Compactness, kinetic formulation, and entropies for a problem related to micromagnetics

Tristan Rivière and Sylvia Serfaty

26th February 2001

Abstract We carry on the study of [RS] on the asymptotics of a family of energy-functionals related to micromagnetics. We prove compactness for families of uniformly bounded energies releasing the LBP condition we had previously set. Such families converge to unit-valued divergence-free vector-fields that are tangent to the boundary of the domain, and we found in [RS] that the energy-functionals Γ-converge to a limiting jump-energy of such configurations. We examine the behavior of certain truncated fields which serve to construct “entropies”. We give a kinetic formulation of the problem, and show that the limiting divergence-free problem is supplemented, in the case of minimizers, with a sign condition which can in turn, using the kinetic formulation, be interpreted as an entropy condition that should play a role in uniqueness questions.

key-words: micromagnetics, Γ-convergence, compensated-compactness, entropies, kinetic equations.

I Introduction

In this paper, we carry on the study started in our previous paper [RS], on the following energy-functional, related to micromagnetics:

E_ε(u) = ∫ Ω ε|∇u|^2 + 1 ε ∫ R^{2 |Hu|2.} (I.1)

Here, Ω is a bounded simply connected domain of R^2, u is a unit-valued vector-field (corresponding to the magnetization) in H^1(Ω, S^1), and H_u, the demagnetizing field created by u (non-local term in u), is given by { div (ũ + H_u) = 0 in R^2 curl H_u = 0 in R^2,

(I.2) where ũ is the extension of u by 0 in R^2\Ω. For a general presentation and motivations of this study, we refer to [RS] and all the references therein.

We are interested in the asymptotics as ε → 0 of families of uniformly bounded energy: E_ε(u_ε) ≤ C. For such families, we denote for simplicity by H_ε the demagnetizing field associated to u_ε, and we recall that ∫ Ω |H_ε|^2 ≤ Cε and in fact H_ε → 0 in ∩_{q<∞}L^q(R^2).

One of the main questions on this problem was to know whether the condition |u_ε| = 1 passes to the limit i.e. get L^q compactness on such u_ε. We proved such compactness in [RS] under the LBP condition (“locally bounded phase condition”). Here, we are now able to release this condition and replace it by a much simpler assumption. More specifically, u_ε ∈ H^1(Ω, S^1) has a lifting φ_ε ∈ H^1(Ω, R) (see [BZ]) such that u_ε = e^{iφε} a.e. Under the condition that u_ε admits such a lifting remaining bounded in L^∞, we prove L^q compactness of φ_ε and u_ε, by adjusting the arguments we used in [RS] (see Proposition II.1). Then, denoting by u and φ the limits, we recall that passing to the limit in (I.2) yields { div ũ = 0 in R^2 |ũ| = 1 in Ω,

(I.3)

equivalent to

div u = 0 in Ω u · ν = 0 on ∂Ω |ũ| = 1 in Ω,

(I.4)

thus the limiting fields lie among unit-valued divergence-free fields tangent to the boundary. Such fields always have singularities, typically line singularities. For such a u, we can always find a Lipschitz function g such that

u = ∇^⊥g = (−∂_{x2} g, ∂_{x1} g) in Ω g = 0 on ∂Ω |∇g| = 1 in Ω. (I.5)

Thus, g is solution of an eikonal equation, and the question was also to understand which solutions of this eikonal equations are selected through this limiting process. We also recall one of the main observations of [RS] was that we could write

C ≥ E_ε(u_ε) = ∫ Ω ε|∇u_ε|^2 + 1 ε ∫ R^{2 |Hε|2} ≥ 2 ∫ Ω |∇φ_ε||H_ε| ≥ 2 ∫ Ω |∇φ_ε · H_ε|. (I.6)

But thanks to (I.2),

∇φ_ε · H_ε = ∇φ_ε · (H_ε + u_ε) − ∇φ_ε · u_ε = div (φ_ε(u_ε + H_ε) + u^⊥_ε ),

(I.7)

where u^⊥ denotes (−u_2, u_1). Hence, the quantity μ_ε = ∇φ_ε · H_ε = div (φ_ε(u_ε + H_ε) + u^⊥_ε ) remains bounded in L^1(Ω) and we proved that it converges weakly in the sense of measures to the bounded Radon measure μ_{u,φ} defined by

μ_{u,φ} := div (φu + u^⊥).

Thus the limit (u, φ) belongs to the class C which we had defined as

Definition I.1 C is the class of couples (u, φ) such that 1) u : Ω → S^1 2) div ũ = 0 in D^′(R^2) 3) φ ∈ L^1(Ω, R) and u = e^{iφ} a.e. in Ω 4) μ_{u,φ} := div (φu + u^⊥) is a bounded Radon measure on Ω.

We denoted by ‖μ_{u,φ}‖ its total mass and (u, φ) → 2‖μ_{u,φ}‖ was the “Γ-limit” of the family E_ε. We explained that μ_{u,φ} is supported on the singular set of the limiting φ (it is 0 wherever φ is C^1) and carries a jump cost along the singular lines, and we proved that the minimum of ‖μ_{u,φ}‖ over C is |∂Ω|, the perimeter of Ω, achieved in particular by u_∗ = ∇^⊥dist(., ∂Ω). Conversely, we proved (see [RS] Theorems 1.3 and 1.7) that we can construct a sequence u_ε → u_∗ such that E_ε(u_ε) → 2|∂Ω| (at least when ∂Ω is a finite union of analytic curves). We had conjectured that u_∗ and −u_∗ were the only minimizers of ‖μ_{u,φ}‖ thus the ones selected by the minimization of E_ε.

