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Abstract

Fractals are geometric shapes that show arbitrary fine structures and self-
similarities. The dimension of a space indicates how its size changes when
we scale the space. Due to their unique scaling properties, fractals can display
non-integer dimensions. In this thesis we characterise fractals and analyse dif-
ferent fractal dimensions including some standard fractal dimensions like the
Minkowski and Hausdorff dimension. We construct the Vietoris-Rips complex
for finite metric spaces which leads to the definition of persistent homology and
persistent homology dimension. Furthermore, we define magnitude for metric
spaces and explore how magnitude changes when scaling a space revealing the
magnitude dimension. We develop methods to estimate persistent homology
and magnitude dimensions, which are then compared to the Minkowski and
Hausdorff dimensions.
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Chapter 1

Introduction

Fractals are geometric objects which display detailed structures at arbitrary fine
scale. When zooming in on a fractal, it reveals its infinitely fine structure. Some
famous examples of fractals include the Cantor dust, the Sierpinski triangle and
the Koch Curve shown in Figure

(a) Cantor dust (b) Sierpinski triangle (c) Koch curve

Figure 1.1: Three examples of fractals.

Another characteristic that fractals share is their self-similarity. Often, a frac-
tal can be decomposed into several copies of itself at lower scales. The self-
similarities of the Cantor dust, the Sierpinski triangle and the Koch Curve be-
come apparent when colouring each copy in its decomposition with a different
colour (see Figure . The Cantor dust is made up of 4 copies of itself scaled
by %, the Sierpinski triangle of 3 copies scaled by %, and the Koch curve of 4
copies scaled by %

This ties into another characteristic of fractals; their unique scaling property.
If we scale a line segment, a square or a cube by a factor of 2, their respective
volumes increase 2-, 4- and 8-fold. This is precisely 2 to the power of their
respective dimension. Fractals behave somewhat differently in that regard. If
we scale the Sierpinski triangle by a factor of 2, by the self-similarity described
above, we end up with 3 copies of the original. So we can say its ‘size’ has
increased 3-fold. This is a non-integer power of the scaling factor 2. By anal-
ogy to the above example, we expect the Sierpinski triangle’s ‘dimension’ to
be 186G) ~ 1.585. We formalise this intuitive idea of ‘fractured’ dimension in

log(2)
Sections [I.1] and [£:2] where we introduce the Minkowski and Hausdorff dimen-




(a) Cantor dust (b) Sierpinski triangle (c¢) Koch curve

Figure 1.2: Visualising the self-similarity of fractals.

sions. For example, the Minkowski dimension of a compact metric space (X, d)
is defined as (N (X
dimmin (X) = lim BN (X:€)
e=0+  log ()
where N (X, ¢) denotes the e-covering number of X, that is, the minimum num-
ber of e-balls needed to cover X.

A different fractal dimension can be defined by means of persistent homology.
Persistent homology is a tool from algebraic topology that captures the topo-
logical features of a space and shows how these features persist over different
scales. In Section [5.1] we introduce the Vietoris-Rips complex for metric spaces.
The k-simplices of the Vietoris-Rips complex at some scale » > 0 consist of all
(k + 1)-point sets which have diameter less or equal to r. By varying r € R,
we get a sequence of simplicial complexes with inclusion maps between them,
called a filtration. Figure depicts Vietoris-Rips complexes at eight different
scales of a metric space obtained by sampling 20 points from an annulus.

230
2099

Figure 1.3: Example of Vietoris-Rips complexes.

By applying the homology functor to the Vietoris-Rips filtration, we obtain
a persistence module. Persistence modules that arise from the Vietoris-Rips



complex of finite spaces are decomposable into so-call interval modules. Each
interval module U (b, d) represents a topological feature which appears at scale
b and disappears at scale d. We can visualise the multiset of lifetime intervals
[b,d] using barcodes and persistence diagrams. A barcode plots the lifetime
intervals, while a persistence diagram plots the tuples (b,d). Figure depicts
the barcode and persistence diagram of the 1st persistence module PHy, for the
20 points sampled from an annulus. In this example, PH; has two generators:
one is only visible in the third Vietoris-Rips complex in the other persists
from the fifth to the seventh and is then filled in.

Death

0.8 4

Scale Parameter 0.6 4

(a) Barcode 0]
0.‘4 0.‘5 O:B 1.‘0 1:2 114 1.‘6

Birth

(b) Persistence diagram

Figure 1.4: Visualisation of PH; by a barcode and a persistence diagram.

In Section [5.1] we show that in the case of finite metric spaces, there is a cor-
respondence between the bounded intervals in PHy and the edges of a minimal
spanning trees on the space. Using this relation, we are able to generalise the
definition of topological dimensions which involve minimal spanning trees. In
Section [5.2.1] we expand on the idea of analysing minimal spanning trees on ex-
tremal subsets. We define a persistent homology dimension for compact metric
spaces (X, d) as

dimby (X) == inf{fa > 0: 3C € R: VA C X finite: EF(4) < X},

where

ENA) = ) (d-b)~

(b,d)ePHy(A)

In Section[5.2.2) we generalise the notion of analysing minimal spanning trees on
random subsets to analysing persistence modules on random subsets. We define
a persistent homology dimension for probability measures p on a compact metric
space. For X,, C X i.i.d. samples according to u, we define

dim® gy (1) = inf {d >0:3CeR: lim P {Lk(xn) < Cn%l} _ 1} 7
n— oo
where

Li(X,) = Yo (d-b).

(b—d)ePHE (Xn)



The latter definition has the advantage of being easy to approximate. We expect

the asymptotic slope of Ly (X,,) over n in a log-log plot to be close to % for

d = dimp (). Figure shows the log-log plot of Ly(X,,) for samples of the
Sierpinski triangle according to a uniform distribution p. The asymptotic slope

10! 4

100 4

10° 10! 10? 10? 10%

Figure 1.5: Lg for uniform samples on the Sierpinski triangle.

is approximately 0.3187 which means that
dimb (1) ~ 1.4679.

This is close to the Minkowski dimension of the Sierpinski triangle, which is
known to be
_ log(3)

dimmink(s) = log(2) ~ 1.5850.

Another fractal dimension of a metric spaces is the magnitude dimension. Mag-
nitude is an invariant, which, for finite spaces, can be thought of as a measure
of the ‘effective number of points’. If some points lie very close together, they
become indistinguishable from one another and appear ‘effectively’ as one point.
Consider for example the 3-point space in Figure [1.6] viewed at different scales.
When viewed at a large scale, all three points can be easily be distinguished.
At medium scale, the left point can be distinguished from the two points on the
right. But the two points on the right cannot be distinguished and appear as
one. If we zoom out all the way, viewing the space at a small scale, the three
points are indistinguishable and appear as one single point.
[ ]

(a) Large scale (b) Medium scale (c) Small scale

Figure 1.6: A three point space viewed at different scales.

The magnitude function of a metric space assigns to each scale t > 0 the mag-
nitude of the scaled metric space tX, which has the same points as X but its



metric is scaled by ¢. The rate at which the magnitude function changes en-
codes information about the ‘instantaneous dimension’ of the metric space. The
instantaneous magnitude dimension is defined as the growth rate of the magni-
tude function, that is, the slope of the magnitude function when plotted on a
log-log scale,

. ins dlog(]sX|) s d|sX]|
dim™t (X, ) = S8RV} .
iMNnag (X ) dlog(s) ls=t |sX]| ds ls=¢

mag

Consider a long, thin rectangle and view it at different scales as shown in Fig-
ure At a large scale, we can see that the rectangle is 2-dimensional. When
we zoom out and view it at a medium scale, the rectangle appears as a 1-
dimensional line. If we zoom out even more, and view it at a small scale, the
rectangle appears as a single point, which is 0 dimensional. Figure shows

(a) Large scale. (b) Medium scale. (c) Small scale.

Figure 1.7: A long, thin rectangle at different scales.

the log-log plot of the magnitude function over the scale parameter. Figure|1.8b
shows the instantaneous magnitude dimension of the long, thin rectangle. We
can see that it has instantaneous magnitude dimension 0 at small scale, 1 at
medium scale and 2 at large scale.

(b) Instantaneous growth rate.

(a) Magnitude function.

Figure 1.8: Magnitude function and instantaneous growth rate.

The magnitude dimension of a metric space is defined as the asymptotic growth
rate of the magnitude function

I X
dimpag(X) = lim 70g(|t D

1 . inst
t—oo  log(t) —tl_l)rgodlm (X 1).

mag

We can see from Figure that the magnitude dimension of the long, thin
rectangle is 2.



This thesis is dedicated to the characterisation of fractals and the compari-
son of various fractal dimensions. We start by establishing the foundational
concepts for metric spaces in Chapter |2l In Chapter (3] we characterise fractals
and provide examples. We also introduce three standard fractal dimensions in
Chapter [} The Minkowski, the Hausdorff, and the minimal spanning tree di-
mensions. Chapter [5] is dedicated to defining persistent homology through the
Vietoris-Rips complex and introducing two fractal dimensions based on persis-
tent homology. In Chapter [6] we present the concept of magnitude. We analyse
its continuity properties and study the magnitude function. This leads us to
define another fractal dimension — the magnitude dimension. In Section [6.4] we
study spread, a measurement of size for metric spaces similar to the magnitude,
and we define spread dimension. Lastly, in Chapter [7] we estimate the persis-
tent homology and magnitude dimension of several fractals and compare them
to their Minkowski and Hausdorff dimension.



Chapter 2

Metric Spaces

This section covers some of the basic definitions for metric spaces. We define
metric and pseudometric spaces, and we introduce the Hausdorff and Gromov-
Hausdorff distance as a measure of how much two metric spaces differ. We refer
to [13] for a more detailed introduction to metric spaces.

Definition 2.1. A metric space (X,d) is a set X together with a map
d: X xX—=R
called the metric or distance which satisfies the following:
e Positivity:

Vae,y € X:d(xz,y) > 0N (d(z,y) =0 <= z=1y).

o Symmetry:
Va,y € X: d(x,y) =d(y,x).

o Triangle inequality:
Ve,y,z € X: d(x,z) < d(z,y) + d(y, 2).
In the definition of a pseudometric space, the positivity condition is relaxed
to the weaker condition
Ve,y € X: d(z,y) > 0Ad(x,z) = 0.

Example 2.1. The Euclidean metric on R™ is given by

d(x,y) = (Z(yz - xi)2> , Va,y € R™.

=1

For the entirety of this thesis we assume that all metric spaces and their sub-
spaces are non-empty.

Definition 2.2. The diameter of a metric space (X, d) is defined as

diam(X) := sup{d(a,b): a,b € X}.



2.1 Gromov-Hausdorff Distance

When analysing metric spaces, it is useful to measure how much they differ
from each other. We can measure the distance between two subspaces of a
metric space using the Hausdorff distance. The Hausdorff distance between two
subspaces is the maximum distance a point of one subspace has to the other
subspace. That means, two subspaces are close to each other if any point of one
subspace is close to some point in the other subspace.

