Conservation laws for fourth order systems in four dimensions

Tobias Lamm^∗and Tristan Rivière^†

July 30, 2006

Abstract

Following an approach of the second author [18] for conformally invariant variational problems in two dimensions, we show in four dimensions the existence of a conservation law for fourth order systems, which includes both intrinsic and extrinsic biharmonic maps. With the help of this conservation law we prove the continuity of weak solutions of this system. Moreover we use the conservation law to derive the existence of a unique global weak solution of the extrinsic biharmonic map flow in the energy space.

1 Introduction

In [18] the second author found a procedure to rewrite second order elliptic systems of the form −Δu = Ω · ∇u (1.1)

in divergence form. Here u is a map into R^m and Ω = Ω_k ∂_{xk} is a vectorfield tensored with m × m−anti-symmetric matrices. The procedure consists of finding a map A which takes values in the space of m × m−invertible matrices and a two-vectorfield tensored with m × m−matrices B = B_{lk} ∂_{xl} ∧ ∂_{xk} satisfying

∇A − A Ω + curl B = 0 (1.2)

where curlB is the matrix valued vector field ( ∑ l ∂_{xl} B_{lk}) ∂_{xk} . Once the existence of “regular enough” A and B satisfying (1.2) has been established, one observes that the system (1.1) is equivalent to the following conservation law

div (A∇u + B · ∇u) = 0 (1.3)

∗Departement Mathematik, ETH Zürich, 8092 Zürich, Switzerland, tobias.lamm@math.ethz.ch †Departement Mathematik, ETH Zürich, 8092 Zürich, Switzerland, tristan.riviere@math.ethz.ch

where the latter equation means in coordinates ∂_{xk} (A∂_{xk} u + B_{kl}∂_{xl} u) = 0 with implicit summation convention. It was shown in [18] that the above procedure works successfully in two dimensions for solutions u ∈ W^{1,2} and for Ω ∈ L^2. Writing the equation in the form (1.3) permits to prove, without many additional efforts, results such as the continuity of W^{1,2} solutions to (1.1) in two dimensions for a connection field Ω ∈ L^2 or the sequentially weak compactness in W^{1,2} of these solutions, etc. It was also observed in [18] that every Euler Lagrange equation of an elliptic conformally invariant Lagrangian with quadratic growth in two dimensions can be written in the form (1.1). In [19] Struwe and the second author used the existence of an "almost" conservation law, which was motivated by the conservation law (1.3), to give a new proof for the partial regularity of harmonic maps, and generalizations thereof, in higher dimensions.

Working now in four dimensions and replacing the Laplacian by the Bilaplacian it is then natural to ask how far the previous results can be extended to this new setting. We shall use the following notation : L^2 · W^{1,2}(B^4, M(m)) denotes the space of linear combination of products of an L^2 map with an W^{1,2} map from B^4 into the space of m × m−matrices M(m). Our main result in this work is the following

Theorem 1.1. Let u ∈ W^{2,2}(B^4, R^m) satisfy the equation

Δ^2u = Δ (V · ∇u) + div (w ∇u) + W · ∇u, (1.4)

where the “potentials” V and w are in W^{1,2}(B^4, M(m) ⊗ ∧^1R^4) respectively L^2(B^4, M(m)) and the potential W ∈ W^{−1,2}(B^4, M(m) ⊗ ∧^1R^4) can be decomposed in the following way: there exists ω ∈ L^2(B^4, so(m)) and F ∈ L^2 · W^{1,2}(B^4, M(m) ⊗ ∧^1R^4) such that

W = ∇ω + F. (1.5)

Then u is continuous in B^4.

As in [18] for solutions to (1.1), the previous result is based on the discovery of a conservation law satisfied by solutions of (1.4). Precisely we establish in the present work the following theorem.

Theorem 1.2. Let V and w be in W^{1,2}(B^4, M(m) ⊗ ∧^1R^4) respectively L^2(B^4, M(m)) and let W ∈ W^{−1,2}(B^4, M(m) ⊗ ∧^1R^4) satisfy (1.5) for F ∈ L^2 · W^{1,2}(B^4, M(m) ⊗ ∧^1R^4). Let A ∈ L^∞ ∩ W^{2,2}(B^4, Gl(m)) and B ∈ L^2(B^4, M(m) ⊗ ∧^2R^4) satisfy the linear equation

∇ΔA + ΔA V − ∇A w + A W = curl B, (1.6)

where curl B := ∑ l ∂_{xl} B_{lk} ∂_{xk} . Then u solves the equation (1.1) if and only if it satisfies the conservation law

div[∇(AΔu) − 2∇A Δu + ΔA ∇u − A w ∇u

+∇A (V · ∇u) − A ∇(V · ∇u) − B · ∇u] = 0,

(1.7)

where we use the notation B · ∇u := B_{kl}∂_{xl} u ∂_{xk} .

Remark 1.3. We expect similiar Theorems to remain true for general even order elliptic systems of the type (1.4).

Theorem 1.1 will be a consequence of the previous result and the following existence result for A and B.

Theorem 1.4. There exists ε(m) > 0 such that the following holds: Let V and w respectively be in W^{1,2}(B^4_2 , M(m) ⊗ ∧^1R^4) and in L^2(B^4_2 , M(m)) and let W = ∇ω + F ∈ W^{−1,2}(B^4_2 , M(m) ⊗ ∧^1R^4) satisfy (1.5) for F ∈ L^2 · W^{1,2}(B^4_2 , M(m) ⊗ ∧^1R^4). Assume that ‖V ‖_W 1,2 + ‖w‖_L2 + ‖ω‖_L2 + ‖F ‖_L2_{·W} 1,2 < ε(m), (1.8) then there exist A ∈ L^∞ ∩ W^{2,2}(B^4, Gl(m)) and B ∈ W^{1,4/3}(B^4, M(m) ⊗ ∧^2R^4) satisfying (1.6) on B^4 with the following estimate ‖A‖_W 2,2 + ‖dist(A, SO(m))‖_L∞ + ‖B‖_W 1,4/3

≤ C (‖V ‖_W 1,2 + ‖w‖_L2 + ‖ω‖_L2 + ‖F ‖_L2_{·W} 1,2 ) .

