Connecting Rational Homotopy Type Singularities.

Robert Hardt and Tristan Rivière

May 4, 2005

Abstract : Let N be a compact simply connected smooth Riemannian manifold and p an arbitrary positive integer. For any map u from R^{p+1} into N whose gradient is in L^p(R^{p+1}), the restriction of u to almost every p dimensional sphere in R^{p+1} defines an homotopy class in π_p(N) ([Wh]). Evaluating a fixed element z of Hom(π_p(N), R) on this homotopy class thus gives a map Φ_{z,u} from the space of “generic” p-spheres into R. The main result of the paper is to show that, under the assumption that u can be approximated by a W^{1,p} weakly convergent sequences of smooth maps in C^∞(R^{p+1}, N), there exists a rectifiable Poincaré dual of Φ_{z,u} : a countable union Γ of C^1 curves in R^{p+1} together with a Hausdorff H^1−measurable real multiplicity function θ and orientation ⃗Γ on Γ such that the intersection number between any “generic” sphere S and this Poincaré dual equals Φ_{z,u}(S). Moreover, we exhibit a nonnegative integer n_z, depending only on z, such that � Γ |θ|^{p(p+nz)−1} dH^1 < ∞. We give cases of N, p and z for which this rational number p(p + n_z)^{−1} in the above integral is optimal. The construction of this Poincaré dual is based on 1 dimensional “bubbling” described by the notion of “scans” which was introduced in [HR1].

I Introduction

Let (N, g) be a closed Riemannian manifold. With the help of Nash embedding theorem, we may assume that N is a submanifold, with the induced metric, of some Euclidian space R^k. One then has, for any m ∈ N and p ≥ 1, the space of Sobolev maps:

W^{1,p}(R^m, N) = {u ∈ W^{1,p}(R^m, R^k) : u(x) ∈ N for almost every x ∈ R^m} .

An important issue regarding the description of these non-linear function spaces, which plays an increasing role in analysis, is the question of the density in W^{1,p}(R^m, N), for the W^{1,p} norm, of smooth maps taking values into N.

In case p > m, Sobolev embedding shows that any map in W^{1,p}(R^m, N) is (Hölder) continuous. For such a continuous W^{1,p} map u, it is not difficult to see, using standard smoothing in W^{1,p}(R^m, R^k) ∩ C^0 and nearest-point projection to N, that u is strongly W^{1,p} approximable by maps in C^∞(R^m, N).

In case p = m, this continuity of a Sobolev map is no longer automatically true. Nevertheless, C^∞(R^p, N) is still strongly dense in W^{1,p}(R^p, N) as noted by Schoen and Uhlenbeck [SU]. It follows similarly that any map u ∈ W^{1,p}(S^p, N) admits a strong W^{1,p} approximation by maps in C^∞(S^p, N). White [Wh] showed how this approximation gives a well-defined homotopy class in π_p(N). Conversely, every homotopy class in π_p(N) (which is, by definition, given by a continuous map) admits a smooth and hence W^{1,p} representative.

In case p < m, the strong W^{1,p} density of C^∞(S^p, N) in W^{1,p}(R^p, N) may fail (as seen in the example x/|x| ∈ W^{1,2}(B^3_1 , N) discussed in [SU] ). The general problem of strong W^{1,p} approximability was considered by Bethuel in [Be] (see also more recent works and updated results on the necessary and sufficient topological conditions by Hang and Lin in [HL1] and [HL2] ). It was shown in particular in [Be] that smooth maps are not dense in W^{1,p}(R^m, N) whenever π_{[p ]}(N) ≠ 0 (where [p ] is the integer part of p).

In this paper we restrict to the case m = [p ] + 1. For a map u in W^{1,p}(R^m, N), Fubini’s Theorem, implies that, for each center c ∈ R^m, and almost every radius r > 0, the restriction of u to the [p ]−sphere ∂B^m_r (c) belongs to W^{1,p}(∂B_r(c), N). Thus the map

u_{c,r} : S^p −→ N , u_{c,r}(x) = u(c + rx)

gives, as discussed above, an element of π_{[p]}(N) because p ≥ [p] = dim ∂B_r(c). The map u is strongly W^{1,p} approximable by smooth maps if and only if the homotopy class of such a restriction u_{c,r} is zero for almost every (c, r). The goal of this paper is to describe, for an arbitrary map in W^{1,p}(R^{p+1}, N), “how big” is the obstruction of the strong approximability. The idea is to try to “connect” the topological singularities of u. Such a singularity is recognized by seeing that the homotopy class [u_{c,r}] changes as the sphere ∂B^m_r (c) moves across the singularity. We restrict to the obstruction coming from the infinite non-torsion part π_{[p ]}(N) ⊗ R of π_{[p ]}(N). Also to simplify the notations in the presentation, we henceforth assume that

p = [p ] .

Suppose z is an element in the vectorspace

(π_p(N) ⊗ R)^∗ = Hom (π_p(N) , R) , and u ∈ W^{1,p}(R^{p+1}, N). To study the z-topological singularities of u, we consider restriction to spheres with the map

Φ_{z,u} : R^{p+1} × R+ −→ z( π_p(N) ) ⊂ R ,

(c, r) → z( [u_{c,r}] ) .

This is defined for almost every (c, r) in R^{p+1} × R_+ and is, as we shall see, Lebesgue measurable. Note that Φ_{z,u}(c, r) = 0 in case u is continuous on the closed ball B_r(c) because then u_{c,r} is homotopic to a constant.

Recall that any countable union Γ of C^1 embedded curves admits an H^1 measurable orientation, that is, a unit vectorfield ⃗Γ so that, at H^1 almost every point x ∈ Γ, Γ(x) orients the approximate line for Γ at x (see [Fe],3.2.19). We keep denoting Γ as the set of points at which ⃗Γ exists. Moreover, for almost every (c, r) in R^{p+1} × R^∗_+, the sphere ∂B_r(c) intersects Γ transversally (see Lemma V.1) ; that is,

⃗Γ(a) · (a − c) ≠ 0 for all a ∈ Γ ∩ ∂B_r(c) .

We can now state our main result.

Theorem I.1 Let N be a compact simply connected Riemannian manifold, p be a positive integer, and z be an element of Hom(π_p(N), R). Then there exist a nonnegative integer n_z and a positive constant C_z such that for any map u in W^{1,p}(R^{p+1}, N) which can be approximated weakly in W^{1,p}(R^{p+1}, N) by smooth maps, there exists a countable union Γ of C^1 curves with measurable orientation ⃗Γ and a nonnegative H^1 measurable multiplicity function θ from Γ into z( π_p(N) ) such that

Φ_{z,u}(c, r) = z( [u_{c,r}] ) = � a∈Γ∩∂B_r (c)

⃗Γ(a) · (a − c) θ(a) (I.1)

for almost every (c, r) ∈ R^{p+1} × R_+, H^1{a ∈ Γ : θ(a) ≠ 0} < ∞, and � Γ |θ|^{pp+nz} dH^1 ≤ C_z lim inf_{n→∞} � R^{p+1}

|∇u_n|^p dx < ∞ (I.2)

for any sequence u_n ∈ C^∞(R^{p+1}, N) converging W^{1,p} weakly to u. (Γ, ⃗Γ, θ) is called a rectifiable Poincaré dual to Φ_{z,u}.

Remark I.1 In the previous theorem, the assumption of W^{1,p} weak approximability by maps in C^∞(R^{p+1}, N) can be replaced by the assumption of W^{1,p} weak approximability by maps u_n in W^{1,p}(R^{p+1}, N) satisfying Φ_{z,un} ≡ 0.

The reason why we call (Γ, ⃗Γ, θ) a Poincaré dual to Φ_{z,u} is the following: In case u has only finitely many isolated singularities c_1, · · · , c_I , each homotopy class d_i = [u_{ci,r}] is then independent of the choice of radius r < min_{j≠i} |c_j −c_i|. For any p cycle C with compact support in M = R^{p+1} \ {c_1, · · · , c_I }, C = ∂B for some unique (p + 1) chain B of compact support in R^{p+1}. The chain B has constant multiplicity in each component of M \ spt C, and we suppose that n_j is the multiplicity of B at c_j . Then the map Φ given by

Φ(C) = z ( I� i=1 n_i d_i )

gives a well-defined cohomology element in H^p(M, R). It is easy to see that any choice of (Γ, ⃗Γ, θ) satisfying (I.1) is a representative of the Poincaré dual in H_1(M, R) of Φ. Recalling that maps having isolated point singularities are dense in W^{1,p}(R^{p+1}, N) (see [Be]), we see this notion of Poincaré dual can be interpreted as a limit of the classical one.

Theorem I.1 was first established in the particular case where N = S^2 in [BCL], [BBC], [GMS1], [ABL] (see the discussion in [GMS]). In that case, there is one generator z of Hom(π_p(S^p), R) ≃ R (the topological degree) and n_z = 0. These situations where n_z = 0 are a very special and allow the bubbled object (Γ, ⃗Γ, θ) to be interpreted as a current. Being a limit of a mass-bounded sequence of rectifiable currents, it is also rectifiable by geometric measure theory (see [GMS]). Then in [Ri] and [HR1] the case where N = S^2 for arbitrary p was considered. In that case, for p = 3, Hom(π_3(S^2), R) ≃ R is also generated by one element z (the Hopf degree), but now n_z = 1, and any corresponding (Γ, ⃗Γ, θ) cannot, by specific example [HR1],2.5, be interpreted as a current.

A critical general problem behind this work is the question:

For any homotopy invariant z ∈Hom(π_p(N), R) and M > 0, what is the minimum possible p energy � S^p |∇u|

pdH^p necessary for a map u ∈ C^∞(S^p, N) to have z( [u] ) ≥ M?

For N = S^p and z being the topological degree, n_z = 0, and this minimum p energy is precisely p^{p/2}H^p(S^p) · M. On the other hand, for N = S^2 with p = 3, and z being the Hopf degree, n_z = 1, and the minimum 3 energy is asymptotically C M^34 = C M^{p(p+nz )−1} by [Ri]. There are other situations where we know that the integer n_z, as defined in III.2(iii) and II.5, is optimal for the inequality (I.2). Precisely we have the following result:

Proposition I.1 Let N be a compact simply connected Riemannian manifold, p be a positive integer and z be an element of Hom(π_p(N), R). Assume that the critical exponent p(p + n_z)^{−1}, with n_z defined in definition II.5 is optimal in the sense given by definition II.2. Then, for any β > p(p + n_z)^{−1}, there exists u in W^{1,p}(R^{p+1}, N), a weak limit of smooth maps, such that for any Poincaré dual of Φ_{z,u}, (Γ, ⃗Γ, θ), satisfying (I.1), one has � Γ | θ|^β dH^1 = ∞ .

¿From section 2 we know, for instance, that the optimality assumption of this proposition is fulfilled for N being a sphere or a connected sum of CP^2 and S^2 × S^2 and arbitrary z ≠ 0. We believe that this should be true for a large class of N (including in particular every 4-dimensional simply connected manifold). The proof of Proposition I.1 is based on the construction corresponding to the one presented in the example 2.5 of [HR1] which deals with the case N = S^2 and p = 3.

Finally we make the following observation. If p(p + n_z)^{−1} is optimal in the sense given by definition II.2, then the following converse of Theorem I.1 holds : let u be an arbitrary map in W^{1,p}(R^{p+1}, N) admitting a rectifiable Poincaré dual (Γ, ⃗Γ, θ) satisfying (I.1) such that � Γ |θ|^{pp+nz} dH^1 < ∞ ,

Then there exists a sequence of maps u_n in W^{1,p}(R^{p+1}, N) satisfying Φ_{z,un} ≡ 0 converging weakly in W^{1,p} to u. The proof of this assertion is quite immediate if Γ is made of finitely many C^1 curves, but requires an approximation theorem similar to the one in [ABO], section 5 for dealing with the general case.

The goal of the paper is to prove Theorem I.1. We spend some time in Section II recalling facts and establishing new tools regarding the Novikov integral representation of Sullivan’s rational homotopy groups that we need to prove our main result. Generalizing known formulas for the topological degree or for the Hopf degree, we derive, for any z ∈Hom(π_p(N), R) and u ∈ C^∞(S^p, N) an integral expression

z( [u] ) = � S^p

u^{Kz}

where the p form u^{Kz} is constructed from u pull-backs of closed forms on N by operations of wedge product and explicit (and analytically estimable)“d^{−1} integrations” using certain Gauss integrals. The combinatorial form of these operations is described by the notion of a “tree-graph” associated with z, which is defined and illustrated by several specific examples, in II.3. In Section III we discuss the z-type bubbling for a W^{1,p} weakly convergent sequence u_n ∈ C^∞(S^p, N) ⇀ u ∈ W^{1,p}(S^p, N). In particular, a subsequence of the p forms u^{Kz}_n converge as Radon measures to a sum u^{Kz} +

�_I i=1 m_iδ_{ai} where the m_iδ_{ai} are the “bubbles”. Finally in Section IV, we turn to maps on R^{p+1}, again considering W^{1,p} weakly convergent sequences of smooth maps and assemble the bubbles in a limiting “scan”. We prove, for a subsequence, the uniqueness and rectifiability of this scan, and, by integration, obtain Theorem I.1.

II Gauss Forms and Integral Representations of Rational Homotopy Groups.

In this part we shall exhibit Gauss forms associated to the Novikov linear forms of the rational homotopy groups from a smooth compact simply connected manifold N. To that aim we need to review D.Sullivan [Sul] and S.Novikov results in [Nov1], [Nov2] and [Nov3].

II.1 Integral Representation of Elements from Hom(π_p(N), R).

II.1.1 Minimal Models and Geometric Realizations.

A differential graded algebra A over R is an R-graded vector space of the form A = ⊕_{i≥0}A^i together with a skew-commutative law

a · b = (−1)^{rg a rg b} b · a ,

and an antiderivation of degree 1 satisfying

d(a · b) = da · b + (−1)^{rg a}a · db .

It is free when it possesses no other relation than this skew-commutative law and the associativity rule. Let V = span{x_1, · · · , x_k} be a graded R−vector space, each x_i having a degree in N, and let ∧(x_1 · · · x_k) denote the free graded commutative algebra generated by x_1, · · · , x_k. If, for instance, x_1, · · · , x_q are of even degree and x_{q+1}, · · · , x_n are odd, then, ignoring the grading, ∧(x_1 · · · x_k) identifies with S(⊗^q_{i=1}x_i) ⊗ ∧^{n−q}_{j=1} x_j . Here ∧^{n−q}_{j=1} x_j denotes the exterior algebra of ⊗^{n−q}_{j=1} x_j while S(B) is the symmetric algebra of B : S(B) = B/(x⊗y−y⊗x). An element a ∈ A is said to be decomposable if it is a sum of the product of two elements in A^∗ = ⊕_{i>0}A^i. A differential graded algebra

M is called a minimal model for another differential graded algebra A if M satisfies the following three conditions:

i) M is free. This means that there exists a graded R−vector space V = ⊕_{i≥1}V^i such that M = S(V^{even}) ⊗ ∧V^{odd}

ii) There is a morphism of D.G.A.’s Ψ : M → A, called a geometric realization of M, which induces an isomorphism in cohomology.

iii) The exterior differential of a generator is either 0 or decomposable.

Since V^0 = {0}, M^0 = R. Observe that iii) means that dV^p ∈ M^+ · M^+ where M^+ is the maximal idea M^+ = ⊕_{i≥1}M^i. A minimal model M is said to be simply connected if M^1 = 0. A minimal model M = S(V^{even}) ⊗ ∧V^{odd} is also said to be nilpotent if each space V^i is finite dimensional. A basic result is the following:

Proposition II.1 [Sul] For any compact simply connected manifold N, the exterior algebra of differential forms on N, A = ∧^∗N, admits a nilpotent simply connected minimal model M_N .

A proof of Proposition II.1 can for instance be found in [BT] pages 230- 231 or [GM] page 116-117. The uniqueness of M_N (modulo isomorphism of D.G.A.’s) and the uniqueness of the associated geometric realization (modulo homotopy of morphisms of D.G.A.’s) is given in [GM] Theorem 10.9. For any integer p > 1, we have the following important identification of linear forms on π_p(N) ⊗ R.

Theorem II.1 [Sul] Let M_N = S(V^{even}) ⊗ ∧V^{odd} be the minimal model for the compact simply connected manifold N, the space Hom(π_p(N), R) is isomorphic to V^p the vector space spanned by the generators of degree p in M_N (or indecomposable elements of degree p in M_N ).

Proofs of this theorem can be found in [Sul], [GM]...etc. In [Sul] page 312 an expression of this duality between V^p and Hom(π_p(N), R) involving some “integral expression” is explained briefly : let u be a map from S^p into N representing a class in π_p(N). By pull-back, u^∗ induces a D.G.A. morphism between ∧^∗N and ∧^∗S^p. Given two geometric realizations Ψ_N between M_N and ∧^∗N and Ψ_Sp between M_Sp and ∧^∗S^p, one can prove that u^∗ lifts into a D.G.A. morphism û between M_N and M_Sp such that the following diagram is commutative modulo homotopy (see [GM] chapter XIV).

M_N^û−→ M_Sp � � �Ψ_N � � �Ψ_Sp

∧^∗N^{u∗}−→ ∧^∗S^p

The space generated by the generators of degree p in M_Sp is isomorphic to R. (There is exactly one generator x - see the computation of M_Sp in [GM] and this isomorphism is given by integrating Ψ_Sp (x) on S^p.) Therefore, û restricted to the space V^p generated by the generators of degree p in M_N = S(V^{even}) ⊗ ∧V^{odd} is a linear form : � S^p ΨS^p ∘ û : V

p → R. It is not difficult to check that it only depends on the homotopy class of u. The dual of the map π_p(N) −→ Hom(V^p, R) ,

u → � S^p

Ψ_Sp ∘ û � � � V^p

is the isomorphism between V^p and Hom(π_p(N), R) given by Theorem II.1 (see [GM] chapter XIV).

Remark II.1 Note that this isomorphism between V^p and Hom(π_p(N), R) depends on a choice of the geometric realization Ψ_N . If z is an element in V^p, we will keep denoting by z the image of z in Hom(π_p(N), R) by this isomorphism when there is no ambiguity about which geometric realization we are using.

