ), p;Vf; = 0. This directly

implies dr - v = Vb, i.e (4.8).

For (4.9)) we have that on p; = 1 we must be on V since dr acts trivially. Therefore
there gp = gp holds and v simplifies to (4.9). [ |

4.2.2 Morse complex
Let v the vector field of Lemmald.4] that respects (4.8) and ({£.9) and e # €’ € Crit(h),

then we define
L(e,e") = {—v trajectory from e to e'}/(—¢,¢) (4.12)

where the quotient represents re-parametrisation as already done in Corollary (3.23|
Equation (4.7)) shows that

Cy=MC,(h) = MC.(b) @ MC,(f) (4.13)
and the boundary mapf is naturally given by

9 : MC.(h) — MC._1(h)
e de = Z |L(e,e")]e (4.14)

e’#e: dim(L(e,e’))=0
00
S
p=0
where

dpe = Z |L(e,e)|e (4.15)
e'#e: Ind(me)—Ind(we’)=p
dim(L(e,e’))=0

as we defined it for any Morse function. Finally we define

E, = 45 7.)27 - e. (4.16)

e€Crit(h): Ind(we)<p

Lemma 4.5. The F, groups as in (4.16) form a filtration for MC.(h) in (4.13)).

“We prove that d as defined is well-defined as boundary map in the proof of Lemma
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PRrOOF. Let C, = MCy(h), then defining

Fyp = ar) Z)27 - e (4.17)

e€Crity (h): Ind(me)<p
we clearly get that the defining (2.5 of a filtration
O0=F 4, CF, CFyC---CFp=0C

holds. Remark that the index for the critical point must be finite and we have finitely
many critical points, therefore we can just put n € N to be the maximal Ind(we) of
any critical point .

We still need to check that the boundary map respects the filtration. Let so
e € I, then de is a (weighted) sum over all the other critical points ¢’ such that
dim(L(e, e’)) = 0. But Corollary[3.23|shows that this implies that Ind(e’) = Ind(e)—1
and so ¢’ € Crity_1(h). Remark that if v is a trajectory along —v, then w o is a
trajectory along —Vb since

(7 01(t)) = (dm)y) © (—0)) = —(dm 0 v)0) = (Vb0

Therefore we conclude that 0 = dim L(e, ¢') < dim V(w(e), w(€¢’)) = Ind(7(e))—Ind(7(e'))—1
which leads to

Ind(w(¢")) < Ind(w(e)) —1<p—1<p.
This immediately implies d(F}, ) C Fpx—1 [ |

Lemma 4.6. Define the E) , groups as in (2.7) by E),_, = Fyx/Fp-1x, then the
following equality holds
EO

p,k—p

The d° map is the dy map defined in (4.15)).

PROOF. This follows directly form (4 usmg that for e = e,®@ey € MC,(b)RMCy(f)
the condition Ind(e) = & is Ind(ep) + Ind (ef) kﬂ and the condition Ind(mwe) < p
is Ind(ep) < p. Remark that taking the quotient makes so that the index Ind(we) is
exactly p.

We recall that d° for a (to be) spectral sequence for filtered chain complex (see
Section [2.3.2) is defined as d°[w] = [0w] for [w] € EJ,. Therefore in this case for a
basis element e = e, ® ey € MC,(b) @ MCy(f)

— MG, (b) ® MCy_(f). (4.18)

d’e = 0(ey @ ef) = Zde—doe+2de—doe

W—/
¢

where {» = 0 since by taking the quotient we allow only change of Ind(me) of order
0 (any other change goes in the 0 coset). [

4This follows directly from the definition of index arisen form |Lemma 3.4 (Morse lemma)l
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Lemma 4.7. The d° boundary map counts the trajectories along —V f. More spe-
cifically this means that |L(e,e')| = |W (mwe, me")| for any two e,e’ € MC.(h). We
therefore can suggestively denote d° = Ofipre.