In Section II, in addition to improving the compactness result, we introduce the truncated fields, already used in [RS], defined by { T^aφ := inf(φ, a) T^au := e^{iT aφ}. (I.8)

We prove that, at the limit, not only μ_{u,φ} is a bounded Radon measure, but also div T^au seen as a function of (x, a) is a bounded Radon measure on Ω×R, with μ_{u,φ} = − ∫ R^{div T au da} (see Theorem 1).

In Section III, we give a kinetic interpretation of the problem. This idea was used for a close problem in [JP] and initially introduced in [LPT]. Setting χ(x, a) := 1_{φ(x)≤a}, we show that χ satisfies the “kinetic equation”

div_x(χ(e^{ia})^⊥) = ∇χ · (e^{ia})^⊥ = −∂_a(div T^au).

(I.9)

Here, observe that the truncated fields T^au appear naturally in this formulation, and also that χ(e^{ia})^⊥ corresponds to the “entropies” Φ_e(u) used in [DKMO]. This kinetic interpretation, which has the advantage of being very simple for our problem, allows, as in [JP], to get another proof of the compactness of φ_ε and u_ε and to get improved Sobolev regularity for the limit φ (see Proposition III.1). Should one expect BV regularity at the limit? In the similar “Aviles-Giga problem” which was the one studied by [ADM, DKMO, JK, JP], where the constraint |u| = 1 is released and replaced by the constraint that u is divergence-free, it was shown in [ADM] that there exist configurations in the limiting “Aviles-Giga space” which are not in BV . Yet, they might not be achieved as limits of configurations of bounded energy, or the question remains open whether the total Γ-limit set fills AG_e(Ω) or not, and whether or not it is included in BV (Ω). The question is identical in our case with AG_e replaced by C.

In Section IV, we give additional properties for almost minimizing sequences i.e. sequences such that E_ε(u_ε) → 2 min ‖μ_{u,φ}‖ = 2|∂Ω|. Going back to (I.6), this fact implies that the negative (or positive) part of μ_ε tends to 0, and at the limit μ_{u,φ} ≥ 0 or μ_{u,φ} ≤ 0. Thus, changing u to −u if necessary, minimizers converge to u satisfying the two conditions: div u = 0 in Ω u · ν = 0 on ∂Ω μ_{u,φ} = div (φu + u^⊥) ≥ 0 in Ω

(I.10)

The sign condition for the measure can be reinterpreted in the light of the truncated fields T^au: we prove, using the co-area formula, that ∀a ∈ R div T^au ≤ 0

(I.11)

which decomposes the sign condition μ_{u,φ} ≥ 0 (see Theorem 2). Now this relation (I.11) can be seen as an entropy sign condition for the equation { div u = 0 |u| = 1 (I.12)

which itself can be seen as a scalar conservation law, as it was pointed out in [DKMO]. Indeed, if u and φ solving (I.12) are regular enough, div T^au vanishes identically for all

a ∈ R, thus the truncations T^a can be considered as “entropies” in that sense. This entropy

sign condition (I.11) can also be written in integral form: ∀f ∈ C^1(R) such that f^′ ≥ 0 and f ∈ L^1(R^+), div (F (φ), G(φ)) ≥ 0,

(I.13)

where F (t) = − ∫_t f(s) sin s ds G(t) = ∫_t f(s) cos s ds. Condition (I.13) or (I.11) thus supplements (I.4) with an entropy-type constraint that could allow to get uniqueness, as entropies do for scalar conservation laws. Then, u would be equal to u_∗ = ∇^⊥dist(., ∂Ω) the viscosity solution of (I.5), as we conjectured in [RS] (the conjecture was enforced by a heuristical argument that could be made rigorous in the BV case). This question also arises in the kinetic version: knowing that ∇χ · (e^{ia})^⊥ = −∂_a(div T^au), div T^au ≤ 0 and u being prescribed on ∂Ω, does it imply uniqueness? Looking for it in this formulation is natural in view of uniqueness results for similar time-dependent scalar conservation laws proved by B. Perthame in [Pe]. Yet, at this stage of development of this method, the uniqueness does not seem to follow straightforwardly from the aforementioned result.

Acknowledgments: The authors would like to thank H. Brezis and B. Perthame for their interest in their work and stimulating discussions.

II Proof of compactness

Here we improve the compactness result that we obtained in [RS]: we are able, by using the ingredients of [RS] (truncations, compensated-compactness and convexity) in a more efficient way, to release the LBP condition and replace it with the only condition that the lifting φ is bounded in L^∞.

Proposition II.1 Let ε_n → 0 and u_n ∈ H^1(Ω, S^1) with a lifting φ_n ∈ H^1(Ω, R) i.e. such that u_n = e^{iφn} a.e., and assume E_{εn} (u_n) ≤ C (II.1) ‖φ_n‖_L∞_{(Ω)} ≤ N. (II.2)

Then, up to extraction, there exist u and φ in ∩_{q<∞}L^q(Ω) such that

φ_n → φ and u_n → u in ∩_q L^q(Ω).

