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Part 4 : Minmax Operations

on the Area of Surfaces



The general Landscape for Minmax of the Area

e The Ambient Space (M™, g) — R".
e The Configuration Space
M={u : £ = M™ immersion }
o A Admissible family : i.e. A C P(M) s.t. “V" homeo. = of

M isot. to identity
Z(A)cCcA

e The Width associated to A

Wy := inf s Area >0
A AleA u:g (u)



Goal of this last Part of the Minicourse

Theorem[R. Pub. IHES (2017), Pigati, R. CPAM (2020), Pigati,
R. Duke (2020)] Let A be an admissible n—homological family of
M s.t.

W4 := inf A 0.
= jnf, max Area(u) >

Then there exists a smooth minimal branched immersion v of a
closed surface S s.t.

D)
genus(S) < genus(X?)
i)
W = Area(v)
i)

index(v) <n



General Framework and Strategy

e Prove that any Minmax on the area of surfaces is achieved by a
minimal surface.

e Call upon Palais Deformation Theory to perform Minmax for the
area of Surfaces.

e Perturb the Area Lagrangian for Palais-Smale Condition to be
fullfiled.

e Avoid the Sacks-Uhlenbeck Parametric Approach (Problem with
the Conformal Class).

e Avoid Geometric Measure Theory Approach (Regularity Theory
undevelopped).

e Use Lagrangians which are invariant under reparametrization.



A Viscosity Approach for the Minmax of the Area
of Surfaces.

Let Y2 oriented closed surface. u immersion of ¥2 in M™ < R".

Let A, € G,—2(R") be the Gauss Map in R".

Consider for p > 1
E7(u) = Avea(u) +a2/£(1 4 [dii[?)P dvol,

on the Finsler Manifold W>2P($2, M™).



The Closure of W?? Immersions p > 2.

Theorem [Langer 1985, Breuning 2015] Let uy be a sequence in
W2P (£, M™) such that

imm

p
Iimsup/ [1+ ydﬁk\;k] dvoly, < +oc
pN

k—+o00
Then there exists k" and ¢y € Wj}’;(Z,Z) s. t.
Vie := U 0 G — Voo  weakly in Wz’p(Z, M™)

2,p
moreover v, € W "

(=, M™).



Step 1 : Control of the Conformal Class.

Theorem Assume genus(X) > 0. Let uy be a sequence in
W2P (S, M™) such that

mm

. o P

lim sup/ [1 + ]dnk@uk] dvolg, < +oo
k—+4o0 JX

then the sequence of underlying constant curvature metric hy of

volume 1 such that
Bu, = ezak hk

is pre-compact in any C/(X) topology (/ € N) modulo the
pull-back action by diffeomorphisms.
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Proof of Step 1.

The case when ¥ = T2 and Consider u, conformal from
R2/7 x 747 into R" (7, > 1) pause such that

: o 1P
I|msup/T2 [1 + ]dnk]guk] dvolg, < +00

k——+o0
Let A, €k and ﬁ( such that

Uigrn = €2 dxP4dx3 , & = e % Dy uy and f 1= e % Dy, uy

Fenchel Theorem gives for any x;

1 1 . 2
21 < / |Ox, €k| dx1 :/ \/’fk . 8X1€k’ + |ﬁkLax1§k|2 dxq
0 0
We have

fk . 8X16k = —8X2ak and ﬁkl_&q _’k = _axlﬁkLék



Proof continued.
Integrating w.r.t. xp gives for any s € (0,1)

2 ) < / \/\Vozklz + |V |2 dx?
R2/Zx74Z
1/2 s/2
< 7_,51—5)/2 [/ e_2sak|v0£k’2 dX2] [/ e2ak]
R2/Zx 4L R2/Zx 7y Z

1/2
+/Tk [/ |V ) dx2]
R2/Zx 747

Liouville equation reads

—Day =& K (Recall [Ky| < |diilg, )

—25say
)

Take s =1—1/p, multiply Liouville by —e
parts and obtain

25/ e 2% |Vay > dx® < 7§ [/ |dﬁk|§’j dvolg,,
R2/Zx 17 T2 k

integrate by

1/p



- and obtain finally

p ) 1/p 1-1/p
P 7, 2P
T < C o [/7’2 |dnk|gﬁk dvolgUk] [ - dvolgUk]

O



Step 2 : Control of the Conformal Factor

Theorem Assume genus(X) > 0. Let ug be a sequence in
W2P (¥, R") such that

mm

p
lim sup/ [1 + ]dﬁ'k\;k] dvolg, < 400
b

k—400

Let hy of volume 1 such that
8u, = ezak hk

Assume
he = hse inC(¥) VIieN

Then

lim sup ||| oo (5) < 400
k—+o00



Proof of Step 2 (Sketch for g(¥X) > 1) - Page 1

Willmore inequality gives

. 1 B
4t < /Z |Hi|? dvol,, < 2/Z|dnk|§uk dvol,,

1 o 1/p 1-1/p
< 5 [/): |dnk|gfk dvo/gUk] [/z dvo/gUk] .

