Domain Wall Energy in a Problem Related to Micromagnetism

TRISTAN RIVIÈRE École Polytechnique AND SYLVIA SERFATY

ENS Cachan

Abstract

We study the asymptotic limit of a family of functionals related to the theory of micromagnetism in two dimensions. We prove a compactness result for families of uniformly bounded energy. After studying the corresponding one-dimensional profiles, we exhibit the �-limit (“wall energy”), which is a variational problem on the folding of solutions of the eikonal equation |∇g| = 1. We prove that the minimal wall energy is twice the perimeter. © 2001 John Wiley & Sons, Inc.

1 Introduction

Let � be a magnetic body in R^3 and u : � → S^2 its magnetization per unit volume. Following [11, p. 148], the energy associated to such a magnetization is given as

(1.1) F(u) = w^2 Z � |∇u|^2 + Z R^3

|H_u|^2 + Q Z � �(u) − 2 Z � h_e · u

where H_u is the demagnetizing field induced by the magnetization u and given by the following Maxwell equation:

(1.2) ( div(ũ + H_u) = 0 in R^2 curl H_u = 0 in R^2 ,

and ũ is the extension of u by 0 out of the domain �. (In fact, H_u is defined as −∇�^{−1}(div ũ)). h_e is some applied external field that will be zero in the present paper. Finally, w^2 and Q are, respectively, the exchange constant and the quality parameter that depend only on the material. F(u) can be decomposed as follows: w^2 R � |∇u|^2 is the exchange energy, R R^3 |Hu|

2 = − R � u · H_u the demagnetizing energy, Q R � �(u) the anisotropy energy, and lastly −2 R � h_e · u the interaction energy. The reader is invited to consult the paper by A. DeSimone, R. Kohn,

Communications on Pure and Applied Mathematics, Vol. LIV, 0001–0043 (2001) © 2001 John Wiley & Sons, Inc.

S. Müller, and F. Otto for a general presentation of the model together with related open mathematical questions.

In this paper we will restrict ourselves to the simplified model in which the body is an infinite cylinder and the magnetization is invariant under translations all along the axis of the cylinder so that we can reduce the problem to the study Insertion of “the

problem” OK? Original was unclear.

of the cross section still denoted � ⊂ R^2. Then we assume that there is a very strong planar anisotropy so that the u is forced to take values into S^1. Although such materials with strong planar anisotropy do exist (see [11]), the restriction on u to be strictly in S^1, which is mathematically convenient, induces new topology that will generate perhaps nonphysically relevant parts in the limiting energy. Nevertheless, we believe that the local part of the limiting energy that we will exhibit in Theorem 1.8 should arise in the original problem with strong planar anisotropy but with u free to evolve in all of S^2, and thus it has some physical relevance. So we are led to study the following family of energy functionals:

(1.3) E_ε(u) = Z � ε|∇u|^2 + Z R^2 1 ε |H_u|^2 ,

depending on the positive parameter ε. We are interested in the special regime ε → 0 where the magnetization can vary very rapidly. This corresponds to the limit w = 0 � ⊂ R^2 is a smooth, bounded, simply connected domain on which we Seems like there is text

missing between w = 0 and � ⊂ R2. Please correct. Or is there simply a missing period?

shall make additional assumptions and E_ε is defined over H^1(�, S^1), where S^1 is the unit circle in C ≃ R^2. Any u : � → S^1 is extended to

ũ = ( u in � 0 in R^2 \ � ,

and H_u is a vector field that is deduced from u by the equations

(1.4) ( div(ũ + H_u) = 0 in R^2 curl H_u = 0 in R^2 .

There has been some work on this functional for a fixed ε, notably by G. Carbou [6], and then by R. Hardt and D. Kinderlehrer [10], who studied the regularity of minimizers for � = B_1(0). Critical points of E_ε satisfy the following Euler equation:

(1.5) −�u − u|∇u|^2 = 1 ε^2

(H_u · u^⊥)u^⊥ ,

where · denotes the scalar product in R^2 and u^⊥ = iu. Carbou proved that a critical u_ε is continuous in �.

Now, let us explain briefly the expected behavior of minimizers. More generally, we can consider families u_ε such that E_ε(u_ε) ≤ C. The term ε → 0 forces the term R R^2 |Hu|

2 to tend to 0. In fact, we will prove more here, since we will show that min E_ε remains bounded above as ε → 0. On the other hand, since |u_ε| = 1, we can extract a subsequence converging weakly in L^∞ to some u_0. One of the first questions that arises, and that we will answer positively, is to know whether the equality

(1.6) |u_0| = 1

holds. Then, since H_u → 0 in L^2(R^2), in view of equation (1.2), u_0 must satisfy, in the sense of distributions,

(1.7) div ũ_0 = 0 in R^2 .

This is equivalent to

(1.8) ( div u_0 = 0 in � u_0 · n = 0 on ∂� ,

where n is the exterior unit normal to ∂�. Therefore, the possible limiting fields lie among all divergence-free (in a weak sense) unit vector fields tangent to ∂�, which is a very large class of fields. Since (1.8) holds, there exists a C^{0,1}_0 (�) real-valued function g such that u_0 = ∇^⊥g where ∇^⊥ = (−∂_{x2} , ∂_{x1} ). Thus, in other words, the limit ε → 0 leads to solutions of the eikonal equation

(1.9) ( |∇g| = 1 a.e. in � g = 0 on ∂� .

The difficulty is to understand which of these solutions can be reached through this limiting process. Then we can see the similarity between this problem and another problem, first raised by Aviles and Giga [2], which has also been studied independently by L. Ambrosio, C. De Lellis, and C. Mantegazza in [1], by A. DeSimone, R. Kohn, S. Müller, and F. Otto in [9], and more recently by W. Jin and R. Kohn in [13], consisting in minimizing the energy functionals

(1.10) F_ε(ψ) = Z � ε|∇∇ψ|^2 + 1 ε (1 − |∇ψ|^2)^2 ,

or more generally, in studying sequences such that F_ε(ψ_ε) ≤ C. In this problem (1.10), the fields studied ∇ψ are constrained to be curl-free, which is analogous, up to a rotation of π/2, to being divergence-free. In the present problem, they are only divergence-free in the limit. On the other hand, while our fields are constrained to be of unit norm, the fields ∇ψ in (1.10) only tend to be of norm 1 in the limit ε → 0. Hence, in some sense, the limiting processes are reversed. But as we shall see, there are other important differences between both problems. First, F_ε is a local functional, whereas E_ε contains a nonlocal term R R^2 |Hu|

2, and the same is then true for the Euler equations. Second, the expected �-limits for these functionals are quite different.

It is clear by a degree argument that there are no regular divergence-free unit vector fields that are tangent to ∂� for a general simply connected domain. All admissible vector fields have line singularities (except in the case of the ball, where the field^1_{2π}^∂_{∂θ} has only a point singularity at the origin). In the case of problem (1.10), the limiting fields also have line singularities. In fact, the conjecture made by Aviles and Giga (see also [3, 13]) is that the energy functionals F_ε �-converge to (1.11)^1_3 Z J_{∇ψ} fi fi∇^+ψ − ∇^−ψ fi fi^3 dH^1 ,

where H^1 is the one-dimensional Hausdorff measure, J_{∇ψ} is the jump set of ∇ψ, which is expected to be countably rectifiable, and ∇^+ψ and ∇^−ψ are the traces on both sides of the jump set. Thus, the energy E_ε is also expected to concentrate on lines at a scale ε around the lines (because of the scaling in the functional), and the limit ε → 0 corresponds to allowing sharper and sharper jumps. These lines would correspond in three dimensions to jumps across surfaces, called “domain walls” in the theory of micromagnetism.

Let us state our main results. For reasons that will become clearer later, we need to work on smaller functional spaces involving liftings of u. These definitions can be skipped in a first reading.

DEFINITION 1.1 We call a collection U of ((U_i )_{i∈I} , (k_{i j} )_{i, j∈I} ) an admissible covering of � where

(i) Card I < ∞; (ii) U_i is open, � ⊂ S i∈I U_i , ∀i, j ∈ I , and U_i ∩ U_j is diffeomorphic to R^2; and (iii) ∀i, j ∈ I , k_{i j} ∈ Z, and they satisfy the cocycle relations k_{i j} = −k_{ji} , k_{i j} + k_{jl} + k_{li} = 0.

For any admissible U, we define �_U to be the set of u ∈ H^1(�, S^1) such that ∀i ∈ I, there exists l_i ∈ [0, 2π] and ψ_i ∈ H^1(U_i , [l_i , l_i + 2π]) with (i) u = e^{iψi} on U_i , ∀i ∈ I , and (ii) ∀i, j ∈ I , ψ_i − ψ_j = 2πk_{i j} in U_i ∩ U_j .

We will say that the u ∈ �_U satisfy the “locally bounded phase condition,” or LBP condition.

LEMMA 1.2 If u ∈ �_U, there exists φ ∈ H^1(�, R) ∩ L^∞(�, R) such that

u = e^{iφ} and ‖φ‖_L∞_{(�)} ≤ C_U ,

where C_U is a constant that depends only on U.

This comes from the assumption that � is simply connected and that U is an admissible covering. Thus our locally constant presheave is globally constant; see [5, p. 141].

These definitions mean that we restrict ourselves to the set of u that have a H^1(�, R)-lifting, locally taking its values in an interval of length ≤ 2π of R. This assumption, which is mainly required in the proof of Theorem 1.5, is not only there to make our life easier; it also seems to have a fundamental mathematical relevance in our problem: Indeed, we will prove later that any solution of the limiting profile equation (1.19) solves the LBP condition: The smooth lifting has to be locally included in an interval of size 2π. The variational problem is well-posed in these spaces; i.e., for any admissible U, E_ε admits a minimum in �_U that we denote I^U_ε .

THEOREM 1.3 If ∂� is a finite union of analytic curves, then

lim sup ε→0 min H^1(�,S^1)

E_ε ≤ 2|∂�| ,

where |∂�| denotes the perimeter of �. In addition, there exists an admissible covering U such that lim sup ε→0 I^U_ε ≤ 2|∂�| .

(We call such a U a “suitable covering of �.”)

The second result is a compactness result, in the spirit of that of [1], together with a type of �-convergence result. We start by defining the “micromagnetism domain wall configuration space” C, which is the suitable limiting configuration set.

DEFINITION 1.4 C is the class of couples (u, φ) such that

(i) u : � → S^1, (ii) div ũ = 0 in D^′(R^2), (iii) φ ∈ L^1(�, R) and u = e^{iφ} a.e. in �, and (iv) μ_{u,φ} := div(φu + u^⊥) is a bounded Radon measure on �.

We denote by ‖μ_{u,φ}‖ the total mass of μ_{u,φ}, R � |μ_{u,φ}|.

Note that μ_{u,φ} does not change if a constant is added to φ.

We are going to show that the limiting “functional” associated to E_ε is the following “domain wall energy”:

‖μ_{u,φ}‖ = Z � |div(φu + u^⊥)|

defined over C. This energy is a good candidate for making a selection among the solutions of the eikonal equation (1.9), and this selection should be compared to conjecture 6.2 of [8]. We expect solutions of the eikonal equation belonging to C to satisfy nice properties (see the comments at the end of the introduction). Our second main result is the following compactness property:

THEOREM 1.5 (without assumptions on ∂�) Let U be an admissible covering of �, ε_n → 0, and u_n ∈ �_U such that E_{εn} (u_n) ≤ C for some constant C independent of n, and let φ_n be a lifting of u_n given by Lemma 1.2. Then, after extraction of a subsequence, there exists u and φ in T 1≤q<∞ L

q such that

u_n → u and φ_n → φ in L^q (�) ∀1 ≤ q < ∞ ,

In addition, (u, φ) ∈ C and

lim inf n→∞ E_{εn} (u_n) ≥ 2‖μ_{u,φ}‖ .

Thus, a sequence whose energy E_{εn} is uniformly bounded (which, from Theorem 1.3, is the case for a sequence of minimizers) is compact in T L^q , and its limits (after extraction) are necessarily of unit norm. C appears to be the right limiting configuration space. The LBP assumption is crucial in our proof of compactness.

The proof of the connection between E_ε and ‖μ_{u,φ}‖ at the limit can be sketched in the following way: Consider ε_n → 0 and u_n such that E_{εn} (u_n) ≤ C and u_n has a H^1(�, R^2)-lifting φ_n in � (u_n = e^{iφn} ). Denoting by H_n the demagnetizing fields associated to u_n by (1.2), one has

C ≥ E_{εn} (u_n) = Z � ε_n|∇u_n|^2 + Z R^2 1 ε_n

|H_n|^2

≥ Z � ε_n|∇u_n|^2 + 1 ε_n

|H_n|^2 ≥ 2 Z � |∇u_n||H_n| .

But |∇u_n| = |∇φ_n| in �; hence we can write

(1.12) C ≥ E_{εn} (u_n) ≥ 2 Z � |∇φ_n · H_n| .

We thus find a quantity μ_n = ∇φ_n · H_n, which remains bounded in the sense of measures. This measure has the particular property that it is a divergence; indeed,

(1.13) μ_n = ∇φ_n · H_n = −∇φ_n · u_n + ∇φ_n · (u_n + H_n) .

But if u_n is regular enough, it is easy to check that

(1.14) curl u_n = ∂_{x1} (sin φ_n) − ∂_{x2} (cos φ_n) = ∇φ_n · u_n .

