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Abstract

We first introduce various homological theories — and the relations
between them — classically used to study symplectic manifolds.

Then we compute various symplectic invariants of magnetic cotan-
gent bundles. In particular, we will be able to compute the symplectic
cohomology of the magnetic cotangent bundle of the two-sphere. This
will be shown to vanish using the methods developed by RITTER [Rit14].






CHAPTER 1

Introduction

The first occurrence of symplectic geometry is dated to 1808 when
LAGRANGE [Lag08] studied the motion of planets under the interaction
of gravitational force [Wei81]. This way of studying mechanical systems
without pictures was new with respect to the much more geometrically
oriented approaches of his predecessors like Huygens and Newton. The
Lagrangian approach was then further developed by Hamilton. No won-
der that two central objects in the theory of symplectic geometry carry
the names of these two mathematicians.

Since Lagrange, symplectic geometry developed into a rich field of
modern mathematics with many connection to other branches such as
algebraic geometry, dynamical systems and theoretical physics. In par-
ticular the work of FLOER [Flo88a; Flo88b; Flo89| signalled a striking
development of the theory with the introduction of the homonymous
homology groups. Originally introduced by Floer is the nowadays called
Lagrangian Floer homology, but in this text we will focus on Hamiltonian
Floer homology.

Hamiltonian Floer homology is known as an infinite dimensional Morse
theory. On a manifold M, Morse theory would consider a function
f: M — R. Floer theory does consider a — typically time-dependent
Hamiltonian — function H; : M — R, but then looks at the base man-
ifold C22 . (S, M) of contractible smooth loops on M. The role of the
actual Morse function is played by the action functional, which maps a
loop v to

Ae) = [ 7 [ o

where 7 is an extension of v to the disk. We remark that A is not
some God-given entity, but is the action integral whose critical points
are in one-to-one correspondence with solutions to Hamilton’s equations
in Hamiltonian mechanics. Floer homology is thus a Morse theory on
the loop space, which indeed is infinite dimensional.

Using this new homology theory, Floer was able to prove the Arnold
conjecture stating that every Hamiltonian symplectomorphism has at
least as many fixed points as the number of critical points of any generic
smooth function M — R.



This text focuses on a specific class of symplectic manifolds, namely
magnetic cotangent bundles (these are sometimes also called twisted co-
tangent bundles or twisted tangent bundles after having identified T*M
and T'M via a Riemannian metric). For a manifold M, the cotangent
bundle T*M carries a natural symplectic form w = df, where 0, ,{ =
v(D7(p)§) and m : T*M — M the natural projection. Magnetic cotan-
gent bundles generalise this construction by considering w, = df + 7*c
for some closed o € Q?(M). This generalisation allows for a controlled
introduction of non exactness. Magnetic cotangent bundles owe their
name to the fact that for M a surface and ¢ and area form on it, the
flow of the kinetic energy Hamiltonian H(p,v) = i||v[|* are magnetic
geodesics, that is trajectories of charged particles on M under the action
of the magnetic field symbolised by o. Magnetic cotangent bundles are
open manifolds and thus do not satisfy the requirements needed to apply
the tools of standard Floer homology. We will thus need to introduce
symplectic cohomology — a variation of Floer homology for certain open
manifolds. Symplectic cohomology is generally very difficult to compute
as it is defined as a direct limit of Floer homology groups. When the sym-
plectic form is exact, common results in the literature limit themselves
to showing that the rank of symplectic cohomology is zero or infinite.
Nonetheless the importance of its understanding has already been clear
since its very introduction during VITERBO’s ICM lecture [Vit95], where
he sketched a proof that the symplectic cohomology of cotangent bundles
of oriented manifolds is the homology of their free loop space.

In this work we first analyse various symplectic structures of magnetic
cotangent bundles. Then we focus on T*S? and show that RITTER’s
methods [Rit14] for negative line bundles may be applied to this well
studied manifold.

Notation

Mostly for the author’s own whim, we try to keep a consistent nota-
tion throughout the text. Manifolds will mostly be denoted by M or N
and p or g will be used for points on them, that is p € M. Typically
§,¢ € T,M will be tangent vectors and v, w € T;M cotangent vectors.
When possible we will denote (p,§) € TM for £ € T,M and similarly
for general vector bundles. Vector bundles 7 : E — M often carry an
index mg in the footprint map, in particular in Chapter 4 when we will be
working with many vector bundles and 7 will also be needed as the area
of the unit circle. For ¢ : M — N a smooth map between manifolds, the
derivative at p is Dy(p) : T,M — T, N, while for f : M — R we re-
serve the notation df € Q'(M) for the one-form induced by f. Derivates
along coordinates x : M — R will be d,. For smooth paths v: R — M
the derivate §(t) € T, M satisfies dfy(t) = % +f oy(s).
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Outline

The text is structured as follows

Chapter 2: exposes various homological theories in symplectic geometry.

Chapter 3: analyses the famous paper by PIUNIKHIN, SALAMON and
SCHWARZ [PSS96]| developing a link between quantum and Floer
homology.

Chapter 4: is the heart of the text computing first the first Chern class
and quantum cohomology of magnetic cotangent bundles and
then showing the vanishing of symplectic cohomology of the
magnetic 752,
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CHAPTER 2

Preliminaries

This chapter is dedicated to the introduction of different concepts
related to the homological study of symplectic manifolds. In particular,
we introduce in Section 2.2 Hamiltonian Floer homology and later in
Section 2.5 symplectic homology. The latter is a generalisation of the
former to non-compact manifolds, typically of cotangent bundles.

2.1. Symplectic manifolds

With the goal of fixing the notation, we present here a very brief
introduction to symplectic manifolds. The main reference we follow is
the book by MCDUFF and SALAMON [MS12].

DEFINITION 2.1 (Symplectic manifold). A symplectic structure on an m-
dimensional smooth manifold M is a closed 2-form w € Q%(M), which is
non-degenerate in the sense that for every p € M if £ € T),M is such that

W(E,0) =0 YCeT,M (2.1
then &€ = 0. We call the pair (M, w) a symplectic manifold.

Standard results from linear algebra show that a symplectic manifold
must have even dimension m = 2n. The natural structure preserving
maps between symplectic manifolds are a special type of diffeomorphisms.

DEFINITION 2.2 (Symplectomorphism). Let (M,w) and (N,n) be sym-
plectic manifolds. A diffeomorphism ¢ € Diff (M, N) is called a symplec-
tomorphism if it preserves the symplectic structure, that is

P = w.
In particular when considering endomorphisms, we denote the subgroup
of symplectomorphisms Sym(M,w) C Diff(M) or simply Sym(M) if the
symplectic structure is clear form the context.

DEFINITION 2.3 (Almost complex structure). An almost complex struc-
ture is a section of the automorphism bundle J € I'(End(7T'M)) satisfying
the identity J? = —id at every point.

An almost complex structure J is said to be w-tame if w(§, J&) > 0
for every non-zero tangent vector £. We will denote by J.(M,w) the set
of almost complex structure tamed by w. On the other hand, one calls
J w-compatible if it is w-tame and w(JE, J¢) = w(, (). We will denote
by J(M,w) the set of w-compatible almost complex structures.



2.1. SYMPLECTIC MANIFOLDS

An almost complex structure can be thought of as an element that
plays the role of ¢ making 7'M into a complex vector bundle of dimension
n over C.

It is well-known that the set J,.(M,w) is always non-empty, path-
connected, and contractible®. Being path-connected, any choice of J €
J(M,w) gives rise the same complex vector bundle (7'M, J) up to iso-
morphism.

For a m : E — B be a complex vector bundle of complex dimension n,
the Chern classes ¢;(E) € H*(B,Z) of E are characteristic classes. We
point to the standard reference by MILNOR and STASHEFF [MST74] for a
precise definition. In this text, we are, however, only interested in some
properties of the first Chern class, which we summarise in the following
remark.

REMARK 2.4 (Chern classes).

e The top Chern class equals the Euler class of the underling real
vector bundle.

e For a continuous ¢ : B — B’, the Chern class of the pullback
bundle is the pullback of the Chern class: ¢;(¢*E) = p*c;(E).

e Whitney sum formula: ¢1(E @ F) = ¢1(E) + ¢1(F).

e Denoting by E* the dual vector bundle, ¢, (E*) = —c¢(F).

Associated to the first Chern class is the concept of minimal Chern
number which is the integer

N—inf{k>0‘3g0:52—>M: go*cl—k}.
S2

DEFINITION 2.5 (J-holomorphic). Given two almost complex manifolds®
(M, J)and (M',J"), amap ¢ : M — M’ is said to be (J, J")-holomorphic
if its derivative is complex linear, that is

Dy(p) o J(p) = J'(p) o Dp(p) € Hom(T,M, Ty M')
for all p € M.

Of course this game can also be played on manifolds whose complex
structure on the tangent bundle arises from the complex nature of the
manifold. The one dimensional case — that is, of Riemannian surfaces
— is of particular interest.

DEFINITION 2.6 (J-holomorphic curve). A J-holomorphic curve u : ¥ —
M is a (j,J)-holomorphic map from a Riemann surface (X, 7) to an al-
most complex manifold (M, J).

@By definition such a J together with w defines a Riemannian metric on M, so this
property follows from the analogue for Riemannian metrics.
PThat is, a pair of a manifold and an almost complex structure on it.
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Like many concepts in geometry, the theory of symplectic forms starts
at the level of linear algebra. Considering vector bundles with a sym-
plectic structure is thus a natural step.

DEFINITION 2.7 (Symplectic vector bundle). A symplectic vector bundle
over a manifold M is a pair (F,w) consisting of a real vector bundle
7 : F — M and a family of symplectic bilinear forms w € I'(M, E* A E*)
that are non-degenerate in a similar fashion as in (2.1).

ExXAMPLE 2.8. Let E — M be any vector bundle. Then F & E* is a
symplectic vector bundle with symplectic form given by
Wean((v,a), (w, b)) == b(v) — a(w).
for (v,a), (w,b) € E & E*.
2.1.1. Hamiltonian dynamics

Symplectic geometry arose traditionally as a tool to study celestial
mechanics or more generally Hamiltonian systems. It is thus no surprise
that Hamiltonian functions play an important role in the theory.

DEFINITION 2.9 (Hamiltonians and co.). A (time-dependent) Hamilto-
nian, is a smooth function
H:S'x M — R,
which we also denote by H;(-) = H(t,-). The Hamiltonian vector field
Xy, € T(TM) or also simply Xy or X, associated to H is the unique
(time-dependent) vector field such that
dH, = ix,w € QY(M).
We denote by ¢, the Hamiltonian isotopy
Ovply = Xe(¢ly) o =id
generated by H and by o}, = oy time-1 maps. These are called Hamilto-
nian diffeomorphism and form the group
Ham(w, M) = {pg : H is a Hamiltonian on M }.
Depending on the situation this set will be denoted as Ham(M) =
Ham(M,w) = Ham(w).

Let now H be a Hamiltonian. For a Hamiltonian diffeomorphism
or € Ham(M) and a fix point p € fix(¢py), the curve v,(t) = ¢4 (p)
satisfies

Vo(t) = Xu(1(1)).
For p being a fix point, -, must be a 1-periodic orbit of Xy. Indeed,

(0) = % (p) = p = ou(p) = ¢k (p) = 7,(1).

Thus we call 7, a 1-periodic orbit of X and write vy, € P(H). We denote
by Po(H) C P(H) the subset of contractible periodic orbits.



2.2. HAMILTONIAN FLOER HOMOLOGY

One notices that there is a bijection P(H) <> fix(¢y) given by v(t) —
~(0). A periodic orbit v € P(H) corresponding to p is said to be non-
degenerate if the linear map

Dop(p) : T,M — T,M (2.2)
does not have 1 as eigenvalue. That is, det(id —Dyy(p)) # 0.

2.2. Hamiltonian Floer homology

As mentioned in the introduction, Floer homology was first intro-
duced by FLOER in 1988. In this section we introduce the Hamiltonian
version of this homology theory, mainly following [Aud13] and [Mer13],
where the interested reader can find all the proofs that we decided to omit
because of conciseness. For this first introduction we limit ourselves to a
set of symplectic manifolds that behave particularly nicely (see Assump-
tion 2.10). Further development is presented in Section 2.4.

A symplectic manifold (M, w) is said to be symplectically aspherical
if for every smooth map ¢ : S? — M, we have

/ Y w = 0.
52

For the rest of Section 2.2 we assume the following.

ASSUMPTION 2.10. We consider a symplectic manifold (M, w) for which

(1) M is compact.

(2) (M,w) is symplectically aspherical.

(3) The first Chern class vanishes on the image of mo(M) in Hy (M)
under the Hurewicz homomorphism: ¢;(m2(M)) = 0.

Furthermore, we fix an almost complex structure J compatible with w.

2.2.1. Morse theory

Hamiltonian Floer homology is a Morse theory on the loop space of
a symplectic manifold. The loop space we are particularly interested in
is the one of contractible smooth loops

LM =C

contr

(S*, M)

with elements mostly denoted by v: S' — M. This space has only the
structure of a Frechet manifold; it will thus sometimes be convenient
to work with the completed loop space LM = W2 (M) with respect
to the W2-Sobolev norm. This completion gives £M the structure of
a Banach manifold, which is nicer than the one of a Frechet manifold.
Nevertheless, we won’t consider this analytical finesse. The interested
reader may find the details in any of [Mer13; Aud13; MS17].

In Floer homology the role of the Morse function is played by the

action functional.
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DEFINITION 2.11 (Action functional). Let H : S* x M — R be a 1-
periodic Hamiltonian. We denote by

AHZEM%R

v dut) = [k [ GO

the action functional of H. Here 7 is any extension of v to the disk, that
isy:{z€C:|z] <1} — R such that 7|s1 = v seeing S' = 9{z € C:
|z| < 1}.

The functional Ay depends a priori on the extension 5. However,
Assumption 2.10, 2 allows us to show that it actually does not and thus
its well-definedness.

Morse theory is constructed using the critical points of the Morse
function. The following lemma shows that these are well-known for the
action functional.