PRrROOF. Recall the definition of dy in (4.15))

doe = Z |L(e,e)|e.
e'#e: Ind(mwe)—Ind(mwe’)=0
dim(L(e,e’))=0

Let so €’ be such that Ind(mwe) = Ind(me’). Then since trajectories go to critical points
with bigger index we must conclude that either W (mwe, we’) is empty which means
that we do not have any trajectory at all (and so |L(e,€’)| = 0) or me = me’ which
gives us only one trajectory in B, i.e. the constant trajectory. Since the trajectories
from e to ¢’ are the product of trajectories from ey to e, and ey to €} we get the
result that |L(e, ¢')| counts actually only the trajectories in F'. |

Theorem 4.8. The derived groups E, , using (2.9) on E)  are

p.q
E, = MC,(b) ® MH,(f). (4.19)
PROOF.
Claim. We first claim that E, , = ey Fq(bi) where
Ry(bi) = MH,(Ey,, hg,) = MHy(Ey,, fils,)- (4.20)
Proof of Claim. Recall that by definition E , is

ker(d’: E), — By, 1)
EL = Hy(MC,(b) @ MC,(f)) = T
L K(MC,(b) ® 4(f)) im(d° : Eg,qﬂ — B0 )

Let now e, ® e be a basis element of MC,(b) ® MC,(f). Then Lemma states
that d°(ey, ® ey) only depends on e;. Thus by fixing e, if we can now show (4.20)
we are done. The second equality is clear since restricting to Ej,, makes h collapse
to f;. But restricting the action of d” on MC,(f) and taking the homology we get
MH,(f) by definition. O

Claim. The second claim is that R,(b;) = M H,(f)

Proof of Claim. By picking a trivialisation we have that once we fixed b;, Ep, is
homeomorphic to F' and composing this homeomorphism with §; we recover exactly

f. 0

Composing these two claims we get the isomorphism (4.19) by seeing that every
MH,(F, f) depends on the b; € Crit(b) and fixing g we fix the index of b;. |
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4.2.3 The base space

Let CP be the space generated by {e € Crit(h)|Ind(me) = p}. Then we get that
(4.16) is actually

F,=C’& F, ;.

Since the F, groups can be viewed as subsets of C,, the restriction of the 0 map
defined in (4.14) to F), is well-defined. We will denote

. Fp =CP Fp—l — Fp—l (421)
9 F,=CPOFE,_ »F,_, (4.22)

the maps d o proje, and d o projg | respectively. We may form a larger operator d
on the whole space F), by defining

d:Fp:Cp@Fp_1—>C’p@Fp_1

H-EHE e

which is well-defined because of (4.21)-(4.22)) and since (4.15]) shows that do(C?) C CP.

The above data comes naturally with some maps which form an exact couple
exactly as in Section [2.3.2. But we are interested in a slightly different ¢ map here:

1 Fp,1 = Cpil @D Fp,Q — Fp =C?® Fp,1
(a,b) — (0,a+b)

Following the same procedure as there in deriving the exact couple we get

»)

) ———— H,(F,
X | (4.24)

H(F,/Fp-1) = E,

p,*=p

H.(F,

p—1

where j!' : H.(F,) — H.(F,/F, ;) sending [(a,b)] — [a] is well-defined since
F,/F,_y = CP.

We need a better understanding of the &' map in order to understand the d* map.
To do that we look at the short exact sequenced®

0 —— (prl)* I (Fp)* - (Fp/prl)* —0
| | | (4.25)
0 —— (Fp—l)*—l — (Fp)*—l — (Fp/Fp—l)*—l — 0

and recall that d : (F,/F,—1)« = (F,/Fp—1)s—1 is just j o k. Inserting j and k in the
diagram we get

(Fy/Fyet). —— 0

/ ld (4.26)

(Fp-1)s1 —— (Fp)sc1 —— (Fp/Fp_1)sm1 —— 0

®We use the notation (F),). = F, . of (4.17).
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plugging in what these maps concretely do on the elements we get

(a,b) > a > 0

ld ld . (4.27)

0 —— (0a,0) —— d(a,b) = (dya,da + 9"b) —— dpa —— 0

We diagram chase what k(a) should be. Since dya = (f| and because the bottom
of is exact d(a,b) = (dpa,d'a + 0"b) € im(i : (Fp—1)se1 — (Fp)s—1), but the
domain of 7 implies that this is of the form d(a,b) = i(?'a,0). Applying this to the
homology (and using the ! maps) we get that k'[a] = [(0'a,0)].