Given a geometric realization Ψ_N : M_N → ∧^∗N, it is tempting to identify the correspondance between V^p and Hom(π_p(N), R) in a more tractable way - the construction of û from u^∗ which holds up to homotopy in D.G.A.’s has to be made more explicit (see for instance this construction for [u] ∈ π_3(N) pages 159-161 of [GM]). We aim to get a procedure to construct some more concrete expression of � S^p ΨS^p ∘û(z) for the elements z in V

p involving only u and smooth differential forms in N, like for instance the well known integral expression of the topological degree between S^p and S^p

[u] ∈ π_p(S^p) −→ � S^p

u^∗ω

where ω generates H^p(S^p) or the Hopf degree between S^{4p−1} and S^{2p}

[u] ∈ π_{4p−1}(S^{2p}) −→ � S^{4p−1}

η ∧ u^∗ω

where ω generates H^{2p}(S^{2p}) and dη = ω.

[Nov1], [Nov2], and [Nov3] contain a relatively simple procedure to compute the linear form � S^p ΨS^p ∘ û on V

p. In the next section we recall that procedure.

II.2 d-extensions of Minimal Models and the Hopf- Novikov Integral Representation of Elements in Hom(π_p(N), R).

Starting from a given geometric realization Ψ_N of the minimal model M_N , we construct the following free extension of M_N . Let x_{2,1}, · · · , x_{2,p2} be the generators of degree 2 (i.e. V^2 = Span{x_{2,1}, · · · , x_{2,p2} }). We call C_2(M_N ) the algebra M_N to which we add p_2 free generators of degree 1 : y_{1,1}, · · · , y_{1,p2} satisfying d(y_{1,i}) = x_{2,i} for all i .

Thus C_2(M_N )) = M_N [y_{1,1}, · · · , y_{1,p2} ] .

This has the effect to kill the H^2 of M_N , moreover, we have

H^3(C_2(M_N )) ≃ V^3 .

Indeed, given x_{3,j} a generator of degree 3 of M_N , dx_{3,j} is a linear combination of wedges of degree 2 :

dx_{3,j} = � k<l α^{kl}_j x_{2,k} ∧ x_{2,l} = � k<l α^{kl}_i d(y_{1,k} ∧ x_{2,l}) .

It is straightforward to check that the family z_{3,i} = x_{3,i} − � k<l α^{kl}_i y_{1,k} ∧ x_{2,l} generates H^3(C_2(M_N )), and so we add p_3 free generators y_{2,i} so that dy_{2,i} = z_{3,i}. We then go further in this construction until reaching the d−extension of order p − 1 of M_N : C_{p−1}(M_N ). This procedure goes as follows : for q < p − 1 H^q(C_{q−1}(M_N )) is generated by the family of elements of the form z_{q,i} = x_{q,i} + t_{q,i} for i = 1, · · · , p_q, satisfying dz_{q,i} = 0, where the x_{q,i} are the generators of degree q of M_N and t_{q,i} are elements of degree q in the ideal I^{q−1}(C_{q−1}(M_N )) generated by the elements of degree strictly less than q in C_{q−1}(M_N ) and we pass from C_{q−1}(M_N ) to C_q(M_N ) by adding p_q free generators y_{q−1,1}, · · · , y_{q−1,pq} satisfying

dy_{q−1,i} = z_{q,i} = x_{q,i} + t_{q,i} .

Consider then the ideal generated by the elements of degree less or equal to q in C_{q−1}(M_N ). It is a free graded algebra

I^q(C_{q−1}(M_N ))

= ∧(y_{1,1} · · · y_{1,p2} , z_{2,1} · · · z_{2,p2} , · · · , y_{q−1,1} · · · y_{q−1,pq} , z_{q,1} · · · , z_{q,pq} ) generated by elements y_{i−1,j} and z_{i,j} for i = 2, · · · , q and j = 1, · · · , p_q and where deg y_{i−1,j} = i − 1 and deg z_{i,j} = i

d y_{i−1,j} = z_{i,j}

(II.1)

It is then easy to verify that such a free algebra has a trivial cohomology

H^∗(I^q(C_{q−1}(M_N ))) = {0} (II.2)

Indeed, consider a ∈ I^q(C_{q−1}(M_N )) such that da = 0 and take i_0 ∈ [1, q] and j_0 ∈ [1, p_q] such that a contains y_{i0−1,j0} or z_{i0,j0} in its decomposition in this free algebra. Assuming for instance i_0 is even, one has a = � k y_{i0−1,j0} ∧ z^k_{i0,j0} ∧ A_k + z^{k+1}_{i0,j0} ∧ B_k + R ,

where A_k, B_k and R contain no y_{i0−1,j0} or z_{i0,j0} in their decomposition in linear combinations of products of generators y and z. Since da = 0 one has 0 = � k z_{i0,j0} ∧ z^k_{i0,j0} ∧ A_k + � k y_{i0−1,j0} ∧ z^k_{i0,j0} ∧ d A_k + � k z^{k+1}_{i0,j0} ∧ d B_k + dR

(II.3) Because of (II.1) it is clear that d A_k, d B_k and d R contain no y_{i0−1,j0} or z_{i0,j0} in their decompositions in linear combinations of products of generators y and z. Thus since the algebra I^q(C_{q−1}(M_N )) is free, we have uniqueness in decompositions, and we get from (II.3) that

A_k = d B_k .

Therefore, we see that a = � k d � y_{i0−1,j0} ∧ z^k_{i0,j0} ∧ d B_k + z^{k+1}_{i0,j0} ∧ B_k � + R We may iterate this fact for R this time. After finitely many steps, we finally get that a is exact. Thus (II.2) is showed. Considering now one generator x_{q+1,i} of degree q + 1 in C_q(M_N ), since x_{q+1,i} is in M_N , d x_{q+1,i} is decomposable in M_N which means in particular that d x_{q+1,i} is in I^q(C_{q−1}(M_N )). Because of (II.2), there exists t_{q+1,i} in I^q(C_{q−1}(M_N )) such that d(x_{q+1,i} + t_{q+1,i}) = 0. It is moreover clear that x_{q+1,i} + t_{q+1,i} is not an exact form of C_q(M_N ). Thus, H^{q+1}(C_q(M_N )) ≃ V^q, and we have proved by induction the following lemma.

Lemma II.1 With the above notations and p being a positive integer, the following spaces are isomorphic

H^p(C_{p−1}(M_N )) ≃ V^p ≃ Hom(π_p(N), R) . (II.4)

Going back now to the question of finding a procedure for getting explicit expressions of the integral representations � S^p ΨS^p ∘ û(z) for arbitrary [u] ∈

π_p(N) and arbitrary z ∈ V^p, we proceed as follows. We first construct a d-continuation ũ of u^∗ between C_{p−1}(M_N ) and ∧^∗S^p. Contrary to the case of û where this lifting existed only modulo homotopies of D.G.A.’s, there is here a procedure to get ũ which goes by induction as follows. First we construct ũ between C_1(M_N ) = M_N and ∧^∗S^p by taking ũ(x) = u^∗Ψ_N (x). Suppose p > 2. In order to construct ũ between C_2(M_N ) and ∧^∗S^p we just have to define the images of the y_{1,j} by ũ and, in order to have a morphism of D.G.A.’s, they have to verify in particular d ũ(y_{1,j}) = ũ(x_{2,j} ) = u^∗Ψ_N (x_{2,j} ). We look for a specific operation d^{−1} on ∧^kS^p for 0 < k < p. It must satisfy

d(d^{−1}α) = α

for every closed form α ∈ ∧^kS^p. We may, using the standard metric on S^p, take the “Coulomb Gauge”

d^{−1} = d^∗Δ^{−1}

where Δ is the Hodge-Laplacian dd^∗ + d^∗d and d^∗ is the Hodge adjoint differential d^∗ = (−1)^{p(k+1)+1} ∗ d∗. Here Δ is invertible because H^k(S^p) = 0. As we will see below, other operations d^{−1} can also be very useful. We will often consider the one given by (II.11) which corresponds to the Coulomb Gauge but with respect to the flat metric on R^p after pull-back by the inverse of the stereographic projection.

Now fixing such an operation d^{−1}, we take

ũ(y_{1,j}) = d^{−1}ũ(x_{2,j}) .

The construction of ũ then goes further, following the inductive construction we made for C_q(M_N ) by taking for y_{q,j} (q + 1 < p)

ũ(y_{q,j}) = d^{−1}ũ(z_{q+1,j}) = d^{−1}ũ(x_{q+1,j} + t_{q+1,j} )

= d^{−1}u^∗Ψ_N (x_{q+1,j}) + d^{−1}ũ(t_{q+1,j}) .

Once ũ is completely constructed, it is then straightforward to verify that � S^p

Ψ_Sp ∘ û(z) = � S^p

ũ([z] ) where [z] is the class in H^p(C_{p−1}(M_N )) corresponding to z ∈ V^p via the isomorphism (II.4) constructed by induction and the differential form ũ( [z] ) has been constructed by induction also as described just above. We have then an explicit procedure to construct the integral representation of the elements in Hom(π_p(N), R) starting from a geometric realization Ψ_N of the minimal model M_N . Following the procedure, the forms ũ( [z] ) can be described with the help of graphs. Suppose that, for each i, the degree i forms ω_{i,j} give a basis for the degree i part of the the geometric realization Ψ_N of the minimal model M_N . Thus,

Span_{i,j}{ω_{i,j}} = Ψ_N (M_N ) ⊂ ∧^∗N .

It is straightforward to observe that ũ( [z] ) is a finite linear combination of p forms obtained as follows.

Each p form is obtained by first constructing a connected and simply connected tree-graph K = K_z as shown in figure II.2. The tree-graph contains

graph1.eps 105 × 50 mm

d^∗Δ^{−1}

d^∗Δ^{−1} d^∗Δ^{−1} d^∗Δ^{−1}

d^∗Δ^{−1} d^∗Δ^{−1} d^∗Δ^{−1} d^∗Δ^{−1}

ω_{A1} ω_{A2} ω_{A3} ω_{A4} ω_{A5} ω_{A7} ω_{A8} ω_{A9}

ω_{A6}

Figure 1: An example of tree graph arising in computing Hom(π_p(N), R).

finitely many vertices and finitely many segments connecting these vertices. Two vertices are connected by at most one segment, and the graph is assumed to be simply connected, that is, it contains no closed path. To each vertex A is assigned a closed element ω_A of the ideal generated by Ψ_N (M_N ). Each segment is oriented such that at each vertex, except one, there is exactly one segment leaving. The exceptional vertex is the summit or “end” of the graph where all the attached segments are arriving. Each segment corresponds to the integration procedure d^{−1} in the orientation direction and the connection of a segment to a vertex corresponds to taking a wedge product. Such a tree-graph is called (p dimensional) simply connected tree-graph of forms.

There is the single important p form

u^K

associated to the tree graph K for the given map u : S^p −→ N and element z in Hom(π_p(N), R). It is obtained as follows : starting from the ends of the branches, we pick the ω_A at each end, each independently from the other, and introduce the forms u^∗ω_A in ∧^∗S^p. Then from these ends one goes one segment backward in the graph by integrating the u^∗A that were assigned to each end (i.e. one considers η_A = d^{−1}u^∗ω_A) and one wedges the resulting form η_A with the pull-back by u of the form ω_A′ sitting at the vertex A^′ of the graph we have reached. One goes further in this algorithm until reaching the summit of the tree-graph and the p form obtained there is u^K . For instance the form u^K given by the graph II.2 is

u^K = u^∗ω_{i9,j9} ∧ d^{−1} � u^∗ω_{i8,j8} ∧ d^{−1}k_1 ∧ d^{−1}(u^∗ω_{i3,j3} ) ∧ d^{−1}k_2 � where k_1 = d^{−1} � u^∗ω_{i6,j6} ∧ d^{−1}(u^∗ω_{i1,j1} ) ∧ d^{−1}(u^∗ω_{i2,j2} ) � , and k_2 = d^{−1} � u^∗ω_{i7,j7} ∧ d^{−1}(u^∗ω_{i4,j4} ) ∧ d^{−1}(u^∗ω_{i5,j5} ) � . The graph has to be read from the left to the right : if K^1 and K^2 are two subgraphs connecting a node A and if K denotes the graph made of this two subgraphs union the node A and the two segment starting respectively from the summit of K_1 and the summit of K_2 and if K_1 is at the left of K_2, u^K is obtained by respecting the left-right order : we have u^K = u^∗ω_A ∧ d^{−1}(u^{K1} ) ∧ d^{−1}(u^{K2} ).

Similarly, one has a form u^L corresponding to any sub-tree-graph L of K whose summit is some vertex of K. In general

deg u^L = [ � vertices of L deg ω_A] − n^K (II.5)

where

n^K = number of segments of L = (number of vertices of L) − 1 ,

and deg u^L ≤ p = deg u^K , with equality if and only if L = K. We have established the following:

Proposition II.2 To a compact simply connected manifold N, an element z in (π_p(N) ⊗ R)^∗ and any geometric realization Ψ_N of the minimal model of N, one assigns, using the notation above, a formal linear combination of simply connected tree-graphs K = � i λ_iK_i (λ_i ∈ R) such that for any class [u] in π_p(N), represented by a map u ∈ C^∞(S^p, N), one has

z( [u] ) = � S^p

Ψ_Sp ∘ û(z) = � S^p

ũ( [z] ) = � S^p

u^K

where u^K = � i λ_iu^{Ki} . Starting from Ψ_N and z, the formal linear combination of tree-graphs K = � i λ_iK_i is given by the algorithm described above in this subsection.

Remark II.2 For a Sobolev map u ∈ W^{1,p}(S^p, N), the p form u^K is defined H^p almost everywhere on S^p and is H^p integrable, and the equation

z( [u] ) = � S^p

u^K

is still valid.

This is immediate from [Wh] and Proposition II.2 because � S^p u K n → � S^p u K whenever u_n ∈ C^∞(S^p, N) → u strongly in W^{1,p}. (With only weak W^{1,p} convergence, there may be additional “bubbled” limiting terms, as discussed below in Section III.)

II.3 Examples

We give here examples of application of the algorithm above to express elements of Hom(π_p(N), R) in terms of formal linear combinations of treegraphs.

Example 1 : N = CP^2. We first construct the minimal model of CP^2 and a geometric realization of it. Let ω be the Kähler form on CP^2. It is easy to check that M_{CP}2 is generated by two elements α and β of degree respectively 2 and 5 satisfying

dβ = α^3 , Ψ_{CP}2 (α) = ω , and Ψ_{CP}2 (β) = 0 .

Therefore only π_2(CP^2) and π_5(CP^2) have a non-torsion part. We have respectively

C_1(M_{CP}2 ) = M_{CP}2 and C_4(M_{CP}2 ) = S(α) ⊗ ∧[a, β]

where a is of degree 1, and satisfies da = α. So we have that H^2(C_1(M_{CP}2 )) ≃ V^2 is generated by α and H^5(C_4(M_{CP}2 )) ≃ V^5 is generated by β−a∧α^2. The

graph2.eps 73 × 45 mm ω

ω ω^2

K_α Kβ

Figure 2: the two tree-graphs arising in computing Hom(π_2(CP^2), R) and Hom(π_5(CP^2), R).

tree-graphs associated to these two elements are respectively, for α, a vertex alone with ω assigned to it and, for β, two vertices connected by one segment going from ω to ω^2 (see figure II.3) The corresponding integral expressions are α( [u] ) = � S^2

u^∗ω and β( [u] ) = � S^5

u^∗ω^2 ∧ d^{−1}(u^∗ω) .

Example 2 : N = S^2 × S^2.

Let ξ_1, ξ_2 : R^3 × R^3 into R^3 being the projections of the three first (resp. three last ) coordinates, and denote ω_i = ξ^∗_i ω where ω is a given generator of H^2(S^2). Easy computations give M_S2_{×S}2 = S(α_1, α_2) ⊗ ∧[β_1, β_2] where the α_i are of degree 2, whereas the β_j are of degree 3, and the following holds

dβ_1 = α^2_1, dβ_2 = α^2.

We can chose ω_1 and ω_2 such that ω_1 ∧ ω_1 ≡ 0 and ω_2 ∧ ω_2 ≡ 0. Therefore, we have the following geometric realization :

Ψ_S2_{×S}2 (α_i) = ω_i Ψ_S2_{×S}2 (β_i) = 0 .

Only π_2(S^2 × S^2) and π_3(S^2 × S^2) have non-torsion parts. One has

C_1(M_S2_{×S}2 ) = M_S2_{×S}2 and C_2(M_S2_{×S}2 ) = S(α_1, α_2) ⊗ ∧[β_1, β_2, a_1, a_2]

where da_i = α_i. So H^2(C_1(M_S2_{×S}2 )) ≃ V^2 is generated by α_1 and α_2 and H^3(C_2(M_S2_{×S}2 )) ≃ V^3 is generated by β_1 − a_1 α_1 and β_2 − a_2 α_2. The tree-graphs associated to these elements are, for α_1 ( resp. α_2) one vertex to which ω_1 (resp. ω_2) is assigned, and, for β_1, (resp. β_2) two vertices connected by one segment going from ω_1 to ω_1 (resp. ω_2 to ω_2). The corresponding integrals are

α_i( [u] ) = � S^2

u^∗ω_i and β_i( [u] ) = � S^3

u^∗ω ∧ d^{−1}(u^∗ω) .

Example 3 : N = (S^2 × S^2)#CP^2.

N is the connected sum of the two 4-manifolds we studied in examples 1 and 2. We shall denote M^4_N the ideal in M_N generated by the elements of degree less or equal to 5. We shall only compute the integral expressions of the elements in π_p(CP^1 × CP^1)#CP^2)^∗ for p ≤ 4. After some computations one gets that

M^4_N = S(α_1, α_2, α_3, γ_1, γ_2, γ_3, γ_{12}, γ_{23}) ⊗ ∧[β_{11}, β_{22}, β_{13}, β_{23}, β_{123}] where the following relations hold

i) for arbitrary i and j such that β_{ij} exists, one has dβ_{ij} = α_iα_j and dβ_{123} = α_1 ∧ α_2 − α^2_3 ii) dγ_1 = α_3β_{11} − α_1β_{13} dγ_2 = α_3β_{22} − α_2β_{23} dγ_3 = α_1β_{23} − α_2β_{13} dγ_{13} = α_1β_{123} − α_2β_{11} + α_3β_{13} dγ_{23} = α_2β_{123} − α_1β_{22} + α_3β_{23} One has C_2(M^4_N ) = M^4_N [a_1, a_2, a_3] , where d a_i = α_i and H^3(C_2(M^5_N )) ≃ V^3 is generated by β_{ij} − a_iα_j and β_{123} − a_1α_2 + a_3α_3. One has C_3(M^4_N ) = C_2(M^4_N )[b_{11}, b_{22}, b_{13}, b_{23}, b_{123}] where d b_{ij} = β_{ij} − a_iα_j and d b_{123} = β_{123} − a_1α_2 + a_3α_3. H^4(C_3(M^4_N )) ≃ V^4 is generated by γ_1 − α_3b_{11} + α_1b_{13} γ_2 − α_3b_{22} + α_2b_{23} γ_3 − α_1b_{23} + α_2b_{13} − a_1a_2α_3 γ_{13} − α_1b_{123} + α_2b_{11} − α_3b_{13} + a_1a_3α_3 γ_{23} − α_2b_{123} + α_1b_{22} − α_3b_{23} + a_2a_3α_3 .