LEMMA 2.12. A loop v € LM s a critical point of Ay if and only if v
is a contractible periodic solution of the Hamiltonian system, that is

CI‘it(.AH) = Po(H)
We have seen in Definition 2.3 that a w-tame almost complex struc-
ture J defines a Riemannian metric on M via g(&, () = w(§, J(). We
can even lift g to define a non-complete metric on the loop space. We

firstly identify the tangent space 7', LM with I',(T'M). The metric is
then given for two vector fields X and Y along ~ via

g=M(X,Y) ¢=/0 Gy (X (1), Y (t))dt.

Having a metric we can talk about the gradient of the action functional
grad, Ay € T, LM, which is uniquely determined by the equation

9y (grad, Aw, X) = dAm(7)(X).
From these equalities, one may show that the gradient of Apg is given by
(grad, An)(t) = Jy0)(7(t)) + grad., ) H;

where grad, ;) H; is the gradient with respect to the metric g. So the
integral curves of the negative gradient of the action functional are maps

R— LM
s — u(s)
satisfying the Floer equation
st = —Jy(s) (Opu) — grad, 5 Hy(u(s,t)). (2.3)

The notation used in (2.3) suggests that we will usually consider u : R —
LM as maps u : R x S' — M with variables (s,t) € R x S'.
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Not every function is a Morse function; there is a regularity condition
that must be satisfied. In order to show this for the action functional,
we need the concept of vertical derivative.

Let E — M be a vector (or Banach) bundle over M. Remark that
for any base point p € M the tangent space of the zero section splits as
To, B = T,M & E,. We may thus consider the projection pr,: Ty, FE —
E,. Let 0 € I'(E) be a section and consider a base point p € M with
o(p) = 0,. The vertical derivative of o at p, denoted by DVo(p), is the
map

Do (p) : T,M — E,
§ = pry(Do(p)§).

We say that a zero p of o is regular if the vertical derivative at p is
surjective.

Of our interest is the Banach bundle E — £M with fibre over v given
by L?(S',v*TM). On this bundle, the gradient grad Ag defines a section
and the following lemma shows that regular zeros of grad Ay correspond
to non-degenerate periodic orbits.

LEMMA 2.13. A periodic orbit v € Py(H) is a reqular zero of grad Ay if
and only if v is a non-degenerate element of Po(H) in the sense of (2.2).

Exactly as in Morse theory, there is an abundance of Hamiltonians
sufficiently nice to work with.

THEOREM 2.14. There exists a subset H,, C C®(S* x M) of second
category with the property that each element H € H,., has only non-
degenerate periodic orbits.

ASSUMPTION 2.15 (Hamiltonians). For the remaining of Section 2.2 we
fix an Hamiltonian H € H,,, and denote by ¢ = ¢y the Hamiltonian
diffeomorphism associated to it.

2.2.2. Gradient flow lines of the action functional
We define the Floer operator d; 5 to be

Oyn(u) = Ou + J(u)opu — J(u) X, (u)

so that u is a solution of the Floer equation (2.3) if and only if 9 5 (u) = 0.
In this subsection, we show that the set of solutions of the Floer
equation has nice properties.
The most important theorem is know as elliptic regularity of the
Floer operator. This says that solutions of the Floer equation are always
smooth.

THEOREM 2.16 (Elliptic regularity). Let u € C'(R x S, M) be a zero of
the Floer operator O;p(u) = 0. Then u € C™(R x S, M).

10
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COROLLARY 2.17. Every C! solution of the Floer equation is of class
C*. Moreover the topologies C _, CiL . and C;2 all agree on the space of
solutions.

We define the energy function of a solution u of (2.3) by

E(u) = — /R %Ag(u(s))dSZ /R » g—;‘

The energy of any solution u is non negative. It is zero if and only if u is
independent of s. This is equivalent to u being equal to a critical point
of Ay. If a solution u connects two critical points 7= of Ag, meaning
that

2
dsdt. (2.4)

SEI:EOOU(& t) - ’Yi7
then
E(u) = AH(’}/_) — AH(’}/+) < Q. (25)

We will now see that the converse of (2.5) holds as well, that is, solutions
with finite energy connect critical points. This is the same behaviour
of trajectories of Morse gradient flows (see Figure 2.1). We present an

approach in three steps ending with Proposition 2.21 and motivating
Definition 2.22.

FIGURE 2.1. Floer theory is a Morse theory on the loop space.

The first step says that if the energy is finite, then there exists critical
points taking the value of the limit of the action functional.

LEMMA 2.18. Let u a solution of (2.3) with E(u) < co. Then there exist
two critical points v* of Ay such that

lim An(u(s)) = Au(y) and - Jim Au(u(s) = Au(r").
The second step is showing that there are only finitely many critical
points of the action functional if the Hamiltonian is regular.

LEMMA 2.19. If all periodic trajectories of X; are non-degenerate, then

there are finitely many critical points of Ay (i.e. periodic trajectories of
Xi).

11
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The last preparatory step is showing that u has a subsequence tending
to a critical point.

LEMMA 2.20. Let u a solution of the Floer equation with finite energy.
Let also (si) be a sequence in R with limy_, s, = 0o. Then there exists
a subsequence (sy) of (sg) and a critical point 6 of Ay such that

lim wu(sp) = 4.
k! =00

We can finally put everything together and state that solutions of

finite energy tend to critical points.

PROPOSITION 2.21. Suppose that integral curves of the Hamiltonian vec-
tor fields Xy = Xy, are non-degenerate. Then for every solution of the
Floer equation with finite energy, there exist two critical points 4

lim u(s)=~_ and lim wu(s) =",
§——00 §—=—00

in C=(S*, M). Moreover,

lim Osu(s,t) =0

s—=Fo0
uniformly in t seeing v as u: R x ST — M.

Proposition 2.21 motivates the following definition, making it the
space of solutions that connect critical points.

DEFINITION 2.22 (Moduli space of solutions). We define the moduli
space of contractible solutions of the Floer equation with finite energy:

M(H,J) = {u c C*(R x S*, M) u is contractible, }

dyr(u) =0 and E(u) < oo
Moreover, we will denote the subspace having fix ends by

M(y,0,H,J) ={ue M(H,J): lim u=+~and lim u =4}

li
S—>—00 5—00

where v, d are critical points of the action functional.

If the Hamiltonian and the almost complex structure are clear from
the context we will just write M or M(~, ).

The space M plays a major role in defining Floer homology. There
is a natural right action that comes with it: M R given by

MxR—- M
(u(-),0) = u(- + o). (2.6)

12



CHAPTER 2. PRELIMINARIES

2.2.3. Compactness of the moduli space of solutions

In this subsection, we will derive a compactness result due to Gromov.
This is one of the few proofs we present in this section. We chose this one
because of its manageable size and for the exposition of the concept of
bubbling. We follow [Aud13, Section 6.6]. We recall that we work under
Assumption 2.10, so in particular we have w(A) = 0 for all A € wo(M).

The first lemma belongs to a course on metric spaces.

LEMMA 2.23 (Half maximum). Let g: X — Ry be a continuous function
on a complete metric space. Let furthermore xq be a point and €y > 0.
Then there exists y € X and 0 < ¢ < gg such that

d(y,zo) < 2e
eg(y) > €og(x0)
g(x) < 29(y) Vx € B.(y)

Lemma 2.23 is an important ingredient of the following proposition,
which will make the proof of the Gromov compactness theorem a simple
corollary of elliptic regularity.

PROPOSITION 2.24 (Bounded gradient). There exists a universal A > 0
such that for all w € M and for all (s,t) € R x S!

| grad ) ul] < A.

PROOF. Let u: R x S' — M be a Floer solution. We consider its con-
tinuation as a periodic map R? — M that we still denote by u. Assume
for the sake of contradiction that there exists a sequence of elements
ur € M and a sequence (ry) = (s, tx) C R? such that

| grad,, ug|| — +o0.

It is possible to make this sequence a little smaller keeping its unbounded
asymptotic. That is, there exists a sequence (gi) € Ry such that g, — 0
and

ekl grad,, ug|| — +oo.

Lemma 2.23 applied to the functions g: R? — R defined by gp(r) =
|| grad, ug|| provides new sequences (which we substitute for the old ones,
keeping the same notation) e and ry with the two properties

ex| grad,, ug|| — 400 (2.7)
2| grad,, ul| > || grad, ugl| Vr € B, (rk). (2.8)
We lighten a bit the notation defining Ry, = || grad,, ux|| and we introduce
a new sequence of functions
ve: R2 > M

T = Ug (RL‘F’I“]C).
k

13
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A direct computation shows that
1
grad, vy = o gradRLkJm uy, (2.9)
so that for r = (0,0) this reduces to

1
gradg o) vk = o grad,, uy.
By definition of Ry, | grad g vk|| = 1, while the gradient remains uni-
formly bounded by 2 in a neighbourhood of the origin B, g, ((0,0)):

9 1 (2.8) 9
grad, v (29 I gradRLkJer up < I grad, wu, < 2.
Again by (2.9), and as the uy are solutions of the Floer equation, the vy
satisfy

1
Osvg + J(vg)Opvy, + o gradRLkMk H=0

so that we may apply elliptic regularity. This means that, after possibly
reducing to a subsequence, (v;); tends to a limit v € CF° (R?, M) that is
J-holomorphic and satisfies

H gra’d(0,0) /UH =1 (2 10)
|grad, v|| <2  VreR? '

v has finite energy. We show now that v has finite energy. Denote by
Bk = Bsk (T’k), then

(o
/ | arad vy |[2dr = / | arad ug||2dr < 3C + 2/ 1| 2dtds
B r,;,((0,0)) By, By,

where C' is a universal constant bounding the action functional —C' <
Apy(u) < C and the energy 0 < E(u) < C for every solution of the Floer
equation u. Obviously we have skipped a few steps in ¢. As the radius
of By tends to zero as k grows, the last integral tends to zero as well, so
that for k large enough

/ | grad v ||2dr < 4C.
BskRk((Ovo))

But | B.,r,((0,0)) = R?, so by Fatou’s lemma

E(v) = / 10,ul2dsdt < oo,
RxS1t

14
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v has finite and nonzero area. This follows from a direct computation.
In the first place we notice that by (2.10), v is not constant and thus has
non-vanishing area

0 # v*w:/ w(@sv,ﬁtv)dsdt;/ w(—J(v)Ow, Opv)dsdt
R2 R?

RQ

—/ w(@tv,J(v)at’u)dsdt—/ lOw||?dsdt < 0o (2.11)
R2 R2

where the last inequality follows form the previous step and in x we used
that v is J-holomorphic.

On the other hand, the next step will show that in some region, v has
a sort of a spike as shown in Figure 2.2.

v has a spike. For v being J-holomorphic, the form v*w is symplectic.
Thus using polar coordinates we can write v*w,g = f(p,8)pdf A dp for
f > 0. This induces a Riemannian metric f(p,0)(dp? + p?d6?) that
allows to compute £(r) == r 0% \/ f(r,0)df, the length of the boundary
v(0B,). The same can be done with the area A(r) = [, v*w showing that

A(r) = d’sz) = 027r f(r,0)rdd, so that applying the Cauchy—Schwarz

inequality, we get

lr)y<r QWAlir).

Since A is bounded, we have that

2y _
0= lim AWRT) — Atk) = lim rpA'(rt)

k—o0 In k k—o0
for k < rj, < k?. This shows that £(r) tends to zero as r tends to infinity.

‘ 0B,,)

FIGURE 2.2. A bubble

Contradiction: w does not vanish. By the previous step, the image
v(0B,,((0,0)) tends to a point in M. So for k big enough, the image
is contained in a Darboux chart U C M that we may assume to be a
closed ball. On that chart w is exact w = df. Furthermore v(0B,) is the
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2.2. HAMILTONIAN FLOER HOMOLOGY

boundary of a small disc D, C U so that D, Uv(B,) = S2. Now, on one
hand Assumption 2.10 says

w(S3) = 0. (2.12)
But on the other,

w(Sﬁ):/w—ir/ w:/ d)\+/ w:/ )\—l—/ w
D, v(By) D, v(By) v(0By) v(By)

— O+/ v'w. (2.13)
R2

Inserting (2.11) into (2.13) and comparing the latter with (2.12) leads to
contradiction and thus finishes the proof. [

The rather lengthy proof of Proposition 2.24 is the main ingredient
for the compactness of the moduli space.

THEOREM 2.25 (Gromov compactness). For a symplectically aspherical
compact manifold (M,w) the space M is compact in C2 (R x S, M).

loc

PrROOF. Let u, be a sequence in M. Then it is enough to show that wu,
admits a subsequence converging in CP (R x S, M) such that the limit
is smooth and a solution of the Floer equation. This is enough as the
topologies agree by Corollary 2.17.

By Proposition 2.24 we have equicontinuity of elements in M, so by
the Arzela—Ascoli theorem we do have a limit in the continuous case.

Elliptic regularity shows the other required properties of this limit. W

2.2.4. Index computation

Morse theory relies on the fact that one can assign an index to critical
points. In that framework, the index is given by the number of negative
eigenvalues of the Hessian. In this section, we develop a similar index for
critical points of the action functional.

We denote by

Sp(2n)* == {A € Sp(2n) : det(A —id) # 0}.

the complement of the hypersurface ¥ = {A € Sp(2n) : det(A —id) = 0}
in Sp(2n) Denote the two connected components of Sp(2n) by

Sp(2n)T = {A € Sp(2n; R) : det(A —id) > 0}
Sp(2n)” = {A € Sp(2n; R) : det(A —id) < 0}

and fix two matrices in these sets

2 0
Wt=—id and W~ = (0 1/2 0
0 0
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Let v(t) = ¢'(p) be the periodic orbit corresponding to a fixed point p
of the Hamiltonian diffeomorphism ¢. Choose a symplectic basis

Z(0) = (Z1(0), ..., Z2,(0))
for T,M. As the Hamiltonian flow preserves the symplectic form, the
matrix A(1) of De'(p) in the above basis is symplectic, i.e. A(1) €
Sp(2n). As 7 is not degenerate, A(1) does not have 1 as eigenvalue. It
is possible to find a family of symplectic bases Z(t) of T',;)M smooth in
t [Aud13, Theorem 7.1.1]. We can thus consider the map
Do (p) : TyM — Ty M
and its matrix A(t) in the bases Z(0) and Z(t). This defines a path
A, :[0,1] — Sp(2n)*

tes At) (2.14)
starting at A(0) = id. As a consequence of the same theorem cited above
for the existence of a symplectic trivialisation along v, we have that the
path A, from (2.14) is unique (i.e. independent of the choice of frame
Z) up to homotopy.

