Resolutions of the prescribed volume form equation

Tristan Rivière and Dong Ye

Abstract

For a given volume form fdx on a bounded regular domain Ω in R^n, we are looking for a transformation u of Ω, keeping the boundary fixed and which sends the Lebesgue measure dx into fdx (i.e. we solve det(∇u) = f). For f in various spaces, we propose two different constructions which ensure the existence of u with some gain of regularity. Our methods permitt to recover Dacorogna and Moser’s results [4], but also, we prove the existence of such u in Hölder spaces for f in C^0, or even in L^∞.

1 Introduction

Let Ω be a regular bounded domain of R^n and let f be a positive function on Ω verifying the following hypothesis denoted by (H)

(H) ∃ c > 0 such that f ≥ c in Ω ∫ Ω f dx = |Ω|,

where |Ω| is the Lebesgue measure of Ω.

We are interested in finding an application u from Ω into itself which transforms the Lebesgue measure dx_1 ∧ ... ∧ dx_n into the measure f(x)dx_1 ∧ ... ∧ dx_n and such that u(x) = x on ∂Ω. More precisely, we are looking for u satisfying { u^#(dx_1 ∧ ... ∧ dx_n) = f(x)dx_1 ∧ ... ∧ dx_n, in Ω u(x) = x, on ∂Ω,

(1.1)

this is equivalent to solve the following equation { det(∇u) = f, in Ω u(x) = x, on ∂Ω.

(1.2)

This equation which can be called the prescribed volume form equation has a lot of applications in physics, mainly in elasticity theory, for example in the problem of equilibrium of gases (see [3]). On the other hand, this equation contains the construction of volume preserving mappings as indicated in [4].

The difficulties of solving (1.2) come in particular from the strong non-unique-ness and the strong non-linearity of the Jacobian determinant. One of the natural question is to find a solution u having the best regularity as possible for a given f. We observe that for any given f ∈ C^∞, one can find u ∉ C^1 solving (1.2), this illustrate the difficulties mentioned above.

In [4], Dacorogna and Moser have overcame those difficulties in the case where f belongs to the Hölder spaces C^{k,α}(Ω) for 0 < α < 1 and 0 ≤ k ≤ ∞. In fact, they proved the existence of u in C^{k+1,α}(Ω) solving (1.2). Clearly, this is the best regularity that one can expect.

In [12], the optimal result, in the sense of regularity for u, has been obtained for f in W^{m,p}(Ω) with max(1, n/m) < p < ∞.

For f in other spaces, the optimal regularity of u is not decided. For example, an interesting case would be to consider f in C^k(Ω) for k in N, and to know whether one can expect to get a u in C^{k+1}(Ω) or at least in C^{k,1}(Ω).

Until now, the best regularity of u proved for f in C^0(Ω) was u to be an homeomorphism (see for example [8] or [4]), but the equation (2) has no sense for such u and has to be replaced by a weaker form

∀ E open set in Ω, ∫ E f dx = |u(E)|,

u(x) = x, on ∂Ω.

(1.3)

In the first part of our paper (section 2), we propose a constructive method based on dyadic decomposition of the domain Ω. This method, permits to recover Oxtoby and Ulam’s result for f ∈ L^1(Ω) in one hand, and gives on the other hand the existence of more regular solutions u of (1.3) under some control conditions on the oscillation of f.

Our main results in the first part are

Theorem 1 Let f ∈ C^0(Ω) verifying (H), there exists u solution of (1.3) such that u, u^{−1} ∈ ∩_{α<1}C^{0,α}(Ω).

Theorem 2 Let f ∈ L^∞(Ω) verifying (H), then there exists u solution of (1.3) such that u, u^{−1} ∈ C^{0,β}(Ω) for any β > 0 satisfying

β < min inf_Ω f, 1 sup_Ω f c

where c is a positive constant independent on f.

Theorem 3 Let f be in BMO(Ω) verifying (H), there exists u ∈ C^{0,γ} (Ω) solution of (1.3) for any γ > 0 satisfying

γ < c_1 ( inf_Ω f 1 + ‖f‖_{BMO}

)_{c2} where c_1 and c_2 do not depend on f.

For f in C^0(Ω), one could expect to get a C^1(Ω) or a C^{0,1}(Ω) solution of (1.3), but we have to add some stronger hypothesis on the oscillation of f for ensuring the existence of a Lipschitz solution. We have the following theorem:

Theorem 4 Let f be a positive function on Ω verifying (H) and such that there exists a nondecreasing function φ : R_+ → R_+ satisfying ∫_1 0 φ(t)t^{−1}dt < +∞

for which

∀ x ∈ Ω, t > 0, 1 |Ω_{x,t}| ∫ Ω_{x,t}

|f(y) − f_{x,t}|dy ≤ φ(t), (1.4)

where Ω_{x,t} = B_t(x) ∩ Ω, f_{x,t} = (∫ Ω_{x,t}

f(y)dy ) /|Ω_{x,t}|. Then there exists a Lipschitz homeomorphism solving (1.2).

Remarks 1 The previous hypothesis on f ensures that f is continuous but it is weaker than the Dini-continuous condition.

Theorem 5 Let f be a positive bounded function verifying (H) and such that there exists σ ∈ (0, 1), p > 1 for which f ∈ W^{σ,p}(Ω, R), then there exist q ∈ R_+, a homeomorphism u ∈ W^{1,q}(Ω) verifying u^#(dx) = f(x)dx. (1.5) and for any neighbourhood U of Ω, one may ensure that u(Ω) ⊂ U. More precisely, q can be any positive number in [ 1, σ ln 2 ln(1 + C_0τ) )

where C_0 is a universal constant and τ_0 is the following constant:

τ_0 = lim_{t→0} sup |z|≤t, y∈Ω

|f(y + z) − f(y)|

inf_Ω f

. (1.6)

Remarks 2 For q large enough (for example q ≥ n^2/(n+1)), (1.5) is equivalent to det(∇u) = f.

Finally, using the same method, we have the following theorem: Theorem 6 Let f be a positive function verifying (H) and (1.4), if f verifies ∫ ∫ Ω×Ω |f(x) − f(y)| |x − y|^{n+σ} dxdy < ∞

for some σ ∈ (0, 1), there exists u solution of (1.2) such that u ∈ W^{1,∞}(Ω) and ∫ ∫ Ω×Ω |∇u(x) − ∇u(y)|

|x − y|^{n+σ} dxdy < ∞. (1.7)

As it can be noted, using the details of the dyadic decompositions we use, this method is not adapted to the regular cases, but to the limiting ones (f ∈ C^0, L^∞, . . .). In the second part of our paper (section 3), we reconsider the flow method of Moser (see [7]) with regularizing pathes in the forms space which interpolate f(x)dx and dx. This idea leads, in one hand to a new and direct proof of Dacorogna and Moser’s results with also new estimates which could be useful for numerical approaches. In the other hand, we establish new results for f ∈ C^k(Ω̄) (k ≥ 1).

It is also interesting to note that this method, completely different from the dyadic decomposition proposed above, leads to the same gain of regularity in the limiting cases, f ∈ C^0, L^∞ and BMO. (cf. § 3.3)

Our main results, with the second method, are the following : (for simplicity we always assume Ω to be regular)

Theorem 7 Let k ∈ N, 0 < α < 1 and f ∈ C^{k,α}(Ω) verifying (H), then there exists u ∈ C^{k+1,α}(Ω) solving (1.2). Futhermore we have the following estimate, ∀ δ ∈ (0, min(1, k + α)),

‖u − Id‖_{Ck+1,α(Ω)} ≤ C‖f − 1‖_{Ck,α(Ω)}, (1.8)

where C only depends on ‖f‖_{0,δ}, inf_Ω f, δ, α, k and Ω.

Remarks 3 Some similar estimates have been obtained by Zehnder in [13] under more restrictive hypothesis: for ‖f − 1‖_{0,δ} small enough. Moreover, the method that we use for proving Theorem 7 is a direct one and could be useful for numerical approach. Futhermore, estimate (1.8) illustrates the stability of the method.

Theorem 8 Let k ∈ N and let f be in C^{k,1}(Ω) = W^{k+1,∞}(Ω) verifying (H), then there exists u, solution of (1.2) such that, for any α < 1, u is in C^{k+1,α}(Ω) and such that for any 0 < δ < 1,

‖u − Id‖_{k+1,α} ≤ C‖f − 1‖_{k,1}, (1.9)

where C only depends on α, k, Ω, inf_Ω f, δ and ‖f‖_{0,δ}.

Remarks 4 As a consequence of Theorem 1 in [4], for each α < 1, there exists u_α in C^{k+1,α}(Ω) solution of (1.2), but it is not clear whether u_α remains the same for all α < 1 or not. Otherwise, the best regularity for u that one can expect, under the conditions of Theorem 8, is u in C^{k+1,1}(Ω). But we are not able to decide whether the u obtained here is in this space.

2 A constructive method for prescribing a volume form f(x)dx

2.1 Presentation of the constructive method

Let f ∈ L^1(Ω) verifying (H). First of all, we consider the case Ω = (0, 1)^n. For i ∈ N and k = (k_l)_{1≤l≤n} ∈ Z^n, we denote by C(k, i) the following cube in the dyadic decomposition of [0, 1]^n,

C(k, i) = Π_{1≤l≤n} [ k_l 2^i , k_l + 1 2^i ] . (2.1)

Let f_i ∈ L^∞(Ω) be the following approximation of f

f_i(x) = 1 |C(k, i)| ∫ C(k,i)

f(y)dy on C(k, i) (2.2)

for any C(k, i) ⊂ [0, 1]^n. Note that f_i verifies always (H) and tends weakly to f(x) in L^1(Ω). Our aim is to construct by induction a sequence (u_i) of Lipschitz homeomorphisms from Ω into itself verifying { det(∇u_i) = f_i in Ω u_i(x) = x on ∂Ω.

(2.3)

We use the following lemma which is the key point of our construction.

Lemma 1 Let D = [0, 1]^n, A = [0, 1]^{n−1} × [0, 1/2] and B = [0, 1]^{n−1} × [1/2, 1]. Let α, β ∈ R^∗_+ such that α + β = 1. There exits a Lipschitz homeomorphism Φ from D into itself such that

(i) Φ(x) = x, x ∈ ∂D;

(ii) { det(∇Φ) = 2α in A det(∇Φ) = 2β in B;

(iii) ‖∇(Φ − Id)‖_L∞_{(D)} ≤ C_η|1 − 2α|

(2.4)

where 0 < η ≤ α ≤ (1 − η) < 1 and C_η only depends on η.

Take u_{−1} = Id and u_{i+1} = u_i ∘ Φ_i, where Φ_i is constructed in the following way: Using the previous lemma: ∀ k = (k_l) ∈ {0, 1, . . . , 2^i − 1}^n, Φ_i is a homeomorphism from C(k, i) into itself such that Φ_i(x) = x on ∂C(k, i). Take ε = (ε_l) ∈ {0, 1}^n and denote by A^p_i (ε) and B^p_i (ε) the following subsets of C(k, i) (for 1 ≤ p ≤ n)

A^p_i (ε) = Π_{l≤p−1} [ k_l 2^i , k_l + 1 2^i ] × [ k_p 2^i , 2k_p + 1 2^{i+1} ] × Π_{l≥p+1} [ k_l 2^i + ε_l 2^{i+1} , k_l 2^i + ε_l + 1 2^{i+1} ] ; B^p_i (ε) =

Π_{l≤p−1} [ k_l 2^i , k_l + 1

2^i ] × [ 2k_p + 1 2^{i+1} , k_p + 1 2^i ] × Π_{l≥p+1} [ k_l 2^i + ε_l 2^{i+1} , k_l 2^i + ε_l + 1 2^{i+1} ] . Denote by α^p_i (ε) and β^p_i (ε) the following positive numbers:

α^p_i (ε) = ∫ A^p_i (ε)

f(x)dx ∫ A^p_i (ε)∪B^p_i (ε)

f(x)dx

β^p_i (ε) = ∫ B^p_i (ε)

f(x)dx ∫ A^p_i (ε)∪B^p_i (ε)

f(x)dx

= 1 − α^p_i (ε).

(2.5)

Consider Φ the homeomorphism given by Lemma 1 for α = α^p_i (ε) and β = β^p_i (ε) and using dilatations, translations and rotations, we get a homeomorphism Φ^p_i (ε) from A^p_i (ε) ∪ B^p_i (ε) into itself such that { det∇Φ^p_i (ε) = 2α^p_i (ε) in A^p_i (ε) det∇Φ^p_i (ε) = 2β^p_i (ε) in B^p_i (ε),

and Φ^p_i (ε)(x) = x on ∂(A^p_i (ε) ∪ B^p_i (ε)). Denote by Φ^p_i the homeomorphism from C(k, i) into itself such that Φ^p_i = Φ^p_i (ε) in A^p_i (ε) ∪ B^p_i (ε). Take Φ_i = Φ^n_i ∘ Φ^{n−1}_i ∘ . . . ∘ Φ^1_i and

u_{i+1} = u_i ∘ Φ_i, in C(k, i). (2.6)

In constructing Φ_i, one has composed homeomorphisms which Jacobian determinants are piecewise constant in the way that one can easily calculate det(∇Φ_i) on each sub-cube C(k^′, i + 1). More precisely, for x ∈ C(k^′, i + 1) ⊂ C(k, i),

det∇Φ_i(x) = ∫ C(k^′,i+1)

f(x)dx ∫ C(k,i)

f(x)dx ,

and this proves the existence of u_{i+1} ∈ W^{1,∞}(D̄) verifying (2.3).