Denoting Ψ_N (α_i) = ω_i. It is not difficult to see that we can choose ω_1, ω_2 and ω_3 representative in ∧^2N of a basis of H^2(N) (generating H^∗(N)) satisfying ω_1 ∧ ω_1 ≡ 0 , ω_2 ∧ ω_2 ≡ 0 , ω_1 ∧ ω_3 ≡ 0 , ω_2 ∧ ω_3 ≡ 0 The goal is to simplify the geometric realization Ψ_N . Let η_{123} be a form such that dη_{123} = ω_1 ∧ ω_2 − ω^3 The geometric realization Ψ_N restricted to M^4_N is then defined by Ψ_N (α_i) = ω_i , Ψ_N (β_{ij} ) = 0 , Ψ_N (β_{123}) = η_{123} Ψ_N (γ_i) = 0 and Ψ_N (γ_{ij}) = 0 for every β_{ij}, γ_i and γ_{ij} defined above.

Given a smooth map u from S^4 into N, the d−continuation of u^∗ between C_3(M^4_N ) into ∧^∗S^4 is defined by

ũ(·) = u^∗(Ψ_N (·)) on M^4_N ũ(a_i) = d^{−1}(u^∗ω_i) , ũ(b_{ij} ) = −d^{−1}(d^{−1}(u^∗ω_i) ∧ u^∗ω_j) ũ(b_{123}) = d^{−1} � u^∗η_{123} − d^{−1}(u^∗ω_1) ∧ u^∗ω_2 − d^{−1}(u^∗ω_3) ∧ u^∗ω_3 � Thus the following forms are generating (π_4((S^2 × S^2)#CP^2) ⊗ R)^∗ : For all u ∈ C^1(S^4, (S^2 × S^2)#CP^2) ,

γ_1( [u] ) = � S^4

u^∗ω_1 ∧ d^{−1}(u^∗ω_1) ∧ d^{−1}(u^∗ω_3) γ_2( [u] ) = � S^4

u^∗ω_2 ∧ d^{−1}(u^∗ω_2) ∧ d^{−1}(u^∗ω_3) γ_3( [u] ) = � S^4

u^∗ω_3 ∧ d^{−1}(u^∗ω_1) ∧ d^{−1}(u^∗ω_2) γ_{13}( [u] ) = � S^4

−u^∗η_{123} ∧ d^{−1}(u^∗ω_2) + u^∗ω_3 ∧ d^{−1}(u^∗ω_1) ∧ d^{−1}(u^∗ω_2) + � S^4

u^∗ω_3 ∧ d^{−1}(u^∗ω_3) ∧ d^{−1}(u^∗ω_2) + u^∗ω_1 ∧ d^{−1}(u^∗ω_1) ∧ d^{−1}(u^∗ω_2) γ_{23}( [u] ) = � S^4

−u^∗η_{123} ∧ d^{−1}(u^∗ω_1) + u^∗ω_3 ∧ d^{−1}(u^∗ω_2) ∧ d^{−1}(u^∗ω_1) + � S^4

u^∗ω_3 ∧ d^{−1}(u^∗ω_3) ∧ d^{−1}(u^∗ω_1) + u^∗ω_2 ∧ d^{−1}(u^∗ω_2) ∧ d^{−1}(u^∗ω_1)

graph3.eps 147 × 37 mm

ω_1 ω_1 ω_2 K_{γ3} ω_3 ω_2 ω_3 ω_3 ω_2 ω_1

K_{γ1} K_{γ2} Figure 3 : The three first tree-graphs K_{γ1} ,

graph3b.eps 149 × 84 mm

ω_1 ω_1 ω_2 ω_2 ω_3 ω_2 η_{123}

ω_3

ω_2 ω_3 ω_1

K_{γ13}

Figure 4 : The linear combination of tree-graph K_{γ13} arising in computing Hom(π_4(S^2 × S^2#CP^2), R).

Remark II.3 Observe that we can restrict to graphs having only closed forms.

Indeed, let M^k_N be the minimal model at the stage k (i.e. the ideal generated by the elements of degree less or equal to k). Suppose an element ξ of degree k + 1 is introduced in the minimal model in order to kill some closed polynomial expression of degree P (x_1, · · · , x_l) of elements from M^k_N , and ξ is not exact in M^k_N but Ψ_N (ξ) is exact in N, we can decide that, for any n ∈ N, ũ(ξ) = d^{−1}(u^∗Ψ_N (P (x_1, · · · , x_l))

This modifies the graph as shown in the following example : replace for instance u^∗η_{123} = ũ(β_{123}) by

d^{−1}(u^∗(ω_1ω_2 − ω^2_3 )) .

¿From the graph point of view this corresponds to the change described in the following figure

graph4b.eps 130 × 49 mm 1

ω_1ω_2 − ω^2_3 s.t. dη_{123} = ω_1ω_2 − ω^2_3 η_{123}

Figure 5: Replacing non closed forms in tree-graphs by closed ones.

II.4 Gauss Forms Associated to Elements in Hom(π_p(N), R).

To make analytic estimates, we need to have an explicit expression for evaluating an element of Hom(π_p(N), R). In this subsection we will define one specific integration operation d^{−1} by introducing certain Gauss forms associated with the tree-graphs described in II.2.

The Gauss forms are easier to describe explicitly with formulas in R^p instead of S^p. In this section we will consider, in place of C^∞(∧^qS^p), the subspace ∧^q_{slow}R^p of smooth q forms ω in ∧^qR^p satisfying

(1 + |x|^2)^{k+q}|∇ω|(x) ≤ C_{ω,k} .

In particular, if π : S^p \ {(0, · · · , 0, 1)} −→ R^p

denotes stereographic projection, then the pull-back by π^{−1} of any smooth q form on S^p is in ∧^q_{slow}R^p.

Let G be the Green’s function for the Laplacian on R^p :

G(x) = C_p|x|^{2−p} for p > 2 and G(x) = C_2 log |x| for p = 2 ,

where C_p = (n − 2)^{−1}|S^{p−1}|^{−1} and C_2 = −(2π)^{−1}. Given a q−form ω in ∧^q_{slow}R^p, ω = � I ω_I dx_I where I = (i_1, · · · , i_p) runs over all q tuples of 1, · · · , p such that i_1 < i_2 < · · · < i_q ,we define the operator

d^{−1}ω = d^∗Δ^{−1}ω = d^∗ � I G ⋆ ω_I dx_I , where dx_I = dx_{i1} · · · dx_{iq} , where ∗ is the Hodge operator for the flat metric on R^p and ⋆ the convolution operator. Observe that for ω ∈ ∧^q_{slow}R^p, the convolution ω_I ⋆ G is well-defined. If ω is closed, it is clear that d � d^{−1}ω � = ω .

We claim that there exists a form G^p_q in ∧^{q−1}R^p_x ∧ ∧^{p−q}R^p_y such that for any ω in ∧^q_{slow}R^p � d^∗Δ^{−1}ω � (x) = � y∈R^p

ω(y) ∧ G^p_q (x, y) . (II.6)

Indeed we have by definition � d^∗Δ^{−1}ω � (x) = (−1)^{q(p−q)} ∗ � I [d (G ⋆ ω_I ) ∧ ∗dx_I ] .

Letting I^c denote the (p − q)−tuple made of the complement of I ordered so that dx_Ic = ∗dx_I (i.e. dx_I ∧ dx_Ic = ω_Rp = dx_1 · · · dx_p), we then have,

d^∗Δ^{−1}ω(x) = C_p(−1)^{q(p−q)} � I ∗ � y∈R^p

ω_I (y) d 1 |x − y|^{p−2}

∧ dx_Ic ∧ ω_Rp (y)

= C_p(−1)^{q(p−q)} (2 − p) ∗ � i � I � R^p

ω_I (y) x_i − y_i |x − y|^p dx_i ∧ dx_Ic ∧ ω_Rp (y)

Also denoting dx_{Ik} = dx_{i1} · · · dx_{ik−1} dx_{ik+1} · · · dx_{iq} , we see that

∗ (dx_{ik} ∧ dx_Ic ) = (−1)^{k−1}(−1)^{(q−1)(p−q)}dx_{Ik} .

With this notation one has

d^∗Δ^{−1}ω(x)

= C_p(−1)^{(p−q)} (2 − p) � I � y∈R^p

ω_I (y) ω_Rp (y) ∧ q� k=1 (−1)^{k−1} x_{ik} − y_{ik} |x − y|^p dx_{Ik}

= C_p(−1)^{(p−q)} (2 − p) � y∈R^p

ω(y) ∧ � J q� k=1 (−1)^{k−1} x_{jk} − y_{jk} |x − y|^p dy_J c ∧ dx_{Jk}

Thus the form

G^p_q (x, y) = |S^{p−1}|^{−1}(−1)^{(p−q)} � J q� k=1 (−1)^{k−1} x_{jk} − y_{jk} |x − y|^p dy_J c ∧ dx_{Jk} (II.7)

solves (II.6).

We introduce now the notion of a Gauss form associated to a simply connected tree-graph of closed forms. Let N be compact simply connected manifold. Consider Ψ_N a geometric realization of the minimal model M_N from N and consider K a simply connected tree-graphs of forms from the ideal generated by Ψ_N (M_N ). Let A_i be the vertices of the graph, and let ω_{Ai} denote the closed form assigned to A_i. Let n_K be the number of segments in the graph. Denote also p_i the degree of ω_{Ai} . To each vertex we assign 2 variables x^i in R^p and y^i in N. To each vertex A_i we assign the sub-tree-graph K_i of K whose summit is A_i and made of the segments and vertices “below” A_i, that is the part of the graph connected to A_i as one follows the positively oriented paths ending at the summit of K see figure 6.

graph5.eps 83 × 58 mm

ω_{A1} ω_{A2} ω_{A3}

ω_{A4} ω_{A5} ω^{A6} ω_{A7} ωA8 ω_{A9}

K Figure 6 : Plain lines correspond to the sub-tree-graph K^7 with summit A_7.

We denote by n_i the degree of the form obtained from this graph :

n_i = [ � A vertex in K_i deg ω_A] − n_{Ki}

where n_{Ki} is again the notation for the number of segments in K_i. If A_i is a “starting vertex” with no other vertex below in the graph, then K_i is just made of A_i and n_i = p_i. We denote I the set of pairs of indices (i_1, i_2) such that A_{i1} and A_{i2} are connected by a segment in K going from A_{i2} to A_{i1} . The total form of the tree-graph is a form denoted ω^K ∧ G^K in ∧_i ∧^{pi} N ∧_{(i1,i2)∈I} ∧^{ni}2^{−1}R^p ∧∧^pR^{p−ni}2 where ω^K and G^K are defined as follows

ω^K = ∧_iω_i(y^i). (II.8)

and G^K , the Gauss form associated to the simply connected tree-graph of forms K is defined by

G^K = ∧_{(i1 ,i2)∈I} G^p_{ni2} (x_{i1} , x_{i2} ) . (II.9)

With any map u ∈ C^∞(S^p, N) we associate the map U_K from (R^n)^{nK +1} into N^{nK +1} defined by

U_K (x_1, x_2, · · · , x_{nK +1}) = � (u ∘ π^{−1})(x_1), (u ∘ π^{−1})(x_2), · · · , (u ∘ π^{−1})(x_{nK +1}) � . Recall that n_K , the number of segments in a simply connected tree-graph, is the number of nodes −1. Considering the “coordinates” (y^1, · · · , y^{nK +1}) on (N)^{nk +1}, it is then easy to verify that � S^p

u^K = � x_1

· · · � x_{nK +1}

U^∗_K (ω^K ) ∧ G^K . (II.10)

where the integration operation d^{−1} of a form α in ∧^kS^p is given by

d^{−1}α = π^∗ � y∈R^p

(π^{−1})^∗α(y) ∧ G^p_k (x, y) � (II.11)

Considering now a class z ∈ (π_p(N) ⊗ R)^∗. Suppose K = � l λ_lK^l is the formal linear combination of tree-graphs of closed forms associated to z (for a given geometric geometric realization Ψ_N on M_N ), and u^{Kl} are the associated p forms, constructed in the previous subsection. With the p form

u^K = � l λ_lu^{Kl} ,

we now have, using the above notations,

z( [u] ) = � S^p

u^K = � l λ_l � (R^p)^nK^{l +1}

U^∗_Kl (ω^{Kl} ) ∧ G^{Kl} . (II.12)

We have thus succeeded in expressing the action of any element in Hom(π_p(N), R) on π_p(N) as linear combinations of pull-backs by u of closed forms depending only on the class we chose in Hom(π_p(N), R) (modulo of course a choice of geometric realization). This was the main goal of this section. This generalizes the integral expression of the topological degree as the integral of the pull-back of a form. This will be extremely useful for analysis purposes through the rest of the paper.

We establish now a slightly different form of the integral expression of z( [u] ) which is of particular geometrical interest. We first observe :

Lemma II.2 Let Π_{q,p} denote the canonical projection of ∧^{p−1}(R^p_x ×R^p_y) onto ∧^{q−1}R^p_x ∧^{p−q} R^p_y. The following identity holds

Π_{p,q} � x − y |x − y| ∗ �_p � k=1 (−1)^{k−1}X_k (dX)^k � = (−1)^{(q−1)(p−q)}|S^{p−1}|^{−1} G^p_q (x, y)

(II.13) where (dX)^k is the p − 1 form in R^p given by dX_1 · · · dX_{k−1}dX_{k+1} · · · dX_p and G^p_q (x, y) is the form given by (II.7).

Proof of Lemma II.2. A classical computation gives

x − y |x − y| ∗ �_p � k=1 (−1)^{k−1}X_k (dX)^k � = p� k=1 (−1)^{k−1} x_k − y_k |x − y|^p

(d(x − y))^k ,

(II.14) where (d(x − y))^k = d(x_1 − y_1) · · · d(x_{k−1} − y_{k−1})d(x_{k+1} − y_{k+1}) · · · d(x_p − y_p). With the previous notations, dx_Ic ∧ dx_{Ik} = (−1)^{k−1}(−1)^{(q−1)(p−q)} ∗ dx_{ik} , and therefore it is clear that

Π_{p,q}

�_p � k=1 (−1)^{k−1} x_k − y_k |x − y|^p

(d(x − y))^k �

= (−1)^{(q−1)(p−q)} � J q� k=1 (−1)^{k−1} x_{jk} − y_{jk} |x − y|^p dy_J c ∧ dx_{Jk} .

(II.15)

The desired equality (II.13) then follows from (II.22).

We now prove the following result:

Lemma II.3 Let K be a simply connected tree-graph of forms in ∧^∗N of dimension p. Let u ∈ C^∞(S^p, N). Then the following formula holds � S^p

u^K = � x_1

· · · � x_{nK}

U^∗_K (ω^K) ∧ G^K

= |S^{p−1}|^{−nK} (−1)^{mK} � x_1

· · · � x_{nK}

U^∗_K (ω^K) ∧_{(i1 ,i2)∈I} x_{i1} − x_{i2} |x_{i1} − x_{i2} | ∗ Ω_Sp−1 ,

(II.16) where Ω_Sn−1 =

�_n

k=1(−1)^{k−1}X_k (dX)^k and m_K is some integer depending on K. Proof of Lemma II.3. This can be proved by induction on the number of segments in the graph. Consider an end node i_2 in the graph (which has no segment pointing to it), and let i_1 be the node to which i_2 is connected. Let ω_{i1} and ω_{i2} , of degree n_{i1} and n_{i2} , be the forms assigned to each of these two nodes. By the previous lemma and dimensional reasons, it is clear that

|S^{p−1}| � x_{i2}

(u ∘ π^{−1})^∗ω_{i2} (x_{i2} ) ∧ G^p_{ni2} (x_{i1} , x_{i2} )

= (−1)^{(ni2 −1)(p−ni2 )} � x_{i2}

(u ∘ π^{−1})^∗ω_2(x_{i2} ) ∧ Π_{p,ni2} � x_{i1} − x_{i2} |x_{i1} − x_{i2} | ∗ Ω_Sp−1 �

= (−1)^{(ni2 −1)(p−ni2 )} � x_{i2}

(u ∘ π^{−1})^∗ω_{i2} (x_{i2} ) ∧ x_{i1} − x_{i2} |x_{i1} − x_{i2} | ∗ Ω_Sp−1

(II.17) We then modify the graph by removing the node i_2 along with the branch starting from it and by changing ω_{i1} into the form ω^′_{i1} (x_{i1} ) given by

(−1)^{(ni2 −1)(p−ni2 )}|S^{p−1}|^{−1}ω_{i1} (x_{i1} )∧ � x_{i2}

(u∘π^{−1})^∗ω_{i2} (x_{i2} )∧ x_{i1} − x_{i2} |x_{i1} − x_{i2} | ∗ Ω_Sp−1 .

We then apply to this new graph, having one less node, the induction assumption and Lemma II.3 is proved.

Remark II.4 The construction of the tree-graph of forms can be described in terms of linking and “angular forms” (see [BT]).

To see this, again let π denote the stereographic projection from S^p into R^p, singular at the north pole, and introduce the linking map or segment map

L : S^p × S^p −→ S^{p−1}

(x, y) → π(x) − π(y) |π(x) − π(y)| . (II.18)

Let Ω_Sp−1 be a p−1−form on S^{p−1} satisfying � S^{p−1} ΩS^{p−1} = 1. It is interesting

to observe that

d(L^∗Ω) = T_Δ − T_{{Nord}×S}p − T_Sp_{×{Nord}}

where Δ denotes the diagonal {(x, y) ∈ S^p ×S^p : x = y},Nord = (1, · · · , 0, 1) is the north pole of S^p, and T_Δ, T_{{Nord}×S}p and T_Sp_{×{Nord}} are the currents of integration along respectively Δ, {Nord} × S^p and S^p × {Nord}. Then if one restricts to forms in ⊕^p_{k=1} ∧^k S^p ∧^{p+1−k} S^p, L^∗Ω plays the role of an “angular form” (see [BT]) of the diagonal Δ in S^p × S^p (observe that it was not possible to find β ∈ ∧^{p−1}(S^p × S^p), even singular, such that dβ = T_Δ in D^′ ∧^p (S^p × S^p)). Thus in our representation by tree-graphs of forms of elements of Hom(π_p(N), R), two connections to one vertex by segments of two sub-tree-graphs corresponds to a connection of the two corresponding forms by wedging them together with the angular form of the diagonal Δ in S^p × S^p. This implies in particular that if we replace everywhere L^∗Ω by any form whose restriction to ⊕^p_{k=1} ∧^k S^p ∧^{p+1−k} S^p is the angular form of the diagonal Δ in S^p × S^p (for instance L^∗_ΨΩ, where Ψ is an arbitrary diffeomorphism of S^p and L_Ψ(x, y) = L(Ψ(x), Ψ(y))), the computation of � S^p u

K is unchanged.