Definition 2.3. Let (X,dX) be a metric space. The Hausdorff distance d;s
on the set of non-empty subspaces of X is defined by

di¥ (A, B) = max {sup dX(a,B),sup d¥ (A, b)} ,
a€A beB

wh67 €
a a B — ]lf a 0 a A 0) == 11 f a,n).
( ) ) beB (a’7 )7 ( ? ) A d ( ? )

Example 2.2. Consider the Euclidean space X = R? and two subspace A C X
consisting of 10 points and B C R? consisting of 5 points. Figure shows the
two subspaces and where the Hausdorff distance between them is attained.

(a) A (red) and B (blue). (b) diY (A, B).

Figure 2.1: Hausdorff distance between two metric subspaces.

Proposition 2.1. The Hausdorff distance defines a metric on the set of non-
empty, compact metric subspaces of X.

Proof. If A, B C X are non-empty, compact metric subspaces, then the suprema
and infima in the definition of djX (4, B) are attained. So we can write

X _ X e
diy (A, B) —max{lgleai(d (a,B),I&aé(d (A,b)}7
where
X X X X
d* (a,B) = ]lf)réllgd (a,b), d*(Ab) = zneli‘ld (a,b).

Hence dff (A4, B) < oo, which means that dj} is well-defined.

e Positivity:
By the positivity of d*, we know that di (A, B) > 0. It is also clear that
d¥ (A, A) = 0. Furthermore, if dis (A, B) = 0, then max,c d* (a, B) =0,
so for all a € A,

X — rin X _
d (a,B)—géllIBld (a,b) = 0.



Therefore, for all a € A, there exists b € B such that d*(a,b) = 0. By
the positivity of d*, this implies that b = a. Thus A C B. Similarly, one
finds that B C A, which implies A = B.

e Symmetry:
It follows immediately from the definition that ds (A, B) = di (B, A).

e Triangle inequality:
Let C C X be a non-empty, compact metric subspace and fix a € A. Since
B is compact, there exists b € B such that dX (a, B) = d*(a,b). Then

X i aX
d*(a,C) = Igél(l:]ld (a,c)
< min dX X
< Icréléld (a,b) +d* (b, c)
=d*(a,B) +d*(b,0)
< maxd” (d’, B) + maxd™ (t/,C)
a’€A veB
< dX (4, B) + d (B, ).
Since this holds for all a € A, we find that

max d* (a,C) < diy (A, B) + di (B, 0).

a€A

Switching the roles of A and C', we find that

max dX(A,c) < dix (A, B) +dis (B, 0).
ce

Therefore
dif (A,C) < dif (A, B) + diy (B, C).

O

We are able to measure how much two metric spaces differ by embedding them
both in a common metric space, and considering the Hausdorff distance. The
Gromov-Hausdorff distance is the infimum of the Hausdorff dimension over all
possible embeddings.

Definition 2.4. The Gromov—Hausdorff distance between two non-empty
metric spaces (A,d?) and (B,dP) is defined as

deu(A,B) = _inf diy(¢x(A),¢x(B)),

X, px,x

where the infimum is taken over all metric spaces (X,dX) and isometric embed-
dings px: A—= X and Yx: B — X.

Example 2.3. Figure depicts the embedding of two metric spaces into a
common metric space that minimises their Hausdorff distance.

Remark 2.1. The Gromov-Hausdorff distance turns the set of non-empty, com-
pact metric spaces into a pseudometric space, where A and B have Gromov-
Hausdorff distance 0 if and only if they are isometric.



Figure 2.2: Visualising the Gromov-Hausdorff distance (Figure 3 in [8]).

2.2 Minimal Spanning Trees

In this section we introduce minimal spanning trees and present Kruskal’s algo-
rithm for finding minimal spanning trees. We refer to [4] for more details.

Definition 2.5. Let (X, d) be a finite metric space. A spanning tree on X
is a graph T(X) which connects all the points in X without any cycles. The
weight ||e|| of an edge e between two points x,y € X is given by the distance
between the two points

llefl = d(z,y).

A Minimal spanning tree (MST) on (X,d) is a spanning tree T(X) which
minimises the total edge weight

> el

eeT(X)

Example 2.4. Figure depicts a metric space of 10 points in R? and a MST
on it.

(a) Metric space. (b) MST.

Figure 2.3: Metric space with MST.

10



One algorithm for finding a MST is Kruskal’s algorithm, where we start with
no edges between the vertices and add the shortest edge which does not create
a cycle until we end up with a spanning tree. We refer to [4] for further details
on minimal spanning trees and Kruskal’s algorithm.

11



Chapter 3

Fractals

The goal of this chapter is to present the characteristics which describe fractals
and give some examples. We construct the Cantor set, the Sierpinski triangle
and the Koch curve and snowflake. The reader is referred to [7] and [6] for
further reading.

3.1 Fractals: Characteristics and Examples

The term fractal refers to a certain class of geometric objects. While lacking a
universal definition, there are three commonly agreed-upon characteristics that
describe a fractal.

e Fractals have the capacity to exhibit detailed structure at arbitrary small
scales, revealing its infinitely fine structure when zooming in on it.

e A fractal usually exhibits some kind of self-similarity, where intricate pat-
terns repeat themselves at different scales within the structure. Often,
this can be seen in the composition of a fractal, with each part resembling
a scaled-down copy of the whole.

e Fractals have distinctive scaling properties and ‘fractured’ dimension. When
scaling a line segment, a square or a cube by a factor of 2, their respective
volume increase 2-, 4- and 8-fold respectively. This is precisely 2 to the
power of their respective dimension. For fractals, this exponent can take
on non-integer values.

Example 3.1. The Cantor set C is a fractal. It can be constructed as follows:
start with the closed interval Cy == [0,1]. Remove the middle third of the interval

to get Cq, that is
Ci =10 1 Uul-,1
! "3 37

Nezxt, remove the middle third of each of the two intervals in Cy to get

1 21 27 8
Co=10,=|U|=,-|U|=z,=|U|=,1].
o= o] (5] [55] (5]
Continue this process iteratively, obtaining C, by removing the middle thirds
from all intervals C,,_1 is made up of. Then C,, is the the disjoint union of 2"

12



closed intervals of length 3~™. The Cantor set C consists exactly of the points
that remain after continuing this process infinitely, that is

n=0

Figure|3.1| shows the first siz sets of intervals Cy, ..., Cs in the construction of
the Cantor set.

Figure 3.1: Construction of the Cantor set.

Example 3.2. Another example of a fractal is the Sierpinski triangle S. [t
can be constructed as follows: start with an equilateral triangle So. Now subdi-
vide the triangle into four smaller equilateral triangles and remove the middle
one to get S1. Continue this process for each of the remaining triangles. We
obtain S, from S,_1 by subdividing all triangles into four smaller equilateral
triangles and removing the middle ones. The Sierpinski triangle is the limit of
this construction
o0
=) Sn.

n=0
Figure depicts S, ..., S5 from the construction of the Sierpinski triangle.

AA
&

(b) S1
Figure 3.2: Construction of the Sierpinski triangle.

e) S4

Example 3.3. The Koch curve K¢ and the Koch snowflake K° are fractals.
They can be constructed as follows: start with a line segment K§. Now divide

13



the line segment into three equal parts. Draw an equilateral triangle that has the
middle segment as a base and is pointed upwards, and remove the base. This
yields KE consisting of four equal line segments. Repeat this process on each of
the line segments. The Koch curve K€ is the limit of this process. Figure
shows KOC, ceey K5C from this construction. The Koch snowflake K is obtained

(d) K§ (e) K§ (f) K§
Figure 3.3: Construction of the Koch curve.

by replacing the three sides of an equilateral triangle with three Koch curves
pointing outwards (see Figure .

Figure 3.4: Koch snowflake.

14



Chapter 4

Standard Fractal
Dimensions

The aim of this chapter is to present three standard fractal dimensions. In
Section [£.1] we define the Minkowski dimension for compact metric spaces and
compute it for the Cantor set. We define the Hausdorff dimension in Section |4.2
and compute the Hausdorff dimension of the Cantor set. We discuss a result
that simplifies the computation of the Hausdorff dimension is case of self similar
fractals and show that in that case the Hausdorff and Minkowski dimension agree
(Theorem [4.1)). For this section we refer to [7]. As preparation for Chapter
we define the MST dimension in Section [£.3] and prove that it is equal to the
Minkowski dimension (Theorem [4.2)), following [9].

4.1 Minkowski Dimension

The ‘dimension’ of a metric space measures how the ‘size’ of the metric space
changes as we scale the space. Consider, for example, a line segment, a square
and a cube, and scale them by a factor of 2, as depicted in Figure[4.1] Then their
‘sizes’ increases by a factor of 2, 4 or 8 respectively, which is 2 to the power
of their respective definition. To make this notion precise, we introduce the
covering and the packing number as two measurements of the size of a metric
space. Both of these measurements lead to the definition of the Minkowski
dimension, which is the asymptotic growth rate of the covering or the packing
number.

For the remainder of this section, let (X, d) be a compact metric space.

Definition 4.1. Let ¢ > 0. The e-covering number N (X, ¢) is the minimum
number of open e-balls needed to cover X. The e-packing number M (X, e¢) is
the mazimum number of disjoint open e-balls in X .

Example 4.1. Figure[{.] depicts a minimal e-cover and a mazimal d-packing
of a square.

Lemma 4.1. For all ¢ > 0 we have

N(X,2e) < M(X,e) < N(X,e).

15



(a) Line segment at scale 1. (b) Line segment at scale 2.
(c) Square at scale 1. (d) Square at scale 2.
7
(e) Cube at scale 1. (f) Cube at scale 2.

Figure 4.1: A line segment, a square and a cube at different scales.

Proof. Write M := M(X,¢) and let 1,...,2p € X be such that {B(x;,¢)}; is
a maximal e-packing of X.

o N(X,2¢) < M(X,e):
By the maximality of {B(z;,¢)};, ever y € X must satisfy d(y,z;) <
2¢ for some i, otherwise we could add B(y,¢) to get a larger e-packing.
Therefore, { B(x;,2¢)}; is a (2¢)-covering of X.

o M(X,e) < N(X,e):
Since {B(z;,€)}; are disjoint, we find d(x;,x;) > 2 whenever ¢ # j. This
means that in any e-covering of X, all x; must lie in different e-balls.
Hence every covering must consist of at least M e-balls.

O

Consider again the e-covering and d-packing from Example [£.1] By halving €
and ¢, the covering and packing number increase 4-fold (see Figure. This is
precisely 2 to the power of the ‘dimension’ of the square. We use this intuition
as a definition of the Minkowski dimension as the asymptotic growth rate of the
e-covering number as ¢ — 0.

