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Part 3 : Viscous Approximations

of Minmax Operations



Part 3.1 : Examples of Viscous Approximations

of Minmax Operations



Viscous Relaxation of the Dirichlet Energy
Let (M™ g) and (N", h) be two closed oriented Riemmanian
Manifolds

/ |V ul? dvolpym +02/ V! ulP dvolpm
m MITI
is Palais Smale for / p > m in WHP(M™ N™)
Let F € C®(R") s.t. F71({0}) = N" < RX then
2 ].
|Vul® dvolym + — F(u) dvolym
m g Jpmm

is Palais Smale in W12(M™ RK)



Part 3.2 : The Difficulty of Smoothing

Minmax Operations



A Viscous Approximation of the Length.

N" closed sub-manifold of R™. On

M = W22 (ST N")

mm
consider
Eo(u) = / 1+ 0272 d,
S1
where i, is the curvature of u. For v € W22(S1 R™) with
v € T,N" consider
1/2

vy := |:/51 [\Vzv@u + |Vv\§u + |V’2] dvolg,

Proposition (M, || - ||) defines a complete Finsler manifold. £ is
Cl on M



Palais Smale modulo “gauge change”.

Proposition Let o > 0 and u € M := W22 (S N"), st

E?(ux) — B(c) and DE] —0
then 3 uy and 1, W?2—diffeomorphisms of S, such that

Uyr © wk/ — u for dP

Let A admissible in P(M) and

= inf E°
B = Inf, max£(u)

Palais Minmax Principle gives u,
E7(us) =B, ., DEJ =0 and us —uy weak. in (WH>)*

Do we have [y = L(up) and up is a geodesic ?



A first difficulty

Proposition
There exists u, : S' — S? critical point of
E‘(u) ::/ 14 0%K2 dl,
s1

in normal parametrization s.t. as 0 — 0

du, d .
% - ﬁ weakly in (L%°)*
but
dug 1
gt nowhere strongly converge in L
and

g is not a geodesic !



A counter exemple

Precisely, let f(o) := V1 — 202

() = 505 ( (ffjh> (f(;)t) 1) M)

lim v, = (0,0,1)
o—0

_ f(o)
Ku, (t) = -

In particular



Failure of ¢—Regularity

Conclusion : There is no e—regularity independent of o. (Unlike
Sacks Uhlenbeck relaxation).

That is Ae > 0 s.t. in constant speed parametrisation

to+r
/ 1“‘0'2/{[21(7 d/u<5 - |UU’(t0)§ Cr—l
t

o—r



Another Case of Absence of =—Regularity
Let u, # Cte realising

E%(u) = / |dul|® + o2 |dul|* dvolss
H, := min s3

ue WH4(S3,5%) ;  Hopf-deg(u) = +1
One has
H, -0 Hence E%(u,)—0 = du,—0 inl?S?

But, since Hopf-deg(u) = +1

Iiminf/ |dug|3s dvolss > C >0
53

o—0

Hence we cannot have
E;(u;) <e = |[Viy|leo<C

This is due to a failure of the monotonicity formula.in that case.



The Case of Vanishing Viscous Energy

Theorem

Let u, critical point of

E%(u) = / 1+0%k2 dl,
si

in normal parametrization. Assume

lim sup
o—0 st

and

lim
o—0

then 3o0; — 0

d Ug;

dt

and

dl,, <4oo

/51 o® k2 dl, =0

du

0 . 1
——  strongly in L

up is a geodesic



A Proof of the Theorem. Page 1

Assume

L;

- and Uy, — tg  weakly in Wheo(Sh)* .
27 !

