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Introduction



Finite Dimension

f(x,y)=14+x>—y?> f(0,00=1  V£(0,0)=0

2 0
V2f(0,0) = ( . )

R? = EQE, — Morse Index =1



z=f(a,y)=1+a%-y?

V£(0,0)=0

E_,

T F0,0) -1

R=E,®FE_»

Morse Index (0,0) =1

Figure 1: Non-zero Morse Index Critical Point



How to characterize variationally the critical point
(0,0) ?

{(x,y); f(x,y) <0} has 2 connected components :
Qi :={(x,y); f(x,y) <0 +y=>0}
The notion of admissible families
A= {ye C([-1,1,R?) ; v(+1) € Qi}
For any homeomorphism W of R? s. t.
V(x,y)=(x,y) for f(x,y)<0

we have

W(A) = A
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Figure 2: The admissible Family

Ey

DA



How to characterize variationally the critical point
(0,0) ?

{(x,y); f(x,y) <0} has 2 connected components :
Qr ={(xy); flx,y) <0 £y >0}
The notion of admissible families
A= {ye CO(-1,1],R?) ; y(£1) € Qu}
For any homeomorphism W of R? s. t.
V(x,y)=(x,y) for f(x,y)<0

we have

VA=A
Observe
yeA < [y] generates Hi(R%,Q  UQ_,Z) =Z

Homological family of dimension 1.



The width and the pull tight minmax operation.
Width = inf f =1 h int tsy =0
i inf, srg[gﬁ] (7(s)) (each v € A intersects y = 0)
The gradient field
X(x,y) .= — max{f(x,y),0} Vf

the gradient flow

Ot () = X(®4(x.))
(DO(X)y) = (va)

P (A)=A
The pull tight operation :



Broq

Figure 3: The pull Tight operation
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The realization of the Width by a critical point.
Assume

Jde>0, 6 >0s.t.

l1-e<f(x,y)<l4+e = |Vfl(x,y)>0
Then
3T >0 s. t. Or(f Y (—00,1+4¢€))C F((—o0,1—¢€))
contradiction. Hence
Ve V6>0 I(x,y)ef Y(1-e1+¢)) and |VF|(x,y)<$é

and
|V£|71([0,1]) is compact.



Figure 4: Pull tight going nowhere!



higher dimension : the admissible family

In R
m n
fla - Xmy1---yn) =1 +ZX;2 —Zyjz
i=1 j=1

Let Q := f~1((—o00,0]). Long exact sequence of homology

Ho(Q) 5 Ha@®™) 55 Hy®R™7 Q) 4 H,1(Q) —0---
I I I
Ha(S"1)=0 0 Hn—1(S"1)=2
The Admissible Family

A= {y e COX,R™™); X poly. chain 7(X) # 0in H,(R™"",Q)}



f(@oyry2) =1+a2° -yf 43

Y2

+(w)

Figure 5: Admissible Family in higher dimension



The Width

Poincaré duality —

VyeAd yN{y=0}#£0

Hence

Width = mi f(v(t) > 1
i min max (v(t)) =



The Width

Poincaré duality —

VyeAd ~An{y=0}#£0
In fact

Width = mi F(y(t)) =1

i min max (2(t))

The width is achieved by a critical point of Morse index = n



imensions

Examples of Minmax Problems in oo d




Example 1 : The Origin of Minmax,

The Search of Closed Geodesics

Birkhoff Curve Shortening Process



The Equation of Geodesics
N" closed sub-manifold of R™. u: Sl — N”

du
L(u) := —| df .
(u) /51 do
Consider us and w := Jsul|s—o
d Ous Ogu Opu
— dé = [ 0s0pu- —— df = | Ogw - —— db
ds St 00 s—0 ! ou \89u\ ! ow |89u]
In normal parametrization (i.e. |Opu| = Cte), it gives
Vwe T,N" Ogw - Opudfd =0 <= P] (0pu) =0
s1
= Vou=0 <= —9hu+dp(Pl)opu=0
. . . dul?
<= wuis a critical point of E(u):= —| df
i |do




The Search of Closed Geodesics : m1(N") #0 .

Theorem [Hadamard 1898, Poincaré 1905, Cartan 1927]
Assume m1(N"™) # 0 and let o € w1(N"™) with o« # 0 then « is
realized by a closed geodesic. O



u(sh

Figure 6: The search of closed geodesics: m (N™) # 0



Proof.