On the other hand, from (1.2), div(u_n + H_n) = 0 in �; hence

(1.15) ∇φ_n · (u_n + H_n) = div � φ_n(u_n + H_n) � . Combining (1.13), (1.14), and (1.15), we have

μ_n = div � φ_nu_n + u^⊥_n + φ_n H_n � . Since in addition H_n → 0, φ_nu_n + u^⊥_n + φ_n H_n is the sum of a local term φ_nu_n + u^⊥_n and a term that vanishes and can be neglected. We have thus reduced a nonlocal problem to a local one, and in first approximation, we can write in view of (1.12):

(1.16) C ≥ E_{εn} (u_n) ≥ 2 Z � |μ_n| .

Since μ_n is bounded in measures, it has a weak limit that is a measure μ, and we can expect that

lim inf n→∞ E_{εn} (u_n) ≥ 2 lim inf_{n→∞} Z � |μ_n| ≥ 2 Z � |μ| with μ = div(φu + u^⊥) associated to the limit u = e^{iφ} of u_n.

Next, we state a result on minimizers of the limiting problem.

DEFINITION 1.6 u_⋆ is the unit vector field ∇^⊥(dist(·, ∂�)).

We will prove in Section 3 that there exists φ_⋆ such that (u_⋆, φ_⋆) belongs to C.

THEOREM 1.7 If ∂� is analytic by parts, min (u,φ)∈C

‖μ_{u,φ}‖ = |∂�| .

The minimum is achieved by (u_⋆, φ_⋆).

We conjecture that the only minimizers are u_⋆ and −u_⋆. We give a heuristic justification of this fact in the last part of the introduction. These considerations have to be compared with the recent nonuniqueness result of [13] for F_ε. As a consequence of Theorems 1.3, 1.5, and 1.7, we get the global understanding of minimizers of E_ε under the LBP condition.

THEOREM 1.8 Assume ∂� is analytic by parts. Let U be a suitable covering of � (i.e., lim sup_{ε→0} I^U_ε ≤ 2|∂�|); then lim_{ε→0} I^U_ε = 2 min_{(u,φ)∈C} ‖μ_{u,φ}‖ = 2|∂�| ,

and a sequence of minimizers u_ε = e^{iφε} of E_ε over �_U converges strongly in T L^q (both u_ε and φ_ε converge) to a minimizer (u, φ) of ‖μ_{u,φ}‖ over C.

To give an idea of the lower bound ‖μ_{u,φ}‖ ≥ |∂�| for u ∈ C, recall that u·n = 0 on ∂�, and assume, for instance, that u ·τ = −1 on ∂�, where τ is the unit tangent to ∂� (with positive orientation). Then, integrating by parts, we formally have Z � | div(φu + u^⊥)| ≥ Z � div(φu + u^⊥) = Z ∂� φu · n − u · τ = |∂�| .

The proof needs to be refined when u · τ changes sign on ∂�, but the result is still true.

If (u, φ) ∈ C, as already mentioned, u has singularities, and they are expected to be line singularities. Since, u is divergence-free, its normal component across such singularity lines is preserved. Wherever u and φ are smooth, one has div(φu) = ∇φ · u = curl u = − div u^⊥ .

Hence μ_{u,φ} = 0, and μ_{u,φ} is thus supported on the singularities of u. Unfortunately, the condition that div(φu + u^⊥) be a measure does not guarantee that φ or u is in

FIGURE 1.1. X is positive when iu is pointing inwards; the singular set of u and X is negative when iu is pointing outwards from the singular set of u.

BV(�) (one can see this from the ideas of the counterexamples of [1]): the class of possible limits C is quite large. Nevertheless, we may expect the measure μ_{u,φ} to be carried on a countably rectifiable set.

We have a more precise result in the case where φ ∈ BV(�) (where φ is a lifting of u given by the definition of C). Then by definition, Dφ is a Radon measure, and it is standard that Dφ can be split into three mutually singular parts

(1.17) Dφ = ∇φL^2 + (φ^+ − φ^−) ⊗ nH^1⌊_S+D_cφ

where L^2 is the Lebesgue measure, H^1 is the one-dimensional Hausdorff measure, D_cφ is the Cantor part of Dφ, S is the jump set of φ, n is the normal to S pointing from S into the + half-space, and φ^+ and φ^− are the approximate limits of φ on both “sides”, + and −, of S; see Section 5.2 for more details.

THEOREM 1.9 (i) Let (u, φ) ∈ C be such that φ ∈ BV(�). Then,

μ_{u,φ} = div(φu + u^⊥) = � (φ^+ − φ^−)(u · n) − (u^+ − u^−) · n^⊥ � H^1⌊_S .

Thus

‖μ_{u,φ}‖ = Z S fi fi(φ^+ − φ^−)(u · n) − (u^+ − u^−) · n^⊥ fi fidH^1 .

If |φ^+ − φ^−| < 2π in �^′ ⊂ �, we define the angle X ∈ (−π, π) in the following way (see Figure 1.1): ( |X| =^{|φ+−φ−|}_2 sgn(X) = − sgn(u^+ · n^⊥) .

Then we have

μ_{u,φ}⌊_�′ = 2(sin X − X cos X)H^1⌊_{S∩�}′ .

The density of μ_{u,φ} has the sign of X.

(ii) If (u, φ) is a bounded family in BV and u_ε = e^{iφε} is such that E_ε(u_ε) ≤ C, then, up to extraction, there exists (u, φ) ∈ C such that u and φ are in BV, for which φ_ε ⇀ φ in BV, u_ε ⇀ u in BV, and

lim inf ε→0 E_ε(u_ε) ≥ 2‖μ_{u,φ}‖ ≥ 2|∂�| .

Remark 1.10. Observe that the sign of X and then the sign of the measure div(φu + u^⊥) is independent of the liftings φ^+ and φ^− chosen but only depends on u^+ and u^− as long as we ensure |φ^+ − φ^−| ≤ 2π.

Thus we have a more quantitative description of μ_{u,φ} in terms of the jumps of the phase of u. Observe that when X varies in [0, π], sin X − X cos X increases from 0 to π, and observe also that for X ∈ [−π, π], sin X − X cos X has the sign of X. In addition, when X is small

sin X − X cos X ∼

X^3 6 . This is reminiscent of the case of (1.10) in [1] where the energy cost of the jumps in ∇ψ is given by (1.11). The two problems should thus have the same qualitative properties for small jumps; see also the discussion about lower semicontinuity in [1]. On the other hand, there is a major difference since we exhibit a cost of the jumps of φ and not only of u. If φ jumps by 2π, for example, u remains continuous, but there is a cost in ‖μ_{u,φ}‖. This can be very well illustrated in the case of � = B_1(0). The limiting field u_⋆ =^1_{2π}^∂_{∂θ} has a singularity only at 0, but its phase must have a line singularity joining 0 to ∂ B_1, and this costs 2π = |∂ B_1| in ‖μ_{u⋆,φ⋆} ‖, whereas in that case, for F_ε of [1] or [9], the limiting energy is 0.

Rewording here to avoid a bad line break. For general domains �, we prove that R S^2 (sin X − X cos X) = |∂�| for the

field u_⋆ = ∇^⊥ dist(·, ∂�). Thus, from the micromagnetism energy, we are led to a limiting functional that contains some of the geometric features of the domain, and we are led to unexpected results on the function dist(·, ∂�); see Section 5 and Remark 5.3.

The sign of X should play a role in the uniqueness result we expect for the minimizer for ‖μ_{u,φ}‖ in C (up to a reverse of sign). Formally following the kind of arguments of the proof of Lemma 5.1, we can see that, for a minimizer, μ_{u,φ} has to be either positive or negative. Then X is either positive everywhere or negative everywhere. Changing u to −u if necessary, we can assume X to be positive, and u to be ∇^⊥g for some g ∈ C^{0,1}_0 (�). The uniqueness of the minimizer can be sketched the following way: Starting from any point in the domain away from the singular set, we may follow the ray given by u^⊥. Because of the positivity of X, we see that it is not possible to cross the singular set; see Figure 1.1. Then the ray reaches the boundary without crossing the singular set. Thus, g = dist(x, ∂�) and u = u_⋆.

It is tempting to imagine that there should exist a statement similar to that of Theorem 1.9 for general (u, φ) ∈ C (or at least the ones that are limits of bounded

FIGURE 1.2. The current T_{u,φ}: a geometric interpretation of div(φu + u^⊥).

sequences (u_ε, φ_ε) for E_ε) without the assumption that φ ∈ BV(�). The main difficulty is to prove that the measure div(φu + u^⊥) is supported on some set that has a nice structure, such as countable rectifiability (countable union of smooth curves) in order to be able to define the notions of + and − side, unit normal, etc. The example of [1] seems to indicate that it is too optimistic to expect the jump set to be rectifiable (finite mass). This comes from the fact that we control only X^3 (see discussion above) and not X for X small.

An adapted object to work with that also gives another geometric interpretation of the measure div(φu + u^⊥) for solutions of the eikonal equation is the following current: Assume (u, φ) ∈ C is the L^q limit of a bounded sequence (u_ε, φ_ε) for E_ε. We introduce the current T_{uε,φε} in � × R^3 equal to

T_{uε,φε} = � (x, u_ε(x), t H_{uε} · e) ∈ � × R^3 : (x, t) ∈ � × [0, 1] ,

H_{uε} given by (1.2), e the unit oriented by ∇u_ε � . This current has a uniformly bounded mass as ε → 0. In the case where φ_ε is uniformly bounded in BV, it converges to the following rectifiable current:

T_{u,φ} = � (x, e^{iθ} , t sgn(u^+ · n^+)h(θ, x)) ∈ � × R^3 : (x, t) ∈ S × [0, 1],

φ_− ≤ θ ≤ φ_+, h(θ, x) the distance between e^{iθ} and the line u^+, u^− � (see Figure 1.2). It is not difficult to see that

(1.18) M(T_{u,φ}) = Z � fi div(φu + u^⊥) fi = ‖μ_{u,φ}‖ .

In the case where φ is BV, we clearly have M(∂T_{u,φ}) < +∞. Again because of the example in [1], we do not expect this control of the mass of the boundary of the limit of T_{uε,φε} to hold in general; nevertheless, we still expect the limit of T_{uε,φε} , which has a finite mass, to be rectifiable, which should imply the countable rectifiability of the jump set of u on �.

We now sketch the outline of the paper. Section 2 contains some preliminary results and the study of the one-dimensional problem: We expect variations of u_ε, minimizing E_ε, to be concentrated near S (jump set of u_⋆) at a scale ε in the direction perpendicular to S. Therefore, we are led, after blowup at the scale ε, to the one-dimensional ODE corresponding to solutions of (1.3) that depend only on one direction, which we prove to be solutions of

(1.19) 8 ¿ ¿¡ ¿ :

φ^′ = sin φ − sin α_+ φ(+∞) = α_+ φ(−∞) = α_− sin α_+ = sin α_−, 0 ≤ α_+ − α_− ≤ 2π .

This equation is the profile equation for the model. It is interesting to notice that (1.19) has no solution if the jump α_+ − α_− > 2π. This is probably related to our assumption u ∈ �_U for compactness.

In Section 3 we prove the upper bound for min E_ε by constructing a test configuration: It is the function u_⋆ wherever it is smooth, and we paste the profiles (1.19) at a scale ε along its jump set. Then we have to bound R � |H|^2/ε from above. This is done through a “projection lemma” (Lemma 2.3), which permits us to bound the nonlocal term R � |H|^2 by local integrals. The assumption that ∂� is analytic by parts is needed to use a result of Choi, Choi, and Moon [7], which asserts that in this case, the singular set of u_⋆, called the “medial axis” of �, is also a finite union of analytic curves, while if ∂� is assumed to be only C^∞, the medial axis can be very pathological; see [7]. Yet we believe that all the quantitative results (min E_ε ∼ 2|∂�|) would still be true without this assumption on ∂�.

In Section 4 we prove the compactness result. Its proof is inspired by that of [1]. We use a convexity-type relation, the div-curl lemma, and Young measures to prove that the limiting u must satisfy |u| = 1 a.e., and deduce strong convergence in T q<∞ L^p. Section 5 is devoted to Theorems 1.7 and 1.8 using the method that was already sketched and to Theorem 1.9.

Notation. C is always a positive constant, independent of ε. M is the space of Radon measures on �. ∇^⊥ = (−∂_{x2} , ∂_{x1} ), u^⊥ = iu = (−u_2, u_1). B_r (x) denotes the ball of radius r centered at x.

2 A Few Preliminary Results

2.1 Preliminary Results on Demagnetizing Fields In this section we consider a general vector field V on R^2, bounded with compact support. To V is associated the induced demagnetizing field H_V defined by (2.1) H_V = −∇�^{−1} div V, where the operator �^{−1} is defined as the convolution with the kernel 2π log |x − y|. Clearly, H_V satisfies

(2.2) ( div(H_V + V ) = 0 in R^2 curl H_V = 0 in R^2 .

LEMMA 2.1 (i) ∀p < ∞, there exists C_p depending only on the support of V such that ‖H_V ‖_L p_{(R}2_) ≤ C_p‖V ‖_L∞ .

(ii) For any x ∈ R^2 such that dist(x, supp V ) ≥ 1, |H_V (x)| ≤^C_{|x|2} ‖V ‖_L∞ , and |�^{−1} div V (x)| ≤ (C/|x|)‖V ‖_L∞ , where the constants C depend only on the support of V .

(iii)

(2.3) Z R^2

|H_V |^2 = Z R^2

(div V )(�^{−1} div V ) = − Z R^2

V · H_V .