II.5 Critical Exponents Associated to Elements in Hom(π_p(N), R).

II.5.1 Definition of the Critical Exponent.

Lemma II.4 Given a simply connected tree-graph of forms K, then, there exists a constant C_K such that, for any map u ∈ C^∞(S^p, N), the following inequality holds � � � � � S^p

u^K � � � � p p+nK

≤ C_K � S^p

|∇u|^p dH^p (II.19)

where n_K is the number of segments in K.

Definition II.1 In a formal linear combination K = � l λ_lK^l of tree-graphs of closed forms, consider the total number of segments in all the K^l. The critical exponent of a generator z ∈ Hom(π_p(N), R) is the number p p + n_z

where n_z is the minimum of such total number of segments among geometric realizations Ψ_N of the minimal model M_N and among all formal linear combinations K of tree-graphs of closed forms associated to z via Ψ_N . If K is a linear combination of tree-graphs of closed forms representing z with minimum total number of segments, we say that K is optimal for z

Remark II.5 The constraint of restricting to tree-graphs of closed forms is important. By allowing tree-graphs of non closed forms the maximal number of branches could decrease (see Remark II.3) but won’t be the one we are defining.

Proof of Lemma II.4. The standard Sobolev inequality gives that for any q form ω on S^p with 1 < q < p, there exists a constant C_q such that

‖d^∗Δ^{−1}ω‖^p_{q−1} ≤ C_q‖ω‖^p_q . (II.20)

Given a sub-tree-graph K_i one first easily proves, by induction on the number of branches of K^i, that

‖u^{Ki} ‖^p_{qi} ≤ � j∈J ‖u^∗ω_j ‖^p_{pj} , (II.21)

where J is the set of indices of vertices in K_i, ω_j is the element of the ideal generated by Ψ_N (M_N ) at the vertex j, p_j is it’s degree, and q_i = � j∈J p_j − n_{Ki} (where, as before, n_{Ki} is the number of segments in K_i). For K_i = K, (II.21) implies

‖u^K ‖_1 ≤ C_K � i ‖∇u‖^{pi}_p . (II.22)

Combining now (II.5) and (II.22), we obtain (II.19) and Lemma II.4 is proved.

II.5.2 Optimality of the Critical Exponent.

An important question is to know whether the critical exponent of a generator z of the minimal model is optimal or not : That is, given a sequence of maps u_k from S^p into N such that

lim_{k→∞}[z]( [u_k] ) = � l λ_l � S^p

u^{Kl}_k = a_k → ∞ , (II.23)

and denoting

E_k = inf � S^p

|∇u|^p dH^p : [z]( [u] ) = a_k � , do we have lim_{k→∞} log E_k log a_k = p p + n_z

? (II.24)

If z( [u_k] ) ≠ 0, then there exists a positive constant ε_{N,p}, depending only on p and N, such that �

S^p

|∇u|^p dH^p ≥ ε_{N,p}

(see [Wh]). Combining this fact and Lemma II.4, we have the existence of C_{z,N} depending only on z and the metric on N such that

z( [u] )^{pp+nz} ≤ C_{z,N} � S^p

|∇u|^p dH^p .

for all u ∈ W^{1,p}(S^p, N). Thus the inequality

lim inf k→∞ log E_k log a_k ≥ p p + n_z

(II.25)

is clear. The difficulty is whether a reverse inequality holds or not. A similar question was raised in [Gr1] and [Gr2].

Definition II.2 For a fixed nonzero element z in Hom(π_p(N), R), we say that the critical exponent p(p + n_z)^{−1} is optimal if (II.24) holds for some sequence [u_k] in π_p(N) satisfying (II.23).

It was proved in [Ri] that this always holds if for instance N is a sphere (if N ≃ S^q, then, for p = q, n_z = 0 and, for p = 2q − 1 and q even, n_z = 1). Answering this question in general seems to be an interesting difficult open problem. We do not try to make a systematic presentation of this problem in the present work, but just illustrate this question by considering more specific N (related to the examples we exposed in the previous subsection) for which the critical exponents are always optimal. Precisely we have.

Proposition II.3 Let N be a 4-dimensional Riemannian manifold diffeomorphic to the connected sum #μ CP^2#ν CP^2#ξ( S^2 × S^2) where μ, ν and ξ are 3 arbitrary natural numbers, (#m · · · denotes the connected sum of m copies of · · · and CP^2 is CP^2 with the opposite orientation to the standard one). Then for any p ∈ N and nonzero z ∈ Hom(π_p(N), R) the critical exponent p(p + n_z)^{−1} is optimal.

Proof of Proposition II.3. Denote ω_1 · · · ω_μ ∈ H^2(N) the Poincaré duals of each of the standard CP^1 embedded in each of the CP^2 in the connected sum #μCP^2#νCP^2#ξ(S^2 × S^2). Similarly, denote ω_1 · · · ω_ν ∈ H^2(N) the Poincaré duals of each of the standard CP^1 embedded in each of the CP^2 in the connected sum #μCP^2#νCP^2#ξS^2 × S^2. And finally denote α_1 · · · α_ξ and β_1 · · · β_ξ the Poincaré duals respectively of each of the S^2 × {Nord} and each of the {Nord} × S^2 in the connected sum. For any k ∈ Z, we first construct a map F_k from N ≃ #μCP^2#νCP^2#ξ(S^2 × S^2) into itself such that

F^∗_k ω_h = kω_h for h = 1, · · · , μ , F^∗_k ω_i = k ω_i for i = 1, · · · , ν and F^∗_k α_j = k α_j and F^∗_d β_j = d β_j forj = 1, · · · , ξ , (II.26) and ‖∇F_k‖_∞ ≤ C √ k (II.27) with C independent of k. First, the existence of F_k, in the case where μ = 0, ν = 0 and ξ = 1, is quite elementary to establish : it is not difficult ( see [Ri]) to construct a family of maps ϕ_k from S^2 into itself such that

deg ϕ_k = k and ‖∇^j ϕ_k‖_∞ ≤ C_j √ k^j ,

where C_j is independent of k. Then observe that F_k(x, y) = (ϕ_d(x), ϕ_d(y)) is a solution to (II.26) and (II.27) in the case N = S^2 × S^2.

We now construct F_k solving (II.26) and (II.27) in the case N = CP^2. We split first CP^2 into two parts N^1 ≃ E where E is diffeomorphic to the Hopf disk bundle over S^2 which is the D^2 bundle whose principal bundle is the S^1 Hopf bundle which is diffeomorphic to S^3 ( we then have ∂E ≃ S^3) and N^2 ≃ B^4. We first construct F_k from N^1 into N^1. Let H be the Hopf fibration from ∂E ≃ S^3 into S^2 and let ϕ_k be the map described above. We claim that we can lift ϕ_k to a map ϕ̃_k : S^3 → S^3 (i.e H ∘ ϕ̃_k = ϕ_k ∘ H) satisfying ‖∇ϕ̃_k‖_∞ ≤ C √ k , (II.28)

where C is independent of k. We follow the idea in [HR1]. Let (e^∗_1, e^∗_2, e^∗_3) be the orthonormal coframe of ∧^1S^3 given by the Lie Group action on S^3 starting from i, j and k at (1, 0, 0, 0). Classical computations give 2^{−1}de^∗_i = e^∗_{i+1} ∧e^∗_{i−1} where we use indexation in Z_3. We get the Coulomb Hopf lift (see [HR1]) of ϕ_k in the following way : there exists ϕ̃ = ϕ̃_k satisfying (forgetting the subscript k)

ϕ̃^∗e^∗_1(x) = (dH_{ϕ̃(x)} · e_1; dϕ_{H(x)} · (dH_x · e_1)) e^∗_1(x)

+ (dH~_{ϕ(x)} · e_1; dϕ_{H(x)} · (dH_x · e_2)) e^∗_2(x)

ϕ̃^∗e^∗_2(x) = (dH_{ϕ̃(x)} · e_2; dϕ_{H(x)} · (dH_x · e_2))e^∗_2(x)

+ (dH~_{ϕ(x)} · e_2; dϕ_{H(x)} · (dH_x · e_1)) e^∗_1(x)

ϕ̃^∗e^∗_3(x) = η(x)

where (e_1, e_2, e_3) is the dual basis to (e^∗_1, e^∗_2, e^∗_3), (·; ·) is the scalar product on S^2 and η is the 1 form on S^3 solving the following elliptic problem � � � dη = 1 2 H^∗ϕ^∗ω_S2

d^∗η = 0 , where ω_S2 is the volume form on S^2. We observe that the operator

L : C^2(Ω, R^4\B 1_2 ) −→ C^0(Ω, R^4) ,

L(u) = � d^∗(u^∗e^∗_1), d^∗(u^∗e^∗_2), d^∗(u^∗e^∗_3), d^∗ � u^{∗ ∂}_{∂r} � where Ω = B^4_2 \ B^4_{12} , is elliptic. Using a classical interpolation result (see [BBH]), we get that for any subdomain Ω^′ of Ω one has

‖∇u‖^2_L∞_{(Ω}′_) ≤ C‖u‖_L∞_{(Ω)}‖Lu‖_L∞_{(Ω)} + C‖u‖^2_L∞_{(Ω)}

Applying this result to u = ϕ̃_k ∘ (^x_{|x|} ), we obtain that

‖∇ϕ̃_k‖^2_∞ ≤ C‖ϕ̃_k‖_∞ � ‖∇^2ϕ_k‖_∞ + ‖∇ϕ̃_k‖_∞‖∇ϕ_k‖_∞ � + ‖ϕ̃_k‖^2_∞

≤ Cd + √ k ‖∇ϕ̃_k‖_∞

Thus we have found a family of liftings of the ϕ_k that satisfies (II.28). Now we can extend ϕ̃_k to a map from E into E by homogeneity : We take the flat metric on each fiber of the disc bundle E over S^2 and we take F_k(x) = |x|_1ϕ̃_k(x/|x|_1) where |x|_1 is the distance of x to the zero section ≃ S^2 of the disk bundle and where we are using the linearity on the D^2 fibers . It is clear that F_k so defined on N_1 satisfies ‖∇F ‖_L∞_{(N1)} ≤ C √ k. On N_2 ≃ B^4 we define F_k from N_2 ≃ B^4 into N_2 ≃ B^4 by F_k(x) = |x|_2ϕ̃_k(x/|x|_2) where this time |x|_2 is the distance to the center 0 of B^4 and where we are using the linearity on B^4 ⊂ R^4. By gluing the two pieces N_1 and N_2 together we get a family of maps F_k from CP^2 into CP^2 satisfying (II.26) and (II.27). Thus we have then F_k in the cases (μ, ν, ξ) = (0, 0, 1) (μ, ν, ξ) = (0, 1, 0) and (μ, ν, ξ) = (1, 0, 0). We get F_k for general (μ, ν, ξ) by simple iterative gluing of the previous ones.

Consider now a class z in (π_p(N) ⊗ R)^∗. Since H^∗(N) is generated by the classes ω_i, ω_i α_i and β_i, each form at each node of every tree graph K_l arising in the linear combination K representing z is a non exact 2 form representing one of the class above or 4− forms, wedge of two nonexact two forms of this family. We restrict to tree-graphs which are optimal in the sense of the definition II.1. Let u : S^p → N be such that z( [u] ) ≠ 0. Consider now � l λ_l(F_k ∘ u)^{Kl} . It is a polynomial in √ k of the form

z( [u] ) = � l k^{nl+p2} λ_l � S^p

u^{Kl} ,

where we have used the identity (II.5). Since K is optimal n_l ≤ n_z. Assume that for every u such that z( [u] ) ≠ 0 the coefficient in front of k^{nz +p}2 is always

0, then, in representing z, we could remove all trees that contain n_z node, and we will prove that the minimal number of nodes for representing z would be strictly less than n_z which would be a contradiction. Thus we may choose u such that the coefficient in front of k^{nz +p}2 is non zero, and we have

A_k = z( [F_k ∘ u] ) = ad^{nz +p2} + P ( √ d) , (II.29)

where a ≠ 0 and deg P < n_z + p. Observe that we have

E_k = inf � S^p

|∇u|^p z( [u] ) dH^p = A_k � ≤ � S^p |∇Fk ∘ u| p ≤ C_u‖∇F_k‖^p_∞ ≤ C_uk^{p2} ,

which, combined with (II.29), implies that

lim sup k→∞ log E_k log A_k ≤ p n_z + p

¿From this inequality and (II.25), we deduce that

lim_{k→∞} log E_k log A_k = p n_z + p

so that p (n_z + p)^{−1} is optimal. Proposition II.3 is proved.

II.6 Rigidity Property of Linear Combinations of Treegraphs and Interpretation of Homotopy Integrals as Linking Numbers.

One question we did not address yet is the invariance of the isomorphism V^p ≃ Hom(π_p(N), R) under small deformation of the geometric realization Ψ_N . In the previous subsections we have constructed the formal linear combination of simply connected tree-graphs of forms K = � l λ_lK^l which have the homotopy property : For any u � S^p

u^K remains unchanged under homotopic deformation of u ,

and which therefore correspond to an element in Hom(π_p(N), R). This is why these integrals are also called homotopy integrals. Now we address the question of finding the formal linear combination of simply connected treegraphs of forms of Ψ_N (M_N ) which have the rigidity property : For every smooth u from S^p into N, � S^p u

K is unchanged under a deformation of Ψ_N by adding an exact form to every closed generator of Ψ_N (M_N ) (see [Nov1], [Nov2] and [Nov3]). For instance, for π_3(S^2) the linear form � S^3

u^∗ω ∧ d^∗Δ^{−1}(u^∗ω^′)

where � S^2 ω = 1 and � S^2 ω

′ = 1 remains unchanged as one adds to ω and ω^′ arbitrary exact 2 forms dα and dα^′. This means that this tree graph (made of 2 vertices connected by 1 segment and where one generator of H^2(S^2) is assigned at each vertex) has the rigidity property. This problem of the rigidity property under deformation of geometric realization of minimal models was first raised in [Nov1], and sufficient conditions for this rigidity property to hold are given in [Nov2], [Nov3], [Mi1] and [Mi2].

We say that an element in H^∗(N) is in general position if the corresponding Poincaré dual is an integer multiplicity combination of simplices (i.e. their integral on cycles in H_∗(N, Z) are in Z). The goal of this subsection is to prove the following result.

Proposition II.4 Let N be a compact simply connected manifold, and Ψ_N be a geometric realization of the minimal model M_N . Suppose z is an element of Hom(π_p(N), R) admitting a representation via Ψ_N by a linear combination in Z of simply connected tree-graphs K_l of closed forms that we take in general position. Assume also that K has the rigidity property and finally that in each K^l, every pair of closed form connected by a segment have Poincaré duals that can be represented by disjoint closed polyhedral chains. Then for any map u from S^p into N, one has � S^p

u^K ∈ Z

Remark II.6 We can always choose a basis of H^∗(N) which is in general position.

In fact, first take free generators of H_∗(N, Z). They form a basis in H_∗(N, R) (see for instance [GMS] 5.4.1) and the Poincaré duals of these classes form a basis of H^∗(N) in general position. We can then proceed to the construction of a geometric realization Ψ_N of the minimal model of N starting from these classes. In order to apply Proposition II.4, it remains to check both the rigidity property of K representing z and whether each pair of forms connected by a segment in the tree graph can be realized by disjoint cycles. Observe, as an illustration of Proposition II.4, that all these conditions are fulfilled by each example we gave above (π_p(CP^2), π_p(CP^1 × CP^1) and π_p(CP^2#(CP^1 × CP^1)) for p = 2, 3, 4 except for K_{γ13} and Kγ_{23} arising while computing π_4(CP^2#(CP^1 × CP^1)) where our geometric interpretation of � S^p u

K is no longer valid.

Proof of Proposition II.4. Let K^l be a tree-graph of closed forms arising in the linear combination of tree-graphs of forms K = � l λ_lK^l in the representation of z. Let ω_1 · · · ω_{nK1} be the closed forms at the nodes of K^l. Let C_i be the closed polyhedral chains representing the Poincaré duals of the ω_i such that if (i_1, i_2) ∈ I then C_{i1} ∩ C_{i2} = ∅ (recall that I is the set of pairs of indices whose corresponding nodes are connected by a segment in the tree-graph). Assume, to simplify the presentation, that the C_i are smooth submanifolds of N of dimension p_i = n − deg ω_i (for general polyhedral chains the approach below requires a more technical presentation that we skip). Let N_i be an open tubular neighborhood of C_i (diffeomorphic to the normal bundle of C_i in N) that we choose sufficiently thin in order to guaranty that ∀(i_1, i_2) ∈ I, N_{i1} ∩ N_{i2} = ∅. We denote by π_i the orthogonal projection from N_i into C_i. We replace ω_i by a (cohomologically equivalent to ω_i) representative of the Thom form of N_i supported in N_i and whose integral along each n−p_i−plane perpendicular to C_i gives 1. We keep denoting ω_i this new representative of [ω_i] and since K has the rigidity property � S^p u

K is not altered by this change of geometric realization. Let S_i be a R^{qi} vector bundle over C_i whose sum with N_i gives a trivial bundle N_i ⊕ S_i ≃ C_i × R^{n−pi+qi} and let ω̃_i be a representative of the Thom class of S_i. Let Ω_i = u^{−1}(N_i) and denote by E_i the pull-back bundle of S_i by π_i ∘ u over Ω_i

E_i = (π_i ∘ u)^{−1}S_i .

Denote by Π_i the projection map from E_i into N_i and, by ϕ_i the canonical bundle map from E_i into S_i lifting π_i ∘ u and realizing an isomorphism from any fiber of E_i into the image fiber by π_i ∘ u. Finally we denote by Φ_i the following map

Φ_i : E_i −→ S_i ⊕ N_i ≃ C_i × R^{n−pi+qi}

x −→ ϕ_i(x) + u(Π_i(x))

Following [BT] we denote (Π_i)_∗ the integration on E_i along the fibers which assign a ∧^{k−qi} N_i form to any ∧^kE_i form. Using the projection formula (Proposition 6.15) in [BT], we have for any q form α ∈ C^∞(∧^qN_i)

(Π_i)_∗(Φ^∗_i ω_i ∧ ω̃_i ∧ Π^∗α) = u^∗ω_i ∧ α .