The problem now is to understand under which condition for f the sequence u_i converges in a way that det(∇u_i) pass also to the limit at least in the weak sense (1.3). Under the hypothesis f belongs only in L^1, we have already that u^{−1}_i converges in C^0(Ω) to a continuous map v : Ω → Ω verifying

∀ E open set of Ω, ∫ E f(x)dx = |v^{−1}(E)| (2.7)

where v^{−1}(E) denotes the co-image of E by v. In fact, since Φ_i(C(k, i)) = C(k, i), one has ‖u^{−1}_{i+1} − u^{−1}_i ‖_∞ ≤ diam(C(k, i)) = C/2^i.

On the other hand, if we suppose that f ∈ L^∞(Ω) and ‖f − 1‖_∞ ≤ η where η will be chosen small enough, clearly using (2.4)(iii), one has ‖∇(Φ_i − Id)‖_L∞_{(D)} ≤ Cη and then

‖∇u_{i+1}‖_∞ = ‖(∇u_i ∘ Φ_i)∇Φ_i‖_∞ ≤ ‖∇u_i‖_∞(1 + Cη), (2.8)

thus ‖∇u_i‖ ≤ (1 + Cη)^i. Moreover since Φ_i(C(k, i)) = C(k, i), we get ‖Φ_i − Id‖_∞ ≤ C/2^i. Considering ‖u_{i+1} − u_i‖_∞ = ‖u_i ∘ Φ_i − u_i‖_∞ ≤ ‖∇u_i‖_∞‖Φ_i − Id‖_∞

and these two previous estimates imply that

‖u_{i+1} − u_i‖_∞ ≤ C ( 1 + Cη 2 )_i . (2.9)

For (1 + Cη) < 2, the sequence u_i converges in C^0(Ω). Since now we have f_i → f in L^∞ weak-∗, u^{−1}_i → u^{−1} in C^0(Ω) and u_i → u in C^0(Ω), u verifies (1.3). Indeed, let F be any compact set of Ω, u(F ) is compact. Consider V_ϵ = {x ∈ Ω, s.t. d(x, u(F )) < ϵ}, since u(F ) is compact, we know that |V_ϵ| → |F | as ϵ tends to 0. For i sufficiently great, u_i(F ) ⊂ V_ϵ and we have

|u_i(F )| = ∫ F f_i(x)dx ≤ |V_ϵ|,

hence

lim_{i→∞} ∫ F f_i(x)dx = ∫ F f(x)dx ≤ |u(F )|. (2.10)

Since u is a homeomorphism, u(F^c) is an open set, we prove exactly in the same way that

lim_{i→∞} ∫ F^c

f_i(x)dx = ∫ F^c

f(x)dx ≤ |u(F^c)|. (2.11)

Adding (2.10) and (2.11), we have

|Ω| = ∫ Ω f(x)dx ≤ |u(F )| + |u(F^c)| = |u(Ω)| = |Ω|,

this proves that the inequalities (2.10) and (2.11) are equalities.

In general cases, we solve by induction the following problems: w_0 = Id and for any k ≤ (p − 1),

w^#_{k+1}(dx) = ∫ Ω f^{k/p} ∫ Ω f^{(k+1)/p} × ( f^{1/p} ∘ v^{−1}_k ) dx,

where v_k = w_k ∘ w_{k−1} ∘ . . . w_1. For p sufficiently large, we get ‖f^{1/p} − 1‖_∞ ≤ η. u = w_p ∘ . . . ∘ w_1 is a homeomorphism satisfying (1.3) (cf. § 2.2.2).

Under the hypothesis that f belongs only to L^1, we recall that u^{−1}_i converges to v in C^0(Ω) verifying (2.7), but if we want to ensure that v is a homeomorphism, we have to refine the previous process using Oxtoby and Ulam’s idea (see [8]).

Here we are more interested in the case where f is more regular than L^1 (for example f ∈ BMO(Ω), L^∞(Ω), C^0(Ω) etc.) for which the previous construction permits to obtain a solution u having more regularity than C^0(Ω). Moreover, if supp(f − 1) ⊂⊂ Ω, we can assume that supp(u − Id) ⊂⊂ Ω, since we can work in a smaller domain as Ω^′ = [ζ, 1 − ζ]^n (ζ > 0). Thus by the partition argument of Moser in [7], the proofs of our results for the case Ω = [0, 1]^n are valid for general Lipschitz domains or manifolds.

2.2 Proof of Theorems 1 to 4 2.2.1 Proof of Theorem 1 Take f ∈ C^0(Ω) verifying (H) and follow the method in § 2.1. Let 0 < α < 1, there exists a sufficiently small η such that (1 + Cη)/2 = 2^{−α}, where C is the constant in Lemma 1. For i sufficiently great (i ≥ i_α), for any p and ε, |α^p_i (ε) − 1/2| ≤ η, since f is uniformly continuous in Ω. Consider x ≠ y ∈ Ω such that |x − y| ≤ 2^{−iα} , there exists i ≥ i_α such that 2^{−i−1} ≤ |x − y| ≤ 2^{−i}. From (2.8), we have ‖∇u_i‖_∞ ≤ (1 + Cη)^{i−iα} ‖∇u_{iα} ‖_∞ and from the same argument for (2.9) we have ‖u − u_i‖_∞ ≤ C_α ( 1 + Cη 2 )_i . We get then the following estimate

|u(x) − u(y)| ≤ |u(x) − u_i(x)| + |u_i(x) − u_i(y)| + |u(y) − u_i(y)|

≤ C_α ( 1 + Cη 2 )_i

+ C_α(1 + Cη)^i|x − y| + C_α ( 1 + Cη 2 )_i

≤ 2C_α2^{−iα} + C_α ( 1 + Cη 2 )_i

≤ C_α2^{−iα} ≤ 2C_α|x − y|^α.

This proves that u is in C^{0,α}(Ω). On the other hand, by noting that det(∇u_i) ≥ a > 0 and that (for i large enough) { ‖u^{−1}_i − u^{−1}‖_∞ ≤ C2^{−i} ‖∇u^{−1}_i ‖_∞ ≤ C‖∇u_i‖^{n−1}_∞ ,

(2.12)

one proves in the similar way that u^{−1} ∈ C^{0,α}(Ω) for any 0 < α < 1.

2.2.2 Proof of Theorems 2

Let f ∈ L^∞(Ω) verify (H) and C be the constant in Lemma 1, for p sufficiently great such that 1 + C‖f^{1/p} − 1‖_∞ < 2. Let

c_k = (∫ Ω f^{k−1p} dx ) / (∫ Ω f^{kp} dx ) , we will construct, by induction, a sequence of homeomorphisms w_k for 0 ≤ k ≤ (p − 1) such that

∀ E open set ⊂ Ω, |w_{k+1}(E)| = ∫ E c_{k+1}f^{1/p}(v^{−1}_k ) dx

w_{k+i}(x) = x, on ∂Ω,

(2.13)

where v_0 = Id and v_k = w_k ∘ w_{k−1} . . . ∘ w_1 for 1 ≤ k ≤ p, with w_k ∈ C^{0,1−α}(Ω, Ω) and w_k(x) = x on ∂Ω.

For k = 1, (2.13) is equivalent to

∀ E open set ⊂ Ω, |u_1(E)| = ∫ E c_1f^{1/p} dx.

The problem is well posed because c_1f^{1/p} verifies (H) on Ω. More precisely, ∫ Ω c_1f^{1/p} dx = |Ω| and c_1f^{1/p} ≥ a^{1/p}, since ∫ Ω f^{1/p} dx ≤ |Ω| by Hölder’s inequality.

Note also that f^{1/p} and c_1f^{1/p} give the same estimates for α^p_i and β^p_i defined in § 2.1, thus w_1 constructed in § 2.1 for c_1f^{1/p} belongs to C^{0,αp} (Ω) where

α_p = 1 − ln ( 1 + C‖f^{1/p} − 1‖_∞ ) ln 2

. (2.14)

Suppose that w_l are constructed for l ≤ k, we construct now w_{k+1} in the same way. Note first that the problem (2.13) is well posed. Indeed,

c_{k+1}f^{1/p} ∘ v^{−1}_k ≥ ∫ Ω f^{kp} dx ∫ Ω f^{k+1p} dx a^{1/p} ≥ a^{k+1p} .

Moreover, (2.13) implies, for 1 ≤ l ≤ k,

∀ h ∈ L^∞(Ω), ∫ Ω h dx = ∫ Ω c_l ( h ∘ w_l )( f^{1/p} ∘ v^{−1}_{l−1} ) dx. Thus ∫ Ω c_{k+1}f^{1/p} ∘ v^{−1}_k dx = ∫ Ω c_{k+1}c_kf^{1/p} ∘ v^{−1}_{k−1} × ( f^{1/p} ∘ v^{−1}_k ∘ w_k ) dx = ∫ Ω c_{k+1}c_kf^{2/p} ∘ v^{−1}_{k−1} dx . . = (∫ Ω f^{k+1p} dx ) Π 1≤l≤k+1

c_l = |Ω|.

Since we always have ‖f^{1/p} ∘ v^{−1}_k − 1‖_∞ = ‖f^{1/p} − 1‖_∞, w_k constructed in this way (for c_kf^{1/p} ∘ v^{−1}_k ), is always a homeomorphism in C^{0,αp} (Ω). Thus we get the sequence of w_k verifying (2.13).

Consider now w = v_p = w_p ∘ . . . ∘ w_1 which is a homeomorphism from Ω into itself. By (2.13), w is a solution of (1.3). Furthermore, w ∈ C^{0,β}(Ω) with β = (α_p)^p. Making p tend to infinity, one easily proves that ln β c ≃ min { ln ( inf_Ω f ) , − ln ( sup_Ω f )}

where c does not depend on f.

2.2.3 Proof of Theorems 3

Let f be in BMO(Ω) verifying (H). Let M > inf_Ω f and note T_M f the following truncated function T_M f = min(M, f). Denoting h = f/T_M f, we remark that ‖h‖_{BMO(Ω)} tends to 0 as M

tends to ∞. In fact, for any x ∈ R^n and r > 0, denoting Ω_{x,t} = B_t(x) ∩ Ω and h_{x,t} = − ∫ Ω_{x,t}

h dz, one has 1 |B_{x,r}| ∫ Ω_{x,t}

|h(y) − h_{x,t}| dy = 1 |B_{x,r}| ∫ Ω_{x,t} | | | | |h(y) − 1 |B_{x,r}| ∫ Ω_{x,t}

h dz | | | | | dy ≤ 1 |Ω_{x,t}|^2 ∫ ∫ Ω_{x,t}×Ω_{x,t}

|h(y) − h(z)| dydz.

(2.15)

Clearly we have |h(y) − h(z)| ≤ (|f(y) − f(z)|)/M, so (2.15) leads to 1 |B_{x,r}| ∫ Ω_{x,t}

|h(y) − h_{x,t}| dy ≤ 1 M 1 |Ω_{x,t}|^2 ∫ ∫ Ω_{x,t}×Ω_{x,t}

|f(y) − f(z)| dydz ≤ 1 M 1 |B_{x,r}|^2 ∫ ∫ B_{x,r}×B_{x,r} ( |f(y) − f_{x,r}| + |f(z) − f_{x,r}| ) dydz ≤ 2 M ‖f‖_{BMO}.

So we get ‖h‖_{BMO} ≤ 2 M ‖f‖_{BMO}. Let c_h = 1 Ω ∫ Ω h(x)dx and write f = (h/c_h) × c_hT_M f. Clearly 1 ≤ c_h ≤ (1 + 1/M). First we solve the problem for h/c_h. Note that we can apply the method in § 2.1, since we can estimate |α^p_i (ε) − 1/2| by C‖h‖_{BMO(Ω)}/a, where a = inf_Ω f. Thus for ‖h‖_{BMO(Ω)} small enough, we get a v in C^{0,αM} (Ω) satisfying v^#(dx) = h(x)dx/c_h where

α_M = 1 − ln ( 1 + C‖h‖_{BMO(Ω)}/a ) ln 2

. (2.16)

Let w be the solution given by § 2.2.2 for c_hT_M f ∘ v^{−1}, thus u = w ∘ v is a solution of (1.5) and u ∈ C^{0,γM} (Ω) where γ_M < α_M [ min ( c_ha, 1 c_hM )]_c . By choosing a good value of M, one proves the assertion of Theorem 3.

2.2.4 Proof of Theorem 4

In view of § 2.1, we are interested to get a condition on f which ensures the existence of a Lipschitz solution u since, in this case, (1.5) is equivalent to the following equation { det(∇u) = f in Ω u(x) = x on ∂Ω.

The condition that we propose here is a kind of Dini decrease of the mean oscillation

(D) ∃ φ a nondecreasing positive function such that

∫_1 0 φ(t)t^{−1}dt < +∞

∀ x ∈ Ω and t > 0, 1 |Ω_{x,t}| ∫ Ω_{x,t}

|f(y) − f_{x,t}|dy ≤ φ(t),

where Ω_{x,t} = B_t(x) ∩ Ω and f_{x,t} = (∫ Ω_{x,t}

f(y)dy ) /|Ω_{x,t}|.