PROOF OF LEMMA 2.1: ∀p < ∞, ‖V ‖_L p is bounded by a constant that depends only on the support of V . Thus, standard results on singular integrals give that div V = − div H_V is bounded in W^{−1,p} and H_V in L^p.

For any x such that dist(x, supp V ) ≥ 1, we see by using integration by parts that fi �^{−1} div V (x) fi = fi fi fi Z R^2

2π log |x − y| div V (y)dy fi fi fi

= fi fi fi−2π Z R^2

V (y) · ∇_y log |x − y|dy fi fi fi

≤ 2π Z R^2

|V (y)| |x − y| dy

≤ C |x| ‖V ‖_L∞ |supp V | ,

(2.4)

where |supp V | is the volume of supp V . Similarly,

(2.5) ∇�^{−1} div V (x) = Z R^2

L(x, y) div V (y)dy , where L(x, y) = 2π ` x_1 − y_1 |x − y|^2 , x_2 − y_2 |x − y|^2 ´

and fi ∇�^{−1} div V (x) fi = fi fi fi fi Z R^2

L(x, y) div V (y)dy fi fi fi fi = fi fi fi fi − Z R^2

V (y) · ∇_y L(x, y)dy fi fi fi fi ≤ C |x|^2

‖V ‖_L∞ |supp V | .

(2.6)

As a consequence, H_V is in L^2(R^2) and assertions (i) and (ii) are true.

Then, using the definition of H_V and several integrations by parts, Z R^2

|H_V |^2 = Z R^2

H_V · ∇�^{−1} div V = Z R^2

−(div H_V )�^{−1} div V

= Z R^2

(div V )�^{−1} div V

= − Z R^2

V · ∇�^{−1} div V = − Z R^2

V · H_V .

Hence, assertion (iii) is proved. □

Remark 2.2. Applying this lemma, we deduce that for any sequence of unit vector fields u_ε, ‖H_{uε} ‖_L p is uniformly bounded, ∀p < ∞.

Next we state what we call the “projection lemma.” This lemma allows us to estimate integrals of demagnetizing fields of the type R R^2 |HV |

2 knowing V without having to compute H_V and comparing it only with local integrals.

LEMMA 2.3 (Projection Lemma) For any V bounded with compact support, we have

(2.7) Z R^2

|H_V |^2 = min

g∈H^1(R^2,R) Z R^2

|V − ∇^⊥g|^2 .

This lemma is in fact the Hodge projection theorem in L^2. In other words, the result amounts to the fact that H_V is the L^2-orthogonal projection of V on the subspace of curl-free vector fields.

Of course, these lemmas apply to the test functions for the problem of minimizing E_ε. From them, we can deduce a restatement of the original problem. Defining over H^1(R^2, R) the functional

(2.8) G_ε(g) = min_{v∈H 1(�,S1)} Z � ε|∇v|^2 + Z R^2 1 ε |ṽ − ∇^⊥g|^2 , using comparison arguments, one can check that min H^1(�,S^1)

E_ε = min_{H 1(R2,R)} G_ε .

2.2 Study of the One-Dimensional Problem Heuristic Derivation of the Problem

Consider some family u_ε of uniformly bounded energy E_ε. Its limiting field is a unitary divergence-free vector field u, and it should have line singularities. Across such a line, since u is divergence-free, u · n remains continuous. Therefore, the argument of u in the orthonormal frame relative to the line singularity can only jump from some α_+ to some α_−, with sin α_+ = sin α_−. Returning to the original field u_ε, we rescale it around x_0, a point of singularity of u, and set û_ε(x) = u_ε(x_0 + εx). We expect û_ε to behave like a function u that depends only on one variable x_2, which minimizes

(2.9) Z R |∇u|^2 + |H|^2

and satisfies lim x_2→+∞

Arg u = α_+ , lim_{x2→−∞} Arg u = α_− .

The rescaled demagnetizing field H at the limit also depends only on one variable x_2 and is the solution of

(2.10) ( div(H + u) = 0 curl H = 0 .

Writing u = e^{iφ} = (cos φ, sin φ), since u depends only on x_2, div u = (cos φ)^{dφ}_{dx2} ; hence u must solve

(2.11)

(_{d H2}

dx_2 = −(cos φ) dφ dx_2 d H_1 dx_2 = 0 .

Thus, we see that

(2.12) ( H_1 = 0 H_2 = sin α_+ − sin φ is the only solution if we require that H tend to 0 as |x_2| → ∞.

We are thus led to the following one-dimensional problem: Minimize

(2.13) Z R |φ^′|^2 + |sin φ − sin α_+|^2 .

We will now consider problem (2.13) independently.

Study of the Ordinary Differential Equation

In the rest of this section, we consider angles α_+ and α_− such that

(2.14) ( α_+ = −π − α_− α_− ∈ � −^{3π}_2 , −^π_2 � , α_+ ∈ � −^π_2 , −^π_2 � . We shall write sin α_− = sin α_+ = sin α for simplicity. We consider the energy functional (2.15) F(φ) = Z R |φ^′|^2 + |sin φ − sin α|^2 .

To this functional is naturally associated the ordinary differential equation: (2.16) φ^{′′} = (sin φ − sin α) cos φ , and if we add to it the limit conditions we are interested in, we get the problem

(2.17) ( φ^{′′} = (sin φ − sin α) cos φ φ(−∞) = α_− , φ(+∞) = α_+ .

We prove the following:

PROPOSITION 2.4 Let α_+ and α_− satisfy α_− < α_+ and sin α_+ = sin α_−.

(i) If α_+ − α_− > 2π, then (2.17) has no solution of finite energy F. (ii) If α_+ and α_− satisfy (2.14), then (2.17) admits one solution φ_α such that F(φ_α) < ∞ and φ_α(0) = −^π_2 . φ_α has the following properties:

(2.18) φ^′_α = sin α − sin φ_α .

There exists a constant C independent of α_+ and α_− such that

(2.19) ( |φ_α − α_+| ≤^C_{|x|} for x ≥ 0 |φ_α − α_−| ≤^C_{|x|} for x ≤ 0 .

If α_+ − α_− < 2π, then there exists a constant C_α depending on α_+ and α_− such that

(2.20) ( |φ_α − α_+| ≤ C_αe^{−x} for x ≥ 0 |φ_α − α_−| ≤ C_αe^x for x ≤ 0 .

Denoting by X =^{α+−α−}_2 = −^π_2 − α_−, we have 0 < X ≤ π and

(2.21) F(φ_α) = Z R (φ^′_α)^2 + (sin φ_α − sin α)^2 = 4(sin X − X cos X) .

PROOF OF PROPOSITION 2.4: The proof has six steps.

Step 1. Equation (2.16) has trivial constant solutions φ ≡ α_+ + 2kπ, φ ≡ α_− + 2kπ, k ∈ Z. Consider any nonconstant finite-energy solution φ of (2.16). Necessarily, |φ^{′′}| = | sin φ − sin α||cos φ| ≤ | sin φ − sin α| ;

hence φ^{′′} ∈ L^2(R). This implies that φ^′ ∈ C^{0,1/2}(R) and φ^′ is uniformly continuous on R. It also implies that φ^′φ^{′′} ∈ L^1(R) and thus (φ^′)^2(x) =

R_x

2φ^′φ^{′′} remains bounded. We can thus assert that (φ^′)^2 is uniformly continuous on R because φ^′ is and it is bounded. Consequently, since R R |φ^′|^2 < ∞, we have φ^′ → 0 at ∞.

Similarly, (sin φ − sin α)^2 is uniformly continuous and integrable, and hence must tend to 0 at ∞.

Multiplying (2.16) on both sides by φ^′ and integrating between x and ∞, we are led to

(2.22) (φ^′)^2 = (sin φ − sin α)^2 .

Step 2. We claim that φ^′ does not vanish. If there existed an x_0 such that φ^′(x_0) = 0, then from (2.22), we would have sin φ(x_0) = sin α, and thus φ^{′′}(x_0) = 0 from (2.16). Then, ψ ≡ φ(x_0) would be a constant solution of (2.16), which would satisfy

(2.23) 8 ¿¡ ¿: ψ^{′′} = (sin ψ − sin α) cos ψ ψ(x_0) = φ(x_0) ψ^′(x_0) = 0 .

But φ is also a solution of (2.23), and using the Cauchy-Lipschitz theorem on ordinary differential equations, problem (2.23) has a unique solution. Thus φ would be the constant solution, and we are led to a contradiction, since it was assumed to be nonconstant. The claim is proved.

Step 3. We deduce assertion (i) of the proposition. If α_+−α_− > 2π and φ solves (2.17), then φ(+∞) − φ(−∞) > 2π; therefore, by continuity of φ, there exists a x_0 ∈ R such that sin φ(x_0) = sin α. But φ satisfies (2.22); hence φ^′(x_0) = 0, which is impossible from step 2.

Step 4. We prove the existence result. First, we recall that α_+ and α_− are assumed to satisfy (2.14). We set

(2.24) �(t) =

Z_t

−π/2 du sin α − sin u . � is defined on (α_−, α_+). When u → α_+,

(2.25) sin u − sin α_+ ∼ (u − α_+) cos α_+ −^1_2 (u − α_+)^2 sin α_+ ;

hence � → +∞ as t → α_+. Similarly, � → −∞ as t → α_−. Furthermore,

�^′(t) = 1 sin α − sin t

> 0 on (α_−, α_+) ;

thus � is increasing and defines a diffeomorphism between (α_−, α_+) and R. We can thus consider its inverse function φ(x) = �^{−1}(x). φ is increasing from R to (α_−, α_+) and satisfies lim x→+∞ φ = α

+ , lim_{x→−∞} φ = α_− .

In addition,

(2.26) φ^′(x) = 1 �^′(�^{−1}(x))

= sin α − sin φ(x) .

Consequently, φ solves (2.17). In addition, from (2.14), φ takes the value −^π_2 . But, for any c ∈ R, φ(· + c) is also a solution of (2.17); therefore we can find a solution φ_α of (2.17) such that φ_α(0) = −^π_2 .

Rewording to “a solution” OK? Original was a bit vague.

Step 5. We prove the stated decay of φ_α. If cos α_+ ≠ 0, then from (2.25), sin u − sin α_+ ∼_{α+} (u − α_+) cos α_+. Hence

� ∼_{α+} −1 cos α_+ log(α_+ − x) ,

and therefore φ_α − α_+ decays exponentially as x → +∞. The argument is similar near −∞. If cos α_+ = 0, then from (2.25), sin u − sin α_+ ∼_{α+} −^1_2 (u − α_+)^2 sin α_+ with sin α_+ = 1. Hence

� ∼_{α+} 2 α_+ − x and φ_α − α_+ decays like 1/x as x → +∞, and similarly as x → −∞. It thus has a decay rate in 1/|x| independently from α_+ and α_−. We deduce that (φ^′_α)^2 and (sin φ_α − sin α)^2 are in L^1(R) and F(φ_α) < ∞.

Step 6. There remains to calculate F(φ_α). From (2.26),

F(φ_α) = Z R (φ^′_α)^2 + (sin φ_α − sin α)^2 = 2 Z R (sin α − sin φ_α)φ^′_α .

Performing the change of variables φ_α(x) = t, we get

F(φ_α) = 2

Z_{α+}

α_−

(sin α − sin t)dt = 2 � cos α_+ − cos α_− + (α_+ − α_−) sin α � = 4 cos α_+ + 2(α_+ − α_−) sin α .

Using the notation X = (α_+ − α_−)/2 = α_+ + π/2, we have 0 < X ≤ π, cos α_+ = sin X, sin α = − cos X, and the previous equality becomes

F(φ_α) = 4(sin X − X cos X) . □

3 Upper Bound for the Micromagnetism Energy

Here we prove Theorem 1.3 by constructing a suitable test configuration. This test function is obtained by deformation of the field u_⋆ = ∇^⊥ dist(·, ∂�), using the one-dimensional profiles described in Section 2.2.

3.1 Studying u_⋆ We now mention some important results on u_⋆ relying on [7] by H. I. Choi, S. W. Choi, and H. P. Moon. u_⋆ is obviously divergence-free, tangent to ∂� (hence div ũ_⋆ = 0), and of unit norm wherever dist(·, ∂�) is differentiable. If p is a point in � that admits a unique nearest-point projection on ∂�, then dist(·, ∂�) is differentiable near p and u_⋆ is regular near p. Thus, u_⋆ is singular only at points that do not admit a unique nearest-point projection on ∂�. In [7] they study this set, called the medial axis of �. They define it as

(3.1)

� = {p ∈ � : ∃r ≥ 0, B_r (p) ⊂ � and if B_s (q) ⊂ �

and B_r (p) ⊂ B_s (q), then B_r (p) = B_s (q)} .

One can check that � coincides with the set of points that do not admit a nearestpoint projection on ∂� and is also the set of the centers of maximal disks inscribed in �.

If � is a ball, then � is reduced to the center. If not, and if ∂� is a finite union of analytic curves (which we shall sum up by “analytic by parts”), then they prove that � is path-connected and is a finite union of real analytic curves of finite length, plus a finite number of endpoints or branch points called vertices. We will call V the set of vertices.

LEMMA 3.1 If ∂� is analytic by parts, there exists φ_⋆ ∈ BV(�) smooth except on a finite union of analytic curves S such that the jump of φ_⋆ along S is in [0, 2π] and u_⋆ = e^{iφ⋆} .