(1.9)

The previous theorems apply to classical critical fourth order non-linear elliptic systems in four dimensions such as intrinsic and the extrinsic biharmonic maps into Riemannian manifolds.

Theorem 1.5. Let N^n be a closed submanifold of R^m. Let u in W^{2,2}(B^4, N^n) be a critical point in W^{2,2}(B^4, N^n) of the functional

B_{ext}(u) = ∫ B^4

|Δu|^2 dx, (1.10)

or of the functional B_{int}(u) = ∫ B^4

|(Δu)^T |^2 dx, (1.11)

where (Δu)^T is the tension field of u : the projection of Δu on the tangent space T_{u(x)}N to N at u(x). Then u satisfies an equation of the form (1.1) where V , w and W satisfy the assumptions of Theorem 1.1.

Remark 1.6. Another example of equations which can be written in the form (1.4) is given by −Δ^2u = Q(x, u, Du), (1.12) where Q satisfies |Q(x, z, p)| ≤ c|p|^4 ∀ (x, z, p) ∈ Ω × R^n × R^{4n}. (1.13) In contrast to the corresponding two dimensional problem (see [7]) this implies in particular that a quartic nonlinearity in the gradient is not critical for fourth order systems in four dimensions. The regularity of solutions of (1.12) was first studied by Wang [24].

Therefore, Theorem 1.2 and Theorem 1.4 permit to write the extrinsic and intrinsic biharmonic map equation into arbitrary target manifolds in divergence form and this yields a new and simple proof of the regularity of these maps in four dimensions (for previous results see [2], [21], [24] and [26]). The illustration of the above result by giving the explicit values of V , w, W , A and B in the particular case where N^n is the unit sphere S^n of R^{n+1} is instructive: a classical computation (see [2], [21] and [26]) tells us that u is an extrinsic biharmonic map (i.e. a W^{2,2} critical point of (1.10) for perturbations in W^{2,2}(B^4, S^n)) if and only if it satisfies (1.1) for V , w and W given by

V^{ij} = u^i∇u^j − u^j∇u^i

w^{ij} = div V^{ij} − 2|∇u|^2δ^{ij}

W^{ij} = ∇(div V^{ij}) + 2 [ Δu^i ∇u^j − Δu^j ∇u^i ] (1.14)

Observe that div W = 0. This implies that there exists B ∈ L^2(B^4, M(m) ⊗ ∧^2R^4) such that W = curl B. Then u satisfies (1.7) with

A = I_m

B s.t. W = curl B.

(1.15)

This conservation law was known in the particular case where the target N^n is the standard round sphere S^n → R^n. The main contribution of the present work is to show that this conservation law is stable and keeps existing while changing the target to an arbitrary one. Similarly u is an intrinsic biharmonic map (i.e. a W^{2,2} critical point of (1.11) for perturbations in W^{2,2}(B^4, S^n)) if and only if it satisfies (1.1) for V , w and W given by

V^{ij} = u^i∇u^j − u^j∇u^i

w^{ij} = div V^{ij}

W^{ij} = ∇(div V^{ij} ) + 2 [ Δu^i ∇u^j − Δu^j ∇u^i + |∇u|^2 ( u^i ∇u^j − u^j ∇u^i )] (1.16)

Observe that in this case also div W = 0. Again there exists B ∈ L^2(B^4, M(m) ⊗ ∧^2R^4) such that W = curl B. Then u satisfies (1.7) with

A = I_m

B s.t. W = curl B

(1.17)

In the second part of the paper we use the conservation law (1.7) to show the global existence of a unique weak solution of the extrinsic biharmonic map flow (i.e. the gradient flow for the energy B_{ext}) in four dimensions in the energy space. More precisely we consider a smooth, compact, four-dimensional Riemannian manifold M without boundary and we study the parabolic system,

∂_tu = −Δ^2u − Δ(V · ∇u) − div(w∇u) − W · ∇u in D^′(M × (0, T )),

u(·, 0) = u_0,

(1.18)

where V , w and W are as in (2.25) and u_0 ∈ W^{2,2}(M, N). As mentioned above we prove the following

Theorem 1.7. For all u_0 ∈ W^{2,2}(M, N) there exists a unique global weak solution u ∈ H^1([0, T ], L^2(M, N)) ∩ L^2([0, T ], W^{2,2}(M, N)) of (1.18) with non-increasing energy B_{ext}.

In [12] the first author proved the longtime existence of a smooth solution of (1.18) assuming a smallness condition on the initial energy. Gastel [8] and Wang [27] proved the existence of a unique global weak solution (which is smooth away from finitely times) of (1.18) and higher order generalisations of this flow.

The corresponding theorem for the harmonic map flow was proved by Freire [4], [5], [6] following previous work of the second author [17]. Global existence of solutions of gradient flow for B_{int} has been shown by the first author [13] in the case of a target manifold with non-positive sectional curvature.

2 Proof of Theorems 1.1.–1.5.

2.1 Proof of Theorem 1.2.

Theorem 1.2 is proved by a direct computation. More precisely we have for general A, B, u, V , w, W in the spaces given in the statement of the Theorem that

div [∇(AΔu) − 2∇A Δu + ΔA ∇u − Aw ∇u + ∇A (V · ∇u) − A ∇(V · ∇u)]

= A [Δ^2u − Δ (V · ∇u) − div (w ∇u) − W · ∇u]

+ [Δ∇A + ΔA V − ∇A w + A W ] · ∇u

(2.1)

Combining this equation with the fact that

div(B · ∇u) = ∂_{xk} (B_{kl}∂_{xl} u) = ∂_{xk} B_{kl} ∂_{xl} u = curl B · ∇u

(we are using the fact that B takes values in M(m) ⊗ ∧^2R^4 and thus : B_{kl} = −B_{lk}) we deduce that (1.7) holds if and only if u is a solution of equation (1.4). This proves Theorem 1.2.