Proof: Since u_n and φ_n are bounded in L^∞, extracting a subsequence if necessary, we can assume that they converge to u and φ weakly-* in L^∞. Moreover, C ≥ E_{εn} (u_n) ≥ 2 ∫ Ω |∇φ_n · H_n| = 2 ∫ Ω |div (φ_n(u_n + H_n) + u^⊥_n )|.

(II.3)

-Step 1: Let p be a fixed integer. As in the proof of Lemma 4.5 of [RS], using the co-area formula, which applies since φ_n ∈ H^1(Ω) ⊂ BV (Ω), we have ∫ pπ≤φn≤pπ+^π_4 |∇φ_n · H_n| = ∫ π_4 0 dη ∫ {pπ+η=φn} |H_n · ν|, (II.4)

where ν denotes the outer unit-normal. The left-hand side is bounded by (II.3), hence, using the mean-value theorem, ∃η_{p,n} ∈ [0, π 4 ] such that ∫ ∂{pπ+η≤φn} |H_n · ν| ≤ C. (II.5)

Then, we can define as in [RS] the truncated phases

T_pφ_n = pπ + η_{p,n} if φ_n ≤ pπ + η_{p,n} (p + 1)π + η_{p+1,n} if φ_n ≥ (p + 1)π + η_{p+1,n} φ_n otherwise

(II.6)

and T_pu_n = e^{iTpφn} . (II.7)

Let U_{p,n} = {x ∈ Ω, pπ + η_{p,n} ≤ φ_n ≤ (p + 1)π + η_{p+1,n}}. Observe that T_pφ_n = φ_n in U_{p,n} and ∇T_pφ_n = 0 in Ω\U_{p,k}.

- Step 2: We prove that div T_pu_n is compact in H^{−1}(Ω), as in the proof of Lemma 4.5 of [RS].

Let ξ ∈ C^∞_0 (Ω), ∫ Ω ξdiv (T_pu_n) = ∫ Up,n ξ(div u_n) = − ∫ Up,n ξdiv H_n = ∫ Up,n H_n · ∇ξ − ∫ ∂Up,n ξ(H_n · ν). (II.8)

But, | | | | | ∫ Up,n H_n · ∇ξ | | | | | ≤ ‖H_n‖_Lq ‖∇ξ‖_Lq′ ≤ o(1)‖∇ξ‖_Lq′ ∀q < ∞, (II.9)

and, by construction (II.5), | | | | | ∫ ∂Up,n ξ(H_n · ν) | | | | | ≤ C‖ξ‖_L∞ . (II.10)

In view of (II.8), div T_pu_n, which is bounded in W^{−1,q}(Ω) for all q < ∞, is the sum of a term which is compact in W^{−1,q}(Ω) for all q < ∞ and a term which is bounded in the sense of measures. But, by Murat’s theorem (see [Mu]), something bounded in the sense of measures and in W^{−1,q}(Ω) for all q is compact in ∩_{q<∞}W^{−1,q}(Ω). Hence, we deduce the desired result.

- Step 3: We prove that div (T_pφ_n(T_pu_n + H_n) + (T_pu_n)^⊥) is compact in H^{−1}(Ω). To do so, as in the proof of Lemma 4.5 of [RS], set

D_n = T_pφ_n(T_pu_n + H_n) + (T_pu_n)^⊥ − T_pφ_nH_n(1 − χ_n),

where χ_n denotes the characteristic function of U_{p,n}, and

E_n = T_pφ_nH_n(1 − χ_n).

First, using the fact that T_pφ_n = φ_n in U_{p,n} and ∇T_pφ_n = 0 in Ω\U_{p,k}, we have ∫ Ω ξdiv D_n = ∫ Up,n ξ(∇φ_n · u_n + div u^⊥_n ) + ∫ Ω ξT_pφ_ndiv (T_pu_n + H_n) + ∫ Ω ξ∇T_pφ_n · H_n + ∫ Ω\Up,n (∇ξ · H_n)T_pφ_n

The first term vanishes identically because div u^⊥_n = −∇φ_n · u_n for φ_n ∈ H^1(Ω). For the second term, we use div (T_pu_n + H_n) = 0 in U_{p,n} and div H_n in Ω\U_{p,n}. Thus ∫ Ω ξdiv D_n = ∫ Ω\Up,n ξT_pφ_ndiv H_n + T_pφ_n∇ξ · H_n + ∫ Ω ξ∇T_pφ_n · H_n = ∫ Ω\Up,n div (ξH_n)T_pφ_n + ∫ Up,n ξ∇φ_n · H_n = − ∫ ∂Up,n ξT_pφ_nH_n · ν + ∫ Up,n ξ∇φ_n · H_n. Then, | | | | | ∫ Up,n ξ∇φ_n · H_n | | | | | ≤ ‖ξ‖_L∞ ∫ Ω |∇φ_n · H_n| ≤ C‖ξ‖_L∞ , and from (II.5) ∫ ∂Up,n |ξT_pφ_n(H_n · ν)| = ∫ {φn=pπ+ηp,n}∪{φn=(p+1)π+ηp+1,n } |ξT_pφ_nH_n · ν| ≤ C‖ξ‖_L∞ , where we have used the fact that ξ is compactly supported in Ω. Thus, we deduce that div D_k remains bounded in the sense of measures. Furthermore, | | | | ∫ Ω ξdiv E_n | | | | = | | | | | ∫ Ω\Up,k T_pφ_n∇ξ · H_n | | | | | ≤ C‖ξ‖_H1_0 ‖H_n‖_L2 ≤ o(1)‖ξ‖_H1_0 ,

hence div E_n tends to 0 in H^{−1}(Ω). As in the previous step, we can conclude that div (D_n + E_n) is compact in H^{−1}(Ω), which is the desired result.