The following theorem is a key technical instrument towards the defin-
ition of the index.

THEOREM 2.26 (The p map). For every n € N, there exists a continuous
map

p:Sp(2n) — S*
with the following properties. Let A,T € Sp(2n) and B € Sp(2m).
Naturality: p(TAT') = p(A).

Product:
y (g‘ g) — o(A)p(B).

Determinant: If A € U(n) is of the form
X -Y
=5 )
then p(A) = det(X +1iY).
Normalisation: Let mqg be the total multiplicity of the negative real
eignevalues of A, then p(A) = (—1)"™/2,
Transposition and conjugation: p(AT) = p(A71) = p(A).
Using the p map we are now able to define the index of a path of

matrices. Let § : [0,1] — Sp(2n) be any path and « : [0,1] — R a lift of
pod. We set
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2.2. HAMILTONIAN FLOER HOMOLOGY

For A € Sp(2n)* if we choose a path §4 in Sp(2n)* from A to W=
depending on the connected component of A, the homotopy class of 4 is
independent of choices. Thus, again by [Aud13, Theorem 7.1.1|, A(d4)
depends only on A. We may so define

r:Sp(2n)" — R
A A(da).

We are now set to define the index of a path in Sp(2n)*, the last step
before defining the index of a periodic solution.

DEFINITION 2.27 (Maslov index of a matrix path). Let ¢ : [0,1] —
Sp(2n)* be a path in starting at id and ending in Sp(2n)*. We define the
Maslov index (1)) of ¢ by

p() = A() +r((1)).

The Maslov index enjoys some nice properties that we summarise
here below.

PROPOSITION 2.28. The Maslov index is an integer. Two paths 1y and
Yy are homotopic with endpoints in Sp(2n)* if and only if they have the
same index. Moreover:
o [det((1) — id)] = (—1)H)-n
o If S is invertible and symmetric with norm ||S| < 27 and if
W(t) = exp(tJoS), then p(¢) = ind(S) —n with ind(S) the num-
ber of negative eigenvalues of S.

DEFINITION 2.29 (Maslov index). The Maslov index of a non-degenerate
periodic solution v of the Hamiltonian system is

p(y) = p(Ay),
the Maslov index of the path associated to v in Sp(2n)* in (2.14).

2.2.5. Dimension theory — Functional analysis

We will reduce this section to the bare minimum necessary to state
the most important result and give an idea of where its proof comes from.
In reality, there is a considerable amount of analysis behind it that one
can catch up reading [Mer13, Chapter 5| or [Aud13, Chapter §].

THEOREM 2.30 (Dimension of moduli space). Let H be a non degenerate
Hamiltonian and J an almost complex structure. Then there exists a
perturbation h such that Po(H + h) = Po(H) and M(vy,0,H + h,J) is a
manifold of dimension u(y) — wu(d).

Floer theory uses solutions of the Floer equation, which is an elliptical
partial differential equation, as a building stone. Despite few explicit
computations (notably by GROMOV |[Gro85|) showing the existence of
exactly one solution, in modern symplectic geometry we never really
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compute solutions explicitly. Theorem 2.30 is the tool that allows us to
work with solutions of the Floer equation without ever seeing one. It
states that solutions exist and how many they are.

We will call (H,J) a regular pair if the statement of Theorem 2.30
holds.

2.2.6. The Floer chain complex

DEFINITION 2.31 (Space of trajectories). Let v and § be two distinct
critical points of Ay. Then we define the space of trajectories connecting
v to d as

L(7,0) = M(7,9)/R,
where R acts on M as in (2.6).

A solution of the Floer equation connecting v to ¢ induces a tra-
jectory between the two. However, in general, there are many solutions
associated with the same trajectory.

The topology on L(7, d) is the quotient topology. Thus (u,) in L(7y, )
converges to u € L(7,d) if and only if, seeing u, and u as elements of
M, there is a sequence (s,) in R so that @, (s + s,) — u(s) in M(~,?).

LEMMA 2.32. The topology on L(v,0) is Hausdorff.

Solutions of the Floer equation behave nicely when taking limits.
Although this is not quite sequential compactness, it induces compactness
on the space of trajectories.

PROPOSITION 2.33. Let (u,,) be a sequence of elements of M(,0). Then,
after possibly reducing to a subsequence also denoted by (u,,), there exist:

o critical points Yo = Y, Y1, .-+, Ver1 = 0,
e sequences (s¥) for 0 <k < ¢,
e solutions u* € MYk, Ve+1),

such that for ever 0 < k </

- k k
lim w, - s, =u".
n—oo

COROLLARY 2.34. Let u(y) — u(6) = 1. Then the space L(7y,0) is com-
pact.

We are now ready to define the underlying chain complex of Floer
homology.

DEFINITION 2.35 (Floer complex and differential). The Floer chain com-
plex is constituted by

icl
|T|<oo
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The Floer differential is then defined by
v Z n(y,9)0  extended linearly, (2.15)
(6)=k—1

with n(v,6) = #L(v,9).

As with Morse theory and many other aspects in geometry, signs and
orientations are a plague that many (including the author) do not wish
to encounter. One can work over Z/27 and just forget about them or
work over Z and acknowledge that care is needed. We will work over
Z./27 but never encounter a place where orientations actually matter, so
one could just substitute it everywhere with Z.

The well-definedness of (2.15) follows from Theorem 2.30 and Corol-
lary 2.34 . These two results show that, under the given index assump-
tion, £(7,d) is a compact manifold of dimension 0.

Of course what one wants to show now is that CF,(H) is a chain
complex, that is 9> = 0. For this, let v and ¢ be two critical points of
Ap with p(v) = p(d) + 2. Then we define

Lv,0)=L(v,0u | LO,m) xLm,0).
u(n):Z(v)Jrl

THEOREM 2.36. Let (H,J) be a regular pair and let v and 0 be two
periodic solutions of the Hamiltonian system with

pu(y) = p(d) + 2.

Then L(v,6) is a compact manifold of dimension 1 with boundary

OLv,0) = |J  LOnn)x L)
w3 <ulm)<u(6)

COROLLARY 2.37. The Floer differential 0 of (2.15) respects o0 = 0 and
makes thus (CF,(H),0) into a chain complex. Its homology HF,(H, J)
is called Floer homology.

PROOF. The only thing one has to notice is that

> nlv.nn(n, o) = # U £O.m) x Ln,9)

() =pu()+1 () <plm)<u(®)

Then the result follows from Theorem 2.36 as the boundary of a compact
manifold of dimension 1 is an even number of points. ]
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2.2.7. Invariance

In Morse theory, a Morse function is needed in order to define the
Morse complex. However, one of the most important results in the theory
is that the resulting homology theory does not depend on the Morse
function one started with. This subsection is dedicated to the same
statement for Floer homology concluding with Proposition 2.38.

In this subsection we will consider two regular pairs (H®,J*) and
(H® J®). We will furthermore assume that there is a smooth homotopy
between the pairs, that is

H:RxS'xM—R J:R— End(TM)

H(s,-,-)=H* s<—-R J(s)=J* s<—R
H(s,-,-)=H" s>R J(s)=J" s>R

for some positive constant R. We will denote H(s,t,p) = H;(p) and
J(s) = J*® and the whole homotopy by I'.
The new and revised version of the Floer equation is

Osu + J°(u)Opu + grad; H; =0 (2.16)
inducing the new moduli space

u contractible solution of }

r._ & !
M = {ueC (R S5 M) (916) and E(u) < oo

The same game played in Section 2.2.5 may be done with M" showing
that, after some small perturbation not affecting the critical points of the
action functional, the subset of this moduli space of solutions to (2.16)
connecting a critical point v of Aga to § of Ay is a manifold of dimension
p(y) — (0). One can thus define

o' : CF,(H", J*) — CF,(H", J")
v Z n'(v,8)d (2.17)
#(7)(2#(5)

where n''(v,d) denotes the number of elements in M" (7, d).
The independence of the chosen regular pair is then an easy con-
sequence of the following result.

PROPOSITION 2.38. Let ®F be the map from (2.17). Then:

o ®U is a morphism of complexes.

o If (H*, J%) = (H" J*) and T = id, then ®' is the identity.

e Gliven three regular pairs (H®,J%),(H® J*) and (H¢, J¢) and
two homotopies T and T connecting (H®, J*) to (H®, J®) and
(H®, Jb) to (H¢,J¢) respectively. Then there exists a homotopy
I connecting (H®, J) to (H¢,J¢) such that ®" o ®" and &
induce the same homomorphism at the homology level.
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2.3. Gromov—Witten theory and quantum cohomology

In this section, we introduce the main ideas of the Gromov-Witten
invariants from a symplectic point of view. This theory is important for
the construction of a ring structure on quantum cohomology, the second
object introduced in this section, although it is also of great interest on
its own. The main reference is [MS12, Chapters 7 and 11| with some
intuition and pictures form [PSS96].

2.3.1. Gromov—Witten Invariants

Heuristically, Gromov—Witten invariants are the number of specific
J-holomorphic spheres in a symplectic manifold (M, w). See for example
the defining (2.19). Recall, however, that we usually work with perturbed
data, so spheres are not the usual spheres.

Let (M,w) be a symplectic manifold and J € J.(M,w). Fix also a
homology class A € Hy(M) and k € Ny. We define the moduli space of
simple k-pointed J-holomorphic spheres in the class A

Mé,k(AS J)

to be the moduli space of equivalence classes of tuples (u,z1,...,2x)
where u : S? — M is a simple® J-holomorphic curve representing the
class A and z; are pairwise distinct points on S2. The equivalence relation
is given by the action of reparametrization of PSL(2,C). The definition
for the case A = 0 needs particular care. If k > 3 we set M, (0;J) to
be the constant maps u : S? — M while for k& < 3 we just define it to
be the empty set as the costraints are too broad and too many curves
would satisfy them.
The moduli space Mg, (A; J) comes with a natural evaluation map

ev: M (A J) — M*
[, 21y ooy 2] = (u(z1), .. u(zr)). (2.18)

In order to define the Gromov—Witten invariants, we need a suitable
notion of a cycle.

DEFINITION 2.39 (Pseudocycle). A d-dimensional pseudocycle in a man-
ifold M is a smooth map

f:N—>M

€A simple J-holomorphic curve is a curve u : ¥ — M that is not multiply covered,
i.e. for all compact Riemann surfaces (3’,j’), holomorphic curve v’ : ¥’ — M and
holomorphic branched covering ¢ : ¥ — ¥/ such that u = u’ o ¢, we have deg(y) < 1.
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defined on an oriented d-dimensional manifold N such that f(N) has
compact closure and

dimQ; <dimN -2 with Q= [) F(V\K).

KCN,
Kcompact

Strictly speaking the dimension of €2; is not well-defined as it does
not have to be a manifold. For an arbitrary set L C M we say it is of
dimension at most d if it is contained in the image of a smooth map
defined on a manifold whose components have dimension less or equal to
d.

Poincaré duality provides a bridge between homology and cohomology
so that we can talk about the Poincaré dual of a homology class. In a
similar flavour, a singular cohomology class a € H*(M) is said to be
Poincaré dual to (2n — k)-dimensional pseudocycle f: N — M if

[a-rox

holdsfor every closed oriented k-dimensional submanifold X C M. Here
f - X is the intersection number.

PROPOSITION 2.40. Let (M, w) be a closed semipositive (see Definition 2.48)
symplectic 2n-dimensional manifold and let J € Jpeq(M,w). Let A €
Hy(M;Z) such that

A=mB, ¢(B)=0=m=1
for every positive integer m and every B € T. Then the evaluation map
ev: M (A ) — MF
is a pseudocycle of dimension u(A, k) = 2n + 2¢1(A) 4+ 2k — 6.

DEFINITION 2.41 (Gromov—Witten invariants). Let a; € H*(M) be co-
homology classes dual to submanifolds X; C M in general position for
1> 14> k. Then the Gromov—Witten invariant GW%k(al, ..., ay) is the
number

GWY (ar, .. ar) = [{[u, 21, ..., 2] € MG (A:T) 1u(z) € Xi}.
(2.19)

By Proposition 2.40 this is a moduli space of dimension 2n + 2¢;(A) —
2k — 6.

This formula works modulo 2 whenever the degrees of the classes a;
sum up to the dimension of the moduli space, that is

> " deg(a;) = 2n + 2¢1(A) + 2k — 6. (2.20)

If condition (2.20) is not satisfied the invariant is defined to be zero.
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LEMMA 2.42. Let (M,w) be a compact semipositive symplectic manifold
and A # 0. Then

GWag(ar, ..., ax-1,PD([M])) =0
for any choice of a;.
2.3.2. Quantum (co-)homology

The goal of this section is to introduce a new homology theory, which
is a deformation of the standard singular homology. This new homology
theory is strongly dependent on the symplectic structure of the manifold
and will allow us to compute Floer homology more easily (see Chapter 3).

We denote by T the image of the Hurewicz homomorphism o (M) —
Hy(M) and the quotient

- a (2.21)
~ kerwnNkere; '

DEFINITION 2.43 (Novikov ring). Let I' as in (2.21) and denote for an
integer k € Z
I'y ={Ael:2¢(A) =k}

For a commutative ring R we define the degree k € Z Novikov ring as

Ay = {anqu n; € R Aj € Tk} :
where the terms satisfy the finiteness condition
H{HA;:n; #0,w(A;) <c}|<oco Ve>0
and ¢ is a formal variable . The total Novikov ring is then A = @, Ay.

The commutative ring R is usually taken to be Z/27Z or Q. We
will mainly opt for the former when not specified otherwise. The above
definition focuses on cohomology, meaning that for homology the sign of
the grading is inverted. Both versions are clearly equivalent. Being a
ring of formal sums the ring structure is the one of polynomial rings.