This implies in particular for q = p − deg ω_i that � E_i

Φ^∗_i (ω_i ∧ ω̃_i) ∧ Π^∗_i α = � S^p

u^∗ω_i ∧ α (II.30)

We assume that each N_i avoids the north pole and denote by L the linking map defined by (II.18). Furthermore let Ω_Sp−1 be a p − 1−form on S^{p−1} satisfying � S^{p−1} ΩS^{p−1} = 1. Following (II.16), we have that

(−1)^{mK} � S^p

u^{Kl} = � S^p

· · · � S^p

∧^{nKl +1} i=1 u^∗ω_i(x_i) ∧_{(i1,i2)∈I} L^∗Ω_Sp−1 (x_{i1} , x_{i2} ) .

(II.31)

Combining (II.30) and (II.31), we then have

(−1)^{mK} � S^p

u^{Kl} = � E_1

· · · � E_{nK +1}

∧^{nKl +1} i=1 Φ^∗_i (ω_i ∧ ω̃_i)(z_i) ∧_{I∈I} Π^∗_I L^∗Ω_Sp−1 (z_{i1} , z_{i2} ) ,

where Π_I (z_{i1} , z_{i2} ) = (Π_{i1} (z_{i1} ), Π_{i2} (z_{i2} )). Since the N_i are disjoint and also disjoint from the north pole of S^p, L ∘ Π_I ∈ C^∞(E_{i1} × E_{i2} , S^{p−1}) for all I ∈ I. Thus we have, for all I ∈ I d (L^∗Ω_Sp−1 (z_{i1} , z_{i2} ))) = 0 in E_{i1} × E_{i2} (II.32) Let Ξ_i : S_i ⊕ N_i → C_i × R^{n−pi+qi} be a bundle isomorphism and let P_i be the canonical projection from C_i × R^{n−pi+qi} into R^{n−pi+qi} which assigns X to (x, X). Using (II.32) since ω_i ∧ ω̃_i is cohomologous to A_i = Ξ^∗_i P^∗_i (f_i(X)dX_1 ∧ · · · ∧ dX_{n−pi+qi} ) , where f_i is the characteristic function of the unit ball B^{n−pi+qi}_1 divided by it’s volume, we have

(−1)^{mK} � S^p

u^{Kl} = � E_1

· · · � E_{nK +1}

∧^{nKl +1} i=1 Φ^∗_i A_i(z_i) ∧_{I∈I} Π^∗_I L^∗Ω_Sp−1 (z_{i1} , z_{i2} ) .

Using Federer’s coarea formula, we have, denoting r_i = n − p_i − q_i,

(−1)^{mKl}

n_{Kl} +1�

i=1 |B^{ri}_1 | � S^p

u^{Kl} = � B^{r1}_1

· · · � B^{rnK +1} 1 ∧^{nK +1}_{i=1} dξ_i � Q_{nK +1} i=1 (P_i∘Ξ_i∘Φ_i)^{−1}(ξ_i)

∧_{I∈I} Π^∗_I L^∗Ω_Sp−1 (z_{i1} , z_{i2} ) . (II.33)

For a regular value (ξ_1, · · · , ξ_{nK +1}) of

�_{nK +1} i=1 (P_i ∘ Ξ_i ∘ Φ_i), we introduce the map V_{ξ1,···,ξnK +1} :

n_K +1�

i=1 (P_i ∘ Ξ_i ∘ Φ_i)^{−1}(ξ_i) −→ (S^{p−1})^{nK}

(x_1, · · · , x_{nK +1}) −→ � I∈I (L ∘ Π_I )(x_{i1} , x_{i2} )

A short computation using (II.5) shows that dim n_K +1�

i=1 (P_i ∘ Ξ_i ∘ Φ_i)^{−1}(ξ_i) = dim (S^{p−1})^{nK} .

A standard deformation argument shows also that the topological degree M of V_{ξ1,···,ξnK +1} is independent of (ξ_1, · · · , ξ_{nK +1}). Combining this fact together with (II.33) and the integral expression of the topological degree, we have shown that, modulo a sign, � S^p u

K^l equals this topological degree. Proposi-

tion II.4 follows.

Remark II.7 An alternative proof of Proposition II.4 may be obtained, following [BT] pages 230-234, by interpreting each elements of the integrand as a geometric operation.

Here one interprets u^∗ω_i as the integration operation on u^{−1}(C_i), where C_i is the Poincaré dual to ω_i in N, one interprets the d^{−1} operation as taking a chain bounding a boundary and the wedge ∧ as the intersection operation - see (6.31) page 69 in [BT]- (see such an approach also in [Ri] Proposition 2.2).

III π_p(N) ⊗ R−Type Bubbling for Sequences of Maps in W^{1,p}(S^p, N).

Given a class z ∈Hom(π_p(N), R) and a sequence u_n in W^{1,p}(S^p, N) which weakly converges to a map u in W^{1,p}(S^p, N), the goal of this section is to show that one can extract a subsequence u_n′ from u_n such that

lim_{n→∞} z( [u_n′ ] ) = z( [u] ) + I� i=1 z( [w_i] )

where w_j are disjoint “bubbles” from u_n (i.e. maps in W^{1,p}(R^p, N), weak limits of the dilated map u_n(r^j_nx + a^n_j ) where a^n_j converges to a limiting point a_j in S^p and r^j_n tends to zero, moreover for two distinct j and j^′ both r^j_n and r^{j′}_n cannot be comparable to |a^j_n − a^{j′}_n |). We will in fact formulate that convergence using a modification of the “Graph” approach of Giaquinta, Modica and Soucek [GMS] and by introducing in our context the Cartesian Currents.

III.1 The Cartesian Current Associated to a Map u in W^{1,p}(S^p, N) and a p dimensional simply connected tree-graph K of closed forms from N.

Let N be a compact simply connected Riemannian manifold, K be a p dimensional simply connected tree-graph of closed forms, and u be a map in W^{1,p}(S^p, N). Recall that the number n_K of branches equals the number of nodes −1. We first introduce the following definition.

Definition III.3 To any map u in W^{1,p}(S^p, N) we assign a map U_K from (S^p)^{nK +1} into N^{nK +1} × (S^{p−1})^{nK} defined by

U_K (x_1, · · · , x_{nK +1}) = � u(x_1), · · · , u(x_{nK +1}), · · · , π(x_i) − π(x_j ) |π(x_i) − π(x_j )|

, · · · �

where the pairs (i, j) run over the set of pairs I_K for which the nodes i and j are connected, in the graph K, by a segment going from j to i. Such a map will be called the tree-graph map associated to u and K.

Observe then that with this notation we have, using Lemma II.3, � S^p

u^K = � x_1

· · · � x_{nK +1}

U^∗_K (ω^K) ∧ G^K = � (S^p)^nK^{+1}

U^∗_K � ω^K ∧_{J∈J} Ω(X_J ) � . where, for any J = (j_1, j_2) ∈ J , X^J is a variable in S^{p−1} and Ω(X^J ) denotes the standard unit-volume form on S^{p−1} ⊂ R^p given by

Ω(X^J ) = |S^{p−1}|^{−1} p� k=1 X^J_k (−1)^{k−1} dX^J_1 · · · dX^J_{k−1}dX^J_{k+1} · · · dX^J_p .

In the product space (S^p)^{nK +1} × N^{nK +1} × (S^{p−1})^{nK} we have the p (n_K + 1) integer-multiplicity rectifiable current Graph(U_K ) defined by integration on the graph of U_K : For any smooth p (n_K + 1)−form Ψ in (S^p)^{nK +1} × N^{nK +1} × (S^{p−1})^{nK} ,

Graph(U_K )(Ψ) = � (S^p)^nK^{+1}

V^∗_K Ψ where V_K (x) = (x, U_K (x)) , (III.1)

The following proposition shows that Graph(U_K ) is indeed an integer rectifiable current whose boundary also has finite mass (and hence is also rectifiable [Fe],4.2.16.)

Proposition III.1 Under the notation above we have the existence of a constant C_K independent of u ∈ W^{1,p}(S^p, N) such that

M (Graph(U_K )) ≤ C_K � 1 + ‖∇u‖^{p (nK +1)} n + ‖∇u‖^{p+nK}_p � . (III.2)

Moreover there exists a constant C_K such that

M (∂Graph(U_K )) ≤ C_K � 1 + ‖∇u‖^{p nK}_p + ‖∇u‖^{p+nK −1}_p � . (III.3)

Proof of Proposition III.1. Any smooth p (n_K + 1)−form Ψ in the product space (S^p)^{nK +1} × N^{nK +1} × (S^{p−1})^{nK} can be written as a finite sum of smooth simple forms. Corresponding to a choice of nonnegative integers (m_1, · · · , m_{nK +1}, p_1, · · · , p_{nK +1}, q_1, · · · , q_{nK} ) such that

n_K +1�

i=1 m_i +

n_K +1�

j=1 p_j +

n_K�

k=1 q_k = p (n_K + 1)

and m_i ≤ p, p_j ≤ dimN and q_k ≤ p − 1, we may let Ψ^′ be the canonical projection of Ψ on ∧^{m1} S^p · · ·∧^{pn}K^{+1} S^p∧^{p1} N · · ·∧^{pn}K^{+1} N ∧^{q1} S^{p−1} · · ·∧^{qn}K S^{p−1}. Then Ψ^′ is the product of a function f ∈ C^∞(S^p, R) and a simple form

α_1(x_1)∧· · ·∧α_{nK +1}(x_{nK +1})∧β_1(y_1)∧· · ·∧β_{nK +1}(y_{nK +1})∧γ_1(y_1)∧· · ·∧γ_{nK} (z_{nK} ).

We have

|(Graph(U_K )(Ψ)|

= ‖f‖_∞ � � � � (S^p)^nK^{+1}

∧^{nK +1}_{i=1} α_i(x_i) ∧^{nK +1}_{j=1} u^∗β_j (y_j)

∧_{J=(j1,j2)∈IK} π^∗ x_{j1} − x_{j2} |x_{j1} − x_{j2} | ∗ γ_J (z_j ) � � �

≤ C_K ‖Ψ^′‖_∞ � (S^p)^nK^{+1} n_K +1�

j=1 |∇u|^{pj} (y_j) � J=(j_1,j_2)∈I_K 1 |π(x_{j1} ) − π(x_{j2} )|^{qJ} (III.4)

We prove now by induction on the number of nodes n_K + 1 in the tree-graph K that the integral � (S^p)^nK^{+1} n_K +1�

i=1 |f_i|(x_i) � J=(j_1,j_2)∈I_K 1 |π(x_{j1} ) − π(x_{j2} )|^{qJ}

(III.5)

is bounded by

C_K

n_K +1�

i=1 ‖f_i‖^p_{pi} . (III.6)

To facilitate calculation, consider the sphere measure μ = π_#(H^p S^p) on R^p so that ‖f ∘ π^{−1}‖_Lp_{(μ)} = ‖f‖_Lp for f ∈ L^p(S^p). Let’s take an end node i_2 connected to the node i_1 so that J = (i_1, i_2) ∈ I_K . Classical estimates on Riesz potentials (see [St]) give � � � � � x_{i2} ∈R^p

|f_{i2} |(π^{−1}(x_{i2} )) |x_{i1} − x_{i2} |^{qJ} � � � �_L^p_{pi2 +qJ −n (μ)}

≤ C_K ‖f_{i2} ∘ π^{−1}‖_L^p_{pi2 (μ)} = C_K ‖f_{i2} ‖^p_{pi2} .

(III.7) Therefore � � � � f_{i1} (π^{−1}(x_{i1} )) � x_{i2} ∈R^p

|f_{i2} |(π^{−1}(x_{i2} )) |x_{i1} − x_{i2} |^{qJ} � � � �_L^p pi 1 +pi 2 +qJ −p (μ)

≤ C_K ‖f_{i1} ‖^p_{pi1} ‖f_{i2} ‖^p_{pi2} .

(III.8) Replacing then f_{i1} ∘ π^{−1} by

f^′_{i1} (π^{−1}(x_{i1} )) = f_{i1} (π^{−1}(x_{i1} )) � x_{i2}

|f_{i2} |(π^{−1}(x_{i2} ))|x_{i1} − x_{i2} |^{−qJ} ,

replacing p_{i1} by p^′_{i1} = p_{i1} + p_{i2} + q_J − p and removing the node i_2 from the graph K, we are in the position to apply our induction assumption to this new graph and this permits to bound (III.5) by (III.6). Applying this fact to the inequality (III.4) we obtain (III.2).

We establish now (III.3). Suppose Φ be a smooth compactly supported p (n_K + 1) − 1 form in (S^p)^{nK +1} × N^{nK +1} × (S^{p−1})^{nK} . This time we may consider the projection Φ^′ in

∧^{m1} S^p · · · ∧^{mnK +1} S^p ∧^{p1} N · · · ∧^{pnK +1} N ∧^{q1} S^{p−1} · · · ∧^{qnK} S^{p−1}

where m_1, · · · , m_{nk+1}, p_1, · · · , p_{nK +1}, q_1, · · · , q_{nK} are nonnegative integers such that_{nK} � i=1 m_i +

n_K +1�

j=1 p_j +

n_K�

k=1 q_k = p (n_K + 1) − 1 with m_i ≤ p, p_j ≤ dimN, and q_k ≤ p − 1. Again assume that Φ^′ is simple.

We also observe that for any smooth form γ in ∧^qS^{p−1}, the following identity holds, in the sense of distributions, if q < p − 1 :

dπ^∗ � x − y |x − y| ∗ γ � = π^∗ x − y |x − y| ∗ (dγ) in D^′(∧^q(R^p × R^p)) (III.9)

whereas if γ ∈ C^∞(∧^{p−1}S^{p−1}), a short computation shows that, for any form ϕ in C^∞_0 (∧^p(S^p × S^p)), � S^p×S^p

dϕ ∧ π^∗ x − y |x − y| ∗ γ = (−1)^p � S^{p−1}

δ ∧ π^∗ � R^p

Δ^∗ϕ (III.10)

where Δ is the diagonal map assigning (x, x) to x. Thus, because of (III.9) and (III.10) the d commutes with U^∗_K modulo the operation which corresponds to sum all pull backs of forms obtained by removing one segment J_0 = (j_1, j_2) in K for which q_J = n − 1 and by fusing the nodes j_1 and j_2 : precisely the form

β_{j1} (y_{j1} ) ∧ β_{j2} (y_{j2} ) ∧ π^∗ x_{j2} − x_{j1} |x_{j2} − x_{j1} | ∗ γ_{J0} ∧_{{j, J=(j,j2)∈IK }} π^∗ x_{j2} − x_j |x_{j2} − x_j | ∗ γ_J

is changed into

β_{j1} (y_{j1} ) ∧ β_{j2} (y_{j1} ) ∧ � S^{p−1}

γ_{J0} ∧_{{j, J=(j,j2)∈IK }} π^∗ x_{j1} − x_j |x_{j1} − x_j | ∗ γ_J .

We then obtain a linear combination of new tree-graphs and applying the result (III.2) we obtain (III.3) and Proposition III.1 is proved.

III.2 π_p(N) ⊗ R−Type Bubbling.

In this section we will consider the behavior of a sequence of p dimensional tree-graph forms corresponding to a W^{1,p} weakly convergent sequence of maps in C^∞(S^p, N) and a fixed element of Hom(π_p(N), R). We first note that a strict sub-tree-graph L will have dimension q < p, and consider the behavior of the corresponding q forms in the following:

Lemma III.1 Let u_n be a sequence weakly converging to u in W^{1,p}(S^p, N) and L be a q dimensional simply connected tree-graph of forms with q < p. Then u^L_n ⇀ u^L in L^{pq} (S^p, ∧^qS^p) .

Proof of Lemma III.1.

We prove this lemma by induction on the number n_L + 1 of nodes in L. If there is only one node, this result can be found in [GMS]. Let ω ∈ D^r(N) be, as in section II.2, the form at the summit of L. There exists then a family of tree-graphs L_1, · · · , L_m whose dimensions sum to q − r + m such that

u^L_n (x) = u^∗_nω(x) ∧^m_{i=1} � S^p

π^∗ x − x_i |x − x_i| ∗ Ω_Sp−1 ∧ u^{Li}_n (x_i)

¿From the proof of Proposition III.1 we have that

‖u^L_n ‖^p_q ≤ C_L‖∇u‖^{q+nL}_p

where n_L + 1 is the number of nodes in L. Extracting a subsequence if necessary, we can always assume that u^L_n converges weakly in L^{pq} and the goal is to show that this limit is u^L. Assuming that N is isometrically embedded in R^k, we can write ω as the pull-back under the inclusion map of N of a form in R^k ω = � J∈J a_J dy_J ∈ D^r(R^k) .

(Here J denotes the collection of increasing r−tuples in {1, · · · , k} and dy_J = dy_{j1} ∧ · · · ∧ dy_{jr} for J ∈ J .)

First, ignoring the coefficient functions a_J (u_n) occurring in u^∗_nω, we study convergence of the q forms

du^{j1}_n ∧ · · · ∧ du^{jr}_n ∧^m_{i=1} � x_i∈S^p

π^∗ x − x_i |x − x_i| ∗ Ω_Sp−1 ∧ u^{Li}_n (x_i) . (III.11)

Note that we may rewrite III.11 as the sum of two terms d � u^{j1}_n du^{j2}_n ∧ · · · ∧ du^{jr}_n ∧^m_{i=1} � S^p

π^∗ x − x_i |x − x_i| ∗ Ω_Sp−1 ∧ u^{Li}_n (x_i) �

+(−1)^r u^{j1}_n du^{j2}_n ∧ · · · ∧ du^{jd}_n ∧ d � ∧^m_{i=1} � S^p

π^∗ x − x_i |x − x_i| ∗ Ω_Sp−1 ∧ u^{Li}_n (x_i) � . (III.12) For fixed n_L ≥ 1, we will also use an induction on r. In case r = 1, the bracketed expression in the first term is simply

u^{j1}_n ∧^m_{i=1} � S^p

π^∗ x − x_i |x − x_i| ∗ Ω_Sp−1 ∧ u^{Li}_n (x_i) .