- Step 4: Let us now consider the truncated field T_pu_n. Its lifting T_pφ_n takes its values in the interval [pπ, (p + 1)π +^π_4 ] of length^{5π}_4 . This is enough to deduce compactness of T_pφ_n in ∩_{q<∞}L^q as in [RS]. We will write the argument again.

We can find a measurable l_0(x) ∈ [pπ, (p + 2)π] such that T_pu_n converges weakly to some α(x)e^{il0(x)} (identifying R^2 with C ) where α ≥ 0. Then, we denote by (β, γ) the weak limit of e^{−il0} T_pφ_nT_pu_n. Following [RS], we define

A_n = (T_pu_n)^⊥ B_n = T_pφ_nT_pu_n + (T_pu_n)^⊥ C_n = T_pφ_nT_pu_n

(II.11)

We have A_n ⇀ iαe^{il0} = A C_n ⇀ (β + iγ)e^{il0} B_n ⇀ (β + i(γ + α))e^{il0} = B

(II.12)

Then, we can apply the compensated-compactness lemma of Murat and Tartar: A_n ⇀ A in L^2(Ω), curl A_n is compact in H^{−1}(Ω) by Step 2, B_n ⇀ B in L^2(Ω) and div B_n is compact in H^{−1}(Ω) by Step 3, hence 1 = A_n · B_n ⇀ A · B = α(γ + α). - Step 5: Let us now introduce ν_x the Young measure generated by T_pφ_n. It is supported in [pπ, (p + 1) +^π_4 ] hence in [l_0 − 2π, l_0 + 2π]. By definition of Young measures and uniqueness of the weak limit, ∫ dν_x = 1

(II.13)

α cos l_0 = ∫ cos t dν_x(t) a.e.

(II.14)

α sin l_0 = ∫ sin t dν_x(t) a.e.

(II.15)

β cos l_0 − γ sin l_0 = ∫ t cos t dν_x(t) a.e.

(II.16)

β sin l_0 + γ cos l_0 = ∫ t sin t dν_x(t) a.e.

(II.17)

It is easy to check that α = ∫ cos(t − l_0)dν_x(t) = ∫_{2π} −2π cos t dν_x(t + l_0)

(II.18) 0 = ∫ sin(t − l_0)dν_x(t)

(II.19) γ = ∫ t sin(t − l_0)dν_x(t) = ∫_{2π} −2π t sin t dν_x(t + l_0).

(II.20)

In [RS] we pointed out that in [−2π, 2π], t sin t + 2 cos t ≤ 2, which implies, integrating against dν_x(. + l_0), that γ ≤ 2 − 2α a.e. Following [RS] again, this fact combined with α(γ + α) = 1 a.e. implies that α = 1 a.e. and in view of (II.18) that ν_x is supported in {l_0 − 2π, l_0, l_0 + 2π} a.e. But ν_x is also supported in an interval of length < 2π hence its support has to be reduced to a point and ν_x is a Dirac mass at almost every point of Ω. We can conclude that T_pφ_n converges a.e. to its weak limit, hence converges strongly in ∩_{q<∞}L^q(Ω) by Lebesgue’s theorem.

- Step 6: We observe that P∑ p=−P T_pφ_n = T^{π(P +1)+ηP +1,n} −πP +η−P,n φn + P∑ p=−P η_{p,n} + πP, where

T^b_aφ = a if φ ≤ a b if φ ≥ b φ if φ ∈ [a, b]. But P being set, ∑_P p=−P ηp,n is compact (when n → ∞) and from the result of Step 5 (which

was true for any p), ∑_P p=−P Tpφn is compact in ∩q<∞L q(Ω), hence T^{π(P +1)+ηP +1,n} −πP +η−P,n φn is also compact in ∩_{q<∞}L^q. If P is chosen large enough compared to N (such that ‖φ_n‖_L∞ ≤ N), then ∀n, T^{π(P +1)+ηP +1,n} −πP +η−P,n φn = φn and we deduce that φ_n is compact in ∩_{q<∞}L^q(Ω), and u_n too. �

We conclude this section by the following convergence result.