One minimizes
2
ou

—| df
00

E(u) == /5

[%(u) < 27 E(u)

Observe

with equality iff |Opu| =Cte. Recall
W1,2(51) s C0,1/2(51)
It comes from

& u
o) —u@) < [ |5

do < |0 —0'|*? E(u)'/?

Arzela Ascoli —

/ .
u¥ — u>®  strongly in C°



Proof being continued.

Observe
dp>0 st VzeN" BY"(z) is convex.

Connect u¥'(#) and u™(0) with the constant speed parametrized
(between 0 and 1) unique geodesic in BN"(u>(9))

Thus there exists us € C° ([0, 1], W12(St, N™)) s.t.

k/

Uup = u and  u; = u™®

This realizes an homotopy between u* and u®. Hence [u>°] = a.



End of the proof

The Euler Lagrange Equation is

Vw e TyeoN" Ogw - 0pu™ df =0 <= Pl (95u™) =0
Si

In particular Jgu - 832 u*® =0.

Thus |0pu*>°| =Cte and u™> is a geodesic.

Moreover
L2(u™) = 21 E(u™)

Thus u® minimizes the length in the class «



The case m;(N?) = 0.

Vanishing minimizing ‘ step 3
sequence of loops
step 2
- step 1



The Notion of Sweep-out.
Birkhoff 1917.

A sweep-out isa map u : [0,1] x St — N?s.t.

ue C°([0,1], W'2(Sh, N?))
u(0,-) and u(1,-) are constant maps.

u, ([0,1] x S*)  generates  Ho(N?,Z) = Z



o



[01)xst bm—mm-o— 5 N?

u.([0,1] x S*) £ 0 in Hy(N?,2)

Figure 8: Birkhoff 1917: sweepout of N2 = (52, g)
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The Width

Birkhoff 1917.

A sweep-out isamapu : [0,1] x St — N2 st.

)
ue C°([0,1], WH2(St, N?))

i)
u(0,-) and u(1,-) are constant maps.
i)
u, ([0,1] x ST)  generates  Ho(N?,Z) = Z
Let

A = { sweep-outs }
Define the width

W = inf E(u(t,-
dnf e, (u(t,-))



Non Triviality of the Width

Lemma
W >0

Proof of the lemma Assume W = 0.
Let ux be a minimizing sequence :

i E(ui(t,)) =0
oy e Elud))

Use again
W1’2(51) SN C0,1/2(51)

Hence
lim diam(u(t, S*)) =0

k—+o00



End of the Proof
For k large enough
vt €[0,1] u(t,S') € BN (pk(t))  convex

where

Pe(t) = T (f u(t,6) d9> e ([0, 1], N")

where myn normal projection onto N”. Using shortest geodesic
connections

homotop wuk(t,-) to the constant map px(t)

Observe
pk([0,1]) s contractible.

Hence [uk([0,1] x S')] = 0 in Ha(N?).



Main Question

Does there exists u°° such that

W = E(u™) = (27) " L2(u™)
and

u™ is a geodesic in constant speed parametrization

that is
Plc(0u>)=0 ?



Example 2 :

The Search of Minimal Spheres



o



D?cR?

I' Jordan Curve in R®

Figure 9 a: The Plateau Problem

R3



R3
Minimal ¢ Area

AR

I Jordan Curve in R®

Figure 9 b: The Plateau Problem



The Resolution of the Plateau Problem
Douglas, Rado ~ 1930 : Instead of considering

A(u) ::/ |0, A Dy u| dx®
D2
One takes )
E(u) = / |Vul? dx?
2
One has

o |0 ul? = |0y u?
A(u) < E(u)  with = iff u is conformal :
O U - Ox,u =10
Uniformization Theorem gives

Yu € Imm(D? R3) 3V € Diff(D?) Area(uo W) = E(uoWV)

Conclusion : Minimizing E should be the same as minimizing A.
E has better coercivity properties.



1st and 2nd Fundamental Forms of u € C? _

(D?,R3)

gu(X,Y) = ugrs(X,Y) = (u.X,u.Y) First fundamental form

A, D° —» S  unit normal : Gauss Map .

Second fundamental form
- K1 0
I,(X,Y)={(dn,- X,Y) i, = (PX)t 0 PY f,
K2

P € SO(2). Principal curvatures k1, k2 Euler 1750.