Here the functions u^{j1}_n , being uniformly bounded in W^{1,p}(S^p), converge, by Sobolev embedding, strongly in L^m, for all m < ∞, to u^{j1} . The remaining wedge product is, by III.7 and III.8, weakly convergent in some L^{m′} space with m^′ < ∞ to the corresponding wedge product with u^{Li} (x_i) replacing u^{Li}_n (x_i). Multiplying and applying d, we conclude that the first term in the r.h.s. of (III.12) with r = 1 converges, in the sense of distributions, to d � u^{j1} ∧^m_{i=1} � S^p

π^∗ x − x_i |x − x_i| ∗ Ω_Sp−1 ∧ u^{Li} (x_i) � . In case r ∈ {2, 3, · · ·}, the induction assumption on r implies that

u^{j1}_n du^{j2}_n ∧ · · · ∧ du^{jd}_n ∧^m_{i=1} � S^p

π^∗ x − x_i |x − x_i| ∗ Ω_Sp−1 ∧ u^{Li}_n (x_i)

converges weakly in L^{pq−1} sense to

u^{j1} du^{j2} ∧ · · · ∧ du^{jd} ∧^m_{i=1} � S^p

π^∗ x − x_i |x − x_i| ∗ Ω_Sp−1 ∧ u^{Li} (x_i)

So again, the first term in the r.h.s. of (III.12) converges in the sense of distributions to the corresponding term with with u_n replaced by u.

The second term of the r.h.s. of (III.12) equals, modulo a multiplication by a constant, m� l=1 (−1)^{sl} a_J (u_n) u^{j1}_n du^{j2}_n ∧· · ·∧du^{jr}_n ∧u^{Ll}_n ∧_{i≠l} � S^p

π^∗ x − x_i |x − x_i| ∗ Ω_Sp−1 ∧u^{Li} (x_i) .

where s_l is some integer depending on l. Each of the terms of this sum correspond to a u^{L′l}n where the number of nodes in L^′_l has been decreased by 1 and now equals n_L +1−1 = n_L. We can thus apply our induction assumption on the number of nodes and deduce that each of this u^{L′l}n converges weakly in L^{pq} to the corresponding u^{L′l} .

Thus we have showed by induction on r that

du^{j1}_n ∧ du^{j2}_n ∧ · · · ∧ du^{jr}_n ∧^m_{i=1} � S^p

π^∗ x − x_i |x − x_i| ∗ Ω_Sp−1 ∧ u^{Li}_n (x_i)

converges weakly in L^{pq} to

du^{j1} ∧ du^{j2} ∧ · · · ∧ du^{jr} ∧^m_{i=1} � S^p

π^∗ x − x_i |x − x_i| ∗ Ω_Sp−1 ∧ u^{Li} (x_i)

Finally we consider the coefficients a_J (u_n). Since a_J is smooth and bounded on the compact submanifold N, Sobolev embedding implies that the sequence a_J (u_n) converges strongly in every L^m space to a_J (u), and therefore (III.11) converges in the distribution sense to

a_J (u) du^{j1} · · · ∧ du^{jd} ∧^m_{i=1} � S^p

π^∗ x − x_i |x − x_i| ∗ Ω_Sp−1 ∧ u^{Li} (x_i) .

Since it is bounded in L^{pq} , this convergence also holds weakly in L^{pq} and Lemma III.1 is proved.

Now we are ready to study the behavior of the smooth p forms u^K_n on S^p associated with W^{1,p} weakly convergent sequence of maps u_n ∈ C^∞(S^p, N) and a linear combination K = � l λ_lK_l of tree-graphs constructed in section II. The weak convergence of the mappings u_n implies by (II.19) the boundedness in L^1 of the sequence of p forms u^K_n or equivalently of the dual functions ∗ u^K_n ∈ C^∞(S^p). Thus the corresponding sequence of signed measures on S^p

(∗ u^K_n ) H^p S^p (III.13)

has a subsequence (∗ u^K_{nk} ) H^p S^p convergent to a signed Radon measures ν on S^p. Here, for notational simplicity, we indicate this by simply saying

u^K_{nk} ⇀ ν weakly as Radon measures .

The goal of this subsection is to prove the following proposition.

Proposition III.2 Let z be an element of Hom(π_p(N), R), and K = K_z = � l λ_lK_l be a formal linear combination of tree-graphs of closed forms on N associated to z for a given choice of geometric realization Ψ_N (as described in part II). For any sequence u_n ∈ C^∞(S^p, N) which W^{1,p} weakly converges to a map u ∈ W^{1,p}(S^p, N), there exist a subsequence u_{nk} , finitely many points a_1, · · · , a_I in S^p, and finitely many maps w_1, · · · , w_I from S^p to N with each z( [w_i] ) ≠ 0 such that the following assertions hold :

i) The differential p forms u^K_{nk} converge weakly as Radon measures

u^K_{nk} ⇀ u^K + I� i=1 z( [w_i] ) δ_{ai} . (III.14)

ii) For k sufficiently large, the following identity holds

z( [u_{nk} ] ) = z( [u] ) + I� i=1 z( [w_i] ) . (III.15) iii) The following inequality holds in the sense of measures

|∇u|^pH^p S^p + C_K I� i=1 |z( [w_i] )|^{pp+n}K δ_{ai} ≤ lim inf_{k→∞} |∇u_{nk} |^pH^p S^p (III.16) where C_K is a positive constant depending only on K and n_K is the total number of segments among all K^l in K.

iv) Given any diffeomorphism Ψ of S^p, we have

(u_{nk} ∘ Ψ)^K ⇀ (u ∘ Ψ)^K + I� i=1 z( [w_i] ) δ_Ψ−1_{(ai)} . (III.17)

v) There exists a constant ε_{p,N} > 0 depending only on p and N such that lim_{r→0} lim inf_{k→∞} � S^p∩B_r (a_i)

|∇u_{nk} |^p dH^p ≥ ε_{p,N} (III.18)

whenever z( [w_i] ) ≠ 0 for some i = 1, · · · , I.

vi) Let B be an open subdomain of S^p, and let v_n be another weakly converging sequence in W^{1,p}(S^p, N) such that v_n = u_n on B for all n ∈ N. Then, as Radon measures, (u^K_{nk} − v^K_{nk} ) B ⇀ (u^K − v^K ) B , (III.19) where v denotes the weak limit of v_n and B is the restriction operator to the subdomain B.

Remark III.1 Using the language of currents we introduced above in (III.1), i) says that, for any function f in C^0(S^p) the sequence

(Graph U^{nk}_{Kl} ) � f(x_1) ω^{Kl} (y_1, · · · , y_{nKl +1}) ∧_{J∈IKl} Ω_Sp−1 (X_J ) �

converges to

(Graph U_{Kl} ) � f(x_1) ω^{Kl} (y_1, · · · , y_{nKl +1})∧_{J∈IKl} Ω_Sp−1 (X_J ) � + I� i=1 f(a_i) z( [v_i] )

where x_l always denotes the variable assigned to the summit of the graph K_l.

Proof of Proposition III.2. In this proof, we will, for simplicity, not change notations when we pass to subsequences. In particular, we first pass to a subsequence to assume that

|∇u_n|^p H^p S^p ⇀ μ and u^K_n ⇀ ν

converge weakly as Radon measures on S^p. There exists, by B. White’s result in [Wh], a positive number ε_{p,N} such that any map u ∈ W^{1,p}(S^p, N) satisfying �

S^p

|∇u|^p dH^p ≤ ε_{p,N} (III.20)

is homotopically trivial. Thus there are only finitely many points a_1, · · · , a_I in S^p satisfying

μ({a_1}) > ε_{p,N} , · · · , μ({a_I }) > ε_{p,N} .

We will first verify that

ν (S^p \ {a_1, · · · , a_I }) = u^K . (III.21)

To do this, it suffices by the Besicovitch covering lemma, to find, for each point x_0 ∈ S^p \ {a_1, · · · , a_I } and each positive δ, a positive numbers r < δ so that lim_{n→∞} � S^p∩B_r (x_0)

u^K_n = � S^p∩B_r(x_0)

u^K .

We may assume, for simplicity of the presentation, that x_0 does not coincide with the pole sent to infinity by stereographic projection. The idea will be to chose r so that � S^p∩∂B_r (x_0) |∇un|

p is small, and then use the equation � S^p∩B_r (x_0)

u^K_n = � S^p

û^K_n − � S^p\B_r (x_0)

û^K_n , (III.22)

with a certain extension û_n ∈ W^{1,p}(S^p, N) of the restriction u_n| [S^p ∩B_r(x_0)]. We will show below how to choose û_n and the corresponding limit û on S^p \ B_r(x_0) to have strong W^{1,p} convergence there. This will take care of the convergence of the second term in (III.22). The first term will involve the topological quantities, namely z( [û_n] ) and z( [û] ), that will all vanish provided the total p energies of the û_n are all less than ε_{p,N} .

To choose r and find a suitable extension û_n, first let ε be a small positive number, to be determined later, and chose a positive s = s(δ, ε) small enough so that

s < min{δ, |x_0 − a_1|, · · · , |x_0 − a_I |} and � S^p∩B_s(x_0) μ ≤ ε 2 .

Passing to a subsequence, we may, by Fatou’s lemma and Fubini’s theorem, choose r ∈ (^t_2 , t) so that � S^p∩∂B_r (x_0)

|∇u_n|^p dH^{p−1} ≤ rε

for all n large. This implies that

‖u_n‖_W 1−1/p,p_{(S}p_{∩∂Br (x0),R}k_) ≤ Cε

(where R^k is an ambient space in which N is isometrically embedded). Since dim[S^p ∩ ∂B_r(x_0)] = p − 1 < p, there exist elements ξ_n in N such that

‖u_n − ξ_n‖_L∞_{(S}p_{∩∂Br (x0))} ≤ Cε (III.23)

where C is independent of s, ε and u_n. By (III.23), we can form a Whitney C^1 extension ũ_n of u_n| S^p ∩ ∂B_r(x_0) to S^p \ B_r(x_0). Letting π_N denote the nearest-point projection from a tubular neighborhood of N onto N, we see that the map û : S^p −→ N defined by

û_n = u on S^p ∩ B_r(x_0) ,

û_n = π_N ∘ ũ_n on S^p \ B_r(x_0)

satisfies the small energy bound � S^p

|∇û_n|^p dH^p ≤ Cε .

(The fact that constants are independent of r comes from the scaling invariance of the p−energy in R^p).

It is clear, since u_n converges weakly to u, that û_n converges to û and � S^p

|∇û|^p dH^p ≤ Cε .

Moreover, our choice of r so that � ∂B_r (x_0) |∇un|

p is uniformly bounded (with respect to n) and our choice of extension guarantee that û_n| (S^p \ B_r(x_0)), converges strongly in W^{1,p}(S^p \ B_r(x_0), N). Let û^K_n be the form obtained by replacing u_n by û_n in each of the forms U^∗_{Kl} (ω^{Kl} ) ∧ G^{Kl} . By also insisting that Cε < ε_{p,N} , we then have that z( [û_n] ) = 0 so that 0 = � S^p

û^K_n = � l λ_l � x_1∈R^p

· · · � x_{nKl +1}∈R^p

Û^∗_{Kl,n}(ω^Kl ) ∧ G^Kl , (III.24) and similarly 0 = � S^p

û^K = � l λ_l � x_1∈R^p

· · · � x_{nKl +1}∈R^p

Û^∗_{Kl,∞}(ω^Kl ) ∧ G^Kl . (III.25)

Next denoting

Ω_0 = π[S^p ∩ B_r(x_0)] and Ω_1 = R^p \ π[S^p ∩ B_r(x_0)] ,

we write, for every tree-graph K_l arising in K, � S^p

û^{Kl}_n = � x_1∈R^p

· · · � x_{nKl +1}∈R^p

Û^∗_{Kl,n}(ω^Kl ) ∧ G^Kl = � (i_1,···,i_{nKl +1})∈I_l � x_1∈Ω_{i1}

· · · � x_{nKl +1}∈Ω_{inKl +1}

Û^∗_{Kl,n}(ω^Kl ) ∧ G^Kl ,

(III.26)

where I_l denotes the set of n_{Kl} −tuples of ordered numbers taken from the set {0, 1}. Thus the integral we are interested in, namely, � S^p∩B_r (x_0) u K n , equals the single term in the sum given by the n_{Kl} −tuple (0, · · · , 0). For each of the remaining terms, i_k = 1 for some k ∈ {1, · · · , n_{Kl+1}}, and we claim that we have the convergence

lim_{n→∞} � x_1∈Ω_{i1}

· · · � x_{nKl +1}∈Ω_{inKl +1}

Û^∗_{Kl,n}(ω^Kl ) ∧ G^Kl = � x_1∈Ω_{i1}

· · · � x_{nKl +1}∈Ω_{inKl +1}

Û^∗_{Kl,∞}(ω^Kl ) ∧ G^Kl .

(III.27)

To verify this, we may assume that i_1 = 1. We observe that the modification of the orientation of segments in the graph only leads to a possible change of sign in the integrand Û^∗_{Kl,n}(ω^{Kl} ) ∧ G^{Kl} . Therefore we can always assume that the node for which the variable is integrated in Ω_1 is the summit of our graph. We have chosen indexation so that this is the variable x_1. Let ω_1 be the form at the summit of the tree-graph K_l. We now can write � x_1∈Ω_{i1}

· · · � x_{nKl +1}∈Ω_{inKl +1}

Û^∗_{Kl,n}(ω^Kl ) ∧ G^Kl = � x_1∈π(S^p\B_r (x_0))

(û_n ∘ π^{−1})^∗ω_1(x_1) ∧_k � x_{jk}

x_1 − x_{jk} |x_1 − x_{jk} | ∗ Ω_Sp−1 ∧ û^{Kl,k}n (π^{−1}(x_{jk} ))

where j_k are all the nodes connected to the summit and K_{l,k} are the treegraph issued from these nodes. Denote d_1 > 0 the degree of the form ω_1.

From Lemma III.1 we know that, for every k, û^{Kl,k}n converges weakly in L^{ps}k for some s_k > 0 and the s_k satisfy � k(s_k − 1) = p − d_1 (where we are using Proposition III.1). Therefore, in the distribution sense, � x_{jk}

x_1 − x_{jk} |x_1 − x_{jk} | ∗ Ω_Sp−1 ∧ (û^{Kl,k}n ∘ π^{−1}) ⇀ � x_{jk}

x_1 − x_{jk} |x_1 − x_{jk} | ∗ Ω_Sp−1 ∧ (û^{Kl,k} ∘ π^{−1}) .

Using classical estimates on Riesz integrals (see [St]), we obtain that � x_{ik}

x_1 − x_{ik} |x_1 − x_{ik} | ∗ Ω_Sp−1 ∧ û^{Kl,k}n (π^{−1}(x_{ik} ))

is uniformly bounded in L^{ps}k^{−1} . Therefore it converges weakly in L^{ps}k^{−1} to the limit � x_{jk} x_1−x_{jk} |x_1−x_{jk} | ∗ Ω_Sp−1 ∧ û^{Kl,k} ∘ π^{−1}. Since û^∗_nω_1 converges strongly to û^∗ω_1 on Ω_2 = R^p \ B_r(x_0), (III.27) is proved. Therefore, combining (III.24), (III.25), (III.26) and (III.27) we obtain that

lim_{n→∞} � l λ_l � x_1∈B_r (x_0)

· · · � x_{nKl +1}∈B_r (x_0)

U^∗_{Kl,n}(ω^{Kl} ) ∧ G^{Kl} = � l λ_l � x_1∈B_r (x_0)

· · · � x_{nKl +1}∈B_r (x_0)

U^∗_{Kl,∞}(ω^{Kl} ) ∧ G^{Kl}

(III.28)

Considering now the integral of u^K_n = � l λ_lu^{Kl}_n on B_r(x_0). We make the following elementary remark : Let f_n be some sequence of functions weakly converging in L^ps (R^p \ B_r(x_0)), for 2 ≤ s ≤ p − 1, to a limit f. Then � R^p\B_r (x_0) 1 |x − y|^{p−1} f_n(y) dy

converges strongly in L^q_{loc}(B_r(x_0)) for any q > 0 and converges weakly in L^{ps−1} (B_r(x_0)) to � R^p\B_r (x_0) 1 |x−y|^{p−1} f(y). Moreover, it is not difficult to check

that ‖ � R^p\B_r (x_0) 1 |x−y|^{p−1} fn(y)‖L^q(B^r (x^0)) is uniformly bounded for some q > p s−1 . Therefore, we deduce that there exists some q >^p_{s−1} such that � R^p\B_r (x_0) 1 |x − y|^{p−1} f_n(y)dy → � R^p\B_r (x_0) 1 |x − y|^{p−1} f(y) dy in L^q(B_r(x_0))

Considering a decomposition of the domain R^p into B_r(x_0) and R^p \B_r(x_0) in computing the integral � R^p û

K_l n = � x_1∈R^p · · · � x_{nKl +1}∈R^p

Û ∗_{Kl,n}(ωKl ) ∧ GKl , only

the convergence of the term � x_1∈B_r (x_0)

· · · � x_{nKl +1}∈B_r (x_0)

U^∗_{Kl,n}(ω^{Kl} ) ∧ G^{Kl} is a-priori problematic. But using the result of our efforts above in (III.28) we can deduce that �

B_r (x_0)

u^K_n −→ � B_r(x_0)

u^K

This holds for any x_0 in S^p \ {a_1, · · · , a_I } and any r small enough, therefore (III.21) holds true and we have that

u^K_n ⇀ u^K + I� i=1 m_iδ_{ai} as Radon measures

for some real numbers m_1, · · · , m_I . A careful and classical concentration compactness blow-up study at each a_i, using similar arguments as above, shows that each number m_i may be identified as a sum of z( [v_k] ) where v_k are maps from S^p into N. One readily finds a single map w_i : S^p → S^p with [w_i] = � k[v_k]. This ends the proof of (III.14) and (III.15).

The proof above shows that in B_r(a_i) the part of u^{Kl}_n (x_1) given by � (i_2,···,i_{nKl +1})∈I_l � x_2∈Ω_{i2}

· · · � x_{nKl +1}∈Ω_{inKl +1}

U^∗_{Kl,n}(ω^{Kl} ) ∧ G^{Kl}

where I_l is the set of n_{Kl} -tuples of numbers in {1, 2} such that at least one i_k is equal to 2, converges to � (i_2,···,i_{nKl +1})∈I_l � x_2∈Ω_{i2}

· · · � x_{nKl +1}∈Ω_{inKl +1}

U^∗_{Kl,∞}(ω^{Kl} ) ∧ G^{Kl}

in B_r(a_i). Only the local term

V_{r,ai} = � x_2∈B_r(a_i )

· · · � x_{nKl +1}∈B_r (a_i)

U^∗_{Kl,n}(ω^{Kl} ) ∧ G^{Kl}

is concentrating. Using (II.19) (i.e. Lemma II.4), we have | � B_r (a_i)

V_{r,ai} |^{nn+nK}l ≤ C_{Kl} � B_r

|∇u_n|^p dH^p .