This kind of condition (stronger ones) was already considered in [9] and [11]. Under this hypothesis, we have the following estimation on |α^p_i (ε) − 1/2|,

|α^p_i (ε) − 1/2| ≤ 1 2

| | | | | | |

∫ A^p_i (ε)

f(x)dx − ∫ B^p_i (ε)

f(x)dx ∫ A^p_i (ε)∪B^p_i (ε)

f(x)dx

| | | | | | | ≤ C a φ(2^{−i}),

where C is a universal constant. By Lemma 1, we have ‖∇(Φ_i − Id)‖_∞ ≤ Cφ(2^{−i}), and we get ‖∇u_{i+1}‖_∞ ≤ (1 + Cφ(2^{−i}))‖∇u_i‖_∞, which yields

‖∇u_i‖_∞ ≤ Π_{1≤k≤i−1} ( 1 + Cφ(2^{−k}) ) ‖∇u_0‖_∞

≤ exp ( C i−1∑ k=1 φ(2^{−k}) ) ‖∇u_0‖_∞

≤ exp ( C i−1∑ k=1 ∫_2−k

2^{−k−1}

φ(s)s^{−1}ds ) ‖∇u_0‖_∞

≤ exp (∫_1 0 φ(s)s^{−1}ds ) ‖∇u_0‖_∞.

(2.17)

This implies that u is Lipschitz. Moreover, we can prove that u_i converges to u in W^{1,p}(Ω) for any p ∈ [1, ∞), since u_i tends to u in C^0(Ω), u_i is bounded in W^{1,∞}(Ω) and clearly ‖∇u_i‖_p tends to ‖∇u‖_p for any p ∈ [1, ∞).

2.3 Proof of Theorems 5 and 6 2.3.1 Proof of Theorem 5

Consider the dyadic decomposition of Ω = [0, 1]^n as in § 2.1. For i ∈ N, k = (k_l) ∈ {0, 1, . . . , 2^i − 1}^n and x ∈ Ω, denote by C(k, i)(x), A^p_i (ε)(x), B^p_i (ε)(x), the C(k, i), A^p_i (ε) and B^p_i (ε) which contain x. By α^p_i (ε)(x) and β^p_i (ε)(x) we denote the following values

α^p_i (ε)(x) = ∫ A^p_i (ε)(x)

f(x)dx ∫ A^p_i (ε)(x)∪B^p_i (ε)(x)

f(x)dx

β^p_i (ε)(x) = 1 − α^p_i (ε)(x).

(2.18)

By Lemma 1, we have |∇(Φ^p_i − Id)(x)| ≤ C|α^p_i (ε)(x) − 1/2|, we claim then |∇(Φ_i − Id)(x)| ≤ C n∑ p=1 |α^p_i (ε)(x) − 1/2|.

In fact, Φ_i = Φ^n_i ∘ Φ^{n−1}_i ∘ . . . ∘ Φ^1_i and since α^p_i (ε)(x) (resp. β^p_i (ε)(x)) is constant in A^p_i (ε)(x) (resp. B^p_i (ε)(x)) and Φ^l_i(A^p_i (ε)(x)) = A^p_i (ε)(x) (resp. Φ^l_i(B^p_i (ε)(x)) = B^p_i (ε)(x)) for l < p, so ∀ 2 ≤ p ≤ n, α^p_i (ε) ( Φ^{p−1}_i ∘ . . . ∘ Φ^1_i (x) ) = α^p_i (ε)(x)

β^p_i (ε) ( Φ^{p−1}_i ∘ . . . ∘ Φ^1_i (x) ) = β^p_i (ε)(x).

Moreover for x ∈ Ω, u_{i+1}(x) = u_i(Φ_i(x)), this implies

|∇u_{i+1}(x)| = |∇u_i(Φ_i(x))∇Φ_i(x)| ≤ |∇u_i(Φ_i(x))(∇Φ_i(x) − I)| + |∇u_i(Φ_i(x))| ≤ 1 + C n∑ p=1 | α^p_i (ε)(x) − 1/2 |

|∇u_i(Φ_i(x))|.

Using the previous inequality and the fact that ∀ i < j, α^p_i (ε)(Φ_j (x)) = α^p_i (ε)(x) for any 1 ≤ p ≤ n, we can prove by induction that

|∇u_i(x)| ≤ Π_{0≤j≤i−1}

1 + C n∑ p=1 |α^p_j (ε)(x) − 1/2|

(2.19)

We ask the question to know under which condition on f, in view of the previous estimate (2.19), ∇u_i remains bounded for some L^p norm. Take f bounded verifying (H) and suppose that f is in W^{σ,p}(Ω, R) for some 0 < σ < 1 and 1 < p < ∞. Furthermore, to avoid any problem with the boundary, we suppose supp(f − 1) ⊂ Ω. Recall the definition of W^{σ,p}(Ω, R) (cf. [1], chapiter 7)

W^{σ,p}(Ω, R) = { f ∈ L^p(Ω) such that ∫ ∫ Ω×Ω |f(x) − f(y)|^p |x − y|^{n+σp} dxdy < +∞ } . Consider a cube Ω^′ = [ζ, 1 − ζ]^n such that supp(f − 1) ⊂ Ω^′. We claim that we can find an orthonormal system (e_1, e_2, . . . , e_n) such that

∀ σ^′ < σ and 1 ≤ i ≤ n, ∞∑ k=0 (2^{σ′} )^k ∫ Ω |f(x + 2^{−k}e_i) − f(x)|dx < +∞,

where we have defined f(y) = 1 if y ∉ Ω. Note that f extended in such a way, on all of R^n, still belongs to W^{σ,p}_{loc} (R^n). So we have ∫ B_1(0) ∫ Ω |f(x + z) − f(x)|^p |z|^{n+σp} dxdz < ∞, this implies (using Hölder’s inequality) ∫ B_1(0) ∫ Ω |f(x + z) − f(x)|

|z|^{n+σ′} dxdz < ∞, ∀ σ^′ < σ (2.20)

and we have then ∞∑ k=0 ∫ B_{2−k} (0)\B_{2−k−1} (0) ∫ Ω |f(x + z) − f(x)|

|z|^{n+σ′} dxdz < ∞,

this yields ∫

B_1(0)\B_{1/2} (0) ∫ Ω ∞∑ k=0 |f(x + 2^{−k}u) − f(x)| (2^{σ′} )^{−k}|u|^{n+σ′} dxdu < ∞, ∀ σ^′ < σ.

The above inequality means that

I(u) = ∞∑ k=0 (2^{σ′} )^k ∫ Ω |f(x + 2^{−k}u) − f(x)|dx

is finite for almost every u ∈ B_1(0) \ B_{1/2}(0). Thus we can find an orthogonal basis (e_1, e_2, . . . , e_n) such that ∀ i and j, |e_i| = |e_j |, I(e_i) < ∞ and (e_1, e_2, . . . , e_n) can be chosen to be also as close as we want to the canonical basis, we fix in particular (e_1, e_2, . . . , e_n) such that we can find a cube Ω_1 parallel to (e_1, e_2, . . . , e_n) of length |e_i| and Ω^′ ⊂⊂ Ω_1 ⊂⊂ Ω. Modulo a small scale change transforming Ω_1 to [0, 1]^n we have (for 1 ≤ i ≤ n) ∞∑ k=0 (2^{σ′} )^k ∫ Ω |f(x + 2^{−k}ε_i) − f(x)|dx < ∞, ∀ σ^′ < σ, (2.21)

where (ε_i) is the canonical basis of R^n. Note that (H) is still verified for f after this scale change. Define the global oscillation τ to be τ = sup_Ω f inf_Ω f

− 1.

Let a^p_i (x) be the quantity a^p_i (x) = |α^p_i (ε)(x) − 1/2| = |β^p_i (ε)(x) − 1/2| with α^p_i (ε)(x) defined by (2.18). It is easy to see that for any x ∈ [0, 1]^n, a^p_i (x) ≤ τ/4. Moreover, ∀ x ∈ [0, 1]^n (a = inf_Ω f),

a^p_i (x) ≤ 1 4a × 1 |A^p_i (ε)(x)| ∫ A^p_i (ε)(x) | | |f(y + 2^{−i}ε_p) − f(y) | | | dy. (2.22)

By (2.19), we get

|∇u_i(x)| ≤ Π_{0≤j≤i−1}

1 + C n∑ p=1 |α^p_j (ε)(x) − 1/2|

= Π_{0≤j≤i−1} (1 + Ca_j(x))

(2.23) where a_i(x) =

∑_n

p=1 a^p_i (x). In view of (2.22), (2.21) implies ∞∑ i=0 (2^{σ′} )^i ∫ Ω a_i(x)dx ≤ 1 2a n∑ p=1 ∞∑ i=0 (2^{σ′} )^i ∫ Ω |f(x + 2^{−i}ε_p) − f(x)|dx < ∞. (2.24)

We now use the following lemma which proof is straightforward by induction. Lemma 2 Let a_i be a sequence of positive numbers, we have

Π_{i∈N} (1 + a_i) ≤ 1 + ∞∑ i=0 (1 + A)^ia_i (2.25)

where A = sup_{i∈N} a_i.

Apply lemma 2 with a_i = (1 + Ca_i(x))^p − 1, where C is the constant in (2.23) and p will be fixed later. If (1 + nCτ/4)^p − 1 ≤ (2^{σ′} − 1), we deduce from (2.24) and (2.25) ∫ Ω |∇u_i(x)|^pdx ≤ ∫ Ω ( 1 + ∞∑ i=0 (2^{σ′} )^ia_i(x) ) dx ≤ |Ω| + 1 2a n∑ p=1 ∞∑ i=0 (2^{σ′} )^i ∫ Ω |f(x + 2^{−i}ε_p) − f(x)|dx

≤ C, where C does not depend on i. This implies that, if p ≥ 1, ∫ Ω |∇u|^p < ∞.

Thus if σ ln 2 ln(1 + C_0τ)

> 1 (where C_0 is a universal constant), u ∈ W^{1,p}(Ω) for 1 ≤ p < σ ln 2 ln(1 + C_0τ) . Remark also that, instead of τ, we could take a global bound for the local oscillation τ_0 defined by (1.6). The proof is completed.

Corollary 1 Let f ∈ C^0(Ω) verifying (H). Suppose that there exist σ ∈ (0, 1) and p ∈ (1, ∞) such that f ∈ W^{σ,p}(Ω) and supp(f − 1) ⊂ Ω, then there exists u ∈ ∩_{q<∞}W^{1,q}(Ω) satisfying (1.2).

Proof of Corollary 1. For f ∈ C^0(Ω), τ_0 defined by (1.6) is equal to zero.

Remarks 5 By the proof, we see that it suffices to suppose ∫ ∫ Ω×Ω |f(x) − f(y)| |x − y|^{n+σ} dxdy < ∞, σ ∈ (0, 1)

for getting the same result in Theorem 5 and Corollary 1.

2.3.2 Proof of Theorem 6 As in the beginning of § 2.3.1, modulo mild changes, we can suppose that Ω = (0, 1)^n and (2.21) holds. that is n∑ i=1 ∞∑ k=0 (2^σ)^k ∫ Ω |f(x + 2^{−k}ε_i) − f(x)|dx < ∞, ∀ σ^′ < σ, (2.26)

where (ε_i) is the canonical basis of R^n. Define a^p_i (x) and a_i(x) in the same way as in § 2.3.1 and we have ∞∑ k=0 (2^σ )^k ∫ Ω a_k(x)dx < ∞. (2.27)

Moreover for u_i defined by (2.6), we have ∀ x ∈ Ω, |∇u_i(x)| ≤ Π_{0≤j≤i−1} (1 + Ca_j(x)).

For any h ∈ L^1(Ω). Denote F_Ω(h) to be the following quantity: F_Ω(h) = ∫ ∫ Ω×Ω |h(x) − h(y)| |x − y|^{n+σ} dxdy.

We claim that under the previous hypothesis, we have F_Ω(∇Φ_i) ≤ Cφ(2^{−i}) (2.28) where Φ_i is defined in § 2.1 and φ is the increasing function for which f verifies (1.4). For proving (2.28), it suffices to prove the following upper bound in Lemma 1: F_D(∇Φ) ≤ C_η|1 − 2α| (2.29) where C_η only depends on η such that 0 < η ≤ α ≤ 1 − η < 1. To this aim, we use the following lemmas which proofs are straightforward.

Lemma 3 Let w be a Lipschitz homeomorphism of Ω and v ∈ W^{1,∞}(Ω, R^n), then we have F_Ω(∇(v ∘ w)) ≤ F_Ω(∇v) ( ‖∇w‖^{n+σ+1}

∞ ‖det(∇w^{−1})‖^2_∞ ) + F_Ω(∇w)‖∇v‖_∞.

Lemma 4 Let Ω_1 and Ω_2 be two disjointed bounded Lipschitz domains of R^n. Let f_i be in L^∞(Ω_i) for i = 1, 2. Define h = ∑ i=1,2 fiχΩi , we have

F_Ω(h) ≤ 2∑ i=1 F_{Ωi} (f_i) + C 2∑ i=1 ‖f_i‖_∞ (2.30)

where C only depends on n, σ and Ω_i.

Recall that on A ∪ B, in Lemma 1, Φ = Ψ ∘ φ where Ψ is given by (A.1) and φ^{−1}_t is the solution of (A.13). From (A.3), we get

F_A(∇Ψ) = (1 − 2α)F_A(∇(x_nh)) (2.31)

where x_nh =

∫_{xn} 0 div(w)(x^′, s)ds.