= 0< Iiminf/ ek dvolp, < lim sup/ ek dvolp, < +oo .
k—+oo J¥ k—4o00 J¥

Liouville equation implies
2a
—Ahkak = e““k ng — th .

Multiply €725 (s =1 —1/p) and integrate

2s /z e 2% [|da7, + 1] dvoly, < /Z e2%/P K, dvoly,

1/p s
< </ |Kg, |P dvolg, ) (/ dvo/gk>
pX pX



Proof of Step 2 - L9 Estimate on «y

Hence in particular, using Sobolev embeddings,

Vg < +4oo lim sup He‘akHLq () < oo
k—+o00 hy

We deduce using Jensen twice for e« and e~k we deduce

][ (677% dVO/hk
>

limsup ||ax — akHLq (%) <C ||mSUp||dakHL2oo (x) < T
k—+o0 —+00

lim sup < 400 .

k——+o00

Since for any g < +o0

<C I|msup||Ahkak||,_1 () < +o0
k—+o00

We deduce

Vqg<+oo limsup [|akll 9 () < +oo .
k—+o0 P



L*>° estimates on « in Bubbles

Theorem [Hélein 92] There exists € > 0 and C > 0 depending on
(X, hx) and n only s.t.

|dnk|h dVOIhk <€ —
Bhk(x ,
r 0

<C [1 ol 2. g

||ak — Ck|’LOO(B:7;<2(XO)) ! (Xo)):|

where ¢, € R.

Let re =inf<r>0; / ’dﬁk’%k dvoly, = ¢
B/ (x0)
then from the previous slide, using covering argument, if
liminfr, >0

lim sup [[ak [ oo (x) < 400 .
k—++00



L*>° estimates on «y in Necks

Assume now lim ry, = 0.

An e—neck is a sequence of degenerating annuli
Ak, 0k) = By, (xic) \ B(sk/nk (xk) where

lim  dy 772:0 and / dacl? dvol,, < e
Jim O/ (nkm! [ K

Theorem [Bernard, R. 2014] There exists € > 0 and C >0
depending on (X, hx) and n only s.t.

Hak — dy log d(x Xk) - AkHLOO(A 271 0,0k )

<C [1+||dak|L2oo nk,ak»}

where di, Ax € R.



Combining one Bubble with one Neck

The case of one bubble centred at x, connected to the surface by
one neck : 0, = rg, Nk = 1. There holds for any n < 1

lim sup [[a || Lo (578, (4)) < +0© -
k——+oco
Taking d(x, xx)n, = 1 gives

limsup |Ax| < 400
k—+o0

We have moreover

=12 =2
= /hk |d ks, dvoly, = /hk \dnk\guk dvol,,
Bék(xk) ng(Xk)

1/p 1-1/p
< dm %P dvoly, ] / e dvol, .
[/Z’ k’guk o [ Bg:(Xk) i

< 400
Le=(Bs, (x«))

= limsup
k—400

o — Ioga




Proof of Step 2 - End

di +1=0 1_1
log &,

1
/ e>*« dvol,, > C r2 it gy
A(1,6k) Ok

We deduce

We compute

1 —1
> C r—1+K/|og5;1 dr > |0g5k
5k K

— 400

Contradiction | Hence there is no bubble, i.e. liminf r, > 0, and

lim sup ||ak || oo (x) < +o00 .
k—+o00



The Euler Lagrange Equation

Let u be a critical point of
F(u) ;:/ f>(|dfi|?) dvolg,
pX
Then it satisfies (in the case M™ = R3)
d*e [fy du—2f) di- @di g du+2d*(f] di)-du a] =0

where 7:=n,, g .= g, and f, := fa(‘dﬁu|2)-

In conformal coordinates
g = > [dx? 4 dx3]
this gives

div |, Vu— 2 ] e VA O - Ogu+2 e 2 div(fy Vi) - Vu| =0



The Palais Smale Condition

Theorem [Kuwert, Lamm, Li 2015] Critical points of the
Functional F,‘J7 are smooth.