The Novikov ring is the coefficient ring of the new homology we will
define now.

DEFINITION 2.44 (Quantum cohomology and homology). The quantum
cohomology ring QH*(M) is a A-module with underlying chain complex
given by
QCHM) = P C'(M) @ A,
i+j=k
whereas the quantum homology is the A-module
QH.(M) == Hy(M;A).

If the manifold of interest is not compact, we implicitly take locally finite
chains for the definition of quantum homology.
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The last remark considering non compact manifolds is needed in order
to make the duality statement Proposition 2.45 hold in all generality. The
elements of QH*(M) are thus formal sums

a=> asq* ase BN (M 7/27) (2.22)
Aer
while elements of QHy(M) are formal sums
a=> asq" as€ Hioe (a)(M,Z/2Z) (2.23)
Aer

both satisfying the finiteness condition of Definition 2.43.
Quantum cohomology enjoys many of the nice properties of singular
homology. The two most important ones are the following.

PROPOSITION 2.45 (Pairing and duality). There is a natural pairing in-
duced by the pairing (-,-) between the homology and cohomology of M
given by

()t QHp(M) x QH*(M) — Ag
(a,a) — (a,a) = Z Z(aA_B,aB)qA

Ael: Bel
c1(A)=0

for a as in (2.23) and a as in (2.22). Furthermore, the Poincaré duality
isomorphism PD : H*(M) — Hy, (M) between homology and cohomo-
logy induces an isomorphism

PDg : QH*(M) — QHo, (M)
Z axrqt — Z PD(a4)q”.
Ael Ael

Quantum cohomology and the Gromov—Witten invariants are closely
related as the latter is used to define the ring structure on the former.
In order to define the ring structure, it is enough to define the product
of two elements H*(M) as these generate QH®*(M). The product on
QH*(M) is called the quantum cup product, while its dual on QH(M)
is called the quantum intersection product.

DEFINITION 2.46 (Quantum cup product). For two cohomology elements
a,b € QH*(M) the quantum cup product a xb € QH*(M) is defined as

axb = Z(a*b)AqA

Ael

where (a % b) 4 is the unique element such that for all ¢,

/M(a xb) 4 — ¢ = GW5(a,b,c).

PROPOSITION 2.47 (Properties of the quantum cup product).
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(1) The quantum cup product is distributive over addition and skew-
commutative

axb= (_1)deg(a) deg(®)p 4 ¢

fora,b e H*(M) of pure degree. It is associative and commutes
with the action of A.
(2) The leading term (a * b)g is the standard cup product

(axb)g=a—10

for all a,b € H*(M). Moreover higher terms vanish whenever
one of the classes is of degree zero or one

axb=a—0b VYae€ H(M),i=0,1.
Thus 1 € HY(M) is the unit in quantum cohomology.

Proposition 2.47 might seem harmless, but its proof is not trivial.
The interested reader may consult [MS12, Proposition 11.1.11].

When the quantum cup product agrees with the standard cup product,
we say that the quantum cohomology is undeformed.

2.4. Non aspherical manifolds

In this section, we will lose two of the points in Assumption 2.10.
Many results remain unchanged, but this generalisation allows us on the
one hand to consider more symplectic manifolds and on the other hand,
have a very useful result on the nature of Floer homology. The main
reference for the section is [PSS96| while some details and background
come from [Sal99.

DEFINITION 2.48 (Semipositive). A symplectic manifold (M,w) is said
to be semipositive if at least one of the following three conditions hold:

(1) There exists a A > 0 such that for all A € mo(M)
c1(A) = w(A).

(2) ¢1(A) =0 for all A € my(M).
(3) The minimal Chern number of (M, w) is grater than or equal to
dim(M) — 2.

One notices that all symplectic manifolds of dimension less than or
equal to six are semipositve.

ASSUMPTION 2.49. For this section we consider a symplectic manifold
(M, w) which is semipositive.
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2.4.1. Floer homology revisited

As in Section 2.2 we will assume throughout the rest of this sec-
tion that H is a time-dependent regular Hamiltonian on H and J an
w-compatible almost complex structure.

In Section 2.2.1 we introduced the contractible loops LM on M on
which the action functional was successively defined. The proof that that
action functional was well-defined does not extend to the non aspherical
case, but it directly points to the correct generalisation of the loop space
on which it will. The cover of LM introduced by [HS95] is given by

LM = {(v,v)|y € LM,v: D — M,~(t) = v(e*™)}/ ~

with the equivalence relation

(v,u) ~ (§,v) & ('y =0, /u*q = / v*¢;  and /u*w = /v*w) ,
D D D D

where D = {z € C: |z] < 1}. We often denote an element [y,v] € LM
by 7. -

There is an action I' ~ LM of gluing spheres that we denote by
A#7y = A#[y, u| = [y, A#u]. Explicitly, for A € T' we choose v € A with
u(0) = v(oo) = p € M for some fixed point p € M. Then the action is
given by the connected sum

an = vpeutz) = { () s
{“(z@—’z!_ ). 2l >

We use similar notation as before and consider the action functional

[y, v r—)/vw+/Ht

With this new action functional (which is Just the same as the old

N N

one for the aspherical case), for A € [ and 5 v E LM we have
An (A7) = Au(7) — w(A).
The set of contractible 1-periodic orbits will again be denoted by P(H).

We denote by P(H) the pairs [y, v] for which v € P(H). Integral curves
along the negative gradient of the action functional are again solutions
of the Floer equation

Osu + J(u)Opu + grad Hy(u) = 0. (2.24)
As before for two critical points 7 we define the moduli space of solutions

u 1s a contractible smooth solution
MEA, 7)) = u:Rx St = M | of (2.24) with lim, 1o u(s,t) =+
for which YT #u =757
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The energy of a solution is defined as in (2.4) and as before solution of
(2.24) have finite energy if and only if they connect critical points.

For a generic Hamiltonian the moduli space M (7, d) is a manifold of
dimension

dim M (7, 9) = pez(¥) — pez(0)

where the function pcy : ﬁ(H) — 7 is the Conley—Zehnder index, a
variation of the Maslov index. A precise definition of pucz would be
superfluous for this text, so we limit ourself to notice that it has the nice
property that

pez(A##Y) = pez(7) — 2¢1(A)

for A € T. When working with semipositive manifolds we will abuse
notation and use p for pcy.

DEFINITION 2.50. The Floer chain complex C'F)(H) is defined to be the
set of formal sums
= Y &7 Genz

FEP(H)
)=k

Again, we impose the finiteness condition

{7 € Pl&s # 0, Au(F) > c}] < 00
for all c € R.

Floer homology H Fi.(H) is a module over the Novikov ring A via

&= D> Naeap

FeP(H) A€l
n(¥)=k

for A and £ as above.

The boundary map is given as in the aspherical case. We may now say
that all the proofs given in Section 2.2 hold also for the non-aspherical
case. The curious reader may find further details in [MS12].

Nothing new happens in cohomology either.

DEFINITION 2.51 (Floer cohomology). The Floer cochain complex is
given by the groups CF¥(H) of formal sums

n= > 77
@)=k
satisfying the opposite finiteness condition
{7 € Pl& #0,Au(7) < c}| < o0
for all c € R.
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Also, the Floer cochain complexes carry a Novikov-module structure

via
A=Y Ay

FeP(H) A€l
@)=k
for A and n as above. This allows us to construct a pairing

CF*(H) x CF,(H) — Ag
(Uaf) = Z ZW&A#?QA'

A€l ¥
c1(A)=0

Remark furthermore that there is a one-to-one correspondence between
solutions v € P(H) and § € P(H), where H; = —H_;, via J(t) = vy(—t).
This induces a correspondence in the cover [y, v] <> [z, 0] with v(z) = v(2)
so that

Ag([7,0]) = —Au([y,v])  p((z,0]) = 2n — p([y, v]).
Furthermore, u is a solution for the Floer equation for H if and only if
u = u(—s,—t) is a solution using the Hamiltonian H.

Formally we thus have the following result.

LEMMA 2.52. There are isomorphisms of groups
CF*(H) = CFy,_(H)
which extend to natural isomorphism
HFY(H) = HFy, (H)

In order to show that the identification descends to homology, one
has to show that boundaries and cycles get mapped to boundaries and
cycles.

The composition of the above result with the Floer continuation map

from HF,(H) to HF,(H) leads to the following corollary.

COROLLARY 2.53 (Poincaré duality). There exists a Poincaré duality
isomorphism

PDy: HF*(H) — HF,, (H)
and Poincaré duality pairings

HF*(H,J)xHF* ™ H,J) = Ay  HF.(H,J)x HFy, (H,J) = Ay.

2.5. Symplectic cohomology

As mentioned in the introduction, symplectic geometry arose as a tool
to study Hamiltonian dynamics, where the natural symplectic manifold
one considers is the cotangent bundle of a smooth manifold with the
Poincaré 2-form. This large and interesting set of symplectic manifolds
are semipositive but not compact. So a further generalisation of the
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theory is needed in order to apply the powerful tools of Floer homology
to cotangent bundles. For this section we mainly follow the respective
sections in [Sei08; Rit09; Abol5].

Open symplectic manifolds are far too general to develop a reasonable
Floer theory on them. So we will have to restrict our attention to a
subclass having nice properties, in particular, behaving nicely outside of
compact sets. VITERBO [Vit99| introduced the class most used in the
literature: Liouville domains. These manifolds parametrise the manifold
outside of a compact set (at infinity) via the Reeb flow of a bounded
contact manifold.

2.5.1. Liouville domains

DEFINITION 2.54 (Liouville domain). A compact manifold with bound-
ary M together with a one-form 6 € Q'(M) such that w = df is sym-
plectic and such that the vector field Z € X(M) given by izw = 6 points
outwards along OM is called a Liouville domain.

Let us now fix a Liouville domain (M, w = df). For M being compact,
Z has a flow defined for all negative times. This flow gives rise to a
canonical collar

(—00,0] x OM

of OM inside M.
Let a = 0oy € QY (OM). Then, using the flow of Z, we may glue a
symplectic cone

[0,00) x OM  with w. = d(e"a)
where r is the coordinate on [0, 00). This gluing defines the completion
M == M Ugy [0, 00) x OM.

We call = R x M the collar of M. The completion comes with a
natural exact symplectic form given by w = df where

g0 oM . (2.25)
e"a on [0,00) x OM

We will abuse notation and call just 6.
As promised, this section handles cotangent bundles, as the next
lemma shows.

LEMMA 2.55 (Cotangent bundle). Let (M, g) a Riemannian manifold.
Then the unit disk bundle

D*M = {(q,p) € T"M : g*(p,p) <1}
15 a Liouville domain with the usual one form

0 = qdp.
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The completion D*M s symplectomorphic to the cotangent bundle T* M.

PrOOF. The first part of the statement is clear. So one only has to show
that D*M and T* M are symplectomorphic. We denote by S*M the unit

cotangent bundle of M, that is 0D*M. By definition of attaching space,
a map
Q! DM — T*M
is the same thing as two maps
o1: DM —T*M

@y [0,00) x S*M — T*M
smoothly agreeing on S*M. We take the most natural choices: ¢, =
t: D*M — T*M and @o(r, (q,p)) = (q,€"-p). They clearly agree on OM,

so it remains to show that they build a symplectomorphism. Bijectivity
and

p3(dp N dg) = d(e" - g) Ndp = d(e" - ).
are both easy to check. [ |

The exponential in (2.25) might seem arbitrary at first sight, but this
is really the form we wish to have as after time ¢ one typically has flown
for distance logt.

D*M [0,00) x S*M

M

FIGURE 2.3. The cotangent bundle as completion of a Li-
ouville domain.

The main problem of non-compact manifolds is the behaviour outside
of compact sets. We tackle this by considering Hamiltonians on M that
have a special structure.

—

DEFINITION 2.56. Suppose that an Hamiltonian H € C*°(M) only de-
pends on e” on the collar, that is H|, = h(e") for some h € C*°(R). Then
we call H a Hamiltonian which is conical at infinity.

For Hamiltonians H conical at infinity the corresponding vector field
has a nice form. Indeed, on the collar Xy is given by

Xile = (R, (2.26)
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where R denotes the extension of the Reeb vector field associated to «
on k. We recall that the Reeb vector field determined by « is the unique
vector field R such that irda = 0 and igxa = 1. In (2.26) we slightly
cheated as R is a priori only defined on OM. Nonetheless, it may be
easily extended to the whole collar.

Let v be a non constant 1-periodic Hamiltonian orbit. By (2.26), if v
intersects the collar, then all of v must live in {e”} x M for some p € R.
Assume that § is a T-periodic orbit of R and that r7 € R is such that
R (em) =T. Then (t) == (rr,6(Tt)) is a 1-periodic orbit of Xg|,.

LEMMA 2.57. Let (N,&) be a contact manifold with contact form a. We
denote by Spec(«) the spectrum of Reeb periods

Spec(a) == {T € R: R has an orbit of period T'}.
Then Spec(a) is countable and closed.
Lemma 2.57 together with the above findings on the relationship

between Reeb orbits and Hamiltonian orbits show that taking A with
constant slope

h'(e") =m € R\ Spec(«) (2.27)
for r > 1 prevents the existence of 1-periodic orbits of Xy outside of a

compact set of M. For an H as above and v a 1-periodic orbit of Xy in
{e?} x OM, the value of the action functional at ~y is given by

Ap () = h(ef) — e’h'(e”).

Similar properties are required for the almost complex structure in
order to control the behaviour at infinity of solutions of the Floer equa-
tion.

DEFINITION 2.58 (Contact type almost complex structures). We call an
almost complex structure J € I'(End(T'M)) on M of contact type if

d(e") o J = —0.
on the collar.

We have now introduced the particularities of the structures that we
want to consider. We will tacitly assume them for the rest of the section.

ASSUMPTION 2.59. We consider Hamiltonians respecting (2.33) and al-
most complex structures of contact type.