PROOF OF LEMMA 3.1: If ∂� has “ corners,” then � is adherent to ∂�. If ∂� is analytic, consider a point p on ∂� such that the geodesic curvature of ∂� at p is positive (such a point always exists) and the normal to ∂� at p. Following this normal direction inside �, one crosses �. Let us denote by T this segment joining p to �. S = T ∪ � is still a finite union of analytic curves and a finite number of vertices and is path-connected. Since the topological degree of u_⋆ from ∂� to S^1 is 1, it is possible to define a real-valued φ_⋆ on ∂� \ {p} such that u_⋆ = e^{iφ⋆} on ∂� and that φ_⋆ is continuous except for a jump of 2π at p. It is then possible to extend φ_⋆ to � into a BV function that is regular on � \ (T ∪ �). We do it the following way: If x ∈ � \ (T ∪ �), then x has a nearest-point projection y on ∂�, and we set φ_⋆(x) = φ_⋆(y). Then we have

e^{iφ⋆} = u_⋆ = ∇^⊥ � dist(·, ∂�) � in � \ S ,

and φ_⋆ is C^∞ in � \ S.

FIGURE 3.1

For example, in the case of the ball, just consider φ_⋆(r, θ) = θ +^π_2 in polar coordinates, where the argument θ lies in [0, 2π). Then, φ_⋆ is regular everywhere except on the segment θ = 0 and for r = 0. We easily check that u_⋆ ∈ C.

In the general case, the jump of φ_⋆ on T is exactly 2π by construction. We then consider x ∈ � and wish to evaluate the discontinuity of φ_⋆ at x across �. By definition of �, there exist at least two rays coming from ∂� crossing at x. By “ray,” we mean a segment with one endpoint on ∂� and the other on �, normal to ∂� and included in �. By construction, φ_⋆ is constant on all rays. Let then R_1 and R_2 be two such rays crossing at x, and let x_1 and x_2 be their endpoints on ∂�. We write β = (−→xx_1, −→xx_2) ∈ (0, 2π). Then let l be the connected component of ∂� \ {x_1, x_2} that does not contain p. We thus have a closed curve, union of l, [x, x_1] and [x, x_2]. We assume, for example, that going from x_1 to x_2 on l and then from x_2 to x_1 via the segments, we follow the trigonometric orientation; see Figure 3.1. We can write that the integral of the geodesic curvature K_g along this curve is equal to 2π: Z l K_g + π 2 + (π − β) + π 2 = 2π .

Here, we have used the fact that [x, x_1] and [x, x_2] are orthogonal to ∂�. Then, Z l K_g = π − (π − β) = β ∈ (0, 2π) .

But this integral is equal to − R l dτ ds ·n where τ is the unit tangent on l, n is the outer unit normal to l, and s is the parametrization with respect to the arc length on ∂�. But u_⋆ = −τ on ∂�; hence the previous integral is Z l ∂u_⋆ ∂s · n = Z l ∂u_⋆ ∂s · u^⊥_⋆ = Z l ∂φ_⋆ ∂s = φ_⋆(x_2) − φ_⋆(x_1) .

We thus have obtained that

(3.2) 0 < φ_⋆(x_2) − φ_⋆(x_1) < 2π .

In addition, the jump of φ_⋆ at x is exactly equal to |φ_⋆(x_2)−φ_⋆(x_1)| by construction; hence we have the desired result. □

Definitions of X, α_+, andα_− for u_⋆. If x ∈ �\V, then x has exactly two nearestpoint projections on ∂�, x_1 and x_2 (see [7]) and the direction tangent to � separates x_1 and x_2. We can thus choose n to be the unit normal vector to � at x pointing towards x_2, i.e., n · −→xx_2 ≥ 0. If τ is the unit tangent to � such that (τ, n) is a direct orthonormal frame, then this means that

(3.3) u_⋆ · τ ≥ 0 on (x, x_2] .

If x ∈ T we orient −τ pointing towards ∂�. By construction of T , u_⋆ is normal to T and u_⋆ = n = τ^⊥.

Then, at each point x_0 ∈ S \ V, we have defined a unit normal vector n, and we denote by φ^+_⋆ and φ^−_⋆ the values of φ_⋆ for x → x_0(−→x_0x · n > 0) and x → x_0(−→x_0x · n < 0), respectively. In view of the previous proof, on � we have φ^+_⋆ = φ_⋆(x_2), φ^−_⋆ = φ_⋆(x_1). Hence,

(3.4) 0 < φ^+_⋆ − φ^−_⋆ ≤ 2π.

On T, φ^+_⋆ − φ^−_⋆ = 2π; hence (3.4) is verified H^1-a.e. on S. If s still denotes the parameter with respect to the arc length on S, we can then choose θ(s) such that e^{−iθ} τ = (1, 0) and

(3.5) θ −^1_2 � φ^+_⋆ + φ^−_⋆ − π � ∈ [−π, π) .

We distinguish again two cases. If x ∈ T , then there exists k ∈ Z such that φ^+_⋆ − θ =^π_2 + 2kπ and φ^−_⋆ = φ^+_⋆ − 2π = θ +^π_2 + 2(k − 1)π. In view of (3.5), the only possibility is k = 0. We set

α_+(s) = φ^+_⋆ − θ = π 2 , α_−(s) = φ^−_⋆ − θ = − 3π 2 . If x ∈ � \ V, then, since u_⋆ is divergence-free, its normal component is preserved across �; hence sin(φ^+_⋆ − θ) = sin(φ^−_⋆ − θ) , therefore ∃k ∈ Z φ^+_⋆ − θ = π − (φ^−_⋆ − θ) + 2kπ .

But from (3.3) we also have

cos(φ^+_⋆ − θ) ≥ 0 ,

and combining this with (3.4) and (3.5), the only possibility is k = −1 and

φ^+_⋆ − θ = −π − (φ^−_⋆ − θ) ,

φ^+_⋆ − θ ∈ � −^π_2 ,^π_2 � , φ^−_⋆ − θ ∈

�_{3π} 2 , −^π_2 � . We set in all cases α_+(s) = φ^+_⋆ − θ, α_−(s) = φ^−_⋆ − θ. They satisfy (2.14). In addition, α_−(s), α_+(s), and θ(s) are C^1 on S except on a finite number of points. If some of these exceptional points are not in V, we add them to V. Denoting

X = (φ^+_⋆ − φ^−_⋆ )/2, we have X ∈ (0, π] and X = (α_+ − α_−)/2, cos X = − sin α, sin X = − cos α_−.

Remark 3.2. We recall that if ∂� is not assumed to be a finite union of analytic curves, but only C^∞, for example, then it seems more difficult to construct such a lifting of u_⋆ because there exist such �’s for which � either is not of finite length or has an infinite number of branch points; see [7] for counterexamples.

Remark 3.3. If � is convex, then φ_⋆ takes its values in [l, l + 2π] for some l ∈ [0, 2π].

3.2 Constructing the Test Functions We use the notation of the previous subsection, and the orthonormal frame (τ, n) along the line of singularities S of u_⋆ wherever possible. We choose a γ such that^1_2 < γ < 1. We recall that S is a C^1 curve except on a finite set of points V and denote by S_ε the subset of S composed of all the points that are at a distance ≥ ε^γ from V. Thus S is locally C^1 near any point of S_ε. We then define the set B_ε to be

B_ε = {x = x_0 + σ n, |σ | ≤ ε^γ , x_0 ∈ S_ε, n the normal to S_ε at x_0} .

For ε small enough, B_ε is thus an ε^γ -tubular neighborhood of S_ε, and each point of B_ε can be determined uniquely by coordinates (s, σ ) where s corresponds to the parameter with respect to the arc length on S and σ to the distance to S_ε. We also denote �_ε = � \ {x : dist(x, S) ≤ ε^γ } and V_ε = � \ (�_ε ∪ B_ε).

We recall that the argument of φ_⋆ in the local frame is α_+(s) as σ → 0^+ and α_−(s) as σ → 0^−, with α_+ and α_− satisfying (2.14). Let us also denote by β_+(s) the angle of φ_⋆ in the orthonormal frame (τ, n) at the point (s, ε^γ ), and β_−(s) the one at (s, −ε^γ ), β_+(s) := φ_⋆(s, ε^γ )−θ(s), β_−(s) := φ_⋆(s, −ε^γ )−θ(s). Of course, these β, unlike the α’s, depend on ε. Along �, since α_+ − α_− > 0, for ε small enough we have β_+ > −^π_2 and β_− < −^π_2 . Since T is a ray starting at a point of ∂� where the curvature is positive, it is not difficult to see that for ε small enough, we also have β_+ <^π_2 and β_− > −^{3π}_2 , although α_+ =^π_2 and α_− = −^{3π}_2 . Then, from the study of equation (2.16), we know the existence of α̃^+(s) ∈ [−^π_2 ,^π_2 ) and α̃^−(s) ∈ [−^π_2 ,^π_2 ) such that φ_{α̃}+_{(s)}(ε^γ /ε) = β_+(s) and φ_{α̃}−_{(s)}(ε^γ /ε) = β_−(s) (a priori there is no reason why α̃^+(s) and α̃^−(s) should coincide). By using the C^1 behavior of u_⋆ in � \ S, it is clear that the following bound holds:

(3.6) |α_± − β_±| ≤ Cε^γ ,

and using (2.19),

(3.7) |α̃^±(s) − α_+| ≤ Cε^{1−γ} .

We then define the test function u_ε in the local coordinates (s, σ ) as

(3.8) 8 ¿¡ ¿: u_ε(σ, σ ) = � cos � φ_{α̃}±_{(s)}

�_σ ε � τ + � sin(φ_{α̃}±_{(s)}

�_σ ε � n = e^{i(ψ+θ)} for 0 ≤ ±σ ≤ ε^γ in B_ε u_ε = e^{iφ⋆} in �_ε .

In V_ε, we extend the phase of u_ε in such a way that it remains continuous and that |∇u_ε| ≤ C/ε. We also define in B_ε

(3.9) 8 ¿¡ ¿: K_ε(s, σ ) = � cos � φ_{α̃}±_{(s)}

�_σ ε � τ + � sin � β_±

�_σ

ε^γ � + α_± � 1 −^σ_{εγ} � n for 0 ≤ ±σ ≤ ε^γ in B_ε K_ε = u_⋆ in �_ε .

Notice that K_ε is not unit-valued. We extend K_ε on V_ε in the same way as u_ε with |K_ε| ≤ 1. We thus end up with two vector fields u_ε and K_ε that are continuous on � and have the following properties: LEMMA 3.4 ‖∇u_ε‖_L∞_{(�)} ≤ C ε , | div K_ε| ≤ O(1) in � \ V_ε ≤ 1 sup(ε, dist(x, S)) for dist(x, S) ≤ ε^γ .

PROOF OF LEMMA 3.4: The upper bound for ∇u is straightforward from the construction. In B_ε, we have, for 0 ≤ ±σ ≤ ε^γ ,

div K_ε = ∇ ` cos φ_{α̃}±_{(s)} ` σ ε ´´ · τ + ` cos φ_{α̃}±_{(s)} ` σ ε ´´ div τ + ∇ ` sin ` β_± σ ε^γ

+ α_± ` 1 − σ ε^γ ´´´ · n + sin ` β_± σ ε^γ

+ α_± ` 1 − σ ε^γ ´´ div n ,

and from this expression, it is clear using (3.6) that, as ε → 0, | div K_ε| = O(1) in � \ V_ε. □ 3.3 Evaluation of Their Energy: Proof of Theorem 1.3 The proof of Theorem 1.3 is divided into several lemmas.

LEMMA 3.5 1 ε Z � |u_ε − K_ε|^2 + ε Z B_ε

|∇u_ε|^2 ≤ Z S 4 � sin X (s) − X (s) cos X (s) � ds + o(1) .

PROOF OF LEMMA 3.5: First, observe that in �_ε, u_ε = K_ε = u_⋆; hence 1 ε Z � |u_ε − K_ε|^2 = 1 ε Z �\�_ε

|u_ε − K_ε|^2 , and, since |u_ε − K_ε| ≤ 2 on V_ε and γ >^1_2 ,

(3.10) 1 ε Z � |u_ε − K_ε|^2 ≤ 1 ε Z B_ε

|u_ε − K_ε|^2 + C ε^{2γ} ε ≤ 1 ε Z B_ε

|u_ε − K_ε|^2 + o(1) .

From definitions (3.8) and (3.9) of u_ε and K_ε, 1 ε Z B_ε

|u_ε − K_ε|^2 ≤ X ± 1 ε Z 0≤±σ ≤ε^γ fi fi fi sin φ^{α̃±(s)} ` σ ε ´ − sin α̃^±(s) fi fi fi 2

+ X ± 1 ε Z 0≤±σ ≤ε^γ fi fi sin α̃^±(s) − sin ` β_± σ ε^γ

+ α_± ` 1 − σ ε^γ ´´fi fi^2 .

(3.11)

Using (3.7) we have 1 ε Z 0≤±σ ≤ε^γ fi fi sin α̃^±(s) − sin ` β_± σ ε^γ

+ α_± ` 1 − σ ε^γ ´´fi fi^2 ≤ C ε |B_ε| fi ε^{1−γ} fi_2

= O(ε^{1−γ} )

and (3.11) becomes

(3.12) 1 ε Z B_ε

|u_ε − K_ε|^2 ≤ X ± 1 ε Z 0≤±σ ≤ε^γ fi fi fi sin φ^{α̃±(s)} ` σ ε ´ − sin α̃^±(s) fi fi fi 2 + o(1) .