Theorem 1 Let ε_n → 0 and u_n ∈ H^1(Ω, S^1) with a lifting φ_n ∈ H^1(Ω, R) i.e. u_n = e^{iφn} a.e., and such that E_{εn} (u_n) ≤ C (II.21) ‖φ_n‖_L∞_{(Ω)} ≤ N. (II.22)

Then, up to extraction, there exists u and φ in ∩_{q<∞}L^q(Ω) such that

φ_n → φ in ∩_{q<∞} L^q(Ω) u_n → u in ∩_{q<∞} L^q(Ω). Moreover, (u, φ) ∈ C and

lim inf n→∞ E_{εn} (u_n) ≥ 2‖μ_{u,φ}‖ ≥ 2|∂Ω|, (II.23)

and div T^au is a bounded Radon measure on Ω × R, with a → div T^au continuous from R to D^′(Ω). In addition, ∫ Ω×R^{|div T au|dx da ≤ lim infn→∞} ∫ Ω |∇φ_n · H_n| ≤ lim inf_{n→∞} E_{εn} (u_n) 2 < ∞ − ∫ R^{div T} au da = μ_{u,φ} in D^′(Ω). Proof : The first part was proved in Proposition II.1, (II.23) was proved in [RS]. We only need to prove the last assertion. Let f ∈ C^∞_0 (R), ξ ∈ C^∞_0 (Ω), we have | | | | ∫ Ω f(φ_n)ξ(x)∇φ_n · H_n | | | | ≤ ‖f‖^{L∞} ‖ξ‖^{L∞} ∫ Ω |∇φ_n · H_n| ≤ 1 2 E_{εn} (u_n)‖f‖_L∞ ‖ξ‖_L∞ . (II.24)

We then use the co-area formula as we did in (II.4), ∫ Ω f(φ_n)ξ(x)∇φ_n · H_n = ∫ R^{f(a)} (∫ φn(x)=a (H_n · ν)ξ(x)dx ) da, = ∫ R^{f(a)} (∫ ∂{φn(x)≤a} (H_n · ν)ξ(x)dx ) da, (II.25)

because ξ is compactly supported in Ω, where ν denotes the outer unit-normal to the levelset {φ_n(x) ≤ a}. Thus, integrating by parts and using the relation div H_n = −div u_n, we are led to ∫ Ω f(φ_n)ξ(x)∇φ_n · H_n = ∫ R^{f(a)} (∫ φn(x)≤a (−ξ(x)div u_n + H_n · ∇ξ)dx ) da. (II.26)

Let us now introduce χ_n(x, a) = 1_{φn(x)≤a}. (II.27) We observe that χ_ndiv u_n = div T^au_n,

(II.28) hence ∫ Ω f(φ_n)ξ(x)∇φ_n · H_n = ∫ R^{f(a)} ( − ∫ Ω ξ(x)div T^au_n dx + ∫ Ω H_nχ_n · ∇ξ dx ) da = − ∫ Ω×R^{f(a)ξ(x)div (T} au_n + χ_nH_n) dx da. (II.29)

We deduce from (II.29) and (II.24) that div (T^au_n + χ_nH_n) remains bounded by ∫ Ω |∇φ_n · H_n| in the sense of measures in Ω × R. In fact div (T^au_n + χ_nH_n) = −(∇φ_n · H_n)δ_{φn(x)=a}.

(II.30) But χ_nH_n → 0 in ∩_{q<∞}L^q(Ω), hence div (χ_nH_n) → 0 in W^{−1,q}(Ω). On the other hand, from the compactness result (Proposition II.1), since u_n → u in ∩_{q<∞}L^q(Ω), we also have (by continuity of T^a) that T^au_n → T^au in ∩_{q<∞}L^q(Ω), independently of a, thus div T^au ⇀ div T^au in W^{−1,q}(Ω × R) and we conclude that the weak limit of div (T^au_n + χ_nH_n) is div T^au and is a bounded measure on Ω × R with ∫ R ∫ Ω |div T^au| dx da ≤ lim inf_{n→∞} ∫ Ω |∇φ_n · H_n|. In addition, taking f = 1 in (II.29), we find that ∇φ_n · H_n = − ∫ R^{div (T} au_n + χ_nH_n) da and passing to the limit when n → ∞ − ∫ R^{div T au = limn→∞ μn = μu,φ.} The proof of the continity of a → div T^au is postponed until the end of Section IV. �

III Kinetic interpretation

In this section, we give a kinetic interpration of the problem inspired from that used by Jabin and Perthame in [JP]. This allows to give an alternate proof of the compactness result and get extra Sobolev regularity for the limit. We will use the same notations as in the previous section.

The result relies on the following simple remarks. Since φ_n ∈ H^1(Ω) ⊂ BV (Ω) and χ_n(., a) = 1_{φn≤a} is in BV (Ω), we can write, using the chain-rule, ∇_xχ_n(x, a) = −(∂_aχ_n(x, a))∇φ_n(x). (III.1) ∇_xχ_n is clearly supported on the level-curve {x/φ_n(x) = a}, and ∂_aχ_n too. Therefore, since u_n = e^{ia} on the support of ∇_xχ_n, we have ∇χ_n · u^⊥_n = ∇χ_n · (e^{ia})^⊥. (III.2) These relations (III.1) and (III.2) can be justified the following way: χ_n(x, a) = h(φ_n − a) where h is the Heaviside function; one replaces h by an affine approximation h_ε, takes χ^ε_n = h_ε(φ_n − a), then passes to the limit ε → 0.

On the other hand, we recall that if φ_n and u_n are in H^1(Ω), we can write div u_n = ∇φ_n · u^⊥_n .