2.5.2. Maximum principle

The only danger in this non-compact set up — with respect to the
theory developed in Section 2.2 and Section 2.4 for closed manifolds —
is that there may be sequences of Floer trajectories u € M(~, ) leaving
all compact sets in M. The solution to this problem is the following
proposition.
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PROPOSITION 2.60 (Maximum principle). Let u be a solution to the Floer
equation. Then for any bounded open subset Q) C R x S, the maximum
of u on the closure € is taken on the boundary, that means

maxu = max u.
Q o0

PROOF. We follow [Sei08, Section 3c|. Consider the function v = e" ow :
R x S' — R. The conditions of Assumption 2.59 guarantee that

dsv = 0(Opu) — vh' (v),
@gv = —9(65U>,

which are equivalent to (identifying the tangent space of the collar with
C x &, where ¢ is the contact distribution)

dvoi=—u"0+v-h'(v)dt.
Remark that
|05u|* = w(Osu, Ou — X) = w(dsu, Opu) — dH (Osu)
= w(0su, yu) — h'(v)0sv. (2.28)
So we may compute
Av = 0%v + 02v = 0,(0(0u)) — 9,(0(0su)) — (K (v)0sv + vh" (v)Dsv)
= 0,(0(0yu)) — 0,(0(0su)) + |0su|® — w(Dsu, Opu) — vh"Ov
= [Oul® — vh" (v)0sv. (2.29)

Consider the differential operator L(¢) == Ap+p-h"-0sp on Rx S' — R.
We may rephrase (2.29) as

L(v) = |0sul* > 0. (2.30)

The statement follows now from Hopf’s Weak Maximal Principle [Eval0;
Hop52|.
[

The immediate corollary of Proposition 2.60 is the following.

COROLLARY 2.61. Let u be a solution of the Floer equation connecting

v~ =(r",y7) toy" = (r*,yT). Then the entire image of u is contained
in the subset where r < max(r—,r™), that is,
u(R x S*) C [0, max(r~,r")] x OM. (2.31)

Analogously, we can look at solutions of (2.16) considering a Hamilto-
nian Hy(r,p) = hs(e”) and almost complex structures Js of contact type
at infinity. The same proof as for Proposition 2.60 shows that if

a,h. <0 (2.32)
then (2.31) still holds.

33



2.5. SYMPLECTIC COHOMOLOGY

2.5.3. Definition of symplectic cohomology

Let H = H*“™ be a time dependent Hamiltonian such that on the
collar k for r > 1

H|.(r,p) = h“™(e") = m(e" —¢) + C (2.33)

for ¢,C;m € R. Then H is clearly of the type of (2.27) for a generic
choice of m and we call it linear at infinity. The generality in the choice
of m follows from the discussion in the previous paragraph on the period
of Reeb orbits. Consider furthermore an homotopy H*® between two such
Hamiltonians H® = H0m0 and H' = He-Cv™  that is H® = HCsms
with m, = mg for s < —1 and m, = m; for s > 1. Then Proposition 2.60
states that if

dsmg <0,
we have a continuation map
w:CF*(H") — CF*(H")
v Z e(u)d

ueM(7,8)

when v and 0 have index difference 1. The map e is determined by
orientation signs, see [Abol5| and [Rit13, Section 17|, so working on
7./27 we can ignore them. These maps behave nicely under composition
at the level of cohomology (on the chain, they are chain homotopic), that
is

HF'(HO) — HF‘(HZ)
I
HF‘(HI)
commutes.

LEMMA 2.62. For a Hamiltonian H*® of the form (2.33) the Floer ho-
mology FH®(H?) is independent of ¢ and Cs. Furthermore if the slopes
my = mo are the same, then the continuation map is an tsomorphism.

We will thus simply denote H™ the Hamiltonian H%“™. The relation
H™ < H™ <o m™ <mt

defines a preorder on the set of linear Hamiltonians [Abol5| and thus it
defines an index category. Actually, it indexes a diagram on the category
whose objects are HF*(H™) for m € R\ Spec(a) and morphisms are
given by continuation maps. We may thus consider the induced colimit.
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DEFINITION 2.63 (Symplectic cohomology). Let (M,w) be a Liouville

domain and M its completion. Then we define the symplectic cohomo-
logy of M to be

SH*(M) = limg FH*(H™)

for a sequence of Hamiltonian H™ with m; — oo as i — oo.

The above definition lends itself to a couple of remarks.

e By definition of colimit we have a commutative diagram

o(m~;m™T)

HF*(H™) y HF*(H™")

(2.34)

lig ~FH®(H™)

e The concrete choice of m; does not affect the resulting colimit
up to an isomorphism induced by the continuation maps.

e The symplectic cohomology is an invariant of the Liouville do-
main (using an appropriate notion of isomorphism in this cat-
egory, see [Sei08]). However, we will mostly abuse notation and
look at the symplectic cohomology of/t\he completion, which we
will also denote by SH*(M) = SH*(M).
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CHAPTER 3

The PSS map

This chapter is dedicated to the introduction of a homomorphism
PSS : QH*(M) — HF*(H) first defined by PIUNIKHIN, SALAMON and
SCHWARZ [PSS96]. The main results will be Theorem 3.2 and The-
orem 3.3.

3.1. Relative Donaldson type invariants

In this section we consider a Riemann surface Y of genus g and with
¢ cylindrical ends, that is, with 1 <17 < ¢ embeddings
¢; : (0,00) x St — %,

whose images (the cylinders) we denote by Z; C . We assume without
loss of generality that the pullback of the almost complex structure j
on Y and the standard structures on the cylinders agree. Fix also ¢
time-dependent Hamiltonians

H;:(0,00) x S* x M — R
(S7t7p) = Hi<57tap)

that vanish near s = 0 and are independent of s for s > 1. Assume that
the periodic solutions to the ¢ Hamiltonian systems are non-degenerate

and denote by P(H;) the set of contractible solutions lifted to LM as in
Section 2.4. Remark that we are actually not interested in ¢ Hamiltonians
on all of M. We want to control the behaviour of the Hamiltonian on
each of the cylindrical ends and this is done by considering the sum
H=H+- -+ H and then the compositions of H and ¢;.

For 7; € P(H;) we consider the space

MZ(:?D"-);?Z) :MZ(:\?la"'7/,\}7ZaH1a"'7H€aJ)

of smooth maps u : ¥ — M that satisfy the three following conditions:
(1) wis J-holomorphic on the complement

S =3\ 2.
(2) The maps u; = uo ¢; are solutions of the respective Floer equa-
tion

Osu; + J(u;)Opu; + grad Hy(s, t,u;) =0
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and tend to the loops 7;:
7i(t) = lim wi(s, t).

The original paper contains a third condition, which we removed as we
are considering a slightly different Novikov ring.
Under these conditions, the space Mx(71,...,7¢) has dimension

l
dim M1, Fe) = 20(1 = 9) = 3 _ ().

We fix a non-negative integer d € Ny, distinct points z1,...,24 € X and
homology classes a, . ..,aq € Ho(M) such that

14

d
ZHJ('}%)_an_ ZQn_deg OZ,,)
v=1

i=1
The space
ME((aly s ,Oéd), (5717 SR 7:?5))

is then defined to be the set of curves u € Mx(71,...,7¢) that map z,
into «,,. This set is finite and we denote its cardinality by

ns((a1, .-, aq), 31, -, 7%)) = [ Ms((a, ..., aq), 1, -, %))

FIGURE 3.1. The space M.

Counting the elements in this moduli spaces defines a map
Vs Ho(M)®* — CF,(Hy, ..., Hy) = Q) CF.(H,)

(011, s 7a/d) = Z nz«al? B 7ad)v (?17 B ”’%))(”771) @ <:}7€>7
Fi€P(H;)
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which descends to a map in homology as if one of the cycles «; is a
boundary then so is ¢s;. This last map is denoted by

Uy : Hy(M)® — HF,(H)) ® --- ® HF,(Hy) (3.1)

and is called a relative Donaldson invariant. In this last two equations
we used (Hy,...,Hy), however, as noted before this is only notation-
ally different from considering the Floer homology and complex of the
Hamiltonian resulting as the sum of the different H;.

THEOREM 3.1 (Properties of Uy). Let Uy, be as in (3.1), then

(1) The class Ws(ay,...,aq) has degree 2n(1 — g) — 2521(271 —

deg(a,)).
(2) The Floer homology class ¥x(ayq, ..., aq) does not depend on the

choice of points z,.

(8) The Floer homology class Vs(ay,...,aq) is natural under the
variation of the Hamiltonians and the almost complex structure.
That is, for two choices (HY, ..., He,J*) and (HY,... H} J?)
the isomorphism ®' from Section 2.2.7 relates the two classes

U (ay, ... a9) =D o Ul(a, ..., ay).

The map ¥y extends naturally to the quantum homology as a linear
map over the Novikov ring. Explicitly this means that for

a=)Y aaq”, as€ HJ(M,Z/2Z)*, deg(as) =k —2ci(A),
A

we define for ¥ = [71, ... 7]
ve(@) = D ns(aa, (—A)#F)7,

_Ael
YEP(Hz,...,Hy)

and the induced map on cohomology again denoted by
Uy : QH (M)® — HF,(H)) ® --- @ HF,(Hy).

The construction of ¥ is more natural in homology and we thus defined
it in this framework. Nevertheless, Poincaré duality allows us to switch
between homology and cohomology effortless, defining so

Uy: QH*(M)® — HF*(H)) ® --- @ HF*(H,)
by abuse of notation. We will mainly use this latter map, but the beha-
viour is just the same.
3.2. Examples

The ¥y maps from (3.1) provide various bridges from the quantum
to the Floer theory, one for each Riemannian surface . We consider in
this section three of these bridges.

39



3.2. EXAMPLES

3.2.1. Complex plane — The PSS map

We first consider the case ¥ = C, thinking of the complex plane as
a half infinite cylinder closed on the finite side (that is £ = 1) as in
Figure 3.2. In this case, the space

M) = M@F, H,J) (3.2)
consists in perturbed J-holomorphic curves such that the map
R x S' 3 (s,t) — u(e* i)

satisfies the Floer equation for s > 0 and the limit for s — oo is 7 €
P(M). This moduli space is of dimension 2n — p(7).

In this setup we consider one cycle (so d = 1) representing a homology
class of degree deg(a) = u(7). We denote by M («,7) the moduli spaces
of curves u € M(¥) with u(0) € a. This moduli space has dimension
dim M(5) — (2n — deg(«)) so that for the above choice of « it is of null
dimension and we may denote its cardinality by n(a, 7). These numbers
determine a homomorphism

Yo QHL(M) — CFy(H)
o> nlaa, (—AFFF
A7y

fora =3, ra 4¢” as usual. We will denote by
Ve : QHL(M) — HF.(H) (3.3)

the induced map in homology and call it the PSS map, usually denoting
it by PSS referring to the authors PIUNIKHIN, SALAMON and SCHWARZ
who firstly introduced it.

FiGURE 3.2. The PSS map counts half-closed J-
holomorphic cylinders intersecting o and
converging to 7.

3.2.2. A cylinder — The cap product

Similarly one defines the cup product. The Riemann surface one
considers is now an infinite cylinder Z = R x S' (thus ¢ = 2) and
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one homology class (again d = 1). For a class a € Ho(M) and 7" €

P(H,),7~ € P(H) we consider the space
MEAT A a) ={u: 8 = M: lim u(s,t) =755 u(E)Na # o}

s—+oo

whose dimension is

dim M(F7, 77, ) = p(¥7) = p(77) — (2n — deg(a))

so that defining the cardinality of this set by n(77,57, «) when the di-
mension of M (37,57, a) is zero induces a homomorphism

Uy: Ho(M) — HF,(H,) ® HF,(Hy).

Remark that elements § = (1 ® B, € HF,(H,) ® HF;(H;) and n €
HF*(Hy) may be combined to obtain (51 —~ n) ® fs € HF,_(H,) ®
HF;(H,). Linearly extending this procedure using ® () for deg(a) = j
yields a map HFy,(H,) — HFj;_;(Hy). With continuation maps we finally
get a map

~p: H (M) x HF,(H,J) — HF,_;(H, J) (3.4)
called the cap-product in Floer homology.

(e

2
2

FI1GURE 3.3. The cap product counts J-holomorphic cyl-
inders intersecting a homology class.

3.2.3. Pair-of-pants product

The last surface we consider is a pair-of-pants, that is, a surface
with genus zero and three cylindrical ends (¢ = 3) as in Figure 3.4 with
Hamiltoninas Hy = Hy = H3 = H. As usual (3.1) provides a map

\IJPOPI H.(M) — HF.(Hl) & HF.(HQ) X HF.(H3)

In this case we are not interested in the map per se, but on the image
of the fundamental class ®p,p([M]). As [M] is of top degree, Poincaré
duality provides the map

> HFI(H)® HF*(H) — HFY*(H), (3.5)

which is known as the pair-of-pants product on Floer homology.
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FIGURE 3.4. A pair of pants surface.

3.2.4. General remarks

We end this section with two related remarks.

It is useful to think about these relative Donaldson invariants as op-
erators. Considering cylindrical ends with orientations — left and right
— and making the respective Hamiltonian flow mapping the first orient-
ation to the second (flow from left to right), we can consider ¥y as an
operator from the Floer homology of the Hamiltonian on the left to the
Floer homology of the Hamiltonian on the right.

The above interpretation of Uy allows also to define a composition
of these maps. For well suited ¥ and ¥/ — ¥’ has the same number of
cylindrical ends on the left as > has on the right — we define

\112#2/ = ‘1121 9] \112. (36)

It is intuitively clear that Wyysy and the actually relative Donaldson
invariant associated to X#X' must agree. So Wyuyv is well-defined. It is
now an almost combinatorial exercise to show that all relative Donaldson
invariants my be computed using (3.6) and the three invariants (3.3),
(3.4) and (3.5).

3.3. Module isomorphism QH,(M) = HF,(H)

The goal of this section is to show the following theorem.

THEOREM 3.2. Let (M,w) be a closed semipositive symplectic manifold.
Then

PSS : QHJ(M) — HF,(H)

from (3.3) defines an isomorphism of modules.

PrOOF. We prove the theorem in 5 steps. For this proof, we will denote
® = PSS as we are going to define another map @ similar to ¢ that will
allow us to show the statement.