By definition, div(w) is piecewise C^∞ in A, thus Lemma 4 ensures that F_A(∇(x_nh)) < ∞. On the other hand, from (A.13), we have d dt φ^{−1}_t = X_t(φ^{−1}_t )

where X_t is in W^{1,∞}(A) and is piecewise C^∞, so F_A(∇X_t) < ∞. Thus we get (using Lemma 3 and the fact that α will be close to 1/2 for i sufficiently great) d dt F_A ( ∇φ^{−1}_t ) ≤ C |1 − 2α| 2α ( 1 + F_A ( ∇φ^{−1}_t )) . Remark that F_A ( ∇φ^{−1}_0 ) = F_A(Id) = 0, using Gronwall’s lemma, we have F_A ( ∇φ^{−1} ) = F_A ( ∇φ^{−1}_1 ) ≤ C|1 − 2α| and we easily deduce that

F_A(∇φ) ≤ C|1 − 2α|. (2.32)

Combining (2.31), (2.32), (2.4)(iii) and Lemma 3, we obtain (for α close to 1/2)

F_A(∇Φ) = F_A(∇(Ψ ∘ φ)) ≤ C|1 − 2α|.

Similarly we get F_B (∇Φ) = F_B (∇(Ψ ∘ φ)) ≤ C|1 − 2α|.

Using again Lemma 4 and (2.4)(iii), (2.29) is proved. Applying (2.29), we deduce

F_{C(k,i)}(∇Φ_i) ≤ C(2^σ)^ia_i|_{C(k,i)}. (2.33)

Thus

F_Ω(∇Φ_i) = ∫ ∫ Ω×Ω |∇Φ_i(x) − ∇Φ_i(y)| |x − y|^{n+σ} dxdy

= 2^i−1∑

k,l=0 ∫ ∫ C(k,i)×C(l,i)

|∇Φ_i(x) − ∇Φ_i(y)| |x − y|^{n+σ} dxdy

= 2^i−1∑

k,l=0, k≠l ∫ ∫ C(k,i)×C(l,i)

|∇Φ_i(x) − ∇Φ_i(y)| |x − y|^{n+σ} dxdy

+ 2^i−1∑ k=0 F_{C(k,i)}(∇Φ_i).

(2.34)

Fyrthermore

2^i−1∑

k,l=0, k≠l ∫ ∫ C(k,i)×C(l,i)

|∇Φ_i(x) − ∇Φ_i(y)| |x − y|^{n+σ} dxdy

≤ 2^i−1∑

k,l=0, k≠l ∫ ∫ C(k,i)×C(l,i)

‖∇(Φ_i − Id)‖_L∞_{(C(k,i))} |x − y|^{n+σ} dxdy

+ 2^i−1∑

k,l=0, k≠l ∫ ∫ C(k,i)×C(l,i)

‖∇(Φ_i − Id)‖_L∞_{(C(l,i))} |x − y|^{n+σ} dxdy

≤ 2^i−1∑

k,l=0, k≠l ∫ ∫ C(k,i)×C(l,i)

Ca_i(x) |x − y|^{n+σ} dxdy

≤ 2^i−1∑ k=0 ∫ C(k,i)

Ca_i(x) ∫ Ω\C(k,i)

dxdy |x − y|^{n+σ} .

(2.35)

Since a_i(x) is constant on each C(k, i), we are lead to bound the following integral ∫ ∫ C(k,i)×(Ω\C(k,i))

dxdy |x − y|^{n+σ} ≤ ∫_2−i−1 0 ( H^{n−1} ({ x ∈ C(k, i); d(x, ∂C(k, i)) = l }) ∫ ∞ l Cr^{n−1} r^{n+σ} dr ) dl (2.36)

where H^{n−1} stands for the (n − 1)-dimensional Hausdorff measure, so

H^{n−1} ({ x ∈ C(k, i), s.t. d(x, ∂C(k, i)) = l }) = 2n ( 2^{−i} − 2l

)_{n−1} . (2.37)

Combining (2.35)-(2.37), we get

2^i−1∑

k,l=0, k≠l ∫ ∫ C(k,i)×C(l,i)

|∇Φ_i(x) − ∇Φ_i(y)| |x − y|^{n+σ} dxdy ≤ C(2^{−i})^{n−σ}

2^i−1∑ k=0 a_k|_{C(k,i)}.

Combining the previous estimate with (2.33) and (2.34), we obtain then

F_Ω(∇Φ_i) ≤ C ∫ Ω (2^σ)^ia_i(x)dx.

From (2.6) and Lemma 3, the following inequality holds

F_Ω(∇u_i) ≤ F_Ω(∇u_{i−1}) ( 1 + Cφ(2^{−i}) ) + F_Ω(∇Φ_i)‖∇u_{i−1}‖_∞. (2.38)

Recall (2.17), that is

‖∇u_i‖_∞ ≤ C Π_{1≤k≤i−1} ( 1 + Cφ(2^{−k}) ) . (2.39)

Using (2.38) and (2.39), by induction, we have

F_Ω(∇u_i) ≤ C [ Π 1≤k≤i−1 ( 1 + Cφ(2^{−k}) ) ] × [_i ∑ k=1 (2^σ )^k ∫ Ω a_k(x)dx ] . From (2.27) and (2.17), we get the following bound

F_Ω(∇u_i) ≤ C

∫_1 0 φ(s) s ds, (2.40)

which implies F_Ω(∇u) < ∞, since u_i converges to u in W^{1,p}(Ω) for any p ∈ [1, ∞).

Remarks 6 In fact, g ∈ L^∞(Ω) and F_Ω(g) < ∞ imply that g ∈ W^{ξ,σ/ξ}(Ω) for any ξ ∈ (0, σ).

3 The path-regularizing flow method

3.1 Presentation of the method 3.1.1 The flow idea of Moser Let f and g be two volume forms on Ω (i.e. two functions on Ω verifying (H)), let f_t for t ∈ [0, T ] be a familly of volume forms connecting f and g. Any familly of transformations φ_t sending f to f_t (i.e. φ^#_t f_t = f) verifies ∂ ∂t ( f_t(φ_t)det(∇φ_t) ) ≡ 0, in Ω f_0 = f, φ_0 = Id, f_T = g, in Ω,

(3.1)

this is equivalent to ∂ ∂t det(∇φ_t) + ∂ ∂t (ln f_t(φ_t)) det(∇φ_t) = 0, in Ω f_0 = f, φ_0 = Id, f_T = g, in Ω.

As J. Moser proposed in [7], we look for φ_t solution of a flow having the following form ∂φ_t ∂t = A_t(φ_t), in Ω.

A classical computation yields ∂ ∂t det(∇φ_t) − divA_t(φ_t) det(∇φ_t) = 0. (3.2)

Then it suffices to find A_t solution of the following transport equation which is equivalent to say that there is no volume creation. ∂f_t ∂t + div(f_tA_t) = 0, (3.3)

in view of solving (3.1). The difficulty in solving (1.2) by this method, remains to find some nice choice of the path f_t connecting f and 1, and a vector field A_t satisfying (3.3).

3.1.2 A construction of f_t and A_t

Let Ω be a bounded regular domain. Let f be in C^∞(Ω) verifying (H). We first extend f to all of R^n into a function denoted by f̃. Let ξ be a cut-off function in C^∞_0 (R^n, [0, 1]) such that ξ ≡ 1 in Ω and inf_{supp(ξ)} f̃ ≥ a > 0. f̃ will be extended now by the following function in R^n.

f = ξf̃ + (1 − ξ).

Note that f(x) ≥ a > 0, for any x ∈ R^n. We will construct f_t and A_t verifying

∂f_t ∂t + div(A_tf_t) = 0, in Ω × R_+,

A_t ≡ 0, on ∂Ω × R_+, f_0 = f, in Ω,

(3.4)

and φ_t the solution of the following flow

∂φ_t ∂t = A_t(φ_t), in Ω × R_+,

φ_0 = Id in Ω.

(3.5)

In view of § 3.1.1, under the previous notations, we have the following lemma.

Lemma 5 For φ_t and f_t defined above, one has for any t ≥ 0, det(∇φ_t) × f_t(φ_t) ≡ f in Ω.

Now we construct f_t and A_t in C^∞(Ω × R_+) verifying (3.4). Let η be a non negative function in C^∞_0 (R^n) such that ∫

R^n

η dx = 1, ∫ R^n

xη(x) dx = 0

and such that there exists some r_0 > satisfying B(0, r_0) ∩ supp(η) = ∅. Denote

ψ(x) = η(x)x, η_t(x) = 1 t^n η ( x t ) and ψ_t(x) = 1 t^n ψ ( x t ) in R^n.

Define g_t = f ∗ η_t and B_t = f ∗ ψ_t, one has the following elementary lemma.

Lemma 6 Let g_t and B_t be as above, then ∂g_t ∂t + divB_t = 0, in R^n × R_+. (3.6)

Proof of lemma 6: ∂g_t ∂t (x) = ∂ ∂t (∫ R^n 1 t^n η ( x − y t ) f(y)dy )

= −n ∫ R^n 1 t^{n+1} η ( x − y t ) f(y)dy − ∫ R^n 1 t^n ∇η ( x − y t ) x − y

t^2 f(y)dy.

(3.7)

On the other hand,

divB_t = ∫ R^n 1 t^n div_x ( x − y t η ( x − y t )) f(y)dy = ∫ R^n 1 t^n div_x ( (x − y) t ) η ( x − y t ) f(y)dy + ∫ R^n 1 t^n x − y t ∇η ( x − y t ) 1 t f(y)dy.

(3.8)

We clearly have (3.7) + (3.8) = 0 and this proves the lemma.

One has ∫ Ω g_t dx ≥ |Ω| inf_Ω g_t ≥ |Ω| inf_Ω f. Then

c_t = ∫ Ω f dx/ ∫ Ω g_t dx

is well defined in R_+. Since c_tg_t verifies (H), by lemma 6, ∫ Ω g_t

∂c_t ∂t dx = − ∫ Ω ∂g_t ∂t c_t dx = c_t ∫ Ω divB_t dx = c_t ∫ ∂Ω B_t.νdσ, (3.9)

thus the following linear problem admits a regular solution (see [4])

divD_t = 1 c_t

∂c_t ∂t × g_t, in Ω

D_t = B_t, on ∂Ω.

(3.10)

Since now 1 c_t

∂c_t ∂t × g_t and B_t depend regularly on t, the construction of solution of (3.10) in [4] ensures the regularity of D_t on Ω × R_+.

Let f_t = c_tg_t and A_t = (D_t − B_t)/g_t, one verifies that (f_t, A_t) is a regular solution of (3.4). We turn now to the construction of u from Ω into itself, solution of (1.2). First we remark that there exists some 0 < T < +∞ such that f_T ≡ 1 in Ω. Indeed, for

t ≥ T = diam(Ω) + diam(supp(ξ)) r_0 , one has (recall that B(0, r_0) ∩ supp(η) = ∅.) for any x ∈ Ω and any y ∈ supp(ξ), |(x − y)/t| ≤ r_0. This leads ∀ x ∈ Ω,

g_t(x) = ∫ R^n 1 t^n η ( x − y t ) f(y)dy = ∫ R^n\supp(ξ) 1 t^n η ( x − y t ) f(y)dy = ∫ R^n\supp(ξ) 1 t^n η ( x − y t ) dy = ∫ R^n 1 t^n η ( x − y t ) dy = 1, and similarly, we get

∀ x ∈ Ω, B_t(x) = ∫ R^n 1 t^n x − y t η ( x − y t ) f(y)dy = ∫ R^n 1 t^n x − y t η ( x − y t ) dy = 0.

Moreover, for such t,

c_t = ∫ Ω dx ∫ Ω f dx = |Ω| ∫ Ω f dx

= 1,

and by definition f_t ≡ 1 in Ω. Then for t ≥ T , lemma 1 implies that φ_t is a solution of (1.2). So we have proved the existence of u ∈ C^∞(Ω) solution of (1.2) for any f ∈ C^∞(Ω).

We will always follow this method in the proof of Theorems 1 to 5 but justifying each step more carefuly.

3.2 Proofs of Theorem 7 and 8 3.2.1 Proof of Theorem 7

Let Ω be a bounded regular domain of R^n and f be a C^{k,α}(Ω) function where 0 ≤ k < ∞ and 0 < α < 1. We extend f to all of R^n using the following lemma proved in the appendix.

Lemma 7 Let Ω_1 be a tubular neighborhood of Ω (i.e. Ω ⊂⊂ Ω_1), 0 ≤ m < ∞, there exists L_m : C^m(Ω) → C^m(R^n), a linear operator such that

i) L_m(f) = f, in Ω.

ii) ∀ β ∈ [0, 1], ∀ l ≤ m, there exists C(l, β) such that ∀ f ∈ C^{l,β}(Ω) verifying (H)

‖L_mf‖_Cl,β_{(R}n_) ≤ C(l, β)‖f‖_{Cl,β (Ω)}. (3.11)

iii) L_mf ≡ 1 in R^n \ Ω_1 for any f and L_m(1) ≡ 1.

Denote f̃ = L_k(f). Then, there exists Ω_2 a regular domain containing Ω such that

inf_{Ω2} f̃ ≥ inf_Ω f 2 = a 2 > 0. (3.12)

More precisely, by choosing δ ∈ (0, min(k + α, 1))

Ω_2 = { y ∈ Ω_1, d(y, Ω) ≤ ( a 2C(0, δ)

‖f‖_C0,δ

)_{1/δ} } , where C(0, δ) is the constant given by (3.11) for l = 0. One verifies easily that (3.12) is true. Choose a cut-off function ζ as follows:

∀ x ∈ R^n, ζ(x) = d(x, R^n\Ω_2) d(x, R^n\Ω_2) + d(x, Ω) . We replace now f by the following extension on all of R^n (still denoted by f)

∀ x ∈ R^n, f(x) = ζ(x)f̃(x) + 1 − ζ(x).