(III.3) But, multiplying the relation (III.1) by u^⊥_n , we get ∇χ_n · u^⊥_n = −∂_aχ_n(x, a)∇φ_n · u^⊥_n hence in view of (III.2) and (III.3), we have ∇χ_n · (e^{ia})^⊥ = −∂_aχ_ndiv u_n = −∂_a(χ_ndiv u_n).

Combining this with (II.28), we get the crucial relation ∇χ_n · (e^{ia})^⊥ = −∂_a(div T^au_n),

(III.4) which can be seen as a kinetic equation on χ_n, analogue of that obtained in [JP], for which the kinetic averaging lemmas apply.

Proposition III.1 Under the same hypotheses as in Theorem 1, using (III.4) we find that up to extraction φ_n → φ in ∩_{q<∞} L^q(Ω) χ_n(x, a) → χ(x, a) = 1_{φ(x)≤a} in ∩_{q<∞} L^q(Ω), and that at the limit φ ∈ W^{s,p}(Ω), ∀s <^1_3 , p ≤^5_3 , with div_x(χ(e^{ia})^⊥) = −∂_adiv T^au in Ω × R.

(III.5)

Proof: In view of (II.30)

∇χ_n · (e^{ia})^⊥ = −∂_adiv T^au_n = −∂_a(G_n − div (χ_nH_n))

with G_n bounded in L^1(Ω × R), and div (χ_nH_n) → 0 in ∩_{q<∞}W^{−1,q}(Ω). We are thus in a situation where the kinetic averaging lemma applies, for example as in [LPT] Theorem 3, using the version of [DLM], and we can conclude that ∃p > 1, ∀ψ ∈ C^∞_0 (Ω), ∫ R^{ψ(a)χn(a)da is compact in L} p(Ω). Let Ψ be a primitive of ψ, ∫ R^{ψ(a)χn(a)da =} ∫_{+∞} φn(x) ψ(a) da = Ψ(+∞) − Ψ(φ_n(x)).

Choosing ψ = 1 in [−N, N] where N is such (by hypothesis) that ∀n, φ_n ∈ [−N, N], we get that φ_n is compact in L^p hence in ∩_{q<∞}L^q(Ω). Next, we can pass to the limit in (III.4). Since φ_n → φ in L^q(Ω), χ_n(x, a) → χ(x, a) in ∩_qL^q(Ω × R). Thus

∇_xχ_n · (e^{ia})^⊥ = div_x(χ_n(e^{ia})^⊥) → div_x(χ(e^{ia})^⊥)

and at the limit

∇_xχ · (e^{ia})^⊥ = −∂_adiv T^au.

(III.6)

Then, since div T^au ∈ M(Ω × R) as seen in Section II, we are in the same situation as in [JP] section 5.1, and we get the Sobolev regularity of φ by the theorem of DiPerna, Lions and Meyer [DLM] . �

IV Sign conditions for almost minimizing sequences

In this section, we consider sequences of u_n and φ_n satisfying the same hypotheses as previously and such that, in addition, E_{εn} (u_n) → 2|∂Ω|.

We recall we know from [RS] that such sequences exist, and that we always have lim inf E_{εn} (u_n) ≥ 2|∂Ω| (see Theorem 1). Thus, the situation we consider corresponds in particular to minimizers of the energy, but not necessarily: we only assume convergence of the energy to the minimum of the limiting energy, but not that we have critical points or minimizers of E_{εn} . We denote by M(Ω) the space of bounded Radon measures on Ω.

Theorem 2 Let ε_n → 0 and u_n ∈ H^1(Ω, S^1) with a lifting φ_n ∈ H^1(Ω, R) i.e. u_n = e^{iφn} a.e, and assume

‖φ_n‖_L∞_{(Ω)} ≤ N E_{εn} (u_n) → 2|∂Ω|.

(Such a sequence exists, at least if ∂Ω is assumed to be analytic by parts). Writing μ_n = ∇φ_n · H_n and μ_n = μ^+_n − μ^−_n , where μ^+_n and μ^−_n are the positive and negative parts of μ_n, then up to extraction, either ∫ Ω |μ^−_n | → 0 μ^+_n ⇀ μ_{u,φ} weakly in M(Ω) μ_{u,φ} = div (φu + u^⊥) ≥ 0

(IV.1)

or ∫ Ω |μ^+_n | → 0 μ^−_n ⇀ μ_{u,φ} weakly in M(Ω) μ_{u,φ} = div (φu + u^⊥) ≤ 0.

(IV.2)

(u, φ) is a minimizer of ‖μ_{u,φ}‖ over C, i.e. ‖μ_{u,φ}‖ = |∂Ω| ; and writing u = ∇^⊥g with g ∈ W^{1,∞}_0 (Ω), we have g ≥ 0 in the first case (respectively g ≤ 0 in the second case). Changing u_n to −u_n if necessary, we can assume that (IV.1) holds and then

∀a ∈ R div T^au ≤ 0

i.e. div T^au is a negative measure in Ω. In integral form:

∀f ∈ C^1(R) such that f^′ ≥ 0 and f ∈ L^1(R^+), div (F (φ), G(φ)) ≥ 0,

(IV.3)

where F (t) = ∫_t −f(s) sin s ds G(t) = ∫_t f(s) cos s ds. Proof: We recall that

E_{εn} (u_n) ≥ 2 ∫ Ω |∇φ_n · H_n| (IV.4) and lim inf n→∞ 2 ∫ Ω |∇φ_n · H_n| ≥ 2‖μ_{u,φ}‖ ≥ 2|∂Ω|. Thus, if E_{εn} (u_n) → 2|∂Ω| we must have ‖μ_{u,φ}‖ = |∂Ω|. (IV.5)

Lemma IV.1 If ‖μ_{u,φ}‖ = |∂Ω| and g is defined by { u = ∇^⊥g in Ω g = 0 on ∂Ω, then, either { g ≥ 0 in Ω μ_{u,φ} ≥ 0 in Ω or { g ≤ 0 in Ω μ_{u,φ} ≤ 0 in Ω. Proof: We follow exactly the proof of Lemma 5.1 of [RS]. Let f_ε be defined as follows: f_ε(s) = −1 if s ≤ −ε f_ε(s) = 1 if s ≥ ε f_ε(s) =^s_ε if − ε ≤ s ≤ ε. (IV.6)

Let V be the level-set {g = 0} and V_ε = {x ∈ Ω, dist(x, V ) ≤ ε}. On the one hand, since |f_ε| ≤ 1, | | | ∫ Ω f_ε(g)div (φu + u^⊥) | | | ≤ ‖μ_{u,φ}‖ = |∂Ω|. (IV.7)

On the other hand, integrating by parts and using g = 0 on ∂Ω, ∫ Ω f_ε(g)div (φu + u^⊥) = − ∫ Ω f^′_ε(g)∇g · (φu + u^⊥) = 1 ε ∫ −ε≤g≤ε |∇g|^2, (IV.8)

where we have used the definition of f_ε and u = ∇^⊥g. Then, since |∇g| = 1, this becomes ∫ Ω f_ε(g)div (φu + u^⊥) = 1 ε vol({|g| ≤ ε}). (IV.9)

Since |∇g| = 1, by the mean-value theorem, |g| ≤ ε in V_ε, hence 1 ε vol({|g| ≤ ε}) ≥ 1 ε vol(V_ε).

(IV.10)

On the other hand, lim inf ε→0 1 ε vol(V_ε) ≥ H^1(V ).

Combining this with (IV.7)—(IV.10), we deduce that H^1(V ) ≤ |∂Ω|. But g = 0 on ∂Ω hence H^1(V ) ≥ |∂Ω|, and there is equality. Consequently H^1({g = 0} ∩ Ω) = 0 and since g is Lipschitz, g cannot change sign in Ω hence g ≥ 0 or g ≤ 0.

We suppose we are in the case g ≥ 0, and we write μ_{u,φ} = μ^+_{u,φ} − μ^−_{u,φ} where μ^+_{u,φ} and μ^−_{u,φ} are the positive and negative parts of μ_{u,φ}. What precedes proves that ∫ Ω f_ε(g)μ_{u,φ} ≥ |∂Ω| − o(1).

Hence, |∂Ω| = ∫ Ω μ^+_{u,φ} + μ^−_{u,φ} ≥ ∫ Ω μ^+_{u,φ} ≥ ∫ Ω f_ε(g)μ^+_{u,φ} ≥ |∂Ω| + ∫ Ω f_ε(g)μ^−_{u,φ} − o(1). (IV.11)

But, since g ≥ 0, f_ε(g) ≥ 0, and μ^−_{u,φ} ≥ 0, thus necessarily ∫ Ω μ^+_{u,φ} = |∂Ω| and μ^−_{u,φ} = 0.

This means that μ_{u,φ} ≥ 0. The case g ≤ 0 is similar. �

Going back to (IV.4)

E_{εn} (u_n) ≥ 2 ∫ Ω |∇φ_n · H_n| ≥ 2 | | | | ∫ Ω ∇φ_n · H_n | | | | ≥ 2 | | | | ∫ Ω μ_{u,φ} | | | | − o(1) = 2|∂Ω| − o(1). Thus, since E_{εn} (u_n) → 2|∂Ω|, we must have ∫ Ω |∇φ_n · H_n| − | | | | ∫ Ω ∇φ_n · H_n | | | | = ∫ Ω μ^+_n + μ^−_n − | | | | ∫ Ω μ^+_n − μ^−_n | | | | → 0. Extracting a subsequence such that ∫ Ω μ^+_n − μ^−_n has a constant sign, we get that either ∫ Ω μ^−_n → 0 and μ^+_n ⇀ μ_{u,φ} ≥ 0 or ∫ Ω μ^+_n → 0 and μ^−_n ⇀ μ_{u,φ} ≤ 0. This proves the first

assertion of the theorem.

Then, we assume that we are in the first situation and we get back to (II.29), apply it

to f ≥ 0 and ξ ≥ 0: ∫ Ω (μ^+_n − μ^−_n )f(φ_n)ξ(x) = − ∫ Ω×R^{f(a)ξ(x)div (T aun + χnHn) dx da.} (IV.12)

But, | | | | ∫ Ω μ^−_n f(φ_n)ξ(x) | | | | ≤ ‖f‖^{L∞} ‖ξ‖^{L∞} ∫ Ω μ^−_n → 0

and ∫ Ω μ^+_n f(φ_n)ξ(x) ≥ 0.