On the other hand, we have Z 0≤±σ ≤ε^γ

ε|∇u_ε|^2 + 1 ε fi fi sin φ_{α̃±(s)} ` σ ε ´ − sin α̃^±(s) fi fi^2

= Z 0≤±σ ≤ε^γ 1 ε fi fi∇φ_{α̃±(s)} ` σ ε ´fi fi^2 + 1 ε fi fi sin φ_{α̃±(s)} ` σ ε ´ − sin α̃^±(s) fi fi^2 ds dσ

+ Z 0≤±σ ≤ε^γ ε fi fi ∂ ∂s ` φ_{α̃}±_{(s)} ` σ ε ´´fi fi^2 ds dσ .

(3.13)

Now, ∂ ∂s ` φ_{α̃}±_{(s)} ` σ ε ´´ = dα̃^±(s) ds ∂φ_{α(s)} ∂α ` σ ε ´

remains bounded, since α is C^1 on S \ V. Furthermore, by the definition of φ_α, (3.14) ∇φ_{α(s)}(x) = sin α(s) − sin φ_{α(s)}(x) . Inserting this into (3.13), we obtain

Z 0≤±σ ≤ε^γ

ε|∇u_ε|^2 + 1 ε fi fi sin φ_{α̃±(s)} ` σ ε ´ − sin α̃^±(s) fi fi^2 = 2 ε Z 0≤±σ ≤ε^γ ` sin α̃^±(s) − sin φ_{α̃}±_{(s)} ` σ ε ´´ ∇φ_{α̃}±_{(s)} ` σ ε ´ ds dσ + o(1) ,

where we have used a co-area formula relative to π_S, the orthogonal projection from B_ε into S, and the fact that ||π^∗_S ds| − 1| ≤ C_Sε^γ and that γ >^1_2 (where C_S involves information on the curvature of S). Performing the change of variable y = σ/ε, Z |σ |≤ε^γ

ε|∇u_ε|^2 + 1 ε fi fi fi sin φ^{α̃sgn(σ )(s)} ` σ ε ´ − sin α̃^{sgn(σ )}(s) fi fi fi 2

= 2 Z s Z |y|≤ε^{γ −1} � sin α̃^{sgn(y)}(s) − sin φ_{α̃}sgn(y)_{(s)}(y) � ∇φ_{α̃}sgn(σ )_{(y)}(y)dy ds + o(1)

≤ 2 Z s ` Z_{+∞} −∞ � sin α̃^{sgn(y)}(s) − sin φ_{α̃}sgn(y)_{(s)}(y) � ∇φ_{α̃}sgn(y)_{(s)}(y)dy ´ ds + o(1) ≤ Z s 4 � sin X (s) − X (s) cos X (s) � ds + o(1) ,

(3.15)

where we have used (2.21) and the fact that α̃^± +^π_2 tend to X = α_+ +^π_2 as ε tends to 0.

Combining (3.10), (3.12), and (3.15), we get the result. □

LEMMA 3.6 Denoting by H_{uε} the magnetic field induced by ũ_ε, we have 1 ε Z R^2

|H_{uε} |^2 ≤ 1 ε Z � |u_ε − K_ε|^2 + o(1) .

We postpone the proof of this lemma until later in order to state the last lemma.

LEMMA 3.7 ε Z �\B_ε

|∇u_ε|^2 = o(1) as ε → 0 .

PROOF OF LEMMA 3.7: First, by definition, u_ε = u_⋆ in �_ε; hence ε Z �_ε

|∇u_ε|^2 → 0 .

Second, the contribution coming from V_ε is negligible because there |∇u_ε| ≤ Cε^{−1}, and hence ε Z V_ε

|∇u_ε|^2 ≤ Cε ε^{2γ} ε^2

= ε^{2γ −1} = o(1) .

This completes the proof of the lemma. □ If we assume the result of Lemma 3.6 to be true, then in view of Lemmas 3.5 and 3.7, we have constructed some u_ε ∈ H^1(�, S^1) for which

(3.16) ε Z � |∇u_ε|^2 + 1 ε Z R^2

|H_{uε} |^2 ≤ Z S 4 � sin X (s) − X (s) cos X (s) � ds + o(1) as ε → 0 .

If we assume that R S 4(sin X − X cos X) = 2|∂�|, which shall be proved in Lemma 5.4, then the first part of Theorem 1.3 is established.

PROOF OF LEMMA 3.6: The idea relies on the projection lemma, Lemma 2.3. For simplicity, we drop the subscripts ε. We denote by H_K the magnetic field induced by the configuration K̃_ε (which is K_ε extended by 0 outside �). Let g achieve min g∈H^1(R^2,R) Z R^2 fi K̃ − ∇^⊥g fi_2 ; then, as seen in Section 2, H_K = K̃ − ∇^⊥g. Furthermore, the projection lemma ensures that 0 @ Z R^2

|H_u|^2 1 A 1/2 ≤ 0 @ Z R^2

|ũ − ∇^⊥g|^2 1 A 1/2

≤ 0 @ Z R^2

|ũ − K̃ |^2 1 A 1/2 + 0 @ Z R^2

|K̃ − ∇^⊥g|^2 1 A 1/2

≤ 0 @ Z � |u − K |^2 1 A 1/2 + 0 @ Z R^2

|H_K |^2 1 A 1/2 . (3.17)

Consequently, the lemma shall be proved if we show that (3.18) 1 ε Z R^2

|H_K |^2 → 0 .

We now prove (3.18). From Lemma 3.4, ‖div K ‖_L∞ ≤ Cε^{−1}; on the other hand, div K = 0 in �_ε; hence K satisfies the hypotheses of Lemma 2.1. We decompose � \ �_ε as B_ε ∪ V_ε. As seen in Lemma 2.1, fi (�^{−1} div K )(x) fi

= fi fi fi fi Z �\�_ε

2π log |x − y| div K (y)dy fi fi fi fi ≤ Z B_ε fi fi2π log |x − y| div K (y)dy fi fi + Z V_ε fi fi2π log |x − y| div K (y)dy fi fi .

If we assume for simplicity that B_ε is a rectangle in Cartesian coordinates (x_1, x_2) of the form {(x_1, x_2) : |x_1| ≤ L, |x_2| ≤ ε^γ }; then we deduce, using the L^∞ bounds on div K of Lemma 3.4, Z B_ε fi 2π log |x − y| div K (y)dy fi ≤ C fi fi fi Z_L

y_2=−L

Z_εγ

y_1=0

log |x − y|dy fi fi fi ≤ Cε^γ |log ε| .

(3.19)

The contribution of V_ε can be bounded as follows: Z V_ε fi 2π log |x − y| div K (y)dy fi ≤ C Z_εγ

y_2=−ε^γ

Z_εγ

y_1=0

|log |x − y|| sup(ε, y_1) dy_1 dy_2

≤ ε^γ |log ε|^2 .

(3.20)

Combining (3.19) through (3.20), we get the following L^∞ bound:

(3.21) |(�^{−1} div K )(x)| ≤ Cε^γ |log ε|^2 in � \ �_ε ;

the general case follows easily from a change of coordinates. On the other hand, as seen in Lemma 2.1, Z R^2

|H_K |^2 = Z R^2

(div K )(�^{−1} div K ) = Z �\�_ε

(div K )(�^{−1} div K ) ,

a result of the fact that div K ≡ 0 in �_ε. But, thanks to (3.21), Z V_ε

(div K )(�^{−1} div K ) ≤ Cε^{2γ} ‖div K ‖_L∞ ‖�^{−1} div K ‖_L∞_{(�\�ε)}

≤ Cε^{2γ} ε^{−1}ε^γ |log ε|^2 ≤ Cε^{3γ −1}|log ε|^2 = o(ε) ,

since γ >^1_2 . Similarly, from (3.21) again, Z B_ε

(div K )(�^{−1} div K ) ≤ Cε^γ ε^γ |log ε|^2 .

Since γ >^1_2 , we conclude that Z �\�_ε

(div K )(�^{−1} div K ) = o(ε) ;

hence 1 ε Z R^2

|H_K |^2 = o(1) . □ In order to complete the proof of Theorem 1.3, there remains to prove the following:

LEMMA 3.8 There exists an admissible covering U such that the u_ε constructed in (3.8) belong to �_U for ε small enough.

PROOF OF LEMMA 3.8: Let us return to the φ_⋆ defined in Lemma 3.1 so that u_⋆ = e^{iφ⋆} . We recall that, on �, φ^+_⋆ − φ^−_⋆ ∈ (0, 2π); hence if x_0 ∈ �, it has an open neighborhood U_{x0} such that sup_{Ux} 0 φ_⋆ − inf_{Ux0} φ_⋆ ≤ 2π .

We also choose T to be such that the geodesic curvature of ∂� at T ∩∂� is positive. Thus, we can make sure that there exists an open neighborhood U_T of T in which sup_{UT} φ_⋆ − inf_{UT} φ_⋆ ≤ 2π. It is also obvious that, since φ_⋆ is continuous in � \ S, �\S can be covered by open sets U on which sup_U φ_⋆ −inf_U φ_⋆ ≤ 2π. We can then extract a finite covering S i∈I U_i of � such that ∀i ∈ I , sup_{Ui} φ_⋆ − inf_{Ui} φ_⋆ ≤ 2π, and such that ∀i, j ∈ I, U_i ∩ U_j is diffeomorphic to R^2. This condition guarantees that u_⋆ has local liftings ψ_i ∈ L^∞(U_i ) satisfying u_⋆ = e^{iψi} in U_i , ψ_i ∈ [l_i , l_i + 2π] with l_i ∈ [0, 2π] .

Of course, ψ_i − ψ_j is constant on U_i ∩ U_j connected and equal to 2πk_{i j} for some k_{i j} ∈ Z. The k_{i j} satisfy the cocycle relations of Definition 1.1.

On the other hand, u_ε is defined by (3.8); hence it has a lifting

(3.22) ( φ_ε = ψ + θ in B_ε φ_ε = φ_⋆ in �_ε .

By monotonicity of φ_α (see (2.21)), we have β_− ≤ φ_{α̃}sgn(σ ) (σ/ε) ≤ β_+. By construction of ψ (see (3.8)), we thus have sup_{Bε} ψ − inf_{Bε} ψ ≤ sup_s � β_+(s) − β_−(s) � . Therefore, on each U_i such that U_i ∩ S ≠ ∅, for ε small enough, (3.23) sup_{Ui} φ_ε − inf_{Ui} φ_ε ≤ sup_{Ui} φ_⋆ − inf_{Ui} φ_⋆ ≤ 2π .

(The phase of u_ε can be extended to V_ε in such a way that this property also holds.) If U_i does not intersect S, then u_ε = u_⋆ on U_i (for ε small enough); hence (3.23) also holds. This property suffices to ensure that u_ε ∈ �_U for ε small enough. □

Remark 3.9. If � is convex, then the test function u_ε also satisfies the same property as φ_⋆, φ_⋆ ∈ [l, l + 2π], and � is a “suitable covering.” In the general case, the suitable covering depends only on u_⋆, and hence on �.

4 The Compactness Result: Proof of Theorem 1.5

The proof of compactness relies on a similar method to that developed in [1]. We identify a Jacobian structure in order to use the compensated-compactness lemma and combine it with the use of Young measures. Let us consider a sequence of functions u_n ∈ �_U for some U such that E_{εn} (u_n) remains bounded where ε_n is a sequence converging to 0. Let φ_n be the H^1(�) ∩ L^∞ lifting of u_n given by Lemma 1.2. From (1.12) and (1.16) we have

‖H_n‖_L2_{(R}2_) → 0 ,

(4.1)

C ≥ E_{εn} (u_n) ≥ 2 Z � |∇φ_n · H_n| ≥ 2 Z � fi fidiv �φ_nu_n + u^⊥_n + φ_n H_n� fi fi . (4.2)

The assumption of boundedness on E_{εn} (u_n) can be replaced as well by the two conditions H_n → 0 in some L^p and R � |∇φ_n · H_n| bounded without any change in the proof and with the same conclusions.

The quantity to study is

(4.3) v_n = (H_n + u_n)φ_n + u^⊥_n ,

which is equal to the sum of a local term u_nφ_n + u^⊥_n and a nonlocal term H_nφ_n, which tends to 0 in L^q , q < ∞. The hypothesis on v_n is

(4.4) Z � |div v_n| ≤ C .

Since |u_n| = 1, u_n is uniformly bounded in L^∞(�); hence, extracting a subsequence if necessary, we can assume that it converges weakly in L^∞(�) to some u. We are going to prove that |u| = 1 a.e. in �. This constitutes the following compactness result:

Claim 4.1. If |u| = 1 a.e. in �, then u_n → u strongly in L^q (�) (∀1 ≤ q < ∞).

PROOF OF CLAIM 4.1: If |u| = 1 a.e., then Z � |u_n| = |�| = Z � |u| .

Thus ‖u_n‖_L2_{(�)} → ‖u‖_L2_{(�)} while u_n ⇀ u in L^2(�). It is standard that this implies strong convergence of u_n to u in L^2 and in L^q (∀q < ∞) from the bound |u_n| ≤ 1. □

In view of this claim, it suffices to prove |u| = 1 a.e. in �.

LEMMA 4.2 For almost every x_0 ∈ �, there exist sequences u^′_k , φ^′_k , and H^′_k in B_1(0) = B_1 such that

|u^′_k | = 1 a.e. in B_1 ,

(4.5) u^′_k ⇀ u(x_0) in L^∞(B_1) ,

(4.6)

u^′_k = e^{iφ′k} with φ^′_k ∈ [l_k , l_k + 2π] and lim_{k→∞} l_k = l ,

(4.7)

div(H^′_k + u^′_k ) = 0 and curl H^′_k = 0 in B_1 ,

(4.8) ‖H^′_k ‖_L p_{(B1)} → 0 ∀1 ≤ p < ∞ ,

(4.9) Z B_1 fi div � u^′_k φ^′_k + (u^′_k )^⊥ + H^′_k φ^′_k �fi → 0 .