Theorem [Kuwert, Lamm, Li 2015] For p > 1 the Functional is C2
and Palais Smale modulo reparametrization

Fo(ux) = B(c) >0 and DFJ(ux) =0
then there exists uy and ¢y € Diff(X2) s.t.
Vi = U 0 prr —>  Veo  Strongly in - W2P(L M™) |

and
DF;;(VOO) =0



Palais Minmax Principle for the Relaxed Energies

Theorem Let A be an admissible Family in M := W,fnif(i mMm™).
Let o > 0. Assume

Wy(o) := |nf sup Fy(®) >0
A oA

Then, 3u? € C (X,M™)s. t

mm

Fo(u”) = Wy(o) and DF;(u”)=0



Passing to the Limit ¢ — 0.

Theorem [R. 2017] Let o, — 0 and uy be a critical point of Fy*
s.t.

1
Fo“(ug) = W(0) >0 and 0OpF7*(uk) =o <1>
o logo,

then 3k’ and
» (S, h) closed Riem. surface, genus(S) < genus(X)
> vy € W,}’Z(S, M™) weakly conformal

> Ny € L*(5,N)
s.t.
(X, ukr, 1) = (S, Voo, Noo)  varifold converges

and (S, Voo, Noo) is locally stationary



o



Figure 11: Weak Convergence in the Viscosity Method
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Parametrized Varifold
Let U € CO(Go(TM™)). Go(TM™) — Go(R") =~ R" x Gry
The varifold associated to (X, uk, 1)

vi(U) = /)t U(uk(), du( T 2)) dvol,

i.e. “desintegration form”

dvi(z, P) i=d (HPL k(D) @ Y. by (7.3

ug(x)=z

The varifold associated to (S, Voo, Noo)

vao(U) = / Noo U(voo(x), dvio(ToS)) dvol.
S
i.e. "desintegration form”

dVOO(Z, P) =d (H2|_Uoo(5)) ® Z Noo(X) 6uoo(TXS)

Uso(X)=2



More generally : Integer Rectifiable 2-Varifolds
K 2—rectifiable subset of R”,

N : K —=N* H?L K measurable

s.t.
N(z)d (H*LK) is locally finite

The varifold v = (K, N) is given by
dv(z, P) == N(z)d (H*’LK) ® 61,k
where
T,K is the approximate tangent plane to K at z
The “weight” of v is given by
V| :=m.v = N(z)H’LK where n(z,P) =z

and the “mass”
[v][ == v(G2(M™))



Varifold convergence

We have
Vi©  — Vs in Radon measure on Gy(TM™)

In particular the mass passes to the limit ! (Main reason why
varifold theory was introduced)



First variation of Integer Rectifiable 2-Varifolds
Let ® €Diff(M™). Define the varifold "push-forward” :

o.v(U) = / U(®(z),dd,(P)) Jo(z, P) dv(z, P)
where Jo(z, P) is the “natural” dilation factor (Jacobian)

Jo(z,P) :=\/det(ATA) where A:=dd,L P
X C! vectorfield of M™ and ®¥ the associated flow. Define

Su(X) = %HCD*VH - jt/ Jox(z, P) dv(z, P)
If v= (K, N) is integral

ov(X) = / N divT=KX dH? LK

where

2
divP X = Z e - Vé\f’X where (e1, e2) orth. basis of P
i=1



Sequential Weak closure of Stationary Integral
Varifolds

Definition A varifold v is stationary if

ov=20

Theorem [Allard 72] Let v’ be a sequence of stationary Integer
Rectifiable Varifolds converging weakly to v* then v is still a
stationary Integer Rectifiable Varifolds.



Varifold Convergence to Integer Rectifiable Varifold




Integer Rectifiable Stationary Varifold can have singularities

classical stationary varifolds in S? : red lines are half geod. circles.



Regularity results for Stationary Varifolds.

Landmarks:

- Allard (1972) : regularity on a dense open set

- Allard - Almgren (1976) : structure of 1D stationary varifolds
- Pitts (1981) : almost minimizing varifolds, codim 1

- Schoen - Simon (1981) : stable stationary varifolds, codim. 1
- Wickramasekera (2014) : stable stationary varifolds, codim. 1
- Bellettini - Wickramasekera (2017) : stable CMC varifolds,

codim. 1

Open problem: almost everywhere regularity ?