Homomorphism. This follows directly from the definition of ¥y so
what remains to show is bijectivity.
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Morse theory. We start by choosing a Morse function Hy : M —
R and considering the Morse complex C'M,(Hy,w) consisting in the A-
module generated by the critical points of Hy. We think of C'M(Hy,w)
as the set of formal sums

§= Z gp,A<p7 A) §pA € Z[2Z

pecrit(Hp), Ael
ind 7, (p)—2c1 (A)=k

satisfying the finiteness condition
[{(p, A) : {4 # 0,w(A) < c}] < o0
for all ¢ € R. The boundary operator is defined as usual. As an addit-

ive group, the homology of this complex is naturally isomorphic to the
quantum homology of M

HMy(M,w) = QHJ(M) = Ho(M) ® A. (3.7)
® = ®. Given a critical point p € crit(Hy) and a periodic orbit ¥ €

LM we consider the space
M(p,7) = {u € M) : u(0) € W*(p)},

with M(5) asin (3.2). This space has dimension dim M (p,7) = ind g, (p)—
1(7). In the case of dimension zero we denote the cardinality by n(p,7).
We define now a map

b : CM.(HO,w) — CF.(H)
pA— S o (A

$(3)=ind g1y (p) 21 (A)

As this map is linear over the Novikov ring and a chain map?, it induces
a homomorphism on the level of homology:

@ : HM,(Hy,w) — HF,(H).

.

FIGURE 3.5. The ® map counts spiked cylinders.

@This last fact follows from the fact that the boundary operator counts in both ho-
mology theories the number of connecting orbits. Roughly speaking, ¢ sends the
orbits in one theory to the orbits in the other as Figure 3.5 shows. So it must send
boundaries to boundaries.
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The goal of this part is to show that ® = & under the identification
of (3.7). In order to show this, take o € H (M) and represent it as a
chain £ = ZpecritHo &(a, p)p in the Morse complex. By the construction
of Morse homology, this means that « is represented by a cycle that
is arbitrarily close to W, = ZpethO &(a, p)W"(p). For this cycle the

Floer homology class ¢ () is given by the intersection number of M(7)
and W,. This was the definition of ¥¢.

Yo @ = id. To show bijectivity we will construct an explicit inverse.
We denote by M~(¥) = M~([, 0], H, J) with the notation introduced
after Definition 2.51. We remark that M~ (%) has dimension u(7). Ana-
logously, we define

M= (7,p) = {u e M™(7) - u(0) e W*(p)},

which has instead dimension u(6) — indg,(p). As usual we denote by
n~ (7, p) the cardinality of M~ (5, p) when the space is zero dimensional.
These numbers define a chain map

VY :CF,(H,J) — CM,(Hy,w)
;;'_> an((—A)#§,p)<p, A>
p,A

and a corresponding induced map in homology
V:HF,(H,J)— HM,(Hy,w).
Consider now the composition
Yod

which at the chain level takes the form

Vod((p,A) = Y > n(p,7)n” ((—B)#7,9)(¢, B).

JeAM ~ g¢B
p(3)=ind 1, (p) 1nd(p) —ind(g)+2¢1(4)=0

(3.8)
The (q, B) coefficient in (3.10) is

> n(p. A ((-B)#7.9),

o

which by gluing is the number of perturbed .J-holomorphic spheres u :
S? — M such that

u(0) € W¥(p), u(o0) € W*(q).

We choose a homotopy of perturbations from the given one to H = 0.
For this last one, by dimension reasons (that is because ind(p) —ind(q) +
2¢1(A) = 0), we can only have such a solution if p = ¢ and B = 0. By
the arguments above this count is independent of B so we may choose
B = 0. This implies that p = ¢, so that there can be only one holomorphic
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sphere satisfying the condition above. This means that we have exactly
the solutions

1, p=¢,B=0,
0, else,

5

S n(p, H)n- (~B)#,q) = {

so that
Yo d((p,A)) = (p, A). (3.9)

As the induced map in Floer homology is independent of the choice of
perturbations and (3.9) means that for H = 0 at the chain level P o ¢ is
chain homotopy equivalent to the identity, this shows that W o @ = id.

® o V¥ = id. It remains to show that ¥ is a right inverse to ®. We
work again on the level of chain maps:

Pop(F) = ) ST n((—A)# (b, (—A)#)(3).
SeAM p,A
u(7)=p(3) nd@)=n(7)+2e1(4)

(3.10)

so that the coefficient of () is given by
n(3,9) = > n((—A)#8, p)n” (p, (—A)#3),
p,A

ind(p)=p1(3)+2¢1 (A)

which is the number of triples (v, o,u™) such that u= € M~ (5), u™ €
M=(8) and ¢ = — grad Hy(o) with o(+T) = u*(0). We can, however,
set T'= 0 without changing the induced map in homology and get rid of
o so that

n(,0) = {(u™,u") s u” € MT(F),u" € M(8),u™(0) = u (0)}].

By gluing we can show that n(7, ) is the number of J-holomorphic cyl-
inders running from 7 to §. A modification of the homotopy argument
in [SZ92, Theorem 6.1] or [Aud13, Chapter 11| shows that ¢ o1 is chain
homotopy equivalent to the identity. Thus ® oWV = id, which completes
the proof. [ |

3.4. Ring isomorphism

We introduced with Definition 2.46 (Quantum cup product) the ring
structure on QH*(M) and in Section 3.2.3 the one on HF*(H). In this
section, we show that the PSS map is not only a group isomorphism
but also a ring isomorphism mapping the quantum cup product to the
pair-of-pants product.
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P2

Pp3

FIGURE 3.6. Morse version of the quantum cup product.

THEOREM 3.3. The PSS isomorphism from Theorem 3.2 intertwines the
quantum cup product with the pair-of-pants product, that is

PSS(a * b) = PSS(a) » PSS(b)

for all a,b € QH®*(M). Furthermore, it intertwines the quantum cup
product with the cap product via

PD,!(a ~r PDp(PSS(b))) = PSS(a * b)
for all a,b € QH®*(M).

PROOF. We provide a proof only for the first statement, which is the
only one we will use in the rest of this text and also the most used in the
literature.

The proof argues with a Morse argument similar to the one of The-
orem 3.2. To that end, consider three (generic) Morse functions f1, fa, f3 :
M — R, three critical points py,ps,ps € M and three distinct points
wy, wo, w3 € CPY. We will omit the details about the regular family of
almost complex structures that one has to choose for each point in S2.
For a spherical representative A € Ho(M) we consider the space

Ma(p1; P2, p3)
of J-holomorphic A-spheres u: CP' — M respecting
u(wy) € W (py, f1),  w(w) € Wi(pa, f2),  ulws) € Wi(ps, f3),

where we use the standard Morse theoretic notation of W* and W* for
the stable and unstable manifold of a critical point. See Figure 3.6 for a
picture of this set-up.

From standard Morse theoretic results, one derives

dim W*(p, f) = 2n —ind;(p), dimW*"(p, f) = ind;(p),
which imply
dim MA(p1;p2,p3) = 2¢ (A) + indfl (pl) - indfz (p2) - indf3 (pS)-

As usual we denote by m4(pi;pe,ps3) the cardinality of Ma(pi;pe,ps)
whenever the dimension of the moduli space is zero.
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These numbers define a new chain map
MC*(f2) @ MC*(f3) — MC*(f1): (q2,q3) = @2 * 1
defined by

Grgs= Y nalq, g 0)q. (3.11)

A
q1€crit(f1)
As this induces a product on Morse cohomology, we have a product
on quantum cohomology which agrees with the quantum cup product
as the stable and unstable manifolds of Morse critical points represent
cohomology classes generating H*(M).

Consider now the gluing of three J-holomorphic spiked discs to the
boundary of a pair-of-pants surface as shown in Figure 3.7. By definition,
the pair-of-pants product takes two loops on the left and returns the
loop on the right of this surface counting J-holomorphic spheres. By the
description above, under identification via PSS as in Theorem 3.2, this
is the same as (3.11).

FIGURE 3.7. From a pair-of-pants to the quantum cup
product. After gluing this picture is the
same as Figure 3.6.

More concretely, if PSS(a) and PSS(b) are the two loops on the left
of the pair-of-pants surface, then — by the last paragraph — PSS(a) >
PSS(b) is the loop on right of the surface, say PSS(c) = PSS(a)>PSS(b).
Consider now the three spiked cylinders that the PSS map gives us (as
in Figure 3.5) and glue them to the pair-of-pants structure. Then we get
a sphere with three spikes identified by a,b,a % b as in Figure 3.6. By
construction we must have ¢ = a * b, which concludes the proof. ]
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CHAPTER 4

Magnetic cotangent bundles

This is the last but central chapter of the text. We analyse various
symplectic aspects of magnetic cotangent bundles. We show the vanish-
ing of the first Chern class for general magnetic cotangent bundles in
Section 4.1 and that the quantum cohomology of a large class of these
is undeformed in Section 4.2. In the end, we follow RITTER’s approach
to show that the symplectic cohomology vanishes in the presence of an
Hamiltonian circle action linear at infinity [Rit14]. Whilst we do not
present deep new results the treatment of SH*(T*S? w,) = 0 uses an
Hamiltonian circle action developed in Section 4.4 not present in the
literature.

DEFINITION 4.1 (Magnetic symplectic form). Let (M, g) be a closed
Riemannian manifold and denote by 7 : T*M — M its cotangent bundle.
Denote by w = df the canonical symplectic form and consider a closed
2-form o € Q*(M). The symplectic form

Wy =w+ 70 (4.1)
is called magnetic symplectic form. We refer to (T*M,w,) as a magnetic
cotangent bundle.

In particular when considering symplectic cohomology we will look
at cotangent bundles of surfaces, actually exclusively 7*S?, where there
is a natural closed 2-form to consider, that is so for o the area form of
M and some s € R.

4.1. Vanishing first Chern class

We consider a closed connected orientable Riemannian manifold (M, g).
In this section we will pedantically denote by

7TE3E—>M

the foot point map of a vector bundle £ — M. We reserve a special
notation for the bundle

g E=TM®T"M — M with 75 =7ry ® Tru.

The musical isomorphism between tangent and cotangent bundle induced
by g will be denoted by

g:TM —=T"M (p,&§) = gp(-,€)
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and the induced metric on the cotangent bundle by
gt e T*°(M) gy(a,b) = 9,(g " (a),g (b)) for a,be ;M.

Let us recall first some standard results form gauge theory [Mer21, Lec-
ture 31]. For any vector bundle 7 : F' — N with connection A the
connection map K : TF — F' is defined as follows

K

/\

TF =3 AgVF 22, yp 2 pp M3 p

I A

d d d
F - s F : s F < s F—T" 3 N

By making (4.2) commute, K is a vector bundle morphism along 7. With
this definition, it is well known that

7 "M N g P

F———— N
is a vector bundle isomorphism along 7. If we now consider the specific
vector bundle 7 : T*M — M the diagram above becomes

A R TN VN S Y

l l . (4.3)

T M M s M

We will use (4.3) to define some extra structure on F.

Riemannian vector bundle: The metrics on the tangent and cotan-
gent bundle make F into a Riemannian vector bundle via

gp=9® g  €eT(E"®E") gg,((§ a) (b)) =9(& )+ g (a,b)
for §,¢ € T,M and a,b € Ty M.
Symplectic vector bundle: The form
weN(E"®E") ©,((&a) (b)) =0b&) —alC),
where &, ¢ € T,M and a,b € T; M, defines a symplectic form on
each fiber. Recall Example 2.8.
Complex vector bundle: For
J € T(End(E))  Jy(& a) = (=g (a),g(£)),

where § € T,M and a € T; M, defines a complex structure on £
making it into a complex vector bundle.
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LEMMA 4.2. The triple (W, J, gg) is compatible, that is

w((&,a), J(¢, b)) = g((&, a), (€,1))
Jor &, ¢ € T,M and a,b € Ty M.

PROOF. Straightforward computation. |

Let (M, g) be a Riemannian manifold and o € Q(M) closed so that
(T*M,w,) is a magnetic cotangent bundle as in Definition 4.1. We follow
[Mer10, Section 2.2, v2| modifying the isomorphism (4.3) adapting it to
this situation.

Related to the magnetic symplectic form is the Lorentz force Y &

['(End(T'M)) defined by

V(&) =g, (0p(&, ) E€T,M,

with the property that
o(&,¢) = g(Y(£),0)- (4.4)

DEFINITION 4.3. We define

F, . TT"M — E

((p, ), €) = (€",€%)
with
€ = Drpon(p o) € = K(€) — LY (€).
PROPOSITION 4.4. The map
F,:(TT"M,w,) = (E,®)
15 a symplectic vector bundle isomorphism along wr«yr, that is
F(©) = w,.

PROOF. We have to show that F) is a vector bundle isomorphism and
that it respects the symplectic structure on the fibers. For the first
point, we slightly adapt the proof that shows that (4.3) is a vector bundle
isomorphism. Indeed, F, is a bundle morphism along 77+, by definition.
So, as the fibers have the same dimension, one only has to show that
the map is injective on the fibers. But if F,(£) = 0 then " = 0 and
&% = 0. The composition of these two implies that K(£) = 0 so that
Ee ANV(T*M) = {0} as (4.3) is an isomorphism on the fibers.

It remains to show that F, respects the symplectic structure. We
do this in two steps handling first cotangent bundles with the canonical
symplectic form, that is ¢ = 0, and then the general magnetic case.
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0 =0.Let (p,a) € T*"M and { € T, T*M so that & = 4(0) for
Y(t) = (w(t),7¢(t)) passing though (p,a). Similarly let ¢ € Tipa)T*M
be given as tangent to the curve o. Then the connection map K has the
following form

K(&) = Vi, 0)vs
thus
Fo (@) (&, C) = K(§)(Dmrem(p, a)¢) — K(C) (D (p, a)§)
= (V3,071 ¢" = (Vi,007) €
= Vi,0)(aC") = Vi, (0)(a€")
= da(¢",¢") = d(a o Drperr)(€,€)
= wo(§, ¢)-

General case. For a general closed ¢ € Q*(M) the result follows
quickly. Indeed, using the 0 = 0 case, the only thing one still has to
show is

Y (M - Y (M = g0 (€. 0).
But this follows directly form (4.4). |

F, induces also a preferred choice of almost complex structure .J, on
T*M given by
T, (&) = F;J(€) = J(£".€7.)
and of metric

ho(fa C) = F*gE(é-vC)

Because of Lemma 4.2, also (wy, J,, h,) forms a compatible triple.
LEMMA 4.5. Let
H? =F;"(TM&{0}) V=F"'{0}aT*M).
Then
TT*M =H° @V
and both H° and V' are Lagrangian subbundles. We call such a splitting
a Lagrangian splitting.