Recherches sur la Courbure des Surfaces - Euler
1760

& 143 B

Pour donner une conftruétion ai®e de cette formule, qu'on Fig.5.& .
joigre enfemble le plus grand rayon ofculateur & le plus petit en pre-
mnt Of = f, & Og = g, & qu'on décrive fur la ligne fg,
une demi- cllipfe dont un foyer foit au point O: alors, pour la fection
MN on n'a qu'i prendre I'angle fOr, le double de I'angle EZM,
& la ligne Or fera égale au rayon ofculateur pour la feétion MN.
Ainfi le jugement fur la courbure des furfaces, quelque compliqué
qu'il ait paru au commencement, fe réduit pour chaque élément 3 la
connoiffance de deux rayons ofculateurs, dont I'un eft le plus grand
& l'autre le plus petit dans cer élément; ces deux chofes dérerminent
entierement la nature de la courbure en nous découvrant la courbu-
re de toures les {ections poffibles, qui font perpendiculaires fur I'¢lé-
ment propofé.



Minimal Immersed Discs

d
aArea(u +tw)

where
. K1+ K2 1 Au

H = n— - — —
! 2 " 2 |Oxu A Ox,ul

=2 / H,-w dvolg, J.-B. Meusnier 1752
t=0 D2

if uis conformal

u(D?) is a minimal disc. : H, =0 <= Au=0.
Critical points to E satisfy
Au=0 ie. uisharmonic
If uis harmonic and u is conformal then
H, =0
Minimizing the Dirichlet energy under the Boundary Condition
{ue WH(D*,R3); u: 9D®> - T monotone continuous}

solves the Plateau Problem : gives a minimal disc of minimal area.



The Hadamard-Poincaré-Cartan 2-D Problem

Let N" closed in R™ with mp(N") # 0.

A(u) ::/ |du A dulg, dvolg,
52

Question : Let a € ma(N", xp), a # 0. Does there exist
u: S? — NT

realizing o and minimizing the area 7



The Use of the Dirichlet Energy

and E(u):= ;/52 |du|§,52 dvolg,,
One has
A(u) < E(u)  with = iff uis conformal : u*gnn = fu(x) gs2
Uniformization Theorem gives
Yu € Imm(S3, N") 3V € Diff(S?) Area(uo W) = E(uo V)
Critical points to E satisfy
Pr(u)(As:u) =0 i.e. uis harmonic into N”

If uis harmonic and u is conformal then u is minimal.



Preserving the Homotopy Class at the Limit for
Minimizing sequences ?

Problem : E is critical in 2 Dim. W12 - C0

The homotopy class isn't preserved under controlled Energy
assumption. Even for minimizers.

u(x) =ntokxom — uy,=Cte weaklyin W1?
where 7 §%2 — C is a stereographic projection.
uk is area minimizing among maps v s.t. degs2(v) =1

but
degsa (ta0) = 0



Sacks-Uhlenbeck’s relaxation of the Dirichlet Energy
Step 1 : Minimize
E, (u) = /S (LAl duolse st [u] = a € oV, %)\ {0)
Sobolev Embedding

Wh2H+20(62y oy C00/(140)(§2) sy C0(5?) compact Arzela Ascoli

Conclusion :For any v € ma(N", xp) there exists u, minimizing E,
and realizing «

It solves
Pr [d% ((1+|dul?)” du)] = 0.

Main question : Can one pass to the limit in the equation ?
and get Pr(u)(Ageu) =07



Sacks-Uhlenbeck’s relaxation of the Dirichlet Energy
Step 2 :

Lemma. Uniform e—regularity dJey >0 st. V0<oc<1

/( )(1+\dug\§2)(1+") dvolg < ey —>  |[Vu|(x) < Cr
B, (x

Conclusion : There exists u,, and a1 ---ay € S?s.t.
U, —> oy in Che(S?\ {a -+~ an}, ")

We have

Pr(Agtp) =0 inD/(S?) and  ug conformal
Moreover ug € C>°(52) (Point removability).
Problem : [ug] = « ? Not necessary : N" = S? | m5(5%) = Z,
u(x) ~pom X
ub(x) = (1 — |b\2)‘;_f|2 —b  beB® make b— 9B

bubble formation !



Existence of Minimal Spheres. m(N™) # 0.

Concentration compactness :
Uniform e—regularity = u, WY?—bubble tree converges towards

utooou® S%2 . — N°
the v/ are conformal and harmonic hence u(S2) are minimal 52 and
a€m(N)u] @ ®m(N)[u?)
where m1(N™)[i/] is action of m1(N") on the homotopy class of [i/]




The case m(N) = 0.
: N3~ S3.
Sweep outs of N3.

ue CO([0,1], CY(S%, N3)) s. t.
A:={ E@(0,)=0 & E(u(1,))=0

u,([0,1] x S?) generates Hz(N3,7Z)

Let )
W .= inf max / |du\§2 dvols>
ue Sweep outs t€[0,1] 2 Js2

Lemma A # () and
W>0.