Why is there is more hope in our case to get
regularity 77



A naive question

Let u € W-2(C,R"), weakly conformal s.t.

loc
VX e CHR",R") /):Vu SV[X(u)] dx®* =0
Question : Should we expect
Au=0 and wveC™® 7

Answer : Obviously “no”

We are considering too few variations for the answer to be "yes".



Making the question a bit less naive

Let u € WL?(C,R"), weakly conformal s.t.

loc
VX e CLR"R") , VfeCYC,R)

then

fora.e. teR st u(F({t})) ﬂ supp(X) =0

Vu-V[X(u)] dx* =0
f>t

Question Should we expect

Au=0 and wveC>® ?

Theorem [R. 2017] The answer to the question is "yes".



Parametrized Stationary Integral Varifolds
Let u € WH2(XZ,R"), weakly conformal and N € L%°(X,N) s.t.

VX e CHR",R") , VfeCYL,R)
then

fora.e. teR s t.  u(f({t}) ﬂ supp(X) =0

/ NVu-V[X(u)] d =0
f>t

(X, u, N) : Parametrized Stationary Integral Varifolds.
Question Should we expect
N=Cte , Au=0 and wueC>® 7?

Theorem [Pigati, R. 2020] The answer to the question is "yes".



Parametrized Integer Rectifiable Varifolds

parametrized varifold



Parametrized Integer Rectifiable Varifolds

This is not a parametrized integer rectifiable stationary varifold



Stationarity of the Limiting Varifold .
Denote uy := u,,. We have for any X € [(TM™)

/ duy - d (X o uk) dvols 4 o(1)
px

in local conf. chart

2 n
dug - d (X o uk) dvoly = Z Z OX,uL 8X,u{( 8Zin o ug dx?
I=11ij=1

(e/- Vg X) o ug dvol,, = divie (T X o uy dvoly,

2
=1

/

Hence since dvi(z, P) := d (H*L uk(¥)) © 3, 0=z Oun(To5)

o(1) = / divi=(TE) X o 1y dvol,, = / divP X(z) dvi(z,P)
> Gz(TMm)
= div’ X(z) dveo(z,P) =0 ..

GQ(TIVI’")



Main Question to Solve

dVOO(Z, P) = d (Hzl_uoo 5) Z NOO(X) 5UOO(TX5) ?

Uso(X)=2z



The Monotonicity Formula : ¢ =0, M” =R™. Part 1

Let u € WH2(Z,R™) weak. conf. and harmonic. Then

0= / u-Au dx?
u=1(B(0))

2
:/ ’vu‘2 dX2+1/ 8‘U‘ dl
u=1(B,(0)) 2 Ju-1(0B,(0)) OV

The co-area formula gives

2
/ IVu[? dx? _/ ds/ [Vul*
—1(B,(0) |u|=s ‘V|U”

Hence

2
i 12/ ‘VU|2 dX2 :12/ ‘VU| _9 ’6|u|
dr | r? Ju-1(8,(0)) r? Ju-108,0)) |VIdl| ov

dl




The Monotonicity Formula : ¢ =0, M™ =R". Part 2

We have |V|u|| = |0, |u|| and conformality of u implies
2 2 2
|Vu]2 - @ @ - @
ov or ov
Hence )
2 @| _ |9lul
Vul* 5 ‘8\u o v
V] ul] v V] ul]

which finally gives

,d Area(u(zmspv(q))] d [1
dr r2



The Perturbed Monotonicity Formula : ¢ # 0,
M™ =R3. Part 1

Recall
div [fa Vu— 2 £ e ViAc dii- dgu+2e 2 div(f, Vi) - Vuﬁ'} =0
where 2 ¢2* = |Vu|? and
fo(y) =140y = fi(y)=20"y
for y = |di,|? = e=2*|Vn|?. We have
0=Au+o%---

Apply the same strategy as before and one gets...



The “Perturbed” Monotonicity Formula :

..Vr>0and ge M™

o#0

/ |di,[* dvolg,
InBr(q)



A substitute to the ¢—Regularity.