2.2 Proof of Theorem 1.4.

2.2.1 Some results on Lorentz spaces.

The Lorentz spaces will play an important role in the proof of Theorem 1.4 and we recall some classical facts about these spaces which where proved in [14], [15], [16] and also exposed in [9], [10], [20] and [22]. Let f be a measurable function on Ω a domain in R^k and denote by f^∗(t) the equimeasurable decreasing rearrangement of f which is a function on R_+ satisfying |x ∈ Ω ; |f|(x) > λ| = |t ∈ R_+ ; f^∗(t) > λ| For f measurable in Ω we introduce

f^{∗∗}(t) = 1 t ∫_t 0 f^∗(s) ds

and, for every 1 ≤ p ≤ ∞ and 1 ≤ q ≤ ∞, we define the following functional which happens to be a norm on the set of measurable functions for which it is finite

‖f‖_Lp,q = (∫_∞ 0 (t^{1/p}f^{∗∗}(t))^q dt t )_{1/q} if 1 ≤ q < ∞

sup_{t>0} t^{1/p}f^{∗∗}(t) if q = ∞.

The set of functions f for which ‖f‖_Lp,q is finite is a Banach space for this norm and it is called Lorentz L^{p,q} space. It happens that L^{p,p} is the standard L^p space, that, if Ω is bounded, L^{p,q}(Ω) embeds into L^{p′,q′} (Ω) if and only if p > p^′ or q^′ ≥ q in the case that p = p^′. We shall use the following classical results on Lorentz spaces: first of all L^{p,q} · L^{p′,q′} embeds continuously into L^{r,s} if^1_p +^1_{p′} ≤ 1 for 1 r = 1 p + 1 p^′ and 1 s = 1 q + 1 q^′ , and ‖fg‖_Lr,s ≤ C ‖f‖_Lp,q ‖g‖_Lp′,q′ .

Moreover we will use the fact that Calderon-Zygmund operator maps continuously L^{p,q} into L^{p,q} for 1 < p < +∞ and that the dual space of L^{2,1} is L^{2,∞}. Finally, the Lorentz- Sobolev-space W^{m,p,q}(Ω) of functions whose first m derivatives are in L^{p,q} embedds into L^{p∗,q} where 1/p^∗ = 1/p−m/k. We shall use the previous results in the following situations: W^{1,2}(B^4) embeds into L^{4,2}(B^4), the product of two functions in L^{4,2} is in L^{2,1}, the product of a function in L^2 with a function in W^{1,2} is in L^{4/3,1}, a function whose Laplacian is in L^{2,1}(B^4) is continuous (see also the proof of Theorem 1.1), etc.

2.2.2 Proof of Theorem 1.4.

Let V and w be in W^{1,2}(B^4_2 , M(m) ⊗ ∧^1R^4) respectively L^2(B^4_2 , M(m)) and let W = ∇ω + F ∈ W^{−1,2}(B^4_2 , M(m) ⊗ ∧^1R^4) satisfy (1.5) for F ∈ L^2 · W^{1,2}(B^4_2 , M(m) ⊗ ∧^1R^4). Assume that Δ = ‖V ‖_W 1,2 + ‖w‖_L2 + ‖ω‖_L2 + ‖F ‖_L2_{·W} 1,2 < ε(m), (2.2) where ε(m) will be chosen small enough later. Using standard elliptic theory we get the existence of Ω ∈ W^{1,2}(B^4_2 , so(m) ⊗ ∧^1R^4) satisfying div(Ω) = −ω in B^4_2

‖Ω‖_W 1,2 ≤ c ‖ω‖_L2 ≤ c ε(m)

(2.3)

Then for ε(m) small enough we can apply Theorem A.5 in order to get a Coulomb gauge: a 2-vectorfield ξ = ξ_{kl} ∂_{xk} ∧ ∂_{xl} ∈ W^{2,2}(B^4_2 , so(m) ⊗ ∧^2R^4) (i.e. ξ_{kl} = (ξ^{ij}_{kl})_{ij} ∈ so(m) and we have ξ^{ij}_{kl} = −ξ^{ji}_{kl} and ξ^{ij}_{kl} = −ξ^{ij}_{lk}) and a map U ∈ W^{2,2}(B^4_2 , so(m)) such that Ω = P ∇P^{−1} + P curl ξ P^{−1}

P := exp(U)

‖U‖_W 2,2_{(B}4_{2 )} + ‖ξ‖_W 2,2_{(B}4_{2 )} ≤ c ‖ω‖_L2_{(B}4_{2 )}.

(2.4)

We calculate ∇ω = −∇divΩ

= −∇ ( ∇P · ∇P^{−1} + P ΔP^{−1} + div(P curl ξ P^{−1}) )

= −P ∇Δ P^{−1} + K_1.

(2.5)

Using the fact that div(P curl ξ P^{−1}) = ∇P · curl ξ P^{−1} + P curl ξ · ∇P^{−1}, (2.4) and the properties of Lorentz spaces we mentioned in the previous subsection, we have ‖K_1‖_L4/3,1 ≤ c ‖ω‖^2_L2 . (2.6) We now proceed with some a-priori computations (before having the existence of A and B). Consider an element A ∈ W^{2,2} ∩ L^∞(B^4_2 , Gl(m)) and an element P as in (2.4). Denoting Ã := A P we then have

∇ΔÃ − ∇Δ(Ã P^{−1}) P

= −Ã ∇ΔP^{−1} P − ∇Ã ΔP^{−1} P − ΔÃ ∇P^{−1} P − 2∇(∇Ã · ∇P^{−1}) P.

(2.7)

Combining this with (1.6) and (2.5) we get

∇ΔÃ = −Δ(ÃP^{−1})V P + ∇(ÃP^{−1})wP − Ã(−∇ΔP^{−1} + P^{−1}K_1)P + (curlB)P

−Ã ∇ΔP^{−1} P − ∇Ã ΔP^{−1} P − ΔÃ ∇P^{−1} P − 2∇(∇Ã · ∇P^{−1}) P

= −ΔÃK_2 − ∇^2ÃK_3 + ∇ÃK_4 − ÃK_5 + (curlB)P, (2.8) where we have the estimate

||K_2||_W 1,2 + ||K_3||_W 1,2 + ||K_4||_L2 + ||K_5||_L 4_{3 ,1} ≤ cΔ. (2.9)

Instead of aiming to solve (2.8) we use a cut-off function ϕ ∈ C^∞_0 (B^4_2 ), with ϕ = 1 in B^4 and |∇^lϕ| ≤ c for all l ∈ N, to get new maps V = ϕV , w = ϕw, F = ϕF , ξ = ϕξ, U = ϕU and P = e^U . These maps agree with the original maps on B^4 and are zero on ∂B^4_2 . Another feature of these new maps is that their various Sobolev or Lorentz norms are estimated by the corresponding norms of the original maps. With the help of the equations (1.5), (2.4), (2.5) and (2.8) we get new maps ω, Ω and K_i, i ∈ {1, . . . , 5} from all these modified functions. By these considerations we see that instead of solving (1.6) we can also solve the equation