The space A moreover is admissible.



Positivity of the Width : Proof of the Lemma

Theorem [R. 1993, Freire 1995, Lin, Longzhi 2013]
. 1 5
Jey >0 st if E(w):= 5 |dup|3. dvols2 < ey
52

then exists a unique energy decreasing solution to the Harmonic
Map Heat Flow

Oru — Agou = dPr(u) -52 du

U(O, ) = Uo

Moreover

lim  u(T,) — us € N3
T—+oc0

and u is a continuous function of wug



Admissibility of the Family

A is admissible :

Vo, € C°([0,1], Homeo(C*(S?, N?)))

s.t.

do=id on C(S? N?)
and

¢, =id on E7({0})
there holds

d1(A) = A



Example 3 :

Harmonic Mappings of Higher Genus Surfaces

Into Spheres



A Minmax Problem on Riemann Surface Mappings

Let (X, g) be a closed oriented Riemannian Surface. Let

ue CL(B™L, WH(X,8) st
A=
VbedB™ 1?2 —lim,,pu(a,-)=u(b-)=b

Let 1
— L A2
W= Jgi max, > /Z |du(a, -)|3 dvolg

Lemma A # () and
W>0.

The space .A moreover is admissible.



Proof of A # ()

For a € B™! introduce

z—a
|z —af?

Vz € 9B™ d,(z) = (1—a?)

We have
®, is conformal from 9B"! into itself
and Vb € 9B"1
®, - —b €C2(0B"\{b}) as a—b
Let u(0,-) be an immersion of (X, g) into 9B" !

u(a,”) =®_,0u(0,")e A.



Proof of W >0

Yue A F, :aeB”+1—>][ ) dvolg
We have
F, e CO(B"*1,Bm+1) and VbedB™! F(b)=b
Hence
Jag € B™!  F(ap) =0
This gives

| lduan. ) dvoly > Ma(. ) [ lutao. ) duoly = Aa(E.£) (. )]
Let & := e’ g there holds
/ du(ao, )2 dvol _/ du(ao, )3 dvol
> pN

Hence

2W >supMi(E,8) (X, 8)] = M(ZE,[g]) Conformal Spectrum
I



Example 4 :

Harmonic Maps between Spheres



A Minmax Problem on Maps between Spheres

Let n>2, n> ps.t. m,(SP)#0
ue CO(Bn+1, Wh2(57 SP)) s t.
A:={ VY bedB™ lim,,pu(a,-)=ulb,)= v(b)
[V]#0  in 7a(SP)

Let 1
o 1 AR
Wi i, g ke ol

Lemma A # () and
W>0.

The space .A moreover is admissible.



Proof of A # ()

Let v € CY(S",SP) s.t. [v] # 0 in m,(SP). Let
u(a,”) =vod_,

where
z—a

CDa(Z) = (]' - ’3’2)’2 _ a|2 -

Since n > 2 u € CO(Bn+1, Wh2(S5", SP)). Recall Vb € 9B"+1
®, - —b €C2(OB"\{b}) as a—b

Hence

ue A.



Proof of W >0

Let u € A. Recall Poincaré inequality
lu(a,-) — u(a,-)|? dvolsn < C / |du(a, -)|%. dvolsn
Sn sn

Hence

dist(u(a,-), SP)? < C/ |du(a, )|, dvolsn

1
2
maX,epnit ¢ /5n |du(a, -)|5n dvolsn < 2

][ u(a,-) dvolgn

is a continuous extension in CO(B™*1, SP) of v. Since [v] # 0 in
mn(SP) we get a contradiction.

then |u(a,-)| > 1/2. Then

ae Bl — u(a,-) dvolsn/
Sn




The case p=n. m,(5") =Z

As before there exists ag € B"*1 such that

/ u(ao, ) dvolsn =0

and, since A1(S") =n

/ \du(a0,-)2 dvolss > n / lu(20, ) dvolss = n|S"|
Sn Sn

Thus
W > n|S"|

Observe that |dlsn|?> = n moreover, due to the conformal
invariance of _,, using Holder

W < sup |dd_,[2 dvolss < \5”|%2 [sup/ |do_,|" dVO/Sn:| ’
aeBrtl Jsn a Jsn

2
= |s"" [/Sn]dlsn\”dvolgn] = [S"| n



The case n =3 and p = 2. m3(5?) = Z.

If W is realised we expect to obtain an Index 4 harmonic map.