Then just using the definition d' = j'ok! and noticing that j'k'[a] = j'[(0'a,0)] = [0d]
and since we quotient by Fj,_ this is [dja] we finally get

d' : H.(F,/F,1) = H. 1(F,_1/F, ) (4.28)
[a] > d'[a] = [da]. (4.29)

So we actually have to understand better d; in order to understand d'.
By its definition in (4.14)), d; acts on an element e € M C,(h) of the from e = e,®e;
by

di(ey @ ey) = E |L(e,€)|- €. (4.30)
e'€eMCy Ind(ep)—Ind(me’)=1
dim L(e,e’)=0

But letting e’ = e, ® €/ we have that dim L(e, €') = 0 says that Ind(e) — Ind(e’) = 1
which together with Ind(e;) — Ind(e;) = 1 implies that ey and € have same index.
Exactly how we have shown in the proof of Lemma the trajectories u € L(e, €’)
can therefore be simply visualised as the 7 o u trajectories along —Vb.

Lemma 4.9. Along a trivialization over any path moy : R — B joining b;, b; € Crit(b)
we have a unique identification between R(b;) and R(b;).

Proor. We want to choose an appropriate trivialisation of F along the path v of
the form R x such that it agrees with the already chosen trivialisations when we
defined B;. This is done by parallel transport (see Definition the one over B;
over 7 to define (setting it equal to the first one) a trivialisation for B; x F' around
b;. Since m1(B) is trivial by assumption this definition is well-defined.

Consider two b;,b; € Crit(b) and let’s consider an homotopy

F:Ex[0,1]—E
(z,8) — F(x,s) = Fy(x)

with Fy = Fy = f, with f = fopryop, induced by m(B) = 0. If v is a path joining b;, b,
we consider the path of functions {h}sejo,1] with hy(z) = b(m(z))+e Y, (piom)(x)-Fy(z).

fThis holds because with dy is d° and if we follow the path of a on the exact couple, we notice
that it must be mapped in the 0 coset.
€R represents the image of v, with F' the usual fibre.
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We assume without loss of generality that the whole path of v is covered by the B;.
Indeed we can just complete these B; by adding more (finitely many) opens. Then
the first part of the summands becomes useless, so we get hy(z) = b(m(x)) +eFs(x).
We can rewrite hg(x) = b(m(x)) + ef(z) + ¢(s). Using the above trivialisation we
obtain that h above b;“~ —00” or b;“~ 00” looks like

b {Ef +c1, at (—oo,-) (4.31)

ef +co, at (+o0,-)

where ¢; = ¢(i) + b(b;) for i € {0,1}. We denote now the continuation map defined
by {hs}sepo,) as

o MC, <h|E> — MC, <h|Ebj>

In the SECOND STEP of the proof of Theorem we showed that the continuation
map between the same complex is the identity. Following the same proof one shows
that the continuation map between two homotopic maps is an isomorphism. We
conclude that the count of —v trajectories on the trivialisation is chain homotopic

to an isomorphism and hence is an isomorphism on the homology. Now we are done
recalling the definition M H,(Ey,, h|g, ) = Ry(bi). [

Lemma 4.10. The dy map on E' = @, R(b;) = MC,(b) ® MH,(f) counts the
trajectories on the base space. We can therefore suggestively denote di = Opgse ON

MC,(b) @ MH,(f).

Proor. This is a direct consequence of Lemma Indeed, a trajectory along —v
projects to a trajectory along gg on B. Lemmashows that d; keeps the M H,(f)
component unaltered. So by d; having the form we conclude that it must
count the —Vb trajectories. [

Theorem 4.11. The second derived group is given by
E}, = MH,(b) @ MH,(f) (4.32)

Proor. Follows directly from the construction of E as spectral sequence arising
from the exact couple (4.27)), the characterisation of d' in (4.29) and Lemma [4.10]
|

4.2.4 Conclusion

We have now all the necessary ingredients to conclude the proof of [Theorem 4.1
(Leray-Serre)

PRoOOF OF THEOREM [4.1. Consider Morse functions and pseudo-gradients as in
and (4.4). From [Theorem 3.7 (Existence and Abundance of Morse Functions)|
and [Theorem 3.12 (Existence of Pseudo-Gradient) we know that these always exist.
Then the arguments in Sections [£.2.1 to [4.2.3 leading to Theorem [4.11] show that a
spectral sequence given by E2 = MH,(b) @ M H,(f) exist. Proposition states
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that this must be eventually stationary, thus converge, say Ej — EJ5. We only
need to check [@.2), ie. @, B, = MH(E).