PrOOF. The fact that H? and V' are Lagrangian subbundles of 77" M
follows directly from Proposition 4.4 and the fact that TM & {0} and
{0} @ T*M are clearly Lagrangian in E. The splitting follows from the
isomorphism property of Fj. [

PROPOSITION 4.6. For an orientable manifold M, the first Chern class
of the symplectic manifold (T*M,w,) vanishes:

c1(T"M,w,) = 0. (4.5)
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PRrROOF. Being a Lagrangian splitting implies that V* = H?. Indeed, we
have a map
a:H V" &= w,(E, ),

that is injective, as if «(§) = 0 then £ € V7 the symplectic complement
of V. But V is Lagrangian so V** = V and V intersects H? trivially
so that £ = 0. By a dimension argument one then sees that a must be
an isomorphism. Remark that this is a complex linear map (considering
V* with the dual complex structure J*(f)(&) = f(J(£))) as (J*a)(§) =
a(&) o J. See |Benl8, Proposition 2.6] for a similar argument. The result
now follows from the additivity and duality of the first Chern class, i.e.

A(FE®F)=c(E)+c(F) a(E*) = —c(F).
|

4.2. Quantum cohomology

Quantum (co-)homology was initially introduced in Section 2.3.2 for
compact manifolds. As this is not the case for cotangent bundles, we need
to consider an appropriate modification with locally finite homology in
order for Poincaré duality to work. Here we closely follow [Rit14, Section
2.12].

For a non-compact M, quantum cohomology is define exactly as in
Section 2.3.2 as a A-module is QH®*(M,w) = H*(M;A), that is,

QH*(M,w) = H*(M,\) = € H'(M) ® A;.
i+j=k
On the other hand, in order to make the Poincaré duality work, we
consider locally finite quantum homology

QH/' (M) := HN (M3 A).

As said, it is useful to remark that Poincaré duality (which does not hold
in the non-compact case) may be extended to the non-compact case with
this generalisation:

PD.: H* (M) = H%, (M)

for a manifold of dimension n.
Considering that ¢;(7*S?) = 0 by (4.5), the only non zero subring is
Ag so that
QH*(M,w) = H*(M) @ A,.

PROPOSITION 4.7 (Quantum cup product). Let N be a symplectic man-
ifold with H*(N) = 0 for k > 4. Then the quantum cup product on
QH*(N) is undeformed, that is for a € H*(M) and b € H*(M)

a*xb=a—0>.
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For N = (T*M,w,) a magnetic cotangent bundle of a surface, this follows
form the vanishing of the first Chern class c1(T*M) = 0.

PRrROOF. The second part follows directly from Proposition 2.47 and de-
gree considerations.

For magnetic cotangent bundles with vanishing first cohomology group,
we can argue without the need of Proposition 2.47 (whose proof is tech-
nical and was omitted) using the vanishing of ¢;(7*M) from Section 4.1.
Let ¢ be the generator of H*(M), f € H'(M) and m a generator of
H?(M). Because of ¢;(T*M) = 0, we are only interested in three invari-
ants, namely GW 45(¢,t,0), GW43(¢t,m, m) and GW 45(f, f,m). The
latter vanishes by sign considerations in the computation of the invari-
ant. By Lemma 2.42 any invariant in a non zero cohomology class A
involving the generator of H°(M) is zero. So for 0 # A € Ho(M), we
have

GWA,g(t, t, 0) =0 GWA73<15, m, m) =0. (46)

By simple degree considerations m x m = 0 = m — m. Recalling the
formula defining the quantum cup product

((a*b)a,c) =GWygz(a,b,c),

one concludes from (4.6) that txt =t —t =t txm= (txm)y=t—m

and fx f=f— f. [

4.3. Symplectic cohomology of magnetic cotangent bundles

First, in Section 4.3.1, we follow the work of BENEDETTI and RITTER
[BR20, Section 6| and show that despite w, not being exact, we can
still see magnetic cotangent bundles as Liouville domains. Then, we
follow |Rit14, Section 2-| and provide a tool to express the symplectic
cohomology of certain manifolds as a quotient of quantum homology.

4.3.1. Well-definiteness

We introduced the symplectic cohomology for Liouville domains in
Section 2.5. It is a priori not clear if magnetic cotangent bundles fit into
this category, as the restriction of the symplectic form w, to the unit
tangent bundle does not seem to be exact. There are two things that
have to be checked. First, one should show that on the boundary the
symplectic form is exact; furthermore the primitive should be positive
(i.e. the Liouville vector field should be outwards pointing). We work on
T*S?, but similar results are true for other surfaces, see [BR20, Section
6.

Consider the set of pairs

N = {(g,n) : ¢ is any metric and / n= 47?} :
S2
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The condition on 7 is not restrictive, as we may substitute n with ¢n and
use a different scaling in (4.1). By the Gauss-Bonnet theorem, the form
n' = n — Ko is exact, where o is the natural volume form on S? with
respect to g and K the curvature. We thus get a primitive 5 € Q%(5?)

of 1/, which we pack into the new form
Osp:=0—st*B+ sT (4.7)
where 7, ) (w) = #gp(wa,jv), with j : T*M — T*M the fibrewise

rotation by %, is the S'-connection form. We denote o g == 6, g|gxs2.

PROPOSITION 4.8. Let D*S? := {(q,p) € T*S* : |p| < 1} the unit co-disk
bundle over S% and assume that o is non-exact and nowhere vanishing.
Then (D*S?,ws,) is a Liouville domain for s large enough.

PROOF. By construction, 6, 5 from (4.7) is a primitive of w, away from
the zero section (which is all that we need). So it remains to show that
the induced vector field on the boundary is outwards pointing. In order
to show this last point let f7: S? — R be the density of n with respect
to u, that is, n = fu. Then for a pair (9,m) € N we set

s_(g,m) = sup {5, >0:V0<s<s, 1—|p|s +min(fg)82 >0},
ap=n’

and
A={(g.n.s) EN xR:s<s (g}

We claim that this set is nonempty and connected. Furthermore, for
each triple (g,7,s) € A, (D,w,, o) is a Liouville domain, where /5 is a
primitive of ' with s < s_(g,n, ).

A is not empty as the standard choices for g and o clearly live in
A for any choice of s. Indeed, (¢g,0) € N as we defined N exactly so
and s_(g,0) = 400 as for § = 0 the polynomial in the definition of s_
has no positive real root. Connectedness follows form the fact that N is
path connected, which is inherited by A. The evaluation on the Liouville
vector field Z gives

aps(Z)>1—|B|ls +s*mins® >0
’ qes?

by the choice of s. This same procedure works for s large enough instead
of s small enough. [ ]

4.3.2. Hamiltonian S'-action on Floer cohomology

This subsection follows the exposition by SEIDEL in [Sei97].
We denote by G the group of loops of Hamiltonian diffeomorphisms
based at the identity

G = {g:S" — Ham(M) : g(0) = id}.
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For the rest of this section, we will work with a g € GG, so we assume
that such a g exists.

ASSUMPTION 4.9. We assume that there exists a non-trivial g € G. Fur-
thermore from Section 4.3.3 we assume that the Hamiltonian generating
g is linear at infinity.

We say that a Hamiltonian K9 € C*(S' x M, R) generates g if

dge(p) = XKf (9:(p))
for all p € M. The group G acts on the loop space LM C C*°(S, M)

Via

(g-7)(t) = g:(+(1))-
LEMMA 4.10 (SEIDEL). The action of G on LM lifts to an action on the
universal cover LM.

PROOF. As LM is a connected cover, it is sufficient to show that the
action preserves smooth maps S! — LM that can be lifted to LM.
Such maps are given by B € C*(S! x S* M) having w(B) = 0 (and
¢1(B) = 0 which is always the case for cotangent bundles). Denoting by
B'(s,t) = ¢/(B(s,t)) one sees that B”"w = B*w + dn where n(s,t) =
Ky (t, g:(B(s,t)))dt. So w(B') =0=w(B). |

We put
GcCGx Homeo(ﬁfg\]\//[)

the subgroup of pairs (g, ¢g) such that g is a lift of the action of g.
The following lemma is just an application of parallel transport. See
for example [Moo01, Chapter 1, Proposition 2| for a neat proof.

LEMMA 4.11. Let Fy, F5: N — M be two smoothly homotopic maps and
E — M a vector bundle over M. Then FYE and FyE are isomorphic
vector bundle over N. In particular, vector bundles over contractible
manifolds are trivial.

Thus a point ¢ = [v, 7] defines a symplectic trivialisation of the pull-
back bundle along v in the way that v*T'M is trivial, and we may restrict
it to v*T'M obtaining

Te: VTM — S* x R*™.
Via this trivialisation, an element (g, g) of G induces a map
¢: 8" — Sp(2n,R)

t = Ty (t) © Dge o 7e(t) (4.8)
This defines the Maslov index of g via
1(5) = deg(t;). (49)
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Here deg: H;(Sp(2n,R)) — Z is the isomorphism induced by the de-
terminant on U(n) C Sp(2n,R).

Recall the definition of I' in (2.21) and its action on £M as in Sec-
tion 2.4.1. Then choosing gy = id and gg the multiplication by A € T’
leads to

21(Go) = 2¢1(A). (4.10)

The pullback of a pair (H,J) of Hamiltonian and almost complex
form is defined by

g Hi(p) = Hi(9:(p)) — K{(9:(p)) J} = Dg;" o Ji 0 Dg.
Defining the pullback like this has its motivation in the following lemma.

LEMMA 4.12. Let K9 be the Hamiltonian generating g € G. Consider a
Hamiltonian H and denote by ay = dAy the action one-form. Then

*
g ag = agp.

PROOF. Once we have noticed that the action one-form is given by

()¢ = [ wl3() = X (2(0). 60,
we see that
o) = [ w.ewni— [ i
= [ wio.cwyin— [ angeanar+ [ arz Do)
St St St
= g an (7).

As a direct consequence of Lemma 4.12 the action functionals relate
via
Apng =9 A +C

for some constant C' € R, so that also critical points coincide: crit(Agy) =
g(crit(Ag-p). On the same wavelength, one may show that the moduli
spaces are in bijection.

LEMMA 4.13. Let 7,0 be critical points of Ag-rr. Then there is a bijection
M(7,6;9°H, g% J) /R «— M(g(7),9(d); H,J)/R
Furthermore, if (H,J) is a reqular pair then so is (¢*H,g*J).

Lemma 4.13 means that we can do Floer homology on the pulled-back
pair. See [Sei97, Section 4] for a formal proof. The Maslov index has an
interesting property that we will exploit later on.

57



4.3. SYMPLECTIC COHOMOLOGY OF MAGNETIC COTANGENT BUNDLES

PROPOSITION 4.14 (Maslov index of pullback). Let ¥ € crit(Agy) be a
non degenerate critical point. Then

pi(9(7)) = ngeu(7) — 21(9,9)
where I is defined as in (4.9).

PROOF. Let (v',0) be some representative of g(7) and 75 be a trivial-
isation of 6*T'M as discussed when introducing I in (4.9). Then the loop
used in the definition of pg(g(7)) reads

Vg 150 (t) = T() () Dy (8(0)) ) (0)
with . ; the Hamiltonian flow of g* H. The definition of g*H says that
Ol = giple gy - So the above loop may be rewritten as £(£)W g« r.0(£)¢(0)
where ¢ is as in (4.8) and W, .p.(t) is the loop used to define the index
at c. If two paths Wy, ¥, : [0,1] — Sp(2n,R) are related by a loop
p: St — Sp(2n,R) via Uy = p(t)W,(t)p(0)~!, then

1(¥2) = p(V1) — 2 deg(p)
by Definition 2.27, and thus the proof is complete. ]

THEOREM 4.15. For any g € G with lift (g,9) € G, there is an isomorph-
sm

s5: CF*(H) — CF*™1@)(g*H)
(M= @)
and an induced isomorphism on cohomology
S;: FH*(H) — FH***'9)(¢*H)
(7= (@),

PRrROOF. The proof is easy having the above results. Lemma 4.13 give
us an identification of the moduli spaces, which according to Proposi-
tion 4.14 maps from the left-hand side to the right-hand side. |

4.3.3. Isomorphism on symplectic cohomology

In the previous subsection, we constructed an isomorphism at the
level of Floer cohomology starting from an Hamiltonian circle action.
Now we show that if the circle action is generated by a Hamiltonian
linear at infinity, then the isomorphism on Floer cohomology descends
to an isomorphism on symplectic cohomology. We closely follow [Rit14,
Section 4].

Denote by Hamy(M,w) the set of Hamiltonian diffeomorphisms lin-
ear at infinity. Similarly, G, denotes the subgroup of loops g : S' —
Ham, C Ham so that g € G, is generated by K/ : M — R of the form
K/ (p) = kR(y) for some r; € R. We use the notation ¢ > 0 for linear
Hamiltonians with non negative slope. Let us assume for this subsection
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that the Hamiltonian circle action g is generated by a Hamiltonian linear
at infinity of slope k;, that is, K7(e") = k. One may homotope g¢;
within Gy to ensure that x; = & is time independent, see |Rit14, Remark
19].

LEMMA 4.16. For a g as above, H,, a Hamiltonian linear at infinity with
slope m and J an almost complex form of contact type, g*J is of contact
type and g*H,, is linear at infinity with slope m — K.

PROOF. We only have to consider what happens on the collar. K9 is
linear there, so g; must preserve r and consequently Dg; preserves the
Liouville vector field €"0,. On the other hand

gH=Hog — K’cg = (m—k)e,
which completes the proof. [ ]
The following result is a rephrasing of Theorem 4.15.

PROPOSITION 4.17. The direct limit of the maps Sy induce a A-module
automorphism

S;: SH*(M) — SH***@(M).