Combining this facts with the results of B.White quoted at the beginning of the proof of the proposition which says that

lim_{r→0} lim inf_{k→∞} � B_r(a_i )

|∇u_n|^p dH^p ≥ ε_{p,N}

as long as z[w_i] ≠ 0, we get (III.16). In order to establish (III.17) it suffices to combine the proof of (III.14) with the last part of Remark II.4. (III.19) is also a direct consequence of the previous observations. Proposition III.2 is then proved.

IV Scans of p Dimensional Tree-graph Forms for Maps of R^{p+1}.

IV.1 Notations and definitions.

For the remainder of the paper we will be discussing W^{1,p} mappings

u : R^{p+1} −→ N

by considering their restrictions to p spheres.

Letting R^{p+1} × R_+ parameterize the space of all p dimensional spheres in R^{p+1} with (c, r) → ∂B_r(c), we observe that, for almost all (c, r) ∈ R^{p+1} ×R_+, the restriction u | ∂B_r(c) ∈ W^{1,p}(∂B_r(c), S^p). We will be applying all the work of the previous chapters to the corresponding W^{1,p} map on the unit sphere,

u_{c,r} : S^p −→ S^p , u_{c,r}(x) = u(c + rx) for x ∈ ∂B_r(c) .

A scan S in R^{p+1} will be simply a measurable map from the space of p spheres to the space M(S^p) of Radon measures on S^p,

S : R^{p+1} × R_+ −→ M(S^p) .

As described in (III.13), we may use, for any integrable p form ω on S^p, the same symbol ω to denote the corresponding absolutely continuous measure (∗ ω) H^p S^p ∈ M(S^p). Thus, a linear combination K of p dimensional treegraphs on S^p and a mapping u ∈ C^∞(R^{p+1}, N) induce the K-scan of the mapping u , (c, r) −→ u^K_{c,r} ,

where u^K_{c,r} is the p form constructed in II.2 using the Gauss integrals of II.4. Even for nonsmooth u ∈ W^{1,p}(R^{p+1}, N), where u_{c,r} ∈ W^{1,p}(S^p, N) for almost all (c, r), similar constructions and integrations give a K-scan of u.

We next consider the behavior of the K-scans of mappings in a W^{1,p} weakly convergent sequence.

IV.2 Convergence of Scans

The goal of this subsection is to prove the following proposition.

Proposition IV.1 Let K = K_z be a linear combination of simply connected tree-graphs of closed forms associated to a class z ∈Hom(π_p(N), R). For any sequence u_n ∈ C^∞(R^{p+1}, S^p) converging W^{1,p} weakly to some limit u ∈ W^{1,p}(R^{p+1}, S^p), there exist a subsequence u_n′ and a scan S of the form

S(c, r) = u^K_{c,r} +

I(c,r)�

i=1 m_i(c, r) δ_{ai(c,r)} (IV.1)

so that, for every c ∈ R^{p+1} and almost every r ∈ R, each subsequence of u_n′ contains a subsequence u_n′′ so that

(u_n′′ )^K_{c,r} ⇀ S(c, r)

weakly as Radon measures. Here the quantities, I(c, r) ∈ N, m_i(c, r) ∈ R_+ ∩ z(Π_p (n)), and a_i(c, r) ∈ S^p, are all measurable in (c, r).

Proof of Proposition IV.1.

Let {(c_1, s_1), (c_2, s_2), · · ·} be a countable dense subset of R^{p+1} × R_+. By Fatou’s lemma and Fubini’s theorem, � r∈[s_1−1,s_1+1]

lim inf n→∞ � ∂B_r (c_1)

|∇u_n|^pdH^pdr ≤ sup_n � R^{p+1}

|∇u_n|^p dx < ∞ ,

and we may choose a number r_1 ∈ [s_1 − 1, s_1 + 1] and a subsequence α_1(n) so that sup_n � ∂B_{r1} (c_1)

|∇u_{α1(n)}|^p dH^p < ∞ .

Similarly we inductively find, for k = 2, 3, · · ·, numbers r_k ∈ [s_k −^1_k , s_k +^1_k ] and a subsequence α_k(n) of α_{k−1}(n) so that

sup_n � ∂B_{rk} (c_k)

|∇u_{αk(n)}|^p dH^p < ∞ .

Then {(c_1, r_1), (c_2, r_2), · · ·} is also dense in R^{p+1} × R_+ and the diagonal sequence α_n(n) gives

sup_n � ∂B_{rk} (c_k)

|∇u_{αn(n)}|^p dH^p < ∞ .

for all k = 1, 2, · · ·. By Proposition III.2, we may use another diagonal procedure to find a subsequence u_n′ so that, for every k = 1, 2, · · ·, one has on S^p the weak convergences of Radon measures

lim_{n→∞} |∇(u_n′ )_{ck,rk} |^p H^p S^p = μ_k and lim_{n→∞}(u_n′ )^K_{ck,rk} = u^K_{ck,rk} +

I(c_k,r_k)�

i=1 m_i(c_k, r_k) δ_{ai(ck,rk)} , (IV.2)

where μ_k is a positive Radon measure on S^p, I(C_k, r_k) ∈ {0, 1, · · ·} and m_i(c_k, r_k) ∈ R_+ and a_i(c_k, r_k) ∈ S^p for i = 1, · · · , I(c_k, r_k). Consider now an arbitrary point c ∈ R^{p+1}. Since u_n′ converges strongly to u in L^1_{loc}, the exceptional set

X_c = � r ∈ R : H^p({x ∈ ∂B_r(c) : lim_{n′→∞} u_n′ (x) ≠ u(x)}) > 0 � (IV.3)

has, by Fubini’s theorem, measure zero. Using now Fatou’s lemma, we have that � r∈R lim inf

n^′→0 � ∂B_r (c)

(|∇u| + |∇u_n′ |^p)dH^p ≤ 2 sup_{n′} � R^{p+1}

|∇u_n′ |^pdx < ∞ ,

and the set

Y_c = � r ∈ R : � ∂B_r (c)

|∇u|^pdH^p + lim inf_{n′→0} � ∂B_r (c)

|∇u_n′ |^pdH^p = ∞ �

(IV.4) also has measure zero. Finally,

Z_c = {r ∈ R : μ_k(∂B_r(c)) > 0 for some k = 1, 2, · · ·} (IV.5)

is countable. Removing these three sets and taking r ∈ R \ (X_c ∪ Y_c ∪ Z_c), we can find a subsequence, that we keep denoting u_n′ , such that

u_n′ ⇀ u in W^{1,p}(∂B_r(c), N) .

By Proposition III.2, any subsequence of u_n′ contains a subsequence u_n′′ giving the weak convergence of measures in the form

(u_n′′ )^K_{c,r} ⇀ u^K_{c,r} + Ī� i=1 m̄_i δ_{āi} ,

where Ī ∈ {0, 1, · · ·} and m̄_i ∈ R \ {0} and ā_i ∈ S^p for i = 1, · · · , Ī. To prove the proposition, we need to establish the uniqueness of this limit. That is, J� j=1 n_j δ_{bj} = Ī� i=1 m̄_i δ_{āi} (IV.6) whenever u_n′′′ is another subsequence of u_n′ giving a similar weakly convergent limit,

(u_n′′′ )^K_{c,r} ⇀ u^K_{c,r} + J� j=1 n_j δ_{bj} . (IV.7)

To verify (IV.6), take any one point ā_i ∈ {ā_1, · · · , ā¯_I } and fix a positive number

ρ < min{ |ā_i − b| : ā_i ≠ b ∈ {ā_1, · · · , ā¯_I , b_1, · · · , b_J } .

We may choose an element (c_k, r_k) of our countable family above so that r_k <^1_2 ρ and ā_i ∈ B_{rk} (c_k). Thus B_{rk} (c_k) either does not intersect {b_1, · · · , b_J } or contains exactly one b_j , which then coincides with ā_i.

Consider now the Lipschitz sphere

Σ = ∂ (B_{rk} (c_k) ∩ B_r(c)) = Σ_1 ∪ Σ_2 ,

where Σ_1 = Σ ∩ B_r(c) = ∂B_{rk} (c_k) ∩ B_r(c) ,

Σ_2 = Σ ∩ B_{rk} (c_k) = ∂B_r(c) ∩ B_{rk} (c_k) .

Letting Ψ(x) = r^{−1}_k (x − c_k) for x ∈ Σ_1, we see that Ψ extends to a bilipschitz homeomorphism of Ψ : Σ → S^p whose restriction to Σ_2 is a smooth diffeomorphism.

Concerning the region Σ_1, we have the convergence, as Radon measures on S^p, of the original subsequence (u_n′ )^K_{ck,rk} . This convergence then restricts, by (III.19), to the open subset Ψ(Σ_1) and, by (IV.5), to the closure Ψ(Σ_1). Using (III.14), (III.17), and (III.14), we deduce that,

(u_n′ ∘ Ψ^{−1})^K Ψ(Σ_1) = (u_n′ )^K_{ck,rk} Ψ(Σ_1)

⇀ u^K_{ck,rk} Ψ(Σ_1) + R = (u ∘ Ψ^{−1})^K Ψ(Σ_1) + R ,

(IV.8)

where R = � a_i(c_k,r_k)∈Σ_1

m_i(c_k, r_k)δ_{ai(ck,rk)} .

Concerning the complementary region Σ_2, we may restrict the convergences of the two subsequences (u_n′′ )^K_{c,r} and (u_n′′′ )^K_{c,r} to the open subset Ψ(Σ_2) of S^p. By our choice of ρ, (III.17), and (III.19),

(u_n′′ ∘ Ψ^{−1})^K Ψ(Σ_2) ⇀ (u ∘ Ψ^{−1})^K Ψ(Σ_2) + m̄_iδ_{Ψ(c+rāi)} (IV.9) and similarly combining (IV.2), (IV.7), (III.17) and (III.19), we get that

(u_n′′′ ∘ Ψ^{−1})^K Ψ(Σ_2) ⇀ (u ∘ Ψ^{−1})^K Ψ(Σ_2) + mδ_{Ψ(c+rāi)} , (IV.10)

where either m = 0 in case B_{rk} (c_k) ∩ {b_1, · · · , b_J } = ∅ ,

or m = n_j and b_j = ā_i . Finally we note that � S^p

(u_n ∘ Ψ^{−1})^K = 0 . (IV.11)

for all n because u_n ∘ Ψ is, by the continuity of u_n on B_r(c) ∩ B_{rk} (c_k), homotopic to zero in [S^p, N].

Adding (IV.8) (with n^′ replaced by n^{′′}) and (IV.9), integrating over S^p, using (IV.11), and taking lim_n′′_{→∞}, we deduce that

0 = lim_{n′′→∞} � S^p

(u_n′′ ∘ Ψ^{−1})^K = � S^p

(u ∘ Ψ^{−1})^K � + R(1) + m̄_i .

Similarly using (IV.8) (with n^′ replaced by n^{′′′}) , (IV.10) and (IV.11), and taking lim_n′′′_{→∞}, we see that

0 = lim_{n′′′→∞} � S^p

(u_n′′′ ∘ Ψ^{−1})^K = � S^p

(u ∘ Ψ^{−1})^K � + R(1) + m .

Combining the last two equations we see that m = m̄_i ≠ 0 so that n_j = m = m̄_i and b_j = ā_i.

By repeating this argument we deduce that the two sets {b_1, · · · , b_J } and {ā_1, · · · , ā¯_I } coincide and that the associated multiplicities are equal, which completes the proof of (IV.6).

Finally the measurability of the limiting scan

(c, r) −→ u^K_{c,r} +

I(c,r)�

i=1 m_i(c, r) δ_{ai(c,r)} ,

and hence of I(c, r), m_i(c, r) and a_i(c, r), follows from the measurability of pointwise limits of sequences of measurable functions and the separability of C^0(S^p).

IV.3 Connecting π_p(N) ⊗ R Singularities.

In this section we prove our main result : Theorem I.1. This is an immediate consequence of Proposition III.2(i)(ii) and the following structure theorem on the rectifiability of the “bubbled scan” in Proposition IV.1 : Theorem IV.1 Suppose z ∈Hom(π_p(N), R), K = K_z is a corresponding linear combination of tree-graphs of forms,

u_n ∈ C^∞(R^{p+1}, N) ⇀ u ∈ W^{1,p}(S^p, N) weakly in W^{1,p} , and u_n′ is the subsequence with bubbled scan

S(c, r) = u^K_{c,r} +

I(c,r)�

i=1 m_i(c, r) δ_{ai(c,r)} ,

as in Proposition IV.1. Then there exist a countable union Γ of C^1 curves with measurable orientation ⃗Γ and a nonnegative H^1 measurable function θ from Γ into z(π_p(N)) such that � Γ θ^{pp+nz} dH^1 ≤ C_z lim inf_{n→∞} � R^{p+1}

|∇u_n|^p dx , (IV.12)

(with C_z depending only on z and n_z as in Definition II.1) and, for almost all (c, r) ∈ R^{p+1} × R_+, ∂B_r(c) is transverse to Γ, and

S(c, r) = u^K_{c,r} + � a∈Γ∩∂B_r (c)

sgn [⃗Γ(a) · (a − c)] θ(a) δ a−c_r . (IV.13)

Thus,

{a_1(c, r), · · · , a_{I(c,r)}(c, r)} = � a − c r : a ∈ Γ ∩ ∂B_r(c), θ(a) ≠ 0 � , and m_i(c, r) = sgn [⃗Γ(c + ra_i(c, r)) · a_i(c, r)] θ(c + ra_i(c, r)) .

We will need the following elementary lemma, a proof of which can be found in [HR1] (Lemma 7.1).

Lemma IV.1 For ε > 0 and for any sequence u_n ∈ W^{1,p}(R^{p+1}, N) with L = sup_n � R^{p+1} |∇un|

pdx being finite, the ε energy concentration set

E_ε = � c ∈ R^{p+1} : lim sup_{r→0} lim inf_{n→∞} 1 r � B_r (c)

|∇u_n|^p dx ≥ ε �

has H^1(E_ε) ≤ C_p ε^{−1}L where C_p is a constant depending only on p.

Proof of Theorem IV.1. Suppose (c, r) ∈ R^{p+1} × R_+, a ∈ ∂B_r(c) and 0 < ρ < r. Then the boundary

Σ = ∂ (B_ρ(a) ∩ B_r(c))

is uniformly bilipschitz homeomorphic to ∂B_ρ(a). In fact, one may define Ψ : Σ → ∂B_ρ(a) to be the identity on (∂(B_ρ(a)) ∩ B_r(c) and, on (B_ρ(a)) ∩ ∂B_r(c), to be the radial projection away from the point c + (^{r−ρ}_r )(a − c) onto ∂B_ρ(a) \ B_r(c). One checks that Lip Ψ ≤ 4 and Lip Ψ^{−1} ≤ 1. Thus

4^{−p} � Σ |∇u|^pdH^p ≤ � ∂B_ρ(a)

|∇(u ∘ Ψ^{−1})|^pdH^p ≤ 4^p � Σ |∇u|^pdH^p .

For the corresponding map (u ∘ Ψ^{−1})_{a,ρ} : S^p → N, we have the conformal invariance � S^p

|∇ ( (u ∘ Ψ^{−1})_{a,ρ}) |^p dH^p = � ∂B_ρ(a)

|∇(u ∘ Ψ^{−1})|^p dH^p .

With ε_1 = 10^{−1}4^{−p}ε_{p,N} where ε_{p,N} is the constant introduced in (III.20), it follows that � Σ |∇u|^p ≤ 10ε_1 =⇒ [u | Σ] ∼ [(u∘Ψ^{−1})_{a,ρ}] = 0 in π_p(N) . (IV.14)

Suppose c ∈ R^{p+1} and r ∈ R_+ \ (X_c ∪ Y_c ∪ Z_c) are as before (IV.3), (IV.4), (IV.5), and consider the “bubbling points” in ∂B_r(c),

A(c, r) = { c + r a_1(c, r), c + r a_2(c, r), . . . , c + r a_{I(c,r)}(c, r) } .

Also recall the classical fact (see e.g. [Gi] Th.2.2) that the set of energy density points of the W^{1,p} map u

S_u = � c ∈ R^{p+1} : lim sup_{r→0} 1 r � B_r (c)

|∇u|^p dx > 0 � (IV.15)

has H^1(S_u) = 0.

We will complete the proof in three steps: Step 1. A(c, r) \ W ⊂ E_{ε1} .

Suppose, for contradiction, that there is a point

a = c + r a_i(c, r) ∈ A(c, r) \ (W ∪ E_{ε1} ) .

By IV.4 and the fact that a /∈ (W ∪ E_{ε1} ), we can also choose a positive σ small enough so that B_σ(a) ∩ A(c, r) = {a}, � ∂B_r (c)∩B_σ (a)

|∇u|^p dH^p le ε_1 (IV.16) and σ^{−1} � B_σ (a)

|∇u|^p dx + lim inf_{n′→∞} σ^{−1} � B_σ(a)

|∇u_n′ |^p dx ≤ ε_1 .

Using now Fubini’s theorem and Proposition IV.1, we can find a subsequence u_n′′ of u^′_n and a radius ρ ∈ [σ/2, σ] such that

(u_n′′ )^K_{a,ρ} ⇀ S(a, ρ) , (IV.17) and lim_{n′′→∞} � ∂B_ρ(a)

|∇u_n′′ |^p dH^p ≤ 6ε_1 . (IV.18)

Combining this facts with Proposition III.2 and (IV.14), we deduce that (u_n′′ )^K_{a,ρ} cannot concentrate to produce any m_i(a, ρ)δ_{ai(a,ρ)} so that

S(a, ρ) = u^K_{a,ρ} (IV.19)

Let Σ = ∂ (B_ρ(a) ∩ B_r(c)) and Ψ : Σ → ∂B_ρ(a) be as above. Using (IV.2), (IV.17), (IV.19), (III.17) and (III.19) as in the proof of IV.10, we deduce that

(u_n′′ ∘ Ψ^{−1})^K_{a,ρ} ⇀ (u ∘ Ψ^{−1})^K_{a,ρ} + m_i(c, r) δ_ρ−1_{(Ψ(a)−a)} (IV.20)

Combining now (IV.16) and (IV.18) and (IV.14), we also have that the penergy of (u ∘ Ψ^{−1})_{a,ρ} on Σ is below the required energy for having a nonzero π_p(N) homotopy class. Thus � S^p

(u ∘ Ψ^{−1})^K_{a,ρ} = 0 . (IV.21)

Since the restriction of u_n′′ to Σ is also null homotopic (because it extends as a smooth map on B_r(c) ∩ B_ρ(a)), we also have � S^p

(u_n′′ ∘ Ψ^{−1})^K_{a,ρ} = 0 . (IV.22)

Combining (IV.20),(IV.21) and (IV.22), we obtain that m_i(r, c) = 0, a contradiction which completes the proof of Step 1.