Take now ψ, η_t, ψ_t, g_t and B_t as in § 3.2.2, Lemma 6 still holds. Moreover let c_t be equal to ∫ Ω f dx/ ∫ Ω g_t dx, one has (3.9) :

∂c_t ∂t ∫ Ω g_t dx = c_t ∫ ∂Ω B_t.ν dσ.

By definition, B_t = ψ_t ∗ f = ψ_t ∗ (f − 1), hence ‖B_t‖_0 ≤ C‖f − 1‖_0. Recall that ∫ Ω g_t dx ≥ |Ω| inf_Ω g_t ≥ |Ω| inf_{Rn} f ≥

|Ω|a 2 , thus using (3.9), 1 c_t | | | | ∂c_t ∂t | | | | ≤ ( 2 a|Ω| ) |∂Ω|‖B_t‖_0 ≤ C(Ω)

‖f − 1‖_0 a . (3.13)

As in § 3.1, we solve the following linear problem

divD_t = 1 c_t

∂c_t ∂t × g_t, in Ω

D_t = B_t, on ∂Ω.

(3.14)

By the method in [4], we get a solution of (3.14) with the following estimates: ∀ l ∈ N, 0 < β < 1,

‖D_t‖_{l+1,β} ≤ C [ | | | 1 c_t

∂c_t ∂t | | |‖(g^t − 1)‖C^{l,β} (Ω) + | | | 1 c_t

∂c_t ∂t | | | + ‖B^t‖C^{l+1,β} (Ω) ] , (3.15)

where C depends on l, β and Ω. Turning now to the estimations of g_t and B_t. We have the following lemma proved in the appendix.

Lemma 8 ∀ l ∈ N, ∀ γ, β ∈ [0, 1], we have a constant C depending only on Ω, β, γ and l such that for any t ≥ 0,

‖g_t − 1‖_{l,γ} + ‖B_t‖_{l,γ} ≤ C‖f − 1‖_{l,γ} , (3.16) and ‖g_t − 1‖_{l+1,β} + ‖B_t‖_{l+1,β} ≤ C ( 1 t^{1+β−γ} + 1 ) ‖f − 1‖_{l,γ} . (3.17)

Combining (3.13), (3.15)-(3.17), we obtain that for any 0 < β < 1, l ∈ N and any γ ∈ [0, 1] satisfying l + γ ≤ k + α,

‖D_t‖_{l,β} ≤ C(l, β, Ω)

‖f‖_0 a ‖f − 1‖_{l,β} (3.18) and ‖D_t‖_{l+1,β} ≤ C(l, β, Ω) [ ‖f − 1‖_0 a ‖g_t − 1‖_{l,β} + | | | 1 c_t

∂c_t ∂t | | | + ‖B^t‖^{l+1,β} ]

≤ C(l, β, γ, Ω) ( 1 t^{1+β−γ} + 1 ) ‖f‖_0 a ‖f − 1‖_{l,γ} .

(3.19)

As in § 3.1, in view of solving (1.2), we study the flow (3.5) by paying more attention to the regularity of φ_t. First of all, the existence and uniqueness of φ_t comes from the fact that

A_t = 1 g_t

(D_t − B_t) ∈ L^1_{loc}(R_+, W^{1,∞}(Ω)) ∩ C^∞(R^∗_+ × Ω).

The condition A_t ≡ 0 on ∂Ω × R_+ ensures that φ_t is always a transformation from Ω into itself. Moreover, using a classical interpolation result in Hölder spaces (see [6]), one has

‖A_t‖_{l+1,β} ≤ C [ ‖ 1 g_t

− 1‖_{l+1,β} ‖D_t − B_t‖_0 + ‖ 1 g_t

‖_0‖D_t − B_t‖_{l+1,β} ] . (3.20)

Since one has also the following estimate in Hölder spaces ‖ 1 g_t

− 1‖_{l+1,β} ≤ C (inf_Ω g_t)^{l+3}

‖g_t − 1‖_{l+1,β} ‖g_t‖^{l+1}_0 ,

applying estimates (3.15)-(3.19), we deduce that for any δ, γ ∈ (0, 1),

‖A_t‖_{l+1,β} ≤ C(l, β, δ, γ, Ω)

‖f‖^{l+2}_0 a^{l+4}

‖f‖_{0,δ}‖f − 1‖_{l,γ} ( 1 t^{1+β−γ} + 1 ) (3.21) and ‖A_t‖_{l,β} ≤ C(l, β, δ, Ω)

‖f‖^{l+1}_0 a^{l+3}

‖f‖_{0,δ}‖f − 1‖_{l,β} . (3.22)

Remarks 7 We have bounded ‖D_t − B_t‖_0 in (3.20) by ‖D_t − B_t‖_{0,δ} and finally we can bound it by C

‖f‖_0 a ‖f − 1‖_{0,δ} using (3.18).

For proving φ_t ∈ C^{k+1,α}(Ω) we will use the following lemma, proved in the appendix.

Lemma 9 Let l ≥ 1, 0 ≤ β ≤ 1 and A_t ∈ L^1_{loc}(R_+, C^{l,β}(Ω)) ∩ C^∞(R^∗_+ × Ω). Consider the solution φ_t of the following flow ∂φ_t ∂t = A_t(φ_t), in Ω × R_+,

φ_0 = Id, in Ω, A_t ≡ 0, on ∂Ω × R_+,

(3.23) one has the estimates

‖φ_t‖_{l,β} ≤ C (∫_t 0 ‖A_s‖_{l,β} ds ) × exp ( C ∫_t 0 ‖∇A_s‖_0 ds ) , (3.24) and ‖φ_t − Id‖_{l,β} ≤ C (∫_t 0 ‖A_s‖_{l,β} ds ) × [ exp ( C ∫_t 0 ‖∇A_s‖_0ds ) − 1 ] , (3.25)

where the constant C only depends on l, β and Ω.

By the previous lemma, for l = k, β = α and by (3.22), we already get that φ_t ∈ C^{k,α}(Ω). In view of proving φ_t ∈ C^{k+1,α}(Ω), we cannot use directly the previous lemma for l = k + 1 and β = α. Indeed by (3.21), we just have ‖A_t‖_{k+1,α} ≤ C‖f − 1‖_{k,α}/t for t ≤ T , and this cannot imply that ‖A_t‖_{k+1,α} ∈ L^1_{loc}(R_+). But, on the other hand, since we have the existence and uniqueness of φ_t in C^{k,α}, we just have to establish some a priori estimate for the C^{k+1,α}(Ω) norm of φ_t in the case where A_t ∈ C^∞(R_+ × Ω) (i.e. f ∈ C^∞).

Using a classical result proved in [6], on the C^{l,β} estimation of the composition of applications, we have that ∀ l ∈ N, ∀ β ∈ [0, 1],

‖A_t(φ_t)‖_{l,β} ≤ C(l, β, Ω) ( ‖A_t‖_{l,β}‖∇φ_t‖^{l+β}_0 + ‖∇A_t‖_0‖φ_t‖_{l,β} + ‖A_t‖_0 ) . This leads to the following inequality: There exists C depending on l, β and Ω such that for any l ∈ N and any β ∈ [0, 1],

‖A_t(φ_t)‖_{l,β} ≤ C [ ‖A_t‖_{l,β} ( 1 + ‖φ_t − Id‖^{l+β}_{0,1} ) + ‖∇A_t‖_0‖φ_t − Id‖_{l,β} ] . (3.26)

For x, y in Ω, x ≠ y, ψ an application from Ω into R^n and l ∈ N^∗, denote by T^l_ψ(x, y) the following quantity T^l_ψ(x, y) = ∑ |h|=l

|∂^hψ(x) − ∂^hψ(y)|.

We will also use the following lemma proved in the appendix.

Lemma 10 Let A ∈ C^{l,β}(Ω) and φ ∈ C^{l,β}(Ω, Ω), there exists a constant C(l, β, Ω) such that for any x, y ∈ Ω,

T^l_{A(φ)}(x, y) ≤ C |x − y|^β × [ T^l_A(φ(x), φ(y)) + ‖∇A‖_0‖φ − Id‖_{l,β}

+ ‖A‖_{l,β} ‖∇(φ − Id)‖_0 ( 1 + ‖φ − Id‖^{l+β−1}_1 ) ] . Deriving (k + 1) times the flow equation (3.5), we obtain that

∀ x, y ∈ Ω, ∂ ∂t T^{k+1}_{φt} (x, y) ≤ T^{k+1}_{At(φt)}(x, y).

Applying Lemma 10, with l = k + 1 and β = α, we have ∀ x, y ∈ Ω, ∂ ∂t T^{k+1}_{φt} (x, y) ≤ C { T^{k+1}_{At} (φ_t(x), φ_t(y)) + |x − y|^α × [ ‖∇A_t‖_0‖φ_t − Id‖_{k+1,α}

+ ‖A_t‖_{k+1,α}‖∇(φ_t − Id)‖_0 ( 1 + ‖∇(φ_t − Id)‖^{k+α}_0 ) ] } . (3.27)

First, using (3.21), we get

‖∇A_t‖_0 ≤ C(δ, Ω)

‖f‖^2_0 a^4

‖f‖^2_{0,δ} ( 1 t^{1−δ} + 1 ) , (3.28) and ‖A_t‖_{k+1,α} ≤ C(δ, α, k, Ω)

‖f‖^{k+3}_0 a^{k+5}

‖f‖_{0,δ}‖f − 1‖_{k,α} ( 1 t + 1 ) . (3.29)

On the other hand, by Lemma 9, we have

‖∇(φ_t − Id)‖_0 ≤ C

∫_t 0 ‖∇A_s‖_0 ds × [ exp ( C ∫_t 0 ‖∇A_s‖_0 ds ) − 1 ] , by (3.28) this leads to (for t ≤ T )

‖∇(φ_t − Id)‖_0 ≤ Ct^δ [ exp ( Ct^δ ) − 1 ] , (3.30)

where C only depends on a, δ, T , ‖f‖_{0,δ} and Ω.

Now, we estimate

∫_t 0 T^{k+1}_{As} (φ_s(x), φ_s(y)) ds for any x ≠ y in Ω.

∫_t 0 T^{k+1}_{As} (φ_s(x), φ_s(y)) ds =

∫_{|x−y|} 0 T^{k+1}_{As} (φ_s(x), φ_s(y)) ds + ∫_t

|x−y|

T^{k+1}_{As} (φ_s(x), φ_s(y)) ds,

(3.31)

the first integral in the righthand-side of (3.31) can be bounded by ∫_{|x−y|} 0 2‖A_s‖_{k+1} ds ≤ C

∫_{|x−y|} 0 ‖f − 1‖_{k,α} ( 1 s^{1−α} + 1 ) ds ≤ C‖f − 1‖_{k,α}|x − y|^α ,

(3.32)

where we have used (3.21). The second integral can be bounded in the following way ∫_t

|x−y|

T^{k+1}_{As} (φ_s(x), φ_s(y)) ds ≤ |x − y|^{α′}× (∫_t |x−y|

‖A_s‖_{k+1,α}′ ‖∇φ_s‖^{α′}_0 ds ) , (3.33) where we have chosen α^′ = (1 + α)/2 > α. By (3.21) and (3.24), (3.33) leads to (for t ≤ T ), ∫_t

|x−y|

T^{k+1}_{As} (φ_s(x), φ_s(y)) ds

≤ |x − y|^{α′} × C

∫_t

|x−y| ( 1 s^{1+α′−α} + 1 ) ‖f − 1‖_{k,α} ds

≤ |x − y|^{α′} ×

∫_∞

|x−y|

C^′ s^{1+α′−α}

‖f − 1‖_{k,α} ds

≤ C^{′′}‖f − 1‖_{k,α}|x − y|^α ,

(3.34)

where C^{′′} only depends on a, δ, k, α, T , ‖f‖_{0,δ} and Ω. Combining (3.31), (3.32) and (3.34), we obtain that for any x, y ∈ Ω and any t ≤ T , ∫_t 0 T^{k+1}_{As} (φ_s(x), φ_s(y)) ds ≤ C‖f − 1‖_{k,α}|x − y|^α. (3.35)

Integrating (3.27) by using (3.28), (3.29), (3.30) and (3.35), we have (for t ≤ T )

T^{k+1}_{φt} (x, y) ≤ C (∫_t 0 1 s^{1−δ}

‖φ_s − Id‖_{k+1,α} ds + ‖f − 1‖_{k,α} ) × |x − y|^α, (3.36)

∀ x, y ∈ Ω, where C only depends on a, δ, k, α, T , ‖f‖_{0,δ} and Ω. Taking the sup on x, y, in Ω in (3.36), we obtain

‖φ_t − Id‖_{k+1,α} ≤ C (∫_t 0 ‖φ_s − Id‖_{k+1,α} s^{1−δ} ds + ‖f − 1‖_{k,α} )

Since

∫_t 0 ds s^{1−δ}

< +∞, we get the desired result by Gronwall’s lemma.

3.2.2 Proof of Theorem 8

Take f in C^{k,1}(Ω) for k ≥ 0 and verifying (H). We consider A_t, f_t and φ_t constructed as in the proof of Theorem 1. By (3.21), for any 0 < α < 1, we have

‖A_t‖_{k+1,α} ≤ C

‖f − 1‖_{k,1} t^α . Thus ‖A_t‖_{k+1,α} ∈ L^1_{loc}(R_+) and by Lemma 9, we get the desired regularity result and the estimate follows from (3.25) and (3.28).

3.3 The limiting cases In this last section, we treat the limiting cases considered in § 2.2 (f ∈ C^0, L^∞ or BMO) by the path-regularizing flow method. Let U be a neiborhood of Ω, we are looking for u solution of { det(∇u) = f, on Ω u(Ω) ⊂ U.