∇ΔA + ΔA K_2 + ∇^2A K_3 − ∇A K_4 + A K_5 = (curlB)P , (2.10)

for A and B. First we want to solve the system

Δ^2Â = (curlB) · ∇P − div(ΔÂK_2 + ∇^2ÂK_3 − ∇ÂK_4 + ÂK_5 + K_5),

curl(curlB) = curl ( (∇ΔÂ) + ΔÂK_2 + ∇^2ÂK_3 + ∇ÂK_4 + ÂK_5 + K_5)P^{−1} ) , dB = 0,

Â =^{∂ΔÂ}_{∂ν} = 0 on ∂B4_2 ,

B · ν = 0 on ∂B^4_2 , ∫ B^4_2

ΔÂ = 0,

(2.11)

where we use the notation:

If B = B_{kl} ∂_{xk} ∧ ∂_{xl} is a two-vectorfield, then

dB = ∑ i,k,l

∂B_{kl} ∂_{xi} ∂x^i ∧ ∂x^k ∧ ∂x^l ,

B · ν = ∑ k,l B_{kl} ν_l ∂_{xk}

(2.12) and for a (one-)vectorfield C = C_k ∂_{xk} we define curlC = ∑ k,l (_{∂Ck}

∂_{xl} −

∂C_l ∂_{xk} ) ∂_{xk} ∧ ∂_{xl} . (2.13) Using Lemma A.3 and the above remarks we get

||Â||_L∞ + ||Â||_W 2,2 + ||∇ΔÂ||_L 4_{3 ,1} ≤ c||dB||_L 4_{3 ,1} ||∇P^{−1}||_L4,2 +cΔ(||Â||_W 2,2 + ||Â||_L∞ ) + cΔ.

(2.14)

Furthermore from Lemma A.1 we get ||dB||_L 4_{3 ,1} ≤ c||∇ΔÂ||_L 4_{3 ,1} + cΔ(||Â||_W 2,2 + ||Â||_L∞ ) + cΔ. (2.15) By a standard fixed-point argument we get the existence of solutions Â and B. The maps A^∗ = Â + id and B then satisfy || dist(A^⋆, SO(n))||_L∞ ≤ cε and

∇ΔA^∗ + ΔA^∗K_2 + ∇^2A^∗K_3 − ∇A^∗K_4 + A^∗K_5 − (curlB)P = curlC, (2.16) where C ∈ W^{1, 4}3^{,1}(B^4_2 , M(m) ⊗ ∧^2R^4). From this we see that curl(curlCP^{−1}) = 0 in B^4_2 , C · ν = 0 on B^4_2 .

(2.17)

By Lemma A.2 we get that C is identically zero and therefore we get our desired solution A and B of equation (1.6) in B^4.

2.3 Proof of Theorem 1.1.

From Theorem 1.2 and Theorem 1.4 we see that Δ(AΔu) = div K, (2.18) in B 1_2 , where K ∈ L^2 · W^{1,2}(B 1_2 ) ⊂ L^43^{,1}(B 1_2 ). Using L^p-theory in Lorentz spaces we get AΔu ∈ L^{2,1}_{loc}(B 1_4 ) and therefore Δu ∈ L^{2,1}_{loc}(B 1_4 ). Let us first assume that u is smooth. Then we extend u|_{B 14} to all of R^4 with compact support such that the extension ũ satisfies ||Δũ||_L2,1_{(R}4_) + ||ũ||_W 1,2_{(R}4_) ≤ c(||Δu||_L2,1_{(B 14 )} + ||u||_W 1,2_{(B 14 )}) ≤ c. (2.19) In the following we let G(x) = c log |x| be the fundamental solution of Δ^2 on R^4. Since |ΔG| = O(^1_{|x|2} ) ∈ L^{2,∞}(R^4) we conclude that for all y ∈ B 1_8 |u(y)| = |ũ(y)| = | ∫ R^4 Δ

2G(y − z)ũ(z)dz| = | ∫ R^4 ΔG(y − z)Δũ(z)dz|

≤ c||Δũ||_L2,1_{(R}4_) ≤ c(||Δu||_L2,1_{(B 14 )} + ||u||_W 1,2_{(B 14 )}).

(2.20)

Using the density of smooth maps in {v ∈ W^{2,2}(B 1_4 )| ||Δv||_L2,1_{(B 14 )} + ||v||_W 1,2_{(B 14 )} < ∞} we see that u ∈ C^0(B 1_8 ). This proves Theorem 1.1.

2.4 Proof of Theorem 1.5.

Smooth extrinsic biharmonic maps satisfy the equation (see for example [12]) −Δ^2u =

∑_m

i=n+1(Δ⟨∇u, (dνi ∘ u)∇u⟩ + ∇ · ⟨Δu, (dνi ∘ u)∇u⟩

+⟨∇Δu, (dν_i ∘ u)∇u⟩)ν_i ∘ u,

(2.21)

where {ν_i}^m_{i=n+1} is an orthonormal frame of the normal space of N near u(x) for all x ∈ M. Now we rewrite this equation term by term.

⟨∇Δu, (dν_i ∘ u)∇u⟩ν_i ∘ u = ∇u^k∇Δu^j((ν_i ∘ u)^s(d_kν_i ∘ u)^j − (ν_i ∘ u)^k(d_sν_i ∘ u)^j) (2.22) For the second term we have ∇ · ⟨Δu, (dν_i ∘ u)∇u⟩ν_i ∘ u = ∇ · (∇u^kΔu^j((ν_i ∘ u)^s(d_kν_i ∘ u)^j) −∇u^kΔu^j(d_kν_i ∘ u)^j∇(ν_i ∘ u)^s.

(2.23)

Finally we calculate

Δ⟨∇u, (dν_i ∘ u)∇u⟩ν_i ∘ u = Δ(∇u^k∇u^j((ν_i ∘ u)^s(d_kν_i ∘ u)^j) −2∇ · (∇u^k∇u^j(d_kν_i ∘ u)^j∇(ν_i ∘ u)^s) +∇u^k∇u^j(d_kν_i ∘ u)^jΔ(ν_i ∘ u)^s.