Proor. This follows directly by taking colimits of the maps in The-
orem 4.15. By Lemma 4.16 this is well-defined, as after taking the pull-
back we end up again with a linear Hamiltonian. |

4.4. Hamiltonian circle action

In this section we derive a Hamiltonian circle action on the magnetic
cotangent bundle (T*S? w,,) where o is the standard volume form on
S2. We consider S? C R? so that x denotes the cross product and (-, -)
the usual inner product. Identifying 7,5 = p* C R3, the usual volume
form on S? is given by o € Q?(S?)

op(v,w) = (p,v X w).

THEOREM 4.18 (BIMMERMANN [Bim20|). For any s > 0 there exists a
symplectomorphism

F (D /er1/05% ws) = (57 X S?\ A, mjo + (s + 1)730),

where A == {(p,p): p € S?}. The symplectomorphism is SO(3) invari-
ant, so it satisfies

m(F(p,v))+ (s+ 1)m(F(p,v) =pXxv—s-p (4.11)

As BIMMERMANN notices, S? x S?\ A is the configuration space of
a pair of particles moving on S? (we remove the diagonal as they can
not be on exactly the same position at the same time).  From (4.11)
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4.4. HAMILTONIAN CIRCLE ACTION

we can derive a useful relation between the kinetic energy Hamiltonian
E"(p, v) = 1||v||* and the Hamiltonian

EPt: 52 x S 5 R
which describes the potential energy on S? x S?\ A considering massless
particles connected by a spring of constant s + 1 as shown in Figure 4.1.

One may see this by applying the cosine law d?> = 2 — 2(p,¢) and the
formula for the elastic potential energy %(s +1)d>.

2
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FIGURE 4.1. Particles on S? coupled by a spring.

Back to the relation between EXM and EP°t we notice that (4.11) im-
plies
1 .
IN + RS|* = [lpx v—sp|* & (N, S) = H—lEk'”(p, v) -1,
where (N, S) = F(p,v). So

s+1

Epot o F = . Ekin‘

Thus, it is natural to investigate EP°* on S? x S? where we have a nice
expression for the symplectic form. We will shorthand R = s + 1 and
ws =m0+ (s+ 1)mso.

Considering 7, § two curves going through p, ¢ € S? we have that®

dEP*|,q(7,0) = —R((¥,q) + (P, 9))
while taking other two curves 7, y trough the same points

w3|p,q((7.77>.()7 (775)) = <p777 X ’Y) + R<q,X X (5>
Imposing the condition for Hamiltonian vector fields vx_,,,w = dEP*
yields

Xevot(p, q) = (Rp X ¢, —p X q).

@We suppress the evaluation at 0 and leave it implicit in the notation.
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We investigate if the flow of Xgeer may provide a circle action. To do so
let (p¢, q;) denote the flow at time ¢ of the point (pg, qo). This satisfies

d = Rpy X
di —(pty ) = Xeeot (P, 1) < {pt B e (4.12)
Gt = —Pt X qt
One notices that p; = —R¢; so that
pt=—Rq+d (4.13)

for some constant d € R?® given by pg = —Rqo + d. Thus (4.12) reduces
to

qt = —(—th + d) X qy = —d X qt- (414)
The Rodriguez formula gives an explicit solution to (4.14) in the form of

d-q i d
qtzd”d—”;w(qo ” d||2)cos<||d||t> g X aosin(ldlo), (419

and p; is then determined via (4.13).

The problem with (4.15) is that it is periodic, but of period ”27|r| =

m dependent on the starting point of the flow. This is incompatible
with a circle action.

In order to obtain a period independent of the initial condition we
modify the starting equation (4.12) and then try to recover a Hamiltonian
that matches the new ODE.

We consider for ¢ € R
s —aR
{?t = TotRad! S (4.16)
9t = YpetRa Pt = 4t

The same considerations as above lead to

pt=—Rq +d
with d = py + Rqo. However, now (4.14) reads
ad
Qt = —— X (@ (417)
]

so that (4.15) translates into

C.qo C.

@ =c + (qo —c qo> cos(—at) + < qo sin(—at) (4.18)
—a

for ¢ = 9 of period 2
Jaf ©* P Jal”

So we want to find a Hamiltonian H that has as corresponding vector

field
—aRR a
Xu(p,q) = (—pxq,—qu)
WD) = [ Rgl” > ¢ o+ Ral
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4.4. HAMILTONIAN CIRCLE ACTION

The imposed conditions means

dHP,(I(’.Ya 77) = LXHW(’Y? T/)

—aRR a
={p,—————(pxq) XA +R<,— X ><'>
<p TETRe 7> T lp s R PO
(4.19)

Remark that (p, (p X ¢) X §) = (—q,%) and similarly for p,q and 7 so
that (4.19) reads

- —aR
dHPvQ(r}/?T]) = H

p+—RqH<<q, 7+ ) (4.20)

The Hamiltonian
H:5%2x 5?2 5R
(p,q) — allp + Rq|

satisfies (4.20). So the flow of H generates a Hamiltonian S'-action. We
choose a € 1+ 27N so that the period is not a multiple of the minimal
Reeb flow (see discussion in Section 2.5). Furthermore from (4.16) it is
clear that the action restricts to the identity on the diagonal A, inducing
so a circle action on S% x 5%\ A.

By (4.11)

(m1F(p,v), mF(p,v)) = %E(p, v) —1,

SO as

Ip+ Ryl = /1+2R(p,q) + R,

H on the disk bundle is given via
H, =Ho F = a\/||v|? + s2 (4.21)

4.4.1. Linearity

A natural question about H, in this non-compact setting is whether
or not it is linear at infinity. In particular, the methods that we developed
in Section 4.3 only work for a circle action generated by a Hamiltonian
of that type. H, does not look linear in the common radial coordin-
ate p(p,v) = |[v]|. Recall, however, that the Liouville structure we are
working with is not the standard one because of the non-exactness of wy,.

LEMMA 4.19. Consider the primitive 05 for ws,. Then the flow of the
Liouwville vector field induced by wy, s given by

_l* + s
ps(p.0) =\ 2
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CHAPTER 4. MAGNETIC COTANGENT BUNDLES

PROOF. Denoting by Z the Liouville vector field of 0, i.e. iz ws =
0 + s7, and by r, the coordinate on the collar induced by the flow of Z;
we have to show that p; = e"s. To do so, we first differentiate

dp
drs
and then integrate the result multiplied by /ﬂﬁ obtaining
P _ _ 1 2, 2
/p2+82dp—/drs<:)r5— §ln(p + s%),
thus proving the statement. [

= dp(Z) = 50+ 5T)(X) = (5 + ),

So H, is linear at infinity being of the form
H, =avs?+1-p,.
From (4.18) it is easy to see that we obtain circle actions of periods %’1

4.4.2. Index

Recall from Section 2.5 that linear Hamiltonians with slope not a
multiple of the period of a Reeb orbit have 1-periodic orbits lying on
some hypersurface of constant radial coordinate. In particular, there
are no l-periodic solutions outside a compact set. In this specific case,
the only 1-periodic orbits are constants (p,0) € T*S? Remark that the
isomorphism F maps (p,0) to (N, —N) € S? x S2.

We will compute the index using a different approach than RITTER.
The Morse index theorem by DUISTERMAAT [Dui76| states that for co-
tangent bundles the Lagrangian version of the Conley—Zehnder of a crit-
ical point of the Lagrangian action functional corresponds to its Morse
index. The Lagrangian version of the Conley—Zehnder index differs from
the one used in this work by a factor of 2. DUISTERMAAT’s result is
stated for the standard set-up and not the magnetic one. However, the
same result holds for w, as shown by MERRY [Merl0, Appendix A, v2|.
Another trick may be used to avoid computing the Morse index explicitly.
The following is an early result by Morse [Mil63, Theorem 15.1].

PROPOSITION 4.20 (Morse). The index of a geodesic v is equal to the
number of points y(t), with 0 < t < 1, such that y(t) is conjugate to v(0)
along v (counting with multiplicity).

Recall that two points p and ¢ are said to be conjugate along a
geodesic 0 that connects them if there exists a non-zero Jacobi field along
0 that vanishes at both p and g¢.

Having the above result it is now easy to see that the constant orbit
(N,—N) € S? x S? has Morse index 2 and thus Conley-Zehnder index
1. Meaning I(g) = 1 # 0. Indeed, any point has only itself as conjugate
and its order must be two as there are two linearly independent Jacobi
fields along a constant geodesic on this S? x S2.
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4.5. Vanishing of SH*(T*S% w,)

This last section aims to use the circle action from Section 4.4 and ap-
ply the tools from Section 4.3 to the magnetic cotangent bundle (7*5?, w,).

We adopt the notation from Section 4.3. The circle action ¢ is the one
from Section 4.4. The careful reader will notice that the only tools one
needs is Section 4.3 and a Hamiltonian circle action linear at infinity with
non-vanishing index, so the results of this section generalise to the class
of manifolds satisfying these conditions. Thus we will present the inter-
mediate statements for a general symplectic manifold (M,w) satisfying
the following assumption.

ASSUMPTION 4.21. We consider a Liouville domain (M,w) with unde-
formed quantum cohomology and a Hamiltonian S'-action g linear at
infinity with non-vanishing index I(g) # 0.

Consider a time-independent Hamiltonian Hy, which is a C%-small
perturbation of 0 and has a positive slope § at infinity smaller than the
minimal Reeb period.

Because of the special form of this Hamiltonian, the PSS map

PSS: QH®*(M) — HF*(H,) (4.22)
is still a ring isomorphism, despite the non-compact nature of the mani-
fold. In fact despite non-compactness, for small Hamiltonians, the Floer
cohomology reduces to Morse cohomology (JAud13, Chapter 10]) which

is the quantum cohomology by the same procedure as in Chapter 3.
We then denote by

Hy = Ho+ kHi1o7
a generic Hamiltonian with slope d + kx. By Lemma 4.12 we know
g*Hk = Hk—l-

DEFINITION 4.22. Use the notation from above and consider the con-
tinuation map ¢o : CF*(H_;) — CF*(Hy). Then we define the maps
Ry and r3 by making the following diagram commute

Qe (A1)

PSS*T

CF*21)(Hy)

P

QC* (M) P55, CF*(H,) 2y CF+216)(H )

As we work with a fixed g, we will drop it from the notation. Fur-
thermore the index will be denoted by I(g,9) =: j.
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CHAPTER 4. MAGNETIC COTANGENT BUNDLES

We have a product structure on the Floer cohomology, so one may
ask if the maps & and R are homomorphisms. This is not true. However,
a weaker property holds.

PROPOSITION 4.23. The maps R and S are both compatible with products,
meaning

R(a>b) =R(a)>b
And similarly for S.

PrROOF. We only give a sketch of the proof. The first thing one has
to notice is that the definition of the pair-of-pants product given in Sec-
tion 3.2.3 has a compactness issue when working on open manifolds. This
can be fixed by slightly changing it as in [Rit14, Seciton 4.3]. At the ho-
mological level, S only depends on (g, g) up to homotopy. We can ensure
that ¢ is the identity not only at zero but also on a greater closed interval
containing zero leaving S invariant. This can be done maintaining the
positive slope. By doing so we ensure that near one of the cylindrical
ends K{ = 0, so that the data (¢*H,, g*.J) is the same as (H,, J) (where
H, is the Hamiltonian on this specific cylinder). So S leaves this cylinder
invariant showing the statement. [ ]

LEMMA 4.24. The sequence of modules
HF*(Hy) —2— HF*(H)) —2— ... (4.23)

defining the symplectic cohomology SH®(M) is equivalent to a sequence

vV 25 v . (4.24)
meaning that there exist isomorphisms ;. so that the following commutes
HF*(Hy)) —2— HF*(H)) 2 ...

Jo Jo
1% yV —

Furthermore, ¢ stabilised. That is, there exists a N € N for which
(V) = "V,

(4.25)

v

s R
7

PROOF. Fundamental are the diagrams in Definition 4.22 and (2.34). By
Theorem 4.15 we have a commutative diagram

HF*(H,) —S— HF*%(H,)
g*wT @4 . (4.26)
HF*(Hyy) —— HF*t%(H,,,)
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So we get that
Ori1 =9 pr=8lop,oS (4.27)
by Lemma 4.12 and by induction ¢ = S7¥0py0S8*. On the other hand,
by the properties of continuation maps
Qi1 = o0 =S FRE

We set V = HF®(Hy). Then conjugation by S* as in (4.27) gives the
required maps ¢,. By definition V has finite rank so that an induction
argument shows that ©*(V) must stabilise. |

PROPOSITION 4.25 (|Rit14]). Let M be a symplectic manifold satisfying
Assumption 4.21. Then there exits a submodule S C QH®*(M) such that

SH*(M) = QH*(M)/S.

Furthermore S is identifiable with ker(o™ o PSS), where N is as in
Lemma 4.24.

PROOF. It is now trivial to show using the result of Lemma 4.24 and the
definition of colimit that
SH*(M) = HF*(Hy)/ ker(o™).

We then pass to the quantum cohomology using the PSS isomorphism.
[ |

THEOREM 4.26. The symplectic cohomology of (T*S?% w,) vanishes, that
18,

SH*(T*S? w,) = 0.

FIRST PROOF. Since the map R is compatible with products, it is uniquely
determined by R(1) as

R(a) =R(1>a)=R(1) > a.

Consequently also R is uniquely determined by R(1).

Using the PSS isomorphism from (4.22) and the fact that the quantum
cohomology is undeformed as shown in Proposition 4.7, we conclude as
follows: Denoting by @ = R(1) and N the integer from Lemma 4.24

PHRYA) =2 Ha)*...xd Ha) =D Ha) — - — ®!(a) = 0.

The last equality holds for our choice of N big enough and the fact that
®~!(a) has non-zero degree. As " factors via R this concludes the
proof. [ ]

SECOND PROOF. This second proof is more direct. Proposition 4.17
shows that the rank of SH®(T*S? w,,) must be zero or infinity as we
have an isomorphism of degree two. But the rank of QH*(M) is always
finite, so Proposition 4.25 shows that it is zero. [
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