(3.37)

This method leads to exactly to the same gain of regularity of u, established in the previous section, but without keeping the boundary fixed except under an additional regularity hypothesis for f closed to ∂Ω.

3.3.1 The C^0 and Dini-continuous cases

Take f ≠ 1 in C^0(Ω) or in W^{1,n} ∩ L^∞(Ω) verifying (H), we extend f into L_0(f) on all of R^n as indicated in Lemma 7. Clearly, in this case, inf_Rn L_0(f) = inf_Ω f and sup_Rn L_0(f) = sup_Ω f.

Let U be a neighborhood of Ω included in Ω_1. We can always ensure that (see Lemma 7) supp(L_0(f) − 1) ⊂ U. We also need to have an extension f̃ of f such that

supp(f̃ − 1) ⊂ U, inf_{Ω1} f̃ = inf_Ω f, sup_{Ω1} f̃ = sup_Ω f and ∫ Ω_1

f̃ dx = |Ω_1|. (3.38)

Consider ξ̃ a cut-off function 0 ≤ ξ̃ ≤ 1 such that supp(ξ̃) ⊂ U\Ω and the function g̃ = (1 − ξ̃)L_0(f) + ξ̃ inf_Ω f verifies ∫ Ω_1

g̃ dx = ∫ Ω_1

(1 − ξ̃)L_0(f) dx + inf_Ω f ∫ Ω_1

ξ̃ dx. (3.39)

Since inf_Ω f < 1, we may choose ξ̃ such that ∫ Ω_1

g̃ dx < |Ω_1| (In fact, ξ̃ can be taken so close as

we want from the characteristic function of U\Ω). Similarly, by using sup_Ω f instead of inf_Ω f, we can conctruct a function h̃ verifying ∫ Ω_1

h̃ dx > |Ω_1|.

Finally, a convex combination of g̃ and h̃ may ensure (3.38). Let η, ψ, η_t and ψ_t be as in § 3.1, denote by g_t and B_t the following functions

g_t = η_t ∗ f and B_t = ψ_t ∗ f. (3.40)

Clearly inf_{t≥0} g_t ≥ inf_Ω f and

‖B_t‖_0 ≤ C‖f − 1‖_0. (3.41)

We need the following lemma, which is a refinement of Lemma 8.

Lemma 11 Let g_t and B_t be as above, then, for any ε > 0, there exists T_ε > 0 such that ∀ t ≤ T_ε,

‖∇g_t‖_0 + ‖∇B_t‖_0 ≤ ε t (3.42)

Proof of Lemma 11. Suppose first f ∈ C^0(Ω). We have

∇g_t(x) = ∫ R^n

∇η_t(x − y)f(y)dy = ∫ R^n 1 t ∇η ( x − y t ) (f(y) − f(x)) 1 t^n dy where we have used the fact ∫ R^n

∇η dx = 0. This leads to

∇g_t(x) = ∫ supp(η) 1 t ∇η(z) ( f(x + tz) − f(x) ) dz. Since f is uniformly continuous on R^n, we get ‖∇g_t(x)‖_0 ≤ ε/t for t sufficiently small. We can estimate in the same way ‖∇B_t‖_0, and this proves the lemma for f ∈ C^0(Ω).

Take A_t = B_t/g_t and consider the flow (3.5) on all of R^n. Combining (3.40), (3.41) and (3.42), we deduce clearly that ‖A_t‖_0 ≤ C‖f − 1‖_0/a and ∀ ε > 0, there exists T_ε > 0 such that for any t ≤ T_ε,

‖∇A_t‖_0 ≤ ε t . (3.43)

For any x ∈ R^n, the existence of φ_t(x) for all t ≥ 0 is given by classical arguments. We prove now the uniqueness and some regularity result on φ_t (a crucial point of our proof!).

Lemma 12 ∀ μ ∈ [ 0, 1), there exists T̃_μ > 0 such that for any continuous solutions φ^1_t and φ^2_t of (3.5), for any t ≤ T̃_μ, x ≠ y ∈ R^n,

|φ^1_t (x) − φ^2_t (y)| ≤ C(|x − y|^μ + |x − y|),

where C only depends on ‖f − 1‖_0 and a.

Proof of Lemma 12. Let x ≠ y be two points of R^n and φ^1_t (x), φ^2_t (y) be two continuous solutions of (3.5). Define τ = |x − y| we have

φ^1_t (x) − φ^2_t (y) =

∫_t 0 A_s(φ^1_s(x)) − A_s(φ^2_s (y)) ds + (x − y). (3.44)

For t ≤ τ, since ‖A_s‖_0 ≤ C‖f − 1‖_0/a,

|φ^1_t (x) − φ^2_t (y)| ≤ τC

‖f − 1‖_0 a + |x − y| ≤ C^′|x − y|;

and for t ≥ τ, (3.44) yields

|φ^1_t (x) − φ^2_t (y)| ≤ |x − y| +

∫_τ 0 ‖A_s‖_0 ds +

∫_t τ | | |A_s(φ^1_s(x)) − A_s(φ^2_s(y)) | | | ds

≤ C|x − y| +

∫_t τ | | |A_s(φ^1_s(x)) − A_s(φ^2_s(y)) | | | ds.

(3.45)

Denote by φ̃ the solution of the following flow

∂φ̃_t ∂t = A_{t+τ} (φ̃_t), in Ω

φ̃_0 = Id, in Ω.

Clearly since A_{t+τ} ∈ C^∞(R^n × R_+), φ̃ exists and is unique, then we have φ^1_t (x) = φ̃_{t−τ} (φ^1_τ (x)) and φ^2_t (y) = φ̃_{t−τ} (φ^2_τ (y)) for any t ≥ τ. This implies

∫_t τ | |A_s(φ^1_s(x)) − A_s(φ^2_s (y)) | | ds ≤

∫_t τ ‖∇A_s‖_0 × ‖∇φ̃_{s−τ} ‖_0 × |φ^1_τ (x) − φ^2_τ (y)| ds

≤ C|x − y|

∫_t τ ‖∇A_s‖_0 × ‖∇φ̃_{s−τ} ‖_0 ds.

(3.46)

Let ε > 0, if t ≤ T_ε, by (3.43), ‖∇A_s‖_0 ≤ ε/s for s in [τ, t]. So we obtain, for any s ≤ t − τ, ∂ ∂s ‖∇φ̃_s‖_0 ≤ ε s + τ

‖∇φ̃_s‖_0

and this yields

∀ s ≤ t − τ, ‖∇φ̃_s‖_0 ≤ ( s + τ τ )_ε . (3.47)

Combining (3.45) (3.46) and (3.47), we get for t ≤ min(1, T_ε)

|φ^1_t (x) − φ^2_t (y)| ≤ C|x − y| + Cτ

∫_t τ ε s ( s τ )_ε ds ≤ C|x − y| + Cτ^{1−ε} (t^ε − τ^ε) ≤ C ( |x − y|^{1−ε} + |x − y| ) . By taking T̃_μ = min(1, T_{1−μ}), this proves Lemma 12.

Lemma 12 implies that φ_t is unique for t ≤ T_μ. Moreover, since A_t ∈ C^∞(R^n × R^∗_+), if there exists some 1 > α > 0 and some t > 0 such that φ_t lies in C^{0,α}(R^n), then φ_s ∈ C^{0,α}(R^n) for any s ≥ t. Combining this remark with Lemma 12, we deduce that φ_t, solution of (3.5), is unique and belongs to ∩_{α<1}C^{0,α}(R^n).

Let T > 0, now we are going to prove that φ_T is an homeomorphism from Ω into φ_T (Ω), which is a solution of (1.3). Let φ_t be the solution for t ≤ T of the inverse flow

∂φ_t ∂t = −A_{T −t}(φ_t), in R^n

φ_0 = Id, in R^n.

Since A_{T −t} ∈ C^∞([0, T ) × R^n) and ∪_{t≤T} supp(A_{T −t}) is included in some compact set, φ_t is well defined in C^∞([0, T ) × R^n). Furthermore, since ‖A_{T −t}‖_0 is uniformly bounded on [0, T ], φ_t converges in C^0(R^n) when t converges to T , so φ_T is continuous on R^n.

Moreover, by a simple computation similar to the proof of Lemma 5, we have

∀ t < T, ∂ ∂t [ f_{T −t}(φ_t) det(∇φ_t) ] ≡ 0,

and this implies ∀ t < T, det(∇φ_t) = f_T f_{T −t}(φ) . This can be written in a weaker form

∀ E open subset of R^n, ∫ E f_T dx = ∫ φ_t(E)

f_{T −t} dx. (3.48)

By the uniqueness of the flows on [0, T ) we have that for all s ∈ (0, T ], φ_{T −s} ∘ φ_T = φ_s, this implies in particular that φ_T ∘ φ_T = Id on R^n. Using the same argument, we also have φ_T ∘ φ_T = Id. Thus φ_T and φ_T are two homeomorphisms of R^n and (3.48) implies

∀ E open subset of R^n, ∫ φ_T (E)

dx = ∫ E f dx.

Finally, since supp(f −1) ⊂ U, we may choose T sufficiently small such that supp(f_t −1) ⊂ U, so f_t verifies (H) in U for t ≤ T . Moreover, since f_T ∈ C^∞(R^n) and verifies (H), there exists some v ∈ C^∞(U ) solution of { det(∇v) = f_T , on U v(x) = x, in ∂U, and for u = v ∘ φ_T , we have

∀ E open subset of Ω, |u(E)| = ∫ E f dx and u(Ω) ⊂ U.

This prove the case where f ∈ C^0(Ω). Suppose now f to be verifying (1.4), then there exists an increasing function d : R_+ → R_+ such that ∫_1 0 d(s) s ds < +∞ and ∀ x, y ∈ Ω, |f(x) − f(y)| ≤ d(|x − y|).

This properties is preserved by the extension construction in Lemma 7. Let A_t, f_t, φ_t and φ_t be chosen as above. One verifies easily that ‖∇A_t‖_0 ≤ Cd(tR)/t, thus A_t ∈ L^1_{loc}(R_+, W^{1,∞}(R^n)), this implies that φ_T and φ_T are Lipschitz. Furthermore, since

φ_{T −t} ∈ C^∞, for T > t > 0, and ‖φ_{T −t} − φ_T ‖_{0,1} −→ 0 as t → 0,

we get φ_T ∈ C^1, then by the fact that det(∇φ_T ) ≥ a > 0, we easily obtain that φ_T ∈ C^1 and thus v ∘ φ_T ∈ C^1. This proves then the following result:

Theorem 9 Let Ω be a regular domain, and f be verifying (H) and (1.4), then we have u ∈ C^1 solution of det(∇u) = f.

3.3.2 The L^∞ cases Let Ω_0 be a regular bounded domain of R^n and η, ψ, η_t and ψ_t be as in § 3.1. The proof comes from the following lemma.

Lemma 13 There exists c > 0 depending only on Ω_0, η and ψ, such that for any 0 < α < 1 and g ∈ L^∞(Ω_0) verifying (H), if there exists a positive constant c_g such that

‖g − c_g‖_0 inf_{Ω0} g ≤ α c , then there exists an homeomorphism v in C^{0,1−α}(Ω_0) solution of (3.37). Moreover, if supp(g − c_g) ⊂ Ω_0, v is an homeomorphism from Ω_0 into itself verifying v(x) = x on ∂Ω_0.

Proof of lemma 13. Suppose supp(g − c_g) ⊂ Ω_0. We extend g by c_g out of Ω_0. Let g_t and B_t be defined as in § 3.1. Define A_t = B_t/g_t. Clearly, for t > 0, we have

‖∇A_t‖_0 ≤ C

‖g − c_g‖_0 inf_{Ω0} g 1 t , (3.49)

where C only depends on Ω_0, η and ψ. Let 0 < α < 1, if C ‖g − c_g‖_0 < α inf_{Ω0} g, since ‖A_t‖_0 is bounded independently of t, following the arguments of the proof of lemma 12, we get that φ_t, solution of the flow (3.5), is in C^{0,1−α}(Ω_0).

Furthermore for t sufficiently small (depending only on dist(∂Ω_0, supp(g−c_g)) we have B_t ≡ 0 on ∂Ω_0 and φ_t is an homeomorphism from Ω_0 into itself and φ_t(x) = x on ∂Ω_0. Solve now the following equation { det(∇w(x)) = g_t(x), in Ω_0 w(x) = x, on ∂Ω_0, this can be made as in § 3.1, since g_t ∈ C^∞(Ω_0) and ∫ Ω_0

g_t dx ≡ ∫ Ω_0

g dx = |Ω_0|

for t chosen as above. Now v = w ∘ φ_t is a solution of lemma 13. In the general case, g can be extended on all of R^n as in § 3.3.1, but by using 1 instead of c_g, and the rest of the proof is similar as in § 3.3.1. This conclude the proof of this lemma.

Consider f verifying the hypothesis of Theorem 2, we proceed as in § 2.2.2, applying Lemma 13, we can prove that the existence of the sequence w_k ∈ C^{0,1−α} (1 ≤ k ≤ p) with

p ≥ max

− ln a ln ( 1 + α c ) , ln b ln ( 1 + α c a ) . (3.50)

where a = inf_Ω f and b = sup_Ω f. Then w = w_p ∘ . . . ∘ w_1 belongs to C^{0,β}, with β = (1 − α)^p. Take α tending to ∞ and p as in (3.50), we get the disired result.