(2.24)

Therefore the claim follows by defining W = ∇Δu^j ( (ν_i ∘ u)^s(d_kν_i ∘ u)^j − (ν_i ∘ u)^k(d_sν_i ∘ u)^j )

+∇u^j(d_kν_i ∘ u)^jΔ(ν_i ∘ u)^s − Δu^j(d_kν_i ∘ u)^j∇(ν_i ∘ u)^s, w = Δu^j(ν_i ∘ u)^s(d_kν_i ∘ u)^j − 2∇u^j(d_kν_i ∘ u)^j∇(ν_i ∘ u)^s, V = ∇u^j(ν_i ∘ u)^s(d_kν_i ∘ u)^j, ω = Δu^j ( (ν_i ∘ u)^s(d_kν_i ∘ u)^j − (ν_i ∘ u)^k(d_sν_i ∘ u)^j ) , F = −Δu^j∇ ( (ν_i ∘ u)^s(d_kν_i ∘ u)^j − (ν_i ∘ u)^k(d_sν_i ∘ u)^j )

+∇u^j(d_kν_i ∘ u)^jΔ(ν_i ∘ u)^s − Δu^j(d_kν_i ∘ u)^j∇(ν_i ∘ u)^s.

(2.25)

In the general case (when we can not localize in the target to find a local orthonormal frame of the normal space) we use the following equivalent equation for extrinsic biharmonic maps Δ^2u = Δ(A(u)(∇u, ∇u)) + ∇ · (⟨∇(P (u)), Δu⟩) + ⟨∇(P (u)), ∇Δu⟩, (2.26) which was first derived by Wang [25], and where A is the second fundamental form of the embedding N → R^m and P (y) : R^m → T_yN is the orthogonal projection on the tangent space of N at the point y. With the help of this equation we see that we can always rewrite extrinsic biharmonic maps in the desired form.

In the case of intrinsic biharmonic maps we note that we have the relation B_{int}(u) = B_{ext}(u) − ∫ B^4 |A(u)(∇u, ∇u)|

2dx. (2.27) This implies that the Euler-Lagrange equation of B_{int} differs from the Euler-Lagrange equation of B_{ext} only by the term coming from the variation of ∫ B^4 |A(u)(∇u, ∇u)|

2dx. It is easy to see that this term is of the form ∇ · (g_2∇u) + g_1∇u, (2.28) where g_2 ∈ L^2 and g_1 ∈ L^2 · W^{1,2} (for details see [25]). This proves the claim.

3 Proof of Theorem 1.7.

In this section we apply the conservation law obtained in section 2 to study the existence of a unique global weak solution of the extrinsic biharmonic map flow in the energy space. Before proving Theorem 1.7 we need a regularity result for L^2-perturbations of extrinsic biharmonic maps.

Lemma 3.1. Let f ∈ L^2(M, R^m) and let u ∈ W^{2,2}(M, N) be a weak solution of Δ^2u = Δ(V · ∇u) + div(w∇u) + W · ∇u + f in M, (3.1) where V , w and W are as in (2.25). There exists ε > 0 and C > 0 such that if

κ(u; R) := ∫ B_{32R}(x)

(|∇^2u|^2 + 1 R^2

|∇u|^2) < ε, (3.2)

for some R > 0 and x ∈ M, then u ∈ W^{4,2}(B_R(x), N) and we have the estimate ∫ B_R(x)

|∇^4u|^2 ≤ cκ(u; R) R^4 + c ∫ B_{32R} (x)

|f|^2. (3.3)

Proof. Let ε be as in Theorem 1.4. By Theorem 1.2 and Theorem 1.4 we know that there exists A ∈ L^∞ ∩ W^{2,2}(B_{16R}(x), Gl(m)) with ∇ΔA ∈ L^43 (B_{16R}(x), M(m)), || dist(A, SO(m))||_L∞ ≤ cε and B ∈ W^{1, 4}3 (B_{16R}(x), M(m) ⊗ ∧^2R^4) such that

Af = Δ(AΔu) − div ( 2∇AΔu − ΔA∇u − Aw∇u − ∇A(V · ∇u)

+A∇(V · ∇u) + B · ∇u ) . (3.4)

Arguing as in the proof of Lemma A.3 we get that Δu ∈ W^{1, 4}3 (B_{8R}(x), R^m). Next we choose a smooth cut-off function φ ∈ C^∞_0 (B_{8R}(x)) with compact support such that φ ≡ 1 in B_{4R}(x) and ||∇^jφ||_L∞ ≤^c_{Rj} for 0 ≤ j ≤ 4. From this it is easy to see that v := φu solves

φAf + g = Δ(AΔv) − div ( 2∇AΔv − ΔA∇v − Aw∇v − ∇A(V · ∇v)

+A∇(V · ∇v) + B · ∇v ) , (3.5)

where

g = Δ(A div(u∇φ)) − div ( 2∇A div(u∇φ) − ΔAu∇φ − Awu∇φ − ∇A(V · u∇φ)

+A∇(V · u∇φ) + B · u∇φ )

∈ L^43 (B_{8R}(x)). (3.6) Now we define ṽ = AΔv and we claim that for ε small enough and all^4_3 ≤ p < 2 the operator

S : W^{1,p}(B_{8R}(x), R^m) → W^{1,p}(B_{8R}(x), R^m),

S(ṽ) = ṽ − Δ^{−1} div ( 2∇AΔv − ΔA∇v − Aw∇v − ∇A(V · ∇v)

+A∇(V · ∇v) + B · ∇v ) (3.7)

is a bijection. First we consider the case^4_3 < p < 2. We note that by the Sobolev embedding the assumption ṽ ∈ W^{1,p}(B_{8R}(x), R^m),^4_3 < p < 2, implies that ∇^2v ∈ L^q(B_{8R}(x), R^m) with 1 q +^1_4 =^1_p and ∇v ∈ L^r(B_{8R}(x), R^m) with^1_r +^1_2 =^1_p . Moreover we have the estimate

||∇Δv||_Lp + ||∇^2v||_Lq + ||∇v||_Lr ≤ c||ṽ||_W 1,p . (3.8)