Step 2. Choice of Γ.

Since, by Lemma IV.1, H^1(E_{ε1} ) < ∞, we see from the Besicovitch structure theorem [Fe] 3.3.13 that

H^1 (E_{ε1} \ (Γ ∪ Λ )) = 0 , (IV.23)

for some some countable union Γ of C^1 curves and some totally unrectifiable set Λ. The latter set does not intersect almost all p-spheres so that, by Fubini’s theorem, the set

B_Λ = � c ∈ R^{p+1} : H^1 ({r ∈ R_+ : ∂B_r(c) ∩ Λ ≠ ∅}) > 0 � (IV.24)

has (p + 1) dimensional Lebesgue measure zero.

By Lemma V.1 below, the set

A_Γ = � c ∈ R^{p+1} : H^1(T_{Γ, c}) > 0 � (IV.25)

where

T_{Γ, c} = � x ∈ Γ : ∂B_{|x−c|}(c) is not transverse to Γ at x � also has (p + 1)-dimensional Lebesgue measure zero.

For a point c ∈ R^{p+1} \(A_Γ ∪B_Λ), we deduce from (IV.15), (IV.25), )IV.23), and (IV.24) that the set

W_c = {r ∈ R_+ : ∂B_r(c) ∩ (S_u ∪ T_{Γ, c} ∪ Λ ∪ [ E_{ε1} \ (Γ ∪ Λ) ] ) ≠ ∅} (IV.26) has H^1(W_c) = 0.

Step 3. Choice of multiplicity θ and orientation ⃗Γ.

We fix one point c_0 ∈ R^{p+1} \ (A_Γ ∪ B_Λ), and, recalling (IV.3), (IV.4), (IV.5), and (IV.26), let

R_0 = � {A(c_0, r) : r ∈ R_+ \ (W_{c0} ∪ X_{c0} ∪ Y_{c0} ∪ Z_{c0} )} .

By Step 1 and (IV.26), R_0 ⊂ Γ .

On the subset Γ \ R_0 we simply define θ ≡ 0, and take any choice of measurable orientation ⃗Γ there.

For any point a ∈ R_0, a ∈ A(c_0, |a − c_0| ) and

a = c_0 + |a − c_0| a_i(c_0, |a − c_0| ) for some i ∈ {1, · · · , I(c_0, r)}, and we may define θ(a) = |m_i(c_0, |a − c_0| ) | , and choose the unique unit tangent vector ⃗Γ(a) so that sgn [⃗Γ(a) · (a − c_0)] = sgn m_i(c_0, |a − c_0| ) (because Γ is transverse to ∂B_r(c) at a). This implies the H^1 measurability of θ and ⃗Γ, and inequality (IV.12) follows from (III.14) and (III.16). The functions θ and ⃗Γ were chosen so that the formula (IV.13) holds in case the center c = c_0 and the radius r ∈ R_+ \ (W_{c0} ∪ X_{c0} ∪ Y_{c0} ∪ Z_{c0} ).

It only remains to verify that, with this choice of θ and ⃗Γ, the formula (IV.13) is still true for an arbitrary c in R^{p+1} \ (A_Γ ∪ B_Λ) and almost every r > 0. Since c_0 /∈ A_Γ, transversality a.e. implies that the set Υc_0 = {x ∈ Γ : |x − c_0| ∈ W_{c0} ∪ X_{c0} ∪ Y_{c0} ∪ Z_{c0} } has measure H^1(Υ_{c0} ) = 0. It follows that V_c = {r ∈ R_+ : ∂B_r(c) ∩ Υ_{c0} ≠ 0} also has H^1(V_c) = 0. Now, if choose any radius r ∈ R_+ \ (V_c ∪ W_c ∪ X_c ∪ Y_c ∪ Z_c) , then for any point a ∈ Γ ∩ ∂B_r(c), the distance r_0 = |a − c_0| is also a good radius for c_0, that is, r_0 /∈ (W_{c0} ∪ X_{c0} ∪ Y_{c0} ∪ Z_{c0} ). In particlar, we have the transversality of Γ at a with respect to both spheres ∂B_r(c) and ∂B_{r0} (c_0).

For the orientations, there are four possibilities,

sgn [⃗Γ(a) · (a − c)] = ±1 , sgn [⃗Γ(a) · (a − c_0)] = ±1 . To simplify the presentation, we assume that

sgn [⃗Γ(a) · (a − c)] = sgn [⃗Γ(a) · (a − c_0)] = +1 (IV.27) (the other cases can be treated in a similar way). As above, we have, with r = |a − c| and r_0 = |a − c_0|, that a = c_0 + r_0 a_i(c_0, r_0) = c + r a_j (c, r) for some i ∈ {1, · · · , I(c_0, r_0)} and j ∈ {1, · · · , I(c, r)}. To establish (IV.13), it now suffices to show that m_j (c, r) = m_i(c_0, r_0) .

First note that for positive ρ less than

δ = min {dist(a, A(c, r) \ {a}) , dist(a, A(c_0, r_0) \ {a})} , one has B_ρ(a) ∩ A(c, r) = {a} = B_ρ(a) ∩ A(c_0, r_0) . (IV.28) Let Ω = [B_r(c) \ B_{r0} (c_0)]∪[B_{r0} (c) \ B_r(c)]. By (IV.27), the unit tangent vectors ±⃗Γ(a) lie outside the (closed) tangent cone Tan(Ω, a). It follows that

lim_{σ→0} σ^{−1}H^1 � ρ ∈ [0, σ] : Γ ∩ ∂B_ρ(a) ∩ Ω̃ ≠ ∅ � = 0 (IV.29)

for some (slightly larger) open cone Ω̃ about a containing a + Tan(Ω, a).

Also, since x /∈ S_u,

lim_{σ→0} σ^{−1}

�_{2σ} σ � ∂B_ρ(x)

|∇u|^p dH^p dρ ≤ lim_{σ→0} σ^{−1} � B_σ (a)

|∇u|^pdx = 0 , (IV.30)

and clearly � ∂B_r (c)∩B_ρ(a)

|∇u|^p dH^p + � ∂B_{r0} (c_0)∩B_ρ(a)

|∇u|^p dH^p → 0 (IV.31)

as ρ → 0.

We will now argue as in Step 1 using the two Lipschitz spheres Σ = ∂ (B_ρ(a) ∩ B_r(c)) and Σ_0 = ∂ (B_ρ(a) ∩ B_{r0} (c_0)) .

¿From (IV.29), (IV.30), (IV.31), and (IV.14), we see that we may choose a sufficiently small positive ρ < δ so that Γ ∩ ∂B_ρ(a) ∩ (Ω ∪ Ω̃) = ∅ , (IV.32) so that the restrictions u | Σ and u | Σ_0 have sufficiently small p energies so that their Π_p(N) homotopy classes both vanish, and so that there is, as in Proposition IV.1, weak convergence of subsequences of the p forms (u_n′ )^K_{a,ρ} to S(a, ρ). Let Ψ : Σ → ∂B_ρ(a) and Ψ_0 : Σ_0 → ∂B_ρ(a) be bilipschitz homeomorphisms as in Step 1. Now, after translation and rescaling, we are considering the five sequences of maps from S^p to N, (u_n)_{c,r} , (u_n)_{c0,r0} , (u_n)_{a,ρ} , (u_n ∘ Ψ^{−1})_{a,ρ} , (u_n ∘ Ψ^{−1}_0 )_{a,ρ} .

Since u_n | Σ and u_n | Σ_0 have smooth extensions to R^{p+1}, they are nullhomotopic and the integrals of the corresponding tree-graph forms vanish, � S^p

(u_n ∘ Ψ^{−1})^K_{a,ρ} = 0 = � S^p

(u_n ∘ Ψ^{−1}_0 )^K_{a,ρ} . Similarly, �

S^p

(u ∘ Ψ^{−1})^K_{a,ρ} = 0 = � S^p

(u ∘ Ψ^{−1}_0 )^K_{a,ρ} .

because, as we saw above, the p homotopy classes of u | Σ and u | Σ_0 also vanish.

Our Proposition IV.1 allows us to pass to consecutive subsequences. Concerning the bubbling, we may, as before, consider the partition Σ = (Σ ∩ B_r(c)) ∪ � Σ ∩ B_ρ(a) � , and similarly for Σ_0. On Σ ∩ B_ρ(a) (respectively, Σ_0 ∩ B_ρ(a)), we have, by (IV.1) and (IV.28), the single term m_j (c, r)δ_{aj (c,r)} (respectively, m_i(c_0, r_0)δ_{ai(c0,r0)} ) while, on Σ ∩ B_r(c) or Σ_0 ∩ B_{r0} (c_0) all the bubbling occurs, by (IV.32), on the intersection

Σ ∩ B_r(c) ∩ Σ_0 ∩ B_{r0} (c) = (∂B_ρ(a)) ∩ B_r(c) ∩ B_{r0} (c_0) . Putting this all together, we have for some subsequence u_n′′ 0 = lim_{n→∞} � S^p

(u_n′′ ∘ Ψ^{−1})^K_{a,ρ}

= � S^p

(u_∘Ψ^{−1})^K_{a,ρ} + m_j (c, r) + � a+ρa_k (a,ρ)∈B_r (c)

m_k(a, ρ)

= 0 + m_j (c, r) + � a+ρa_k (a,ρ)∈B_r (c)∩B_{r0} (c_0)

m_k(a, ρ) . Similarly,

0 = 0 + m_i(c_0, r_0) + � a+ρa_k (a,ρ)∈B_{r0} (c_0)∩B_r (c)

m_k(a, ρ) .

The last two equations now give the desired equality m_j (c, r) = m_i(c_0, r_0).

V Appendix

Suppose γ : [0, L] → R^n is a C^1 curve, t ∈ [0, 1], and a ∈ R^n. Then γ is, at γ(t), transverse to the intersecting sphere ∂B_{|γ(t)−a|}(a) if and only if γ̇(t) · (γ(t) − a) ≠ 0 .

For most centers a, one has such transversality at most points of the curve. More precisely, Lemma V.1 For any C^1 embedded curve γ : [0, L] → R^n, the set A_γ = � a ∈ R^n : H^1 ({t ∈ [0, L] : γ̇(t) · (γ(t) − a) = 0}) > 0 � , is countably (n − 2) rectifiable, and thus has n dimensional Lebesgue measure zero.

Proof of Lemma V.1 : For i = 0, · · · , n, let G_i denote the Grassmann of i dimensional vector subspaces of R^n, and consider the projection π_i : R^n × G_i −→ R^n , π_i(a, P ) = a for (a, P ) ∈ R^n × G_i . For each such (a, P ), also let

T_{(a,P )} = {t ∈ [0, L] : γ̇(t) · (γ(t) − a) = 0 , γ̇(t) ⊂ P } . Letting S_i = {(a, P ) ∈ R^n × G_i : H^1(T_{(a,P )}) > 0 } , we readily infer that S_0 = ∅. We also claim that S_1 = ∅. In fact otherwise, there is a convergent sequence t_i → t_0 in some T_{(a,P )} with dimP = 1. Assuming γ is parameterized by arc-length, γ̇(t_i) is, for i = 0 and i sufficiently large, the same unit vector v whose span is the line P . But then

1 = v · γ̇(t_0) = lim_{i→∞} v · γ(t_i) − γ(t_0) t_i − t_0

= lim_{i→∞} γ̇(t_i) · γ(t_i) − γ̇(t_0) · γ(t_0)

t_i − t_0

= lim_{i→∞} γ̇(t_i) · a − γ̇(t_0) · a t_i − t_0

= 0 , a contradiction. Thus, S_1 = ∅.

Next we note that

A_γ = π_n(S_n) ⊃ π_{n−1}(S_{n−1}) ⊃ · · · ⊃ π_1(S_1) = ∅ , so that it suffices to show that each set A_i = π_i(S_i) \ π_{i−1}(S_{i−1}) is countably n − 2 rectifiable for i = 2, 3, · · · , n.

Consider two points (a, P ), (a^′, P^′) in S_i with P ≠ P^′. Then H^1(T_{(a,P )} ∩ T_{(a}′_{,P} ′_)) = 0 , (V.1) because otherwise the inclusion T_{(a,P )} ∩ T_{(a}′_{,P} ′_) ⊂ T_{(a,P ∩P} ′_) would imply that H^1(T_{(a,P ∩P} ′_)) > 0 and a ∈ π_j (S_j) with j = dim(P ∩P^′) < i, contradicting a /∈ π_{i−1}(S_{i−1}). It now follows from (V.1) that distinct P give H^1 essentially disjoint positive measure subsets of [0, L]. Thus P_i = {P : (a, P ) ∈ S_i for some a ∈ R^n} is countable.

Fixing P ∈ P_i, we now claim that for any two distinct points a and a^′ satisfying H^1(T_{(a,P )} ∩ T_{(a}′_{,P )}) > 0 , the vector a − a^′ is orthogonal to P . In fact, otherwise the n − 1 dimensional vectorspace H orthogonal to a − a^′ would not contain P , dim(P ∩ H) = i − 1, and, as before, the inclusion T_{(a,P )} ∩ T_{(a}′_{,P )} ⊂ T_{(a,P ∩H)} would imply that H^1(T_{(a,P ∩H)}) > 0 and a ∈ π_{i−1}(S_{i−1}), contradicting a ∈ A_i. It follows that the unique affine (n−i) plane Q_a which is orthogonal to P and passes through a must coincide with the corresponding (n − i) plane Q_a′ . In other words, if Q_a ≠ Q_a′′ for two points a and a^{′′} for which both H^1(T_{(a,P )}) and H^1(T_{(a}′′_{,P )}) are positive, then necessarily H^1(T_{(a,P )} ∩ T_{(a}′′_{,P )}) = 0 .

It follows, as before, that the family Q_P of all such orthogonal affine (n − i) planes Q_a with H^1(T_{(a,P )}) > 0 is countable because distinct ones give H^1 essentially disjoint positive measure subsets of [0, L].

We now conclude that

A_γ ⊂ n� i=2 � P ∈P_i � Q∈Q_P Q is countably (n − 2) rectifiable.

References

[ABO] G.Alberti, S.Baldo and G.Orlandi Functions with prescribed singularities. J. Eur. Math. Soc. (JEMS) 5 (2003), no. 3, 275–311

[ABL] F.Almgren, W. Browder, E.H.Lieb, Co-area, liquid crystals, and minimal surfaces. Partial differential equations (Tianjin, 1986), 1–22, Lecture Notes in Math., 1306, Springer, Berlin, 1988.

[Be] F. Bethuel, The approximation problem for Sobolev maps between two manifolds. Acta Math. 167(1991), no.3-4, 153–206.

[BBC] F. Bethuel, H. Brezis, and J.-M. Coron, Relaxed energies for harmonic maps. Variational methods, 37–52, Progr. Nonlin. Diff. Eqns. Appl.,4, Birkhuüser Boston 1990.

[BBH] F.Bethuel, H.Brezis and F.Hélein Asymptotics for the minimization of a Ginzburg-Landau functional. Calc. Var. P.D.E. 1 (1993), no. 2, 123– 148.

[BCL] H. Brezis, J.-M. Coron, and E. Lieb, Harmonic maps with defects.

Comm. Math. Phys. 107(1986), no.4, 649–705.

[BT] R.Bott and L.Tu Differential forms in Algebraic Topology GTM 82, Springer, (1982).

[Fe] H.Federer Geometric measure theory Springer 1969.

[Gi] M.Giaquinta Multiple integrals in the calculus of variations and nonlinear elliptic systems. Annals of Mathematics Studies, 105. Princeton University Press, Princeton, NJ, 1983.

[GMS1] M. Giaquinta, G. Modica, and J. Souček, The Dirichlet energy of mappings with values into the sphere. Manuscripta Math. 65(1989), no.4, 489–507.

[GMS] M.Giaquinta, G.Modica and J.Soucek Cartesian Currents in the Calculus of Variations vol. I and II, Springer (1998).

[GM] P.A.Griffiths and J.W.Morgan Rational Homotopy Theory and Differential Forms Progress in Math. 16, Birkhaüser (1981).

[Gr1] M.Gromov Metric structures for Riemannian and non-Riemannian spaces Progress in Math. 152, Birkhäuser, (1999).

[Gr2] M.Gromov Quantitative Homotopy Theory in Prospects in Mathematics, Hugo Rossi Ed., A.M.S., (1998).

[HL1] F.Hang and F.H.Lin Topology of Sobolev mappings. Math. Res. Lett.

8 (2001), no. 3, 321–330.

[HL2] F.Hang and F.H.Lin Topology of Sobolev mappings. II. Acta Math.

191 (2003), no. 1, 55–107.

[HR1] R.Hardt and T.Rivière Connecting topological Hopf Singularities Ann.

Scuoa. Norma. Sup. Pisa (5) Vol. II (2003), pp. 287-344.

[Mi1] D.V.Millionshchikov, Imbeddings of a minimal model of k-homotopy type into the algebras of smooth forms Λ^∗(M). Russian Math. Surveys 43 (1988), no. 2, 179–180

[Mi2] D.V.Millionshchikov, Some spectral sequences in analytic homotopy theory Math. Notes 47 (1990), no. 5-6, 458–464

[Nov1] S.P.Novikov The analytic generalized Hopf invariant. Many-valued functionals. Russian Math. Surveys, 39 (1984), 113-124.

[Nov2] S.P.Novikov Analytic Homotopy Theory. Rigidity of Homotopy Integrals Soviet Math. Dokl., 32 (1985), 285-288.

[Nov3] S.P.Novikov Analytical theory of homotopy groups, Lect. Notes in Math. 1346, Springer, 99-112.

[Ri] T.Rivière Minimizing fibrations and p-harmonic maps in homotopy classes from S^3 into S^2 Comm. Anal. Geom., 6 (1998), 427-483.

[SU] R.Schoen and K.Uhlenbeck, Approximation theorems for Sobolev mappings preprint (1984).

[St] E.M.Stein Singular integrals and differentiability properties of functions Princeton University Press, 1970.

[Sul] D.Sullivan Infinitesimal computations in topology Inst. Hautes Études Sci. Publ. Math., 47 (1977), 269-331.

[Wh] B.White Homotopy classes in Sobolev spaces and the existence of energy minimizing maps Acta. Math., 160 (1988), 1-17.