16
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(a) e-covering. (b) d-packing.

Figure 4.2: An e-covering and a §-packing of a square.
wol::::
OO Boso

(a) e-covering. (b) §-covering. (c) 0-packing. (d) 2-packing.

Figure 4.3: Coverings and packings of a square.

Definition 4.2. The lower Minkowski dimension of X is

(X) = liminf M

dim M g (1)

===mink
and the upper Minkowski dimension of X is
B log(N (X
dimpink (X) = lim sup M.
e—0+ log (g)

If the lower and upper Minkowski dimension coincide, then the Minkowski
dimension ezxist and is equal to this limit
log(N (X
dimpink (X) = lim M
=0+ log (2)

The Minkowski dimensions is also known as the box dimension or box-
counting dimension.

Proposition 4.1. The lower and upper Minkowski dimensions can also be ex-

pressed in terms of the packing number:

dim i (X) = lim inf log (

— 1
dimpink (X) = limsup o
e—0t log (

Hence, if the Minkowski dimension exists, then

dimpini(X) = lim B X:€)
=0+ log (1)

17



Proof. For all € > 0, by Lemma and the monotonicity of log we find that

lim inf 710g(N(X, 2)) > lim inf 7log(M(X, e)

=0+ log (L) T emot log (1)
o log (1)
log(V (X, 22))

= limi f—
e—0+ log(2) + log —)

(
log(N (X, €)

= lim f—
(

2
)
P log(2) + log %)
Since log (1) — oo as £ — 0T, we have

log(N (X, ¢))

li f oV VT iminf 2
Dot log(2) T log (1)~ =m0t log (1)
Therefore
log(N (X log(M (X log(N(X
“mi“fw > lim it 28! (1’6)) > Tim inf 28 (1 ),
=0t log (2) >0t log (2) >0+ log (2)

which proves equality
log(N (X
1iminf70g( (1’5» = ——=
e—0+ log (g) e—0+ log (g)
Analogously, we find that
log(N (X log(M (X
fmsup BN o Tog(M (X))
cmot  log (1) cmot log (1)
O

Example 4.2. Let us show that the Minkowski dimension of the Cantor set C
exists and is given by

log(2)

log(3)

We prove the following claim in preparation.

dimmink (C) =

Lemma 4.2. Let n € N. The (37™)-covering number of the Cantor set is
N(C,37") = 2"t

Proof. Consider C,, from the construction of the Cantor set (see Example .
C,, consists of 2" intervals of length 37". The endpoints of each interval are
also points in C and have a distance of at least 37" between them. Therefore
these 2”1 endpoints lie in different 3~"-balls and so

N(C,37™) > 2"t

On the other hand, the 271 (377)-balls centered at the endpoints of all interval
in C), form a cover of C),, and hence C. Thus

N(C,37™) < 2m 1,

proving the claim. O

18



By Lemma[£2] and the monotonicity of the covering number, we find that

2" < N(C,e) < 2!

whenever
3" <e<3nh,
Therefore
log(2") < log(N(C,¢)) < log(27+1)
10g(3") - log (%) = 10g(3"*1)’
which simplifies to
log(2) < log(N(C,¢)) - n+ 1log(2)
log(3) = log (i) ~ mn—1log(3)
Therefore
di7lnmink(c) - hm lIlf 1og(N((i, 6)) 2 10g(2) .
eso0t log(Z) T log(3)
And
dimypink(C) = limsup log(N(C,¢)) < lim n+1log(2) log(2)

n—oon — 1log(3)  log(3)’
So the lower and upper Minkowski dimension must agree and are equal to

~ log(2)

dimmink(c) = log(3) .

4.2 Hausdorff Dimension

The Hausdorff dimension takes a slightly different approach in measuring the
change in ‘size’ of a metric space as we scale it. In contrast to the Minkowski
dimension we consider coverings made up of arbitrary set that have diameter
less or equal to § instead of §-balls. Since this approach is similar to the one
taken Section the Minkowski and Hausdorff dimensions agree on a large
class of fractals (see Theorem |4.1)).

For the entirety of this section, let (X, d) denote an arbitrary metric space.

Definition 4.3. Let A C X and § > 0. A d-cover of A is a family {U;}; of
subsets U; € X such that diam(U;) < § and

Aclus.

If, in addition, {U;}; is countable, we call it a countable j-cover of A.

For § > 0 and s > 0 consider the quantity
H3(A) == inf {Z diam(U;)®: {U;}; is a countable d-cover of A} ,

defined on all subsets A C X. Every d-cover of A is also a ¢’-cover whenever
8’ > 4. Therefore H3(A) > H3,(A), which means that H3(A) is monotonically
non-increasing in 4. So the limit of H§(A) as § — 0T exists but might be infinite.
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Definition 4.4. The function

H®: P(X) = [0,00], A H*(A) = 51_1)1(1)1+ Hi(A) = §1>1;0)’H§(A)

defined on the family P(X) of all subsets of X is called the s-dimensional
Hausdorff measure on X.

As an outer metric measure, the Hausdorff measure is Borel.

Proposition 4.2. Let A C X be a Borel set and let 0 < s <t. Then

HE(A) < 0o = H'(A) =0,
HUA) > 0 = H*(A) = oo

Proof. Let § > 0 and {U;}; be a countable d-cover of A. Then

Z diam(U;)" = Z diam(U;)® diam(U;) % < 6'7° Z diam(U;)°.

Taking the infimum over all countable §-covers of A yields
HE(A) < 35 HE(A).
If H*(A) < oo, we find that
HI(A) = 6£Igl+ HE(A) < 51_i>%1+ S"THE(A) = 51_i>%1+ S"TEHA(A) = 0.
The second implication is the contraposition of the first. O
Definition 4.5. The Hausdorff dimension of X is defined as
dimg (X) == inf{s > 0: H*(X) = 0} =sup{s > 0: H*(X) = o0} € [0, 0]
with the usual conventions inf(@) = co and sup(f) = 0.

Remark 4.1. If s := dimyg(X) denotes the Hausdorff dimension of X, then the
s-dimensional Hausdorff measure of X could be equal to 0, oo or any value in
between. On the other hand, if we can show that 0 < H*(X) < oo for some s,
then by Proposition we know that s = dimg (X).

Example 4.3 (Example 2.7 in [7]). Let us prove that the Hausdorff dimension
of the Cantor set C is

. ~ log(3)
dimy (C) = 0g(2)’
We do this by showing that
1
S SH(C) <1

for s = iggg and using Remark .

° % <H3(C):
Let § > 0 and {U;}; be a countable §-cover of C. By replacing U; by the
interval [inf(U;), sup(U;)] we do not increase the diameter and hence end
up with a countable §-cover of C which is made up of closed intervals. So

20



we may assume w.l.o.g. that {U;}; is a countable §-cover of closed interval.
Furthermore, as every interval U; satisfies diam(U;) < & we can slightly
expand the intervals to get open intervals V; O U; which, for some small
e > 0, satisfy

diam(V;) < min{J, (1 + ¢) diam(U;) }.

Since C is compact, there exists a finite subcover, say {Vi,...,V,}. Taking
the closure of Vi,...,V, yields a finite 0-cover of closed interval for which

Z diam(V;)® < (14 ¢)* Z diam(U;)*.

We may therefore assume w.l.o.g. that {U;}; is a finite §-cover of closed
intervals.

So w.lo.g. let {Uy,..., Uy} be a finite §-cover of C consisting of closed
intervals. For 1 <i <n let k; € N such that

3=kt < diam(U;) < 370,

As all intervals in Cy, are at least a distance of 3% apart from each other,
U, intersects at most one of the intervals in Cy,. Set j == max{ky, ..., kp}
so that

V1 <i<n:3 UtD < diam(U;).

Form each interval in Cy, we get 277% intervals in C;. Therefore, U;
intersects at most

9i—hi — 9ig=ski — 9i3s (3—“%“))5 < 273° diam(U;)*

intervals in Cj. Since there are 27 intervals in C; and each interval must
be intersected by some U; we find that

27 < Zn: 2=k < ims diam(U;).
i=1 i=1
Multiplying by 27737 yields
37° < En:diam(UZ-)S.
i=1
Since this holds for all §-coverings, we find 37° < H3(C) and hence also

H(C) = lim M3(C) > 37 =

N | =

o H3(C)<1:
Using the construction of the Cantor set, it is clear that for all n € N,
the 2" Intervals which make up C, form a countable (3=™)-cover of C.
Therefore,
on

Hy.(C) <> (37 =23 =1
k=1

and thus
H(C) = lim H3_.(C) <1.

n—oo
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As seen in Example computing the Hausdorff dimension by using the trick in
Remark [4.1] can be very time consuming. In particular, proving the lower bound
0 < H*(X) is often a bit tedious. However, there is an easier way to compute
the Hausdorff dimension of self-similar fractals which do not ‘overlap too much
in their fractal construction’. We need to introduce some more terminology to
make this notion precise.

Definition 4.6. A map f: X — X is called a contraction of X if
Va,y € X:d(f(z), f(y)) < cd(z,y),

for some 0 < ¢ < 1. If we have equality
Vo, y € X: d(f(z), f(y)) = cd(z,y),

we call f a contracting similarity and c¢ the ratio of f.

Definition 4.7 (Open set condition). A family of contractions {f1,..., fm} on
X satisfies the open set condition if there exists a non-empty open set V.C X
that satisfies

=1

where f;(V) are disjoint.

The following theorem makes computing the Hausdorff dimension of self-similar
fractals much easier, and shows that in many cases the Minkowski and Hausdorff
dimensions agree.

Theorem 4.1 (Theorem 9.3 in [7]). Let {f1,..., fm} be contracting similarities
on a complete metric space with ratios 0 < c1,...,cp < 1 which satisfy the open
set condition and consider the attractor

F= Ufz(F)

Then dimy (F) = dimpink (F') = s, where s is given by

Moreover,
0 < H(F) < 0.

We refer to |7] for a proof of Theorem |4.1

Example 4.4 (Examplerevisited). Let us verify Theorem on the Cantor
set C. If we consider C on [0,1], the maps f1, f2: [0,1] — [0, 1] given by

1 1 2
T) = -x T)=—-x+ =
fl( ) 3 i f2( ) 3 + 3
are contracting similarities with ratios ci,co = % They satisfy the open set

condition for V := (0,1) as

0.2 (0.3) 1 (31) =A@V U (0.1
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The Cantor set is the attractor

C=filC)U f2(C).
So by Theorem the Hausdorff dimension s := dimg(C) is given by

1\°* 1\°
z ) =1
(s) +(3)
Solving for s confirms our result from Ezample [£.3]

_ log(3)

s =dimg(C) = log(2)’

4.3 Minimal Spanning Tree Dimension

In this section we define the MST dimension and show that it is equal to the
Minkowski dimension following [9] closely. This is in preparation for Chapter 5]
where we define other fractal dimensions that build on the idea of MSTs and
the MST dimension.