(4.10)

PROOF OF LEMMA 4.2: This lemma relies on a blowup argument. Let v_n be as in (4.3). From Lemma 2.1, (H_n) is uniformly bounded in T p L^p. Since u_n ∈ �_U, φ_n is uniformly bounded in L^∞(�), and since x_0 is in some U_j , j ∈ I , we can assume that φ_n takes its values in [l_n, l_n + 2π] in a neighborhood of x_0. Therefore, v_n is bounded in L^2, for example, and we can assume that v_n ⇀ v in L^2(�). From (4.4), div v_n is bounded in M (the space of Radon measures); hence, modulo a subsequence, it converges weakly to some measure in M, and this measure is necessarily div v by uniqueness of the distribution limit. Thus div v ∈ M and

(4.11) Z � |div v| ≤ lim inf_{n→∞} Z � |div v_n| ≤ C .

For almost every x_0 ∈ �,

(4.12) lim sup_{r→0} 1 r^2 Z B_r (x_0)

|div v| < ∞ .

If this was false, we could contradict (4.11) by a covering argument. From now on, we consider that x_0 satisfies this condition and also x_0 is chosen to be a Lebesgue point for the limit u.

We define the dilated functions, for any r > 0,

(4.13) 8 ¿ ¡ ¿ :

u^r_n(x) = u_n(x_0 + r x) v^r_n(x) = v_n(x_0 + r x) φ^r_n(x) = φ_n(x_0 + r x) H^r_n (x) = H_n(x_0 + r x) .

Observe that

(4.14) ( div v^r_n = r div v_n(x_0 + r x) div u^r_n = r div u_n(x_0 + r x) = −r div H_n(x_0 + r x) = − div H^r_n , and (4.15) Z B_1

|div v^r_n| = 1 r Z B_r (x_0)

|div v_n| .

Since div v_n → div v in M, we have for a fixed r

(4.16) lim_{n→∞} Z B_1

|div v^r_n| = 1 r lim_{n→∞} Z B_r (x_0)

|div v_n| ≤ 1 r Z B_{2r} (x_0)

|div v| .

Hence, in view of (4.12), there exists C > 0 such that

(4.17) ∀r > 0 , lim_{n→∞} Z B_1

|div v^r_n| ≤ Cr .

By assumption, H_n → 0 in L^2(�), and it is bounded in all L^p and hence converges to 0 in T p<∞ L^p.

Let p > 2; for fixed r < r_0 and for r_0 small enough

(4.18) Z B_1

|H_n(x_0 + r x)|^p = 1 r^2 Z B_r (x_0)

|H_n|^p ≤ 1 r^2 Z B_{r0} (x_0)

|H_n|^p → 0 as n → ∞ .

Let us now take any sequence r_k → 0. In view of (4.17) and (4.18), we may choose a sequence n_k → ∞ such that

(4.19) lim_{k→∞} Z B_1

|div v^{rk}_{nk} | = 0 and (4.20) lim_{k→∞} Z B_1

|H^{rk}_{nk} |^p = lim_{k→∞} Z B_1

|H_{nk} (x_0 + r_k x)|^p = 0 .

We could also have chosen n_k such that u^{rk}_{nk} ⇀ u(x_0). Indeed, let e_j be a Hilbert basis for the L^2 scalar product on B_1 such that e_j ∈ L^∞. We have Z B_1

e_j (x) � u^{rk}_n (x) − u(x_0) �

= 1 r_k^2 Z B_{rk} (x_0)

e_j ` x r_k ´ � u_n(x) − u(x_0) �

= 1 r^2_k Z B_{rk} (x_0)

e_j ` x r_k ´� u_n(x) − u(x) � + 1 r^2_k Z B_{rk} (x_0)

e_j ` x r_k ´� u(x) − u(x_0) � .

(4.21)

Since x_0 is a Lebesgue point of u, 1 r^2_k Z B_{rk} (x_0)

e_j ` x r_k ´ [u(x) − u(x_0)] → 0 as k → ∞ .

Then, using the weak convergence of u_n to u, we deduce that for a fixed r > 0, lim n→+∞ Z B_1

e_j (x) � u^r_n(x) − u(x_0) � = 1 r^2 Z B_r (x_0)

e_j ` x r ´� u(x) − u(x_0) �

so that we may find a subsequence n^1_k such that Z B_1

e_1(x) � u^{rk}_{n1k} (x) − u(x_0) � → 0 .

From n^1_k , we extract a subsequence n^2_k such that the previous affirmation holds for e_2 and e_1, and so on. Then, following the standard diagonal argument, for n_k = n^k , we have ∀ j < +∞ Z B_1

e_j (x) � u^{rk}_{nk} (x) − u(x_0) � −→ 0 .

Hence, u^{rk}_{nk} converges weakly in L^2(B_1) to u(x_0) as k → ∞.

Then we define

(4.22) 8 ¿¡ ¿: u^′_k = u^{rk}_{nk} φ^′_k = φ^{rk}_{nk} H^′_k = H^{rk}_{nk} ,

and we have u^′_k = e^{iφ′k} . In addition, φ^′_k (x) ∈ [l_{nk} , l_{nk} + 2π] for k large and for x ∈ B_1. Extracting again if necessary, we can assume that l_{nk} converges to some l ∈ R as k → ∞. Assertions (4.5), (4.6), (4.7), (4.8), and (4.9) of the lemma are verified. Assertion (4.10) follows from the definition of H^′_k and from (4.19). Indeed,

(div v^{rk}_{nk} )(x) = r_k (div v_{nk} )(x_0 + r_k x) = r_k div � φ_{nk} u_{nk} + u^⊥_{nk} + φ_{nk} H_{nk} � (x_0 + r_k x)

= div � φ^′_k u^′_k + (u^′_k )^⊥ + φ^′_k H^′_k � (x) ,

and in view of (4.19), Z B_1 fi div(φ^′_k u^′_k + (u^′_k )^⊥ + φ^′_k H^′_k ) fi → 0 ,

which is (4.10). □

Under the same hypotheses, we may now find l_0 such that

(4.23) l_0 ∈ [l, l + 2π] where l satisfies (4.7) and

(4.24) e^{−il0} u(x_0) = (α, 0) , α = |u(x_0)| .

LEMMA 4.3 Let (u^′_k , φ^′_k , H^′_k ) be given by Lemma 4.2, and define

(4.25) 8 ¿¡ ¿: A_k = e^{−il0} (u^′_k )^⊥ B_k = e^{−il0} φ^′_k u^′_k + e^{−il0} (u^′_k )^⊥ C_k = e^{−il0} φ^′_k u^′_k ;

then, modulo a subsequence, we have

(4.26) 8 ¿¡ ¿: A_k ⇀ (0, α) = A C_k ⇀ (β, γ ) B_k ⇀ (β, γ + α) = B weakly in L^∞(B_1) .

Moreover,

(4.27) 1 = A_k · B_k ⇀ A · B = α(γ + α) in D^′(B_1) .

PROOF OF LEMMA 4.3: From (4.6) and (4.24), A_k ⇀ (0, α) = A weakly in L^∞(B_1). φ_nu_n is bounded in L^∞(�) and so converges weakly to some function f up to extraction. Since C_k = e^{−il0} φ^′_k u^′_k , if x_0 is chosen to be a Lebesgue point of f , we can assume exactly as for u that C_k converges weakly in L^∞(B_1) to e^{−il0} f (x_0) = (β, γ ). We immediately deduce that B_k ⇀ (β, γ + α) weakly in L^∞(B_1).

We prove (4.27). It is a direct consequence of the compensated-compactness lemma of Murat and Tartar (see [14, 16]), which says that if A_k ⇀ A in L^2, B_k ⇀ B in L^2, and curl A_k and div B_k are compact in H^{−1}, then A_k · B_k ⇀ A · B. We just need to check that these hypotheses hold for our A_k and B_k . Their weak convergence in L^2(B_1) has already been established. Furthermore,

curl A_k = −e^{−il0} div u^′_k = e^{−il0} div H^′_k → 0 in H^{−1}(B_1)

from the fact that ‖H^′_k ‖_L2_{(B1)} → 0. Please integrate this

displayed equation into the rest of the text. Right now it is a complete sentence.

div B_k = e^{−il0} div � φ^′_k u^′_k + (u^′_k )^⊥ � = e^{−il0} div � φ^′_k u^′_k + (u^′_k )^⊥ + φ^′_k H^′_k � − e^{−il0} div(φ^′_k H^′_k ) .

In view of (4.10), div(φ^′_k u^′_k + (u^′_k )^⊥ + φ^′_k H^′_k ) → 0 in L^1(B_1). On the other hand, this quantity is bounded in W^{−1,p} for all p < ∞; hence by a result of Murat (see [15]), it is compact in H^{−1}. Meanwhile, div(φ^′_k H^′_k ) → 0 in H^{−1}(B_1) as previously. Hence, div B_k → 0 in H^{−1}(B_1), and we conclude that A_k and B_k satisfy the desired properties. We have thus established that A_k · B_k ⇀ A · B in D^′(B_1). □

LEMMA 4.4 α = 1 and the Young measure generated by φ^′_k at 0 is supported in {l_0, l_0 + 2π} or {l_0 − 2π, l_0}.

PROOF OF LEMMA 4.4: We are now in a position to prove that γ α + α^2 = 1 implies that α = 1. Following the approach of [1], since φ^′_k is uniformly bounded in L^∞(B_1), we can introduce ν, the Young measure it generates at 0. Recall that from (4.7), φ^′_k takes values in [l_k , l_k + 2π] with l_k → l. Therefore, ν is supported in [l, l + 2π]. Thus, in view of (4.23), ν is supported in [l_0 − 2π, l_0 + 2π]. By the definition of Young measures, we have the following relations (in view of (4.25)– (4.26)):

Z_{l0+2π}

l_0−2π

dν = 1 ,

(4.28) α = Z_{l0+2π}

l_0−2π

cos(y − l_0)dν(y) =

Z_{2π} −2π (cos t)dν(t + l_0) ,

(4.29) 0 = Z_{l0+2π}

l_0−2π

sin(y − l_0)dν(y) =

Z_{2π} −2π (sin t)dν(t + l_0) ,

(4.30) γ = Z_{l0+2π}

l_0−2π

y sin(y − l_0)dν(y) =

Z_{2π} −2π (t sin t)dν(t + l_0) .

(4.31)

We claim that

(4.32) ∀t ∈ [−2π, 2π] t sin t + 2 cos t ≤ 2 .

This can be checked by looking at the variations of t → t sin t + 2 cos t on [−2π, 2π]. Inserting (4.32) into (4.31), we are led to γ = Z_{2π} −2π (t sin t)dν(t + l_0) ≤ 2

Z_{l0+2π}

l_0−2π

dν − 2 2πZ −2π (cos t)dν(t + l_0)

≤ 2 − 2α ,

(4.33)

where we have used the fact that ν is a probability measure and hence positive. It then suffices to insert this relation into γ α + α^2 = 1 to get 1 ≤ 2α − 2α^2 + α^2 equivalent to (1 − α)^2 ≤ 0. Therefore, α = |u(x_0)| = 1. In view of (4.29), ν is necessarily supported in {l_0, l_0 − 2π, l_0 + 2π}. Since it is also supported in [l, l + 2π], its support is either {l_0, l_0 + 2π} or {l_0, l_0 − 2π}. From Lemma 4.1, this is true for almost every x_0 ∈ �; thus |u| = 1 a.e. and u_n → u strongly in T 1≤q<∞ L

q . □

Let us consider a general u ∈ C^1(B_1, S^1) and φ ∈ C^1(B_1, R) such that u = e^{iφ}. Then we define for any l ∈ R and η > 0 the truncated function

(4.34) 8 ¿¡ ¿: T_ηφ = φ if φ ∈ [l + η, l + 2π − η] T_ηφ = l + η if φ ≤ l + η T_ηφ = l + 2π − η if φ ≥ l + 2π − η .

We will write

(4.35) T_ηu = exp(iT_ηφ) .

LEMMA 4.5 Let u_k ∈ H^1(B_1, S^1) and φ_k ∈ H^1(B_1, R) be such that u_k = e^{iφk} and that (4.8) through (4.10) hold. Then, for any choice of l ∈ R and for any η_0 > 0, there exists a sequence η_k ∈ [^1_2 η_0, η_0] such that (for a subsequence) T_{ηk} φ_k converges strongly in T 1≤q<∞ L

q and

T_{ηk} u_k → v in “ 1≤q<∞

L^q (B_1) with div v = 0 , |v| = 1 .

PROOF OF LEMMA 4.5: Let us denote U^η_k = {x ∈ B_1 : l + η ≤ φ_k ≤ l + 2π − η}. We claim we can choose η_k ∈ [^1_2 η_0, η_0] such that

(4.36) Z ∂U^{ηk}_k

|H_k · n| → 0 as k → ∞ .

Indeed, using the co-area formula, we have Z φ_k ∈[l+^1_2 η_0,l+η_0]∪[2π+l+^1_2 η_0,2π+l+η_0]

|∇φ_k · H_k | =

Z_{η0} 1 2 η_0 dη Z ∂U^η_k

|H_k · n| .