We estimate

|| div ( 2∇AΔv − ΔA∇v − Aw∇v − ∇A(V · ∇v) + A∇(V · ∇v) + B · ∇v ) ||_W −1,p

≤ c|| ( 2∇AΔv − ΔA∇v − Aw∇v − ∇A(V · ∇v) + A∇(V · ∇v) + B · ∇v ) ||_Lp

≤ c||∇A||_L4 (||∇^2v||_Lq + ||V ||_L4 ||∇v||_Lr ) + c||B||_L2 ||∇v||_Lr

+c||∇^2A||_L2 ||∇v||_Lr + c||w||_L2 ||∇v||_Lr + c||V ||_L4 ||∇^2v||_Lq + c||∇V ||_L2 ||∇v||_Lr

≤ cε||ṽ||_W 1,p , (3.9) where we used the estimates of Theorem 1.4, (2.25) and (3.8) in the last step. Since Δ^{−1} is a continuous map from W^{−1,p}(B_{8R}(x), R^m) into W^{1,p}_0 (B_{8R}(x), R^m), this shows that S : W^{1,p}(B_{8R}(x), R^m) → W^{1,p}(B_{8R}(x), R^m) is a bijection for every^4_3 < p < 2 and ε small enough.

Arguing as in the proof of Lemma A.3 it is easy to see that the same is true in the case p =^4_3 . This implies in particular that ṽ = AΔv ∈ W^{1,p}_0 (B_{8R}(x), R^m), for every p < 2, which then implies that u ∈ W^{3,p}(B_{4R}(x), R^m) for every p < 2. Next we use (3.1) iteratively to get first u ∈ W^{4,p}(B_{2R}(x), R^m) for every p < 2 and then u ∈ W^{4,2}(B_R(x), R^m). To prove (3.3) we use the interpolation inequality ∫ M φ^4(|∇u|^8 + |∇^2u|^4 + |∇^3u|^{83} ) ≤ cκ(u; R) ∫ M φ^4|∇^4u|^2 + cκ(u; R) R^4

, (3.10)

see [12], where φ is a cut-off function as above. From this and the explicit form of the equation (2.25) the claim follows.

Now we are able to prove Theorem 1.7. Proof of Theorem 1.7.

By previous results of Gastel [8] and Wang [27] we know that for every u_0 ∈ W^{2,2}(M, N) there exists a unique weak solution of (1.18) which is smooth away from finitely many times and for which the energy B_{ext} is monotonically decreasing. Let us denote the first singular time of the solution by T = T (u_0) and let us denote the unique smooth solution by v ∈ C^∞(M × (0, T ), N). As in the work of Freire [4] on the harmonic map flow we realize that it only remains to prove that u = v in M × (0, T ), where u ∈ H^1([0, T ], L^2(M)) ∩ L^2([0, T ], W^{2,2}(M)) is a solution of the flow in the energy space. The uniqueness then implies that u is smooth on M × (0, T ) and we can iterate the argument. In the following we let U = u − v. By Lemma 3.1 we know that U(t) ∈ W^{4,2}(M, N) for almost every t ∈ [0, T ). Covering M by balls B_{Rt} (x_i) such that at most finitely many of the balls B_{32Rt} (x_i) intersect and that we have

K(t, R_t) := κ(u(t); R_t) = ε 2 , (3.11)

where ε is as in Lemma 3.1. A consequence of [8] and [12] is that T is characterized by the fact that R_t → 0 as t → T . Using the finite covering property and the estimate (3.3) we get ∫ M |∇^4u|^2 ≤^{cK(t,Rt)}_{R4t} + c ∫ M |∂_tu|^2 ≤ c (3.12)

for almost every t ∈ (0, T ). Therefore we can directly follow the uniqueness proof of Gastel [8] for the smooth situation to conclude that U ≡ 0 and this finishes our proof.

A Appendix

In the appendix we collect certain existence results and estimates for second and fourth order systems which we need in Section 2 and 3. Instead of proving these results for vectorfields we prove them for forms. The two-vectorfield B = B_{kl} ∂_{xk} ∧∂_{xl} can be identified with the two-form B = B_{kl} dx_k ∧ dx_l. The differential operator curl for two-vectorfields is the same as δ for two-forms and the operator d for two-vectorfields is the same as the exterior derivative d for two-forms. Moreover the operator curl for one-vectorfields C = C_k ∂_{xk} is the same as d for the corresponding one-form C = C_k dx_k. With the help of these identifications one easily sees that the Theorems below imply the results which were needed in the proofs of the Theorems 1.1.–1.4.

Lemma A.1. Let f ∈ L^43^{,1}(B^4, M(m) ⊗ ∧^1R^4) and let B ∈ W^{1, 4}3^{,1}(B^4, M(m) ⊗ ∧^2R^4) be a solution of dδB = df in B^4,

dB = 0 in B^4 and

i^⋆_{∂B}4 (⋆B) = 0

(A.1)

then we have ||dB||_L 4_{3 ,1(B4)} ≤ c||f||_L 4_{3 ,1(B4 )}. (A.2) Proof. Using the Hodge decomposition (see [11], Corollary 10.5.1) and an interpolation argument (see [10]) we can write f = dα + δβ, where α ∈ W^{1, 4}3^{,1}(B^4, M(m)) and β ∈ W^{1, 4}3^{,1}(B^4, M(m) ⊗ ∧^2R^4) satisfy ||α||_{W 1,} 4_{3 ,1(B4)} + ||β||_{W 1,} 4_{3 ,1(B4)} ≤ c||f||_L 4_{3 ,1(B4 )}. (A.3) Moreover we have i^⋆_{∂B4} (⋆β) = 0 and β can be written as β = dβ̃, where β̃ ∈ W 1,^4_3 ,1(B4, M(m)⊗∧1R4). Defining B = β we see that B solves (A.1) and the estimate (A.2) follows from (A.3). From the fact that the homogeneous problem corresponding to (A.1) has only the trivial solution we get the desired result.

Lemma A.2. There exists ε > 0 such that for every P ∈ W^{1,4}(B^4, SO(m)) satisfying ||dP ||_L4_{(B}4_) + ||dP^{−1}||_L4_{(B}4_) ≤ ε, (A.4) the only solution C ∈ W^{1, 4}3 (B^4, M(m) ⊗ ∧^2R^4) of d(δCP^{−1}) = 0,

i^⋆_{∂B}4 (⋆C) = 0

(A.5)

is C = 0.