Let A C X be a finite subspace. For a MST T'(A4) on A and for a > 0 consider
the quantity

Eo(A)= ) |el*,

e€T(A)

where ||e]| = d(x,y) denotes the length of the edge e € T(A) between z,y € A.

Definition 4.8. The minimal spanning tree dimension (MST dimen-
sion) of X is defined as

dimysr(X) == inf{a > 0: 3C € R: VA C X finite: E,(A) < C}.
Theorem 4.2 (Theorem 2 in |9]). We have
dimpysT(X) = dimpink (X).
Proof.

(] dimmink(X) S dimMST (X)
If dimyink(X) = 0, then we are done. So suppose dimpink(X) > a > 0.
Then

log (hm sup N (X, 5)50‘> = limsup (log(N (X, ¢)) + alog(e))

e—0t+ e—0t
= lim sup log (1> log(N()fv €)) ta log(i)
2o\ e e D)
= lim sup log (1> w —al = o
e—0+ £ log (g)

So there exists a sequence {&, }, such that

en = 0T, N(X,e,)e¥ = 00 asn — oo.
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Denote by {B(z?,e,)}: a maximal e,-packing of X and consider the finite
subset A" = {z}; C X. Every edge e in a MST on A" has length
llell = 2e,, as {B(z},e,)}: are disjoint. Therefore

Eo(A") = Y el|* > Y 2% =2%(N(X,en) — 1)eg.
e€T(An) e€T(A)

Since N (X, e,)e — 00, the sequence {F,(A™)}, is unbounded and hence
dimygT(X) > o which implies

dimmink (X) S dimMST(X).

dimMST (X) S dimmink (X)
Let o > dimypink(X). Then there exists C' € R such that

Ve > 0: N(X,e) < Ce™“.

Let A C X be finite and consider a MST constructed by the following
greedy algorithm: Start the tree with any point and iteratively add a

point which is closest to the tree and connect it to the point which it is
£

closest to. Now construct a (5)—packing of X as follows: For every edge

e € T(A) with |e]| > ¢, add the ball B(z, £) where x is the point added
to T when creating e. These balls form a é)—packing on X. Denote the

diameter of X by d := diam(X). Then, for any 8 > «,

Eg(4)= Y lle|”

ecT(A)
=3 el
n=0 e€T(A)
d2= (D <lef|<d2™™
<Y ON(X,d2= () (d27m)P
n=0
< Z C(d27(n+l))fa(d27n),8
n=0
= CdPmo2 Y " onemh),
n=0

Therefore, Eg(A) is bounded, which means dimpgr(X) < .
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Chapter 5

Persistent Homology
Dimension

In this chapter we approximate finite metric spaces with Vietoris-Rips complexes
and study their homology. This yields a persistence module that enables us
to analyse the topological features of the space. For a detailed treatment of
persistent homology, we refer the reader to |3]. By showing the correspondence
between the lifetimes intervals in the Oth persistence module and edges of a
MSTs (see Proposition we generalise fractal dimensions based on MSTs.
We do this using two different approaches. In Section we follow [18] and
study persistence modules on extremal subsets. In Section we follow [2]
and analyse persistence modules on random subsets.

5.1 Persistent Homology

Persistent homology is a tool from algebraic topology that can be used to capture
topological features of finite metric spaces and to describe the behaviour of these
features over different scales. This concept can be used to analyse data samples
and draw conclusions about the structure of the underlying space.

For the entirety of this chapter, let (X, d) denote a compact metric space. In or-
der to analyse the topological features of X, we construct an abstract simplicial
complex on X and study its homology.

Definition 5.1. An abstract simplicial complex on X is a family F of
non-empty finite subsets which is closed under taking non-empty subsets, that
18,

VAc F:0#A#BCA = BcF.

Definition 5.2. The Vietoris-Rips complex VR(X,r) for a given scale
parameter r > 0 is the abstract simplicial compler whose vertices are the
points in X and whose k-simplices consist exactly of all (k + 1) point sets
{zo,..., 2} C X, which have diameter diam({zo,...,zr}) < r.

Example 5.1. Let X be a metric space depicted in Figure[5.1] obtained by sam-
pling 20 points from an annulus. Figure[5.2 shows the Vietoris-Rips complezes
VR(X,r) for eight different scale parameters r.
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Figure 5.1: 20 points sampled from an annulus.
v 3 . % .
q .

Figure 5.2: Example of Vietoris-Rips complexes.

For 0 < r < 7’ there is a natural inclusion
VR(X,r) C VR(X,7")

as every k-simplex in VR(X,r) is also a k-simplex in VR(X,’). This inclusion
induces a linear map on the homology groups

Hip(VR(X,7)) — Hp(VR(X,1")).

The homology groups may be taken over an arbitrary field F, which we drop
from notation.

Definition 5.3. By letting the scale parameter r range over R>o, we obtain the
Vietoris—Rips filtration

{VR(X,7)}rers,-
The family of homology groups
{Hk (VR(Xa T))}TERZO

together with the induced linear maps between them is called the kth persis-
tence module.
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We have the following decomposition theorem for the kth persistent module.

Theorem 5.1. If X is finite, then there exist N € N, {bg,...,by} € [0,00),
{do,...,dn} € [0,00] with b, <d, and in isomorphism

{Hi(VR(X, 7)) }rers, = EBU b, dy)

where
F, ifr € [bp,dy],
0, else

U(bn;dn)r = {
The proof uses the following classification theorem for finitely generated F[t]-
modules.

Theorem 5.2 (Theorem 2.10 in [3]). Let M. be a finitely generated F[t]-module.
Then there exist integers {i1,...,im}, {41y s Jn},{l1,---,ln}, and an isomor-

phism
M, = 1(ir) @@ (Js)-

This decomposition is unique up to permutation of factors.

Proof of Theorem[5.1] If X is finite, then the Vietoris-Rips filtration yields only
finitely many distinct complexes. Let rg < ... < rjs denote the scale parameter
of these different complexes. This allows us to view the R-persistence module
as an N-persistence module

{Hr(VR(X, 7)) }rers, = {HK(VR(X, 7)) bnen,

where r,, := r); for all n > M.

Claim 5.1. There is an equivalence between the category of N-persistence abelian
groups Npers(Ab) and the category of non-negatively graded modules over Z[t].

Proof of Claim. Let {A, }nen be an N-persistence abelian group with maps
YVmn: Am = Ap.

Its associated graded module over Z[t] is given by

({A }HGN @Ana

neN
where multiplication with ¢ on elementary elements «,, € A,, is given by
t- Qp = d’n,n—&-l(an)-

6 is a functor from Npers(Ab) to the category of non-negatively graded modules
over Z[t]. Its inverse is given by defining

Yo (@) = """y,
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By applying the functor 6 from Claim to the N-persistence module we get a
Z[t]-module
M, =46 ({Hk(VR(X7 Tn))}neN) :

In fact, since the homology groups are taken over a field F, M, is also a
F[t]-module. Since Hy(VR(X,r,)) is finite dimensional for all n € N and
VR(X,r,) = VR(X,rp) for all n > M, M, is finitely generated. This means
we can apply the classification theorem for finitely generated F[t]-modules

n

M. = EDF[H (i) & P E[H/ () (Js)-

r=1 s=1

Using the following correspondence and switching back to indexing over R con-
cludes the proof.

F[t](lr) = U(i,«, oo),
(F[e]/ (")) (fs) = U (i iy + L)
O]

Definition 5.4. Suppose X is finite and decompose the kth persistence module
according to Theorem [5.1]

N
{Hk (VR(X7 T))}T'ERZQ g @ U(b’rL7 dn)
n=0

We call b, and d,, the birth and death scale of a feature, and [b,,d,] the
lifetime interval. The multiset of lifetime intervals is denoted by PHy(X).

This representation allows us to visualise the persistence module in the form
of a barcode or a persistence diagram. The barcode of a metric space is
obtained by plotting the lifetime intervals in PHy(X) over [0,00]. The persis-
tence diagram is obtained by plotting the tuples of life and death scales of each
generator in [0, 00) X (0, o0].

Example 5.2. Consider again the metric space X from Ezample[5.1] 20 points
sampled from a annulus. Figure shows the barcode and persistence diagram
for PHy(X), while Figure shows the barcode and persistence diagram for
PHy(X). We use (14, |5] for the computation and plotting.

We can analyse the persistent homology of a sample to deduces the topologi-
cal features of the underlying space. Longer lifetime intervals correspond to a
generator which has persisted over a larger range of scale and are hence likely
to indicate an actual topological feature of the underlying space. Conversely,
shorter lifetime intervals indicate that the corresponding generator has not per-
sisted very long and has likely only appeared as an artefact from sampling.

Example 5.3 (Continuing Example . As we can see in the barcode and the
persistence diagram of PH1(X) in Figure there are two lifetime intervals.
One is very short whereas the other is significantly longer. When looking at the
Vietoris-Rips complexes in Figure we see that the generator corresponding
to the shorter lifetime interval is only visible in the third complex. The genera-
tor has appeared due to the sampling and does not describe the topology of the
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Persistence diagram

0.800 -

0.600 -

0.400 -

R
Death
o e

0.200 4

o e

' '
Scale Parameter 0.000 4

I

(a) Barcode 00 02 04
Birth

0.‘5 0.‘3
(b) Persistence diagram

Figure 5.3: Barcode and persistence diagram for PHy.

Persistence diagram

Scale Parameter
041 T T T T T T T
(a) Barcode 04 06 08 10 12 14 16

Birth

LI}

(b) Persistence diagram

Figure 5.4: Barcode and persistence diagram for PH;.

annulus. On the other hand, the generator corresponding to the longer lifetime
interval is present in the fifth, sixth and seventh Vietoris-Rips complex. It ap-

peared due to the hole in the annulus and is describing a topological feature of
the under space.

5.2 Persistent Homology Dimension

In this section we establish the relation between PHy(X) a MST X. We use
this to generalise fractal dimension based on MSTs.

Proposition 5.1. There is a correspondence of bounded lifetime intervals in
PHy(X) and edges in a MST on X, where the length of a lifetime interval is
equal to the length of its corresponding edge.