But the left-hand side tends to zero by (4.10). Indeed, ∇φ· H = div(uφ+u^⊥ + Hφ) for H^1 functions, because C^∞ functions are dense in H^1(�, S^1). Hence, using the mean-value theorem on the right-hand side, we get (4.36).

We now prove that ‖div T_{ηk} u_k ‖_W −1,q_{(B1)} → 0. Indeed, let ξ ∈ C^∞_0 (B_1). Since T_{ηk} φ_k is constant in B_1 \ U^{ηk}_k , Z B_1

div(T_{ηk} u_k )ξ = Z U^{ηk}_k

div(u_k )ξ .

From (4.8),

(4.37) Z B_1

div(T_{ηk} u_k )ξ = − Z U^{ηk}_k

div(H_k )ξ = Z U^{ηk}_k

H_k · ∇ξ − Z ∂U^{ηk}_k

ξ(H_k · n) .

Let μ_k denote the measure defined by μ_k (ξ) = R ∂U^{ηk}_k ξ(Hk · n). By (4.36),

μ_k → 0 in the sense of measures; hence it converges to 0 in W^{−1,q} (B_1) for any q < 2. Also, from condition (4.9), fi fi fi fi Z U^{ηk}_k

H_k · ∇ξ fi fi fi fi ≤ o(1)‖∇ξ‖_Lq_{(B1)} ∀q < ∞ .

Hence, we deduce from (4.37) that div(T_{ηk} u_k ) converges to 0 in W^{−1,q} (B_1) for any q < 2. Since |T_{ηk} u_k | = 1, it is also bounded in W^{−1,q} (B_1) for any q < ∞; hence it converges to 0 in W^{−1,q} (B_1) for any q < ∞.

Let χ_k be the characteristic function of U_k and

D_k = T_{ηk} φ_k (T_{ηk} u_k + H_k ) + (T_{ηk} u_k )^⊥ − T_{ηk} ϕ_k H_k (1 − χ_k ) .

We prove that div D_k → 0 in the sense of measures.

Let ξ ∈ C^∞_0 (B_1). We have to consider Z B_1

ξ div D_k = Z U_k

ξ(∇φ_k · u_k + div(u_k )^⊥) + Z B_1

ξ T_{ηk} φ_k div(T_{ηk} u_k + H_k )

+ Z B_1

ξφ_k · H_k − Z B_1\U_k

∇ξ · H_k T_{ηk} ϕ_k .

(4.38)

The first integral of the three identically vanishes since

T_{ηk} u_k = exp(iT_{ηk} φ_k )

and all the functions involved are regular enough. On the other hand, div(T_{ηk} u_k ) = − div H_k in U^{ηk}_k and 0 in B_1 \ U^{ηk}_k . Hence, we can rewrite (4.38) as Z B_1

ξ div D_k = − Z B_1\U^{ηk}_k

ξ T_{ηk} φ_k div H_k + Z B_1

ξ∇T_{ηk} φ_k · H_k ,

− Z B_1\U^{ηk}_k

T_{ηk} φ_k ∇ϕ_k · H_k = − Z ∂U^{ηk}_k

ξ(T_{ηk} φ_k )H_k · n + Z U^{ηk}_k

ξ∇T_{ηk} φ_k · H_k ,

(4.39)

where we have used both the fact that T_{ηk} φ_k is constant in each connected component of B_1 \ U^{ηk}_k and integration by parts. We observe that first fi fi fi fi Z B_1\U^{ηk}_k

T_{ηk} φ_k ∇ϕ · H fi fi fi fi ≤ C‖∇ξ‖_∞ Z B_1

|H| −→ 0 ;

moreover, Z

∂U^{ηk}_k

|(T_{ηk} φ_k )H_k · n| = C Z ∂U^{ηk}_k

|H_k · n| → 0

by (4.36). On the other hand, Z U^{ηk}_k

|∇T_{ηk} φ_k · H_k | ≤ Z B_1

|∇φ_k · H_k | → 0

by (4.10). Hence, we deduce from (4.39) that div D_k tends to 0 in the sense of measures.

Let E_k = T_{ηk} ϕ_k H_k (1 − χ_k ). We have div E_k → 0 in H^{−1}(B_1). Indeed, fi fi fi Z B_1

ξ div(E_k ) fi fi fi = fi fi fi fi fi Z B_1\U^{ηk}_k

T_{ηk} φ_k ∇ϕ_k · H_k fi fi fi fi fi ≤ C‖ξ‖_H 1 ‖H_k ‖_L2 → 0 .

Since D_k in bounded in all L^q , div D_k is also bounded in W^{−1,q} (B_1) for any q < ∞, and applying again the result of [15], we deduce with the previous step that it converges to 0 strongly in H^{−1}(B_1). Thus div D_k + E_k converges to 0 strongly in H^{−1}(B_1). Denoting G_k = (T_{ηk} u_k )^⊥, curl G_k converges to 0 strongly in H^{−1}(B_1) from step 2. Arguing as in step 2 of the proof of Lemma 4.2 and using the div-curl lemma, we obtain that G_k · D_k ⇀ G · D + E, where G, D, and E are the weak limits of G_k , D_k , and E_k . Since G_k · D_k + E_k → 1, we deduce G · D + E = 1.

By construction, T_{ηk} φ_k takes its values in [l +^1_2 η_0, l + 2π −^1_2 η_0]. Following the arguments used above, we can deduce that the Young measure it generates at 0 is a Dirac measure; hence T_{ηk} φ_k converges strongly in L^q (�) for all q < ∞. We deduce that T_{ηk} u_k also converges strongly to some v in T 1≤q<∞ L

q (B_1).

Necessarily |v| = 1 a.e., and div v = 0 from step 1. □

We now complete the proof of Theorem 1.5. Applying Lemma 4.5 to the sequences u^′_k , φ^′_k , and H^′_k of Lemma 4.2 and to the l given in (4.7), we obtain strong convergence of T_{ηk} φ^′_k and T_{ηk} u^′_k for any choice of η_0 > 0. We may consider that η_k converges to some η. Denoting again by ν the Young measure φ^′_k generates at 0, the Young measure generated by T_{ηk} (φ^′_k ) at 0 is T^∗_η ν. On the other hand, from Lemma 4.5, ν is supported, say, in {l_0, l_0 + 2π}; hence it is tδ_{l0} + (1 − t)δ_{l0+2π} for some t ∈ [0, 1]. But by strong convergence of T_{ηk} φ^′_k , T^∗_η ν is a Dirac mass; hence T^∗_η (tδ_{l0} + (1 − t)δ_{l0+2π} ) is a Dirac mass, and we conclude that t must be 0 or 1, and ν is a Dirac mass too. We deduce that φ^′_k converges a.e. to its weak limit φ; hence by Lebesgue’s theorem, it converges in L^q for all q < ∞. Assuming Proposition 5.2, we deduce Theorem 1.5.

5 Study of the �-Limit

5.1 The Limiting Problem and the Energy Lower Bound We recall that C was defined in Definition 1.4; it is the natural set of admissible limiting configurations as explained in the introduction. In particular, it contains u_⋆. Let u : � → S^1 satisfy div ũ = 0. Then there exists a Lipschitz-continuous function g ∈ C^{0,1}(�, R) such that

(5.1) ( u = ∇^⊥g in � g = 0 on ∂� .

Indeed, div ũ = 0 means that div u = 0 in � and u · n = 0 on ∂�, where n is the outer unit normal to ∂�. The existence of g satisfying u = ∇^⊥g in � is quite standard. g is then constant on ∂� and can be chosen to be 0 on ∂�.

LEMMA 5.1 Assume φ ∈ L^1(�, R) and u : � → S^1 are such that div ũ = 0 and div(φu + u^⊥) ∈ M; then ‖div(φu + u^⊥)‖ ≥ |∂�| .

Notice that for this lemma, u and φ are not necessarily related.

PROOF OF LEMMA 5.1: Let us consider

(5.2) 8 ¿¡ ¿: f_ε(s) = −1 if s ≤ −ε f_ε(s) = 1 if s ≥ ε f_ε(s) =^s_ε if − ε ≤ s ≤ ε .

Since div(φu + u^⊥) ∈ M and f_ε ∈ L^∞, we can consider

(5.3) fi fi fi fi Z � f_ε div(φu + u^⊥) fi fi fi fi ≤ fl div(φu + u^⊥) fl . Since g = 0 on ∂� and f_ε(0) = 0, we may write, after an integration by parts,

(5.4) Z � f_ε(g) div(φu + u^⊥) = − Z � ( f_ε)^′(g)∇g · (φu + u^⊥) .

The right-hand side is well-defined; indeed, since φ ∈ L^1, φu + u^⊥ ∈ L^1, while f^′_ε (g)∇g ∈ L^∞. Now, f^′_ε (s) =^1_ε 1_{[−ε,ε]} and u = ∇^⊥g; hence (5.4) becomes

(5.5) Z � f_ε(g) div(φu + u^⊥) = 1 ε Z −ε≤g≤ε

|∇g|^2 .

We may use the co-area formula, and since |∇g| = 1, this can be rewritten as

(5.6) Z � f_ε(g) div(φu + u^⊥) = 1 ε Z_ε −ε H^1({g = s} ∩ �)ds .

Then we claim that

(5.7) lim inf_{ε→0} 1 ε Z_ε 0 H^1 � {|g| = s} ∩ � � ds ≥ |∂�| .

Indeed, let V_ε be {x ∈ � : dist(x, ∂�) ≤ ε}. Since |∇g| = 1 a.e. by the mean value theorem, |g| ≤ ε in V_ε. Hence Z V_ε

|∇g| ≤ Z |g|≤ε

|∇g| ,

and applying the co-area formula again, 1 ε |V_ε| ≤ 1 ε Z |g|≤ε

|∇g| = 1 ε Z_ε −ε H^1({g = s} ∩ �) ds .

Therefore

lim inf ε→0 1 ε Z_ε −ε H^1({g = s} ∩ �) ≥ lim inf_{ε→0} ` 1 ε |V_ε| ´ ≥ |∂�| ;

thus we have (5.7). On the other hand,

(5.8) ∀ε > 0 fi fi fi fi Z � f_ε(g) div(φu + u^⊥) fi fi fi fi ≤ ‖div(φu + u^⊥)‖ .

Thus, combining (5.3), (5.6), and (5.7), we have (5.9) ‖div(φu + u^⊥)‖ ≥ |∂�| . □ In particular, inf_{(u,φ)∈C} ‖μ_{u,φ}‖ ≥ |∂�|. The fact that u_⋆ and −u_⋆ achieve this minimum shall be proved in the next subsection, Lemma 5.4.

We have the following lower semicontinuity result:

PROPOSITION 5.2 Let u_ε ∈ �_U be such that E_ε(u_ε) ≤ C, u_ε → u in L^q (∀q < ∞), and φ_ε → φ in L^q (∀q < ∞) where φ_ε is a lifting of u_ε given by Lemma 1.2. Then (u, φ) ∈ C and lim inf ε→0 E_ε(u_ε) ≥ 2‖μ_{u,φ}‖ ≥ 2|∂�| .

Again, the hypotheses here could be replaced by

‖H_ε‖_L2 → 0 and Z � |∇u_ε||H_ε| ≤ C .

PROOF OF PROPOSITION 5.2: Let φ_ε be the H^1(�, R)-lifting of u_ε ∈ �_U. The hypotheses of the proposition imply that H_ε → 0 in L^2(�). Clearly this implies that div(ũ_ε) = − div H_ε → 0 in H^{−1}; hence div ũ = 0. Since u_ε ∈ �_U, φ_ε is uniformly bounded in L^∞; hence, up to extraction, it converges weakly to some φ. Again as in (1.11), the boundedness of E_ε(u_ε) implies R � |μ_ε| ≤ C, where μ_ε = div(φ_εu_ε + u^⊥_ε + φ_ε H_ε) .

Since u_ε and φ_ε converge strongly in L^q , and H_ε strongly in L^2, we have φ_εu_ε + u^⊥_ε + φ_ε H_ε ⇀ φu + u^⊥ in D^′(�) .

Hence μ_ε ⇀ div(φu + u^⊥) in D^′(�). On the other hand, μ_ε is bounded in M by assumption; hence it converges weakly in M to div(φu+u^⊥). Thus div(φu+u^⊥) ∈ M and (u, φ) ∈ C. With Lemma 5.1,

|∂�| ≤ Z � |div(φu + u^⊥)| ≤ lim inf_{ε→0} Z � |μ_ε| ≤ 1 2 lim inf ε→0 E_ε(u_ε) . □

We deduce Theorem 1.8 from Proposition 5.2 and Theorem 1.5.

Remark 5.3. Using integration by parts similar to that used in (5.3) with the measure μ_{u⋆,φ⋆} , we obtain the following isoperimetric-type inequality:

|�| = Z � dist(x, ∂�) div(φ_⋆u_⋆ + u^⊥_⋆ ) ≤ |∂�| max_� dist(·, ∂�) .

5.2 The Limiting Problem Revisited: BV Functions In the case of BV functions, the limiting functional u → ‖μ_{u,φ}‖ can be expressed much more simply. Suppose φ ∈ BV. We use the notation of [1, section 2]. The approximate limit of φ at x, denoted by φ̃(x), is, when it exists, the unique z ∈ R satisfying

lim_{r→0} 1 r^2 Z B_r (x)

|φ(y) − z|dy = 0 .