Proof. First of all we claim that we can without loss of generality assume that C = dγ for some γ ∈ W^{1, 4}3 (B^4, M(m) ⊗ ∧^1R^4). If this is not the case we use the Hodge decomposition for δC (see [11]) to get δC = dα + δβ, i^⋆_{∂B}4 (⋆β) = 0 and β = dγ.

(A.6)

From this we see that dα is harmonic and i^⋆_{∂B}4 dα = 0 which yields dα = 0. Therefore replacing C with β proves the claim. This implies that additional to (A.5) we can assume dC = 0.

Since d(δCP^{−1}) = 0 we get the existence of f ∈ W^{1, 4}3 (B^4, M(m)) such that δCP^{−1} = df. (A.7) This implies that Δf = ⋆(d(⋆C) ∧ dP^{−1}) in B^4, f = const. on ∂B^4.

(A.8)

By subtracting the constant we can assume that f is zero on the boundary. Using the results of Coifman, Lions, Meyer and Semmes [3] gives ||df||_L 4_{3 (B4)} ≤ c||dP^{−1}||_L4_{(B}4_)||dC||_L 4_{3 (B4 )}. (A.9) On the other hand with the remarks from above we have that dδC = d(dfP ), dC = 0, i^⋆_{∂B}4 (⋆C) = 0.

(A.10)

Using Lemma A.1 (without the interpolation argument to get estimates in Lorentz spaces) we get ||dC||_L 4_{3 (B4)} ≤ c||df||_L 4_{3 (B4)}. (A.11) Combining this with (A.9) we get that d(⋆C) = 0. Using (A.10) this implies that ⋆C is harmonic and with the help of i^⋆_{∂B4} (⋆C) = 0 we conclude that ⋆C ≡ 0.

In the next Lemma we prove a version of Wente’s inequality for fourth order systems. The proof of this Lemma relies on the fact that the fundamental solution G of Δ^2 on R^4 is a multiple of log r.

Lemma A.3. Let u ∈ W^{2,2}(B^4, R^m) be a solution of

−Δ^2u = ⋆(dv ∧ dw) + div f in B^4, u = ∂ ∂ν Δu = 0 on ∂B^4 and ∫ Ω Δu = 0,

(A.12)

where v ∈ W^{1,p}(B^4, R^m ⊗ ∧^2R^4), w ∈ W^{1,q}(B^4, R^m) (^1_p +^1_q = 1) and f ∈ L^43^{,1}(B^4, R^{4m}). Then we have

||u||_L∞ + ||u||_W 2,2 + ||Δu||_L2,1 + ||∇Δu||_L 4_{3 ,1} ≤ c||dv||_Lp ||dw||_Lq + c||f||_L 4_{3 ,1} . (A.13)

Proof. First we consider a solution u_1 of

−Δ^2u_1 = ⋆(dv ∧ dw) in B^4,

u_1 = ∂ ∂ν Δu_1 = 0 on ∂B^4 and ∫ Ω Δu_1 = 0.

(A.14)

Due to the above mentioned fact that G(x) = log |x| we can follow the proof of the Wente inequality for the two-dimensional case word by word (see for example [1] or [9]) and get the desired estimate for u_1. The L^43^{,1}-estimate for ∇Δu_1 and the L^{2,1}-estimate for Δu_1 follow from the work of Coifman, Lions, Meyer and Semmes [3] applied to Δ(Δu_1) and the embeddings W^{1,1} → L^43^{,1} and W^{2,1} → L^{2,1} in four dimensions (see [16]). Next we consider the solution u_2 of

−Δ^2u_2 = div f in B^4,

u_2 = ∂ ∂ν Δu_2 = 0 on ∂B^4 and ∫ Ω Δu_2 = 0.

(A.15)

By classical L^p-theory and interpolation (see [10]) we obtain u_2 ∈ W^{2,2} and ∇Δu_2 ∈ L^43^{,1} with the desired estimate. To derive the L^∞-bound of u_2 we assume first that u_2 ∈ C^∞(B^4, R^m). Then we extend u_2 to all of R^4 with compact support and we let û_2 denote this extension. Moreover, by interpolation, we can assume that ||∇Δû_2||_L 4_{3 ,1} ≤ c(||∇Δu_2||_L 4_{3 ,1} +

||u_2||_W 2,2 ). Due to the fact that ∇G ∈ L^{4,∞} we can estimate |û_2(x)| = | ∫ R^4 Δ

2G(y − x)û_2(y)dy| = | ∫ R^4 ∇G(y − x)∇Δû2(y)dy|

≤ c||∇Δû_2||_L 4_{3 ,1} ≤ c(||∇Δu_2||_L 4_{3 ,1} + ||u_2||_W 2,2 ).

(A.16)

By density the L^∞-bound of u_2 follows. Finally the L^{2,1}-bound for Δu follows from the embedding L^{43 ,1}_1 → L^{2,1} (see [14], [15]). Altogether this gives the desired estimates for u. Remark A.4. A special situation of the above result is the case f ∈ W^{1,1}(B^4, R^m) → L^43^{,1}(B^4, R^m).

Next we prove the gauge transformation result which we need for the proof of Theorem 1.4.

Theorem A.5. There exists ε > 0 and c > 0 such that for every Ω ∈ W^{1,2}(B^4, so(m) ⊗ ∧^1R^4) satisfying ∫ B^4

|∇Ω|^2 + ( ∫ B^4

|Ω|^4)^{12} < ε, (A.17)

there exists ξ ∈ W^{2,2}(B^4, so(m) ⊗ ∧^2R^4) and U ∈ W^{2,2}(B^4, so(m)) such that Ω = e^{−U} de^U + e^{−U} d^⋆ξe^U , d(i^⋆_{∂B}4 ⋆ ξ) = 0, ||U||_W 2,2_{(B}4_) + ||ξ||_W 2,2_{(B}4_) ≤ c(||∇Ω||_L2_{(B}4_) + ||Ω||_L4_{(B}4_)).