Proof. Let us see how the Oth homology of the Vietoris-Rips complex changes as
we increase the scale parameter. It is enough to only consider 0 and 1-simplices
of VR(X,r). Note that the connected components of VR(X,r) are generators
of Ho(VR(X,r)) and that by increasing the scale parameter r, the number
of connected components in VR(X,r) cannot increase, so no new generators
can appear. For r = 0, the Vietoris-Rips complex VR(X,0) consists of only

29



the vertices in X. Each point in X is a generator of Hy(VR(X,0)) and has
birth scale 0. By increasing r, we start adding 1-simplices to the Vietoris-Rips
complex between two points x and y as soon as d(x,y) = r. Whenever such
a l-simplex connects two previously disconnected components, the number of
connected components decreases by one and a generator disappears with death
scale is equal to r. Its lifetime interval is [0, ] and has length r. The 1-simplices
which connects two previously disconnected components correspond exactly to
the edges one obtains by Kruskal’s algorithm (see Section 7 proving the
statement. O

This correspondence can be used to generalise fractal dimensions that are de-
fined via MSTs. There have been multiple different approaches to this, two of
which we are going to analyse here.

e In Section we follow the approach taken in [18]. We define a per-
sistent homology dimension for metric spaces which generalises a fractal
dimension that is based on MSTs on extremal subsets. This definition
has the advantage of being equal to the Minkowski dimension in case of
the Oth persistent homology (see Theorem [5.3]). The disadvantage of this
definition is that it is difficult to compute.

o In Section we follow the approach taken in [2]. We define a persis-
tent homology dimension for probability measures on metric spaces which
generalises a fractal dimension based on MSTs on random subsets. The
advantage of this definition is that it is easy to compute an estimate. As
of now, no relations of to other fractal dimensions has been proven.

5.2.1 Persistent Homology Dimension (via Extremal Sub-
sets)

The correspondence between the edges of a MST T'(A) on a finite subset A C X
and the bounded lifetime intervals in PHy(A) from Propositionlets us rewrite
E.(A) as

E,(A)= > (d-b)",

(b,d)ePHg(A)

where the sum is taken over all bounded lifetime intervals in PHo(A). We can
generalise this by looking at lifetime intervals in higher dimensional persistent
homology.

Definition 5.5. For a > 0 and k € N define
B = S (@d-be
(b,d)EPH (A)
where the sum is taken over all bounded lifetime intervals in PHy(A).

Using these newly defined quantities, we can also generalise the MST dimension
from Definition .8

Definition 5.6. For k € N, the k-dimensional persistent homology di-
mension is defined as

dimby (X) == inf{a > 0: 3C € R: VA C X finite: EF(A) < C}.
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Theorem 5.3. We have
dim®; (X) = dimpinge (X).

Proof. By the correspondence of bounded intervals in PHy(X) and edges in a
MST on X described in Proposition we have E,(A) = E2(A) and thus

dimPy (X) = dimygr(X).
With Theorem we find that
dim®;(X) = dimpinge (X).

O

5.2.2 Persistent Homology Dimension (via Random Sub-
sets)

Consider a probability measure ¢ on X and let X,, be a of n points from X
according to p. Denote by T(X,,) a MST on X,, and consider the total length

of the MST
LX) = 3 el
eeT(X,)

Steele has analysed the asymptotic behaviour of L(X,) in [19]. By the corre-
spondence between bounded intervals in PHg(X,,) and edges in T'(X,,) described
in Proposition [5.1] we can rewrite the total length of T'(X,,) as

L(Xn) = Z (d_b)v

(b,d)ePHo(X4,)

where the sum is taken over all bounded lifetime intervals in PHo(X,,). We can
generalise this quantity by looking at lifetime intervals in higher dimensional
persistent homology.

Definition 5.7. For k € N define

Li(X,) = > (d-b),
(bad)EPHk(Xn)

where the sum is taken over all bounded lifetime intervals in PH(X,,).

We can now analyse the asymptotic behaviour of Ly (X,,) as n — oo and define
another fractal dimension.

Definition 5.8. Denote by X,, C X an i.i.d. sample of n points from X ac-
cording to a probability measure p. The k-dimensional persistent homology
dimension of u is defined as

dimb (1) = inf {d >0:3C €R: lim P [Lk(Xn) < cn‘%l} - 1} .
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This definition allows us to approximate the k-dimensional persistent homology
fractal dimension:
Write d = dimpy (1) and o = “=. Almost surely, the asymptotic growth of
Ly (Xn) is

Li(X,) ~Cn®, asn— oo.

Taking the log yields
log(L(X5)) ~log(C) + alog(n), asn — oo.

To estimate d, we take a increasing sequence of sample sizes {n; };, and compute
the quantities Lg(X,,). We plot these vales on a log-log scale and look at the
asymptotic part, which looks like a straight line with slope a. We estimate «
and get an estimate for d by

1
d= .
11—«

Example 5.4. Let us estimate the persistent homology dimension for the uni-
form distribution p on the Sierpinski triangle S. As a first approzimation, let us
consider Ss from the construction of the Sierpinski triangle (see Example
instead of the Sierpinski triangle itself. We take uniformly distributed samples
of up to 10000 points from Ss. Figure[5.5 show the log-log plot of Lo for these
samples. The asymptotic slope is approximately

101 4

100 4

. . T . .
10° 10! 102 107 104

Figure 5.5: Lo(X,,) for samples from the Sierpinski triangle.

a ~ (0.3187.

Therefore we can an approzimate persistent homology dimension as

1
dimpg (p) ~ T 1.4679.
This is close to the Minkowski and Hausdorff dimension of the Sierpinski tri-
angle which is
log(3
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Chapter 6

Magnitude Dimension

In this chapter we present the notion of magnitude. We first define magnitude
for matrices and finite metric spaces following [11]. Then we define magnitude
for infinite metric spaces referring to [20], [15] and [16]. In Section we
give a continuity statement about magnitude which enables us to approximate
magnitude of infinite metric space. This is based on [12]. Finally, we define the
magnitude function which tells us how magnitude of a metric space changes as
we scale the space. By analysing the growth rate of the magnitude function, we
define another fractal dimension — the magnitude dimension. We show that for
compact subspace of R", the magnitude and Minkowski dimension agree (see

Theorem [6.4), referring to [16].

6.1 Magnitude

The aim of this section is to introduce magnitude. We first define magnitude
for matrices before using the associated similarity matrix to define magnitude
for finite metric spaces. For this part, we follow [11] closely. In Section we
extend this definition to infinite metric spaces, mainly following [20].

6.1.1 Magnitude of Matrices

Let k£ be a commutative semiring with unit 1 € £ and X be a non-empty, finite
set. Let Z € kX*X be a square matrix over k indexed by elements in X.

Definition 6.1. A column vector w € kX is called a weighting of Z if Zw = 1,
where 1 € kX denote the column vector with all 1s. A row vector v € k¥ is
called a coweighting of Z if vZ = 17T.

Remark 6.1. It is possible for a matriz to admit a weighting but not coweighting

or vice versa. For example
. 10 2X2
Z = (1 O) eR

- 0)

but Z does not admit a coweighting.

has a weighting

33



Definition 6.2. If Z € kX*X admits both a weighting w € kX and a coweight-
ing v € kX, then

Z w(z) = 1Tw =vZw =0l = Z v(x). (6.1)

reX zeX

In this case, we define the magnitude |Z| of Z to be this sum

|Z| = Z w(x) = Z v(x).

reX reX

By (6.1) the magnitude of a matrix is independent of the weighting and coweight-
ing. Hence, the magnitude of a matrix is well defined.

Proposition 6.1 (Lemma 1.1.4 in |11]). If Z is invertible, then there exists
a unique weighting and a unique coweighting. Hence, Z admits a magnitude
which is given by the sum of all entries of Z71,

21= 3z ().

z,yeX

Proof. The unique weighting and coweighting are given by w = Z '1 and
v = 1TZ~1 respectively. Therefore Z admits a magnitude which is given by

Z1=) w@)=Y (Z7' D)= Y Z ' (zy).

x€eX zeX z,yeX
O

Proposition 6.2 (Proposition 2.4.3 in [11]). If Z € RX*X s positive definite,
then Z admits a magnitude which is given by
2 2
(Lex ul@) (Esex ul@)

7| = =rea - 7 —
‘ | ueﬂz}(lr\){o} UTZU uegl)?d\}%{O} UTZ’U,

The supremum is attained exactly when u € RX \ {0} is a scalar multiple of the
unique weighting of Z.

Proof. Since Z is positive definite, Z is invertible. By Proposition [6.1] Z has a
unique weighting w := Z~!1 and admits a magnitude.

We have ) )
(Cecxu@) _ @) _ o
wT Zw T1Tw w=12].

Let us now show that for all u € RX \ {0}

(Cacx ul)” _ (Caex wlx)”

uT Zu - wT Zw

Since Z is positive definite,

RX x RY 5 R, (u, @) — vt Za
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defines an inner product on RX. We can rewrite

(Coex u@)” _ (Loexwl@)”
uTZu - wT Zw
(W™ Zw) (17u)* < (" Zu) (17w)?
(wTZw) (wTZu)2 < (uTZu) (wTZw)2
(wTZu)2 < (uTZu) (wTZw) .

IN

By the Cauchy-Schwarz inequality, this holds, and we have equality if and only
if u is a non-zero scalar multiple of w. O

6.1.2 Magnitude of Finite Metric Spaces

Let (X, d) denote a finite metric space for the remainder of this section.

Definition 6.3. The associated similarity matrix (ASM) Zx € R**X of
X is defined by

Zx(z,y) = e 4@),
A weighting or coweighting of Zx , is sometimes simply referred to as a weight-

ing or coweighting of X respectively.

Definition 6.4. If Zx admits a magnitude, that is, if X admits a weighting and
a coweighting, then we define the magnitude |X| of (X, d) to be the magnitude
|Zx| of Zx.

Remark 6.2. By the symmetry of the metric d, the ASM Zx is a symmetric
matriz. So if there exists a weighting w € RX, then w™ is a coweighting as

wTZx = (ZTw)T = (Zxw)T =17,

Similarly, if v € RX is a coweighting, then vT is a weighting.
Hence, admitting a weighting is a necessary and sufficient condition for finite
metric spaces to admit a magnitude.

Example 6.1. Let X be the metric space consisting of exacts two points at
distance d > 0. Then the ASM is given by

_ (1 e? 2x2
Zx = (e‘d 1 ) eR .

This matriz is invertible with inverse

020 et
-1 _ e2d —1 e2d—1
ZX = od o2d .
Te2d e2d—1

By Proposition[6.1], the magnitude of X is given by
e2d ed d
| X| :26201_1 7262‘1—1 1+tanh(2>.

There are metric spaces, whose ASM do not admit a weighting, and hence, the
metric space does not admit a magnitude.
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Example 6.2 (Example 2.2.7 in [11]). Consider the complete bipartite graph
X = K35 with shortest path metric scaled by log(v/2).

Its ASM is given by

1 1 1 V2 2
2 2 2 2
L 1 V2 V2
2 2 2 2
Ze= |4 4 1 & Zlem
V2 V2 V2 o 1
2 2 2 2
V2 v2 ¥2 1 g
2 2 2 2

A quick computation shows that Zx and the augmented matriz [Zx|1] have
different rank. Therefore X does not admit a weighting, and hence X does not
admit a magnitude.