In the over mentioned construction we defined C, = MC,(h,v) = MCy(b)@MC.(f)
in . Remark now that in Lemma we showed that v is an adapted pseudo-
gradient to h thus by [Theorem 3.36 (Uniqueness of Morse homology) we get that

MC.,(h,v) = MC,(h). Furthermore [Theorem 2.29 (Spectral Sequence limit formula)|

states Hy(C\) (€D 5y Hy(h) = @, Ey5,_, which concludes the proof. |

4.3 Applications

4.3.1 The Kunneth formula

We present now the Kiinneth Theorem, which allows us to compute the homology
of products.

Theorem 4.12 (Kiinneth Theorem). Let k be a field, M and N be closed mani-
folds with at least one of them simply connected. Then considering homology with
coeficents in k

MH,;(M x N) @MH )® MH,_,(N). (4.33)

Proor. We show the k = [y case. We assume without loss of generality that N is
simply connected. Consider the trivial fibre bundle

M—+NxMZS N

with 7 = pry;. By assumption all the requirements of Theorem are satisfied.
Therefore we get that

E?, = MH,(N)® MH,(M)
and

E%, = MH,(N x M)

p*—p

so we just need to show that EJ = Ez’q and we are done. To show this it suffices
to show that the d? maps are trivial, but this is true since the d*> map is induced by
the boundary map on M H,(N) and M H,(M). [

4.3.2 Computation of M H,(CP")
In order to compute M H,(CP™) we consider the Hopf fibration
St — ¥t I P

SQTL—H

CP™ is well known to be /(| A =1) and this clarifies why we have such a fibra-

tion.
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We can thus apply [Theorem 4.1 (Leray-Serre) and we get
E? = MH,(CP") @ MH,(S")

and we know from Example [3.31| that M H,(S*) = Z for ¢ = 0,k and M H,(S*) =0
for ¢ # 0, k. By [Theorem 2.32 (The Universal Coefficients Theorem)| we get that
B2, = MH,(CP") for ¢ = 0,1 and E;, = 0 for ¢ > 2 which we can display on Z
as in Figure [4.1]

: 0 0 0 0

@2
1 MHO(CIP’")%MH*(CP”) MH,, (CP")
0| MH)(CP") MH,(CP"Y~MH,(CP") MH,(CP")

Figure 4.1: The Ez%,q groups for the Hopf fibration.

Considering then the E;’,q groups one notices that the all the d* arrows either start
or finish in a 0 group and are thus trivial, so £ = E*. Recall that M Hj,(S*"*1) = @p E—
which is Z for k = 0,2n + 1 and 0 else. So E? = E* looks like presented in Figure
4.2,

q
0 x 0 0
0 0 x 0

ol z o0 0 *
0 1 - 2n+1 p

Figure 4.2: The Egﬂ groups for the Hopf fibration. The x can not all be 0.

We can already conclude

ker(d2 : E(Q),O — EEQ,l) _ MHO(C]P)n)

7 =FE3 = = M Hy(CP").
0,0 im(d? : Eg,—1 — Eg,o) 20 ol )
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Further for 1 < k < 2n we have E}_,, = E} ;= 0andso d*: E} = E}_,,
must have been injective since 0 = FE} +10 = ker d?/0 and on the other hand also
surjective since 0 = Ej,, o = E_,,/imd?. So these above mentioned d* are all
isomorphism, i.e. all the odd homology groups are isomorphic and all the even are
isomorphic: M Hy(CP") = M Hy,o(CP™).

Therefore it remains to compute M H, (CP"). For this one we consider d* : E} j — E? | |
which must be an isomorphism by the same reason given above. It’s furthermore
clear that M Hy(CP") = 0 for k > 2n + 1 since the index of the critical points are
bounded by the dimension of the manifold.

Concluding

Z, forkeven, 0 <k<2n-+1

0, else

MH,(CP") = {
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