‘[IUJ‘| =

Denote uj := u,; and Dy := PT(uj)%. There holds

D [u; — 0% [2D2u; + 3 K% ij]] + 202 R(Dxdyj, ) 4 = 0

We have
. L\ .
Dtuj = % Rj
Denote
wj = lj — 012 [2Dt2L'Ij + 3I<aj2 L'/j]
Hence

Diwj — 0 in L2



A Proof of the Theorem. Page 2

In a local chart (u; is pre-compact in C?)

dw k
k
(Dew;) —T+r Jm
wf » 5 2
_W+(1—30 K7) Tl i 0" — 207 T (D7) "

and

NE Li)? d ;.
2 Thy (0F) a7 = (5£) oF Tl f 07

L 2
i <21> 0 Tl Tl 5 7 67— O strongly in L'+ H™!
s

Hence

L2
wj = (1—302/1J2) _2<27r> UJ?DH?;'J-

is pre-compact in L2



A Proof of the Theorem. Page 3

[:\2
wj = (1 —3012 njz) uj—2 (2;r) Ungt/%’j
is pre-compact in L2 and

wj — g in D'(SY) .

Thus
/ WJ"IIJJ' da — / |L'I()’2 dt
St st
But
/ W - i dt:/ i dt + o(1)
st st
Thus

i; — do strongly in LP(S') Vp < 400 ...



Part 3.3 : Modifying The Pseudo-Gradient

of Viscous Palais-Smale Approximations



Struwe Monotonicity Trick

Theorem Let (M, | - ||) be a complete Finsler manifold. Let
E° € CY{(M) for o €]0,1] s.t.

VoeM o— E°(P) and o — 0,E7(P)
are increasing and continuous functions with respect to o. Assume
IDE§ — DEglo < C(0) d(lo — 7]) F(E?(®))
where
C(o) € Li5.((0,1)), d € Lix.(Ry4), S!i_%é(s) =0 and f € L}, .(R).
Assume E satisfies (PS). Let A admissible

= inf E°(®
B(o) AEA sup (®)

Then 3 0; — 0 and ®; € M s.t.

E%(®;) = B(0;) , DE%i(®;) = 0and 8,,E%(®;) = o

o (3)



Another Proof of Birkhoff Existence Result.
Let A admissible in P(W22 (S, N)) and

imm

= inf E°(®) := Length(®(S?! 2/ 2 dl
Bo = inf max £7(®) := Length(®(57)) + o o o dlo

Struwe Monotonicity gives o; — 0, ¢, s.t.
E%(®s,) =B, , DEg =0
7

and
1
o2 / W2 dly, —o | ——
st ! log <i)
then 3 oy — 0

do,.  do,
J . 1
g — e strongly in L

and
g is a geodesic with L(Po) = o



The Proof of Struwe Monotonicity Trick - page 1

Blo) \ B(0) = Jisdiff. ae.

and

DB(c) = B'(0) dLYL[0,1] + . where L dL'L[0,1]

/0 " 8(s) ds < B(e) — B(0)

Hence d o; — 0




The Proof of Struwe Monotonicity Trick - page 2

Let o be a point of differentiability

c<Tt<o+d = B(r)<plo)+][B(c)+¢€] (r—0)
Ac Aand ® € Ast.

{ Blo) < E°(®)+e (t—0)

ET(®) < B(1)+e(r—0)

(= 0,E7(®) < B/(0) + 3¢)

Replace the original pseudo-gradient X for E™ by X?

E?(®) - B(o) +e(r—o0)
e(r—o)

X2(¢) = x< ) X,()

where y =1 in [1,400] and x =0 in [0,1/2].



The Proof of Struwe Monotonicity Trick - page 3
Assume 30 > 0 (indep. of 7\, o)
{ Blo) < E°(®)+e (T —0)

ET(®) < B(1) +e(r —0)

= ||DEg|| >

Let Ac As. t.

sup E™(®) < B(7) + (7 — o)
PcA

Since the flow is active only if 5(0) < E7(®) +¢ (7 — o)

[0}

max

Hypothesis above = Ve A thax = T00

E7(®)-B(0) >0 = %Eo(gbt(cb)) < C& = Contrad. !
t=0