6.1.3 Magnitude of Compact, Positive Definite Metric Spaces

In this section we extend the definition of magnitude to infinite metric spaces
via finite approximations.

Definition 6.5. A finite metric space (X,d) is called positive definite if its
ASM Zx is positive definite. An infinite metric space (X,d) is called positive
definite if every finite subspace is positive definite. We abbreviate ‘positive
definite metric space’ by PDMS.

Remark 6.3. Since a principal submatriz of a positive definite matriz is also
positive definite, every subspace of a PDMS is also positive definite.

Proposition 6.3. If (X,d) is a finite PDMS, then X admits a magnitude given
by
2 2
weRX\ {0} utZxu weRX\ {0} utZxu
The supremum is attained exactly when u € RX \ {0} is a scalar multiple of the
unique weighting of X .

Proof. This is an immediate consequence of Proposition O

Definition 6.6. We define the magnitude | X| of a compact PDMS (X, d) to
be

|X| == sup{|X'|: X' C X finite} € [0,0].
Remark 6.4. Since X is positively definite, every finite subspace X' C X is so
too, by definition. Hence, by Proposition[6.3, X' admits a magnitude, so |X| is
well-defined. As a consequence of Remark[6.3] and the following Proposition[6.4]

Definitions [6.4] and coincide on finite PDMS. So there is mo conflict in
terminology.

36



Proposition 6.4 (Corollary 2.4.4 in [11]). Suppose (X,d) is a finite PDMS and
X' C X, then | X'| < |X].

Proof. For ' € RX"\ {0} define u € RX by

/ 'f X/
() = u'(x), ifze X,
0, else.

Since u’ # 0, also u # 0 and furthermore

(Cpex @)’ (Zpex (@)

uTZxu wWTZ !

and so the claim follows from Proposition [6.3 O

6.1.4 Magnitude via Measures

In this section we choose another approach to extend the definition of magni-
tude to infinite spaces. We introduce weight measures to extend the definition
of weights following [20] and [16]. We refer the reader to [17] for a detailed
treatment of measure theory.

Definition 6.7. Denote by M(X) the space of finite signed Borel measures
on X and by M, (X) the space of finite non-negative Borel measures on
X. The support of a non-negative measure p € My (X) is given by

supp(p) = {a € X: Ve > 0: u(B(a,e)) > 0)}.

Using the Hahn decomposition theorem, any signed measure p € M(X) can be
written as p = pt — p~ with pt,u~ € M, (X). The support of p is then

defined as
supp(p) = supp(ut) Usupp(p™).

Define by FM(X) the space of finitely supported, finite signed measures
on X.

Definition 6.8. We define a symmetric bilinear form (-,-yw on FM(X) by

(v = /X /X e~ 1) du(y) dp(a).

Lemma 6.1. If (X,d) is « PDMS, then (-,-yw is an inner product on FM(X).

Proof. Let p € FM(X) \ {0}. Denote by B C X the finite support of u. Since
X is positive definite, the ASM of B is positive definite. Denote by u € RB\ {0}
the vector given by w(z) := p({z}). Therefore

(1, 1) = /X /X e ") dp(y) dp(x)
SN e u{yhp{a})

reByeB
_.T
=u Zpu > 0.
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Definition 6.9. Denote by W(X) the completion of FM(X) with respect to
(-, Yw. We call W(X) the weighting space of X.

Suppose from now on that (X, d) is compact.

Definition 6.10. A weight measure on (X,d) is a measure y € W(X) such
that for all x € X

/ e 1) du(y) = 1.

X

Remark 6.5. If X is finite, then X admits a weight measure p € W(X) if and
only if it admits a weighting w € RX as in Deﬁnition where the correspon-

dence is given by p({z}) = w(z) for alz € X.
Indeed, if X is finite, for all x € X we have

/ e~ 4@EY) qp(y) = Z e 4@ y(y) = Z Zx (z,y)w(y).
X yeX yeX

Definition 6.11. If X admits a weight measure p € W(X), we define the
magnitude |X| of X to be
X = p(X).

If X does not admit a weight measure, we set | X| := oo.

Remark 6.6. The magnitude defined in Definition is independent of the
weight measure.
Indeed, if p,v € W(X) are two weight measures on X, by Fubini we find

Example 6.3 (Theorem 2 in [20]). Let a,b € R with a < b and let us compute
the magnitude of the compact interval [a,b] C R.

Claim 6.1. A weight measure on [a,b] is given by

1
H = 5(&1 + 6b + )\)a

where § and A denote the Dirac and Lebesque measure respectively.
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Proof of Claim. For all x € [a,b] we have

b b
2 /[ < anty) = [ et s [ et asw)

a

b
+ [ et )

_ mdlza) | ()

x b
+ / e~ Uzy) d\(y) + / e~ d(@v) dA(y)
* T ’ b
— %% 4 et / e’ d\(y) + / e Y dA(y)

T b
— €
a

— 0T + exfb _|_ey71: T—y

x

— 0% + exfb + e T _ o0t _ e:vfb + et %

Therefore, the magnitude of [a,b] is given by
b—a
5

Remark 6.7. Fubini implies that if X and Y admit weight measures p* and
wY, then ™ x p¥ is a weight measure an X x 'Y with metric

dXXY((xvy)v (xlvy/)) = dX(xvxl) + dy(yvy/)'
Therefore, the magnitude of X XY is given by
X x Y| =I[X]-|Y].

o8] = p(la, 8) = 5 (5l ) + A, ) + ([, B) = 1+

Example 6.4. By Remark[6.7 and Ezample [6.3] the magnitude of a rectangle
[a,b] X [c,d] with Manhattan metric

d((z,y), (2", y") = ll" —=| + Iy’ — yl|

is given by

b—a d—c
el = o] lfel] = (14 252 ) - (14455,
Proposition 6.5 (Theorem 3.4 in [16]). Let (X,d) be a compact PDMS. Then

1(X)?
14l
Proof. Denote the supremum in Proposition by

|X=sup{ :ueFM(X),,u;AO}.

= su X 00
K= p{ T u € FM(X), ,u;é()} € [0, ).

Let us first prove that if X admits a weight measure, then x < co. Then we
prove that if x < co, then X admits a weight measure and |X| = k. Together,
this proves the statement.
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e Suppose first that X admits a weight measure p € W(X). Then, for all
v € FM(X) we find

V(X) = /1du // 19 dp(a) du(y) = (v, p).

By the Cauchy-Schwarz inequality we find that

v(X)? = (v, 1) < [VIRv Il

Therefore
v(X)?

V1R

< lulify = 1X1.

e Now suppose that

K= sup{MLXQ)Z:uGFM(X), u;éO} < 00

1l

The linear functional p — p(X) on (FM(X), ||||w) is bounded with norm

|- — (X)) = Sup{”l/r/E'XV\)]' s p € FM(X), u # 0} = k.

We can extend this bounded linear functional on (W, ||-|[w) with norm
V/k. By Riesz representation theorem, there exists v € W(X) such that

[vllw = v/k and
Vi € FM(X): p(X) = (u,v)w

Therefore, for all x € X

[t v = [ [ e a5, @) dvly) = 6 = 6(6) = 1.

Hence v € W(X) is a weighting of X and |X| = .
O

Corollary 6.1. Suppose that (X,d) is a compact PDMS and X' C X, then
X' < [X].

Proof. Every measure y € FM(X') induces a measure v € FM(X) by restriction.
Hence, the statement follows from Proposition O

6.2 Continuity of Magnitude

We aim to estimate the magnitude of infinite metric spaces by computing the
magnitude of finite metric spaces that closely resemble the infinite ones. For
this to work, it is crucial that the magnitudes of two similar metric spaces —
meaning two metric spaces with small Gromov-Hausdorff distance — are similar.

We follow [12] for this.
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Theorem 6.1 (Proposition 3.1. in [12]). The function
{X: non-empty, compact PDMS} — [0, 0], X — |X]|,

which assigns to each non-empty, compact PDMS its magnitude, is lower semi-
continuous with respect to the Gromov-Hausdorff metric.

Let us prove the following two lemmas in preparation.

Lemma 6.2. Let A’ and B’ be two finite, non-empty, compact PDMSs that
satisfy dgu(A’,B') < 8. Then

|B| > |A'] - 6]|w|[3s,
where w € RA" denotes the unique weighting of A’.

Proof. Since dgr(A’, B') < §, there exists a metric space (X, dX) and isometric
embeddings ¢: A’ — X, ¢: B’ — X such that

A (p(A'),(B")) < dau(A', B') + 6 < 26.
Therefore,

sup inf d* (p(a), (b)) = sup d* (p(a),¥(B")) < di (p(A),(B")) < 24.
ac A’ bE acA’

Hence, for all a € A’, there exists f(a) € B’ such that
d* (p(a),(f(a))) < 34.
It follows that for all a,a’ € A’
4% (a,a') = &7 (f(a), f(a")]| = [[d¥ (w(a), p(a’)) = d¥ (B(F (@), ¥(f(@)]

< d*(p(a), ¥ (f(a)) + ¥ (p(a), ¢(f(a')))
< 36 4+ 36 = 66.

Let now w € R4’ be the unique weighting of A’. Define Zyan € RA™ <A py

Zpan(a,a’) = e~ 1" (@)

and u € RP’ by

u(b) = w(a)
acf~t({b})
Then
> u®) =" wla).
beB’ agA’

Furthermore, if Zz € RB"*B" denotes the ASM of B, then
uZpu= " u(b)Zp (bt )u(d)

bb EB’

=2 | 2 w@|Zp@) w(a’)
bb’eB’ \acf~1({b}) a’€f~1({0'})

- Z w(a)Zpan(a,a)w(a")

a,a’ €A’

:wTZf(A/)w.
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Therefore we find that

[u'Zpu—w' Zaw|| = |w" (Zpary — Za) w||
< > wla)(Zyay(a,a') = Za)(a,a yw(d)|
a,a’ €A’
<N Zpany = Zalle Y lw(a)w(a)|
a,a’ €A’
2
=1Zary = Zarlls (Z ||w(a)|>
acA’
=125y = Zallosw]T.
We have
1Zsar) = Zarllo = sup_ le=@” @S _ =d™ (')
a,a’ €A’
< sup [[d7(f(a), f(a')) = d*'(a,a)|| < 60.
a,a’ €A’

Therefore, by Proposition

(Boem u®)”  (Cacaw@) 1 s

B'| >
Bl = wWIZpu T wTZyw+ 65||wl?

O

Lemma 6.3. Let A’ and B be two non-empty, compact PDMSs where A’ is
finite such that they satisfy dgu(A’, B) < 6. Then there exists a finite subspace
B’ C B such that dgu(A’, B') < 24.

Proof. Since dgu(A’, B) < 6, there exists a metric space (X, dX) and isometric
embeddings ¢: A’ — X, ¢: B — X such that

A (p(A"),%(B)) < dau(A', B) +§ < 26.