3.4 The BMO case The proof is based on the following lemma.

Lemma 14 Let Ω_0 be a regular bounded domain of R^n, there exists c > 0 depending only on Ω_0, η and ψ (defined in § 3.1), such that for any 0 < α < 1 and g ∈ BMO(Ω_0) verifying (H), if ‖g‖_{BMO} inf_{Ω0} g ≤ α c , then there exists an homeomorphism v in C^{0,1−α}(Ω_0) solution of (3.37). Moreover, if there exists c_g such that supp(g − c_g) ⊂ Ω_0, v is an homeomorphism from Ω_0 into itself verifying v(x) = x on ∂Ω_0.

Proof of lemma 14. Suppose that supp(g − c_g) ⊂ Ω_0, we extend g by c_g out of Ω_0. Let g_t and B_t be defined as in § 3.1.2 and define A_t = B_t/g_t. We have then

|A_t(x)| = ∫ R^n

|x − y| t η_t(x − y)g(y) dy ∫ R^n

η_t(x − y)g(y) dy = ∫ supp(η)

η(y)g(x + ty)|y| dy ∫ supp(η)

η(y)g(x + ty) dy

≤ diam(supp(η)).

On the other hand,

‖∇A_t‖_0 = ‖ ‖ ‖ ‖ ‖ ‖ ‖

∫ R^n

∇ψ_t(x − y)g(y) dy − A_t ∫ R^n

∇η_t(x − y)g(y) dy ∫ R^n

η_t(x − y)g(y) dy

‖ ‖ ‖ ‖ ‖ ‖ ‖_0

≤ C ∫ B_{x,tR}|g(y)−g_{x,tR}| dy

t^{n+1} inf_{Ω0} g , (3.51)

where R = diam(supp(η)), (we have used the fact that ∫ R^n

∇ψ_t dx = ∫ R^n

∇η_t dx = 0). The constants C in (3.51) only depends on η and ψ. Thus we have established the following estimate

‖∇A_t‖_0 ≤ C

‖g‖_{BMO}

inf_{Ω0} g 1 t . (3.52)

We finish the proof of lemma 14 by following the arguments of lemma 13.

We extend f to all of R^n as in § 3.3.1 such that supp(f − 1) ⊂ U. Let M > inf_Ω f, we use the same notation as in § 2.2.2, we decompose f as c_hh×T_M (f) where h = f/T_M (f), we use Lemma 14 to resolve det(∇v) = c_hh on U, and then we resolve det(∇w) = T_M (f) ∘ v^{−1}, u = w ∘ v is the desired solution.

Acknowledgements. The authors would like to thank Frédéric Hélein for his attention to this work and his constant support.

A Proof of lemma 1

Suppose first α to be close to 1/2. We will construct Φ as the composition of two Lipschitz homeomorphisms Ψ and φ (ϕ = Ψ ∘ φ) where φ realizes a homeomorphism from A into A (resp. B into B) such that φ(x) = x on ∂A (resp. ∂B). On the other hand, Ψ realizes a homeomorphism from A into Ã (resp. B into B̃) such that Ã and B̃ is a partition of D with |Ã| = α, |B̃| = β and Ψ(x) = x on ∂D. More precisely, we are looking for Ψ of the following form, (for α close to 1/2)

Ψ(x) = ( x^′, 2x_n [ α + ( 1 2 − α ) h(x^′, x_n) ]) in A

Ψ(x) = ( x^′, 1 − 2(1 − x_n) [ β + ( 1 2 − β ) h̃(x′, x_n) ]) in B

(A.1)

where x = (x^′, x_n) (i.e. x^′ = (x_1, . . . , x_{n−1})) and where h and h̃ will be determined below with the conditions

h, h̃ ≡ 1 on ∂D ∩ ∂([0, 1]^{n−1} × R) (A.2)

and h(x^′, 1/2) = h̃(x^′, 1/2) for x^′ ∈ [0, 1]^{n−1}. Thus we have

∇Ψ(x) = 0 I_{n−1} . . 0 (1 − 2α)x_n∇_x′ h, 2α + (1 − 2α) ∂ ∂x_n

(x_nh) in A. (A.3)

Then we get det∇Ψ(x) = 2α + (1 − 2α) ∂ ∂x_n

(x_nh) in A, and det∇Ψ(x) = 2β + (2β − 1) ∂ ∂x_n ( (1 − x_n)h̃ ) in B.

Since we would like to ensure

det∇Φ(x) = det∇Ψ(φ(x)) × det∇φ(x) = { 2α in A 2β in B,

it suffices to construct φ, homeomorphism of A (resp. B) verifying

det∇φ^{−1}(x^′, x_n) = 1 + ( 1 − 2α 2α ) ∂ ∂x_n

(x_nh) in A

φ^{−1}(x) = x on ∂A,

(A.4)

and det∇φ^{−1}(x^′, x_n) = 1 + ( 2β − 1 2β ) ∂ ∂x_n ( (1 − x_n)h̃ ) in B

φ^{−1}(x) = x on ∂B.

(A.5)

The equations (A.4) and (A.5) will be solved by following the flow-method of Dacorogna and Moser [4]. The difficulty here, comes from the fact that we are working on a non smooth domains which are only Lipschitz and we want to obtain the Lipschitz estimation (2.4)(iii) (so with the same regularity). This is the reason why we should introduce some particular functions for h and h̃ so as to solve the first step of the method (namely, to solve the linearized problem div(v) = f − 1) with the desired regularity.

We are now looking for h and w defined in A such that

div(w) = ∂ ∂x_n

(x_nh) in A

w = 0 on ∂A.

(A.6)

Indeed, by taking v = 1 − 2α 2α w and f(x^′, x_n) = 1 +

1 − 2α 2α ∂ ∂x_n

(x_nh), (A.7)

we solve divv = f − 1. Remark that, equivalent to (A.6), we have

h(x^′, x_n) =

∫_1 0 div(w)(x^′, sx_n)ds in A

w = 0 on ∂A,

(A.8)

In view of getting a Lipschitz solution h of (A.8) verifying (A.2), we would construct w such that w ∈ W^{1,∞}(A) div(w) ∈ W^{1,∞}(A) w = 0, on ∂A div(w) = 1, on ∂A.

(A.9)

Remarks 8 The combination of the two last constraints on w in (A.9) is an obstruction for having a better regularity for w. But we will see that w is piecewise C^∞. Define w(x) = ( (1 − 2x_i)d(x, ∂D) ) 1≤i≤n

in D.

We see that w ∈ W^{1,∞} and div(w) ∈ W^{1,∞}, but this is not the case for ∇w. In fact, we have div(w) = 1 − 2(n + 1)d(x, ∂D). Take now

w(x^′, x_n) = ( w_1(x^′, 2x_n), . . . , w_{n−1}(x^′, 2x_n), 1 2 w_n(x^′, 2x_n) ) in A,

then we get div(w)(x) = div(w)(x^′, 2x_n) ∈ W^{1,∞}(A). Thus w clearly verifies (A.9). Then take h verifying (A.8) and h̃ such that h̃(x^′, x_n) = h(x^′, 1 − x_n) in B. (A.10)

We are looking for w̃(x) in B satisfying

div(w̃) = ∂ ∂x_n ( (1 − x_n)h̃ ) in B

w̃ = 0 on ∂B.

(A.11)

From (A.6), we have

div(w)(x^′, 1 − x_n) = − ∂ ∂x_n ( (1 − x_n)h(x^′, 1 − x_n) ) = − ∂ ∂x_n ( (1 − x_n)h̃ ) (A.12)

in B. Using (A.10) and (A.12), we define

w̃(x^′x_n) = ( − w_1(x^′, 1 − x_n), . . . , −w_{n−1}(x^′, x_n), w_n(x^′, 1 − x_n) )

in B, one verifies that (A.11) holds for w̃ defined above.

Then we construct φ , verifying (A.4) and (A.5) with some estimates for ‖∇(φ − Id)‖_∞, by the flow method in [4]. To this aim, we solve the following equation

dφ^{−1}_t dt = v(φ^{−1}_t ) t + (1 − t)f(φ^{−1}_t ) in A

φ^{−1}_0 (x) = x in A,

(A.13)

where v and f are defined by (A.7). By [4], φ^{−1}_1 is a solution of (A.4). Now we establish a bound for ‖∇(φ − Id)‖_∞. Denote H(t, x) = |∇(φ^{−1}_t − Id)|^2(x). We deduce from (A.13) the following differential inequality d dt H(t, x) ≤ C | | | | 1 − 2α 2α | | | | × ( H(t, x) + √ H(t, x) )

× [ ‖∇w‖_∞ f_t(φ^{−1}_t )

+ (1 − t) | | | 1 − 2α 2α | | | ‖div(w)‖_{1,∞}‖w‖_∞ f^2_t (φ^{−1}_t ) ]

where f_t = t + (1 − t)f. If α is close to 1/2, we have a positive lower bound for f_t depending only on ‖div(w)‖_∞ and not on t and x. Thus, in this case d dt H(t, x) ≤ C | | | 1 − 2α 2α | | | × ( H(t, x) + √ H(t, x) ) . (A.14)

From (A.14), we deduce by Gronwall’s inequality

‖∇(φ − Id)‖_L∞_{(A)} = ‖ √ H(1, x)‖_∞ ≤ C | | | 1 − 2α 2α | | | , then for α close to 1/2,

‖∇(φ − Id)‖_L∞_{(A)} ≤ C|1 − 2α|. (A.15)

Similarly we get ‖∇(φ − Id)‖_L∞_{(B)} ≤ C|1 − 2α|. (A.16) For α close to 1/2, (2.4)(iii) can be deduced from (A.15), (A.16) and from the explicit expression of Ψ given by (A.1).

More generally, let 0 < η < 1/2, for α ∈ [η, 1 − η], we construct Φ_α solution of (2.4)(ii) such that ‖∇(Φ_α − Id)‖_L∞_{(D)} ≤ C(η), (A.17) where C(η) only depends on η. Let Ψ_η be the following homeomorphism of D such that |Ψ_η(A)| = 1 − η, { Ψ_η(x^′, x_n) = (x^′, [1 + g_η(x^′)]x_n) in A Ψ_η(x^′, x_n) = (x^′, 1 − [1 − g_η(x^′)](1 − x_n)) in B where g_η is defined in the following way: g_η ∈ C^∞_0 ([0, 1]^{n−1}, [0, 1)) in [0, 1]^{n−1} with ∫ [0,1]^{n−1}

g_η (x^′)dx^′ = 1 − 2η.

This is possible since (1 − 2η) < 1. Let λ =

2α − 1 1 − 2η

, define Ψ_α as follows { Ψ_α(x^′, x_n) = (x^′, [1 + λg_η (x^′)]x_n) in A Ψ_α(x^′, x_n) = (x^′, 1 − [1 − λg_η(x^′)](1 − x_n)) in B.

(A.18)

We have |Ψ_α(A)| = α. As in the previous case, we will find Φ_α in the form Ψ_α ∘ φ_α where φ_α realizes a homeomorphism from A into A (resp. from B into B), satisfying

det(∇φ^{−1}_α ) = det(∇Ψ_α) 2α = 1 + λg_η(x^′) 2α in A φ^{−1}_α (x) = x on ∂A,

(A.19)

and det(∇φ^{−1}_α ) = det(∇Ψ_α) 2α = 1 − λg_η(x^′) 2α in B φ^{−1}_α (x) = x on ∂B.

(A.20)

For solving (A.19) and (A.20), using a Lipschitz homeomorphism T from A into the ball of radius r_0 = (2ω_n)^{−1/n} in R^n (where ω_n is the volume of B_1) such that det(∇T ) ≡ 1 in A, we are remained to solve the equivalent problem on the ball B_{r0} (0), i.e. consider

det(∇ξ) = det(∇Ψ_α) ∘ T^{−1} 2α (x) =

1 − λg_η(T^{−1}(x^′)) 2α in B_{r0} (0) ξ(x) = x on ∂B_{r0} (0).

(A.21)

Since g_η ∈ C^∞ and T ∈ W^{1,∞}, we deduce the existence of ξ ∈ W^{1,∞} solution of (A.21), using the flow as in (A.13). Take now

φ_α = T^{−1} ∘ ξ^{−1} ∘ T in A, (A.22)

it verifies (A.19). Similarly we can construct a solution of (A.20). (A.17) can be obtained by the resolution of (A.21) and by an estimation of the W^{1,∞} norm of Ψ_α given by (A.18). Finally we get (2.4)(iii) by combining (A.15), (A.16) and (A.17).

Remarks 9 Since the best regularity that we can expect for T and T^{−1} is W^{1,∞}, we cannot preserve the estimation of type (2.4)(iii) after an operation as in (A.22). Thus we cannot get the desired estimation globally following the second construc-tion.

B Proof of Lemma 7

Let m ∈ N, 0 ≤ β ≤ 1. Let U be a tubular neighborhood of ∂Ω, included in Ω_1 and such that the orthogonal projection π from U onto ∂Ω is well defined and is regular. For x on ∂Ω, we denote by ν(x) the unit exterior normal vector of ∂Ω at x. We define f on U ∪ Ω in the following way :

f(x) = f(x), for x ∈ Ω m+1∑ l=1 a_lf (π(x) − λlν(π(x))) , for x ∈ U\Ω,

(B.1)

where λ is a constant chosen small enough such that ∀ x ∈ U\Ω, π(x) − λlν(π(x)) ∈ U and a_l verify:

for 0 ≤ i ≤ m, m+1∑ l=1 (−λl)^ia_l = 1. (B.2)

Clearly (a_l)_{1≤l≤m+1} is uniquely determined. One verifies that for m^′ ∈ N, m^′ ≤ m, for 0 ≤ α ≤ 1 and for f ∈ C^{m′,α}, one has f lies in C^{m,α}(U ∪ Ω).