Therefore, passing to the limit in (IV.12) yields ∫ Ω×R^{f(a)ξ(x)div T au ≤ 0.} This is true for all f, ξ ≥ 0 in C^∞_0 (Ω), hence

a.e. in a ∈ R, div T^au ≤ 0 in Ω,

and since a → div T^au is continuous, we can replace the a.e. by everywhere.

Next, we prove the integral form (IV.3). We multiply (III.5) by f and integrate over

R, we get

div_x ∫ R^{f(a)χ(x, a)(eia)⊥ = −} ∫ R^{f(a)∂a(div T au)da.} (IV.13)

We can integrate the right-hand side by parts. Observing that div T^au ≡ 0 as soon as a ≥ ‖φ‖_L∞ or a ≤ −‖φ‖_L∞ , there remains div_x ∫ R^{f(a)χ(x, a)(e} ia)^⊥ = ∫ R^f ′(a)div T^au da. The left-hand side is equal to div ∫_{+∞} φ(x) f(a)(− sin a, cos a)da, and the integral converges because f was assumed to be in L^1(R^+). Its value is (F (∞) − F (φ(x)), G(∞) − G(φ(x))), hence (IV.13) becomes div (F (φ), G(φ)) = − ∫ R^f ′(a)div T^au da ≥ 0 using div T^au ≤ 0 and f^′ ≥ 0. This completes the proof of the theorem. � Proof of the continuity of a → div T^au:

The proof is inspired from [Pe]. Let a_0 ∈ R and h_ε be any family approaching the Heaviside function h(a) = 1_{a≤a0} in L^1(R) as ε → 0. Let us multiply (III.5) by h_ε(a) and integrate, as in (IV.13) we obtain −div (F_ε(φ), G_ε(φ)) = ∫ R^{h′ε(a)div T au da,} (IV.14) where F_ε(t) = ∫_t −h_ε(s) sin s ds G_ε(t) = ∫_t h_ε(s) cos s ds. But since h_ε → h in L^1(R), we have F_ε(t) → F (t) = ∫_t −h(s) sin s ds G_ε(t) → G(t) = ∫_t h(s) cos s ds, and one can easily check that (F (t), G(t)) = e^{iT a0t} + cste. Therefore, div (F_ε(φ(x)), G_ε(φ(x)) −→_{ε→0} div T^{a0}u in D^′(Ω).

Combining this with (IV.14), − ∫ R^{h′ε(a)div T au da −→ε→0 div T a0 u in D′(Ω),} (IV.15) while −h^′_ε → δ_{a0} . This is true for any h_ε approaching h in L^1, hence (IV.15) yields the continuity of a → div T^au from R to D^′(Ω). �

Remark : Using the method of [Pe] on (III.5) with the sign condition on div T^au, and this continuity result, one may establish that if (u_1, φ_1) and (u_2, φ_2) such that φ_1 = φ_2 on ∂Ω both satisfy (I.10) and (I.11), then min(φ_1, φ_2) also does (hence is also a minimizer).

References

[ADM] L. Ambrosio, C. De Lellis, and C. Mantegazza, Line energies for gradient vector fields in the plane, Calc. Var. PDE 9 (1999) 4, 327-355.

[BZ] F. Bethuel and X. Zheng, Density of smooth functions between two manifolds in Sobolev spaces, J. Func. Anal. 80, No. 1, (1988), 60-75.

[DKMO] A. DeSimone, R.V. Kohn, S. Müller and F. Otto, A compactness result in the gradient theory of phase transitions, to appear in Proc. Royal Soc. Edinburgh, Sec. A.

[DLM] R. DiPerna, P.L. Lions and Y. Meyer, L^p regularity of velocity averages, Annales IHP, Analyse non linéaire, 8, (1991), 271-287.

[JK] W. Jin and R. Kohn, Singular Perturbation and the Energy of Folds, Journal of Nonlinear Science, 10, No. 3, (2000), 355-390.

[JP] P.E. Jabin and B. Perthame, Compactness in Ginzburg-Landau energy by kinetic averaging, to appear.

[LPT] P.L. Lions, B. Perthame and Tadmor, A kinetic formulation of multidimensional scalar conservation laws and related equations, J. Amer. Math. Soc., 7, (1994), 169- 191.

[Mu] F. Murat, L’injection du cône positif de H^{−1} dans W^{−1,p} est compacte, J. Math.

Pures Appl., 60, (1981), 309.

[Pe] B. Perthame, Uniqueness and error estimates in first order quasilinear conservation laws via the kinetic entropy defect measure, J. Math. Pures Appl., 77, (1998), 1055- 1064.

[RS] T. Rivière and S. Serfaty, Limiting Domain Wall Energy for a Problem Related to Micromagnetics, to appear in Comm. Pure Appl. Math.

Tristan Rivière : Centre de Mathématiques, CNRS UMR 7640, Ecole Polytechnique, 91128 Palaiseau Cedex, France. Tristan.Riviere@math.polytechnique.fr

Sylvia Serfaty : CMLA, Ecole Normale Supérieure de Cachan, CNRS UMR 8536, 61 avenue du Président Wilson, 94 235 Cachan Cedex, France. serfaty@cmla.ens-cachan.fr