Energy Quantization Lemma There exists @y > 0 s.t. for

Ok — 0
| 2
D {Area + o2 / |dm* dvolg} (ug) =0,
pu
>
limsup Area(ug) < +o0 ,
k—4o00
>
o2 / |d iy, |* dvolg, )
flok) := x =o(—— ] .
Area(uy) log(1/ok)
then

liminf Area(ux) > Qo > 0

k—4o00



Proof of the Energy Quantization Lemma

Let 6 > 0 and denote E; the set of g € u(X) such that

i)
o2 / |diiy|* dvol,
£NBy(q) <0

fig r? ~ log(1/0)
i)
Area(u(X) N B! T
(E) 0 E26a) , =

A Besicovitch covering argument gives
Area(u(X)\ E5) < 61 f(0)logotArea(u(X)) = o(1) Area(u(X))

Integrate the perturbed monotonicity between o and 1 centred at
p € Es..



Subsequence extraction

We assume (X, hy := [gy,]) is pre-compact in the Moduli Space of
Riemann Surfaces

Vi = ]dukﬁ,k dvoly, — Vs
and w.l.o. generality we assume

[gu] = hoo



Energy Quantization — Dichotomy Lemma
Dichotomy Lemma There exists eg > 0 and Cp > 0 s.t. if

{ Uk — U in CO(OBi(x0)) and

s := diam(us(0B(x0))) < €0

then
> either

Voo(Bt(x0)) =

)

Q
2

(ue L Be(x0))svk L R™\ Bas(too(x0)) — O

diam (ux(Bt(x0))) < Co diam (uso(9Bi(x0)))

Voo(Bt(x0)) < Co diam(ueo (0B (x0)))



The continuity of u,, away from finitely many atoms

Lemma There exist p1---pg € L s.t.

Uso € CRe(Z\ {p1--- Pq})



Proof of the Partial Continuity of v
Proof Let xp € X s.t. vso({X0}) < Qo/2. Let £ >0,

I/OO(BQ,(XQ)) < Qo/2 and

/ |V g |? dx? < &2
Bz, (x0)

Then there exists t € (r,2r) and k' s.t

dr>0 s t.

diam(u (08: o)) < [ [Vusldi <[ [ |Vuf e
aBt(XO) B2r(X0)

imsup [ Vo Pl < 71 vio(Bar o)
881»()(0)

k! =00
— U — U in C2(DBi(x0))
Dichotomy Lemma implies

diam(uso(B(x0))) < C diam(us(0Bi(x0))) < C €



A preliminary Structure Result for v

Lemma 1 There exist f € L}(X) and p1---pg € T s.t.

Q
Voo = f dvolh, + Y ci dp, .
i=1

where ¢; > 0.



Proof of the preliminary Structure Result for v

There can be only finitely many atoms where vo({p;}) > % ..

Let K C Z\ {p1---pg} compact s. t. H?(K) =0. Let r > 0 and

(xi)ier s-t.

KclJB(x) and > 1,y <C

iel i€l

Hence Vi € | 3t; € (r,2r)

2
Voo(Br(x;)) < Co diam?(use(0Bs(x0))) < Go [/a |V Uso| dl]

B, (x0)

<G / |V oo |2 dx?
BZr(Xi)

—  v(K)<C / Vioo|? dx? .
dist(x,K)<2r

This holds Vr > 0 hence vo(K) = 0.



[! Convergence relative to v

Lemma 2 Let K C X\ {p1---po} compact. There holds

lim / |uk — Uso| dvg =0 .
K

k—~+o00

and
(ue L K)avk — (U K)ivoo



Proof of the [! Convergence relative to v
Let r > 0 and (X)jc1...L, S-t.

KclJB(x) and > 1g,y<C

iel i€l

Hence 3t; € (r,2r) and a subsequence k’

L
Uy —> Usg  in CO (U 6Bt,.(x,~))

i=1

Let s; == diam(uso(0Bt(x0))). Dichotomy Lemma =

[ o=l de = [ U — sl die + o(1)
B, (x0) B; (x0)Nu," Bas; (Uoo (x0))
< Csjvp(Bg(xo)) + o(1)

= lim sup/ |ugr —Uoo| v < Cmax s; Voo ({dist(x, K) < r}) = o,(1)
K

k! —+o00



The final Structure Result for v

Lemma 3 There exists N € L°(X,N) and p;---pg € X s.t.

Q
Voo = N |dus A duse|p,, dvolp, + Z Ci Op; -
i=1

where ¢; > 0.