Let ξ be a positive function in C^∞_0 (R^n) whose support is included in U ∪ Ω and such that ξ ≡ 1 in Ω. Take L_m(f) = ξf + (1 − ξ) in R^n. (i) - (iii) hold true obviously.

C Proof of Lemma 8

Since g_t = η_t ∗ f, we have for g̃_t = g_t − 1

‖g̃_t‖_{l,γ} ≤ ∫ R^n

η_t × ‖f − 1‖_{l,γ} dx = ‖f − 1‖_{l,γ} .

The same holds for B_t, this proves (3.16). For proving (3.17), we consider first β = 0 and β = 1. For any x ∈ R^n,

|∇^{l+1}g_t| = |∇η_t ∗ ∇^lf| = | | | ∫ R^n 1 t^{n+1} ∇η ( x − z t ) ∇^lf(z) dz | | | . (C.1)

Since ∫ R^n

∇η dx = 0, (C.1) leads to ∀ x ∈ R^n,

|∇^{l+1}g̃_t(x)| ≤ ∫ R^n 1 t^{n+1} | | |∇η ( x − z t )| | | × | |∇^lf(z) − ∇^lf(x) | | dz

≤ ‖f − 1‖_{l,γ} × ∫ R^n 1 t^{n+1} | | | |∇η ( x − z t )| | | × |x − z|^γ dz = ‖f − 1‖_{l,γ} t^{1−γ} ∫ supp(η)

C|y|^γ dy ≤ C t^{1−γ}

‖f − 1‖_{l,γ} .

(C.2)

In the same way, using one more time ∫ R^n

∇η dx = 0, ∀ x, y ∈ R^n

|∇^{l+1}g̃_t(x) − ∇^{l+1}g̃_t(y)| = |∇η_t ∗ ∇^lf(x) − ∇η_t ∗ ∇^lf(y)| ≤ ∫ R^n 1 t^{n+1} | | | |∇η ( x − z t ) − ∇η ( y − z t )| | | × |∇^lf(z) − ∇^lf(x)| dz.

(C.3)

If |x − y| ≤ t, recall that supp(η) ⊂ B_R(0) and noting R^′ = R + 1, (C.3) yields

|∇^{l+1}g̃_t(x) − ∇^{l+1}g̃_t(y)| ≤ ∫ B_{x,tR}′ 1 t^{n+1}

‖∇^2η‖_0 | | |x − y t | | | × |∇^lf(z) − ∇^lf(x)| dz ≤ C |x − y| t^{n+2} ∫ B_{x,tR}′

|x − z|^γ dz × ‖f − 1‖_{l,γ} ≤ C |x − y| t^{2−γ}

‖f − 1‖_{l,γ} .

Otherwise, if |x − y| ≥ t,

|∇^{l+1}g̃_t(x) − ∇^{l+1}g̃_t(y)| ≤ 2 ‖∇^{l+1}g̃_t‖_0 ≤ C t^{1−γ}

‖f − 1‖_{l,γ} ≤ C

|x − y| t^{2−γ}

‖f − 1‖_{l,γ} .

Thus we get

‖g̃_t‖_{l+1,1} ≤ C

‖f − 1‖_{l,γ} t^{2−γ}

. (C.4)

Let 0 < β < 1, we have the classical interpolation estimate (see [6])

‖g̃_t‖_{l+1,β} ≤ C(l, β)‖g̃_t‖^{1−β}_{l+1,0} × ‖g̃_t‖^β_{l+1,1}. (C.5)

Combining (C.2), (C.4) and (C.5), we establish (3.16) for g̃_t. The estimations for B_t can be obtained exactly in the same way, this proves Lemma 8.

D Proof of Lemma 9

By classical arguments, φ_t solution of (3.23) is unique C^1(R_+, W^{1,∞}(Ω)). Thus we just need to establish (3.24) for the case A_t ∈ C^∞(R_+ × Ω). We will use the following elementary Lemma

Lemma 15 Let h ∈ C^∞([0, T ] × Ω), let l ∈ N and 0 ≤ β ≤ 1, one has

|∂_t‖h‖_{l,β} | ≤ ‖∂_th‖_{l,β} , ∀ t > 0. (D.1)

Proof of lemma 15. Let w_1, w_2 ∈ L^∞(E) where E ⊂ R^n, it is clear that | | | | | sup_{z∈E} w^1(z) − sup_{z∈E} w^2(z) | | | | | ≤ sup_{z∈E} |w^1(z) − w^2(z)|.

Let i ≤ l, j = 1, 2 and t_j ∈ R_+. Consider

w^i_j (x, y) = | | | | | ∇^ih_{tj} (x) − ∇^ih_{tj} (y)

|x − y|^β | | | | | , with E = Ω × Ω\△ where △ = {(x, x), x ∈ Ω}, one has

sup_{z∈E} w_1(z) − sup_{z∈E} w_2(z) = |h_{t1} |_{i,β} − |h_{t2} |_{i,β} , and sup_{z∈E} |w_1(z) − w_2(z)| = sup

x≠y∈Ω

|w^i_1(x, y) − w^i_2(x, y)|

≤ sup

x≠y∈Ω | | | | ∇^ih_{t1} (x) − ∇^ih_{t1} (y)

|x − y|^β − ∇^ih_{t2} (x) − ∇^ih_{t2} (y)

|x − y|^β | | | | ≤ sup_{x≠y∈Ω}

∫_{t2}

t_1 | | | | ∂ ∂t [ ∇^ih_t(x) − ∇^ih_t(y)

|x − y|^β ]| | | dt ≤ ∫_{t2}

t_1

|∂_th|_{i,β} dt.

Similarly, for w^i_j (x) = |∇^ih_{tj} (x)| (j = 1, 2), we get

sup_{z∈E} |w^i_1(z) − w^i_2(z)| ≤

∫_{t2}

t_1

|∂_th|_i dt.

These estimates imply that for t_2 > t_1 | | |‖h_{t1} ‖_{i,β} − ‖h_{t2} ‖_{i,β} | | | ≤ ∫_{t2}

t_1

‖∂_th‖_{i,β} dt,

which implies (D.1) by multiplying 1 t_2 − t_1 and making t_2 tending to t_1.

Turning now to the proof of (3.24), (3.23) implies ∂ ∂t ∇φ_t = ∇A_t(φ_t).∇φ_t

by lemma 15, we get ∂ ∂t ‖∇φ_t‖_0 ≤ ‖∇A_t‖_0‖∇φ_t‖_0.

Integrating this inequality, we obtain

‖∇φ_t‖_0 ≤ exp (∫_t 0 ‖∇A_s‖_0 ds ) . Applying lemma 15 to h = φ_t, we get |∂_t‖φ_t‖_{l,β}| ≤ ‖A_t(φ_t)‖_{l,β}. We consider the following classical estimate, proved in [6],

‖f ∘ g‖_{l,β} ≤ C(l, β, Ω) [ ‖f‖_{l,β}‖g‖^{l+β}_1 + ‖f‖_1‖g‖_{l,β} + ‖f‖_0 ] , (D.2)

and we have then ∂ ∂t ‖φ_t‖_{l,β} ≤ C(l, β, Ω) [ ‖A_t‖_{l,β}‖∇φ_t‖^{l+β}_0 + ‖∇A_t‖_0‖φ_t‖_{l,β} ]

≤ C(l, β, Ω) [ ‖∇A_t‖_0‖φ_t‖_{l,β} + exp ( (l + β)

∫_t 0 ‖∇A_s‖_0 ds ) ‖A_t‖_{l,β} ] . (D.3)

Integrating this inequality we get (3.24). (3.25) could be proved in the same way, by using (3.26) instead of (D.2). This proves the lemma.

E Proof of Lemma 10

We prove Lemma 10 by induction on l. For l = 1 we have

T^1_{A∘φ}(x, y) = n∑ i=1 | | |∂_i(A ∘ φ)(x) − ∂_i(A ∘ φ)(y) | | | ≤ n∑ i,k=1 | |∂_kA(φ(x))∂_iφ_k(x) − ∂_kA(φ(y))∂_iφ_k(y) | |

≤ C [ ‖∇A‖_0T^1_φ(x, y) + ‖∇φ‖_0T^1_A(φ(x), φ(y)) ] ≤ C [ ‖∇A‖_0T^1_{φ−Id}(x, y) + (|∇φ − Id‖_0 + 1) T^1_A(φ(x), φ(y)) ] ≤ C [ ‖∇A‖_0‖φ − Id‖_{1,β} |x − y|^β

+ ‖A‖_{1,β} ‖∇(φ − id)‖^β_0 |x − y|^β + T^1_A(φ(x), φ(y)) ] .

Suppose the proposition is true for l ≤ m, we prove it for l = m + 1. T^{m+1}_{A∘φ} (x, y) ≤ T^m_{∇(A∘φ)}(x, y) = T^m_{∇A(φ)∇φ}(x, y) ≤ T^m_{∇A(φ)(∇φ−Id)}(x, y) + T^m_{∇A(φ)}(x, y) ≤ C { |x − y|^β × [ ‖∇A(φ)∇(φ − Id)‖_{m,β}

+ ‖A‖_{m+1,β} ‖∇(φ − Id)‖_0 ( 1 + ‖φ − Id‖^{m+β−1}_1 )

+ ‖∇A‖_1‖φ − Id‖_{m,β} ] + T^{m+1}_A (φ(x), φ(y)) } .

(E.1)

By a classical estimate, we have (see [5])

‖∇A(φ)∇(φ − Id)‖_{m,β} ≤ C [ ‖∇A(φ)‖_{m,β} ‖∇(φ − Id)‖_0 + ‖∇A‖_0‖∇(φ − Id)‖_{m,β} ] , (E.2)

and using (3.26) for estimating ‖∇A(φ)‖_{m,β} , we get

‖∇A(φ)‖_{m,β} ≤ C [ ‖A‖_{m+1,β} ( 1 + ‖φ − Id‖^{m+β}_1 ) + ‖∇A‖_1‖φ − Id‖_{m,β} ] . (E.3)

Moreover, using interpolation inequality for the Hölder spaces (see [6]), we obtain ‖∇A‖_1‖φ − Id‖_{m,β} ≤ C (‖∇A‖_0‖φ − Id‖_{m+1,β} + ‖A‖_{m+1,β} ‖φ − Id‖_1) . (E.4) Combining (E.2) to (E.4), the worst term obtained is: ‖∇A‖_1‖φ − Id‖_{m,β} ‖φ − Id‖_1. Using one more time the following general interpolation result (see [6]): ∀ a, b ∈ R^+ and λ ∈ [0, 1], there exists C(Ω, a, b, λ) > 0 such that ∀ g ∈ C^{max(a,b)}(Ω), ‖g‖_{λa+(1−λ)b} ≤ C(Ω, a, b, λ)‖g‖^λ_a ‖g‖^{1−λ}_b , where ‖g‖_p = ‖g‖_{[p],p−[p]}, we obtain then

‖∇A‖_1‖φ − Id‖_{m,β} ‖φ − Id‖_1 ≤ C (‖∇A‖_0‖φ − Id‖_{m+1,β} )^{1− 1m+β} × (‖A‖_{m+1,β} ‖φ − Id‖_1)^{1m+β} ‖φ − Id‖_1.

Applying Young’s inequality in (E.3), we get

‖∇A‖_1‖φ − Id‖_{m,β} ‖φ − Id‖_1 ≤ C ( ‖∇A‖_0‖φ − Id‖_{m+1,β} + ‖A‖_{m+1,β} ‖φ − Id‖^{m+β+1}_1 ) . (E.5)

Combining (E.1) - (E.5) we prove the lemma.

References

[1] R.A. Adams, Sobolev spaces, Academic press, New York, (1975).

[2] S. Alpern, New proofs that weak mixing is generic, Inventiones Math. 32 (1976) pp. 263-279. [3] B. Dacorogna, Direct methods in the calculus of variations, App. Math. Sci. 78, Springer, (1989).

[4] B. Dacorogna and J. Moser, On a partial differential equation involving the Jacobian determinant, Ann. I.H.P. Analyse Nonlinéaire 7 (1990) pp. 1-26.

[5] D. Gilbarg and N.S. Trudinger, Elliptic partial differential equations of second order, 2nd Edition, Springer, (1983).

[6] L. Hörmander, The boundary problems of Physical Geodesy, Arch. Ration. Mech. Anal. 62 (1976) pp. 1-52.

[7] J. Moser, On the volume elements on a manifold, Trans. Amer. Math. Soc. 120 (1965) pp.

286-294.

[8] J. Oxtoby and S. Ulam, Measure-preserving homeomorphisms and metrical transitivity, Ann. Math. 42 (1941) pp. 874-920.

[9] H.M. Reimann, Harmonische Funktionen und Jacobi-Determinanten von diffeomorphismen, Comment. Math. Helv. 47:3 (1972) pp. 397-408.

[10] T. Rivière and D. Ye, Une résolution de l’équation à forme volume prescrite, C.R. Acad.

Sci I 319 (1994) pp. 25-28.

[11] J. Sarvas,Quasiconformal semiflows, Ann. Acad. Sci. Fen., Serie AI. Mathematica 7 (1982) pp. 197-219.

[12] D. Ye, Prescribing the Jacobian determinant in Sobolev spaces, Ann. I.H.P. Analyse Nonlinéaire 3 (1994) pp. 275-296.

[13] E. Zehnder, Note on the smoothing symplectic and volume preserving diffeomorphisms, Lect.

Notes on Maths. 597 (1976) pp. 828-855.