In particular, we have

max d* (p(a), ¥(B)) < 26.

For all a € A’ let b, € B be such that d¥(¢(a),1(b,)) < 26. Set
B :={b,eB:ac A'}.
Then B’ is finite and satisfies dgu(A’, B') < 20. O

Proof. Let X be a non-empty, compact PDMS and let us show that the mag-
nitude function is lower semi-continuous at X. We consider the cases |X| < oo
and |X| = oo separately.

e Suppose first that | X| < oo:
Let € > 0. Then there exists a finite subspace X’ C X such that

X > | X| - =
2
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Denote by w € R " the unique weighting of X’ and set

9
=——s>0
24w}

Let Y be a non-empty, compact PDMS with
deu(X,Y) <.

By Lemma there exists a finite Y/ C Y such that dgu(X’,Y’) < 24.
By Lemma we have

€
Y > X' 128w = |X'| - 5.
Then we find that
YIZ Y] 21X -2 2 1X] -,

proving that magnitude function is lower semi-continuous at X.

e Now suppose that |X| = oo:
Let K > 0. There exists a finite subspace X’ C X such that dgu (X, X') < §
and
| X'| > K + 1.

Denote by w € R¥ " the unique weighting of X’ and set

6= L >0
- 24wl

Let Y be a non-empty, compact PDMS with
dcu (X, Y) < 0.

Then dgu(X’,Y) < 2§ and hence, by Lemma there exists a finite
Y’ CY such that dgu(X’,Y’) < 46. By Lemma [6.2] we have

Y] 2 Y| > [X'] - 24]|w]f} = K,
proving that magnitude function is lower semi-continuous at X.

O

Theorem 6.2. Let (X,d) be a non-empty, compact PDMS and let {Xj}ren
be a sequence of nom-empty, compact metric subspaces X C X such that

Xp, 2220 X in the Gromov-Hausdorff topology, that is,

lim dGH(Xk,X) =0.
k— o0

Then the magnitudes | Xg| converge to the magnitude | X|, that is,

IX| = lim | X].
k—o0
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Proof. For all k € N, we have X, C X and hence |X}| < |X|. Therefore

lim sup| X | < | X]|.

k—o0
By Theorem the magnitude function is lower semi-continuous and hence
lim inf| X | > | X].
k—o0
Hence we can conclude
lim | X% | = |X].
k—o0
O

This means that we can compute the magnitude of a finite sample to estimate
the magnitude of the underlying space.

6.3 Magnitude Dimension

After introducing magnitude for metric spaces and proving some properties, we
now focus on the magnitude function which describes how the magnitude of a
metric space changes as we scale the space. This leads to the definition of the
magnitude dimension as the growth rate of the magnitude function. We also
relate the magnitude dimension to the Minkowski dimension and prove that
they agree for compact subsets of R™. For this, we follow [16] closely.

For the remainder of this section, let (X, d) be a compact metric space.

Definition 6.12. The maximum diversity |X|, of X is defined as

n(X)?
(s

| X+ isup{ :u€M+(X),u7é0}-

Proposition 6.6. We have

—1
Xh= s ([ [ et ana)
HEP(X) XJX

where P(X) denotes the space of Borel probability measures on X .
Proof. For any A > 0 and p € M (X) we have

(Au(X)? _ p(X)
el Tl

Therefore, we can simply restrict the supremum in Definition to all mea-
sures pu € My (X)) with total measure u(X) = 1, which is exactly P(X). O

Definition 6.13. Fort > 0 denote by tX the metric space X scaled by t, that
18, tX has the same points as X and the distance in tX 1is given by

Vo, y € X:dX (z,y) =t-d¥(x,y).

We call X stably positive definite, if tX is positive definite for all t > 0.
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If X is stably positive definite, then the magnitude [tX| exists for every scale
t > 0, and we can define the magnitude function.

Definition 6.14. Suppose (X,d) is stably positive definite. The magnitude
function on X s
(0,00) = [0,00], t — [tX].

Definition 6.15. The instantaneous magnitude dimension of X at some
scale s > 0 is defined as the growth rate of the magnitude function at s

e dlog(|tX]) ¢t dtx]|
d inst X — — — .
Minag (X 8) = =000 lime = X at lems

mag

This is precisely the slope of the magnitude function over the scale parame-
ter when viewed in a log-log plot. The instantaneous magnitude dimension

dimiEZ;(X ,8) tells us the ‘dimension’ of X when viewed at scale s.

Example 6.5. Consider the very long and thin rectangle
R =10, 2] x [0,200000]
with Manhattan metric
d((z,y), (=",y) = 2" — || + [ly" =yl

The rectangle can appear as 0-, 1- or 2-dimenstonal depending on the scale it
which it is viewed. This is nicely depicted in Figure By Ezample the

(a) Small scale. (b) Medium scale. (c) Large scale.

Figure 6.1: A long, thin rectangle at different scales.

magnitude function of R is given by

2t 200000t

Figure shows the magnitude function in a log-log plot. The instantaneous
magnitude dimension of R is plotted in Figure[6.3 We can see that the long,
thin rectangle has instantaneous magnitude dimension 0 at small scale, 1 at
medium scale and 2 at large scale.

If we do not know the magnitude of an infinite metric space, we may approxi-
mate its magnitude via a finite subspace. We can then compute the instanta-
neous magnitude dimension of the finite approximation as an estimate for the
dimension of the infinite space.

Example 6.6. Denote by X the space of 10000 points from S5 depicted in
Figure as an approximation of the Sierpinski triangle. Denote by Zyx €
RX*X the ASM of tX. For each scale t we find a weighting w' of tX by solving
the linear system Z;x-w' = 1 and compute the magnitude [t X|. Figure shows
the magnitude function of X in a log-log plot. The instantaneous magnitude
dimension of X is plotted in Figure[6.6, We see that at low scale, X looks like
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Figure 6.2: Magnitude function of a long, thin rectangle.

Figure 6.3: Instantaneous magnitude dimension of a long, thin rectangle.

a single point and hence has an instantaneous magnitude dimension close to 0.
At medium scale, X looks very close to the Sierpinski triangle and reaches its
mazimum instantaneous magnitude dimension of approximately 1.5396. This is
very close to the Minkowski dimension of the Sierpinski triangle

_ log(3)
log(2)

When viewed at larges scale (see Figure the individual points of X become
visible and its instantaneous magnitude dimension decreases to 0.

dimyp ik (S) ~ 1.5850.

The magnitude dimension is defied as the asymptotic growth rate of the mag-
nitude function.

Definition 6.16. Let (X, d) be stably positive definite. The lower magnitude
dimension of X is

1 X
dim_ . (X) = liminf w
& t—oo  log(t)
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Figure 6.4: 10000 points from Ss.

A2

HL

104 4

]_03 4

102 4

10! 4

].OD 4

T T T T T T T
1073 1072 1071 10" 10! 102 10% 104 10°

Figure 6.5: Magnitude function.

and the upper magnitude dimension of X is

e , log ([t X1)
dimpae (X) == limsup ————~—=
g( ) t—>oop log(t)
If dim, ., (X) = dimyag(X), the magnitude dimension of X ezists and is

log([tX1)

dlmmag (X) = t-}II;o log(t)

Definition 6.17. The lower and upper diversity dimension of X are de-
fined analogously with the mazimum diversity [tX |y instead of the magnitude
[tX]:

| o log(EX]) o log(X])
dimg;, (X) = htrgloglf Tlog(h) dimg;y (X) = h?lilip “loglt)
If dimg;, (X) = dimgiy (X), the diversity dimension exists and is
1 X
dimdiv(X) = lim w
t—oo  log(t)
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== log(3)/log(2)

Figure 6.6: Instantaneous magnitude dimension.
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Figure 6.7: Part of X at large scale.

Remark 6.8. We have
X]4 < |X]

and so if (X,d) is stably positive definite, then

@div(x) < dim, X)7 di7rndiv<)() Smmag(X)-

mag(

Remark 6.9 (Corollary 6.2 in [16]). For all n € N there exists K, € R such
that
VX CR" compact: | X| < Kp| X|4.

We refer to [16] for a proof involving results from potential theory from [1].

Theorem 6.3 (Theorem 7.1 in |16]). For all compact metric spaces (X, d) we
have that

dim g, (X) = dim,, (X)), ﬁdiv(X) = mmink(X)-
Hence dimg;y(X) is defined if and only if dimpink(X) is defined, and in that

case
dimdiv(X) = dimmink(X) .
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Proof. Let us first prove that
di7Indiv(‘)() < dlmmlnk(X)7 ﬁdiV(X) S ﬁmink(X)-

Let € > 0,t >0 and p € P(X). For all z € X we find

/ e M@V dp(y) > / e~ e dp(y)
X B(z,e)

> / e "“du(y)
B(z,e)
= e “u(B(xz,¢)).

Therefore, by applying Jensen’s inequality, we find that

(/X /X e—td(z,y)du(y)d“(x)> : = </X e_tEN(B(a,e))dM(x)>_l

< /X (e~ u(B(a,2)) " dp(a)

te 1 T
< [ e

Denote by N := N(X, £) the (§)-covering number of X and let {zy,...,zxy} C X
such that we can Wr1te

Therefore

Putting everything together, we find that

Xt = s ([ [ e nauan)
HEP(X)

Suéﬁ&e/ PRI

€)

3 te

< sup Ne'¢ (X,f) .
HEP(X) 2

-1
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If we set ¢ = %, we get

log([tX|+) < log (N (X, g) eta) < log (N (X7 %)) .