(A.18)

Proof. The result follows by a compactness argument from the following Lemma A.6. Lemma A.6. There exists ε > 0 and c > 0 such that for every α > 0 and every Ω ∈ W^{1,2+α}(B^4, so(m) ⊗ ∧^1R^4) satisfying ∫ B^4

|∇Ω|^2 + ( ∫ B^4

|Ω|^4)^{12} < ε, (A.19) there exists ξ ∈ W^{2,2+α}(B^4, so(m) ⊗ ∧^2R^4) and U ∈ W^{2,2+α}(B^4, so(m)) such that Ω = e^{−U} de^U + e^{−U} d^⋆ξe^U , (A.20) d(i^⋆_{∂B}4 ⋆ ξ) = 0, (A.21) ||U||_W 2,2_{(B}4_) + ||ξ||_W 2,2_{(B}4_) ≤ c(||∇Ω||_L2_{(B}4_) + ||Ω||_L4_{(B}4_)) and (A.22) ||U||_W 2,2+α_{(B}4_) + ||ξ||_W 2,2+α_{(B}4_) ≤ c(||∇Ω||_L2+α_{(B}4_) + ||Ω||_L4+2α_{(B}4_)). (A.23) Proof. Since the proof of this result follows closely the arguments given in [18], [19] and [23] we only sketch the main ideas here. For α > 0 we introduce the set

U^α_{ε,C} := {Ω ∈ W^{1,2+α}(B^4, so(m) ⊗ ∧^1R^4)| ∫ B^4

|∇Ω|^2 + ( ∫ B^4

|Ω|^4)^{12} < ε and there exist P and ξ satisfying (A.20) − (A.23)}.

Since Ω ≡ 0 ∈ U^α_{ε,C} it remains to show that, for ε > 0 small enough and C large enough, the set U^α_{ε,C} is both open and closed in the path-connected set

V^α_ε := {Ω ∈ W^{1,2+α}(B^4, so(m) ⊗ ∧^1R^4)| ∫ B^4

|∇Ω|^2 + ( ∫ B^4

|Ω|^4)^{12} < ε}.

The proof of the closedness relies on the fact that we have the embedding W^{2,2+α}(B^4) → C^{0,β}(B^4), for some β > 0. This allows to pass to the limit in (A.20). The openness follows as in [18], [19] and [23].

References

[1] H. Brezis, and J.-M. Coron. Convergence of solutions of H-systems or how to blow bubbles. Arch. Ration. Mech. Anal., 89:21–56, 1985.

[2] A. Chang, L. Wang, and P. Yang. A regularity theory of biharmonic maps. Comm.

Pure Appl. Math., 52:1113–1137, 1999.

[3] R. Coifman, P.-L. Lions, Y. Meyer, and S. Semmes. Compensated compactness and Hardy spaces. J. Math. Pures Appl., 72:247–286, 1993.

[4] A. Freire. Uniqueness for the harmonic map flow in two dimensions. Calc. Var. Partial Differ. Equ., 3:95–105, 1995.

[5] A. Freire. Uniqueness for the harmonic map flow from surfaces to general targets.

Comment. Math. Helvetici, 70:310–338, 1995.

[6] A. Freire. Correction to "Uniqueness for the harmonic map flow from surfaces to general targets" [Comment. Math. Helvetici, 70:310–338, 1995]. Comment. Math. Helvetici, 71:330–337, 1996.

[7] J. Frehse. A discontinuous solution of a mildly nonlinear elliptic system. Math. Z., 134:229–230, 1973.

[8] A. Gastel. The extrinsic polyharmonic map heat flow in the critical dimension. to appear in Adv. Geom.

[9] F. Hélein. Harmonic maps, conservation laws and moving frames, volume 150 of Cambridge Tracts in Mathematics. Cambridge University Press, Cambridge, 2002.

[10] R. Hunt. On L(p, q) spaces. Enseignement Math., 12:249–276, 1966.

[11] T. Iwaniec, and G. Martin. Geometric function theory and non-linear analysis, Oxford Mathematical Monographs. Oxford University Press, New York, 2001.

[12] T. Lamm. Heat flow for extrinsic biharmonic maps with small initial energy. Ann.

Global Anal. Geom., 26:369–384, 2004.

[13] T. Lamm. Biharmonic map heat flow into manifolds of nonpositive curvature. Calc.

Var. Partial Differ. Equ., 22:421–445, 2005.

[14] R. O’Neil. Convolution operators and L(p, q) spaces. Duke Math. J., 30:129–142, 1963.

[15] J. Peetre. Nouvelles propriétés d’espaces d’interpolation. C. R. Acad. Sci. Paris, 256:1424–1426, 1963.

[16] S. Poornima. An embedding theorem for the Sobolev space W^{1,1}. Bull. Sci. Math., 107:253–259, 1983.

[17] T. Rivière. Flot des applications harmoniques en dimension deux. published in "Applications harmoniques entre variétés", PhD thesis University Paris 6, 1993.

[18] T. Rivière. Conservation laws for conformal invariant variational problems. Preprint, 2006.

[19] T. Rivière, and M. Struwe. Partial regularity for harmonic maps, and related problems.

Preprint, 2006.

[20] E. Stein, and G. Weiss. Introduction to Fourier analysis on Euclidean spaces, volume 32 of Princeton Mathematical Series. Princeton University Press, Princeton, N.J., 1971.

[21] P. Strzelecki. On biharmonic maps and their generalizations. Calc. Var. Partial Differ.

Equ., 18:401–432, 2003.

[22] L. Tartar. Imbedding theorems of Sobolev spaces into Lorentz spaces. Boll. Unione Mat. Ital. Sez. B Artic. Ric. Mat., 1:479–500, 1998.

[23] K. Uhlenbeck. Connections with L^p bounds on curvature. Comm. Math. Phys., 83:31– 42, 1982.

[24] C. Wang. Biharmonic maps from R^4 into a Riemannian manifold. Math. Z., 247:65–87, 2004.

[25] C. Wang. Stationary biharmonic maps from R^m into a Riemannian manifold. Comm.

Pure Appl. Math, 57:419-444, 2004.

[26] C. Wang. Remarks on biharmonic maps into spheres. Calc. Var. Partial Differ. Equ., 21:221–242, 2004.

[27] C. Wang. Heat flow of biharmonic maps in dimension four and its application. to appear in Quarterly J. of Pure and App. Math. (special issue in honor of L. Simon).