We denote by S^′ the set of approximate discontinuity points, i.e., the set of points where the approximate limit does not exist. The one-sided approximate limits φ^+(x) and φ^−(x) are numbers a and b in R such that

lim_{r→0} Z B^+_r (x)

|φ(y) − a|dy = 0 and lim_{r→0} Z B^−_r (x)

|φ(y) − b|dy = 0 ,

where B^±_r = {y ∈ B_r (x) : ±⟨y − x, n⟩ ≥ 0} are the two half-balls corresponding to some unit vector n. We denote by S ⊂ S^′ the set of approximate jump points, i.e., points of S^′ for which φ^± exist for some unit vector n(x). The Radon measure Dφ can be split into three mutually singular parts:

(5.10) Dφ = ∇φL^2 + D_cφ + (φ^+ − φ^−) ⊗ nH^1⌊_S ,

where L^2 is the Lebesgue measure and D_cφ is the Cantor part of Dφ. Also H^1(S^′ \ S) = 0. If D_cφ = 0, then φ belongs to the subspace SBV(�) of BV(�).

PROOF OF THEOREM 1.9: If φ ∈ BV, according to Volpert’s chain rule (cf. [1, proposition 3.6], for instance), then cos φ and sin φ are in BV; hence u ∈ BV. It is then easy to check that if, in addition, div u = 0 in �, div(φu+u^⊥) is automatically a Radon measure with div(φu) = Dφ · u. Indeed, consider ξ ∈ C^∞_0 (�),

(5.11) Z � ξ div(φu) = − Z � φu · ∇ξ = − Z � φ div(ξu) .

(Since div u = 0, one can check that ∀ξ ∈ C^∞_0 (�), u · ∇ξ = div(ξu) in D^′(�).) Since ξu ∈ L^∞, by definition of BV,

(5.12) fi fi fi fi Z � φ div(ξu) fi fi fi fi ≤ ‖ξu‖^{L∞} Z � |Dφ| ≤ ‖ξ‖_L∞ Z � |Dφ| and (5.13) − Z � φ div(ξu) = Z � ξ(Dφ · u) .

From (5.11) and (5.12), we deduce that div(φu) is a Radon measure on � and from (5.13), that, in the frame of BV functions, (5.14) div(φu) = Dφ · u .

Since u ∈ BV, div(u^⊥) is automatically a Radon measure with div(u^⊥) = D_2u_1 − D_1u_2. From Volpert’s chain rule, we have

(5.15) ( D(cos φ) = − sin φ∇φ − sin φ̃ D_cφ + (cos φ^+ − cos φ^−) ⊗ nH^1⌊_S D(sin φ) = cos φ∇φ + cos φ̃ D_cφ + (sin φ^+ − sin φ^−) ⊗ nH^1⌊_S .

The condition div u = 0 means that D_1(cos φ) + D_2(sin φ) = 0. Since D(cos φ) and D(sin φ) are split into mutually singular measures, we can consider their jump part (which is supported on S) and deduce that � (cos φ^+ − cos φ^−)n_1 + (sin φ^+ − sin φ^−)n_2 � H^1⌊_S= 0 where n_1 and n_2 are the Cartesian coordinates of n. In other words, ((u^+ − u^−) · n)H^1⌊_S= 0, or (5.16) u^+ · n = u^− · n H^1- a.e. on S .

Hence we can write u · n = u^+ · n = u^− · n on S without ambiguity. This means simply that for a divergence-free vector field, the normal component is preserved across a jump line.

Returning to (5.14), we have

div(φu) = Dφ · u = ∇φ · u + D_cφ · ũ + (φ^+ − φ^−)(n · u)H^1⌊_S . On the other hand, in view of (5.15), div u^⊥ = D_2u_1 − D_1u_2 = D_2 cos φ − D_1 sin φ = −u · ∇φ − u · D_cφ + � (cos φ^+ − cos φ^−)n_2 − (sin φ^+ − sin φ^−)n_1 � H^1⌊_S .

Therefore,

div(φu + u^⊥) = � (φ^+ − φ^−)(u · n) + (cos φ^+ − cos φ^−)n_2 − (sin φ^+ − sin φ^−)n_1 � H^1⌊_S = � (φ^+ − φ^−)(u · n) + (u^+ − u^−) · n^⊥ � H^1⌊_S .

Hence μ_{u,φ} is only supported on the jump set S of φ.

If |φ^+ − φ^−| < 2π, then necessarily u^+ ≠ u^− pointwise (otherwise φ^+ = φ^− and there would be no jump), and u^+ · n^⊥ = −u^− · n^⊥. It is left to the reader that in this case u · n = cos X, and (u^+ − u^−) · n^⊥ = 2u^+ · n^⊥ = 2 sin X, where X = −^1_2 sgn(u^+ · n^⊥)|φ^+ − φ^−|.

If φ_ε is bounded in BV and E_ε(u_ε) ≤ C where u_ε = e^{iφε} , u_ε is also bounded in BV. Since BV embeds compactly into L^p for all p < 2, we can assume, up to extraction, that u_ε → u strongly in L^p (p < 2). Since |u_ε| = 1 a.e., we deduce that u_ε → u in T 1≤q<∞ L

q . Similarly, we can assume φ_ε ⇀ φ weakly in BV and φ_ε → φ strongly in L^p (p < 2). Up to extraction, φ_ε → φ almost everywhere; hence e^{iφε} → e^{iφ} a.e. By Lebesgue’s theorem u_ε → e^{iφ} in L^1; hence u = e^{iφ} a.e. As in Proposition 5.2, we are led to

lim inf ε→0 E_ε(u_ε) ≥ lim inf_{ε→0} Z � |μ_ε| ≥ ‖div(φu + u^⊥)‖ = ‖μ_{u,φ}‖ . □ We can then prove the following:

LEMMA 5.4 For u_⋆ = e^{iφ⋆} constructed in Lemma 3.1, φ_⋆ ∈ BV and μ_{u⋆,φ⋆} = 2(sin X − X cos X)H^1⌊_S where X =^1_2 (φ^+_⋆ − φ^−_⋆ ) ≥ 0 , μ_{u⋆,φ⋆} ≥ 0 , ‖μ_{u⋆,φ⋆} ‖ = |∂�| .

PROOF OF LEMMA 5.4: We return to the notation of Lemma 3.1. The singular set of φ_⋆ is made of two parts: the medial axis � and the ray T . If x ∈ � is not a vertex, then we recall that we chose n to be the normal to � pointing towards x_2; i.e., n · −→xx_2 |xx_2|

≥ 0 ,

and thus φ^+_⋆ > φ^−_⋆ in the frame of (5.10) with X =^1_2 (φ^+_⋆ − φ^−_⋆ ) ∈ ]0, π[. On the other hand, from (3.3), u^+_⋆ · n^⊥ ≤ 0 and u^−_⋆ · n^⊥ = −u^+_⋆ · n^⊥ ≥ 0,

(u^+_⋆ − u^−_⋆ ) · n^⊥ = 2u^+_⋆ · n^⊥ = −2 cos(φ^+_⋆ − θ) = −2 cos α_+ = −2X sin X , while (φ^+_⋆ − φ^−_⋆ )(u_⋆ · n) = (α_+ − α_−) sin α = 2X cos X .

Thus, x → sin x − x cos x, which is nonnegative on [0, π], � (φ^+_⋆ − φ^−_⋆ )(u_⋆ · n) − (u^+_⋆ − u^−_⋆ ) · n^⊥ � H^1⌊_�= 2(sin X − X cos X)H^1⌊_�≥ 0 .

It remains to show that μ_{u⋆,φ⋆} ≥ 0 on T . On T , we chose n = u_⋆, φ^+_⋆ − φ^−_⋆ = 2π, and μ_{u⋆,φ⋆} ⌊_T = (φ^+_⋆ − φ^−_⋆ )(u_⋆ · n)H^1⌊_T = 2πH^1⌊_T = 2(sin X − X cos X)H^1⌊_T ≥ 0 with X =^1_2 (φ^+_⋆ − φ^−_⋆ ) = π. We conclude that μ_{u⋆,φ⋆} ≥ 0 since μ_{u⋆,φ⋆} is supported on S = T ∪ �. Consequently, arguing as previously, Z � |μ_{u⋆,φ⋆} | = Z � μ_{u⋆,φ⋆} = Z � div(φ_⋆u_⋆ + u^⊥_⋆ ) .

Since φ_⋆ ∈ BV, this can be integrated as Z ∂� (φ_⋆u_⋆ + u^⊥_⋆ ) · n = Z ∂� −u_⋆ · τ = |∂�|

in view of the definition of u_⋆ (u_⋆ · τ = −1 on ∂�). We conclude that

‖μ_{u⋆,φ⋆} ‖ = 2 Z S | sin X − X cos X|dH^1 = |∂�| . □ Theorem 1.7 is a consequence of Lemmas 5.1 and 5.4.

Remark 5.5. In Lemma 3.1 there were many possibilities for choosing φ_⋆ since T Rewording to “many

possibilities” OK? Original was awkward.

could be any ray joining � to ∂�. The results of Lemma 5.1 are independent of this choice, which is interesting in itself: The result μ_{u⋆,φ⋆} ≥ 0, μ_{u⋆,φ⋆} = R S 2 sin X − X cos X = |∂�|, is true independently of the choice of T . This is made possible by the fact that, as we change T , the contribution of T to the limiting energy (which is 2π times its length) can vary, but the contribution along � varies also to compensate this change. Indeed, although u^+ and u^− are independent of T along �, as we move T , X changes between the two contact points of the initial and final T . Observe that the sign of X remains unchanged.

Acknowledgments. The authors would like to thank F. Alouges, F. Bethuel, and G. Carbou for having brought the mathematical problems in micromagnetism to their attention. They are very grateful to L. Ambrosio for explaining the proof of [1]. Part of this work was carried out while the authors were visiting the Courant Institute; they would like to thank the institute for its hospitality. They are especially grateful to R. Kohn for his comments and his interest in their work.

Bibliography

[1] Ambrosio, L.; De Lellis, C.; Mantegazza, C. Line energies for gradient vector fields in the plane. Calc. Var. Partial Differential Equations 9 (1999), no. 4, 327–255.

[2] Aviles, P.; Giga, Y. A mathematical problem related to the physical theory of liquid crystal configurations. Miniconference on geometry and partial differential equations, 2 (Canberra, 1986), 1–16. Proc. Centre Math. Anal. Austral. Nat. Univ., 12. Australian National University, Canberra, 1987.

[3] Aviles, P.; Giga, Y. On lower semicontinuity of a defect energy obtained by a singular limit of the Ginzburg-Landau type energy for gradient fields. Proc. Roy. Soc. Edinburgh Sect. A 129 (1999), no. 1, 1–17. Please cite [4, 12, 17] in text or delete.

[4] Bonjour, C. Inversion de systèmes linéaires pour la simulation des matériaux ferromagnétiques. Singularités d’une configuration d’aimantation. Doctoral dissertation, Université Joseph Fourier, Grenoble, 1996.

[5] Bott, R.; Tu, L. W. Differential forms in algebraic topology. Graduate Texts in Mathematics, 82. Springer, New York–Berlin, 1982.

[6] Carbou, G. Regularity for critical points of a nonlocal energy. Calc. Var. Partial Differential Equations 5 (1997), no. 5, 409–433.

[7] Choi, H. I.; Choi, S. W.; Moon, H. P. Mathematical theory of medial axis transform. Pacific J.

Math. 181 (1997), no. 1, 57–88.

Please update [8,9] if possible. [8] DeSimone, A.; Kohn, R. V.; Müller, S.; Otto, F. Magnetic microstructures, a paradigm of multiscale problems. Preprint, 1999.

[9] DeSimone, A.; Kohn, R. V.; Müller, S.; Otto, F. A compactness result in the gradient theory of phase transitions. Proc. Roy. Soc. Edinburgh, Sec. A, in press.

[10] Hardt, R.; Kinderlehrer, D. Some regularity results in ferromagnetism. Comm. Partial Differential Equations 25 (2000), no. 7-8, 1235–1258.

[11] Hubert, A.; Schafer, A. Magnetic domains: the analysis of magnetic microstructures. Springer, Berlin–New York, 1998.

[12] James, R. D.; Kinderlehrer, D. Frustration in ferromagnetic materials. Contin. Mech. Thermodyn. 2 (1990), no. 3, 215–239.

[13] Jin, W.; Kohn, R. V. Singular perturbation and the energy of folds. J. Nonlinear Sci. 10 (2000), no. 3, 355–390.

[14] Murat, F. Compacité par compensation. Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 5 (1978), no.

3, 489–507.

[15] Murat, F. L’injection du cône positif de H −1 dans W −1, q est compacte pour tout q < 2. J.

Math. Pures Appl. (9) 60 (1981), no. 3, 309–322.

[16] Tartar, L. Compensated compactness and applications to partial differential equations. Nonlinear analysis and mechanics: Heriot-Watt Symposium, Vol. IV, 136–212. Res. Notes in Math., 39. Pitman, Boston–London, 1979.

[17] van den Berg, H. A. M. Self-consistent domain theory in soft micromagnetic media. II. Basic domain structures in thin film objects. J. Appl. Phys. 60 (1986), 1104–1113.

TRISTAN RIVIÈRE SYLVIA SERFATY École Polytechnique Ecole Normale Supérieure de Cachan CMAT, CNRS, UMR 7640 CMLA, CNRS UMR 8536 route de Saclay 61 Avenue du Président Wilson 91128 Palaiseau Cedex 94235 Cachan Cedex FRANCE FRANCE E-mail: riviere@ E-mail: Sylvia.Serfaty@

math.polytechnique.fr cmla.ens-cachan.fr

Received February 2000.