In local coordinates

|duse N duso|p,, dvolh = |0k Uso A OxyUso| dxi A dxa



Proof of the final Structure Result for v, - page 1
Choose a Lebesgue point p for f, us and Vs, and (x1, x2) s. t.

hoo = e dx?+dx? . x(p)=0 and £(0)>0.
Hence

" (5.(0)

Voo Br 0 2)(0

— 2 - £(0) e + 0,(1)
| 2

][ |V oo (X) — Vs (0)? dx? = 0,(1)
+(0)

>

r2

][ |tso (X) = oo (0) — Viise(0) - x| dx* = o,(1)
- (0)

= Vt>0 small enough 3Jre(t/2,t)

uso () = t(0) = Vtso(0) - xl| 0, 0y = (r)



Proof of the final Structure Result for v, - page 2

A diagonal arg. gives rj — 0 and k; — +o00 s.t.

i)
vk (B1;(0)) = voo(B;(0))| = o(r})
i)
][ luk; — Uso|? dx? = o(rj2)
8,(0)
i)
][ i, — too] g = o(1})
8,(0)
iv)
rj_1 ok =0o(1) (= logoy, ~logay/r)
v)
52

% log ajl][ |dﬁ'kj\4 dvol, = o(1)
j B,;(0)



Proof of the final Structure Result for v, - page 3
Assuming u,(0) = 0 = uo(0) introduce

x=rjy , Og(y):= rj_1 ug(ry)  and fij == fig(r; y)

There holds

2 S 14
dvolukj + ka/ |dnkj|uk' dvo/ukj
B, B, i
J J

2
2 Tk ~ 14
= r: dVO/g. + — \dn-ln, dVOI[,.
J lj 2 Jla; lj
By re Je

Introduce 6; := akj/rj2 = 0(1). Hence g is a critical point of

Foi(i) = /B dvol + 67 / |dAl% dvoly
1

B

satisfying

3 1
lim F%(g;) = m £(0) e and &7 / |d |3, dvols, = o ( 1)
B

j—rtoo log 6;



Proof of the final Structure Result for v, - page 4
Denote

bjco(y) = 1 M tso(rj ) — floo00(¥) = O Uoo(0) Y105, tiso (0) 2
Assume
Span(0x, too(0), Ox, so(0)) C Span((1,0---0),(0,1,0---0)) = Py

From ii) and iii) we have
/B |8j=0j00|* dy® = 0(1)  and /B |8j—0j,00| |V, 4j]? dy® = o(1)
1 1

Hence, multiplying the / — th comp. of the PDE by 0} x () where
x € C§°(R") gives

Z/C IVal]? x(8)) dy® = 0j(1) = dj = dlog = pioo(y1, y2) 26,
=3

where Supp(u) C Po



Proof of the final Structure Result for v, - page 5
The Stationarity of Vo, + Constancy Theorem imply 96p > 0 s.t.
Ao = 0p dH2L Py @ 6p,

The PDE implies, restricting to a, b € C5°(B1(0)), (one cannot
test (ao 0j, bo &/,0---0) directly....some smoothing of (a, b) is
required)

sup / V(aoﬁj).V0j.1+V(boﬁj)‘vﬁj2 dy2 _ 0(1) .
V21,2 alloo+ V2,2 bllos <1/ C

The almost conformality of (y1,y2) — & = (0}, 012) + co-area
formula
sup / Card(ﬁjfl(zl,22)) 0z a+ 0,b = o(1)
V21,23 alloo+1|V 2,2y bllco <1/ Po



Proof of the final Structure Result for v, - page 6

Lemma Let N; € L}(B%(0)) s.t.

im sup / N; 0,,a+ 0,b=0
J_H_OO||V21,223||00+HV21,22b”oofl B1(0)

N-f
B1/2(0)

then

= o(1)
L1:52(By /5(0))




Proof of the final Structure Result for v, - page 7

Hence
dist ( Card (ﬁj-_l(21,22)> ,N) = o(1)
Bio
= lim N; =Ny eN"
J—+oo
Since

ﬁj()/) — loo(y) = OxUso(0) y1 + Ox, U (0) y2  in C,%C(C)

then

7 £(0) e = Iim/ 271V ? dy?
B1(0)

Jj—+o00

= lim / o—1 Z %dlﬁ
Jj—+oo 0;(B1(0)) |8y1aj/\ay2ﬁj’

a(y)=p

:/ Noo dp? = 7 Noo |Dsy tiso A Osy Uso |
oo (B1(0))