Theorem [R., JDG 2023] If u is a smooth non constant harmonic
map with Morse index < 4 then v is an harmonic morphism : there
exists an isometry S of O(R*) and an holom. diffeo. ¢ of CP!s. t.

u=@pohoS

where § is the Hopf Fibration.



The Stereographic Projection of the Hopf Fibration

moh : (z,w)eS*CcC?— (2zw,|z|* — |w|?) € S C R3



A Conjecture

1
W = / |db|2; dvolss = 872 7
2 Js3

If we can prove that the Width is achieved by a smooth harmonic
map of index < 4 then the conjecture is proved.



A " Mapping Version” of the Willmore Conjecture

Conjecture [R., 1995] The Hopf Fibration h minimizes the 3-energy
Es(u) ;:/ |du|® dvolss
S3

among smooth maps from S3 into S? non homotopic to a
constant.

Let u€ CY(S3,5%) s.t. [u] #0in 73(5%) and u(a,-) ;= uod_,

3
2w gsup/ \du(a, )2 dvols<[2 7]} [sup/ du(a,)|® dvols:
S3 a S3

= [2m2]Y3 [ Es(u(a, )15 = [272]5 [Es(u)]5

with < being an equality for u = b.



Example 5 :

Sphere Eversions

and the 167 Conjecture



Euler’s Elastica

A curve v in R? is called an Euler Elastica if it is an equilibrium of
the elastic energy

Figure : A model for Elastic Energy of Rods



Germain-Poisson’s Derivation of the Surface
Elastica.

August 1814

(23). Je terminerai ce Mémoire en faisant connaitre une
propriété curieuse de la surface élastique en équilibre. Celle
que je vais considérer est une plaque, également épaisse ,
pli¢e par des forces données, qui agissent sur son contour;
et, pour simplifier, je fais abstraction de sa pesanteur. Or,
je dis que dans I'état d’équilibre, elle est parmi toutes les sur-
faces de méme étendue, la surface dans laquelle l'intégrale

j]'(%+’1.)'kd.rdy

est un maximum ou un minimum: ; et ¢ désignent comme
plus haut, les deux rayons de courbure principaux qui ré-
pondent & un point quelconque; kdx d) veprésente Iélé-
ment relatif au méme point; et cette intégrale doub;e s'étend



Willmore Inequality.
Theorem [Willmore 1965] For any immersion u of a closed oriented
surface v : S — R3

/ |Hy|? dvol, > 4x
S
with equality if and only if S = S? and u(S) is a unique covering

of a round sphere.

Js H? dvolg > 4m

=
-
’5 H? dvolg = 47



Everting The Sphere ?

\/

Figure : Sphere Eversion



How Much Does It Cost to Evert S%2 in R3 ?

Introduce
{ u € CO([0, 1], Imm(S2,R3)) }
A=

u(0,x) =x , u(l,x)=—x
and

W = inf H,: > dvol,,.
6, e [ 1Heol” ol

Lemma A # () and
W > 4r .

The space A moreover is admissible.

Yue A
t — u(t, S%)/Diff (5%)

is a non zero element in 71 (Imm(S?,R3)/Diff (5?)).



Proof of the Lemma : 1) A# ()

Theorem [Smale 1958] mo(Imm(S2,R3)) = {1} i.e. two arbitrary
C? immersions of S2 into R3 are regular homotopic.



Proof of the Lemma : 2) W > 4r
Theorem [De Lellis, Miiller 2005] There exists g9 > 0 s.t. Ve < &g

/ |Hu|? dvol, < 4r +&¢ and  Area(u) :/ |du x du| = 4r
52 52

Then 31 € Diff(S2) and v € R3 s.t.

luotp = (Id + vo)lly2z(s2) < C Ve

This implies in particular

‘ / u*wsz
52

Renormalise the eversion s.t. Area(®(t,-)) = 4.

— 47| = < Cye

/ (o) ws — 4
S2

[t yus e @) [ o0,y ws =tn=— [ s

= W >i4r



The 16m Conjecture
Theorem [Bryant 1984, R. 2015, Martino 2023]

W e 4r N\ {1}

Theorem [Li, Yau 1982] Let u be an immersion of a closed oriented

surface . There holds
/ |Hy|? dvol, > 4 max Card {u"'({p})}
s? pER3

Theorem [Banchoff, Max 1981] Every sphere eversion has a
quadruple point.

Corollary
W=4rN Ne€{456--}

Conjecture [Kusner 1982]

N=4 e W=16nr



The Expected Lowest Energy Saddle of the Eversion

http://www.gang.umass.edu/gallery /willmore/