Therefore we can conclude

log(|tX log(N (X, 3
dimg;, (X) = lim inf log(ItX1+) < liminf M =dim_; . (X)
t—00 log(t) e—0+ log(g))
and analogously
. 1 X log(N(X,5) ——
dimgiy (X) = lim sup log([tX1) < lim sup %22) = dimpink (X).
t—o0 log(t) e—0+ IOg(g))

Let us now prove that
dim i (X) < dimg; (X),  dimuink(X) < dimgiv (X).
Let ¢ > 0 and t > 0. Denote by M = M(X,¢e) the e-packing number of X

and let {xy,...,zp} C X such that {B(z;,e)}}., are disjoint. Consider the
measure

1 M
= MZ% € P(X).

j=1

Since {B(mj,s)}j]\il are disjoint, every z € X can be in at most one such ball.
Therefore

M
7tdxy)d d(z,z;) <
w(y <

J; e

Hence we find that

DN <<> (L], @t“””d“wd”@))_l)l
- dnf / / ) dy () dv ()

< /X /X e~ 1) dp(y)dpu()

< / L e du(a)

aB ()

(14 (M —-1)e ") < % ot

Sia

_ ]' + efte
T M(X,e) ’

te _

, then e™"¢ = and hence

Ifwesetaz%

1
2|tX|+

M(X,e) < 2|tX|;.
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Therefore
log(M(X,e)) _ log(2[tX]y) _ log(|tX]+) log(t)
log(1) = log(3) log(t) log(1) = log(1)

If dimg;, (X) = oo, then dimg;, (X) = oo and so

dim i (X) < dimg;, (X),  dimpink(X) < dimaiv (X)
hold trivially. So we may assume that dimg,(X) < oco. This implies that
t—o0

g(t) —— 0. Indeed if €(¢) > ¢ for some constant ¢ > 0, then log(2[tX|y) > ct
which leads to the contradiction

1 tX
L Tos(2liX]) —log(2)
t—o0 log(t)
> lim inf Log(?) = 0
t=oo log(t)

Therefore, we find that

Furthermore we have

t
log (1) B log (log(2|tX|+)) _ log(t) — log(log(2(tX|y)) 1_log(log(2|tX|+))

log(t) log(t) log(t) log(t)
We find that
log(log(2[tX|) _ log(log(2[tX],) —log(log(t))  log(log(t))
log(t) log(t) log(t)
log(2[tX 1)
_ w +0o(1) ast— oo
a log(t) '

Therefore, under the assumption K = dimg;, (X) < oo, we find that

lim inf 08U0BCIEX ) _ 1y plostE)
t—00 ]og(t) t—oo  log(t)

Hence we can conclude
log(M (X
di7rnmink()() = lim inf M
e—0t log(g)
<t ing 28UX 1) los(t) | loa(2)
t—oo log(t) log(f) log(1)
lim i f%

<
<tpmint =
= dimg;, (X).

o1



Analogously, under the assumption K’ := dimg;y (X ) < 0o, we find that

log(log(2|tX log(K'
o sup EQOERIX L) L log(KY)
t—00 log(t) t—oo  log(t)

Hence we can conclude

dim log(M (X
dimpink (X) = lim sup M
e—0t log(g)

g (LX) log(t) | log(2)
T iee log(t)  log(l)  log(2)
log (|t X
Shmsupw
t—o0 log(t)
= dimg; (X).

O

Corollary 6.2. Let (X,d) be a compact stably positive definite metric space.
Then dim, ;. (X) < dimy;,., (X) and dimping(X) < dimpag (X).

Proof. This follows immediately from Theorem [6.9] and Remark O
Theorem 6.4. Let X C R" be compact. Then

diﬁmag (X) = diﬁmink (X)7 ﬁmag(X) = ﬁmink(X)‘

Hence dimpyag(X) is defined if and only if dimmink(X) is defined, and in that
case
dimmag (X) = dimmink (X)

Proof. Let X C R"™ be compact. By Remark [6.8] and Remark [6.9] we find

[6X]5 < [EX] < RaltX]s

Therefore
log(|tX]y) _ log(|tX]) _ log(rn) +log(|tX]y) _ log(rn)  log([tX]4)
log(t) = log(t) ~ log(t) log(t) log(t)

Letting t — oo we find

di7Indiv (X) S dim (X) S @div (X)7

==mag

and

mdiv (X) S mmag(X) S iIndiv (X)7

proving equality. O
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6.4 Spread Dimension

In this section we briefly touch on spread, another measurement of size similar
to the magnitude, but in some ways better behaved and easier to compute. We
define spread for finite metric spaces and analyse how it changes as we scale the
space. This leads to the definition of the instantaneous spread dimension. We
refer to [21] for more details on the matter.

Let (X, d) denote a finite metric space.

Definition 6.18. The spread of (X, d) is defined as

1

Fo (X) = ZyeX Zx (m7 y) '

rzeX
where Zx denotes the ASM of X.

Example 6.7. Consider the space X from Ezxample 2 points at distance
d > 0. The spread of X is given by

2

BoX) ==

Similar to the magnitude function, we can study how the spread of a metric
space changes with scaling.

Definition 6.19. The spread function on X is
(0,00) = [0,00], t — Ep(tX).

Similar to the instantaneous magnitude dimension, we can study the growth
rate of the spread function.

Definition 6.20. The instantaneous spread dimension of X as some scale
s>01s
; dlog(FEy(tX t  dE(tX
dimmst (X, S) — Og( 0( )) ‘ _ 0( ) )
dlog(t) t=s FEo(tX) dt li=s

spread

Since the formula for spread is in a closed form, we can simply compute the
derivative. For z,y € X we have

d d
SZix(@yy) = = (7O = —d(@,y)e 1D = ~d(n,y) Zux (@, y).

dEy(tX)  d 1
dt dt (;{ ZyEX ZtX(a:,y)>

% (Zyex th(x,y))

zeX (ZyEX ZtX(as,y)>2

_ Z D yex d(xay)ZtX(x,y)'
zeX (ZyGX th(x,y))Q

Therefore
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Hence the instantaneous spread dimension is given by

. _inst S ZyeX d(.%', y)ZSX (il?, y)
dlmspread (X7 S) - E()(SX) D)
zeX (ZyEX ZSX (:67 y))

Example 6.8. Let us compute the instantaneous spread dimension for an ap-
proximation of the Sierpinski triangle. Denote by X the same 10000 points on
S5 as in Ezample [6.6] Figures and [6.9 show the spread function on X in
a log-log plot and the instantaneous spread dimension of X respectively. At

103 4

10" 4

1073 1072 1071 10° 10! 10? 10% 10* 10%

Figure 6.8: Spread function.

-+ log(3)/log(2)

m"3 10"2 10I’1 1:;” 161 16? 1:;3 164 1&-5
Figure 6.9: Instantaneous spread dimension.

medium scale, where X looks very similar to the Sierpinski triangle, the instan-
taneous spread dimension reaches is maximum of approximately 1.5557.



Chapter 7

Experiments

In this chapter we estimate the persistent homology and magnitude dimension of
several fractals and compare them to the Minkowski and Hausdorff dimension.
The python code used for all the computations is available on GitHub [10].

7.1 Cantor Dust

Construction

The Cantor dust D can be constructed as follows: Start with a square Dy.
Now subdivide the square into nine equal squares that have side length % of the
original square. Remove all except the four squares in the corners. Continue
this process iteratively for each of the remaining squares. The Cantor dust D
consists exactly of the points that remain after continuing this process infinitely,
that is,

Figure [7.1] shows the first six sets Do, ..., D5 in the construction.

Hausdorff Dimension

Let us compute the Hausdorff dimension of the Cantor dust using Theorem [£.1]
Consider D as subset of [0, 1]? so that the maps

f1s fo, f3, fa = 10,1 = [0,1]?

given by
filw,y) = %(axy),
falw,y) = 5(09) + 501,0),
folw,y) = 5(09) + 50.1),
fale,) = 5(e) + 5(1,1),



(d) Ds (e) Dy

Figure 7.1: Construction of the Cantor dust.

are contracting similarities with ratios ci,cs,c3,c4 = % They satisfy open set
condition for (0,1)% as

2 2
o7< (o) 0] (51) < ()]0 [(02) < (3)] 2 (3)
= 51((0,1)%) LU S2((0,1)%) L S3((0,1)%) LU S4((0,1)?).
The Cantor dust is the attractor
D = 51(D) U S2(D) U S5(D) U S4(D).
By Theorem the Hausdorff dimension s = dimg(D) is given by

) +G)+G) () -

dimpink (D) = dimy (D) = ~ 1.2619.

Solving for s yields

Persistent Homology Dimension

Let us estimate the persistent homology dimension of the uniform distribution p
on the Cantor dust. We approximate the Cantor dust by taking a uniform sam-
ple of up to 10000 points from Dj in the construction above. Figure shows
the log-log plot of Ly for the samples. The asymptotic slope is approximately

a ~ 0.1903,

which leads to an approximate persistent homology dimension of

1
dimpy (p) ~ T o ~ 1.2350.
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6x10°

4x10°
3x10°

Figure 7.2: Ly for samples of the Cantor dust.

Magnitude Dimension

To estimate the magnitude dimension of the Cantor dust, we approximate D
by a finite set X of 10000 points as depicted in Figure Figures and

Figure 7.3: 10000 points from the Cantor dust.

shows the magnitude function and instantaneous magnitude dimension for
X. At medium scale, where X looks similar to the Cantor dust, it reaches its
Maximum instantaneous magnitude dimension of approximately

dimypag (D) ~ 1.2573.

7.2 Sierpinski Triangle

We showed the construction of the Sierpinski triangle S in Example In
Example[5.4] we approximated the persistent homology dimension of the uniform
distribution ¢ on S and found

dimpg (p) =~ 1.4679.
We approximated the magnitude dimension of S in Example

dimyag (S) ~ 1.5396.
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-=- log(4)/log(3)

(b) Instantaneous magnitude dimension.
(a) Magnitude function.

Figure 7.4: Magnitude function and instantaneous magnitude dimension.

Hausdorff Dimension

The three maps that Send the Sy to any one of the triangles in S; are contracting
similarities with ratlo (see Figure . The open set condition is satisfied for

A L

Figure 7.5: Sy and S from the construction of the Sierpinski triangle.

the interior of Sy and so by Theorem the Hausdorff dimension s := dimg(S)

is given by
1 S
3-{=) =1

Solving for s yields

7.3 Koch Snowflake

We covered the construction of the Koch curve and Koch snowflake in Exam-
ple Since the Koch snowflake is made up of three copies of the Koch curve,
they have equal dimensions.
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Hausdorff Dimension

The four maps which send K§ to any one of the line segments in K¢ are
contracting similarities with ratio  (see Figure [7.6). The open set condition is

(a) K¢ (b) KT’
Figure 7.6: K§ and K{ from the construction of the Koch curve.

satisfied for the interior of K§ and so by Theorem the Hausdorff dimension
s = dimg(K©) is given by

Solving for s yields
log(4
dimmink (KC) = dimy (K€) = Og(i ~ 1.2619.

Persistent Homology Dimension

In order to estimate the persistent homology dimension of the uniform distri-
bution u on the Koch curve, we samples of up to 10000 points from KSC as an
approximation. Figure [7.7] show the log-log plot of Ly for these samples. The

4x100
3x10°

2x100

10! 10? 10° 104

Figure 7.7: Ly for samples of the Koch curve.

asymptotic slope is approximately
a ~ 0.0803.
This yields an approximate persistent homology dimension of

dim{y; (1) ~ 1.0873.
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Magnitude Dimension

Consider 10000 points on K as an approximation of the Koch curve K¢. Fig-
ure shows the magnitude function in a log-log plot. The instantaneous
magnitude dimension in depicted in Figure [7.8D] The maximum instantaneous

0.8

064 -==* log(4)iog(3)

100 0.4

100 0.2

0.0

(a,) Magnitude function, 1073 1072 107! 10° 10! 102 103 104 10°

(b) Instantaneous magnitude dimension.

Figure 7.8: Magnitude function and instantaneous magnitude dimension.

magnitude dimension is approximately

dimypag (KY) = 1.2348.
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